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Preface

Recently fractional calculus has gained much attention of the scientists due to its ap-
plication in the fields of science and engineering like fluid dynamics, bio engineering,
heat transform Fuzzy analysis. Modelling of dynamical problems with fractional order
differential equations are the base of different existing systems, solving these fraction
order differential systems are challenging. It is worth mentioning that various aspects
of fractional order (singular/non-singular kernels) modelling that may include determin-
istic or uncertain (viz. fuzzy or interval or stochastic) scenarios are also important to
understand the behaviour of the physical systems. As such, the aim of this book will be
to include computation and modelling for obtaining exact and/or numerical solutions

for fractional order systems.

Lahore, Pakistan

December. 2023
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Chapter 1

A Mathematical Analysis of a
Caputo Fractional-order Cholera

Model and its Sensitivity Analysis

Idris Ahmed, Muhammad Jamilu Ibrahim, Mujahid Abdullahi,Abbas Umar Saje

Department of Mathematics, Sule Lamido University, 741103, Kafin Hausa, Jigawa State,

Nigeria.
Corresponding Author: Idris Ahmed; idris.ahmed@slu.edu.ng

Abstract

This chapter presents a formulation of a Caputo fractional-order model to study the
dynamics of cholera. Our primary objective is to investigate the behavior of the disease
through a comprehensive analysis. Firstly, we establish the existence and uniqueness of
the proposed model using the fixed-point theorem. Additionally, we conduct an analysis
to ascertain the positivity and boundedness of the model, which confirms its mathemat-
ical and epidemiological well-posedness. Furthermore, we perform a sensitivity analysis
to identify key parameters that significantly influence the basic reproduction number.
This analysis allows us to determine the important features and their impact on the
disease dynamics. Finally, employing effective numerical techniques, we generate various
graphical results for the model using appropriate parameter values. By employing the
Caputo fractional-order model, conducting rigorous analyses, and employing advanced
numerical tools, this chapter provides valuable insights into the dynamics of cholera.
The findings contribute to our understanding of the disease and aid in the development
of effective control and prevention strategies.

Keywords
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theorems

1.1. Introduction

Cholera disease is a highly infectious and deadly disease that belongs to the family bac-
terium Vibrio cholerae. The issue at hand continues to be a matter of great significance
in the realm of global health, especially in areas where sanitation is insufficient and
the availability of potable water is limited [28]. Understanding the epidemiology and
transmission dynamics of cholera requires essential prerequisite strategies in the form of
effective prevention and control measures. Implementing effective measures for prevent-
ing and controlling cholera outbreaks is of utmost importance in managing their impact
on public health. Employing key strategies such as vaccination, the provision of clean
water and sanitation facilities, and conducting health education campaigns are crucial
in this regard.

Extensive research conducted over the years, in accordance with data available from
the World Health Organization (WHO) [27], has revealed the profound impact of the
cholera outbreak on both children and mothers. These two groups are identified as the
most vulnerable to the disease. The magnitude of the problem has been brought to light
through these studies, and it is estimated that globally there are approximately 3-5 mil-
lion cases of cholera reported annually. Out of these cases, it is alarming to note that
11.4 percent involve children below the age of 5, who are particularly susceptible to the
severe effects of the disease. It is imperative to acknowledge that elderly individuals also
contribute to this statistic. The estimated annual fatality rate for cholera is a tragic
occurrence, ranging from 100,000 to 120,000 individuals. This sobering reality empha-
sizes the pressing need to address and efficiently manage this debilitating disease. The
significance of targeting interventions and public health initiatives that prioritize the
well-being and protection of vulnerable populations, particularly children and mothers,
cannot be overstated.

Understanding the fundamental mechanisms of communicable disease transmission is

crucial for implementing reliable precautionary and mitigation strategies against cholera

2 Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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outbreaks. Mathematical models enable researchers and policymakers to assess the effec-
tiveness of interventions such as vaccination campaigns, sanitation improvements, and
behavior change initiatives. By studying the model outputs, decision-makers can make
informed choices regarding resource allocation and prioritize interventions based on their
potential impact on controlling cholera outbreaks. In this regard, mathematical modeling
offers a unique approach to comprehending the dynamics of communicable diseases at a
fundamental level. Mathematical models are widely utilized to gain insights into environ-
mental and epidemic issues. [14, 15, 35, 29, 18]. They serve as valuable scientific tools for
evaluating and comparing mitigation and prevention strategies, as well as for assessing
the impacts of various biological, sociocultural, and ecological factors on disease spread.
By employing mathematical models, researchers can simulate and analyze the complex
interactions involved in the transmission of cholera and other diseases [1, 3, 12, 6]. These
models take into account variables such as population dynamics, disease characteristics,
environmental factors, and human behavior. They allow for the exploration of differ-
ent scenarios, providing valuable predictions and insights into the potential outcomes of
various intervention strategies, see for example, [7, 8, 16, 22, 17, 34, 26].
Fractional calculus is a field of mathematics that focuses on the derivatives and inte-
grals of non-integer orders. Its origins can be traced back to the works of Newton and
Leibniz, and it has grown into a powerful tool used to comprehend and model complex
systems. Since its inception, fractional calculus has discovered a wide range of practical
uses across various disciplines, such as physics, engineering, finance, and biology, see,
[8, 13, 20, 21, 24, 30, 31, 32]. The notion of fractional derivatives allows for a more com-
prehensive understanding of systems and phenomena that exhibit fractal, anomalous,
or memory-like behavior. It provides a mathematical framework to describe processes
with long-range dependence, non-locality, and fractional dynamics. Fractional calculus
has proven particularly useful in modeling complex systems and phenomena where tra-
ditional calculus fails to capture the underlying dynamics accurately [2, 9, 33, 4, 5, 10].
Our objective is to investigate the transmission mechanics of cholera by consider-
ing the Caputo fractional-order setting, which has not been extensively studied in this
context. To achieve this, we employed fixed-point theorems to explore the existence

and uniqueness of solutions in the proposed model. In addition, we conducted a thor-

1.1 Introduction 3
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ough sensitivity analysis of the corresponding basic reproduction number to examine the
key sensitive parameters. Furthermore, to gain insights into the effectiveness of control
strategies, we conducted numerical simulations. These simulations allowed us to evalu-
ate various optimal control strategies, considering multiple controls. By systematically
analyzing the outcomes of these simulations, we aimed to identify the most effective

interventions for mitigating the spread of cholera.

1.2. Preliminaries Concepts

Some of the foremost theoretical aspects of fractional-order derivatives, which are key in

proving the existence and uniqueness of the proposed model, were reviewed in this part.

Definition 1.1: [30] Suppose that g € L'[0,a] for 0 <t < a. If p (0 < p < 1), then

the operator defined by

Zhot) = 75 | ote)(e =) aa, (1.1)

is called the Riemann-Liouville fractional integral of the function g of order p such that

I'(-) denotes the gamma function defined by
I(2) :/ v le™dv, z € C/{0,1,2,...}.
0

Definition 1.2: [30] Suppose that the function f € C"[0,T], n € Nand (0 < r < 1).

The operator

CDgg(t):F(ll_p>/O( L L r@yin, >0, (1.2)

is referred to the Caputo fractional derivative of order p of the function g. Note that if

r — 1 then “Dhig(t) = Lg(t).

4 Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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Lemma 1.1: [30] If g : [0,a] — R is continuous for any z € C1[0,a]. Thus, z(t) is a

solution of the following Caputo fractional-order differential equation:

“Dpa(t) = g(t), t€[0,a], 0< p <1,

2(0) = 2o,

if and only if z(t) obeys the following integral equation:

2(t) = 20 — F(lp)/o o) (t — 2)°Lda.

1.3. Formulation of the Caputo Fractional-

order Cholera Model

We study the dynamic behavior of the cholera disease model as seen in [25]. The clas-

sical cholera disease model is governed by the following system of ordinary differential

equations:
dS(t
fli) =l - (Z+aV+d +r1)S+PF2R
dR(t
dt( = (T4 aV)S — (di +d2 + B1 +12)T
(1.3)
dllhft) =1L —mS — (B2 +d1)R
dv(t
Cl?(f) = BII - 7a351)7

with the initial conditions

S0)=8y >0, Z(0) =Zp > 0, R(0) =Ry >0, and V(0) =V >0, (1.4)

The meaning of each state variables as well as the parameters associated with the model

is given respectively, in Table 1.1.

Table 1.1: States variables and Parameters.

CompartmentDescription

1.3 Formulation of the Caputo Fractional-order Cholera Model 5
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S Population of human who are susceptible with cholera

T Population of people infected with cholera

R Population of people recovered

1% Volume of vibrio bacteria in the ecosystem

Parameters Biological Meanings

11 Population recruitment rate of susceptible human in-
dividuals

o Contact rate of between susceptible and infectious in-
dividuals

Qs Rate at which susceptible human associated with con-
taminated water

051 Rate at which infectious humans contaminate the
ecosystem

B Loss of immunity by recovered individuals

dq Natural death rate

do Disease-induced death rate

1 vaccination rate

72 Recovery rate

T3 Treatment rate of water bodies in the ecosystem

) Decay rate of Vibrios

ay Adjustment rate of infection

as Adjustment rate of Vibrio ingestion in the ecosystem

Cy, Density rate of Vibrio in the ecosystem

Cy Density rate of infection among individuals

ky, Rate of exposure by humans

ke Rate of exposure to contaminated water

Cuw Rate of compliance with hygienic water

Cs Rate of compliance with environmental sanitation

6 Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
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Therefore, the proposed model in the setting of Caputo fractional derivative takes the

form:

CDgS =10 - (auZ+ aV+di+71)S+ 2R
“DIT = (1T + a2V)S — (d1 + do + B1 +12)T
“DER = 1roZ — 1S — (Bo +d1)R

DLV = BT — 136V,

where ay = (15721), ag = V%”b, and Cp, = kp(1 — Cy), Cy = k(1 — Cy) respectively.

1.3.1. Theoretical Analysis of the Caputo fractional-

order Cholera Disease Model

This subsection is devoted to investigate the existence and uniqueness of solutions to the
Caputo fractional-order model (2.1) by utilizing the concepts of fixed point theorems.

To this purpose, we denote B(J) the Banach space of all continuous real-valued function
defined on J = [0,a] with sub norm and Q = B(J) x B(J) x B(J) x B(J) with the
norm |[(S,Z, R, V)|l = [|S[| + [IZ] + R + VI, and ||S]| = ing(t)\a Izl = Sup Z(2)1,

|R|| = sup |R(t)]|, ||V|| = sup |V(t)|. Firstly, utilizing Caputo operator on the model (2.1)
teJ teJ

yields
S(t) =8(0) + D [II — (T + axV + dy +71)S + BR],
I(t) = I(O) + CDP [0411— + QQV)S — (dl +dy + ,81 + 7‘2).'[] , ( )
1.6
R(t) = R(0) + D [ryZ — 1S — (B2 + d1)R]
V(t) = V(0) + D [B1T — r30V].
denoting
g1 = — (1T + a2V 4 dy +11)S + 2R,
g2 = (1Z + aaV)S — (d1 +do + 1 +12)Z, )
1.

g3 =1L —1riS — (P2 +d1)R,

gs = P1L — r3oV.

1.3 Formulation of the Caputo Fractional-order Cholera Model 7
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Thus, using the Caputo fraction operator, systems (1.6) takes the form

S0 =500+ M) [ =) 791(5.7.50)i.
1) = 20) + M0 [ (- 2) 05, (0,
R(t) = RO0) + M(p) [ (¢ =) Foslp.a.R(0) .
V(0 =V(0)+ M(p) [ (¢ ) Pau(p.r. V(0
It clear that g1(S, ), go(Z.2), gs(R. ), and gs(V, ) satisfy the Lipschitz condition if

and only if S(¢), Z(t), R(t) and V(t) have an upper bound. Let S(t) and S*(¢) be two

functions, then

l91(p, 2, S(1)) = g1(p, 2, S* )|l = || = (1 + a2V +di +11)(S(t) = S ). (1.9)
Putting k1 = || — (a1Z + @V + di +71)|, gives
lg1(p, 2, S(8)) = g1(p, 2, S* ()| < m[|S(t) = S*(B)]]. (1.10)
Similarly putting ko = ||(a1 —az2)—(di1+d2+p1)+r2||, k3 = || —(B2d1)|| and kg = || —720]|,
we obtain

lg2(p, 2, Z(t)) — g2(p, 2, T*())|| < w2l Z(t) = Z°(D)],
lg3(p 2, R(#)) = g3(p, x, R* ()| < m3l|R(t) = R* ()], (1.11)

l9a(p; 2, V(8)) = ga(p, 2, V()| < malV(E) = V(D).

Thus, the Lipschitz condition is satisfied. Recursively, (1.8) can be expressed as

Sn(t) = M(p) /0 gl('(ot’ - f;p(t))dz,
! ga(p, 5, Tult))
In(t) = M(P)/O wé_—mdl‘a L2
Ralt) = M(p) | Wd
V()= M(p) [ 2020 g,

associated with the initial conditions Sy(t) = S(0), Zo(t) = Z(0), Ro(t) = R(0), and

8 Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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Vo(t) = V(0). Now, the difference between the successive terns gives

B30ll) = $u(0) = S,a() = M(p) [ LTSt BN = lp 2. Sucali)

(t—x)r
Oz (t) = Zn(t) — Tu-1(t) = M(p) /Ot e %In_l(:?t)—_ngp(p’ 7 Tn2(@)) g
DR (t) = Rn(t) — Rp_1(t) = M(R) /Ot g3(P,x,Rn_1($(1)_—xg>3p(p,x,Rn_Q(l«))dw’
Dpp(t) = Volt) = Va1 (t) = M(p) /Ot g4(P,x,Vn1(fU(1)—$g;(p,x, Vn,z(x))dm.
(1.13)
Consider
Sn(t) = Sn,k(t),
k=0
In(t) = ) P1,.k(1),
o (1.14)
Rn(t) - (I>Rn7/€(t)a
k=0
Va(t) =) @y, k(1)
k=0

and in view of equations (1.10), (1.11) and the relation ®s,,—1(t) = Sp—1(t) — Sn—2(t),
<I>In l(t) In 1(t) - Inf2(t)a (I)R,n—l(t) = Rnfl(t) - Ran(t)a (I)V,n—l(t) = anl(t) -
Vn—Q(t)a we get

o0 | B
82O = M0 Wd% 1.15
ot = Mip) [ 1Rt 9
fovalt)] = o) [ 122t g,

Thus from the above results, we can state and prove the following theorem:

Theorem 1.1: The Caputo fractional-order cholera disease model (2.1) has a unique

solution such that

M[Ep)a%j <1, j=1,...,4, (1.16)

1.3 Formulation of the Caputo Fractional-order Cholera Model 9
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is true when t € [0, al.

Proof.  From the above analysis, the functions S(t), Z(t), R(t) and V(t) are bounded
and g1, g2, g3, g4 obeys the Lipschitz condition. Therefore, in view of equations (1.15),

and with the help of the recursive principle, we write

1850 < 560 < [fp

°)
)

[eza(0)] < [1Zo()] (Mp(" s

(1.17)
[@ra®ll < IRo(8)] ( 3>
1@y ()] < Vo0 ( )

Which implies that [|®s,,(t)]] = 0, [®za(t)] = 0, [|Bre(t)] — 0, and [|[@y..(t)]| — 0

for n — oco. Moreover, make use of the triangle inequality and the system (1.16) for any

p, yields
n+p jn-i-l ]n+p+1
S Sl < S S
[Sntp(t) — Sl kz Jl 1—
n+1
n+p jn+1 ]n-i-p—i-l
T . < = %,
T =Tl < 3 =2
n+p ot jn+p+1 (1.18)
IRnip(t) =Rl < D 35 = 31_—3-7
k=n-+1 J3
n+p . n+1 ]Z+p+l
Vpan(t) = Vp| < ' 4—,
H n+p( ) nH > ;CZ Ja = 1— s
=n+1

such that ( )a/’L < 1. Thus, S, Z,, Ry, V» are Cauchy sequences in B(J). Though,
it can be concluded that they are uniformly convergent. Through the limit theorem, the

limit of the sequences (1.12) is the unique solution of the fractional-order cholera disease

model (2.1).

10Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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1.3.2. Positivity and boundedness of solution.

Positivity and boundedness of solutions are important features of epidemiological mod-
els. We show that for all ¢ > 0, all state variables are nonnegative, implying that any
trajectory that begins with a positive initial condition will remain positive for all ¢ > 0.

From systems (2.1), we have

“DPS(t)|s—0 = I+ SR > 0,
CDPI(t)‘IZO = (XQVS > 0,
(1.19)
CD’OR(t)’R:() = ’I”QI — 7”18 Z 0,

CDY(t)|y=o = BT > 0,

on each hyperplane bounding the non-negative orthant. Moreover, Let N (t) = S(t) +
Z(t) + R(t) be the total number of human population. Then, adding the first three

equations of (2.1) gives

CDPN(t) =TT — dy N, (1.20)

then one has

N(#) < <N(0) _ E) £,(—d1t?) + 2.

Hence, the biological feasible region for the Caputo fractional-order model (2.1) is

Q= {(8().20). R(1) € B : 0 < (1) < E} (1.21)
dq

Therefore, the region €2 is positively invariant so that no solution path moves beyond
the boundary of . Thus proposed fractional-order model (2.1) is both mathematically

and epidemiologically well-posed.

1.4. Sensitivity analysis in relation to R,

In the present section, we utilize the forward sensitivity index to examine the sensitiv-

ity of the biological parameters in the proposed model (2.1) with respect to the basic

1.4 Sensitivity analysis in relation to Ry 11
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reproduction number Ry. The basic reproduction number is crucial in determining the
transmission of cholera disease, and it is essential to reduce it to a value below one to
effectively control the infection.

The objective of the present investigation is to ascertain the sensitivity status of every
parameter and enhance the output of the model. This will enable us to pinpoint the
most crucial parameters and develop effective measures for controlling the spread of the
cholera disease. We denote by

6 ORy

rko—- ~ =19 1.22
O TRy 00 (1.22)

the normalized local sensitivity index of the output Ry with respect to a parameter

RS {H,al,dl,dQ,T‘l,’l“g,} where

R a1l — (dy +r1)(dy + do2 + 1+ 72) (1.23)
0 (d1 4+ 1) ' '

The results obtained from the sensitivity analysis (see, respectively, Table 1.2 and Figure
2.11) indicate that the recruitment rate of susceptible individuals II and the effective
contact rate between susceptible and infectious individuals aq are the most influential
parameters contributing to the increase of the basic reproduction number Ry. Any in-
crease or decrease in these parameters will correspondingly affect the value of Ry.

Furthermore, the natural death rate di, the death rate due to disease ds, the rate of
vaccination r1, and the rate of recovery ro have an indirect negative impact on the basic
reproduction number Ry. This implies that increasing these parameters will result in a
reduction in the basic reproduction number Ry. Therefore, identifying optimal strategies
for adjusting these parameters will play a crucial role in controlling the spread of the

disease in the future.

Table 1.2: Forward normalized sensitivity indices.

Parameters Index value

II 1.0009
o 4.5482
di -0.00048355
ds -0.00046992

12Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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Figure 1.1: Sensitivity analysis of the parameter values.

1.5. Numerical simulations and discussions

The utilization of numerical schemes is crucial in both classical and fractional-order mod-
els, as they provide valuable insights into solution trajectories and additional information
about solution paths. In this study, we have adopted the recent and effective numerical
scheme proposed by Li et al. (2015) to accomplish this objective. The incorporation of
such features ensures the secure and reliable application of this method in our simula-
tions. For a more comprehensive analysis of the accuracy, stability, and convergence of
this method, see [11, 23, 19].

Table 1.3, provides the values of the running parameters used during the numerical

simulations of the proposed model (2.1).

1.5 Numerical simulations and discussions 13
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Table 1.3: Numerical values for parameters of model (2.1).

Parameters Parameters value

II 10

a 0.2125

b 0.878455198
B51 0.001

B2 0.000001

di 0.000048

ds 0.00132473
1 0.46791193
D) 0.00116620
T3 0.0001

o 0.27707643
al 0.0346

as 0.0678

h 0.0645

¥ 0.0234

Cw 1

Cs 0.09

kp, 0.56341910
ke 0.091371323

14Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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The physical representation of the classical and Caputo fractional-order cholera mod-
els of the individual state variables of the model is illustrated in Fig. 1.2 and Fig. 1.3,
respectively. In Fig. 1.3, we vary the order of the derivative p = 1,0.8,0.6, and 0.4
to visualize the complex dynamical behavior of each compartment. The results demon-
strate an increase in the number of susceptible individuals S(¢) and recovered individuals
R(t) while the number of individuals infected with cholera Z(t) decreases. Therefore, the
proposed fractional-order cholera disease model (2.1), provides valuable insight into the
complex dynamics of disease transmission and allows us to visualize the memory effect
when varying the order of the derivative. This information can be useful in developing
more effective strategies for controlling and preventing the spread of the virus in the
future.

In Fig. 1.4, it can be observed that the fractional order p is fixed at 0.9, while the
rate of vaccination ry is varied. As the value of r; increases, the number of susceptible
individuals S(t) and infected individuals Z(t) decreases, while the number of recovered
individuals R(t) increases. This indicates that when the government or policymakers

increase the rate of vaccination, the number of individuals at risk of contracting the

1.5 Numerical simulations and discussions 17
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disease, as well as the number of individuals infected with the disease, will decrease
significantly.

In Fig. 1.5, the different dynamical phenomena are depicted when varying the re-
cruitment rate II. It can be observed that as more individuals are recruited into the
susceptible population, the number of susceptible and infected individuals increases,
while the number of recovered individuals decreases. This analysis emphasizes the im-
portance of controlling the recruitment rate, especially during an outbreak, as it directly
affects the dynamics of the disease spread.

The results depicted in Fig. 1.6 demonstrate the impact of individuals losing their
immunity after recovering from the disease. The findings indicate that an increase in
(B9 results in a decrease in the number of susceptible individuals, subsequently leading
to an increase in the number of infected individuals. Additionally, as the number of
infected individuals rises, there is a significant increase in the number of individuals who
have recovered. These outcomes emphasize the significance of prioritizing intervention

mechanisms to effectively prevent and control infection within the community.

1.6. Conclusions

In this chapter, we formulated and analyzed a mathematical model using a system of Ca-
puto fractional-order differential equations to explore the impact of sensitive parameters
as a strategy for disease control. We utilized fixed-point results to establish the existence
and uniqueness of the proposed model. Furthermore, we demonstrated that the model is
both mathematically and epidemiologically well-posed, as its solutions remained positive
and bounded. The sensitivity analysis conducted in this study revealed that reducing the
rate of recruitment of susceptible individuals IT and the effective contact rate A between
susceptible and infectious individuals (as shown in Table 1.2 and Fig. 2.11, respectively)
are crucial factors in decreasing the basic reproduction number and mitigating the spread
of the disease. Additionally, the numerical results demonstrated the advantages of em-
ploying a fractional-order model with memory effects over a classical-order model (as
illustrated in Fig. 1.2 and Fig. 1.3). Furthermore, by varying certain parameters of the

model, we were able to visualize the effects of these key parameters on controlling the

18Chapter 1. A Mathematical Analysis of a Caputo Fractional-order Cholera Model
and its Sensitivity Analysis
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spread of cholera disease, as shown in Fig. 1.4-Fig. 1.6. Based on these findings, we rec-
ommend that policymakers and health practitioners prioritize the use of effective media
coverage to conduct widespread awareness campaigns on preventive measures, regardless
of whether there is an ongoing epidemic or not. Author contributions
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the final chapter.
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Abstract
In this paper, we define some integral operators by using Rabotnov fractional expo-
nential function. We use Kudriasov conditions for functions to be univalent to derive the

univalence criteria for these integral operators.

2.1. Introduction and preliminaries

Geometric function theory heavily relies on special functions. The classic Bieberbach
conjecture solution by L. de Branges may be the most well-known use. According to
L.V. Ahlfors [2] in the proceedings of the 1986 meeting to commemorate the proof of L.
de Branges’ theorem, the surprising use of generalised hypergeometric functions by L.
de Branges has generated a great deal of interest, and the geometric properties of the
generalised, Gauss, and Kummer hypergeometric functions have been studied by many
authors in the last few decades. Although the geometric characteristics of these functions
are intriguing in and of themselves, they have shown to be helpful in numerous other

geometric function theory issues.
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Let A be the class of functions of the form
oo
g(z) =2+ Z anz", (2.1)
n=2

analytic in the open unit disc U = {z : |z] < 1} and S denote the class of all functions in
A which are univalent in U. In 1949, a Russian researcher Yuriy Nicholaevich Rabotnov,
who carried his work in solid mechanics consisted of a broad range of topics, including
as plasticity, creep theory, heredity mechanics, failure mechanics, nonelastic stability,
composites, and shell theory introduced a function by utilizing two parameter Mittag-
Leffler function E,,. Today, this function is recognised on his name as the Rabotnov
fractional exponential function or simply Rabotnov function It is defined as follows

Ryu(z) = anzor (n+1)(1+s))

MU+ gy, z e C. (2.2)

It is clear that this series will converge at any argument values. Noting that it becomes
the typical exponential exp(uz) for s = 0. The Mittag-Leffler function, which is well-
known and frequently used in fractional calculus has a special case called the Rabotnov
function. Following is a possible way to express the relationship between the Rabotnov

function and the Mittag-LefHler function.

1+s)

I

Ryu(2) = 2 Ersgppo(uz

where F is Mittag-Leffler function and s, u, z € C. The two parameter Mittag-Leffler
function E,, which can be considered as a simple generalization of classical Mittag-

Leffler function E,, is given as

o0 Zn
E = - . 2.
s (2) 7;)F(Sn_i_u),s,ueC,ze(C (2.3)

The Mittag-Leffler functions described in(2.3) originally appeared in Wiman [21] work.
These functions were later investigated by Agarwal [1]. The geometric characteristics
and uses of the the function Fj, and some related functions have recently piqued schol-
ars’ curiosity. Yasar [22] investigated the characteristics of generalised Mittag-Leffler

functions. The specific geometrical characteristics of this function were discussed by

26 Chapter 2. Univalence Criteria for Integral Operators Defined by Rabotnov
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Bansal [4]. Partial sums of normalised Mittag-Leffler functions were the focus of Rad-
ucanu’s [17] work. The fact that the one- and two-parametric Mittag-Leffler functions
are fractional extensions of the fundamental functions is another significant and intrigu-
ing aspect of Mittag-Leffler functions. That is Eq(+z) = Eq1(+2) = et?, Eso(z) =
sinh(\/2)/\/z, E12(z) = (e* —1)/z, Ey1(2) = cosh(y/z).

The function Ry, is not in class A, therefore we take the transformation

o0 n—1 n
Rou(z) = 20T (1 4 ) Ry (21 0F9)) = 2 + Zu (1+5) ,2elU. (24
=2

’ = D(k(s+1))
The geometric properties of R, have recently been discussed by Eker and Ece [9] and
Eker et al [20]. Partial sums of generalized function of Ry, have been studied by Frasin
[11].

The univalence of integral operators involving special functions were first introduced
by Baricz and Frasin in 2010 [5]. These integral operators were described using the
normalized Bessel functions. The convexity and strongly convexity properties of these
integral operator were explored by Frasin, Arif, and Raza [3, 10]. Authors have recently
examined the families of one parameter integral operators employing a variety of spe-
cial functions, including the Mittag-Leffler functions [19], Lommel functions [14], Struve
functions [13], Dini functions [8] and generalized Bessel function [6, 7]. The Kudriasov
type univalence conditions for the integral operators defined by generalised Bessel func-
tions were studied by Raza et al [18], see also[15, 16]. We study the following integral

operators defined by R, and given by

z 1/k
L Re o ()
Foucn (2) = ff/t”‘ln <()> dt , K, s €C, (2.5)
i\ 8 ()
0 =
? / St 1/x
R (N
Hs; i, (2) = “/tﬁ_IH <SZ/7()) dt ;K s eC (2.6)
0 i=1 gz (t)
and
z 1/k
n RS' “ t Si )
Loy (2) = S 5 [ 7] ] <t()> (g0 ()" dt Ky G, 0, €C.(27)
=1

0
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In order to derive our main results, we need the following lemmas.

Lemma 2.1: [16] If g € A such that

1_|Z‘29‘ie(C)
(i)

then for k € C, Re(k) > Re(() the function

29" (2)
g'(2)

< 1,%e(¢) >0,

z K

F.(2) = ﬁ/t”_lg’ (t)ydt| €S8.
0

Lemma 2.2: [12] If g(2) = 2 + a22® + . ... is analytic in U and if

g’ (2)
g (2)

<L~305 z2zcU

then g is univalent in U.

Remark 2.1: Here L is the approximate solution of 8y/y (y — 2)* =3 (4 — y)? =12 = 0.
Its value is 3.03902118847875. Kudriasov used the value of IL as 3.05.

Lemma 2.3: [6] If s > —1 and u € C, then the function Ry, : U — C given by (2.4)

holds the following

(i) .
2R (2 [ul o175
S’u()_l‘_ = Jul ? ZGU,
Rs,u (Z) 2 — el+s
(i)
ul(2s+lul£2)e 15
ZR" > —_—— 2(1 1+s
/s,u( ) < (1+¢) o |’LL| <1n < ( + 8) > , 2 €.
Rs,u (Z) 9 _ (s+|u|+l)el+s 1 + s+ "LL‘
1+s
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2.2. Main Results

. , 2(14s) \
Theorem 2.1: Leti=1,---,n, s; > —1, u € C with |u| <In (1+s+|u\> and g € C

and suppose s = min {s1, 2, ..., } and if g; € A with

u| n
1 13s¢' "
pevvdll Iles T D lal <1, (2.8)
Re( o ot | &

for 0 <MRe(¢) <1 and for Re (¢) > 1

1 s
1+ — | +4 lsi| < 1. (2.9)
Re (C) 2 — el‘+|s ,LZ; '

Then for k € C such that Re(k) > Re(¢) > 0, the function Fy, 4, « (2) defined by (2.5)

1s univalent.

Proof. Consider the function

ravs = 1T (") o a1

It is clear that Fs, ., (0) = F;, , . —1=0. It follows easily that
]F;/z U,Si Z Zg { Si,U Z o g;(Z) }
Fsl,u Si (Z ' 5z7u (Z) 9i (2:)

Therefore, we obtain

|z‘29%e Q) 2 e (2) 1— |Z|2me O | |{ 2R, (2) 2g,(2) } (2.11)
Re(Q) [Fluq(2) |7 Re(Q) U R u(2) gi(2) |~ '

Now using Lemma 2.2, it follows that g, € S, i =1...n, and

2g;(2)
9i(2)

<1+|z!

<R (2.12)
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By virtue of (2.11) and (2.12), we find that

Re (C) F/Si,u,gi (Z) - - ( ) 1—|z]
1— |Z 29% n )
sz,u
Z' e
1 ‘Z‘Qme(C)
TR 1o rz\;'g"
Firstly, we take the case
1_|229‘ie i| ‘ZR/ )
T Rw()
Now
1= |20 & n SR )
‘ Z‘ z| Suu ‘ Z| z| Suu )
S»L,’U, Sl,'LL
Using Lemma 2.3 (i), we have
[u]
1— |2 2Re(¢) n |u| : el+s;
o LR < w1
2 —eltsi
Jul 14
Consider h : (=1,00) = R, h(y) = 7. It is decreasing function, therefore
2—el+y
Jul__ 1t Jul 4L
+5 ¢ ' 1%
2 — elljrlsli B 2 — elli‘s
Hence
Sl S L)
Sl ol I G | == <
Jul 1
1 1+s 1+S
1+ Isi - (2.13)
me (C) 2 — el+a ;
Now, we take
2Re(C)

2]

1—
%QC ’Z’Q-

For this part, the following cases arise:
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(1) When 0 < RRe (¢) < 1, cosider the function v : (0,1) — R defined by
v(y) =1-—1b%,
where y = e (¢) and |z| = b. Then it is increasing and

1 — |Z|2m2§ <1-— |Z|2

9

therefore
2Re(¢

— 2]
meg ||§:my_ }:m. (2.14)

From (2.13) and (2.14), for 0 < Re () < 1 we have

1— [0 | 2FY, s (2)
Re (¢) F;l,ug (2) |~
Jul Jul
1 1+5 etts
— | 5+ |§Z. (2.15)
Re( 2_61+S Zz;

(2) For the case fRe (¢) > 1, thake the function w : [1,00) — R defined by

1—b%
w (y) = _—

where y = e (¢) and |z| = b. Then w is an decreasing function and

2

therefore
1— |Z | 29%

Re(@ 1T ‘Z‘ql’ <4Z ISl - (2.16)

Combining (2.15) and (2.16) for Re (¢) > 1, we get

1— 22O\ |2F% . (2)
Re (¢) F, e (2)
1 1'1' 11‘5
< 14+ 4Re (C) + s€ - Gi - 2.17
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From (2.8),(2.15) and (2.9) and (2.17) , we obtain

| |2Re(6)ReC | L
1 — 2| /sl,ucz( z) <1
Re(s)ReC | FY, o, (2)

L Si
Now from (2.10), we have F! (2) =11 (RS’ e ) . Therefore using Lemma 2.1 we

S4,U,S5
=1

get the required result.

; . 2(14s) \ 1T
Theorem 2.2: Leti=1,---,n, s; > —1, u € C with |u| < In (1+S+Iu\> andg € C

and suppose s = min {sy, sa,... sy} and if g; € A. Suppose s = min {s1, sg,...s,} and if

gi € A with

and these numbers satisfy the relation

]
ul(2s+(|ul+2)eTs

! (At + = Z il < 1.
9%(09% (C) ) (s-]ul+1)e 1\1[5 (2%e(§)%e (C) )(2%2(0%2({)4’1 /2Re(s)Re(¢ v
- 1+s
(2.18)

Then for k € C such that ,Re(s)Re(k) > Re(c)Re(() > 0, the function H, 4 ¢, x ()
defined by (2.6) is univalent in U.

Proof. Take
y = R{SZ U( ) o
Hs, s, (Z) :/H( g (t) ) dt
0 =1 ?
Clearly H, v, € A, that is Hy, v, (0) = Hf, , ., — 1 = 0. Now
Hg u,s; (Z) - R/s/z u(z) "z
i UsSi :Zgi s, _911() .
H{S'i,u,%‘ (Z) i=1 Rsii,u(z) gl(z>
Therefore, we obtain
1— | |29%e S)ReC Hs . (Z) 1— ‘Z|29ﬁe(<)iﬁeg n R (Z) g(l(z)
i,U,Sq z St5,U + 2 1 .
BB |, ()| - om0 | T e
(2.19)
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This implies that

L PO )1 PO R )
R | ()| = eloiee 21| B,

1— |Z|29%( s)ReC n

SE eI

912

Using the Lemma 2.2 and Lemma 2.3 (ii), we get

\ \
[ol(2s.+ful +2)e TF7

1 — |2 | HY g (2) 1—|zrm“)mi\ | L)
S -
Re()NReC | H, ., (2) Re(o)Re¢ & - (sictful 4 1) T
1+Si
|Z|2§Re S)ReC
Re(O)ReC z]]LZ |si] -

Consider the function h : [0,1] — R, given by

where y = |z|, b = Re(c)Re (). Then

max h (1) 2
X = .
yeoa 7 T (96 4 1)@/

[u]
Ju] (2y+u|+2)e TFY
Also consider the function [ : (—1,00) = R, I(y) = ———— Tt is decreasing
9 wlul+DeTFY
. 1+y
function, therefore

[u] u
[u|(28;+|u|+2)e THsi \u\(23+\u|+2)61‘%8
(1+Si)2 < (1+8)2
lu|  — Ju] *
o _ (sotlultDe™5 o (stulerts
R P T+
This implies that
[ul2s-+ul+2)e i
u S u
1 _ ‘2‘2%2@) ( ) H/S,“’U, S ( ) < 1 1+s Z |g
Re(s)Re (€) H/s“u gz( z) | 7 Re(s)Re (C) _ (5+|u|+1)31|15 i1 ‘

1+s

+ Re()R Re()R E <l
2 +1)/2 Ul
(29Re(s)Re (¢) + 1)( () Re(C)+1)/2%e(s) e(C)i ]

Using (2.18) and Lemma 2.1, we have the required result.
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, . 2(1+s) \ ' *
Theorem 2.3: Leti = 1,---,n, s; > —1, u € C with |u| < ln<1+5+\u|) and

Gi, 0; € C and suppose s = min{sy, s2,...8,} and if g; € A with

and these numbers satisfy the relation

|u]

el+s

Jul

1 175€ oL
Re(<)Re (C) 5 _ o155 z; Il + (29%e()Pe( + 1) PRe(IRA)F1)/2Rele)Relc Z st
(2.20)

Then for k € C such that Re(s)Re(k) > Re(c)Re(¢) > 0, the function s, 4, 5.k (2)
defined by (2.7) is univalent.

Proof. Consider the function

z

e @)= [T](22292)" (@ 0)" ot 221)
0

i=1

Clearly, I, uc.5, € A, that is I, ., 5,(0) = —1=0. Now

/
84,U,64,05

e =S (g ) S {5 )

84,U,64,04 i=1

This implies that

1= [o ORI s ()
Re(O)Re (€) | L 5 (2)
P |29%e(<)9%e(4) n { R, .(2) ‘ g’/(z)'}
S © — 1+ |z] 6] | = . 2.22
e o e |5 (2:22)
Hence
L OO | ()] 1 |z|”*’”“’i| | Renl® )1‘
Re(O)Re (Q) | I, q s (2) Re(s)Re (¢) Ry, u(2)
‘ |29’ie $)Re(¢ g Z
(5 'L
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By applying the Lemma 2.2 and Lemma 2.3 (i), we get

1 — |Z|2m2(§)9‘ie(o

Re(s)NReC

[u]

Zﬂgi,u,%ﬁi (Z)

H;ivuﬁiﬁi (Z)

<

1— |Z|29%( 1+s el+s; 1— |Z|29% $)Re(C)
B \ T 2[ L) |04
Z Si 1|+slz Re(s)Re (€) Z
Also, we have
b 2
max = )
yel0,1] (26 4 1)20+D/20
e ol vy ul
Its; © Mz < mel:
2 — elts; 2 —el+s
Therefore

1— ’Z | 2Re()Re(C)

Re(¢)Re (¢)

]I,S/“u Sir05 (Z)

H;mu&ﬁi (Z)

2L =
+ >(ie3)
(Qme(g)me (C) + 1)(29%(@)9‘{2(0+1)/29‘§2(§)9{2(C) po

Using (2.20) and (2.23), we get

1-— |Z|2iﬁe(§) (¢) ZH;/ U,G,04 (Z) 1
1 a2 < .
ma(g)%e (C) H;i7u7§i75i (Z)
L i .
Now from (2.21), it is clear that I| , ; (2) = [] (RS’" )c (¢} (t))° . By applying

=1
Lemma 2.1, we achieve the desired outcome.
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Abstract In this chapter, we explore new fractional versions of various classical
inequalities, including those of Hermite-Hadamard, Pachpatte, and Hermite-Hadamard-
Fejer-like forms. We introduce a novel set of generalized AB-fractional operators that
involve double integrals with a generalized Mittag-Leffler mapping as a kernel. These
operators include various established fractional operators and lead to the creation of
new fractional operators under suitable conditions. Using these operators, we formulate
new bounds for Hermite-Hadamard-type inequalities, achieved through interval-valued
coordinated pre-invex functions. This chapter concludes with some numerical and visual
analysis of the main results that depict the validity and significance of the primary
outcomes of the chapter.
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Hermite-Hadamard inequality; interval-valued pre-invex function; interval-valued Mittag—
Leffler fractional double AB-integrable functions; interval-valued co-ordinated pre-invex

function.

3.1. Introduction and Preliminaries

Let us begin by reviewing some initial concepts and outcomes.

Definition 3.1: If a set C C R satisfies the following condition, it is referred to as a
convex set:

(1 —p0)p1+ 002 €C, Yoy, €C,0e€[0,1].

Definition 3.2: A function II : C — R is said to be convex, if
H((l —0)o1 + QUQ) < (1= p)(vy) + oII(v2), V1,02 €C, 0 € [0,1].

Since the time of Archimedes, traditional concepts of convexity have been the subject
of intense research due to their practical applications across a variety of scientific do-
mains. This area of study has been explored through multiple mathematical approaches
including functional analysis, topological vector spaces, fixed point theory, operator the-
ory, advanced mathematical analysis, error analysis, and optimality theory. Of particular
interest in current investigations is the study of convex functions, which has led to numer-
ous generalizations, extensions, and modifications of convex mappings. These mappings
have proven to be extremely useful in nonlinear and applied analysis, relative entropy in
quantum mechanics, electrical networking, optimization, information theory, and partic-
ularly in the theory of inequality. The theory of convex mappings has had a significant
impact on the development of inequalities, as the concept of convexity allows for the
direct formulation of many fundamental inequalities.

One notable outcome of the theory of inequalities is the widely recognized Jensen’s

inequality, which is closely related to convex functions.

40 Chapter 3. Newly Discovered Inclusions through Generalized Mittag-Leffler
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Theorem 3.1: IfIl: 1 = [v;,02] CR — R is a convex function, then

II <Z ﬁiIi) < Zﬁiﬂ(?i),

=1

where t; € [01,02] and ; € [0,1], (i =1,n) with > 2, g = 1.

For more detail, see [13].
We will now bring to mind another interesting outcome that gives us both the essential
and adequate condition for a function to be convex, as well as bounds for the mean

integral. This outcome is commonly referred to as Hermite-Hadamard’s inequality.

Theorem 3.2: IfII: [o1,03] CR — R is a convex function, then

b1 + bo 1 b H(Ul) + H(Ug)
() < [ < T

Let’s revisit the notion of invex sets and pre-invex functions.

Definition 3.3 (/40]): If a bifunction 77 : K x K — R exists such that a set K satisfies

the following condition, then K is referred to as invex:

r+on(n,r) € K, Vipe K, Voel0,1].

Definition 3.4([40]): If bifunction 7(-, ) exists, a function II defined on an invex set

K is considered to be pre-invex if it satisfies the following condition:

(r + on(n,x)) < (1 - o)I(x) + oll(y), Virpe K, Yoel0,1].

Condition C, introduced by Mohan and Neogy [30], is an extremely useful condition
that will significantly contribute to proving some of our primary results. To ensure a
comprehensive understanding, we will revisit the specifics of Condition C.

For an invex set K C R with respect to a bifunction 7(., .), the following condition holds

for any p € [0,1] and r,n € A:

n(, 9+ on(x,v)) = —on(x,n)

3.1 Introduction and Preliminaries 41
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n(x,n+on(x,n) = (1 — o), ).

Also

19 + 0271(x,9), 9 + e17(x,9)) = (02 — 21)7(x,v),

For any o1, 02 € [0,1].

Matloka [28] expanded the concept of pre-invexity to include coordinated pre-invexity.

Definition 3.5: If (r,y) € A x B, then A x B is considered to be an invex set with
respect to bifunctions 771 and 72 if the following condition is satisfied for every (w, z) €

A x B and g,s € [0,1]:

(2:+ Qﬁl(ﬁlx%‘j + 8772(7),2)) € Ax B.

With this in mind, Matloka et al. [28] proposed the coordinated pre-invex function

class as follows:

Definition 3.6: If a function IT : A = [by,b9] X [03,04] C R? — R is a coordinated

pre-invex function with respect to bifunctions 11 and 72, then:

I((01 + oM (01, 02), 03 + 725(03,04)))

< (1= 0)(1 —s)II(o1,03) + (1 — @)sf(b1,04) + (1 — s)I(b2, 03) + tsf (02, b4).

In recent times, fractional calculus (F.C) has emerged as an effective tool for investi-
gating various mathematical and physical models. The combination of F.C and integral
inequality theory has become a highly active field of research. For instance, Sarikaya
et al. [35] skillfully employed fractional calculus concepts to establish fractional ana-
logues of Hermite-Hadamard’s inequality. This paper opened up new avenues in this
direction, leading to extensive research. Du et al. [14] utilized the ideas of (s, m)-pre-
invex functions to derive variants of Hermite-Hadamard’s inequality. Igbal et al. [19]
employed the concepts of conformable fractional calculus to obtain new refinements

of Hermite-Hadamard’s inequality. Khurshid et al. [23] derived conformable fractional

42 Chapter 3. Newly Discovered Inclusions through Generalized Mittag-Leffler
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Hermite-Hadamard’s inequality using the class of pre-invex functions. Lei et al. [26] es-
tablished some new bounds related to Fej’er-Hermite-Hadamard-type inequalities and
identified their corresponding applications. Liao et al. [27] investigated Sugeno inte-
gral concerning a-pre-invex functions. Set et al. [36] obtained several Fej’er-Hermite-
Hadamard-type inequalities for conformable fractional integrals. Zhang et al. [42] estab-
lished some new k-fractional integral inequalities containing multiple parameters through
generalized (s, m)-preinvexity. Mohammed et al. [29] established generalized Hermite-
Hadamard inequalities via tempered fractional integrals. Srivastava et al. [38] developed
new Chebyshev-type inequalities via a general family of fractional integral operators with
a modified Mittag-Leffler kernel. Fernandez et al. [17] investigated series representations
for fractional-calculus operators involving generalized Mittag-LefHer functions.

In 1924, Burkil [7] examined the characteristics of interval-valued mappings, which were
later extended to multi-valued mappings by Kolmogorov [24]. However, due to a lack
of applications in science, this idea remained relatively unknown for many years. In
1966, Moore [31] published an exceptional monograph on interval analysis, making it
applicable to error analysis and serving as a launching point for further research in this
field. Nikodem et al. [32] introduced the concept of interval-valued convexity, and in [5],
the authors developed some inequalities involving interval-valued mappings. Zhang et
al. [41] investigated set-valued Jensen-like inequalities. Zhao’s work on inequalities as-
sociated with interval-valued convexities of various kinds is considered ground breaking
in this field. In [43], Zhao et al. derived some inequalities involving h-interval-valued
mappings. In [46], the authors formulated new generalized variants of inequalities in
the setting of time-scale calculus. Zhao et al. [47, 45] analyzed Chebyshev-type inclu-
sions regarding interval-valued convex mappings and used the concept of harmonically
interval-valued convexity to draw new refinements of existing results. In [44], Zhao et al.
considered the concept of coordinated interval-valued convexity to evaluate new inequal-
ities in the rectangular form in R?. Bin-Mohsin et al. used the concept of harmonically
interval-valued and coordinated harmonically interval-valued convexity to establish some
Hermite-Hadamard-type inclusions. For readers interested in exploring this topic further,
references [9, 10, 12, 11, 34, 18, 22, 21, 39, 20, 6] provide additional resources.

In order to understand the main results of this paper, it is necessary to review some

3.1 Introduction and Preliminaries 43
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foundational concepts from special functions and fractional calculus.

Definition 3.7 (/16]): The Mittag—Leffler function denoted by E,(-) is defined as:

o0
Q’I’L

E = _—

a(0) Z I'(an+1)’
n=0

where g, € C,R(a) > 0 and I'(+) is the gamma function.

Definition 3.8(/16]): Let i, ,1,7,03 € C,R(i), R(«w), R(I) > 0,R(v3) > 7 > 0 with
p>006>0and 0 < k < &+ R(). Then the extended generalized Mittag-Leffler

function E%é’k "3(9;p) is defined by:

3.k "
¥, 1’3
Euozl o;p

Z Bp(¥ v +nk,03—7) (03)nx 0
B, 03—=7) T(an+a)(l),5

where (-, -) is defined by

1 __p
B,(51) = / F(1 — o) le B dg,
0

and (Ug)nk = F(luﬂ?z:;;k)

Definition 3.9([16]): Let w,p,a,l,7,03 € C,R(n), R(a),R(I) > 0,R(v3) >7 >0
with p > O,g >0and 0 <k <8+ R(i). Let X € Ly[o1,02] and ¢ € [b1,02]. Then the
generalized left-hand side fractional integral operator containing Mittag—Leffler function

EZi’; %3 (0;p) is defined by:

5.5 k03 ¥ 5.5 k03
() Dn = [ (= 0" B @l - o pik(e)de,

[

The generalized right-hand side fractional integral operator is given as follows:
5.k 6 Kk m
< ,Z,CV,I,Z}SDQ {N Lp } / a IEZ a wnl3 (w(Q - F)#QP)N(Q)dQ

In [1] Atangana-Baleanu presented the following new integrals which are known as

Atangana-Baleanu fractional integrals.

Definition 3.10: The fractional integral related to the new nonlocal kernel of a map-

44 Chapter 3. Newly Discovered Inclusions through Generalized Mittag-Leffler
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ping IT € L'(vy,05) is defined as follows:

aBIoTI(0) =

where vy > vy, € [0,1].

The right hand side of integral operator as follows:

APILI(0) = 10 + i / " @) - 0™ dr.

Here, I'(«) is the gamma function. B(«) > 0 is called the normalization function.

Definition 3.11(/15]): Assume that F(r) = [II(x), IL(x)], t € A° is the interval-valued
function, where A is the interior of A C R. We call F(z) Lebesgue integrable if the
functions II(x) as well as TI(x) are both measurable along with Lebesgue integrable defined

over AY. Furthermore, we can write f:f ﬁ(;)dg: as follows:

/:2 F(r)dr = [/: H(x)dx,/: H(zc)dx] :

Now we suppose that the rectangle 2 = [by,b2] X [b3,04] where by < by and
v3 < by4. A group of numbers {w;_1,v;,w;}", is termed as tagged partition m with
respect to interval [p1,09] if: m : 0] = Wy < W < We < ... < Wy = bvg and if
Wi—1 <v; < Wi, i =1,2,3,..m. If Aw; < s for every 4, then the partition 71 is known as
o- fine. If P(4, [vy,b2]) is collection of all §—partitions of interval [by, vs]. Suppose that
{W;—1,v;,1:}7%, belongs to S-fine m regarding [v1, 2] and {zj,l,Qj,Hj}?zl is another
5-fine 7y regarding [03,04], then the series rectangles
A = [Wi_1,Wi] x [0j_1,6;] are the partitions of €, and the points (1, ;) € A°. Fur-
thermore letting 77(5, Q) be the set of all 5—fine partitions of rectangle € along with
71 X my, in which 7 € (4, [v1,b2]) along with my € P(0, [bs, 04]). We consider using
the notation AA;; denotes the area of the rectangle g@] Within every rectangle A; ;,
for 1 <i¢<mand 1 < j < n, Let us take taking into account arbitrary v;, A\; and we
have S(H,ﬂ,g, Q) =", 2?21 (v, A\j)AA; j, which is named as S(IL, P, 5 Q) is the

integral sum of II in connection P(6, ().
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Theorem 3.3([15]): Assume that the interval valued function I1 : Q = [by,bg] X
[03,04] — Ry,p then II is called double integrable defined on rectangle Q0 with interval
valued double integral U = [ fﬁﬂ(;, n)dA, if for every e > 0 there exist 5§>0 satisfying
that

v4(S(IL, P,8,Q)) < € for each P € P(5,9).

Theorem 3.4([15]): Assume that F : Q — Ry is interval valued double integrable

defined on §, then

o d -
//F(x,n)dA=/ / F(r,v)dydy.
w |51 b3

Now, we recall the AB like generalized integral operator involving five parameter Mittag-
Leffler function and some results which will play important role in obtaining the our main

outcomes.

Definition 3.12([4/): Assume that F : [b1,05] — R; is an interval-valued function
satisfying that F\(r) = [II(),II(r)], in which the functions II(r) and II(z) are both Rie-
mann integrable defined on the interval [v, v2]. The interval-valued left-sided as well as
right-sided generalized AB type fractional operator involving generalized Mittag—LefHler

functions are defined by

7,6,k Sl
(G, ) (Foam)

l—a-~ a [f a—1 A,0.k,03 [ B.o\B
= By L)~ ey [, 0 O i 0= ) F@de. 5>
b1

and

~7g7k7 fay .
(Egﬂ,lﬂt}im*) {F(Ulvp)}
Lop a " 7.0,k -~
= Bl T B _ )L gTSkes im0 OB N B(0)de. 1 < b
B(«) (01) B(a) /x (0—1) Tl (@W(o —1)";p)F(0)do, 1 )

with a € [0,1] and B(a) > 0 is the normalization function, where B(0) = B(1) = 1.

Obviously, we observe that

~)g7k7 - . —_— ~7S'7k7 . ~’§’k) T .
(ol ) {Poap)} = [( o5, ) (Moam}, (224%, ) (o)} |
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and

5.0.k, 6k . 5,8,k v: =
(ot ) (Fonp)y = [(0h%,,) Mo}, (55, ) Mosp)}] -

Now we recall Hermite-Hadamard’s inequality involving generalized convexity, which

is given as:

Theorem 3.5([4]): Assume that the function P [01,01+71(02,01)] — R;r 18 interval-
valued pre-inver and ﬁ(z:) = [IL(x),I(x)]. Then, the successive inclusion relations hold

true:

20¢ +771 02,01)\ 55k ~
F( Bl (W( (02, 01))": p)

[( i,’;,:fnﬁ) {F (o1 + M (b2, 01); )}+<Ei’g’k’l’f’ . —>{ﬁ(01;p)}

u7a3l7w7(nl +m1 (UQ 01 ))

F(o1) + F(v I
) (£ 1)2 ( Z)E%ji’f’f,%,l(w(m("%"1))”?1’)‘ (3.1)

Next, we rewrite the Pachpatte type inclusions.

Theorem 3.6([4]): Suppose that the two functions F,G : [o1, 01 + 71 (b2, 01)] — Rf
are both interval-valued pre-invez and F(x) = [IL(x),IL(z)], and G(z) = l9(x), 9(x)]. Then,
the successive inclusion relation holds true:

B(a) 3,6,k,0 o ~ ~
7,0,k,03 F -G .
(771 (09, 01))° |:(€;L,a,l,w,nl+> {F (01 + M1 (02,01);p)G (01 + 71(b2,01); p) }

(8 oy ) {E@1D)G(o13)) (32)
_ (1B(C§) (ﬁ(nl)G(Ul) + ﬁ(bl + 771 (02, 01))G(t)1 + 51(027 Ul)))
2 2Ey[—P(vy,02) + Q(v1,02)] + P(v1, UQ)E;;E’J’j’l‘jjm(@(ﬁl(nz’ 1) p), (3.3)
where
P(01,02) 1= F(v1)G(01) + F(v2)G(v2)

Q(by,02) := F(01)G(03) + F(02)G(01)
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and

Z Bp(¥ 7 + nk, 03 — %) (03)nk "
B(y,03—=7) (am+a+1)(un+a+2)I'(pn+a) (1), 5

Theorem 3.7([4]): Under the assumptions of Theorem 3.6, the following successive

inclusion relation holds true:

~ (201 + 71 (bg, 0 201 + 7171 (0g, 0 _ ~
P2t g (2D 00 gt (@G o0 )

B(a) 7,8,k,0 n ~ =~
D) 759, V3 . .
= da(m1(0g,01)) [(Euva,l,w,nﬁr) {F (01 +71(b2,01);p)G(01 + 71 (02, 01); )}

%,g,k,n - . ( a)
+(eﬁ,a,umg,(m%(mm))*){F(t’h p)G(o13p)} —

B(o)
P (014 7 (02,00))G(01 + 7 (92, 00)))] + 5 Eo[P(01,2) — Qo v2)]

(F(01)G(v1)

1 = - -
+ Z@(Ul»1’2)E%,’i’fffﬁ,z(w(ﬂ1(b2,01))”;2?)~ (3.4)

Now, we are in position to introduce the following definitions that will be used in

the sequel.

Definition 3.13: Let F : [o1,0s] x [03,04] C R?2 — R; be a given interval-valued
function in two variables forms satisfying that ﬁ(g, s) = [(p, s),I1(0, s)], and let F be
interval Riemann integrable on the rectangle vy, v2] X [03,04]. The interval-valued gen-
eralized AB type double integral operator involving generalized Mittag-Leffler function

are defined by

(F2 B v o) FCorou) = S Flonon + s [ [ = 0 w97

B(a)B(B)
x ETOE08 () (0g — o) p)EL 300 (@04 — 5)72;p) F (o, 5)dsde, where vy > b1, vy > s,

( Zifzvfu 01+ 04— ) {ﬁ(U%UB;P)} = wﬁ(bzaﬁs) + B(o?)éli(ﬂ)/u 2 /n 4(02 —0)* (s —03)" !

B(a)B(B)
Elléakif (W1 (02 — Q)ﬁl;p)EZ;Bkut:j (Wa(s — v3)h2; )ﬁ( s)dsdp, where vy > b1, V4 > V3.
7.3k, 5 (1-a)1-5)x 045 o _
(E;i,if,;%,nz:uﬁ) {F(v1,045p)} = WF(UMM 1 (0g — 5)6 !

ETVES (@ (0 — vy)P; )Ezj;;jszﬁ(m—s)ﬁz;p)F@,s)dsdg, where vy > by, by > b3

(Zilk,zufﬂ vy~ ,4—){13(017037 p)} = (104)(15)13(01’03)+B(03g(ﬁ)/0 2/U 4(9*01)0471(5*1’3%;71

B(a)B(p)
7,0,k,05 [ i 5.5,k,03

Eﬁl,a@hl(wl(g — 01)“1;p)Eﬁ2ﬁﬁ271(1ﬁ2(5 —03)P2:p)F(p, s)dsdp, where vy > vy, by > v3.

Here, W= (@177:0\2)7(11 = (aw@)vﬁ = (ﬁlvﬁZ)v 0,8 € [07 1]7 and B(CY),B(B) are normal-
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izing functions with B(«a), B() > 0, and B(0) = B(1) = 1.

Definition 3.14: Given an interval-valued function F : Kk — R 1, where K C R is an

invex set, we call that F is an interval-valued pre-invex function if and only if

Fr+(1-0)7i(v,1)) 2 oF ) + (1 - 0)F(y),

holds true for each r,n € K and for all p € [0, 1].

Definition 3.15(/25]): Suppose that F' : Q — R} belongs to an interval-valued
function regarding two variable forms, where 2 := [v1, b1 +77(02, 01)] X [b3, b3+ 77(04, 03)]
is a given rectangle. We say that F is an interval-valued co-ordinated pre-invex function

if and only if

~

F(o1 + (1 = 0)n(v2,01), 03 + (1 — 5)7)(04, 03))

D tsF(01,03) 4 o(1 — s)F(b1,04) + (1 — 0)sF(bg, 03) + (1 — 0)(1 — s)F(vg, by),

holds for every [b1, 01 + 77(b2, v1)], [03, 03 + 7)(04,03)] € Q and o, s € [0,1].

The primary objective of this research paper is to introduce novel Hermite-Hadamard
type inequalities utilizing the concept of generalized interval-valued Mittag-LefHler frac-
tional double AB-integrals in combination with the class of interval-valued coordinated
pre-invex functions. Our aim is to offer fresh ideas and techniques that may serve as

inspiration to researchers interested in this area of study.

3.2. Main Results

This section will present new discoveries regarding Hermite-Hadamard, Pachpatte, and
Fejer inequalities using generalized interval-valued convexity over a rectangular form in

R2 in the context of fractional calculus.
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3.2.1. Generalized fractional Hermite-Hadamar’s type

inclusions

We now present a novel inequality of Hermite-Hadamard type for functions that are

coordinated interval-valued pre-invex.

Theorem 3.8: Suppose that F:KxKCcCR? ]ij is a given interval-valued co-
ordinated pre-invex function defined on [v1,01 + 771 (v2,01)] X [v3, 03 + 72(b4, 03)] along
with 0 < by < by + 71 (v2,01), 0 < b3 < v3 + 72(bg, 03), and F(x,9) = [I(r,v), I(x,v)].

Then, the successive inclusion relations hold true:

7 (201 + 11(v2,01) 203 + 72(04, 03))
2 ’ 2

7.0,k ~ 8.k ~ iz
x BT (@ (71 (02, 1)) p) ELOS o (2 (72 (04, 03)) 25 p)

- 40[5(771@5&3)))3 (04, 03)) [( Vi,’?,fim oyt ) {F (01 + 711 (vg, 1), 03 + 72 (04, 03); p) }
+ <€Z,i§,fusn1+ (03-+72 (v4,03)) ) {F (01 + 71 (v2,01),03;p) }
t (61 i,];,fus(nl+n1(n2’nl) ) {F (01,03 + T2(bs,03); p) }
+ <€%zif;:$(b1+ﬁ1(nz,nl)) (0372 (04,08)) > {F(v1,03;p)}
(- -5)

B(a)B(ﬁ)B) (F (o1 + 71 (02,01), 05 + 72(04,03)) + P01, 03+ 72 (04,03))

+ﬁ(01 + 771(02, 01), 03) + ﬁ(bl, 03))]

F(vg,04) + F(by,04) + F(ba, 03) + F(vy, 03)]

4

5.5k ~ 7. 5k
x B (@1 (1 (02, 00))" s p) BT o (a(Ta (04, 03))7; p).
Proof. By the definition of interval-valued co-ordinated preinvexity of F , we have

F(x + o (9,1), u+ s7a(v,u))

2 (1—-0)(1 = 5)F(r.u) + (1= 0)sF(r,v) + (1 - 5)0F (v,u) + tsF(n, v).

If we consider to take r = v1 + 11 (v2,01),9 = 01 + (1 — 0)71 (b2, 01), u = 3 + s7j2(0y4, 03)
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and v = v3 + (1 — s)7j2(v4, v3) along with o = s = %, then we derive

7 201 4+ 71 (02,01) 203 + 772(04, 03)
2 ’ 2
1 ~ - - ~ - -
2 Z[F(m + 071 (02,01), 03 + s772(04, 03)) + F(01 + 011(02,01),03 + (1 — 5)772(b4, 03))
+ F(o1 + (1 — 0)71(02,01), 03 + s72(v4,03)) + F(03 + (1 — 071 (02,01), 03 + (1 — )72 (04, 03))].

(3.5)

Multiplying both sides of (3.5) by o®~'s7~ 1E316£$ (@1 (71 (02, 01))" 0™ p)
7771817kvn3

o 5’@2’1(@2(172(04, v3))#25"2; ), then by integrating the resulting inclusion with regard

to (g,s) on [0,1] x [0,1], it yields that

~ (201 + 71 (02,01) 203+ 72(04,03)\ 1 [T 41 51 ATk _ i
F( 1102:01) 203 % [ et (oo 2 s0)

ELO00 (i(772(04, v3))P2572; p)dsde

1 ok w1 (7 [ 8,k PO -
21 [/ / AT R (@1 (71 (02, 01))P ™ p) B 2 (s (7o (04, 03))F2 572 p)

X [F(01 + 071 (02, 01), 03 + s772(04,03)) + F (01 + 071 (02,01), 03 + (1 — )72 (b4, v3))]dsdo

X

F0.k03 ([ (~ i 53k, o T @
b [ B (10,00 P DB (03t 00 )
X [F(Ul + (1= 0)m1(v2,01), 03 + 572(04, 03))

P (01 + (1= 0 (02,01), b5 + (1 = 5)il2(04,03)) | dsdlo]

This implies

7 (201 + 71(b2,01) 203 + 72(0y, 03))
2 ’ 2

7.5k ~ 5k . o
x BT (@1 (71 (02, 01))7 ) ELSS ) (2 (7 (04, 03))2 )

1 /01+771(0271’1)/03+772(U4,U3)
D —= —
= 47 (02, 01))*(72(04,03))7 | Jy, o

3

x (01 + 1 (v2,01) — x)ail(bg + 12(v4, 03) — U)’Bil

7,0,k 103

o~ ~ fi 7,0,k
x EXO00 (@1 (o1 + 71 (02, 01) — 0)F 3 p) ELOT08 (@03 + 72(0a, 03) — 9)F2; p) F F(x,9)dydr
v1+71(v2,01)  03+772(b4,03) _ ) )
+/ / (01 + 71(02,01) —1)* 1 (n — 03)""
01 3
F.0,kos (o ~ i F0.k03 (o 2. N
x ELOEE (@1 (o1 + 71 (v2, 01) — 0)M 5 p) ELU0 (@2 — 03)H2;p) F(x, 9)dydy
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01+71(02,01)  ,03+72(04,03) B N ot ke )
+ / / (F - 01)04 (03 + 772(04, 03) — t)) Eg;,&,;ﬁ?,l(wl(x _ 01)“1;1?)

b1 b3

 [10k03 (2(03 + Tl2(va, 3) — 1) p) F(x,9)dndy

n2,B8,wa,l
01-+71(02,01)  03+72(04,03) , ke )
+/ / (v = 00)™ " (y = va) T EEE (@1 = 00)™5p)
by v3
,(5 k —~ Tin . ~
x B0 (Wa(y — v3)M2;p) F(z, U)dt)dzc} :

After simplifying, we acquire the first inclusion relation.
For the proof of second inequality, taking into account the interval-valued co-ordinated

preinvexity of the function ﬁ, we have

F (01 + 071 (v2,01), 03 + 572(04, 03)) + F (01 + 071 (02,01), 03 + (1 — 5)72(04, 03))

~

+ F(Ul + (1 — Q)ﬁl(bg, 01), b3 + 8772(04, 03))

~

+ F(01 + (1 — 0)71(02,01),03 + (1 — 8)7j2(04, 03)) (3.6)
D F(ba,04) + F(01,04) + F(vg,b3) + F(b1, v3). (3.7)

Multiplying both sides of (3.6) by g 1s#~1ET% kb3 (W1 (M1 (02, 01)) 1 o1; p)

1,001,

§7S’7k7n3

51 (W2 (12(04, v3))F25%2; p), then by integrating the resulting inclusion with regard

to (o, ) on [0, 1] x [0, 1], after simple computations, it yields the required second relation.

Thus the proof is accomplished.

Remark 3.1: If we take 7;(b2,01) = vo — 07 and 72(v4, 03) = vg — 03 in (3.8), we get

the result for interval-valued convex function.

ﬁ U1+02703+D4
2 2

~7g7ka S 6 k m .
BTt o (@1(0g —0p) )EZQ,gffu,Q (W2 (vg — 03)M2;p)
B(a)B(f) 5,3,k,03 5
= 4aB(vy — 01)%(0g — 03)8 [(eﬁ»a:lv@»“1+v"3+> {F /(02,04 p)}

5.k 5 5.0,k,
(b o ) (P (o2 vsp)h + (0% ) (F (o1, 000)}

i) Py - ==

+(e
( (be,04) + F(nl, v4) + F(Ug, v3) + F(nl, 03))}
F
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5.5.k, . 5.5.k, . Tis .
EZl,a-:fwl,l(wl(bg - Ul) )EZ275—:131U2 l( ( 4 03)'“271))'

Remark 3.2: By choosing the 7;(v2,01) = vy — vy, 72(bg,03) = 04 — 03, p = 0,7 =

(0,0) and w = (0,0) in (3.8), we get the partial result obtained in [46].

We now present a new midpoint Hermite-Hadamard’s inequality for coordinated

interval-valued pre-invex functions.

Theorem 3.9: Under the assumptions of Theorem 3.8, the following inclusion rela-

tions hold true:

7 201 + m1(v2,01) 203 + 772(04, 03)
2 ’ 2
76 k ~ 1. ,5 k ~ Tis.
Ezl,aff’wl (@1 (7 (02, 00))1 5 p) B0 o (@a(72(04,03))72 p)

2a+ﬁ+nlul+n2ﬁzB(Q)B(ﬁ) 67737]6703
1B (02, 01))° ({01, v3))? ﬁ,a,z,m(z"ﬁﬁ“”’“”)+’(2“3+’722(°4’°3)>+

{13(01 + (b2, 01), 03 + 72(04, 03) 729
+

D)

iy

{F (01,03 4 72(v4,03); p) }

“/5’603 .
uozlw 2U1+n1(02 U1)) (203+n2(04 103) >{ Ul+771 02’01) Ug,p)}

)

_l’_

{

(01,03;p)}

+ “/ 5 ko3
il @, 201+n1(°2 U1)) (2“3+712 o4, D3)

M al,@, 2°1+771(U2 u1)> (203+ﬁ2(047°3)>>
b A 2

(1-a)@-p) (ﬁ(nl + 11 (02, 01), 03 + 72(04, 03))

( ) ( )
+ﬁ(01 + 771(02, 01), 03) + ﬁ(Ul, v3 + ﬁ2(04, 03)) + ﬁ(Ul, Ug))}

1 ~ . . .
2 Z(F(ng, 04) + F(v2,03) + F(v1,04) + F(b1,03))
5,8,k ~ 7,0,k fog A2
E;Iha—i—blgwl l(wl (771 (027 01)) )El’127/3+n13w2 l(wQ(n2(04a 03));“'2’1))'
Proof. In view of the interval-valued co-ordinated preinvexity of the function F ,

if we consider r = by + 2 2n1(v2,01),0 = b1 + $71(v2,01),u = v3 + 2 “5°12(04,03),v

v3 + %772(04, v3), as well as p = s = %, then we have

~ (201 +11(02,01) 203 + 12(04,0 1[~ 2—p. 2—5_
F( 1 77;(2 1)7 3 77;( 3)>24{F<01+ 29771(02’01),03+ . 172(04’03))
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2—s

2

2—-0p

o~ — — o~ ~ S~
+F <U1 + 5771(02, 01),03+ n2(04, U3)> +F <U1 + n1(v2,01), 03 + -72(v4, U3)>

2

o~ . S~
+F (01 + gm(nz, 01), 03 + 5772(04, 03))} (3.8)

Multiplying both sides of (3.8) by (g)o‘*l(%)BflEZf’oi’%il((fﬁl (ﬁ1(02,01))ﬁ1(§)ﬁ1;p)

7,0.k,03 (w2 (172(04, 03))’72(5)“2;19), then by integrating the resulting inclusion with re-

Fi2,B,W2,l

gard to (g, s) on
[0,1] x [0,1], it yields that

~ (201 +71(b2,01) 203 + 7)2(yg, 03) Yt oal1, 550
F , () (3)
2 2 o Jo 20 2

5.3.k,0: s ~ /0 /31‘ 55k, s ~ /8 ﬁz.
X EROR (1 (o2, 00)™ (5) ) ELRRS (@ (ia(04,09)) (5) s p)dsde

1 1 1 0\0_1,8 ~T _ i1
L fQ\a—-1,5\8-1 E%57k703 ~ m Q) .
21 Uo /o (2) (2) et (0171 (02,01)) 1(2 )

~»g7k7 - (= m S ﬁ2.
<A (@alton o)™ (3) )|

~ 2—0._
X |:F (Ul—l- 5 771(02,01),03

2—s

2 2
+ 1 1(g)a—l<§)ﬂ_lE§75~,k,Ug ((’[/1} (~ (U o ))}71 <Q)ﬁ1 )
0o Jo 2 2 fi1 i, \W171(02, 01 5 :p
7.0k, S A
B2 (@2 (7204, 03))" (5) . )
X [F (01 + 5 Q771(02,01)703 + 2772(04,03)>

2—s

_l’_

7n2(04, U3)> +F (01 + 551(02, 01),03+ 12(04, U3)>] dsdo

o~ ~ SN
+F (Ul + gm(bg, v1),03 + 57]2(04, 03))] dsdg} .

After comparing the above relation with newly defined fractional integrals, we acquire
the first inclusion relation.

For the proof of second inequality, taking into account the interval-valued co-ordinated
preinvexity of the function ﬁ, we have

2—p0._ 2—s
m(vz2,01),03 +

~ ~ ~ 2—p0._ S
F (1’1 + 772(04703)) +F <01 +— n1(b2,01),03 + 2772(04,03)>

2—5
2

= 0 _ = 0 5
+F (m + 5771(02, 01),03 + n2(04, ng)) +F (01 + 5771(02, 01),03 + =72(v4, 03))

2

D [F(by,03) + F(by,04) + F(b2,03) + F(02,04)]. (3.9)
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Multiplying both sides of (3.9) by (g)o‘*l(i)ﬁflE’:”g’k’n3 ((wy (ﬁ1(02,01))ﬁ1(§)m;p)

2 1,00, W1,

7,0,k (w2 (172(04, 03))’72(5)“2;])), then by integrating the resulting inclusion with re-

Fi2,B,W2,l

gard to (g, s) on
[0,1] x [0,1], we obtain the second inclusion.

Thus the proof is accomplished.

Remark 3.3: If we take 71 (v2,01) = b2 — b1 and 72(v4, 03) = v4 — b3 in Theorem 3.9,

we get the result for interval-valued convex function.

(@1 (vg — 01); p) ETOR03 (g (0, — 03)72; )

M21ﬂ+17{0\27l
2a+ﬁ+n1ﬁ1+nzﬁzB(Q)B(5)

D 6%5’7””‘703 {ﬁ ) 70 ; }
2 01802~ 02)%(0s — 09)? <z()<) (o2 0ai7)
5.,6,k,0 o
+ 677 51,03 _ {F b Da: }
(it sy ) (P

" (J&kms ) {F(v1,045p)}

- +
~ —~ (0140 v3+0
/J’7a7l7w7< 12 2) 7( 32 4)

ja b + 02 b3+ 0y Ei,&mg
92 7 9 fin,a+1,w1,

7,0,k.,03 o .
+ <€ﬁ7a’l’@’<2n1+1712(u2,u1))7(203+7722(n4,n3)>> {F<UI7U37P)}

(1-a)1-0) (5 ~ . R
~ BB (F(UQ, vy) + F(b2,03) + F(b1,04) + F(v1, 03))]

1 -~ N N N
D 1(F(ng, v4) + F(b2,03) + F(v1,04) + F(071,03))

7,0,k ~ fi 7,0,k ~ i
X B0 o1 (@1(v2 — 00) s p) RO L (@ (va — 05)72 ).

We now present another fractional variants of Hermite-Hadamard’s result.

Theorem 3.10: Suppose that P [01,01 + 71 (b2, 01)] X [b3, 03 + 72(bg, 03)] C R2 = R
is an interval-valued co-ordinated pre-invex function defined over the rectangle [, 01 +
71 (b2, 01)] X [03, 03 + 72(04, 03)] together with 0 < vy < vy + 71(v2,01), 0 < b3 < V3 +
M2(04,03), and ﬁ(;, p) = [U(x,n),1I(x,v)]. Then, the following inclusion relations hold

true:

I3 (201 +71(b2,01) 203 4 72(vy, U3)>
2 ’ 2

B(B) 5.5,k,0 ~ (201 +11(v2,07) -
D 7,0,8,03 J ol eSS TA .
T 4Ly B(12(04,03))8 [(6“’a’l’w’°3+> 2 03 + 712(04, 03)

55 =~ (201 + 71 (v2,07)
7:6,k,03 201 7 mibe, b1)
* (Gﬁ,ml,@,(vg-&-ﬁz(m,na))’) {F ( 2 0
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_ (;zﬂf) (p (2"1 + ﬁ;(”’ Ul),03 + 772(04,03)> JF <2t11+77;(112701),03>>}

) (G ) {7 (0 o, 2B

4L1a(ﬁ1(92,01))0‘ ol w01+

= ~ 203 + 7j2(04, 03)
7.8,k,0 3T 12\74, 73
(g {F ("1» - 2

e )

B(a)B(B) 7.5k, = ~ ~
= 4Ly Lya (i (02, 01))* (72 (04, 03))P [(677,@71,1%%01#03*) {F(01 4702, 01), 03 + 7504, 03): P)}

N (Gj,a,k,ns ) {F(vy + 71 (02,01),03;p)}

ol w,011, (03472 (04,03))

0l W, (01471 (v2,01)) 7037
7,8,k,03 fal .
+ (eﬁ,a,z,w,(nl%(um))*,(n3+ﬁ2<m,us>)*) {F(v1,05;p)}
(1-a)d-p) (A ~ ~
———=— | F(01 + N1 (02,01),03 + 7)2(04, 03
Bl)B@) |t (010

+ﬁ(U1, 03 + 72(04,03)) + F(v1 4 771 (02, 01), v3) + F(vy, 03))}

B(e) [(J’g’k"” ) {F(v1,03)} + (J’g’k"“ ) {F(01,04)}

D) _ _ ~ - Iy ~ -
> BL1a (i (92,01))° L\l @ (o1 02.000) R @ (or 4T (52,01)

=5 ~ - 53 f ~
i (ﬁgia’fjﬁnﬁ) {F (01 + 711 (02,01),03)} + (e;‘:c;,’jjgfnﬁ) {F (01 + 71 (v2,01),04)}

(1-a)
B(a)

n (Gjﬁvk,vs ) {F(v1,05 +7j2(v4,03);p) }

(F(01,03) + F(v1,04) + F(o1 +771(02,01),03) + F (01 + 71 (02, 01), 04))]

DO [(adke ) {F(or00)} + (2 ) 1P (03,03}

8L26(ﬁ2(94,03))5 Hya,l,W,(03+72(04,03)) sy, (034772 (04,03))

=5 ~ . 53 =~ ~
+ (6% e ) {F(b1,03 + 72(v4,03)) } + (egaljgins*) {£(02, 05 4171504, 03))}

0,1, w,03+F

B uB?ﬁf) (ﬁ(m, 03) + 13(01, 03 + 72(b4, 03)) + ﬁ(t’?’ v3) + ﬁ(nz’ 03 + 72 (04, 03)))]

F(oq,0 F(os,0 Floq,0 F(vg, 0
2[ (b1,03) + F(0g, 3)1‘ (b1,04) + F (b2, 4)}7 (3.10)

where

7,0k, o~ fin.
Ly o= EJ°Y 5, (@1(M (02, 00)": p),

and

7,8,k,0: ~ (7 fiz.
Ly := Egz,6+nf,@2,z(w2(ﬂ2(047 v3))"*; p).

Proof. From the interval-valued co-ordinated convexity of the function ﬁ, it yields
that the function 1/7; . [v3,03 + 12(0g,03)] = R, ﬁ;(g) = ﬁ(;, ) is convex defined over

[03,03 + 72(04,03)] for each ¢ € [b1, 07 + 71 (b2, v7)]. Utilizing the inclusion relations in
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(3.1), we find that

~ (203 + 72(04,03)\ 55k o 5
e ( Eg2,ﬁ+nl3,@2,l(w2(n2(u47 v3))"*; p)

2
B(pB) 5.5 k03 = - 7.,8,k,03
- 26("72(“47 03))6 [<6ﬁ’a’l’@’b3+> {Fx(bg 71204, 93))} * (617104757@7(034-772(04703))7)
N PP
X{FI(U3)} B(,@) (Fx(nfﬂ)+F22(U3+772(U4703)))
Fo(v3) + Fe(vg)) 55 o -
5 xlos) 5 i 4))Eg;‘f’ﬂ’“ff@z’l(w2(772(04,ns))’”;p).

It means that

= 203 + 72(04, 03) 5.,6,k,0: P i
F (;, : EIPES (@ (ia(04, 0))7: )

1 / T (01, 03) — )" ELTERS (@ (04, 03) — )2 p)
= 2a(01,03))° o3+ 72(va,03) —x)7 B0 (Wa(v3 + 72(04, 03) — 1) p
2(72(04,03))8 | /s, il iz, B2, d

. 034772 (04,03) S TR _ .
< F(r, 0)dy + / (£ — 03)" " EZORE (@o(x — 03)2; p) F(r, p)dy

2, B,W2,l
b3

(F(x,03) + F(r,04)) 55000
2

2 ﬁ2,5+1,@2,l(@2(ﬁ2(04, v3))"*; p). (3.11)

Multiplying both sides of (3.11) by m(; = nl)o‘_1]5§’g’k’n3 (W (x — b1)"1; p) and

A1,0,W1,
a—1 E:\Y'vé.’kaES

m(bl +11(v2,01) —1) ﬁl,a,whl(ﬁ}\l(nl +71(02,01) — x)ﬁl ; p), respectively, and
integrating the resulting inclusion relation regarding r over [v1, 01 + 771 (b2, v1)], we have

ETOR0 o [(@a(iRa(04,03))P2; p) /"1“71(02’“1)( 01)0!
r—o;

2(m (b2, 01))* 01
7.9, Ny m ~( 2034 1n2(byg,0
x ETOR0S (G (x — 01)P;p) F (2:7 3 1 (04 3)> dx

i1 ,00,101,1 9

014771 (02,01)  po3+72(04,03) . B )
/ / (r = 01)* " (03 + 72(04, 03) — 1)~

b1 b3

1
= 4071 (02,01))" (7201, 03))

7.8,k - ~ i F.0,k03 i\
X Egl,aff’@l,l(wl(b?a + 72(b4, 03) — )M p) BT TS (W1 (x — 01)"'; p) F(x, 9)dydr

Ty 00,11,
01471 (b2,01)  b3+72(04,03) L
- - ,0,k, -~ I

e O O e N TS

b1 v3

5.0k, —~ ~ ~

x EXON (@1 (x — 01)"5p) F(g, U)dt)dx]

Ej7g7k703

5,0 (W2(72(04,03))72 p) [ portin(e2.00) 1Ak (o 7
b 1,27 (v = 01) T ELER (@1 (x — 01)Pp)
4(7,’1(02701))04 H1,00,W1,

vy
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- 01+771(02,01) L A5 kos )~ _ ~
X F(x, b3)dr + / (r —0)* B (@1 (x — 01)" s p) F(x, 04)dr | -
b1

(3.12)
And

7.5,k, oo 2.
EL0 5,1 (@a(72(04,03))F2; p)

v1+71(02,01) _
/ (01 + 71 (0, 01) — )t

2(m1 (b2, 01))* o1
=3 N _ ~ ~ 203 + 12(b4,0
3 3 + 7204, 03
X Eg;;f,;%f,z(wl(m +m1(b2,01) — )" p)F <2C7 2()) dy

1 v14+71(v2,01) po34+72(04,03) )
D — — (01 +7m1(02,01) — )"
4(71(v2,01))*(772(0a, v3))? /nl /03

X (03 + 72(bs, 03) —1)° 7"
B0 0, 1(@2(05 + 7((04,03) — )25 p) B0 (@) (01 + 71 (b2, 01) — 1) p) F(x, p)dydy

v14+71(v2,01) po34+72(04,03) _ L L
* / / (b1 + 71 (02,01) — 1) ' (r — v3)"~

(5] b3

X g 1 (Da(e = 02) P p)ETER (1(01 4 (02, 01) — 5)7 ) F (e, 0)cdnd

H1,0,W1,0
7,8,k e~ iz
s iy 1 (2(712(04, 03)) 25 p)

> 4(11 (02, 071))>

v1+71(02,071) ~ R . _ ~ N
X / (01 + 71 (b2, 01) — 1) EL 000 (@101 + 71 (02,01) — 8)* 5 p) F(x, 03)dr

b1

o1

01471 (02,01) _ =5 ko _ _ N
+/ (b1 + 71 (02, 01) — ?)ailE:ﬂyL(’X”ﬁ}il(wl(ul + 71(b2,01) — )" p) F(x, va)dr| -

(3.13)

By similar argument applying on the function ﬁn s [o1,01 + m1(v2,01)] = R, ﬁn(;) =

F(r,v), it yields that

7,8,k 03

ETomte (W1 (T (b, 01)) 15 p) o8 HiT2(04,05) A ks 7
Liians 21(,ﬁ2(b4 03))04 / (U_U3)B 1Eg;”’8),£§,l(w2(n_03)12;2))
9 V3
~ (20 M (b2, 0
><F< 1+ 71(v2, 1)7‘)> dy
2
1

v1+71(02,01) po3+72(04,03) L .
/ / (x—00)* Hr—v)°"

b1 v3

= 4(m1(02,01))*(72(v4, 03))?

X BN (sl — 09) 5 ) ELERS (1 (e — 1)) (5, 0)dnd

2, B,W2,l 1,0,W1,1

01471 (b2,01)  03+72(04,03) N X R )
+/ / (01 + 771 (02,01) = 1) (9 —03) P TLERO DS (@ () — 03)2; p)

fi2,B,W2,l
U1 b3

X BLOES (@1(0r + 771 (02,01) — )75 p) Pz, n)dnd|

7,8,k,03

By 5,2(@1 (771 (v2,01))F25 p) [ poatiia(vavs) 5.5 G B
p,o41,w1,1 ’ ) _ B—1 ’y,é,k,bg ~ o e .
> oo / (9~ v3) = BT (i — 03)7: ) P01 0)dy

v3
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v3+72(04,03) N _ ~
+/ (9 —03) T EDOIE (@a(y — 03)72;p) F(vg,p)dp | - (3.14)
b3
And
EIORS (@1 (02, 01))3p) [rstie(eam)
f,0+41,wy,1 ) ) ~ B—1
— 0 04, 03) —
2(77 (01, 03))° /03 (03 4 772(04,03) — )
~F R ~ ~ ~ (201 + on1(b2, 0
x EZ500 (0,05 + (04, 05) n)’”;p)F( L 202 1),0) dy
1 v1+71(02,01) v3+72(04,03) ) 51
jp p— — — 1) (b3 + 1Mo(bg,03) — )’
> o | A (& = 01" (03 +7a(00,03) = )
x B0 (03 + Ta(04, 03) — 9)P23 ) EL008 (1 (x — 01)™ 5 p) F(x, v)dydy
01471 (02,01)  po3+72(04,03) B ) B )
+/ / (01 4 71 (b2, 01) — 1)* (03 + 72(04,03) — )7~
V1 V3
XEZ;%’T%’;;(@AU?, + 72(b4, 03) — n)ﬁz;p)ngﬁng(@l(nl + 71(v2,01) — F)ﬁl;p)ﬁ(‘f,‘))d‘)dx}

7.0,k, ~ = ii
Egl’afﬁ@l,l(wl(ﬁl(nzy 01))"1;p)

- 4(72(v4, v3))”

v3+72(04,03) ~ 1 A5 ke R ~ _ R
X / (03 + 772(04, 03) — ) T ET 2S00 (@5 (03 + 72(4, 03) — 9)F2;p) F(01,9)dy

b3

v3+72(b4,03) _ o R N _ ~
JF/ (b3 + 72(b4, 03) — U)BflEg;,’g,g;l(wﬂ% + 712(04,03) — 9)*2;p) F(02,9)dp | .

b3

(3.15)

Adding the inclusion relations (3.12)-(3.15), we obtain second and third inclusion rela-
tions in (3.10).
Now, by using the first relation in (3.1), we find that

~ (201 + 71(b2, 01) 205 +72(ba, 03)\ 55k, P 5
F (2 2t b)) gt @alinon0) i)

1 v3+72(04,03) .
2(772(v4,03))8 /03 (03 + 72(b4,03) — 1)

o R ~ Gy 5 (200 +71(02,0
o -0k:03 (W (b3 + Tz (bs, 3) — 1) p) F (1771(21)7 U) dy

fi2,B,Wa,l 2
03712 (04,03) B—1 17,0,k,03 [~ o, 7 [ 201 + 71 (02, 01)

" (0~ 03) B (ol — v p) P (B2 ) gy g16)
v3

and

= (201 +71(02,01) 203 4+ 72(04,03)\ 55k, o a
e ETAE 1 (02, 90) )

1 v1+71(02,071) L
D (01 +71(02,01) — 1)~
2(11 (02, 01))* /01
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nnnnnnnnnnnnnnnnnnnnnnnnnnnnn

w 7 i 5 [ 203+ 72(04,0
XTSRS (@1 (01 + 771 (02, 01) — 0 p) P <P’ W) dy

v1+71(b2,01) ~ 20 M2(0g, 0
- = o) B (e - o) PP (5 2RO Y gy )
0y

Multiplying both sides of (3.16) by ng s (@1 (71 (02,01))7; p) and (3.17) by ng 38 (@704,

then by addition we get the first inclusion relation in (3.10).

Finally, by virtue of the second inclusion relation in (3.1), we have

1

v1+71 (02,01) ~ . ~ _
20771 (02, 01)) / (01 + 771 (02, 01) — )" B o, 1(W1(01 + 71 (v2,01) — )" p)

H1,0,W1,
vy

N v1+71(v2,01) 5k ~
XF(x,vg)dx+/ (x —01)0 LETOR (@ (x — 01)P s p) F(r, 03)de

H1,0,W1
vy

n1,a+1,w1, l(wl (771 (DQ’ t]1)) p)v (318)

- (F(v1,03) + F(oo, 03))E7,5,k o3
2

1

v1+71(02,01) _ 1 1+7,0,k,0 o g
ST | (01 + 71 (02, 00) = ©)" T ERUE (@1 (01 + 771 (02, 00) = 1) p)

01

. v1+71(v2,071) 1 A5 . ~
<Fleodr+ | (= 00)*  EIPE ( (r — o1) ) Fr, 4) s

01

Eul,a—i-l w1, l(wl (771(02, Ul)) p)7 (319)

) (ﬁ(01704)+ﬁ(02704)) 5,5,k 03
2

and

1

03+7)2(04,03) _ 3k _ _
W / (b3 + 72(bs, 03) — )7~ EZ; B.0s, 1 (W2(03 + 72 (04, 03) — )25 p)

b3

=N v3+72(b4,03) 5 k. —~
F(os,n)dy + / (h— 03)P ETPED (35— 03 p) F(oy, n)dy

L2, ,Wa,l
v3

F(v1,03) + F(vy,0
5 (£(01,03) : (v 4))E326gk+013w2z(w2(772("4’°3)) p), (3.20)

1

03+72(04,03) _ ko _ .y
W / (03 + 72(b4,03) — U)B LpTo kb (Wa(03 + 72(04,03) — n)H2; p)

fi2,B,Wa,l
b3

v3+72(04,03) Shos _
Foan)dy + | (9 — 03) L EZTE (@ — 05)72; p)Floa, n)dy

b3

F(by,03) + F(bs, 04
;) ( ( ) 2 ( ))EZ;(TIB]:»Ulez l(w2(n2(n4703)> p) (321)

. . . 5k ~ i~ n
Multiplying both sides of (3.18) and (3.19) by EZI a+013w1, (w1 (M (v2,01))"1;p), (3.20)
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and (3.21) by
Egjﬁkff@l (w2(72 (04, 03))#2; p), then by combining the four inclusion relations, we achieve

the last inclusion in (3.10). The proof is completed.

Remark 3.4: If we take 771 (v2,01) = v2 — 01 and 72(b4, b3) = b4 — 03 in Theorem 3.10,

then

~(0 Do 0 ]
F(1+2 3+4)

2 72

B(B) (5.5 k0s ~ [ 01+ 03 5.,0,k,03 =~ [ 01+ 02
2 4LoB(vy — 03)5 _(eﬁﬂlJﬂﬁ,l’B*’) 92 104 + (617,0671,13704_) ¥ 92 103

L ()

F
B(a) -(ej,g,k,na )
4L10¢(02 — 01)0‘ L

(2.

B(a)B(B) 5,6,k,03 o . ¥,6,k,03
2 4Ly Lyaf(vy — 01)%(0g — 03)8 [(6’7’“7l@7°1+"’3+) {F (02, 04p)} + (eﬁ”vl@"’lJr»“‘l_)

il ~g LR o ~7g7 bR grs -
{Poz, o5} + (200, o ) (B orvap)b+ (252, ) {F(o1,05p)}

00,1, W,02 7 03+

_W (ﬁ(vz, b + 72(04, 03)) + F (01, 04) + F(ba, 03) + F(oy, Us))}

B(a) ~,6~,k,n - y,g,k,n_ -
- 8L104(02 — 01)0‘ [(E%vavlvﬁg’t’?*) {F(01,05)} + (Egvo‘vlv”ﬁ"f) {F(o1,00)}

(s ) (02,00} + (e, ) {F(v2,00))
(1-a)
B(a)

B =7 ~ ~ 5 ~
(ﬂ) [(6%5’]6’03 ) {F(Ul, 03)} + (6%6’]6’03 ) {F(Uz, Ug)}

8LafB(by — 03)f L\ Foerli@0a™ Fy0l,@, 04~
(G ) For o+ (G55, ) (Floz o)}
(1-5)
B(B)
- [F(v1,05) + F(03,03) + F(01,04) + F(02,04)]
= 4 )

(ﬁ(017 US) + ﬁ(nh 04) + F\(Ug, 03) + ﬁ(UQ, U4))j|

(F(vy,03) + F(01,04) + F(bg, 03) + F(0s, 04))}

where

~737k7 S o1
Ly = B0 o (@102 —01)";p)

and

~’g7k7 N, H2.
Ly := Egzyﬁff’@%l(w2®4 —03)2;p).
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Remark 3.5: By choosing the ?71(02,01) = b9y — by, 772(04,03) =04 — 03, p= 0,041 =

(0,0) and @w = (0,0) in Theorem 3.10, we get the Theorem 7 obtained in [46].

3.2.2. Generalized fractional Pachpatte type inclusions

The proceeding subsection is related to Hermite-Hadamard’s type containments for the
product of two interval valued coordinated pre-invex functions are termed as Pachpatte

type inequalities.

Theorem 3.11: Assume that the functions F\,G : [b1,01 + M1(b2,01)] X [b3,03 +
na(vg,03)] C R? — R}' are both interval-valued co-ordinated pre-invex functions defined
over [o1,01 + 771(02,01)] X [03, 03 + 72(04, 03)] along with 0 < vy < V1 + 71 (b2,071), 0 <
by < b3 +72(04,03), and F(x,v) = [I(x, ), T(x,n)], and G(x,9) = [9(x,), 9(x, 9)]- Then,

the following inclusion relation holds true:

B(a)B(B)

aB(i1 (02, 01))* (72(04, 03))”
X [(GZZ‘Z;,'?,’%%ﬁw) {F (01 + 711 (02, 1), 03 + 712 (04, 93); p) G (01 + 71 (02, 01), 03 + F2 (04, b3); p) }

5,8,k b = ~ ~
+ (égﬁa,l}fﬁnﬁ,(03“72(04&3))—) {F (01 + 71 (02,01), 03;p)G(b1 + 71 (b2,01), 035 p) }

5,8,k b = ~ -
T (6g¢a,l,§;(01+7~]1(U2,U1))_703+) {F(Uh b3 + 772(94, 03);p)G(017 o3 + 772(047 03);]))}

7,8,k,03 o . .
+ (6ﬁ»a71:@,(01+7~]1(U2~,U1))_7(03+772(U4,U3))_) {F(ul’ v3;p)G (b1, Dg,p)}

(1-a)1-5) =

— e (F(01 + 71 (b2, 01), 03 + 7j2(b4, 03))G (01 + 71 (2, 01), 03 + 72(04, 03))

~ ~ ~

+F (01,05 4 72(04,03))G (01, 3 + 72(04, 03)) + F(01 + 71 (b2, 01),03)G (01 + 71 (b2, 01),03) + F(b1,03)G (01, ”3)):
D 4F E5[C(vy,01 + 71 (b2, 01), 03, 04)

— D(b1,01 +71(02,01),03,04) — E(v1,01 + 71 (02,01),03,04) + P(v1,01 + 71 (02,01),03,04)]

— 2B B g, (@171 (02,00))7 ) C(01, 01 + 771 (02, 01), b3, 04) = D(01, 01 + 1 (02,0103, 04)]

+ 2B BN (@ (72(04, 03)) 725 p) [=C(01, 01 + 771 (02, 01), 03, 04) + D(01, 01 + 711 (02, 01), 03, 04)]

5,8,k, P Tis. 5.5,k ~ T -
+ Egz,5+l)13:@271(w2(772(047 03))“27p)Eghaff,@hl(wl(771(02, v1))"*;p)C(01, 01 + 71(02,01), 03, 04),

where
E1 = i B‘D(a + nk’ U3 — :\}7) (03)71,]@ Qn
= B(Fes—7)  (anta+)(mn+a+2)0(En+a) (1),
By = Z 5;:(7 + nka b3 — ’Y) (Ug)nk 0 .

2 B5F.05-7)  (an+ B+ Dijien+ 5+ 2L (ian + 5) ()5
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C(v1,01 + 1 (02,01), 03, 04)

= F(01 + (b2, 01),04)G (01

+ 771 (02,01), 04) + F(01,04)G (01, 04) + F (01 +71(02,01),03)G(01 + 71 (02,01), 03) + F(01,03)G (01, 3),
D(vy,01 + 71 (02,01), 03, 04)

= F(01 + 71 (02, 1), 03)G (v,

+ 771 (02,01), 0) + F(01,04)G(01,03) + F (01 +71(v2,01),04) G(01 + 71 (02,01), 03) + F(01,03)G (01, 0a),
E(v1,01 +11(b2,01),03,04)

= F(vy + 71 (v2,01),03)G(v1, 03)

~ ~ ~

+ F (01 + 171 (02,01),04)G(01,04) + F(01,04)G(01 + 71 (02,01),04) + F(01,03)G (01 + 771 (b2, 01), 03),
and

U(bq,01 + 71 (b2, 01), 03, 04)
= F(vy + 71 (v2,01),03)G(v1, 04)

~ ~ ~

+ F(01,04)G (01 + 71 (02,071),03) + F(b1 4+ 771 (02, 01),04)G(b1,03) + F(01,03)G(01 + 771 (b2, 01),04).

Proof. Since the functions F and G are both interval-valued co-ordinated pre-invex

defined over the rectangle [0, b1 + 771 (02, 01)] X [03, b3 + 72(04, 03)], we have that
ﬁx(‘)) : [03a03 + ﬁ2(045 t)3)] — R?? F\I(U) = ﬁ(?)‘)% GI(U) : [03703 + ;/]2(“4’03)] — R}_’ GX(U) = G(xa U))

as well as

~

Fy(x) : [o1,01 + 71 (02, 01)] = R, Fy(x) = F(x,1), Gy(x) : [o1,01 + 71 (v2,01)] = R, Gy(x) = G(x,v),
are both the interval-valued pre-invex functions defined over the intervals [b3, 4] and
[01,01 + 71 (b2, 01)], correspondingly, for every r € [b1,01 + 71 (v2,01)] along with y €

[03, 03 + 7j2(by4, 03)].

Now, in view of the inclusion relation in (3.5), which can be written as

1 v3+72(04,03) 51 =5 ko . . ~
P / (9 — 03)P " BT (i — vg) ™ p) F(r, ) Glx, n)dy
I 03

v3+72(04,03) o~ . —~
+/ (03 + 7j2(ba4, b3) — U)ﬂ’lEg;‘f;g’f;S;l(@z(ns + 1204, 03) — )2 p) F(x,9)G(x,9)dy
b3

D 2B, [~ F(x, v3)G(x, 03) — F(r,04)G(x, 04) + F(x,03)G(x, 04) + F(r,04)G(z, 03)]

~ ~

+ [F(x,03)G(x, 03) + F(x,04) G, 04| EL 355 0 (27204, 05)) 75 p), (3.22)
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Multiplying both sides of (3.22) by ﬁ(m-#%(bg, 01)—;)a*1E:”5~’k’°3 (by—1)"1;p)

(b2,01))® 1,011,
and

—1 .0,k P i . . . .
m(p—nl)a lEgi,éygil(wl (x—v71)"1; p), respectively, and integrating the resulting

inclusion relations regarding r over [v1, 01 + 771 (b2, 01)], we acquire that

1 v1+71(02,01)  po3+72(04,03) 51 )
— — —03)" 7 (b1 +71(bg,01) — 1)
(71 (02, 01)) (712 (04, v3))? /Ul /vs (v 3) (01 471 (v2,07) )

X BTN (@ (01 + 1 (b2, 01) — 1) 5 p) X008 (@ () — 03)725 p) F(x, 9) G (x, v)dndr

v1+71(v2,01) po3+72(04,03) _ . _ .
+/ / (03 + 712 (04, 03) — )" (01 + 71 (b2, 01) —£)*~

(5] b3
XETOR0 (@) (01 + 71 (02, 00) — 0)F 5 p) ELC 5 o, (2 (03 + (04, 03) — 9)725p) F(x,9)G(x, n)dndx]
2E, v1+71(b2,01) _ a1 A5 R " .
2 (02, 00))" l—/ (01 +71(b2,01) — 1) lng&kﬁf,l(wl(Ul +71(b2,01) —1)"*;p)
I L5}

x [F(x,03)G(x, 03) + F(r, 04)G(x, v4)]dr

01471 (02,01) _ L 5 F ko _ _
+/ (01 4+ 71 (02,01) —1)*" E,:I;,;”@il(wﬂnl + 71 (02,01) —1)"*;5p)

01

x[F(x,03)G(x,04) + F(r,04)G(x, 03)]dlf}

Ej,g,kmaA Wo (72 (b4, b3 ﬁ2;p v1+71(02,01)
uz,6+1,w2>l( (e ) )/ (U1+51(U27U1)—F)a_1

(171 (02, 01))* 01

%g,k,ng

x ETO0s (5 (01 + 71 (02,01) — )71 p)[F(x, 03) G (x, v3) + F(r, )G (x, v4)]dr, (3.23)

and

1 v1+71(02,01)  po3+72(04,03)
/ / (9 —03)° M (x —01)*"

(11 (02, 1)) *(72(04,03)) | Sy, b3

~ g - —_ ~ ’g . —~ ~ -~
XETOED (@ (¢ — 1) p) EZO R0 (@n(n — 0g)7: p) F(r, ) Glr, n)dyde

v1+71(02,01)  po3+72(04,03) _ . R A _
+ / / (b3 + 72(04,03) — 1) 1 (X — 01)*" E,%;,’a,’@f,l(wl(zc —01)"5p)

vy v3

)BT, ((2(vg + 72 (04,3) = 0)"5p) P (&, 0) G (x, n)dnd |

2F, v1+71 (02,01) P T _
2 Girloa. o))" [‘/ (e = o0 LR (@ = o)™ )
) vy

x[F(x,03)G(x, 03) + F(xr,04)G(x, v4)]dx

v1+71(b2,01) o~ ~ N R
+/ (xr— 01)“‘1ngﬁ;§f,l(@1 (r—01)" D) [F(x,03)G(x,04) + F(r,04)G(x, 03)]dr

(5]

aflEj,g,k’US.

g o, (2o (04,0))72; ) porta(oaen ;
fi2,B+1,Wa, / (x—01) (@1 (x — v1)";p)

(11 (b2, 01)) o1 ot
[F(r.03)G(x, v3) + F(x,04)G(r, v4)ldx. (3.24)
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nnnnnnnnnnnnnnnnnnnnnnnnnnnnn

Summing (3.23) and (3.24), we deduce that

B(a)B(B)
aB(m (‘32701)) (172(04,03))8
eu NI S ) {F(v1 471 (b2, 01), 03 + 72 (b4, 03); )G (01 + 71 (02, 01), 03 + 72(04,03); p)}

5,k =~ ~ ~
Lol 21391+ (03+72(04,03)) ) {F(Ul + n1(02301)7b3;p)G(01 + 771(02301)703;]7)}

kUs

@, L@, (014771 (02,01)) 05+ ) {F (01,03 + 72(04, 03); p)G(01, 03 + 72(b4, 03); )}

° o
-
E>‘3

ot (omaon)) (st (ornnyy ) LE (91,053 D)Gl(01,03:p)

(
“(‘) A== 5) (B0, 1 7 (02, 01), 0 + Ta(04, 03))G (01 + 7 (02, 01), 5 + 7a(04, 03)

+
~ /N /N /N =
m
=R tin tin

/\

+F(U1, 03 + 72(04, 03))

G (01,03 + 12(04,03)) + ﬁ(nl + 11 (02,01),03)G (01 + 71 (b2, 01), 03) + ﬁ(t’h v3)G(01, 03))}

2FE>B(a =3 ~ - ~
2 (771(12(01)))& {— (%i?%uﬁ) {F (01 + 71(02,01),03;p)G (01 + 71(02,01),03;p) }

GZi]; f,,sul ) F(0y + 771 (02,91), 045 p) G (b1 + 71 (02, 01), 043 )}

_|_

5
€
,0,

=
S)ﬁ

k,o3

{r
) {F (01 + 11 (02,01), 035 p)G (01 + 71 (02, 01),045p) }
{

D%Z

+

ol o ) F(vy + 71(v2,01), 045 p)G (01 + 71 (b2, 01), 035 p) }

-(
(%
G
(6 il;ff (01477 (02,01)) ) {F(01,03;p)G (b1, 03;p)}
- (%
(%
(
L

=R

5,6,k,0 n . .
€ ale (01471 (v2,01)) " ) {F(U1,04,p>G(Ul,U4,p)}

6k -
O romony ) L (01,05 9)G (01, 0430)}

_|_

_|_

R i tomny- ) LE(01,0459)G 01, 05:p)}
1-— -
i ))< (01 + 71 (03, 01), 03)G (01 + 71 (02, 01), 13)

+ F(vy +771(02,01),03); p)G (01 + 771 (02, 01), 04)
(1-a)
B(a)

+F(01,03)G(01,03) + F(01,03)G(01,04) + F(01,04)G (01, 03))]

+ F(01,03)G (01, 03) + F(v1,03)G(01,04)) — (F(vy,04)G(01,04)

7,0,k
B(Q)E327B+nl$w2 l(w2(772(t’47 US)) p) [( %.5.k,03 )
(771(02, Ul)) ol w01t

x {F (b1 + 771 (b2, 01), 035 p)G (b1 + 771 (b2, 01), 035 p) }

_|_

(s, ) LB (o1 + 71 (02,00), 045 p)G(o1 + 7 (02,01), 045 ) }

+ (e20kes ) {F(v1,03;p)G(01,03;p)}

[,ol 0, UlJrT[l va, 01))

(
+ (67’6”“ 03 ) {F(v1,04;p)G(01,04;p)}
|

ol w, UlJrT[l va, 01))
1

)( F(b1,03 + 72(04,03))G (01, 03 + 72(b4, 03))

B(a)
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+ﬁ(01 + (02, 01),03)G (01 + 71 (02, 01),03) + ﬁ(t’l, 03)G(b1,03) + ﬁ(nlv 04)G (01, 04))] .
(3.25)

Applying the inclusion relation (3.2) to every integral on the right hand side of the
inclusion relation (3.25), it yields that

B(a) W,E,km - ~ . ~ .
m [(eﬁ,a,l,ﬂ;\%m*) {F (b1 +71(b2,01),03;p)G (01 + 71 (02, 01),03;p) }

N (J,M,vs ) {F(vy,03;p)G(01,03;p)}

e, l,@, (01471 (v2,01))
(1-a)
B(a)

(F (b1 + 771(02,01), 03)G(01 + 771 (02, 1), 03) + F (01, 03;)G (01, 03;17))}
D 2E, [—ﬁ(ul,U;})G(Ul,U;g) — ﬁ(nl + 71 (02,071),03)G (01 + 71 (02,071),03)
+ﬁ(01, 03)G (01 + 771 (b2, 01),03) + ﬁ(nl + 71 (02,01),03)G(01, 03):|

+ E?tf&kﬁ%uﬁl,l(wl(ﬁl(nb Ul))ﬁl;P)[ﬁ(Ul + M1 (02,01),03)G (01 + 71 (02, 01),b3) + ﬁ(ulv v3)G(v1,03)],
(3.26)

B(a) W,E,km - ~ . ~ .
m {(Eﬁ,a,l,ﬁiuﬁ) {F (01 +71(b2,01),04;p)G (01 + 71 (02, 01),04;p) }

N (Emk,vs ) {F(v1,04;p)G(01,04;p)}

el @, (01471 (v2,01)) 7
(1-a)
B(a)

(F (01 + 71 (02, 01), 04)G (01 + 771 (02,01),04) + ﬂnl,m;p)G(nl,m;p))}
2 2B; [~ F(01,04)G(01,01) = F(o1 + 771 (02, 01), 0)G(01 + 771 (9, 01), v4)
+F(01,04)G (01 + (02, 02), 04) + F (01 + 771 (02, 01),04)G(01,04)]

+ BN (@1 (7 (02,01))7 5 p) [F (01 + 771 (02,01),04)G (01 + 71 (02, 01), 04) + F(01,04)G(01,04)],
(3.27)

B(a) 775,k7n - ~ . ~ .
m {(Eﬁ,a,l,vfinﬁ) {£ (01 + 71 (02,01),03;p)G (01 + 71 (02,01),04;p) }

N (J,é,k,vs ) {F(vy,03;p)G(01,04;p)}

el @, (01471 (v2,01))
(1-a)
B(a)

(F(vy + 71(02,01),03)G (01 + 71 (b2, 01), 04) + F(01, 03;p) G0y, 04;]3))}
2 2B; [~ F(01,05)G(01,01) = F(o1 + 771 (02, 01), 03)G(01 + 771 (9, 01), v4)
+F(01,03)G (01 + 71 (92,01),02) + F (01 + 771 (02,01, 3) G (01, 03)|

+ BN (@1 (7 (02,01))7 5 p) [F (01 + 771 (02,01),03)G (01 + 771 (02, 01), 04) + F(v1,03)G (01, 04)],
(3.28)
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B(a) 7,0,k,0 5 = . = :
a(71 (g, 01))e [(Eﬁ,a,l,@inlﬁ—) {F (01 + 71 (02,01),04;p)G(b1 + 71 (02,01), 035 p) }
7,0,k 5 ) .
+ (eﬁ,a,l,@i(nﬁrﬁl(nz,ul))—) {F(01,04;p)G(01,03;p)}
B (1-a)

Bla) (F (01 + 711 (02, 01),04)G(by + 771 (02,01), 03) + ﬁ(UlaUzL;P)G(Ul,%;P))}
D 2E, {—ﬁ(01,04)G(D1,U3) — F(01 + 71 (02,01),04)G (0 + 71 (b2, 1), 03)

+F(v1,04)G (01 + 771 (v2,01), 03) + F(03 + 771 (02,01),04)G (01, 03)}

5k,
+ E/’Zl,a+t):[3w1 (@1 (71 (02, by))™

D)[F(01 + 771 (02,01), 04) G (01 + 771 (0, 01), 03) + F(01,04)G(01,05)]
(3.29)
Substituting the inclusion relations (3.26)-(3.29) into the inclusion relation (3.25)

derive the desire inclusion. Thus proof is completed

Remark 3.6: If we take 771 (02, 01) =9 — b7 and 772(04, 03) =4 — 03 in (3 11) we get
the result for interval-valued convex function

7.8,k &
TR+ wr) 1P (02, 0P)G (02,043 p)}

B(a)B(p) [(
af(vy —01)*(bg — 0v3)8
N M

+(eg«;’;;302 oyt ) TE(01,00p)Glon0ip)} + (2055, ) {F (01,05 p)G (01, 035p)}
(1-a)(1-8)

B(a)B(3) (F(b2,04)G(02,n4) + F(0q,04)G(01,04)
+F(02,03)G (b2, 03) + F(v1,03)G(01, 03))}

D 4E1E2[C(01, 0o, U3, 04) — D(Ul, b2, 03, 04) — E(Ul, v, 03, 04) + \11(01, b2, 03, 04)]
_ 2E2E’y 5 k,o3

T a1 w1,l(ﬁ;1 (02 - nl)ﬂl ap) [C(Ul, bg, b3, t)4)

.8,k b
+ 2E1E7 ,8+13w2 l(

- D(t)l; 027 93, t]4)]

5(04 — 03)"2; p)[~C(by, ba, b3, 04) + D(b1, 09,03, 04)]
_|_ E'y 6 k,o3

5k, . ii
Ho,B+1,@a, 1 (W2(bg — v3)" )Ell,affwhl(wﬂw —01)";p)C(01, 02, b3, 04).

where

~

F(0g,04)G(02,04) + 13(017 04)G(01,04) + ﬁ(ng, 03)G(02,03) + ﬁ(nl, v3)G(v1,03)
D(bq,09,03,04) = ﬁ(ng, 03)G(02,04) + 17“(01, 04)G(01,03) + ﬁ(ng, 04)G(02,03) + ﬁ(nl, v3)G(v1,04)

C(Ulv bo, 03, t)4) =

E(01,02,03,04) = 13(02, v3)G(01,03) + ﬁ(UQ, 04)G(b1,04) + ﬁ(nl, 04)G(02,04) + ﬁ(nl, v3)G (02, 03)
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and
W (01,01 + g, 03,04) = F(0g,03)G(01,04) + F(01,04)G (02, 03) + F(02,04)G (01, 03) + F(v1,05)G(bg,04).

Remark 3.7: If we take ﬁ1(02701) = Vg — by, 772(04,03) =04 —03, p=0,01 = (0,0)

and w = (0,0) in (3.11), then we obtain Theorem 8 proved in [46].

3.3. Fractional Hermite-Hadamard-Fejer type

inclusions

In this portion, we investigate new fractional Hermite-Hadamard-Fejer type inclusions

for interval valued coordinated pre-invex functions.

Theorem 3.12: Suppose that F:KxKcR? R? s a given interval-valued co-
ordinated pre-invezr function defined over the rectangle [v1,01 + 1m1(b2,01)] X [b3, 03 +
T2 (b4, 03)] together with 0 < by < v1 +71(ba, 1), 0 < b3 < b3+ (bs,03), and F(x,n) =
[(x,9), I(x,n)]. If the function ® : [v1,01 + 71(va, 01)] X [v3,03 + To(vs,03)] C R — R

s non negative integrable, as well as symmetric regarding two variable forms, i.e.

(I)(Ul + by — 1, 0)7

O(E,9) = D(xr,03 + 04 — ),

O(v; + 02 — 1,03+ 04 — 1),

then we have

7 (201 + 71 (02,01) 203 + '772(04,03)> [( 5.5,k 03 )
€ a,l +

9 ’ 9 o, w,011,03
- - 5.5 .k0: - ,
{@(01 + 7M1 (02,01), 05 + M2(04,03);p)} + € 000 s - {@(01 + 7 (b2, 01), 033 p) }
3,8,k ~
+ elli,a,l,;g,(nﬁrﬁl(nz,m))_,n3+{(I)(Uh 03 + 72(04,03); p) }
;/’,g,k,bg .
+ eﬁ’a,l@x(l’lJrﬁl(Uz’Ul))_,(US+772(U4’U3))_{(I)(Ul’ b3 p)}
1—a)(l- ~ ~ ~
S (@01 + (02, 00), v + (o1, 00) + B(o1, 00 + (o1, 00)
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+® (01 + 771 (02,01),03) + D(b1, 03))]

) [EW’“"S AF (01 4 771 (02,01), 03 + 712(04,03); p) P (01 + 771 (02, 01), 03 + 72 (b4, 03); )}

ﬁa l,w Ul+,t)3

Sk, o ~ ~
te Za ! qul (U3+,~72(U4’03))—{F(01 + 71(02,01),03;p)P(b1 + 71 (v2,01), 035 p) }
7,8, k,0: ol = . [ .

+ 6111 a,l 7;3(01+771(027U1))_,03+{F(Ulv b3z + 772(047 03)7p)(1)(017 03 + 772(047 D3)’p)}

te 5.5,k,v3 _{ﬁ(nl,ng;p)@(bubs;p)}

1,00l W, (01471 (02,01)) 7, (03472 (04,03))

— W (F(U1 + 11 (02,01), 03 + 72(04,03))P(01 + 71 (02,01), 03 + 7j2(b4, 03))

+F (01,05 + 712(04, 03)) @ (01, b3 + 72(04, 03))
(01 + 71 (02, 01),03) @ (01 + 71 (92, 01), 03) + F(01,03)@(01,05) ) |

(F(vy,04) + F(vy,04) + F(vs,04) + F (b1, 3))
1

X [0 o gy (01 + 771 (03, 01), 05 + 72(04,93); )}

ol w,01 1 03

5.k ~
+e 70,80 (03+7~72(n4,n3))_{q)(01 +771(027U1)503;p)}

#alwnl

7,6,k,03 ~ .
te o, l,w, (01471 (v2,01)) ;USJF{(I)(Ul’ b3 + 772(U4’ 03),]7)}

+ "Y 5 k,v3
,0,l,w, (01471 (v2,01)) 7, (v3+72(b4,03))
1-a)(1-7 _ B
_(Bmi(B(ﬁ)) (® (b1 + 771 (b2, 01), 03 + 72(04, 03))

+® (b1, 03 + 72(bs, 03)) + (01 + 71 (b2, 01),03) + P(v1,03))] .

{®(vy,03;p)}

Proof. Proceeding from the relation (3.5) within the proof of Theorem 3.8, and mul-

. : o 3.k o~ T 5.5k, o S
tiplying both sides of it with 402155~ 1EZIaﬁl((wl(m(ng,nl))mg‘“ )EZQﬁuu}zl((wg(n2(04,03))“25“2;]

om1(v2,071), 03 + sn2(v4,03)), then by integrating the resulting inclusion with regard to

(0,s) on [0,1] x [0,1], we derive that

~ (201 + 1 (02,01) 203 + 72(04, 0 o R -
i (e 2nthen)) [ e g (@ o))" 0 i)

X ng’ﬁ]fgs,z((ﬁz(%(m, v3))"2s"2; p)® (01 + 071 (b2, 01), b3 + s7j2(b4, b3))]dsdo

AT [ ot st padws (o . s

;[ [ ] e s BT (@G a0 P B (@0, 00) 575 )
0

X ®(v1 + 071 (02, 01), 03 + s772(b4, 03)) [F (01 + 071 (2, 01), b3 + s772(v4, v3)) F (01 + 01 (b2, b1), b3

(1 — )72 (04, 03))]dsdo

/ / R DT ((@1(771(%m))ﬁlQﬁ‘;p)EZ;%'f;Sj,l((@(ﬁz(%03))‘728‘72;1))

/,Ll,oc wl’
X (01 + 0n1(2,01), 03 + s7j2(04, 03))[ﬁ(01 + (1 — o)1 (02, 01), 03 + s772(04, 03))

+P (01 + (1= 0)ifi (93, 01), 03 + (1 — 8)7a (01, 03))Jdsdo] .
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In accordance with the symmetry of the function ®(r,n), it yields the proof of the first
inclusion relation.

For the second inclusion relation, continuing from the inclusion relation (3.6) in the proof

of Theorem 3.8, then multiplying both the sides of it with

P ETIESS ( (71(0, 01)) 07 ) LTRSS (@704, 03))F2 572 p)B(01+ 0 (02, 01), b+
sm2(by, 03)), then by integrating the resulting inclusion with regard to (o, s) on [0, 1] x

[0, 1], In this way, we attain our required form.

Thus, the proof is completed.

Remark 3.8: If we take 771 (02, 01) =9 — b7 and 772(04, 03) =14 — 03 in (3.12), we get

the result for interval-valued convex function.

~ (0] + 0y b3+ Uy
F
( 2 ’ 2 )

3,5,k,0: . 5.,8,k,0: ) 7,8,k )
X (G o) (202 05D} 4 GUER, o 19002050} + GLTE L, - (201, 059))

7,8k, (I-o)(1-5)
+eg7a'717;f02,704,{<1>(91, v3;p)} — “Bl)BE) (®(v2,04) + P(b1,04) + P(b2,03) + P(01,03))
~ g i —~ ~ g b ~
D [e%ja’fjgfnl+m3+{F(027 04;p) (03,043 p)} + 20N 2 {F (02, 03;p)® (02, b3;p)}
5,3,k 0: = 7,3,k,v: 5
et AP (01,045p)®(01,043p)} + L0 {F (01,05 p)@(01,03;p)}
(1-a)(1-5)

_W (F\(Ug, 04)(13(02, 04) + ﬁ(nl, 04)@(017 04) + ﬁ(ng, 03)(1)(027 03)

+F(01,03)®(vy, 03))}

(F(02,4) + F(v1,04) + F(v3,04) + F (07, ng))]

D)
- 4

X {J’&’k’% +{®(v2,04;p)} + 10k _{®(v2,03;p)}

/j,a,l,@\,bl+,ﬂg M,a,l,@,b1+,04

e e {01, 045p)} + O —{®(v1,03;p)}

ol W, 00 oyl W00~ 0y

(A=) -5)
B()B(B) (®(02,04) + D(b1,04) + (02, 03) + P(0q, 03))} )

Remark 3.9: From our main results, we can find some special cases for suitable choices
of parameters involving generalized Mittag—Leffler functions. Moreover, if we take o —
1~ some classical integrals can be derived. Finally, if we choose 77(y,r) = 9y — ¢, we can
obtain new inequalities for interval-valued co-ordinated convex functions. We omit their

proofs and the details are left to the interested readers.
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3.4. Numerical examples with graphical anal-

ysis
In this section, we provide the numerical verification and graphical analysis of our main

findings. As the graphs are the best way to compare any two quantities, so one can easily

grasp the idea of the paper easily.

Example 3.1: We set n = 0,p = 0, = 1,6 = 1 in Theorem 3.8. If ﬁ(;,t)) =
[eXe? (=212 + 6p + 8)(—39% + 69 + 5)] and 71 (v2,01) = by — by, with b1 = 0, v = 1,

and 1M2(04,03) = b4 — v3, with v3 =0 and vy = 1, then

~ /2 7 203 + 7
7 < 01 +77;(02,01)7 b3 +’7;(°47"3)) = [7.39,76.125],

B(a)B(f) 5.3.k,05 = ~ - .
4a6(ﬁl (Uz, 01))“(772(047 Ug))ﬁ [(Eg,(¥7l,@7ul+,03+) {F(Ul + 771(1’2’ 01)7 b3 + 772(047 U3)vp)}

7,8,k,03 il ~ .
+ (Eﬁ,a,l,@,nﬁ,(n3+ﬁz(u4,ug))*) {F(01 4+ 71 (v2,01),03;p)} .

5,8,k,03 il ~ .
X (6,7,04,1,@,(01-%771(nz,m))’7v3+) {F(v1,03 + 772(04,03);p) }

%,g,k,bg = .
+ (tha,l@,(nﬁﬁl(1’2701))’»(°3+172(U47°3))’) {F(v1,05:p)}
(1-a)(1—-5)

_W(F(Ul + 71 (02,01), 03 + 72(b4,03)))

+F (01,05 + 72 (v, 03)) + F(vy + 71 (02,01), 03) + F(by,03)) | = [10.21,72.33]

ﬁ(bg, vy) + ﬁ(bl, U4) + ﬁ(bg, v3) + F\(Ul, v3)
4

= [17.60, 65].

which implies that
[7.39,76.125] D [10.21,72.33] D [17.60, 65].

which give the verification of Theorem 3.8.

e If we choose n = 0,p = 0, 11(v2,01) = v — vy, N2(v3,04) = by — b3 with v] =
0,00 =203 =0, 04 =1 and If F(r,n) = [eXe?, (=212 + 6r + 8)(—392 + 6y + 5)] and
a,f € (0,1) in Theorem 3.8, then

Example 3.2: We set n = 0,p = 0, = 1,6 = 1 in Theorem 3.10. If ﬁ(;, n) =
[622:62'), (—2;2 + 6r + 8)(—31)2 + 6y + 5)] and 771(02,01) = 09 — vy, with v =0, vy =1,
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B

Figure 3.1: This is an image showing the comparison between left, middle and right sides of
Theorem 3.8. Here red, blue and green colors show the left,middle and right intervals

respectively.

and 12(04,03) = b4 — v3, with v3 =0 and vy = 1, then

7 <201 + 71 (v2,01) 203 + 2(bg, 03)
2 ’ 2

B(B) Ly 5,5 k,03 (200 Fin(oa,00)
T e os | hers p (2t i)
4B(12(v4, v3))? [(eulo‘vl’wv"f’) 9 ;03 + 7)2(04, b3)
5,8,k,0 ~ (201 + 71 (b2, 01)
(6 alw3(03+n2(o4,v3)) ){F <2703
_ 20 va, _ /9 ~ b
S (F (PRt o s o ) F (2020, ) )

B(a) Ly AB oo ~ - 203 + 7j2(b4, b3)
S St B o FE LA 2
4a(71(v2,01)) o1t @op b1+ 71 (02,01), 2

~ 203 + 72(04, 03)
AB yo,a 3 1 7)2\V4, 03
+ Inz—@,p{F<“1’2>}
1-— ~ 203 + 12(04, 0 ~ 203 + 72(04, 0
_1-9) (F (ul,3+772( L 3)> ,F<02,3+”2( & 3)>)] — [8.69, 74.21]

) = [7.39,76.13),

B(a) 2 2

T o e N R R IR ORSER)

)

5,0,k,03 )

+ (eﬁ,a,l,w 01T, (034+72(04,03)) " {F(Ul T ﬁl(nz’ 01)7 UB;p)}

5,6,k,0 ~ .
+ (6#7a1l7w3 01+7]1(U2701)) 7'33+) { (U17b3 + 772(04,03)’2))}
5,0,k,03 n .
+ (euya,lyw (01 +771 (02,01)) 7, (034772 (04,03)) ){F("l"’?”p)}
(-1 -5)

Bl Ba) (L 01+ (02:00), 03 + (04, 03))

+F (01,03 + 72 (b, 03)) + F(by + 771 (02, 01), 03) + F(by, ng))} = [10.205, 72.33]
B(a)LQ ﬁ,g,k,% -~ ﬁ,g,k,u;; -~
8a (7 (v3,01))° (GorR i oneny ) FOL0} (G080 ey ) (Flon00)}
+ (EZjifj%fnﬁ) {F(v1 + 1 (v2,01),03)} + (EZ:Z’,’;:;}%M+> {F(v1 +71(v2,01),04)}

‘m@(m,m) + F(v1,04) + F (01 +771(02,01),03) + F(01 + 51(02’01)704))]
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B(B) L 5.8.k,03 a 7,8,k,03 a
" 8B (04 03))7 (bR smtonenn ) FOL0}+ (GU0E o) (FlE200)}
7,8,k, o ~ 7.0.k, a 7
(Gl ) TF(01,05 4 704, 03)) + (G005, ) (F (02,05 + 2 (0s,09)}

o (Flo1,00) & Flor,oa + (o, 00) + Flon,00) + Flon, v + (o, v0)|

= [13.40, 68.59]

F(01,03) + F(by 4 711 (0,01),03) + F(b1, 03 + 72(04,03)) + F(b; 4 711 (03, 01), 03 + 712 (04, 03))
1

= [17.60, 65].
which implies that
[7.39,76.13] D [8.69,74.92] D [10.205, 72.33] D [13.40,68.59] D [17.60, 65].

which give the verification of Theorem 3.10.

e If we choose n = 0,p =0, 71 (v2,01) = v — 01 ,72(,04) = 04 — 03 with b7 = 0,09 =
2,053 =0,04 =1and If F(r, 1) = [eXe?, (—2r%+ 65 +8)(—392+6p+5)] and o, 8 € (0,1)
in Theorem 3.10, then

Figure 3.2: This is an image showing the comparison between left, middle and right sides of
Theorem 3.10 where red , blue and green colors represents the left, middle and right intervals

respectively. Clearly containments can be viewed.

Example 3.3: We set n = 0,p = 0, = 1,8 = 1 in Theorem 3.11. If ﬁ(;,n) =
[e”e”, (—2r% +6r+3) (=9 +2y+1)] and G(r,y) = [®+1)(9* +1), (—r° + 20 +2)(—y* +4)]

and ﬁl(bg,bl) =ty — 0y, with b1 =0 and vy = 2 and ﬁ2(04,t)3) =ty — b3, with v3 =0
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and vy = 1, then

B()B() (ke )

aB(71 (b2, 01))* (72 (04, 03))P L\ Heb@o1 ™05

x{F (01 + 71 (v, 01), 03 + T2 (04, 03); p) G (01 + 771 (02, 01), 03 + 72 (04, 03); ) }

(R imoneny- ) L (01 + 771 (62,01), 03 p)Gl(01 + 771 (02,01), 33 )}
. <€Z i?;ﬁ (014771 (02,01)) 7v3+) {F (b1, 03+ 72(04, 03); p)G (01, 03 + 712 (04, v3); )}
+ <6u ZE,Z;B (014771 (02,01)) 7, (03472 (04,03)) ™ > {F(U17U37P)G<01703;p)}
(- e ;(B(ﬁ) )(F(m + 71(b2, 1), 3 + 72(04, 03))G (b1 + 71 (b2, 01), 03 + 72(04, 03))

+F (01,03 + 72(04,93))G (01, 03 + 712 (04, 3)) + F (01 + 771 (02, 01),03)G (01 + 771 (b2, 01), 03)

~

+F(n1,ng)G(nl,ng)} — [40.48, 351.56].
Also

C(v1,02,03,04) = [65.36,270],
D(by,09,03,04) = [47.91,297],
E(Ula b2, b3, U4) - [4615? 248]7

U(by, b2, 03,04) = [39.81,253].
This implies that
[40.48,351.56] D [54.96, 285.56].

This verifies Theorem 3.11.

e If we choose n = 0,p = 0,771(02, 01) = 02—y, ’7]2(03, 04) = 04— 03 with 0] = 0, Vo =
2,03 =005 =1, 0,8 € (0,1) and If F(x,n) = [e%e", (—22 + 6 + 3)(—y> + 29 + 1],
G(,n) =[x+ D2 +1),(—x% + 2t +2)(—y% + 4)] in Theorem 3.11, then
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B

Figure 3.3: This is an image showing the comparison between left and right sides of Theorem

3.11 and red and blue colors indicate the left and right intervals.

Remark 3.10: Our main findings reveal that there are certain specific scenarios where
generalized Mittag-Leffler functions can be used, depending on the choice of parameters.
Additionally, if we let o approach 17, some classical integrals can be obtained. By se-
lecting 77(n,r) to be equal to y — ¢, we can derive novel inequalities for interval-valued
coordinated convex functions. The proofs are not included in this discussion, but inter-

ested readers can refer to the details.

3.5. Conclusions

To summarize, our paper introduces new variations of Hermite-Hadamard’s inequal-
ity by utilizing generalized interval-valued Mittag-Leffler fractional double AB-integrals
and the class of interval-valued coordinated pre-invex functions. As far as we know,
these results have not been previously explored in the literature. The application of
convexity and pre-invex functions can have practical implications, such as maximizing
the likelihood of multiple linear regressions that involve the Gauss-Laplace distribution.
Additional information on this subject can be found in [48, 37, 3, 2, 8, 33]. We hope that

our contributions and methodologies will inspire further research in this area.
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Abstract
In this study, we apply both classical and fractional-order differential equations to con-
struct a deterministic mathematical model of the monkey pox virus. The model accounts
for every conceivable interaction that may play a role in the propagation of the disease
throughout the population. In the current study, we investigated the corruption using
a Caputo-fabrizio fractal-fractional derivative with exponentially decaying type kernel
to examine the impact of vaccination and isolation. The model’s fundamental mathe-
matical characteristics have been thoroughly investigated. We have calculated the basic
reproduction number and equilibrium points, as well as identified the feasible region for
the model. The existence and stability of the model were proved using the banach fixed
point theory and Picard’s successive approximation method. The existence and unique-
ness of the model’s solution have also been established under appropriate conditions.

In addition, the asymptotically local and global stability of the disease-free equilibrium

83
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states and endemic equilibrium states were investigated. Hyers-Ulam and Hyers-Ulam-
Rassias consistency of the obsessive solution is also explored. In order to design effective
infection control measures, we study the dynamic behavior of the system. The complex
dynamics of monkey pox infection under the influence of different system input factors
are explored by extensive numerical simulations of the proposed monkey pox model with
varying input parameters. In this way, people can learn about the role that control pa-
rameters play in efforts to eradicate monkey pox. In order to design effective infection
control measures, we study the dynamical behavior of the system. We presented a num-
ber of different parameters to the decision-makers in the community in order to control

monkey pox.

Keywords:
Mathematical Modelling, Monkeypox, Vaccination, Model Fitted, Hyers-Ulam Sta-

bility, Hyers-Ulam-Rassias Stability, Analysis.

4.1. Introduction

The monkeypox virus is the infectious factor that is responsible for spreading this
zoonotic disease from rodents to humans [11]. Although it has been seen in other parts
of the world, Africa is where it is most commonly seen. Monkeypox was first identified in
1958 after two study groups of monkeys experienced pox-like outbreaks [8, 6]. The first
instances of monkeypox were reported to the WHO in January 2022, and since then,
several countries have reported the disease. There was one confirmed death among the
2103 cases reported to WHO as of June 15, 2022 [1, 9].

Most frequently, wild animals spread the virus from one person to another. Re-
searchers are looking into the transmission of the disease via respiratory droplets, vagi-
nal secretions, and semen [25, 5]. In most of the cases that have been reported, the
virus has been passed from person to person. The virus can also spread by respira-
tory secretions during prolonged face-to-face contact or sexual activity or other intimate
physical contact, as well as through direct contact with an infected rash, scabs, or body
fluids [25, 5, 24, 30, 12]. Backaches, muscle aches, headache, fever, chills, fatigue, and

swollen lymph nodes are some of the common symptoms of monkeypox. The majority
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of persons who contract monkeypox experience mild symptoms and make a full recovery
within a few weeks. Immunocompromised individuals may experience more severe symp-
toms [1, 27]. Although a reliable method of treating monkeypox virus infection has yet
to be discovered, the vaccine, antiviral drugs, and vaccine immune globulin originally
developed to combat smallpox can be used to do the same. Since smallpox has been
eliminated globally, the vaccine is not available at this time [2, 3].

Mathematical modeling can help solve technical, telecommunication, and physical
challenges [22, 23, 35|. In addition, the current literature [34, 33, 37] demonstrates a wide
range of practical applications of mathematical models. In the literature [28, 26, 17, 29,
4, 16, 38, 14, 21, 20, 15], various disease dynamics have been the subject of published
mathematical models. While [26] explores HIV-1 infection’s formulation of viral kinetics,
[28] proposes a fractional order model for tuberculosis infection. A mathematical study
using Indonesian HIV /AIDS data was proposed by the authors [38]. The seasonal element
of mosquitoes is considered in [14], where the mathematical model of malaria is examined.
A mathematical study was conducted to comprehend anxiety factors during COVID-19
outbreak [21], the mass action mechanism is used to design and simulate the epidemic
model [20]. Recent uses of mathematical modeling include the study of the COVID-19
pandemic [17], the study of breast cancer [29], the study of the Lassa fever infection [4],
analysis of the polio virus’s dynamics [16], and the study of various infectious illnesses
[15, 18, 13, 7]. Monkeypox has also been the subject of mathematical models. In [36],
mathematical modeling is used to examine how the monkeypox virus spreads between
humans and animals, while in [19], mathematical modeling is used to investigate how
the virus is spread among humans. Without using any actual cases, the authors of [31]
present a thorough examination of the monkeypox virus and its two modes of spreading,
human-to-human and rodent-to-human. To simplify the complicated pathophysiological
process, a mathematical model of compartments is proposed. By dividing human and
animal populations into three groups, the authors of [6] were able to generate extensive
mathematical results without resorting to actual data. Our study intends to bring the
literature on monkeypox up to date by analyzing a novel mathematical model that
uses real data to investigate the disease and takes into account both human-to-human

and rodent-to-human transmission. Our research is intended to aid the United States’

4.1 Introduction 85



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

ongoing fight against disease.

The work is divided into the following sections: In Section 5.2, we detail the model’s
construction and provide an explanation of the various transmission channels and the
relative contribution of each class to the overall flow rate. Data fitting with the real data
of U.S.A and parameter estimates are handled in Section 4.3, and daily U.S. case reports
are used for this purpose. In Section 4.4, we will examine the fundamental characteristics
of the model and provide a qualitative evaluation of it. Parameters of the model are
estimated, and the basic reproduction number’s sensitivity is analyzed, in Section 4.4.3.
The foundations of complex fractional calculus are discussed in Section 4.5. The H-U
stability of the suggested fractal-fractional model is also discussed in detail in Section
5.5.2. For details on how to use numerical methods to solve the proposed model, (we
reffer to see Section 5.6). In the section under Section 5.7, we present the findings of the

analysis in graphical form. In Section 5.8, we summarize our findings and suggestions.

4.2. Model Formulation

Here, we assume the spread of monkey pox between humans and rodents and use that
information to create a deterministic mathematical model of the virus. In the current
model it is suppose that the susceptible human population are vaccinated against the
virus. It is also suppose that identified suspected human are isolated against the virus.
We considered ten compartmental model; seven human compartments and three rodent
compartments (we reffer to see Fig. 5.1).

Due to recruitment, either from birth rate or immigration, the population of suscep-
tible rodents can fluctuate with the rate IL.. The rate of natural deaths per capita, u,,
and the intensity of infections, a1, both have a negative impact on it. As a result, the

growth or decline in the population of susceptible rodents is:

ds,
dt

=10, — (a1 L, + pr) Sy (4.1)

The infectious force, modeled as a1, is applied to the number of exposed rodents.

This group includes rodents that come into contact with the virus but do not become
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infected. The rate at which they contract the infection reduces it by 81. This means that

the rate of increase in the number of exposed rodents is:

dE,
dt

= 11,5, — (B1 + 1) Ey (4.2)

As more and more rodents make the leap from exposed to confirmed infected, the
total number of rodents with the infection grows at a rate of 81 . This class comprises
of rodents who are frequently infected with the virus and have ability to infect other
rodents as well as human population. Consequently, they are dying at a rate of 9, due to
infection and a rate of u, due to natural causes. So, the growth or decline in the rodent

population is:

dl,
dat = b1 Er — (0 + pr) Ir (4.3)

The number of susceptible humans changes as a result of recruitment through birth
rate or immigration II,. The susceptible class is created by daily recruitment of in-
dividuals born into homes. It’s decreased by natural death per capita rate uy, rate of
vaccination m and force of infection as I+ a3l Hence, the rate of change in the number

of susceptible humans is:

ds
dith =10, — (m+ aoly + asly + pup) Sh (4.4)

Vaccination of susceptible humans causes a change in the total number of vaccinated
humans at a rate of m. This class comprises humans who are protected by vacinations
as well as those peoples have been in contact with the vaccination. After vaccination,
human exposure to the disease decreases at a rate of . Therefore, the rate of increase

in human exposure is:

dV;
dith =mSp — (v + pn) Vi (4.5)

Force of infection at rate aal, + asl, and exposure rate v after vaccination are used
to model the number of exposed humans. These people have been in close contact with

the virus and are at risk of infection, but have not yet contracted the virus themselves.
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It is reduced by the infection rate (3, the isolation rate 52, and the recovery rate f4, all
of which are a result of vaccination. Therefore, the rate of increase in human exposure
is:

dE},

W = ’VVh + (O{QIT —+ Oégfh) Sy — (52 + 53 + f4 + Mh) Ej, (4'6)

Those who are quarantined in an effort to contain the disease add to the population
of people living in isolation at a rate of B2. These people move from the open to the
closed system at a rate of 8. As a result, their numbers are lower because their infection
rate is lower wy and their recovery rate is lower f3 as a result of being vaccinated for
the disease. This means that the rate at which human changes occur in isolation can be

expressed as:

% = (oEp — (w1 + f3s+ ) Qn (4.7)

The progression from exposed to confirm infected humans results in an increase in
the number of infected humans at a rate of 53 . This category consists of individuals who
are frequently infected by the virus. This decreases at the rate of fy for the rate at which
they recover, wo for the rate at which they move from the infected compartment to the
clinically ill compartment, and Jy, for the rate at which humans die from the disease.

Therefore, the rate of increase in human infections is:

dI,

T = B3Ep +wi1Qp — (w2 + fo+ On + ) In (4.8)

Transitioning from an infected compartment to calinically ill humans causes an in-
crease in the number of calinically ill humans at a rate of wo. Those who fall into this
category have been infected with a virus and require medical care. Thus, decreasing by
the rate of recovery f; and the rate of human mortality d;, from the disease. Therefore,

the rate of increase in human infections is:

dC
7: = woly, — (fl + 0y + Uh) Ch (4.9)

The number of recovered human population increases as a result of the transitions
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from exposed, isolated, infected and calinicaly ill compartment at the rates of f4, f3, fo
and f; respectively. The population then decreased due to natural per capita deaths.

Therefore, the rate of transformation in the population is:

dR
7: = fiCh + foln + f3Qn + faEp — un Ry, (4.10)

Consequently, a system of non-linear ordinary differential equations is given below

based on the aforementioned descriptions:

ds,
- Hr - Ir r Sra

i (a1l + pr)
dE,

dt = al-[rsr - (/81 + Hr) E?“7

dl,

~ = Er - 87‘ r Im

7 B (Or + p1r)

ds
=y — (m+ aal, + aslh + ) Sh,

dV;

dith = mSy — (v + pn) Vi, (4.11)
dE),
ek YW + (o2l + azly) Sy — (B2 + B3 + fa + 1n) En,
d
% = [oEp — (w1 + f3+ pn) Qn,

dl,

= B3Ey + wi1Qp — (w2 + fa+ Op + pp) I,
dC
cTth = walp — (f1 + On + pn) Ch,
dR),
o FiCh + folp, + f3Qn + faEn — pun Ry,

Table 4.1: Discription of variables for the model 5.7.

Variables Discription

Sy (1) Class of susceptible rodent, those rodents who are poten-
tially susceptible to disease.

E. (1) Class of exposed rodent, those rodents who have had direct
or indirect contact with rodents who are afflicted with the
disease.

I (t) Class of infected rodent, those rodents who had been in-

fected with the disease.
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Sh (t) Class of susceptible humans, those peoples who are poten-
tially susceptible to disease.

Ep (1) Class of exposed humans, those peoples who have had di-
rect or indirect contact with patients who are afflicted with
the disease.

I, (t) Class of infected humans, those people who had been in-
fected with the disease.

Qn (t) Class of isolated humans, those people who are being kept
in isolation to stop the disease spread.

Vi, (t) Class of vaccinated humans, those peoples who have been
protected by vaccinations as well as those who have been
in contact with the vaccine.

Cr (1) Class of clinicaly ill humans, those peoples who need med-
ical attention after being ill due to the disease.

Ry (1) Class of recovered humans, .

4.3. Parameter estimation and model fitting

The purpose of this research is to identify the most appropriate model for the cases
observed in the United States and to examine the impact of behavioral interventions on
the spread of this novel infectious disease (see Figs. 4.4 & 4.3). We developed the most
sophisticated epidemic model available to make sense of the data surrounding the monkey
pox a global epidemic in the United States. Parameters and model selection findings
for the best fit are displayed in Fig. 4.2. But it corresponds with the confirmed total
number of infected cases reported in the United States (monkey pox cases were recorded
in the United States in 2022). Finally, we demonstrate how the model’s implausible
assumptions promote healing for the injured and long-term health in the community.
Preventive strategies have been proposed as a means of treating or eliminating viruses

in the general population.
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Figure 4.1:

Figure 4.2:

Dynamical Phase Diagram of Monkey Pox model, transmitting impact of vaccine.

O  Real Data
mmmm Model Fit

Comulative Confirmed Infected
Cases by Monkey Pox

L L
5 10 15 20 25 30 35 40 45
Time in Weeks

Model Fitting with real data of United State of America (U.S from 05/10/2022 to

01/01/2023 ).

Table 4.2: Discription of variables and parameters for the model 5.7.
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Parameters Discription Value Source

11, Natural natality rate of humans. 64850 [32]

w2 Proportion of clinically recorded humans after 0.94 Fitted
conformation of infection.

Lh, Proportion of natural expiry rate. 0.000303  [32]

m Proportion of suseptible human to be vaccinated. 0.1 Fitted

a9 Proportion of exposed humans from susceptible 0.00025 Fitted
class due to infected rodents.

asg Proportion of exposed humans from susceptible 0.000062 Fitted
class due to infected human.

¥ Proportion of exposed humans after being vacci- 0.1 Estimated
nated.

f Proportion of recovered humans from clinicaly 0.27 Fitted
recorded humans.

11, Natural natality rate of rodents. 0.2 [32]

O Disease related metality rate of humans. 0.003286  Estimated

fa Proportion of direct recovered humans after ex- 0.088366  [32]
posure.

w1 Proportion of infected humans shifted from 0.1 Fitted
qurantined class.

Qaq Proportion of exposed rodents from susceptible 0.027 Fitted
class.

i Natural matelity rate of rodent. 0.02 [32]

O Disease related metality rate of rodents. 0.2 Fitted

fo Proportion of recovered humans after being in- 0.83 Fitted
fected.

51 Proportion of infected rodents from susceptible 0.3 Fitted
class.

f3 Proportion of recovered humans from isolation. 0.52 Fitted
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53 Proportion of infected humans from exposed 0.2 Fitted

class.

4.4. Qualitative analysis of the model

4.4.1. Positivity and Boundedness of the Model So-

lution

Theorem 4.1:

Let Sy (0) = Sy, Er (0) = Epy, 1 (0) = Iy, S (0) = Shos Vi (0) = Vi, B (0) = Epy, Qn (0) =
Qhos In (0) = Ipy,Cy (0) = Chy, Ry (0) = Ry, be the initial values of the state vari-
ables. If Syy, Erq, Irys Shos Vigs Ehgs Qhgs Inos Chy, R, are positive then this implies that
Sp(t),Er(t), L. (t),Sh (t), Vi (t), En (t) ,Qn () , I, (t) ,Ch (t) , Ry () are positive for all

time t > 0. However

II II
lim sup NV, (t) < —h and lim sup N, (t) < —
t—o0 t—o0 oy

. (4.12)

Also, if Np, < %, then Np < %, and if Ny, < %, then N, < %, then the biological

feasible feasible region for the differential equation are given by

11
By = {(Sth,Eh,Qh,Ih,Ch,Rh) CRY S+ Vi +Ep+Qp+1In+Ch+ Ry < h}

Hh
(4.13)
3 11,
B, =< (S EI,)CR} : S, + E, + 1, < FT (4.14)
T
such that
B=Bj, x B, C R xR3 (4.15)

and we have B is positive invariant region for the model solution.
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Proof.  Let Syy, Erg, Irg, Sho» Vigs Engs Qhgs Ihgs Chy» Bh, be positive, and we’d like to

demonstrate that the state variables are similarly positive. From system (5.7), we have

as,

dt
as,

dt

=11, — (allr + Hr) S,

+ (alfr + MT) Sr = Hr;

Since II, > 0 so that,

as,

dt
as,

+ (041[1" + ,Ur) Sr > 07

> — (allr + ,Ur) S,
gdsr > — (Oéllr + NT) dt,

(4.16)
by integration, we have,

InS, > —/(alfr + up)dt + C,

InS, > A(t)+C, (4.17)
Here A(t) = — [ (m + pn, + ¢p) dt, then at ¢ = 0 we have
InS,, > A(0)+C, (4.18)
subtract Eq. (5.15) from Eq. (5.16) and now we can write

InS, —In S,, > A(t) — A(0),
Sy

T0

In

> A(t) — A(0),

The exponential of each term yields,

S,
Sro

Sr > Sro exp {A(t> B A(O)} ’

> exp{A(t) — A0)},
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ST’ 2 S’I‘()7 t 2 07
Since S, (0) = S,, is positive, that is, S, > 0 for ¢ > 0 it implies that

Sy > Sy, >0, t>0,

S, >0, forall t>0.

For all t > 0, we get Sy, > 0; hence, we know that S, (t) is positive. This means that
S, > 0 is true. Similar considerations apply to the remaining state variables. This shows
that E,., I., Sy, Vi, En, Qn, Iy, Ch, and Ry, are positive for all time t > 0.

The following theorem is used to characterize the solution’s boundedness:

Theorem 4.2:
Given a positive set of solutions (Sp (t), Vi (t), En (1) ,Qn (t) , I (t),Cy (t), Rp (1), Sy (1),

E,. (t) I (t)), there exist a set B in which this solution set is contained and bounded.

Proof. For the entire population, we have
N =N+ N, (4.19)
Here N, is the total rodent population and is given by:
N, =S, +E,+ 1, (4.20)

implies that

dN, dS, dE, dI,

dt — dt & ar

dN,
dtr =1, — ppN — o1,

If we suppose there is zero rodents fatality rate due to disease, then we can write

dN,
< H’r - TN7
at = K

by keeping with the concept of integration and the exponential growth criterion, we can
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write

This can be shown by defining the upper bound of the inequality as ¢ — oo, then
sup N, (t) = % for all N, (t) € [O, %] and for t = 0 we have
11,

N, (1) .

(4.21)

Which implies that N, (¢) is bounded. Also Ny, is the total number of people and is given
by:

Ny =85, + Vi + B + Qp + I, + Ch + Ry,

implies that

dN,  dS, | dVi  dE, _dQu _dly _dCy  dR,

at ot et e T Ta e T a

dNp

Tl Iy, — pp Ny — on (I + Ch),

If we suppose there is zero human fatality rate due to disease, then we can write

AN},
Y 11, — N
dt = h HhLV,

by keeping with the concept of integration and the exponential growth criterion, we can

write

This can be shown by defining the upper bound of the inequality as ¢ — oo, then

sup Np, (t) = o for all Ny, (t) € [() &} and for t = 0 we have

Bh 7 Hh
II
Ny () < 2 (4.22)
Hh
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which implies that Nj, (¢) is bounded.
This proves, as expected, that the model’s equations have a positive invariant so-
lution, and thus establishes the concept of B. This leads us to the conclusion that the

model is both epidemiologically feasible and well-posed in B.

4.4.2. The Equilibrium State of the system

In mathematical biology, an equilibrium state is a steady condition in which all of a
system’s constituent parts are in appropriate proportions and undergo no net change over
time. This condition typically exists when there are no external forces or disturbances
acting on the system. The study of biological processes and the ability to predict how
they might react to changes in environmental conditions or external interventions require

an appreciation of the equilibrium state.

4.4.2.1. Monkey Pox Free Equilibrium State

The variables E, = I, = E;, = Q) = I, = C;, = R; = 0 must stay in equilibrium to
prevent an outbreak of monkey pox. In this particular scenario, the system (5.7) demon-
strates that the monkey pox free equilibrium point is indicated by the notation Qg =
(SMFE (1), EMFE (1), IMFE (1), SMFE (1) V;MFE (1), BIFE (1), QYFE (1) IFE (1)
CMFEE (), RMFE (t)) and is the point at which there are no longer any cases of disease
in the community. The number of cases in each group will be 0. So, the monkey pox-free

equilibrium meets the conditions.

11, 11, mlly,
Qure={—,0,0, )
hr m A+ (v 4 pn) (m+ )

,0,0,0,0,0) . (4.23)

4.4.2.2. Existance of Monkey Pox Endemic Equilibrium State

The potential existence of an endemic equilibrium point, represented by the notation

Qe (), will be investigated below, and denoted as:

Qupe (S (@), Ex (), 17 (8), 55 (8), Vi (8), By (8), Qp (1), 1y (8) , C (1), By, (1))
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. So, if for ¢p, = asl, + asl we are looking for a second equilibrium point, we will find

the endemic equilibrium point as follows:

(ﬁl + :uv") (Ur + Nr) - Hralﬁl — M (Bl + /J’T') (JT + MT)

Sr(8) = a1 ’ Br () = a1fr (Br + pr) ’
I* (t) _ a1 81 — for (51 + Nr) (UT + ,Ur)
" a1 (B + pr) (0 + pr) ’
« I, . mlly
Sh(t)_m+uh+¢h’ Vh(t)_(7+uh)(m+uh+¢h)’
B (t) = p(my + (v + pn) én)
(v + 1n) (B2 + B3 + fa+ pn) (m + pn + ¢p)’
QL (1) = Bollp(my + (v + pn) én)
(v + pn) (B2 + B3 + fa+ pn) (w1 + f3 + pn) (m + pp + ¢p)’
I () = 5,83 (w1 + f3 + pn) + Bawr) (my + (v + pn) Pn)
(v + 1n) (B2 + B3 + fa + pn) (w1 + f3 4 pn) (f2 + wo + o + pa) (M + i + dn)’
Cr (1) = Hpwa (B3 (w1 + f3 4 pa) + Bowr) (my + (v + ) dn)
(v + 1n) (B2 + B3 + fa + pn) (w1 + f3 4 pn) (f2 +wo + o + pn) (M + i + dn)’
Oy, (moy + (v + pn) dn) (frws (B3 (w1 + f3 + pn) + Bowt) + fo (f1 + on + pn)
(B3 (w1 + f3 + pn) + Powr) + f382 (fo + wa + on + pn) (f1 + on + pn) +
RE(t) = fulwr + fs + pn) (f2 +wa + on + pn) (1 + 00 + pn))

pn (v + pn) (B2 + B3 + fa+ pn) (w1 + f3+ pp)
(fo+wo +on+ pn) (fi +on + pn) (m+ pp + ép)

4.4.3. Basic Reproduction Number

The basic reproduction number indicated by Ry, is a quantitative measure of the average
reproduction rate of virus during a certain time frame. People/rodents who are infected
with the virus and have the ability to effect others, making it a contagious problem.
In this section, we construct two new system (4.24) and (4.27) based on the previously

proposed system and is written as

dE,

dt = CVIITST - (61 + MT) ET?

dl (4.24)
ditr = BlEr - (87‘ + NT) Ira

To get the basic reproduction number for the system (4.24), a next-generation matrix

approach has been applied here to the system (4.24). This study generates matrix F,
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and V,., i.e.

ar 1. S, (ﬁl + /Lr) E,
—0p 1, prdy — B1E;

The Jacobian matrix of F;. and V,. at DFE, denoted by F, and V., are given as follows:

0 Li{r B1 + pr 0
F, = V. =
0 _ar _ﬁl oy

This means that the matrix F.V.~! is the model structure’s next-generation matrix
(4.24). This means that the next-generation matrix’s spectral radius can be calculated

as follows: R, = ¢ (FTV,TI). Thus,

OKIBIHT Oélnr
B2 (B1+pr) %
F.V, b= (4.25)
7ﬁ167‘ ;87‘
Nr(/81+ﬂr) Hr
So, o (F,V; 1) = % Therefore
ay /11,

Ry =

ACETD) (4.26)

The basic reproduction number is a crucial metric in epidemiology as it helps determine
the potential for disease spread within a population. By understanding how many new
infections can arise from a single infected individual, public health officials can better as-
sess the risk and implement appropriate control measures. Through comprehensive data
collection and mathematical modeling, researchers strive to obtain accurate estimates of
N for different diseases, aiding in effective public health strategies to mitigate outbreaks
and protect communities. The human population is the second group of populations.

For the second group, we obtain the following system to determine the fundamental
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reproduction number:

dF

= Vit (aaly + aslh) Sy~ (B2 + B + fa+ ) B,

d

% = BoEp — (w1 + f3+ pn) Qn,

dl (4.27)
cTth = B3Ep + wiQp — (w2 + fo+ Oh + up) In,

dC

CT; = woly — (f1 + On + pn) Ch,

The Jacobian matrix of Fp and Vj at DFE, denoted by Fy, and Vy, are given as follows:

aszll
0 0 @b o

B2 0 0 0

Fp = ;
Bz w0 0
0 O w2 0
B2 + B3 + fa+ pn 0 0 0
0 w1+ fa+ up 0 0
Vy, =
0 0 wa + fo+ On + pn, 0
0 0 0 J1+0n + pn

This means that the matrix F,V,~! is the model structure’s next-generation matrix
(4.24). This means that the next-generation matrix’s spectral radius can be calculated

as follows: Ry = o (FhV;I).

-1\ _ aslly,
S0, ¢ (Fth ) T (mepn) (B2 +Bs+ fatun) (Wi fs+un) (wot fa+Oh+Hun ) (fr+0p+un) Therefore
aslly,
(m+ pn) (Bo + B3 + fa+ pun) (Wi + f3 + pn) (w2 + fo + 9 + pn)® (f1 + On + )
(4.28)

Ry, =

Hence,

R() = max {Rh, Rr} (4.29)

100 Chapter 4. Analysis of Monkey Pox Transmission Dynamics in Society with
Control Strategies Under Caputo-Fabrizio Fractal-Fractional Derivative



Ptolemy Scientific Research Press https://pisrt.org/

We consider the following cases:

L. I aglly, > (m+ ) (B2 + Bs + fa+ mn) (w1 + f3 + pn) (o + f2 + On + pn)” X (fL + O + 1)
and a1 111, > p2 (81 + pr), then Ro > 1.

2. I aslly, > (m+ pn) (B2 + Bs + fa+ pn) (w1 + f3 + i) (w2 + fo + O + 1) x (f1 + O + 1)
and a1 B111, < p2 (B1 + pr), then Ro > 1.

3. I asTly < (m+ pn) (B2 + B+ fa+ ) (Wi + f3+ pn) (wa + fo + O + pn)” % (f1 + O + 1)
and a1 8111 > p2 (B + pr), then Ro > 1.

4. T oIl < (m+ pn) (B2 + Bs + fa+ pn) (w1 + fs + pn) (wo + fo + On + 1) % (f1 + On + pin)
and a1 111, < p2 (B1 + pr), then R < 1.

If Ry < 1, then the Monkey Pox free equilibrium (MFE) is locally asymptotically stable;

otherwise, it is unstable.

4.4.4. Stability of Monkey Pox Free Equilibrium (MFE)

We have used the method described in [10] to determine the requirements for global

stability for MFE, which states that if the model system can be expressed as follows:

dX

—=F(X,Z 4.
= F(X,2), (4:30)
A

C;—t:G(X,Z), G (X,0) =0, (4.31)

Here, the uninfected people are X € R"™ and the infected people are Z € R™. The
disease-free equilibrium is represented by the notation Qo = (Xo,0). The global stability

of the disease-free equilibrium is now assured by the next two conditions.

K,: For % = F(X,0), Xy is globally asymptotically stable.
Ky: G(X,Z)=BZ-G(X,Z) where G(X,Z)>0for X, Z €B.

In this case, the model’s feasibility is denoted by the expression B, where B = DG (X, 0)
is an M-matrix. After that, we can define Qj;rg’s global stability with the following the-

orem.

Lemma 4.1: When Ry < 1 and assumptions K1 and Ko are met, the equilibrium point

Qo = (X0,0) is a globally asymptotically stable.
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Here, we prove that our proposed model system’s disease-free equilibrium, Qa/rg, is

globally stable with the help of the following theorem.

Theorem 4.3: The MFFE point Qg is globally asymptotically stable provided Ry <
1.

Proof. To begin, we will demonstrate that K7 is true by showing that:

I, — pr Sy
- + r Er
F(X,0) = (Bt pr) (4.32)
I, — (m + pn) Sk

—un Ry,

If F(X,0) is a function, then its characteristic polynomial is

(At ) (A Br+ ) (A +m+ pn) (A + pa) (4.33)

which implies that \; = —p, Ao = =581 — pr, A3 = —m — pp, Ay = —pup- Hence, X = X
is globally asymptotically stable.

Now, we have:

G(X,Z)=BZ-G(X,2), (4.34)
—a1 0 a38) 0 sy Ey, B1 (SY — Sp) + B2 (SY — Sp)
Bz —az 0O 0 0 Qn 0
GX.Z)=| By w —az O 0 Iy |~ 0
0 0 Wy  —ay 0 Ch, 0
0 0 0 0 —as I, B E,
(4.35)

Where a1 = P2 + B3 + fa + phya2 = w1 + f3 + pp,a3 = we + fo + op + ppyas =
f1+ on + pn, a5 = op + e, and it is easy to see that B satisfies all of the requirements

laid out in Ks.
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4.5. Preliminaries

Here, for the convenience of our readers, we will quickly go over a few key concepts in
fractal-fractional calculus. More information on this innovative use of calculus can be

found in [29].

Definition 4.1: The Riemann-Liouville fractal-fractional derivative of f (¢) with frac-
tional order e and an exponentially decaying kernel with the assumption that f(¢) is
fractal differentiable and continuous on some open interval (a, b) with fractal order 7, is

defined as:

PPEDGT(0) = 1 e [ e (— - s>> Fls)ds,  (430)

where € > 0,7 <m &€ Nand N (0) =N (1) =1.

Definition 4.2: The fractal-fractional integral of f (¢) with fractional order € and an
exponentially decaying type kernel with the assumption that f (¢) is fractal integrable

and continuous on some open interval (a, b) with fractal order 7 and is defined as follows,

€T T(1—e)t™Lf (2)

ERTO) = greg [ o @ TR L

are simply referred to fractal-fractional integral operators. These operators are math-
ematical tools used to extend the concept of differentiation and integration to non-integer
orders. Fractal-fractional integral operators provide a powerful framework for analyzing
complex systems with self-similarity or long-range dependencies. By incorporating fractal
geometry into the traditional calculus framework, these operators offer a more compre-
hensive understanding of phenomena that exhibit intricate patterns at different scales.
In summary, these operators bridge the gap between classical calculus and the intricate
dynamics observed in many real-world systems, opening up new avenues for analysis
and interpretation. Therefore, the following is the proposed nonlinear fractional model,

which is based on fractal-fractional operators:

FEEDGT (Sp (1)) = Ty — (andy + pir) S,

FEEDST (B (1) = a1l Sy — (B1 + pir) By,
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FREDGT (I (8) = B1Ey — (0 + ) I,

FEEDGT (Sn (1)) = I, — (m + a2l + asly + i) Sh,

FEEDGT (Vi (1)) = mSp — (v + i) Vs (4.38)
FFED(G)’,I (En () =YVh + (ool + a3lp) Sy — (B2 + B3 + fa + pn) En,

FFEDS’; (Qn (t)) = B2Ep — (w1 + f3+ pn) Qn,

FEEDGT (In (1) = BsEp +wiQp — (w2 + f2 + O + i) In,

FEEDGT (Ch (1) = waliy — (f1 + O + ) Ch,

FEEDET (Ru (1) = f1Ch + foln + f3Qn + faER — pnRa,

where £F ED& /" (+) is the fractal-fractional derivative of order 0 < e < 1 and fractal
dimension 0 < 7 < 1 in caputo fabrizio sense with exponential law and the variables

with the appropriate initial conditions are supposed to be non-negative.

Lemma 4.2: Let f is continuous on any open interval (a,b), then the following fractal-

fractional derivative

FEEDST(f (1) =Y (2) (4.39)
has a unique solution
€T t 7(1—e)t7 !
f(t)zf(())+M<€)/0 s1f (s)ds + T8 M)l(fe) A0 (4.40)

For Z = C (S, Rlo), under the norm for 0 < ¢ < T < oo the Banach space can be

represented by B =27 X Z X Z X Z x Z x Z under the norm given by

Wl = supyes W (1), for WeZ,

where |[W (t)| =[S () +R(t)+C(t)+P(t)+ T (t)+1(t)|,and S,R,C,P,T,I € C(T,R).
Considered here is the model (5.7), in which the fractional differential operators

have a caputo-fabrizio fractal fractional form. This means that the initial (say) model
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(5.7) may be transformed into the following

DG S (1)} = Tt7 B (¢, 5, (1)
DG AE (1)} =717 Dy (¢, B (1))
DG AL ()} =7t B3 (8,1 (1)),
“EDS{Sh (1)} =t 104 (£, 54 (1)),
CEDE AV ()} = 7t ®5 (¢, Vi (1)
CEDAEL (1)} = 1t 10 (t, By (1)),
CED§AQR (1)} =Tt 10 (1, Q (1)),
CEDS AL ()} =7t s (. I, (1))
“ED§ACH (1)} =1t 10y (t,Ch (1)),

CEDE AR (1)} = 7t 1010 (¢, Ry, (1)),
where

@y (t, S, (t) =1L, — (n 1, + 1) S,

Dy (t, Er (t) = au ISy — (B1 + r) Er,

®3 (¢, Ir (t)) = BrEr — (Or + pir) I,

@y (t, S (t) = O, — (m+ aoly + asly + ) Sh,

D5 (¢, Vi (1)) = mSp — (v + pn) Va,

D (¢, B (t)) = vVh + (a2l + aslp) Sp — (B2 + B3 + fa + pin) En,
7 (¢, Qn (t) = BoEp — (w1 + f3+ pn) @,

g (L, 15 (1) = B3Ey +w1Qn — (w2 + fo + O + pn) In,

g (t, Cp (1)) = wolp — (f1 + O + pn) Ch,

D1 (t, Ry, (t)) = f1Ch + folp + f3Qn + faEn — pn Ry,

Caputo-Fabrizio integral is used, and we get

71 (1 —¢) €T

t
/0 €1, (¢, 5, (€)) de.
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7 (1 —€) €T
M (E) (I>2 (t7 E’r‘ (t)) + M (6)

B, (t) = . (0) + /0 1By (6, B, (€)) de.

=50+ T e ) [ e n @)
510 =50+ 0 Ta s )+ 1 [ e @) de
Vi) = Vi + T e v )+ 7 [ e v @) e
B0 = B, 0) + T U D0 0) + 7 [ 6 B (€) de
)= 0+ D0 .Gu ) + 7 [ e e ©) de
50 = 100+ T B e ) + 7 [ e ) de
a0 =000+ e cnw)+ o [ e e de
)= i 0) + T D R ) + 17 [ e R ©) de

4.5.1. Existence and Uniqueness

To illustrate the qualitative characteristics of the solution for model (5.22), we used the
Picard-Lindel’f method and the fixed point theory. We'll start by trying to rewrite the

model (5.22), which now looks like this:

FIEDGIW (1) = @ (£, W (1), 0<e T<I,
(4.41)
W (0) =Wy >0, t€[0,7] and (T < c0)
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where
Sy (t) Sy (0) = Sy, Dy (¢, 5
By (1) E, (0) = Ey, P (
I (t) 1, (0) = I, P (
S (t) Sh (0) = Shy Dy (
W) = Vi (1) W)= Vi(0)=Vi | _ Wo, B (W (0) = Ps (
Ep (t) Ep (0) = Ep, (
Qn (t) Qn (0) = Qn, @7 (
I (1) 11, (0) = I, D (t, I (t))
Ch (t) Ch (0) = Cp, Pg (t,Cp (1))
Ry (1) Ry, (0) = Ry, P10 (¢, Rp (1))

In the view of Lemma 5.2, the system (5.23) yields

- 7(1—¢) 71 €T ¢ 1
W0 =W 0)+ TG e W () + 575 [ e (@) e
Furthermore, ® satisfies
1@ (&, W1 (§) = (&, Wa ()l < Lo W1 (§) = Wa ()], Ly >0.  (4.42)

Theorem 4.4:
Assume that the system (5.23) has a unique solution if the assumption (5.24) holds

with

P (T (1—e)T7 ! erTe

N (6 '+N@JL¢§L

Proof. Consider the Picard operator, which is represented by the symbol A : 7 — Z

and has the definition

7(1—e)t™ !

T e
N (o) ‘b(t’W(t)HN(E)/OS (e, W (€))de.  (4.43)

and set sup;eq ® (£,0) = Pg. It is essential to note that the solution to the system

4.5 Preliminaries 107




Ptolemy Scientific Research Press https://pisrt.org/

(5.23) is constrained, i.e.,

AW — Wol| = Sup AW (t) = W (0)],
te

B 7(1—e)t7 ! et [t .

- sup ]V(e)@(t,W(t))JrN(e)/O €10 (¢, W (€)) de |
T(1—e)t™ ! er [t

<o LTl o (W )+ 575 [ e @ e w )] ds
T(1—¢€) 1 €Tte

SiZE( N () *N(@)Lq”

<7’(1 —e) TV erTe
<

N (0 + N(e))LCb < BLg,

where Ly < 1. Now, according to the definition of the Picard operator (4.43) for any
Wi, Wa € Z, we get

[AW) — AW || = sup [AWL (8) — AW (1)1,
te

T — € 71

< up (1N(2)t @ (¢, Wy () — @ (t, Wo (t))]| +

€T by -

N (e) /Of 1@ (¢, W1 (€)) — @ (€, W (€))Il dé,
< T(l_—e)tHL Wi (t) — Wa (t
SUR TN LW =W O+

N(e)/o £ Ly W (€) — Wa (6| de,

1—e)t™ ! eTte

IN

o (" )

T(1—e)T71  erTe
(g i) e =

which implies that |[AW; — AWs]|| < P ||W1 — Wa||. As P is a contraction, model (5.23)

has a unique solution in accordance with the Banach contraction principle.

Definition 4.3: Suppose that & € C (‘I x R19, R), then for 0 < e, 7 < 1 the system
(5.20) is said to be Hyers-Ulam stable if there exists J,Cy > 0 such that, for each

solution Y € Z satisfies

HFFEDS,;Y/ (t)— (t, Y (t)) H <6, V teg, (4.44)
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there exist a solution Y € Z of (5.20) with

YV (1) =Y (t)| < 6Cq, V teqg, (4.45)

where 0 = max (5j)T and Cp = max (Cq>j) , j=1,2,3,4,5,6.

Definition 4.4: Suppose F € C (T, R") and ® € C (T x R'%, R), then for 0 < ¢,7 <
1 the system (5.20) is said to be Hyers—Ulam-Rassias stable if there exist Cp > 0 such

that, for each solution Y € Z satisfies

|EDgY () - @ (1Y )| <P O VtET,  (449)

there exist a solution Y € Z of (5.20) with

YV (t) =Y (t)| < 0Co pF (1), V teg, (4.47)

where Cp p = max (Cq>j,Fj)T and F' = max (Fj)T, j=1,2,3,4,5,6.

Lemma 4.3:  Let § > 0, and if there exist a function g (t) € Z, which satisfies

(i) g(t) <6, V te®
(ii) TPEDGTY () =@ (t,Y (t)) +g(t), Vt€T g=max(g)", j=1,234,56.

then the function Y € Z satisfies (5.28).

Lemma 4.4: Let F € C (%,R), and if there exist a function g* (t) € Z, which satisfies

(i) g* () <, votes
_ _ T
(ii) FFEDETY (1) = ® (£, (1)) +9" (1), voies  g-max(g) . j=
1,2,3,4,5,6.

then the function Y € Z satisfies (5.30).

4.5.2. Hyers-Ulam Stability Analysis

Here we examine the Hyers-Ulam and Hyers-Ulam-Rassias stability of the suggested

model (5.23). The importance of stability in approximating a solution motivates us to
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perform a nonlinear functional analysis of the many forms of stability in the present

model.

Lemma 4.5: If W satisfies the integral inequality given by (5.32) then W € Z satisfies
by the system (5.23)

(1 —e)t7 ! €T

hV@)—W%—-4N01@(ﬁwaD—jv&)[;?_WW§VV@Dd€fET& (4.48)

T(1—)T7™— erTe
where T 1= < ( Nge) + N(Z))

Proof.  According to Theorem 5.27 with (ii) of Lemma 5.3, the system exist

PEEDGTW (1) = @ (¢, W (1)) + f (1), te¥

W (0) =Wy >0,
and has a unique solution

W (1) = Wo + U585 — (@ (€W () + [ () + 557 Jg € (@ (€W (9) + £ () de.

It continues to follow from (i) of Lemma 5.3 that

T(1—e)t™ ! €T

t
Wi -wo- T CI aew (©) - s [ e e @),

- T(1—e)t™ ! €T b
= sup | TEe 1 @)+ 577 | €7@

te¥
(1 —e)t™ ! €T b
<o LT 11O+ 5 [ €M@l as

IN

o (a7
("o i)

< T6.

Theorem 4.5:
Suppose that ® € C (f x R0, R) and the system (5.24) satisfies the condition 1 —

YLg > 0, then the system (5.23) is said to be Hyers-Ulam stable.
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Proof. Let W € Z be a unique solution for the system (5.23), and W € Z satisfies
by (5.30). Then, by taking the Lemma 5.3 into consideration, for any § > 0, t € T we

have

HW— WH = sup|W— W‘ ,
teT

T(1—e)t™! €T

t
—sup W - - "0 e w @) - 5 e e @) e,

te¥T

Sstlelg W—WO—N(E)Q(gW(f))—N(E)/Of 1‘1’(57W(§))d5‘

T(1—e)t™! -
+ sup N (@ (&W(E) —@(&,W (€))

te¥

€T

_ te—l T B
N@yAf (W (©) Q@JV@»%KL

7(1—e)t™ ! -
(F e ew ©) - 2w @)

< Y6 + sup
teT

€T

t
— e—1 |11, _
N&yég W (©) @@JV@MdQ,

7(1—¢e)t™ 1 -
(F e ©-wee)

_ T [P (o) —
o [l @ - wela),

7(1—e)t™ ! €T

! e—1 T _
§T5—|—Sup< N0 _N(e)/0§ d§>L<I>‘W(f) W (&)],

te¥

7(1—e)T7 ! B erTe
N (e) N (e)

<15+ (

< Y6+ TLe |[W - W],
which implies that

[ - W < Cas

T
where C(I) = m
Theorem 4.6:
Suppose that ® € C (T x R, R) satisfies (5.24) and F € C (T,R") be an increasing

function implies that the system (5.23) is Hyers-Ulam—Rassias stable with respect to F'
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on %, such that
FEEJGTF (1) <CpF (t),  Cp>0. (4.49)

provided that 1 — T Lg > 0.

Proof. Let us assume that there exists exactly one solution W € Z to the system

(5.23). So, considering Theorem 5.27, we arrive at
T(1—e)t™1 €T €e—
W (t) =W (0) + T80 (8, W (1)) + 55 fy €10 (6, W () de.

On consideration of (5.28) and (5.30), we have

‘W(t) Wy — M@(t W (t)) — ”/tgf—%p(g W(g))df‘ < SCpF (1)
N (e) ’ N (€) Jo ’ -
Hence
_ B _ T(l—e)t™ ! et [t
\W—W\—ig W—WO—N—(E)‘I’(t,W(t))— /5 (5, W (8)
- T(1—e)t™ ! - €T —1
SspW-Wo- =gy 20w /5 W ))d’f'
Fosup| T @ o (1) — @ W (1)
tex N (e) ,

€T e—1 1 _
_N()/g (@ (&, W (9) — @ (£, W (1))

< SCRF (1) + sup (“” ® (6,17 () — @ (€. W (&)
B tex N(f) ’ 7

— €T ! e—1 |11 N
N(e)/og (W (€) ‘I)(&W({))\df),

T(1—e)t™ ! -
< 0CpF (t) + ilelg <N(€)L<1> (W (&) — W (¢)]

€T b - B
N et © - wela).

T(1—e)t™ ! €T Lo =
<acer (o +sup (T - [ etag) Lo 9 - w9

T(1l—e)T 1 erTe -
< OCpF (t — L
<ocer )+ (LU= - 5 ) W © - W@,
< CpF (t)
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which implies that

W —W| < 6Co pF(t) (4.50)

_Cr
1—YLg

where Cp p :=
4.6. Numerical scheme

In this section, we give a thorough explanation of how the numerical approach was

developed. Thus, at ¢,11 we have

71 (1 —€) €T

M (e Oy (tn, Sy (tn)) + M ()

gt
Sy (tng1) = Sp (to) + /t €70y (&, 8, (8)) de,

B () = B )+ " =D 0,8, )+ 575 [ e B @)
b ttwsn) = 1)+ T S 1 )+ 7 [ e @)
Si(twrn) = 55 (1) + 0 (0,500 + 50 [ € e () e
Vi(twen) = Vi i)+ T s i)+ 75 [ e e v @) de
B (twsn) = B 1) + P 000 B 1) + s [ € a6 B (@) de
Qn(trin) = @ult0)+ 00 (1,0 ) + 37 [ €€ u @) de
Btnin) = I o) + P =D ) + s [ s 60 )
) = Calto)+ "ol Dan ) + 77 [ e oGt
R (twin) = B o)+ O D (R0 + 5 [ €0 0

By taking the gap between the two successive terms as our starting point, we have

71 (1 —¢) Tt;:i (1—¢)

Sy (tn—s—l) =S (tn) + ¢ (tm S (tn)) - 31 (tn—lv Sy (tn—l))

M (9 M@
€T tnt1 1
tirg s @)
T T—1 —€ T T—1 — €
Br(tysr) = Br (1) + " 0=y (00,8, 1) = 20 V0 10, (100
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€T

tnt1 .
+M(€)/tn £L0, (¢, B, (€)) d,

Tt:;% (I—¢)
M (¢)

ot B
i e e e @) e

(133 (tn_l, Ir (tn—1>)

T —€ T 1 —e

Sh (tn+1) = Sh (tn) + Ttn]\;((le) )(134 (tn, Sh (tn)) — 1571_]\14((16))(1)4 (tn—l, Sh (tn—1>)
g e E s @)
=11 —¢ T (1 —e

Vi (tng1) = Vi (tn) + %((t))% (tn, Vi (tn)) — %_]\14((16))‘1’5 (tn—1, Vi (tn-1))

€T

ot B
tirg e e @) e

Tt:l:% (I—v¢)
M (e)

thl_l (1—¢)

Eh (tn-‘rl) = Eh (tn) + M (6) q)ﬁ (t’m Eh (tn)> -

D6 (tn—1, Ep (tn-1))

€T

ot »
targ e B @)

n — € T T—1 e
Grllnm) =@l s Tt"]\;((le))q)? (fn: Qn () = 7571_1\14((16))@7 (tn—1,Qn (tn-1))
R0 /tn 107 (€,Qn () dE,

T (1 —¢)

T—1 — €
I (tn41) = In (tn) + "M © Tt (1-¢

MO g (tn—1, 1 (tn-1))

€T

tnt1 1
+M(€)/tn e L0 (¢, 1), (€)) de,

Tt:l:i (1—¢)
M (e)

Tt;;_l (1—¢)

Ch, (ths1) = Ch (tn) + (O

g (tn, Cp (tn)) — g (tn—1,Ch (tn-1))

€T

ot »
Tt ol AL

B Tt;:% (1—¢)
M (e)

Ry (tnt1) = Ry, (tn) + Tt;;\i[((le)_e)q)lo (tn, Ry (tn)) P1o (tp—1, Ry (tn-1))

€T

ot »
firg T R ) s

If the function {771 (£, W (£)) is approximated over the finite interval [t;,t;41] for j =
1,2,3,...,10 and W = [ST,ST,ET,Ih,Sh,Vh,Eh,Qh,Ih,Ch,Rh]T using the Lagrangian

piece-wise interpolation such that

Tt (1 —€) TtTj (1—¢)
Sy (tns1) = Sy (tn) + —2—— &1 (£, Sy (tn)) — =&y (ty—1, Sr (tn—
(tn+1) (tn) + M 1 ( (tn)) M 1 (tn—1,5r (tn—1)) +
€T 3 At
S(AD D (b, Sy (t)) — — 71Dy (tn1, S, (tn_
S0 |3 OO (s Se 0) = SR (o, Sy ()|
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71 (1 —¢) ’7’75;:% (1—¢)
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M (e) M ()
i | A0 R 0 B 1) - 0 (e B 10 0)]
et = 1)+ T D 1) - T g )+
el I HON ATt AT AT
Sh (tns1) = Sh (tn) + W@ (tn, Sh (tn)) — W@ (tn—1, Sh (tn—1)) +
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S

4.7. Results and Discussion

In the following part, we are going to investigate the quantitative behavior of the model.
The various vaccination possibilities in the suggested model (5.7) are considered, and it

explores how the numerical results are important for the model. For our simulation, we
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computed some of the parameter values shown in Fig. 4.2, which presents the model’s
solutions for a range of values for the relevant parameters taken from the literature. Here,
we take into account a wide range of starting point population densities over a num-
ber of different compartments, including S, = 250, E,. = 125, I, = 10, S, = 8000, V}, =
5000, B, = 3000,Qp = 500, I; = 1000,C} = 1500, and R, = 2000. The simulations
allowed us to observe the dynamics of the disease spread over time, as well as the impact
of different parameter values on the final results. The results showed that increasing
the initial population density of infected individuals led to a faster spread of the dis-
ease, while increasing the initial population density of susceptible individuals slowed it
down. Additionally, varying other parameters such as transmission rates and recovery
rates had significant effects on the overall spread and severity of the disease. Overall,
these simulations provide valuable insights into how different factors can influence the
spread and control of infectious diseases and can help inform public health policies and

interventions aimed at mitigating their impact.

.

L(t)

L

10 20 30 40 50 60 70 8 9 100 10 20 30 40 50 6 70 8 9 100 10 20 30 40 5 60 70 8 90 100
Time (in days) Time (in days) Time (in days)

(a) (b) (c)

Figure 4.3: Population densities of rodents acquired from the Caputo-Fabrizio derivative with
an exponentially decaying kernel under a fractal fractional operator for varying values of € and

T.

In conclusion, the simulations conducted on the spread and control of infectious
diseases have revealed that a number of factors can influence the severity and rate of
transmission. For instance, increasing the initial population density of susceptible indi-
viduals can slow down the spread of the disease. Furthermore, varying transmission rates
and recovery rates can have significant effects on the overall spread and severity of the
disease. These insights are crucial in informing public health policies and interventions
aimed at mitigating the impact of infectious diseases. By understanding how different

factors interact to influence disease transmission, public health officials can develop more
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Figure 4.4: Human Population densities with Caputo-Fabrizio derivative having exponentially

decay type kernel under fractal fractional operator for differet values of € and 7.

effective strategies for controlling outbreaks and preventing future epidemics. Ultimately,
these simulations provide significant tools for improving our understanding of infectious

diseases and developing more effective approaches to managing them.

4.7.1. Analysis

The human population density is a critical factor in understanding the dynamics of
human societies. It is determined by various factors, including the availability of assets,
facilities, and possibilities for growth. Human population density for varying values of m
is shown in Fig. 4.5. The impact of the parameter «y for varying values is shown in Fig. 4.6.

This is a crucial consideration for public health officials when implementing vaccination
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programs. The relationship between human population density and disease exposure is a
complex one, as illustrated in Fig. 4.7. The impact of the parameter ag is shown in Fig.
4.7. The graph shows that as the value of a3 increases, so does the population density and
the exposure rate of diseases. The impact of the parameter as is shown in Fig. 4.8 Which
shows the exposure of diseases in humans due to the infected rodents. As the graphs in
Fig. 4.8 demonstrates, human population density has a significant impact on the spread
of diseases from infected rodents. The higher the population density, the greater the risk
of exposure to these illnesses. By analyzing the population density for different values of
B2, we can gain insight into how isolation rates affect disease susceptibility. As we can
see from Fig. 4.9, exposure to diseases leads to an increase in susceptibility. However,
vaccination and isolation rates have the potential to reduce exposure, as well as the
number of infected and clinically recorded cases. The impact of parameter 33 is shown
in Fig. 4.10. This is due to the fact that the chance of transmission rises in proportion to
the density of a population because more people will come into contact with one another.
The effect of parameter wy for varying values is shown in Fig. 4.11. Which shown by
increases the value of wy causes to increases the risk of infection in society even being
isolated from the outside world. This is because a higher population density means that
there are more people living in a smaller area, which makes it easier for diseases to spread
from person to person. The data in Fig. 4.12 highlights the impact of confirmed cases
on human population density at different values of wo. The graph suggests that as the
number of confirmed cases increases, population density tends to decrease. This could
be due to people taking precautions and avoiding crowded areas in order to minimize
their risk of contracting the infection. The effect of parameter f; on calinically recorded
cases is shown in Fig. 4.13. The impact of parameter f, for varying values is shown
in Fig. 4.14. Which shows the increase in recovery rate of infected individuals has on
population density. As the recovery rate increases, the population density decreases. The
impact of the parameter f3 is shown in Fig. 4.15. Which shows the increase the recovery
rate of isolated individuals has on population density. As the recovery rate of isolated
individuals increases, the population density also increases. This is evident from the
data presented in Fig. 4.15, which clearly shows a positive correlation between these two

variables. It is important to note that this trend may not hold true for all populations
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and environments, as various factors such as resource availability and migration patterns
can also impact population density. The impact of the parameter f; is shown in Fig.
4.16. Which shows the increase the recovery rate afer the exposure of the diseases. As
the recovery rate increases after exposure to diseases, the human population density
varies for different values of fy, as depicted in Fig. 4.16. This highlights the importance

of effective disease control measures to prevent overcrowding and potential outbreaks.
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Figure 4.5: Density of the human population for various m values.

4.8. Conclusion

This study investigated monkeypox viral transmission dynamics through a fractal-fractional
differential system model. Humans and rodents were the two largest classes in the pop-
ulation. The developed model was parameterized using cumulative reported data in U.S
using CDC data. The results demonstrate that the suggested model provides a good
fit to the data and may be used to reliably forecast the development of this disease in
the United States. We show that the disease-free state of the model is locally asymp-
totically stable if the threshold quantity Ry < 1, but unstable otherwise. Also we have

developed the Hyers-Ullam and Hyers-Ullam-Rassias stability results for the considered
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model. The dynamical behaviour of the system has been established using numerical sim-

ulations with varying input parameters. Different input factors’ impacts on monkeypox

disease dynamics were examined.

In order to comprehend the dynamics of human societies, it is essential to consider

the density of the human population. It depends on a number of factors, such as the
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Figure 4.9: Density of the human population for various o values.

vaccination rate, isolation rate, exposure of virus in society, recovery rate. Ultimately,
understanding the complex interplay between these various factors is crucial for predict-
ing and managing population growth and ensuring sustainable development for future
generations. The density of the human population for different values of m is illustrated

in Fig. 4.5. The impact of the parameter ~ for varying values is shown in Fig. 4.6. When
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putting vaccination programs into place, public health officials must take this into ac-

count critically. As shown in Fig. 4.7, there is a complicated relationship between the

density of the human population and the exposure to disease. The influence of the pa-

rameter a3 is depicted in Fig. 4.7. The graph depicts an increase in population density

and disease exposure with an increase in «3. Exposure of diseases in humans because of
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Figure 4.13: Density of the human population for various f; values.

infected rodents is displayed in Fig. 4.8, which demonstrates the effect of the parameter
ag. We can learn about the relationship between isolation and disease susceptibility by
examining the population density for varying values of 83. The results of the Fig. 4.9
show that susceptibility to disease increases after exposure to the disease. The effect of
parameter (3 is shown in Fig. 4.10. This is because the chance of transmission goes up
as the population density goes up, since more people will be in contact with each other.
The effect of parameter wy for varying values is shown in Fig. 4.11. Which shown by
increases the value of w; causes to increases the risk of infection in society. The data
in Fig. 4.12 highlights the impact of confirmed cases on human population density at
different values of ws. In Fig. 4.13, we see the impact of parameter f; on calinically

recorded cases. The results of using different values for the parameter fo are displayed in
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Fig. 4.14. which demonstrates the effect on population size of a rise in the proportion of

infected people who make a full recovery. The population density decreases as the recov-

ery rate rises. To see how fs plays a role, check out Fig. 4.15. Which demonstrates the

positive impact that reuniting previously isolated individuals has on overall population

growth. The population density grows in step with the rate at which formerly isolated
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Figure 4.16: Density of the human population for various f; values.

individuals are reintegrated into society. This is evident from the data presented in Fig.
4.15, which clearly shows a positive correlation between these two variables. It is im-
portant to note that this trend may not hold true for all populations and environments,
as various factors such as resource availability and migration patterns can also impact
population density. The impact of the parameter fy is shown in Fig. 4.16. Which shows
the increase the recovery rate afer the exposure of the diseases. As the recovery rate
increases after exposure to diseases, the human population density varies for different
values of f4, as depicted in Fig. 4.16. This highlights the importance of effective disease
control measures to prevent overcrowding and potential outbreaks.

Furthermore, our findings suggest that the implementation of effective control mea-
sures such as vaccination and quarantine can significantly reduce the spread of mon-
keypox in U.S. These results have important implications for public health policy and
underscore the need for continued surveillance and monitoring of this disease. It is im-
portant to consider the potential ethical concerns and cultural factors that may affect
the implementation of vaccination and quarantine measures in U.S, as these can impact
their effectiveness and acceptance by the population.

It is hoped that this publication would aid scientists in their efforts to better under-

stand and foresee epidemics throughout the world. The primary objective of this study
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is to determine the impact of different vaccination regimens on the occurrence, severity,
and resolution of future instances of monkey pox. This puts us in a better position to
make choices in the future that will offer us greater agency over the aforementioned
scenarios or significantly mitigate their negative effects.
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Abstract
In this article, the social dynamics of corruption are investigated using a six-compartmental model.
It is formed by six independent parts, all of which combine to form a system of ordi-
nary differential equations for six different variables. In this study, we investigated the
corruption using Caputo fractal-fractional derivative with power-law type kernel. The
basic mathematical properties of the model have been extensively studied. We have
determined the model’s feasible region, and calculating its corruption transmission gen-
eration number and equilibrium points. Picard’s successive approximation approach and
the banach fixed point theory were used to demonstrate the model’s existence and sta-
bility conditions. In addition, we have examined the locally and globally asymptotically
stability of the corruption free and corruption persistent equilibrium states. The con-
sistency of the obsessed solution in Hyers-Ulam and Hyers-Ulam-Rassias sense is also

explored. For presenting numerical data, Matlab software is the preferred tool. Different
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fractional orders and parameter values are represented graphically.

Keywords:
Mathematical Modelling, Corruption Analysis, Hyers-Ulam Stability, Hyers-Ulam-

Rassias Stability, Sensitivity Analysis.

5.1. Introduction

Corruption refers to official wrongdoing in which governmental (public) or private (busi-
ness) officeholders benefit financially by abusing their position of trust for personal gain
[6]. In the literature, different types of corruption are described and include arbitrary
corruption, and pervasive corruption [14], private corruption [27], and public corruption
[12]. Corruption may arise from whether the supply or the demand side [15]. In general,
corruption poses a significant challenge to the maintenance of law and order, democratic
republic, human dignity, justice, and social equality. It also slows down economic growth
and puts the fairness and proper functioning of market economies at risk [12, 22]. It is a
significant concern in every country in the world, but particularly in developing countries
[22]. Corruption is still rampant in modern society, despite the fact that most societies
have anticorruption regulations or methods in action.

Now a days, corruption is a significant problem on a worldwide scale; nevertheless,
the countries most severely impacted by it are those with weak economies and are located
mostly in the Sahara Desert’s southern region [7, 1, 21, 24, 11, 10, 13]. The corrupted
person infects the next susceptible member of society, just as an epidemic does. Cor-
ruption hinders development because it weakens both the domestic economy and the
nation’s ability to maintain peace and order on the global stage [13, 2, 29].

Mathematical models that include optimal control assessments can be helpful in
gaining an understanding of the dynamics of the transmission of corruption as well as in
deciding how best to intervene in corrupt systems. Several authors have written about
the epidemiological corruption modelling approach, including [1, 9, 17, 21, 13].By fo-
cusing on people who benefit from corrupt officials and politicians, Nathan and Jackob
created a compartmentalised epidemiological model of corruption in Kenya [24]. For the

dynamics of corruption, the authors in [5], used a SIR model. Moreover, a single opti-
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mum control method was added as part of the model’s expansion. A model for preventing
corruption was developed in [16], which demonstrated that it is feasible to eliminate the
corruption entirely if the termination rate is equal to the corruption rate. In [31], the
level of corruption was measured using a model based on difference equations. To prevent
corruption, the author of [25] explored a game-theoretical strategy. Corruption growth
and decay models were developed using differential equations in the study cited in [31].
The study [19] did come up with a mathematical model for corruption by looking at
how anti-corruption campaigns and counseling in jail raise people’s awareness. The fun-
damental reproduction number was calculated, and the existence of corruption-free and
endemic equilibrium points was examined. In [12], a mathematical model of corruption’s
dynamics was developed by the authors, and their findings are discussed. A determin-
istic model of corruption within a population was developed and studied in [1]. They
determined the BRN, as well as the points of equilibrium for noncorrupt and corrupt
environments. Numerical simulations were done, and the results showed that corruption
can be reduced to a limited significant degree that can be dealt with, but not completely
removed.

Compression models that use fractional derivatives are more accurate and more
closely reflect the reality [18, 3, 28, 30]. Motivated by the work of Mokaya [23], we
have created a new mathematical model on curruption dynamics in society. This work
is made up of six different sections. In Section 5.2, we give a condensed description of
the mathematical modelling of the corruption dynamics in society. In Section 5.4, we are
going to evaluate the model’s qualitative analysis and basic properties of that as well.
In Section 5.5, we talk about the basics of advanced fractional calculus. Section 5.5.1
represents the solution’s existence and uniqueness. In Section 5.5.2, Furthermore, we dis-
cuss about Hyers Ulam stability for the suggested model. To solve the proposed model
numerically, refer to the scheme described in Section 5.6. Finally, results are plotted

graphically in Section 5.7. At the end in Section 5.8, concluding remarks are offered.
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5.2. Mathematical Model and Formulation

In this research study, the prevalence of corruption in society is investigated using a
deterministic mathematical model. Our approach is predicated on the idea that corrup-
tion in a society may spread throughout a population like a virus. The whole popula-
tions, denoted by W (t), and is divided into six different groups, namely susceptible,
risk of corruption, confirmed corrupt, punished, transformed and immune Individu-
als (for further information see Table (5.1)). Considering this, the total population is
Wit)=St)+R({t)+C(t)+ P(t)+ T (t)+ I(t). If the natural natality and death
rates of a population are I and p respectively, then Fig. 5.1 is where you might find the
dynamic flow transfer from one compartment to the other.

Every day, people from high-moral-standard families are recruited into the susceptible
class, where they face a Il rate of corruption. This group represents law-abiding citizens
who have never participated in corrupt activities that affect the country’s economy and
growth, but who are nonetheless susceptible to the harmful effects of corruption. The
corruption rate increased by a factor of w, whereas the natural death rate declined by a

factor of u. Hence, the rate of change in the number of susceptible individuals is:

d
d—f = vl + caT — (wC + p) S, (5.1)

The proportion of exposed individuals is represented by the strength of corruption
at rate w, and certain corrupted people are classified as being at risk by the factor
fo as a consequence of aspects like inspection and evaluation. This group is made up
of individuals that surround corrupt individuals who have a possibility of becoming
corrupted themselves, but don’t. It’s reduced significantly by the rate fiat because they
are becoming corrupt, by per capita rate pfor which they were becoming transferred
and the natural mortality rate per capita u. Hence, the rate of change in the number of

exposed individuals is:

dR
— = wOS+ LRC ~ (p+ ) R, (5.2)

The proportion of corrupted individuals tends to increase with the rate of f; as a

direct consequence of the transformation from risk of corruption to confirm corrupted
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individuals. This group is made up of individuals who are often associated with corrup-
tion as well as having power to affect susceptible as per capita rate (1 —v) and people
at threat of being corrupt. Hence, decreasing by natural mortality rate per capita p and
the corruption induced punished rate . So that the rate of change in the number of

corrupted individuals is:

acC

o = irE - (foR+~+p)C, (5.3)

Those who have been corrupt and require assistance grow the population of people
who have been punished at a rate of v. With a rate of +, these people are transferred
from the corrupted compartment to the punished one. This group contains individuals
individuals who were found to be guilty of or punished for engaging in corrupt activities,
and who have been tried and convicted to a period of time throughout which they are
criminalized from engaging in corrupt activities and are unable to exert any influence
over others. Thus, faded by natural death per capita rate p and is converted as per
capita rate € by punished for corrupt practices. Hence, the rate of change at which the

number of punished individuals changes is given as:

dP
= 2C—(0+ )P (5.4)

The population that includes those that are at risk for corruption yet do not directly
participate in corrupt activities rises at a per capita rate of p, while the population of
those who have been converted increases at a rate of fas a consequence of the transition
from punishment to rehabilitative compartments. This classification contains formerly
convicted individuals who have undergone rehabilitation as part of their sentence and
who have either become susceptible to or resistant to the effects of corruption as a result
of their exposure. Those that retrieved from becoming corrupt due to constitutional
protections with the rate o, and decreased by natural per capita death p. The proportion
of transformed individuals who transfer into the susceptible class is per capita rate c.

Hence, the rate of change in the transformed population is:

% = 0P+ (1— f1)pR— (a+ )T, (5.5)
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As a result of the change from transformed to recovered compartments, the number
of immune humans grows at a rate of a. This category includes those who, no matter
what the circumstances may be, will never participate in dishonest or illegal practices.
Afterwards it went down by udue to natural deaths per capita. Thus, the rate of change

in the population of immune individuals is:

dl

E:(1fc)aT+(1—v)prI, (5.6)

The following system of non-linear ordinary differential equations represents the rel-

evant mathematical expressions based on the aforementioned explanations.

(d

d—fzvﬂ—i—caT—(wC’%—ﬂ)S,

dR

o =wCS + foRC — (p+ 1) R,
dac

o = PR (R +u)C,

AP (5.7)
-0+ pP

dT
EzGP—i—(l—fl)pR—(oH—u)T,
%:(I—C)QT—}—(I—U)H—MI,

(A3
H
ol wC ILW (1-fp (I-9a
S 3 R » T o 1
L2 "

R fir 6 (1—uII

(N /

Figure 5.1: Dynamical Phase Diagram for transmission of corruption in society.
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Table 5.1: Discription of variables and parameters for the model (5.7).

Variables Discription Value

S (t) Group of susceptible people. 300

R (t) Group of risk people. 100

C(t) Group of corrupt people. 50

P(t) Group of punished people. 83

T (t) Group of transformed people. 70

I(t) Group of immune people. 228

Parameters Discription

0 The time rate of change of punished populations who 0.21
enter transformed group

v The time rate of change of corrupt populations who 0.082
enter punished group

I Natural death rate of population 0.0163

« Out flow of the time rate of change of transformed 0.45
populations

fo The transmission coefficient from corrupt group to 0.003
risk group

f1 The time rate of change of populations in risk group 0.51
moving to corrupt group

II Recruitment of populations into the population 70

w Corruption transmission probability per contact 0.01025

P Outflow of the rate of change in the population at 0.0023
risk.

c The time rate of change of populations in transformed 0.043
group moving to susceptible group

v The time rate of change of populations not recruit 0.431

Immune

5.2 Mathematical Model and Formulation
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5.3. Positivity and Invariant region of the

model solution

That perhaps the associated variables of the model (5.7) remain nonnegative is a neces-
sary condition for establishing the epidemiological relevance of the deterministic math-
ematical model (given by Section 5.2). By starting with nonnegative values for time,
it is also possible to explain why the model’s solution will continue to be nonnegative

indefinitely beyond zero. The following lemma holds.

Lemma 5.1: The region ¥ C Rg represents the boundedness and biologically feasible

region for the system (5.7) and are given by

T = {(S(t), R(t), C(t), P(t), T(t), I(t)eRE | 0< sup W(t)gg}(5.8)

t——+o0

Proof. The proposed approach (5.7) is assessed in order to investigate the first

equation.

% = vl + caT — (wC + p) S,

it leads us to the assumption that

ds
< =
o S (wC + ) S,

in keeping with the concept of integration and the exponential growth criterion

ds
2 = S(0)e ,

which implies that

S () > 0.

Likewise, we have R(t) > 0,C(t) > 0,P(t) > 0,7(t) > 0 and I(¢) > 0 for all ¢t > 0.

Thus that the planes S = R = C = P =T = I = 0 are not violated by the model
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solution. We can write the system (5.7) as: if we assume that the entire population can

be represented by the function W (t).

dW (t
®) < I —puW (t). (5.9)
dt
So that, we can write
II II
W) < —— ( - W0> e M, (5.10)
po \p

II
Going to benefit [8] we could really state that, if Wy < —, so that as ¢ — oo, asymptot-
1

11 11
ically, W (t) — — tends to imply that 0 < W (¢t) < —. Thus, all solutions to the current
7 7

model will converge to the reliable region B [26].

5.4. Qualitative analysis of the model

The corruption transmission generation number is a very important part of the analysis
of the mathematical model (5.7). This section will compute and explain the invariant
region and corruption transmission generation number for the given model (5.7), and it

will also investigate

Local stability of its CFE point (see Theorem 5.1).

Global stability of its CFE point (see Theorem 5.2).

Existence and uniqueness of its CPE point (see Theorem 5.3).

Global stability of its CPE point (see Theorem 5.5).

5.4.1. The CFE Point

The variables R = C = P =T = 0 are set in order to preserve a CFE point. In this

case, system (5.7) shows that the CFE point is as follows:

11 1— o)
CFE = (”M,o,o,o,o, (:)> (5.11)
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5.4.2. Corruption Transmission Generation Number

The corruption transmission generation number indicated by R., is a quantitative mea-
sure of the average rate of corruption during a certain time frame. People who are involve
in corruption and have the ability to effect others, making it a contagious problem. In
this section, we construct a new system (5.12) based on the previously suggested system,

which includes just the risk and corrupt population classes and is written as

dR
o (5.12)
o fipR — (foR+~+p) C,

To get the corruption transmission generation number for the system (5.7), a next-
generation matrix approach has been applied here to the system (5.12). This study

generates matrix F and V, i.e.

wCS + foRC p+pR
F: V:

—foRC (v +u)C— fipR

The Jacobian matrix of F and V at CFE, denoted by F and V are given as follows:

0 % D+ p 0
F: V:
0 0 —fip Y w

Therefore, FV™! is the next generation matrix of the model structure (5.12). So, as
described in [5], R. = ¢ (val) where ¢ stands for spectral radius of the next-generation

matrix FV~!. Thus,

wupfiTl woll(p+p)
w(p+p)(y+mu) w
Fv!l =
0 0
So, o (FV71) = #ﬂm = R, where k1 = p+ p and ko = v + u. Therefore
wop fill

T ulptp) () (5:13)
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Now, we use R. to find out if the system (5.7) really had any equilibria. Our next step

is to investigate the CFE stability of the model at the local stage.

Theorem 5.1: The CFFE is locally asymptotically stable if R, < 1.

Proof. Taking the system (5.7) into account, we have the Jacobian matrix J (CFE).

— 0 wZH 0 ca 0
0 —(p+p % 0 0 0
0 pfi —(v+n) 0 0 0
J (CFE) = (5.14)
0 0 v — (0 + p) 0 0
0 —(1-fu)p 0 0 —(a+p) 0
0 0 0 0 1—-c)a —p

the characteristic equation for the system (5.7) is obtained as:

J(CFE) = (=AM —p) (=A%2 =222 (v +p+20) + (p+ p) (v + ) (1 = Re))

(X' =0+ ) (=N = (a+p), (5.15)

From (5.15) we can says that, if J (CFE), meaning that all eigenvalues have to be
negative. Then, at CFE, the system (5.7) shows local asymptotic stability. The proof is
now complete.

Next, we use the method described in [20] to investigate the global asymptotic stabil-
ity of the model (5.7) at the CFE point. The global asymptotic stability of the epidemic
model can be demonstrated by constructing a Lyapunov function satisfying two condi-
tions: (i) the function constructed must be positive and definite, and (ii) The model’s
solution needs certain criteria L’ < —cL to be met by the time derivative of the function,

where c is a positive constant.

Theorem 5.2: The corruption model (5.7) is globally asymtotically stable at CFE if
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R < 1.

Proof. Consider the following Lyapunov function for the creation of the proof of

global stability,
L = LiR+LyC, (516)

where, Lj > 0 for j = 1,2 are constants that may be calculated later. Also, by taking

the derivative of (5.16) and using the equations from (5.7), we have

d. _ , @R .  dC
a — Yar T rar

= L (WCS + faRC — (p+ p) R) + Lo (fipR — (faR+~ +p) C),

= (pfila— (p+p)L1) R+ (M:Hh —(v+p) Lg) C,

Now let’s determine the value for each of the constants L; = Z%Lg and using into the

above equation we get the following:

dL. _ <pf1_pf1(p+,u)>L2R+<’Uwpf1H

=< — (v 4+ LoC,
dt p+p p(p+ p) ¢ M)> 2

by taking Ly = 1, and can be written as

dL
T < GHnR-1C

Here % < 0, whenever R, < 1 and % = 0iff C = 0. Using C' = 0 in the equations of the
model (5.7), we can get (S, R,C, P, T,I) approaches to the CFE for ¢ — oo. Thus, the
CFE point is the largest persistent group ¥ . According to LaSalle’s Invariance Principle,

if R. <1, the system (5.7) is globally asymptotically stable in ¥ .

5.4.3. The CPE Point

In this section, we will investigate whether or not there is a CPE point, which will be rep-

resented by the notation (S*, R*,C*, P*,T*, I*). Consequently, the second equilibrium
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point is the CPE point, which is found as follows:

oIl 4 caT — (wC + ) S = 0,
wCS + foRC — kiR = 0,
fipR— (faR+ ko) C = 0,

+C — k3P = 0,

0P+ (1— f1)pR — ksT = 0,

l-caT+(1—-v)II—pl =0,

where k3 = 6 + 1 and ky = o + p. As a result, we may draw the following conclusion:

Theorem 5.3: The unique CPE point for the system (5.7) is given by

kiky (¢r — k3oc) — pfifakoks (a4 ) (kikop — vp f111)

5= wpfi (¢ — k3 (f2 (a+ p) (kikop — vpfill) — ¢¢))
R kika (a + p) (kikap — vp f111)
bk — k3 (¢c + f2 (o + p) (krkap — vpfill))’
o pfiks (o + p) (kikop — vpfill) pr_ ypfiks (o + p) (kikep — vpfill)
br — k3de ’ k3 (¢ — k3oc) ’
(k1kop — vpfill) (pf1 ((¢r — kade) — foks (o + )
T — (k1kop — vpfill)) Oy + (1 — f1) pkaks)

(r — k3de) (o — k3ge) — faks (oo + p) (kikop — vpfill))’
(1 —c) k2 + cwpfill (1 —v) (¢ — k30)
o ((¢r = ks¢e) — pfoks (a + p) (k1kop — vpfill))
cwppfi (¢ — kape) (P — kage) — pfaks (a4 ) (krkep — vpfill))’

where

¢e = (a+p) (fo (kikep — vpfill) + pfi (kikow + v (foIl = kap)))

ok = ((f1(0y — kaks) + koks) p) cwapfi,

on = (k1 (o — ksge) — pfifaks (o + p) (kikop — vp fill)) (wpfiks (o + )
(kikop — vp fill) + 1 (dr — k3de)) — vpfill ¢k — ksde) (D1 — ksde)

—faks (o + p) (krkop — vpfilI)),
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5.4.3.1. Global Stability Analysis

Theorem 5.4: The system (5.7) does not contain any periodic orbits.

Proof. We use Dulac’s criteria to get the desired results. Well, so let’s say X =
(S,R,C,P,T,I). Using Dulac’s function

C=3p

we are able to obtain

ﬁ_ﬂ+caT_ (WC + )
dt SR SR R
dR  wC  foC Kk

G

i R 5 5
odC _ fir  (LeR+k)C

a S SR ’

qdP _1C _ kP
dt SR SR’
dT_ 0P (1—f1)p k‘4T
a4 SR 5 SR
ﬂz(l—c)ozT_i_(l—v)H_LI
dt SR SR SR’

Thus,

dGX 0 dsS 0 dR 0 dC 0 dP 0 dT
TR (%) T <Gdt> T a0 (Gdt) T ap <Gdt) T ar (%)

0 dI
v (Gdt> ,
0 ﬂ_’_caT_(wC—i—,u) n 0 [wC f.C Kk +i fip
SR SR R oC

Rt 5 5

~ 89S OR S
(f2R+k2)C)+8<’yC’_l€3P>+8<«9P+(1—f1)p_k4T)+
SR OP \SR SR oT \ SR S SR
8((1—c)aT+(1—v)H_uI>
ol SR SR SR)’

vll cal’ wC  foR+ ko ks ka 7

" S2R S2R R SR SR SR SR’
_ vH+caT+g+f2R+k2+k3+k4+,uj
- S2R R? SR ’

<0,
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Hence, a periodic orbit cannot exist in the system (5.7). Finally, the proof is done with
it.

The Poincaré-Bendixson theory states that if 98B is positively consistent, all solutions
to the system (5.7) originate from B and remain there for all ¢t. As a final step in this

discussion, consider the following theorem.

Theorem 5.5: For CPE point the system (5.7) is globally asymptotically stable if

Ro > 1, and unstable otherwise.

5.5. Preliminaries

For the convenience of our readers, we briefly go over a few key concepts from fractal-
fractional calculus in this section. More information on this innovative use of calculus

can be found in [4].

Definition 5.1: Suppose that y (¢) be continuous and fractal differentiable on (a,b)
with order 7 then the fractal-fractional derivative of y(¢) with order e in the Rie-

mann-Liouville sense having power law type kernel is defined as follows:

1 d [*

FFP et m—e=1

DST(y(t) = —— [ (t— d 5.17
0 = g -9 s (517)
where m — 1 < e,7 <m € N and dggf) = limy_ %

Definition 5.2: Suppose that y (¢) be continuous on an open interval (a,b) then the
fractalfractional integral of y (¢) with order ¢ having power law type kernel is defined

as follows:

PRI 0) = s [ =Ty ) as (5.18)

are simply referred to fractal-fractional integral operators. As a result, the suggested
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fractal-fractional operator-based nonlinear fractional model is as follows:

FFPDS’; (S(t) =vll+ caT — (wC + p) S,
FFPDST (R (1)) = wCS + foRC — (p+ 1) R,
FEPDGT (C (1) = AipR — (2R + 7+ ) C,
(5.19)
FEPDGT (P (t) =7C — (0 + ) P,

FEPDGT (T (1) = 0P + (1 — fi) pR — (a+p) T,

FEPDGT (I (1) = (1 —c)aT + (1 — v) T — ul,

where FFP DT (1) is the fractal-fractional derivative of order 0 < e < 1 and fractal di-
mension 0 < 7 < 1 in caputo sense with power law and the variables with the appropriate

initial conditions are supposed to be non-negative.

Lemma 5.2:  Let f is continuous on any open interval (a,b), then the following fractal-

fractional derivative
PEPDGL (F (1) = Y (t) (5.20)

has a unique solution

PO = 1O+ g [ =0T (s ds (5.21)

For Z = C (‘I, ]R6), under the norm for 0 < t < T < oo the Banach space can be

represented by B = Z X Z X Z X Z x Z x Z under the norm given by
W[ = sup|W ()], for WeZ,
te¥

where |W (t)| =[S (t) + R(t) +C(t) + P(t)+ T (t) +I(t)|,and S,R,C,P,T,1 € C(%,R).
Considered here is the model (5.7), in which the fractional differential operators have
a caputo fractal fractional form. This means that the initial (say) model (5.7) may be

transformed into the following

OGS0} = 0,5 1),
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where

FDGIAR()} = Tt @y (8, R (1)),
FDGT{C ()} = 7t 05 (t,C (1)),
CEDSTP(t)} = mt7 ' Dy (t, P (1)), (5.22)
DGAT ()} = 17 s (4T (1)),
DAL} = 77 0 (4, 1(1)),

O (t,1(t)) = vll+ caT — (wC + p) S,

Oy (t,1(t)) = wCS + fLRC— (p+ ) R,

O3 (t,I1(t) = firR— (faR+~+p)C,

D4 (t,1(t) = 1C—(0+p) P,

Q5 (t,1(t)) = 0P+ (1 — fi)pR— (o +p) T,

O (t,1(t)) = (1—c)aT + (1 —v)Il — pul,

Applying the caputo integral, we obtain

S(t) = S(0)+ /Ot(t—§)5_157_1<1>1(&5(5))0557

R = RO+ 5 [ -9 (e REO) e
ct) = cO+ s [ -7 e @)
P = PO+ [ (-0 e b6 P e e
T(0) = TO)+ 505 / - s (€T (€) de.

I(t) = 1(0)+ — /0 (t— &) g (¢, 1(6)) de,

5.5 Preliminaries 147



Ptolemy Scientific Research Press https://pisrt.org/

5.5.1. Existence and uniqueness under Caputo (power

law) case

To illustrate the qualitative characteristics of the solution for model (5.22), we used the
Picard-Lindel’f method and the fixed point theory. We'll start by trying to rewrite the

model (5.22), which now looks like this:

FEPDOTW (1) = @ (t, W (1)), 0<e 7<I,
’ (5.23)
W (0) =Wy >0, t€[0,7] and (T < o0)
where
S(t) 5(0) = So Oy (2,5 (1))
R () R(0) = Ry &, (1, R (1))
W () = C(t) W)= CO)==C | _ Wo, B W) = ®3 (t,C (1)) |
P(t) P(0)=h Dy (t, P (1))
T(t) T(0) =Ty @5 (t, T (1))
1(t) 1(0) =1Io P (t,1(1))
In the view of Lemma 5.2, the system (5.23) yields
_ T ! el gr—1
W) = WO+ 5 [ -9 e ©)de
Furthermore, ® satisfies
1@ (&, W1 (8) =@ (&, Wa (&)l < Lo [Wi(€) —Wa (8], Lg >0. (5.24)

We define again the following mapping

W) = WO+ s [T e e e w @) e

JAW (6) =W ()] < T =6,
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which is the suppps [ = § and § < ———--5k—. Also by taking Wi, Wa € C'[I, (tn) , Ay (tn)],

eTa™te=3B(e,T)

we evaluate the following

eLt

HAW1 —AWQH < m

B (e, T)a" T3 (5.25)

Therefore, the contractive characteristic can be achieved if

I (e)
L 5.26
< eTa™t< 3B (e, 1) ( )
Consequently, if the preceding condition holds and
Tr
K < ) (5.27)

era™t 3B (e, 7)

If this is the case, then we have proved that there is a unique solution to the problem

under the power law.

Definition 5.3: Suppose that & € C (S x RS, ]R), then for 0 < ¢, 7 < 1 the system
(5.20) is said to be Hyers—Ulam stable if there exists §,Cy > 0 such that, for each

solution Y € Z satisfies

HFFPDS’;Y () — @ (t,Y(t))H <4, Vo tes, (5.28)
there exist a solution Y € Z of (5.20) with
V(1) =Y (t)| < 6Co, V teg, (5.29)

where § = max (5j)T and Cp = max (Cq>j) , j=1,2,3,4,5,6.

Definition 5.4: Suppose F € C (T, Rt)and ® € C (‘I x RS, ]R), then for 0 < e,7 <1
the system (5.20) is said to be Hyers-Ulam-Rassias stable if there exist Cp p > 0 such

that, for each solution Y € Z satisfies

|7rrpgy 1~ @ (1Y @) < o) votes  (530)
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there exist a solution Y € Z of (5.20) with

V(1) =Y (t)| < 6CocG(t), V teg, (5.31)

where Cg ¢ = max (C’q,j,Gj)T and G = max (Gj)T, j=1,2,3,4,5,6.

Lemma 5.3:  Let § > 0, and if there exist a function g (t) € Z, which satisfies

(1) f(t) <0, V teg
(ii)) TEFPDGTY (1) =@ (t,Y (1)) + f(t), VteF f=max(f;)", j=1,2,3,4,56.

then the function Y € Z satisfies (5.28).

Lemma 5.4: Let F' € C (T, R), and if there exist a function g* (t) € Z, which satisfies
(i) f*(t) <9, V te§
_ _ T
(ii) FFPDGTY (1) = ® (6, Y (£)+/* (1), Vt€F f*=max (f;) . j=1,2,3,4,5,6.

then the function Y € Z satisfies (5.30).

5.5.2. Hyers-Ulam Stability

Here we examine the Hyers-Ulam and Hyers-Ulam-Rassias stability of the suggested
model (5.23). The importance of stability in approximating a solution motivates us to
perform a nonlinear functional analysis of the many forms of stability in the present

model.

Lemma 5.5: If W satisfies the integral inequality given by (5.32) then W € Z satisfies
by the system (5.23)

'W(t)—Wo— s [e-geeew o < v 6

T(e)

where T 1= (Bif(’z)ﬁ).

Proof.  According to Theorem 5.27 with (ii) of Lemma 5.3, the system exist

FEPDGTW () = @ (6, W (1) + f (1), teg
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W (0) = Wy >0,
and has a unique solution

W) = Wot s /0 (-7 e (@ (EW () + f(6)) de.

It continues to follow from (i) of Lemma 5.3 that

T

'W - o [ -9 o e (6)

T ! e—1 ¢7—1

= sup
teyF
<s (-6 1£T‘1|f(£)|d£>,
< sup (t—&te 1d5>
teS
< 7
- (
< Y.
Theorem 5.6:

Suppose that ® € C (‘I x RS, ]R) and the system (5.24) satisfies the condition

1 —"Lg > 0, then the system (5.23) is said to be Hyers-Ulam stable.

Proof. Let W € Z be a unique solution for the system (5.23), and W € Z satisfies
by (5.30). Then, by taking the Lemma 5.3 into consideration, for any 6 > 0, t € T we

have

HW—WH = sup|W—W’,

o
= sup W — Wy - ﬁ /Ot (t=OTHIB (W ()
< sup|W o - [- g e (7 (©)
roup| T - e (@ (6 () — B (6 W (6))
< Tors (s [ - (@ (6 () — B (6 (6)) ).
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IN

T4 + sup (T / = e Ly W () = W (©)] dg) ,

teg \I'(€)
T ! e—1 p07—1 T
< Y sw (s [ -0 e ) L W O - W 0.
< 1o+ (BT Lol @ - w9,
< TS5+ YLe |W-W|,

which implies that

[ - W] < Cas

Y

where C(I) = W
- (i}

Theorem 5.7:
Suppose that ® € C (T x RS, R) satisfies (5.24) and G € C (%,R") be an increasing
function implies that the system (5.23) is Hyers-Ulam—Rassias stable with respect to G

on %, such that
FEPJSIG (1) < CpG (1), Cr > 0. (5.33)

provided that 1 — Y Lg > 0.

Proof. Let us assume that there exists exactly one solution W € Z to the system

(5.23). So, considering Theorem 5.27, we arrive at

W) = WO+ /0 (t— € D (W (€)) de.

On consideration of (5.28) and (5.30), we have

‘W(t)—Wo—er) / <t—5>f-1s”<1><f,w<§>>ds' < §CG (1)

Hence

{W - W’ = sup
teF

W — Wy — ﬁ /0 (t— & 1D (6, W (€)) d&‘ ,
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. o e—1 ~17—1
< sup W = TWo - <>/( O (6 (©)
Fsup| / JLE (@ (6, (€)) — D (€, W (€))
teg

< 5CuC (i +§1€1§< Lo (@ (6 (6) — B (6.W(£))) df),

< 606G (t +sup< (t—&) e L ‘W (f)‘df);
teF

< §CeG(t +sup< (t—& ¢ 1d€> Lo |W (&) =W (&)],
teF

< 506G (1) + (Bg(?) La [W (6) — W (€],

< 6CeG (t) + YLo |[W — W/,

which implies that

HW — WH < 0Co,cG (t) (5.34)

Ca

where C<I)7G = m

5.6. Numerical scheme

In this part, we’ll talk about the fractal fractional model (ref:sys:model FFP), which
Caputo defines as the differentiation operator. Here, we add the fractal dimension to the
aforementioned mathematical model sys:model FFP in order to capture self-similarities.
It is possible to modify the aforementioned equations to apply to the Volterra type
integral because the fractional integral is differentiable. Thus, the Riemann-Liouville

fractal-fractional derivative is written as

1 d [t . 1
1“(1—e)dt/0 (t—7) f(T)d7'$,

such that system sys:model FFP becomes

FEDGT (S (1) = 7t7 ol + caT — (WC + p) 5],
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REDGT (R (1) = 77 wCS + faRC — (p+ ) R,
REDST(C(t) = 77 [fipR — (f2R+7 +p) €],
FEDGT (P () = 7t [yC — (0 + p) P,

FEDGT(T (1)) = 7t™ 1 [0P+ (1= fi) pR — (a+ p) TY,

REDGT (I (1) = 77 M (1= c)aT + (1 = v) 1T — pl],

Now, the Caputo derivative stands in for the Riemann-Liouville derivative such that the
integer-order beginning conditions can be used. Then we integrate both sides using the

Riemann-Liouville fractional integral, leading to the following

S() = S0)+ 575 / e (-7 @ (6.5 () de,
R(t) = R<o>+Fz)/ & (1 — ) 0y (&, R () d,
Clt) = C0)+ 7 / EE - T 0 (€. C9) de.
Pt) = /sf Lt — &) 04 (6, P () de.
T(t) = T(0) F()/ £ (- @5 (6T () de,

/0 € (- € g (6,1 (€)) de,

Here, we give a thorough explanation of how the numerical approach was developed.

Thus, at t,4+1 we have

tnt1

S (ther) = 5(0)+ 175 /0 € (s — O D1 (6,5 () e,
R(tn+1) = R(0) + er) /0 . € (tapr — &) @2 (&, R(9)) dE,
C (tas1) = C(0) + r@)/om &7 (tar — )1 05 (€,C (€)) de,

P(tny1) = P(0) +

s [ e -9 e P©) s

T

T(tun) = TO)+ 515 /0 T (s — ) By (6,7 (€)) di,

T

Fltt) = TO+ 55 [ €7 b =0 @61 (€)
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Taking the difference between the consecutive terms, we obtain

n

S(tuin) = SO+ =Y / T (- O @1 (6,5 () e,

(€) 0 tk

—

T

n tht1
Rita) = RO+ 7530 [ €7 (e =0 826 R(E) d.
k=0""k

T

Cltarn) = CO+ g3 [ € b =97 (6,0 @) e
k=0 "tk

n

Pltas) = PO+ 175 Y / T (s — T @ (6, P (9)) d,
k=0"tr

T

T (tns1) = T(0) + T () Z/ - 7 (o1 — )T 05 (6, T (€)) e,
k=0"tk

n

Lltgn) = T(0)+ =3 / T (e — ) D (€T (€)) e,

(€) 0tk

—

If the function £771® (&, W (€)) is approximated over the finite interval [t;,¢,1] for j =

1,2,3,4,5,6 and W = [S,R,C, P, T, I ]T using the Lagrangian piece-wise interpolation

such that
Pl () = f‘_’;t@ (15,8 (1)) - tf_‘tjjlt;_%@l (t-1,8 (t51))
P (¢) = fj‘_z_llt;%s (t;.C (1)) - ;_‘tjj_lt;_%@s (t;1,C (t5-1)).
Pi(e) = fj‘_Z‘llt;-lcm (1, P (1)) - tf_‘tjflt;:%@ (1, P (t1),
Pi (&) = mt;‘1®5 (t;, T'(t5)) — tf__tjj_lt;-‘%% (tj—1, T (tj-1)),
PHO = U 01 (1) - 1 e o T 00).

Thus, we obtain

T

n lkt1
S(t) = SO+ 7Y [ € i~ PEO &
k=0""k

n

tet1
R (tn—H) =R (O) + u Z/t 57_1 (tn-l-l - 5)671 PI% (5) df,

(6) =

!

T

n Tyl
Cltan) = CO+ 553 [ € a9 PEO e,
k=0""k
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n

lkt1
Plta) = PO+ 553 [ 6 =97 PLEO de
k=0""k
T = Bt T—1 e—=1p5
Tltn) = TO)+ 753 [ € =0 PR ds.
k=0""k
R o A e—1 16
Tten) = 1O+ =3 [ € (=0 L) a.
k=0""k

The following numerical scheme is obtained by solving the integrals of the right-hand

sides

FT((&A_zé) Z [tz_l(ﬁl (tk, S (tk)) X ((n +1- k’)e X

k=0
(n—k+2+€¢) —(n—k) (n—k+2+2€) — 1~}

S (tns1) = S (0) +

D1 (b1, S (te1) (1= R = (=) (n—k+1+0))],

rT((eAJf)z) D[t o (s, R (8)) X (0 41— k) x

k=0
(n—k+2+€) = (n—k) (n—k+2+2€) - 17~'x

R(tp+1) = R(0) +

@ﬂquumqnx(m+1—mﬂi—m—kym—k+1+qﬂ,

C(tn_H) = C(O) + IT((EA—;S);) Z [t;;_l‘pg (tk,C (tk)) X ((TL +1- k>€ X
k=0

(n—k+2+e) —(n—k)(n—k+2+2€)—t; |

@ﬂquugqnx(m+1—mﬂi—m—kfm—k+1+qﬂ,
I?—((eA_i);)kZ:O[tZ_ICIM (tk,P(tk)) X ((n+1—k)e><
n—k+2+¢€ —(n—k) (n—k+2+2€))—t; 1x

P(tus1) = P(0)+

@MQAJ%QA»X(W+1—MHJ—M—kYM—k+1+dﬂ,

]QgR;E:WAQN%TUHWNW+1—M%<

k=0
(n—k+2+€ —(n—k) (n—k+2+2) — ] }x

T (tns1) = T(0) +

@5 (b1, T (te1)) x (1=K = (0= K) (n =k +1+))],

FT((EAJ)QE) D[t e (t I (1) % ((n+ 1~ k) x

k=0
(n—k+2+¢) —(n—k) (n—k+2+2) -5 1x

I(tny1) = 1(0)+

@ (1, L (1) x (n+ 1= BT = (=K (= k+1+9)] |
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5.7. Results and Simulations

The dynamics of the population densities for the proposed model with different fractal-
fractional order derivatives are plotted in Fig. 5.2. These simulations provide valuable
insights into the effects of varying parameters on population density. By validating the
analytic conclusions from previous sections, these numerical results confirm the accuracy
and reliability of the model (5.7). The importance of these numerical findings cannot
be overstated, as they contribute to a deeper understanding of population dynamics
and their relationship with fractal-fractional order derivatives. By exploring a range of
parameter values, we can observe how different factors influence population density over
time.

In Fig. 5.2a, the population that is exposed to corruption continues to grow, leading
to a rapid spread of corruption, as depicted in Fig. 5.2b. Interestingly, the density of
the corrupted population decreases with an increase in the fractal-fractional order, as
observed in Fig. 5.2c. On the other hand, both the punished and transformed population
densities show an increase with the increase in fractal-fractional order, as illustrated
in Figs. 5.2d & 5.2e respectively. Moreover, there is a noticeable rise in the immune
population density as the fractal-fractional order increases, as evidenced by Fig. 5.2f.
This suggests that higher levels of fractal-fractional order may contribute to a more
effective immune response against corruption.

The increase in immune individuals is a positive sign, as it indicates that the corrup-
tion is losing its grip on the population. The efforts to control and mitigate the spread
of the corruption seem to be paying off. However, it is crucial to remain vigilant and
continue practicing preventive measures to ensure that the progress made so far is not
undone. By maintaining a high population density of immune individuals, we can hope
to achieve herd immunity and protect those who are still susceptible. It is crucial to pri-
oritize the implementation of anti-corruption policies and to encourage people to uphold
the law in order to further increase immunity levels against corruption. With collective
efforts and perseverance, we can overcome this challenging period and restore normalcy
in our communities. This can be achieved by implementing strict anti-corruption mea-
sures and promoting transparency in all sectors of society. Additionally, educating the

public about the detrimental effects of corruption and the importance of reporting any
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Figure 5.2: Population densities with Atangana Beleanu Caputo derivativs under fractal

fractional operator for differet values of € and 7.

suspicious activities can help reduce the contact rate between corrupt individuals and the
susceptible population. It is crucial to strengthen law enforcement agencies and ensure
that they have the necessary resources to effectively investigate and prosecute corruption

cases. Furthermore, fostering a culture of integrity and ethical behavior within institu-
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tions can create a deterrent for individuals tempted to engage in corrupt practices. By
taking these proactive steps, we can gradually diminish the influence of corruption and
protect our communities from its harmful consequences. Together, we can build a society

where honesty and fairness prevail, ensuring a brighter future for all.

5.7.1. Discussion/Recommendations

In Fig. 5.3, it is possible to observe how the parameter w affects the most sensitive people.
As the S population decreases as w rises from 0.2 to 1.0, this shows that the population’s
susceptibility to corruption decreases as w rises. This decrease in susceptibility can be
attributed to the fact that higher values of w lead to a stronger emphasis on individual
values and beliefs, making it less likely for individuals to be influenced by corrupt prac-
tices. Additionally, as w increases, individuals become more aware of the consequences
of corruption and are more inclined to resist it. This can be seen in the decreasing trend
of corruption cases as w rises. Therefore, it can be concluded that increasing w has a

positive impact on reducing corruption and promoting integrity within the population.

350

—_—=02
w=04
w=0.6

— = 0.8

— = 1.0

Population Density

. . . . . . . . .
0 10 20 30 40 50 60 70 80 90 100
Time in days

Figure 5.3: Susceptible population density for different parameteric values.

In Fig. 5.4, we see how the parameters fo and p influence the possibility that a person
will become corrupted and the probability that they will become corrupted themselves.
The risk population falls as the value of the parameter fo rises from 0.0003 to 0.0007 as
shown in Fig. 5.4a. The effect of the parameter p is displayed in Fig. 5.4b, which reveals

that the risk population grows as the value of p rises from 0.002 to 0.010. These findings
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highlight the importance of considering both parameters in understanding and address-
ing corruption risks. By carefully examining their impact, policymakers can develop

effective strategies to mitigate corruption and protect individuals from its detrimental

effects.
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Figure 5.4: Risk population density for different parameteric values.

In Fig. 5.5, we see how the parameters v and 0 affect persons who have been pe-
nalised for either direct or indirect participation in corrupt actions. As shown in Fig.
5.5a, the penalized population increases as ~ increases from 0.1 to 0.9. The effect of
parameter 6 is seen in Fig. 5.5b. When 6 values grow from 0.2 to 1.0, the penalized
population declines. This suggests that a higher value of v leads to a greater number of
individuals being penalized for their involvement in corrupt actions. On the other hand,
increasing the value of 6 has the opposite effect, resulting in a decrease in the number
of individuals who are penalized. These findings highlight the importance of carefully
selecting and fine-tuning these parameters when implementing policies aimed at combat-
ing corruption. By understanding how different values of v and € impact the penalized
population, policymakers can make informed decisions to effectively address corruption
and its consequences. Ultimately, finding the right combination of parameters can help
create a fair and just system that discourages corruption and promotes integrity within
society.

In Fig. 5.6, we see how the parameters f2, p, and y affect those who are either directly

or indirectly involved in corrupt activities. As can be seen in Fig. 5.6a, as the value of
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Figure 5.5: Punished population density for different parameteric values.

the parameter fo rises from 0.0003 to 0.0007, the corrupt population decreases. The risk
population decreases as p decreases from 0.002 to 0.010, as shown in Fig. 5.6b. It is
also observed that, for a given =, increasing it from 0.1 to 0.9 results in a corresponding
decrease in population density. This suggests that stricter enforcement measures and
higher penalties for corruption can effectively deter individuals from engaging in corrupt
activities. Additionally, reducing the overall risk of detection and punishment by imple-
menting comprehensive anti-corruption policies can also contribute to a decrease in the
corrupt population. It is important to note that these findings hold true for both direct
participants in corruption and those indirectly involved, emphasizing the need for a com-
prehensive approach to tackling corruption. Furthermore, the impact of these factors on
population density highlights the interconnected nature of corruption and its effects on
society as a whole. By addressing these key variables, policymakers can work towards
creating an environment that discourages corrupt behavior and promotes transparency
and accountability.

Parameters «a,p and 0 have been shown in Fig. 5.7 to illustrate the after-effects of
corruption-related punishments for those who have been transposed. As can be seen in
Fig. 5.7a, the transpose population grows as the parameter o decreases from 0.8 to 0.4.
In Fig. 5.7b, the effect of parameter p is shown. This shows that as p goes from 0.002
to 0.010, the risk population goes up. In Fig. 5.5b, we see the impact of changing 6
from 0.2 to 1.0. The risk population experiences a noticeable increase as 6 increases, in-

dicating a higher susceptibility to corruption-related punishments. This finding further
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Figure 5.6: Corrupted population density for different parameteric values.

emphasizes the need for stringent measures and effective deterrents against corruption.
By understanding the interplay between different parameters, such as «, p, and 6, pol-
icymakers can devise strategies that effectively combat corruption and its detrimental
consequences. It is crucial to address this issue comprehensively and implement measures

that not only punish wrongdoers but also prevent corruption from taking root in society.

5.8. Conclusion

In this study, we provide a fractional order model of corruption dynamics in society that
has six different compartments. A fractal-fractional derivative in the caputo sense, with
power-law, was used to develop a mathematical model of corruption dynamics. We have

also shown that the solutions are positive and bounded in the biologically feasible region.

162 Chapter 5. Modeling and Analysis of Corruption Dynamics in Society under
Fractal-Fractional Derivative in Caputo Sense with Power-Law



Ptolemy Scientific Research Press https://pisrt.org/

70 T T T T T T T T T 70
e (¢ = ().8 e ) = (0.002
a=0.7 p = 0.004
60 a=0.6]1 60 p=0.006|
—_—=05 p = 0.008
—_——04 —_— = 0.010
_ 50 1 . 50 1
Z Z
5] 3
A 40 A 40
= =
g .8
el =}
= 30 = 30F
= =
=3 =
9 9
A~ ~
20 20
10 10
0 : 0
0 10 20 30 40 50 60 70 80 90 100 0 10 20 30 40 50 60 70 80 90 100
Time in days Time in days
(a) (b)

! !
—_—0 =02
0=04]{
— =06
—_—0=038| |

—) = 1.0

Population Density
B w (2]
o o o

%}
S

h
0 10 20 30 40 50 60 70 80 920 100
Time in days

(c)

Figure 5.7: Transposed population density for different parameteric values.

Existence and uniqueness of solutions are established using the fixed point technique
and the Picard-Lindelf approach. In addition, we have provided the Hyers-Ullam as well
as Hyers-Ullam-Rassias stability results for the model under consideration. At the end,
various different graphical representations of the findings that were acquired from the
calculation are presented.

The corruption-free and CPE points had also been examined. The corruption trans-
mission generation number is calculated by using the next-generation matrix approach,
and with the help of jacobian matrix it is shown the CFE point is locally asymtotially
stable when Rg < 1 unstable otherwise. The morally corruption-free and the CPE points
were shown to be globally asymptotically stable by Lasselle’s invariance principle of Lya-
punov functions wherever Rg < 1 and Ry > 1, respectively. We then perform numerical

simulations to verify the theoretical analysis and investigate the existence and stability
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of equilibria.

By examining the concentrations and behaviors illustrated in Fig. 5.2, we gain valu-
able insights into how the model accounts for these variations. The impact of the different
factors on the population’s trend, as can be seen in Figs. 5.3,5.5,5.4,5.7, & 5.6, is crucial
in understanding the dynamics of changing populations. This comprehensive approach
allows us to analyze and interpret the complex interplay. Through a comprehensive ap-
preciation of these dynamics, we can work toward a balance between human prerequisites
and those of existing eco-systems. The following policies are made to stop people from

getting involved in or spreading corrupt practices:

1. Strengthening the Legal Framework: It is crucial to enhance the legal framework to
combat corrupt practices effectively. This includes enacting stricter laws, increasing
penalties for corruption offenses, and ensuring swift and fair trials. By doing so, we
can create a deterrent effect and discourage individuals from engaging in corrupt
activities.

2. Promoting Transparency and Accountability: Transparency and accountability are
essential in preventing corruption. Governments should implement measures such
as mandatory financial disclosures for public officials, regular audits of government
agencies, and the establishment of independent anti-corruption bodies. These ini-
tiatives will help identify and address corrupt practices promptly.

3. Strengthening Transparency and Accountability: Implementing robust mechanisms
to ensure transparency and accountability in all sectors of society is crucial. This
includes promoting open access to information, enforcing strict financial regula-
tions, and establishing independent oversight bodies to monitor and investigate
corrupt practices.

4. Enhancing Education and Awareness: Investing in education and awareness pro-
grams that highlight the detrimental effects of corruption is essential. By educating
individuals from a young age about the importance of integrity, ethics, and the rule
of law, we can foster a culture that rejects corrupt practices.

5. Empowering Whistleblowers: Creating a safe environment for whistleblowers to
come forward with information about corruption is vital. Offering legal protection,

anonymity, and incentives for reporting corruption can encourage individuals to
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expose wrongdoing without fear of retaliation.

6. Strengthening Law Enforcement: Equipping law enforcement agencies with the
necessary resources, training, and technology is crucial in combating corruption
effectively. This includes improving investigative techniques, enhancing cooperation
between different agencies, and ensuring swift prosecution.

7. Enhancing International Cooperation: Corruption often transcends national bor-
ders, making international cooperation crucial in tackling this issue effectively.
Sharing information, best practices, and intelligence with other countries can help
identify and disrupt transnational criminal networks involved in corruption schemes.
Collaborating on extradition treaties and mutual legal assistance agreements can
facilitate the prosecution of corrupt individuals who seek refuge abroad. Addi-
tionally, participating in international anti-corruption initiatives like the United
Nations Convention against Corruption (UNCAC) can demonstrate a country’s
commitment to combating corruption on a global scale.

8. Empowering Civil Society: Engaging civil society organizations, including non-
governmental organizations (NGOs) and community-based groups, is vital in the
fight. These organizations play a significant role in raising awareness, monitor-
ing government activities, and advocating for transparency and accountability. By
empowering civil society, countries can create a more inclusive and participatory
approach to combating corruption, ultimately leading to a more effective and sus-

tainable anti-corruption effort.

It is hoped that this work would aid scholars in their quest to define and foresee global
corruption. The overarching purpose of this study is to learn whether effective policies
will influence subsequent corruption actions, punishments, and recoveries. Because of
this, we may move forward with confidence in our ability to solve the aforementioned
problems or at least mitigate their impact.
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