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Preface

One of the most profound and widely applicable inequalities in modern mathematical analysis
is Jensen’s inequality for convex functions. Its utility spans a remarkable range of disciplines,
from information theory and economics to functional analysis and numerical approximations. In
2003, A. McD. Mercer obtained a seminal variant of this inequality, now famously known as the

Jensen—Mercer inequality:

/ ( tb—om Zwm) < Jla) + £0) — 5 D wif ),
"i=1 "i=1

for a convex function f : [a,b] — R, points z1,...,x, € [a,b], and positive weights w1, ..., wy,
with W, = > | w;. This elegant result reframes the classical inequality by providing a bound
that incorporates the endpoints of the interval, offering a new perspective and powerful tool for

establishing other inequalities.

This book is born from the vibrant and extensive research activity that Mercer’s initial result
has inspired over the past two decades. Our primary aim is to compile, systematize, and present
the vast array of developments, refinements, generalizations, and applications stemming from
the Jensen—Mercer inequality and its integral analogue, the Jessen—Mercer inequality. We have
endeavored to create a comprehensive reference that gathers scattered results from the literature
into a single, structured volume, making it an invaluable resource for researchers and graduate

students in mathematical analysis and its applications.
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Chapter 1 lays the foundation by presenting the classical Jensen—-Mercer and Jessen—Mercer
inequalities. It discusses their essential bounds and establishes the fundamental framework upon

which the entire book is built.

Chapter 2 is dedicated to the refinements of these core inequalities. We explore various ap-
proaches to obtaining sharper bounds, including those associated with positive n-tuples and the
use of index set functions. The chapter also demonstrates the immediate applications of these
refinements to the theory of power means and other classical means, highlighting the practical

implications of the theoretical advances.

In Chapter 3, we turn our attention to the converses of the Jensen—Mercer and Jessen—Mercer
inequalities. This chapter provides refinements of these converse inequalities and ventures into
a significant generalization by examining these concepts on convex hulls in R¥, extending the

theory to higher dimensions.

Chapter 4 investigates means of Mercer type, exploring their properties and relationships. A
key focus here is on the concept of exponential convexity. We present mean value theorems associ-
ated with the Jensen—Mercer functional and delve into n-exponential and logarithmic convexity,

providing a robust analytical framework for these new classes of means.

Chapter 5 showcases how the Mercer concept can be used to derive variants of other well-
known inequalities. This includes novel forms of the Jensen-Steffensen, éebyéev, and Pecari¢
inequalities, as well as an inequality of Milne, demonstrating the unifying and generative power

of the Mercer framework.

The concept of the normalized Jensen—Mercer functional is introduced and studied in Chapter
6. We establish bounds for this functional and investigate its various properties, particularly in

the discrete case, providing a deeper understanding of its behavior.

Chapter 7 extends the theory beyond convexity to the realm of superquadratic functions. We
present variants of the Jensen-Steffensen and Jessen inequalities of Mercer’s type for this broader

class of functions, showing the adaptability and scope of the initial idea.

Chapter 8 generalizes the Jensen—-Mercer inequality to multivariate functions. This includes
results for P-convex functions and functions with nondecreasing increments. The chapter also

contains generalizations and refinements of celebrated inequalities like those of Cebysev and



Hoélder, derived within this multivariate Mercer context.

Chapter 9 elevates the discussion to the operator level, presenting the Jensen—Mercer inequal-
ity in the setting of Hilbert spaces. This operator-theoretic perspective allows for applications
to various operator means, bridging the gap between classical inequality theory and modern

operator theory.

Chapters 10—-20 delve into more specialized and advanced topics. These include:

e Fractional Integral Inequalities: Exploring Hermite-Hadamard-Mercer type inequalities
via various fractional operators.

e Information-Theoretic Applications: Deriving new estimates for Csiszar divergence and
Zipf-Mandelbrot entropy.

e Numerical Analysis: Developing Simpson-Mercer-type inequalities with applications to spe-
cial functions.

e Ostrowski-Mercer Inequalities: Establishing new bounds and generalizations of Ostrowski-
type inequalities within the Mercer framework, connecting pointwise estimates with integral
means.

e Dynamic Calculus: Generalizing the inequality on time scales for both the A- and -

integrals, with applications to models in economics.

The book concludes with a dedicated chapter of Concluding Remarks, which serves a
dual purpose. It provides a reflective synthesis of the most significant recent advances from the
years 2024 and 2025—covering trends like refinements via strong convexity, fractional extensions,
and information-theoretic applications—while also formally marking the end of this edition’s
coverage. This final chapter outlines the rationale for concluding the volume at this juncture
and offers a perspective on open questions and promising future research directions, providing a

natural bridge for subsequent research and potential future editions.

Finally, the Appendix provides a concise overview of essential concepts related to convexity,

operator convexity, and classical inequalities, making the book more self-contained.

This volume is the culmination of a concerted effort to map the extensive landscape shaped

x1



by the Jensen—Mercer inequality. We believe it not only serves as a definitive reference for existing
results but also as a catalyst for future research, pointing towards uncharted territories and open
problems. We are deeply grateful to the global community of analysts whose brilliant work made

this compilation possible.

Astr R. KHAN, INAM UrLAH KHAN KUNDI AND JOSIP PECARIC
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CHAPTER 1

Jensen—Mercer and Jessen—Mercer Inequalities for Convex Functions

The Jensen—-Mercer and Jessen—Mercer inequalities constitute significant variants of the classical
Jensen inequality for convex functions. These inequalities provide sharper bounds and struc-
tural flexibility, making them valuable tools in modern convex analysis and inequality theory.
In this chapter, we present the Jensen—Mercer inequality, derive key bounds, and examine the
Jessen—Mercer extension as a related but distinct generalization. The results established here

form the analytical basis for further advanced developments in subsequent chapters.

1.1 Jensen—Mercer Inequality

In 2003, Mercer [174] obtained a new variant of Jensen’s inequality which we would refer to as
Jensen—Mercer inequality. Throughout this book, when using the interval [a, b], we assume that
—o0 < a<b<oo.

To prove the Jensen—Mercer inequality, we shall need the following lemma from [174]. In this
lemma, the inequality (1.1) is, in fact, a special case of Szegd’s inequality; for details, see [204,

p. 161].

Lemma 1.1: If f : [a,b] — R is a convex function, then for any x € [a,b], the following
inequality holds
Flatb—a)<f(@)+f0) - f@). (1)
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Proof: For every z € [a, b], there exists a unique A € [0, 1] such that z = Aa + (1 — ) b.

Since f is convex, we have

fla+b—x)=f(a+b—Xa—(1—-X)b)
=f((1=Xa+ A\
<A =X f(a)+Af (D)
=f(a)+f(b) = (Af(a) + (1= A) f (b))
< fla)+ f(b) = f(Aa+(1-A)b)
=f(a)+ () - f(z).

]
Remark 1.1: It is easy to check that for a real n-tuple w = (wq,wa, ..., wy) satisfying W, =
Yo, w; =1 and for arbitrary n-tuple @ € [a,b]" inequalities
n
a <> w <b (1.2)

hold. Furthermore, (1.2) implies a +b— > """ | w;z; € [a,b].

Theorem 1.1(Jensen—Mercer Inequality): If f is a convex function on an interval [a,b],
x = (x1,...,2,) € [a,0]" and if w = (w1,...,wy,) is a nonnegative n-tuple with y ;" w; = 1,

then following inequality holds

f<a+b—szxz><f szf x;) . (1.3)

Proof: By Jensen’s inequality (A.7) and by inequality (1.1), we have
! <a+b— Zn:wza:z> =f <§:wi(a+b—xi)>
i=1 i=1
< zn:wif(a‘Fb—ﬂ?i)
i=1
< wi(f (@) + F )~ f (@)
i=1

- Z w; f (331') .
i=1

2 Chapter 1 Jensen—Mercer Inequality for Convex Functions
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s

O

Remark 1.2: 1. If in Theorem 1.1 the condition W,, = 1 is replaced with W,, > 0, then the

inequality

f (“*b_v;n;“’m) gf(a)+f<b>—vénizlwif<xi>

holds. It is another form of Jensen—Mercer inequality.

2. In [174], author assumed that 0 < x; < 22 < -+ < x,. In our opinion this supposition is

extra as positivity and order of elements are not necessary.

3. Instead of considering end points of the interval a and b, we can also consider m =

ZE{{)%mn}{acl} and M = ie{r&e}.).("n}{xi}, see for example [137].

4. An interesting alternative proof of Theorem 1.1 is based on Theorem A.29 can be found

in [8] using & in place of @, 1 in place of y and p in place of w.

Moreover, the Jensen—Mercer inequality remains valid for the weights satisfying the conditions

as for the reverse Jensen’s inequality (see Theorem A.7).

Theorem 1.2: Let wy,...,w, be real numbers such that

w; >0, w; <0 (i€{2,...,n}), W,>0.

Let [a,b] be an interval in R, and x1,...,z, € |a,b] such that ﬁ Yo wim €

convez function on [a,b], then (1.3) holds.

(1.4)

[a,b]. If f is a

Proof: Weights wy,...,w, satisfy the conditions (1.3) and W%Z?:l w;x; € [a,b], so by in-

equality (1.1) and by the reversed Jensen’s inequality (A.10), we have

f (a+b— V[lfzwi:m) <fla)+fb)—f <M1/wa> < @)+ ) ~ oo o wif (z).
n =1 "i=1 "=l

In [242|, Witkowski gave another proof of Theorem 1.1 stated as under:

O]

Theorem 1.3: Under the assumptions of Theorem 1.1, the inequality (1.3) holds. For concave

function the inequality (1.3) reverses.

Proof: For every x; € [a,b], we choose \; € [0,1] such that z; = (1 — \j)a + \;b.

By using Jensen’s inequality three times, we have

Chapter 1 Jensen—Mercer Inequality for Convex Functions
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f(a—i—b—iwixi): <sz (1= a+)\b)>

pa
<Zw,f 1 —\)a+ \b)
<sz = X)f (@) + Aif (b))
—sz if (@) + F(b) = (1= ) f (V)]
= fla) + f(b) - Z;w Xif (@) + (1= X)f (b)]
< fla) + f(b) - iwif (i)

O
In 2005, in paper [8] was proved that the Jensen—Mercer inequality remains valid for the

weights satisfying the conditions as for the Jensen-Steffensen inequality (see Theorem A.6).

Theorem 1.4: Let [a,b] be an interval in R, let x = (x1,...,xy,) be a monotone n-tuple from
[a,b]" and let w = (w1,...,wy,) be a real n-tuple satisfying (A.9). If a function f : [a,b] = R is

convex on [a,b], then inequality (1.3) holds.

Proof: First assume that x is increasing. Set m = n + 2 and define the m-tuples y and v as

Yy1=a, Y2==T1, Y3=2T2, ..., Yntl=7Tn, Ynt2=0",
1 w1 w9 Wn, 1
v=1, v=———, v3=——"—, ..., U =——, v = 1.
1 2 Wn 3 Wn n+1 Wn n+2
j
Then, for j € {1,...n}, V; = > v; =1- sz = —Zw, and Vy 1 = 0, Vijo = 1.
=1 =J

Hence, the m-tuples y and v satisfy the condltlons of Theorem A 6 and we can apply the Jensen-
Steffensen inequality on them to get inequality (1.3) . In case « is decreasing we simply replace
x and w with & = (zp,...,21) and w = (wy,...,w,) respectively, and then argue in the same

way. [

Remark 1.3: In article [7], the authors have also considered the equality case. They stated
that:

If f is strictly convex, then the equality holds in (1.3) <= one of the following two cases

4 Chapter 1 Jensen—Mercer Inequality for Convex Functions
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occurs:

(1) either T =a or T = b,

(2) there exist € {2,...,n — 1} such that T = a + b — z; and

r1=a, x,=0b, or x1=0b zx,=na,

Wj(:nj_l — xj) =0, je€ {2, .. .,l},

I/I/j(iﬁj—ﬂfj,l):(), jG{l,...,TL—l},

where Wy = Y1 iwi, j € {1,...,n} and T = = Y1 wim;.

In the special case where w; > 0 for i € {1,...,n} and f is strictly convex, the equality holds

n (1.3) iff x; =a or x; = b for ¢ € {1,...,n}. For proof, we refer the reader to [7].

1.1.1 Bounds of Jensen—Mercer Inequality

In [117], the authors made a remark about the lower bound of the Jensen—Mercer inequality.

Remark 1.4: Using Jensen’s and Jensen-Steffensen’s inequality, it is easy to prove the following

inequalities

£(25Y) _7Zwlf x;) < <a+b—V[1/Zwixi> Sf(a)+f(b)—WLZwif(mi) (1.5)
=1

moi=1

where f is a convex function on (a —€,b+¢€), € > 0, and = € (a,b), w; >0 for i € {1,... ,n}. If
f is concave, the reverse inequalities hold in (1.5).

Now, suppose that the conditions in Theorem A.5 are fulfilled, except that the function f
satisfies f(x) + f(a+b—x) = 2f((a + b)/2). It is immediate (consider the function f(z) —
f((a+10)/2)) that the inequality (A.7) still holds Using f(z) = 2f((a + b)/2) fla+b—2x),
the inequality (A.7) gives: 2f (a + b) - — Z wif(xz;) < f <a +b— — Z wlacz> 80 the left

2
hand side of the inequality (1.5) is valid also in thls case. On the other hand 1f f((a+0)/2)=0

(so f(a)+ f(b) = 0), the previous inequality can be written as

f<a—|—b—wl/n;wiazi> zf(a)—i-f(b)—ml/n;wif(xi)

which is reverse of the right hand side inequality of (1.5), so the concavity properties of the

function f are prevailing in this case.

Chapter 1 Jensen—Mercer Inequality for Convex Functions 5)
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1.2 Jessen—Mercer Inequality

Throughout this section, we let E be a nonempty set and L be a subspace of the vector space
R¥ over R that contains 1, and L that have all the properties defined in L1, L2, L3 and L4 as
defined in Section A.3 along with the Positive (Isotonic) Linear Functional defined in A1, A2 in
the same section.

Let ¢ : [a,b] — R be a continuous function. In [76], under the assumptions of Theorem A.14,

the following variant of the Jessen inequality is proved, if ¢ is convex, then

pla+b—A(f)) < pla) + ¢b) = Ale(f)); (1.6)

if ¢ is concave, then the inequality (1.6) is reversed.
In 2004, Gavrea [102] has obtained the following generalization of the Jensen-Mercer inequal-

ity (1.3).

Theorem 1.5: Let A be an isotonic linear functional defined on Cla,b] such that A(1) = 1.

Then for any convex function ¢ on [a,b],

bb__c;l —¢(b) abl__aa < ¢(a) + ¢(b) = Ap),

pla+b—ar) < A@W) < p(a) + @(b) — ¢(a)

where Y(t) = ¢(a+b—t) and a1 = A(id).

Remark 1.5: Although it is not explicitly stated above, it is obvious that function ¢ needs to

be continuous on [a, b].
We give an extension of Theorem 1.5 as under:

Theorem 1.6: Let L satisfy properties L1, L2 on a nonempty set E, and let ¢ be a continuous
convex function on an interval I = [a,b] . If A is an isotonic linear functional on L with A(1) =1,
then for all f € L such that ¢ (f),p(a+b—f) € L (so that a < f(t) < b for allt € E), we

have the following variant of Jessen’s inequality

pla+b—A(f)) <p(a)+e(b) Al (f)). (1.7)

In fact, to be more specific we have the following series of inequalities

6 Chapter 1 Jensen—Mercer Inequality for Convex Functions
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platb—A(N) < Alp(atb— )< 2T 1)

If the function ¢ is concave, inequalities (1.7) and (1.8) are reversed.

Proof: First, notice that if ¢ (f) € L, then a < f(t) < bforall t € E. Hence, a = A(al) <
A(f) < A(bL) =b,ie., A(f) €.

Since ¢ is continuous and convex, the same is also true for the function v : [a,b] — R defined
by ¢¥(t) = pla+b—1t), tE€]la,b].

By Theorem A.14. (A (f)) < A(¥ (f)), ie., p(a+b—A(f)) < A(p(a+b— [)). Applying
Theorem A.15 to ¢ and then to ¢, we have

Atparb— < Ay @ AD 28, ) P2 AD ) AU A )
o) +o0) - | Ao @+ A0 4] <o) 1o ) - At ().

The last statement follows immediately from the facts that if ¢ is concave then —¢ is convex,

and that A is linear on L. O

Remark 1.6: In Theorem 1.6, taking L = C'[a,b] and g = id, we obtain the results of The-
orem 1.5. On the other hand, the results of Theorem 1.5 for the functional B defined on L by
B(y) = A(¢(f)), for which B(1) = 1 and B(id) = A(f), become the results of Theorem 1.6.

Hence, these results are equivalent.

Corollary 1.1:  Let (Q,A, 1) be a probability measure space, and let f : Q — [a,b] be a mea-

surable function. Then for any continuous convez function ¢ : [a,b] - R,

<p<a—i—b—/9fdp,) S/ng(cH—b—f)du

< Ut ) Ut ) <oy o~ [ean
a a @

Proof: This is a special case of Theorem 1.6 for the functional A defined on class L' (11) as

A(f) = fy fd. =

Chapter 1 Jensen—Mercer Inequality for Convex Functions 7



CHAPTER 2

Refinements of Jensen—Mercer and Jessen—Mercer Inequalities

This chapter is devoted to several refinements of the Jensen—Mercer and Jessen—Mercer inequal-
ities, developed through both classical and modern techniques. We first introduce refinements
based on the D-functional and a hierarchy of means including arithmetic, geometric, harmonic,
power, and quasi-arithmetic means. These yield improved bounds and structural sharpenings
over the original inequalities. We then extend the analysis to refinements involving positive n-
tuples, followed by a further generalization via index set functions, offering a unified framework
for comparison and interpolation of Mercer-type inequalities. The results obtained here serve as
foundational tools for subsequent advancements addressed in later chapters. Most of the topics

in this chapter can be found in the papers [24, 32, 76, 167].

2.1 Refinements of the Jensen—Mercer Inequality

Throughout this chapter, we will use some assumptions stated as below:
A: Let f: [a,b] - R be a convex function. If z; € [a,b] and w; > 0, i € {1,2,...,n} with
S w; = 1, then for any nonempty subset I of {1,2,...,n} we put I := {1,2,...,n}\ I #0

and define Wy = >, ;w; and W3 = 1 — > ., w;. For the convex function f and the n-tuple

x = (21,...,2) and w = (w1, ..., wy,), we can define the following functional
Dw,x, f; 1) i= Wif [a+b— - s fatb- -3 (2.1)
w,x, ;1) := a - — W; T4 =l a - — w;ix; | . .
RSN ) 1 Wy < ibq T Wf ~— iLq
1€
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Throughout the chapter we further assume that I C {1,2,...,n} with I # and I # {1,2,...,n}
unless stated.

Along with the assumptions as stated in A we further assume that:

B: Let all the assumptions of A be valid. Further let for § # I C {1,...,n} let A;, Gy, Hy
and M I[T] be the arithmetic, geometric, harmonic means, and power mean of order r € R, re-
spectively of z; € [a,b], where 0 < a < b, formed with the positive weights w;, ¢ € I. For
I ={1,...,n} we denote the arithmetic, geometric, harmonic and power means by A,, G, H,

and Mq[f] respectively, we define

Ar: = cH—b——ZwaZ—a—i-b Af
1€I
% ab _ab

‘/V( G[
<Z€1 1)

where

1
(W, > ier wzl‘?) , T#O;
1

Moreover we define quasi-arithmetic mean as unbder:

C: Let ¢ : [a,b] — R be a strictly monotonic and continuous function. Then for a given n- tuple

X = (21,...,2,) € [a,b]™ and positive n- tuple w = (w1, ..., w,) with Y ;" ; w; = 1, the value
[n] =@ P (3, wip(z;)) is well defined and is called quasi-arithmetic mean of x with wight

w (see for example [47, p. 215]), we define J\ngl] = o L (pla) + @(b) = S0 wip(x)) .

The following refinement of (1.3) is valid [151].

Theorem 2.1: Under the assumptions stated in A, we have

f (a—i—b—szxz) < D(w,x, f;I) < f(a szf x;). (2.2)

=1

Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities 9
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Proof: By the convexity of the function f we have
f <a+b— szxz> =f (dea%—b—xﬂ)
i=1 i=1

=f|Wr (I/Il/[zwi(a—Fb—:Ui)) —l—Wj V[l/,IZwi(a—l—b—l'i)

i€l iel
<Wif LZw-(a—l—b—x-) + Wef LZw-(a—i—b—x-)
= I WI. 7 7 T WT - % %
i€l i€l
= D(w,x, f;I)

for any I, which proves the first inequality in (2.2).

By the Jensen-Mercer inequality (1.3), we also have

1 1
Dw,x, f;1)=W a+b— — wix; | + W=f la+b— — W;iT;
( f)z% m; >If m%

< Wi (f(a) OB wa(ac») + W | fla)+ F(b) — V;I S wif ()

i€l icl
= f(a) + f(b) = > wif(x).
i=1
for any I, which proves the second inequality in (2.2). O

Remark 2.1: In [167] from the proof of Theorem 2.3 we have left inequality of (2.2).

Remark 2.2: Note that the inequality (2.2) can be written in an equivalent form as

f <a+b—§n:wixi> SmjinD(w,x,f;I), (2.3)
=1
max D(w,x, ;1) < f(a) + f(b) z;wif(xi). (2.4)

The following special cases of (2.3) and (2.4) can be given:

f (a—l—b—Zwizxi) <  min  Dg(w,x, f),
i=1

ke{l,...,n}

max  Di(w,x, f) < f(a)+ f(b) = Y wif(x:).
i=1

ke{l,..n}

For further remarks and related corollary see [151].

10 Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities
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2.1.1 Applications to Power Means

Theorem 2.2: Under the assuptions given in B we have:

(i) Gp< mIin AII/VIA;VT and A, > max fl‘;v]fl;vf. (2.5)

(44) G, < mlin WG + WTGT} and A, > mlax WGy + Wjéj] . (2.6)

Proof: (i) Applying Theorem 2.1 to the convex function f(x) = —Inx, we obtain

Now (2.5) follows from Remark 2.2 and (2.7).
(ii) Applying Theorem 2.1 to the convex function f(z) = exp x, and replacing a,b, and z; with
Ina,Inb, and Inz; respectively and using Remark 2.2, we obtain (2.6). O

The following particular case of Theorem 2.2 is of interest.

Corollary 2.1:  Under the assumptions of Theorem 2.2, we have

N . 1 1 1
(Z) = S min o =~ T and — Z max o =~ e
G, I gWrg "1 n I gWrg "1
7 1 T
1 %4 W+ 1 %4 W+
(1i) = < min LI gnd — >max | =4 + =1L
Gn I G] GT n 1 GI GT
Proof: Directly from Theorem 2.2 by the substitutions a — %, b— %, T; — x% O
Theorem 2.3: Under the assumptions given in B, for r < 1, we have
M,[f] < mlin T/V[]\NJIM + WTMT[T}], A, > max VVIJ\NJI[ﬂ + WTMT[T}] (2.8)

For r > 1, the inequalities in (2.8) are reversed.

Proof: Forr <1,r # 0, use Theorem 2.1 for the convex function f(x) = x%, and replacing a, b,
and z; with a”,0", and 2} respectively and for » = 0 use Theorem 2.1 for the convex function
f(x) = expux; replacing a,b, and z; with Ina,Inb, and Inz; respectively, we obtain (2.8) by
Remark 2.2.

If » > 1, then the function f(z) = zv, is concave, so the inequalities in (2.8) are reversed. [

Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities 11
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Corollary 2.2:  Under the assumptions of Theorem 2.3, we have

o < win Wiy + Wty Ay = max Wil + Wiy

Remark 2.3: Part (i) of Theorem 2.2 is also direct consequences of Theorem 2.3.

Theorem 2.4: Let r,s € R, r < s. Under the assumptions given in B we have: (i) If s > 0,

then

(2.9)

(1) If s < 0, then inequalities in (2.9) are reversed.

Proof: Let s > 0. Using Theorem 2.1 and Remark 2.2 to the convex function f(z) = z+, and
replacing a, b, and z; with a”,b", and z] respectively, we obtain (2.9).

If s < 0, then the function f(z) = 7, is concave so inequalities in (2.9) are reversed. O

Theorem 2.5: Let all the assuptions given in A be valid. Let v, : [a,b] — R be strictly

1

monotonic and continuous functions. If 1 o =" is convezx on [a,b|, then

o) < (1) Wi ()]
(2.10)
o () 2 mpe s (1) (7))

where MSE,J] =yt (go(a) + ¢(b) — VII/J Zwlw(ajz)) .

ieJ

1

Proof: Applying Theorem 2.1 to the convex function f = v o ¢~ and replacing a,b, and x;

with ¢(a), p(b), and ¢(x;) respectively and then using Remark 2.2, we obtain (2.10). O

Remark 2.4: Theorem 2.2, 2.3 and 2.4 follow from Theorem 2.5, by choosing adequate func-

tions o, and appropriate substitutions.

2.2 Further Refinements of the Jensen—Mercer Inequality

In present section we state some refinements of Jensen—Mercer type results which are extracted

from [152].

12 Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities
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D: Let all the assumptions as stared in A be valid, further for fixed values of k, we assume
the (non-empty) subsets Jf,...,JF of {1,2,...,n}, 1 <1 <k < n such that JFU...UJF =

{1,2,...,n} and JF N IJ]AC = () for 7 # j, where 7,7 = 1,...,n. Consider the functional

Tk TP l 1

k (¢, W, x) 1= Z ]¢a+b_WJkaixi)’

J ZEJj

for the function ¢ : [a,b] = R, z; € [a,b], w; > 0and W; = > w;, J C {1,...,n}.
e

Theorem 2.6: Assume D holds. Then

JE,J3,T3

¢(a) + ¢(b) — WL iwlcb(a:z) > max [Dg(gb,w,x)] > max [DQ(QS,W x)}
" i=1

TP T3 T3 JR.J3

Theorem 2.7: Assume D holds. Then

1 & T I3.73
¢(a) +6(0) - 7~ 2_; wid(w) 2 min [Ds (6, w,x)]
. J2,J2 T
> }1211}1 [Dy (¢, w,x)] > ¢p(a+b— W Z: W;T;)

We conclude that Theorem 2.6 can be further generalized to k indexed set, and by observing
the proof, we can work out that generalization enable us to tighten the results. In order to present

the generalization, we start with some notations.

J2,J2
My := max[Ds (¢, W,x)],
J3.J3

k—1 k—1
Ji e iy

Mp_1:= max [Dr_1 (¢,w,x) |,
k—1 k—1
1 Y
where JE71 Jl]’“__l1 are the (non-empty) subsets of {1,...,n}. Using these notations, we can

rewrite the inequality from Theorem 2.6 as follows:

p(a) + o(b) — V;n ;wz¢($z) > Mz > Moy > ¢la+b— V;n ;wzxz)

Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities 13
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Jk—l Jk—l
1 o
Similarly we denote Hg_1 :=  min [Dk_l (¢, W, x) ]
J{c—lw"Jlk—l

Theorem 2.8: Assume D holds. Then
1 — 1 —
¢(a) + ¢(b) — m;wi¢($z‘) >Mp>Mp1> ... > Mz > Mo > dla+b— Wn;wixi)-

Proof: See [152]. O

Theorem 2.9: Assume D holds. Then

¢(a) + ¢(b) — WL > wid(ws) = My > He1 > ...
™i=1
> My > My > dla+b— V;n z;w:c) (2.11)

Proof: The proof is similar to the proof of Theorem 2.8, but we use the minimum of the

functional for [ index sets instead functionals for [ — 1 index sets. O

Remark 2.5: The operator extensions of Theorem 2.8 and Theorem 2.11 can also be given by

using the idea given in [118, 154].

Theorem 2.10: Let ¢ : J — R be a convez function on the open interval J and [a,b] C J. If

z; € [a,b] and wy, ..., wy >0 with > ;" w; =1, then
é(a) + o(b) = > wid(w:) — $(7)
i=1

n
D wi
i=1

(2.12)
>

dla+b— )~ (7)| ~ 16 @) Y wi
i=1

n
E W;T; — T4
=1

where = a—+b— Y1 wiz;.

If the function ¢ is concave, then the left-hand side of (2.12) is
() — dla) = ¢(b) + Y wid(x:).
i=1

Theorem 2.11: Let ¢ : J — R be a monotone convex function on the open interval J and

[a,b] C J. If z; € [a,b] and wi,wa,...,wy, > 0 with Y " jw; = 1. Let I = {2 €{1,2,...,n} =

14 Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities
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Loy <300, wixi}, then

- ;wi¢($i) - o) > gwisgn (Z: wiz; — :c) [d)(a +b—a;) + ¢, (ym]

_ (1 - 2W[n\1> [ )+ ¢ (¥ sz z:|

. (2.13)

where §y =a—+b—>" | wiz;.

If the function f is monotone concave, then the left-hand side of (2.13) is

6(7) = 9la) = 6(0) + 3 wid(a).

2.2.1 Applications to Power Meanss

Theorem 2.12:  Under the assumptions stated in Theorems 2.10 and B, the following inequal-

ities are valid:

An_énz

" ab e G,
;wi{xi—y‘—y;wi‘ln%!.

(iii)

X

2> ea:p( Zwi‘—ln((a—i—b— xz)y)| —;Zwi|2wiwi —ZCZ“

n =1 =1 =1

D

(tv) For x> 0,r #0 and r <1, we have

- Ll
Zwi“ar +b" —xl)r — My ‘
i=1

7 Il

An_Mn Z

1-r
1 n — n n
- (ar +b" - E wm{) E w;| E wix] — x|
i=1 =1 =1

(v) For0<r<sandr,se€R we have

Ml — (M[T )

n S
s ™
a+bT—$)r—<ar—|—bT—E wwf)
i=1
s=r

s n — n n
—r<ar+br—g wm{) E wz‘g wWiTy

i=1 =1 =1

Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities 15
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Theorem 2.13: Under the assumptions stated in Theorems 2.11 and B, the following inequal-

ities are valid:

(4)

. n G, [ab
A, ;wisgn<lnxi> [% — ylnxz} — <1 - 2W;, \I) [ 1 — szxz ”
(47)
1 ; T; lnxz 1 1
— — i — — (1 -2 — — — .
d, G, Zw Sg"< n> [ab ] ( WI"“) [Hn Han]
(vi)
An - ° 1 ZT;
an > e;vp(ig; sgn<; WiT; — xz> [ln <a o iCz) + y}

— (1 —2Wp\/) [m ( ) waD

(tv) For x> 0,r #0 and r <1, we have

n
~3gn< g wT; — xf)
i1
1—r

— i(ar +b - iwxf) ' 1‘::|
. 1r

<1 — 2W]n\[> |:M I - = <CL + b — sz > Zw,xf] .
=1

(v) For0<r <sandr,s €R we have

1
s

X [(ar +b" —aj)

S e

i ( M[r)

szsgn@w%x ~at)|@ v e

s—r

_ 2 <ar +b" - g ww{) x;} — <1 - 2W1n\1> Kar +b" - E wmf)
T
i—1 i=1

S—T
n ¥ n
S T s T T
- - a—l—b—g w;x; E wix; ||
T
i=1 i=1

Remark 2.6: Similar to last section, we can proof the above stated results by suitable substi-
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tutions of functions and variables, see also [152] for the details.
Now, we generalize the given applications for quasi—arithmetic mean.

Theorem 2.14:  Under the assumptions stated in Theorems 2.10 and C, the following inequality
holds

o))

EZ

e (@) + o) = plai) - v ("))

- )(1/) o~ !p <Mw[n]> ’ Zn:wz‘ Zn:’wi@(l’z‘) — (i),
=1 =1

(2.14)

-1

provided that o~ is convex and 1 is strictly increasing or o™ is concave and 1 is strictly

decreasing.

Theorem 2.15:  Under the assumptions stated in Theorems 2.11 and C, the following inequality
holds:

0 (Mw[n]) < [n]) Z wisgn Z wig(ws) - p(xi)) [w 0 ¢! (p(a) + 9(b) — (i)
+ (o e (Meo[n]>90($i)] - (1 - QWIn\I> [¢ (Meo[n]> + (oo e (M«:[n]> iwzwz]
=1

(2.15)

i

-1

provided that 1o~ is convex and 1) is strictly increasing or 1o p~! is concave and 1) is strictly

decreasing.

Theorem 2.16: Under the assumptions stated in Theorems 2.6, the following inequalities are

- WJk ~ WJk -
A,, > max W; GJ{C +"'+W7ll GJlk

valid:

(iid)

f Jlk -
lnAJf—---— W lnAJlk > —InA,.

—lnG~n > max | —

Chapter 2 Refinements of Jensen—Mercer and Jessen—Mercer Inequalities 17
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(iv)
~ WJk ~ WJk ~
> 1 [r] 1 [r]
A, > max [ W, (MJ{C> + + W, (Mz
~\° W ik ~\° W ik ~\° ~\°
[s] J [r] J, [r] [r]
~ w - W 1k N ~
@(Mi,n]> > max [M}Ifgo<Mf> 4+ 4 V[}Il QO(M(Z]k)] > w(M;n])

1

> M,

where in last result (vi) we assumed that o ¢~ is convex on [a,b].

Remark 2.7: Similar results as stated in above theorem can also be stated for Theorem 2.6

by using inequality (2.11).

2.3 New Refinements of the Jensen—Mercer Inequality Associ-
ated to Positive n—Tuples

The results of this section are extracted from [153]:

Theorem 2.17: Let f : [a,b] — R be a convez function and let x; € [a,b], w;, pi,¢; € RT such

that Wy, = >0 w; and p; + ¢; = 1 for each i € {1,2,...,n}, then

<a—|—b— 72’“& z> < i:wipz‘f<2?_1wi€i(a%é_%>>
=1

2 i1 WiPi

Wids Yo wigi(a +b— x;) . R e
+; zqu< ST s )Sf( )+ f(b) Wn; if (z7). (2.16)

In the following theorem we present integral version of the above theorem.

Theorem 2.18: Let f : [a,b] — R be a convexr function defined on the interval [a,b]. Let
p,u,v, g o, B] = R be integrable functions such that g(w) € [a,b], u(w),v(w), p(w) € RT for all
w € [a, f] and v(w) +u(w) =1, P = fﬁ w)dw. Then

L L /P fﬁ Ja+b—g(w))dw
f(aerP/a p(w)g(w)dw> Sp/a uw)p(w) ( ffp( Ju(w)dw )

(2.17)
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1 op (Ja Pt b —g)d _ R
v [ D f( ffp(w)v(w)dw )<f( )+ 10 =5 [ ) fa(e)ds.

If the function f is concave then the reverse inequalities hold in (2.17).
In the following theorem we present a refinement of variant of Jensen-Steffensen inequality:

Theorem 2.19: Let f : [a,b] — R be a convex function. Let x; € [a,b], wi,pi,q; €
R, wipi, wiq; # 0 for i € {1,2,...,n}, such that p; + ¢ = 1 for all i € {1,2,...,n} and

Wo=>1wi Ifoy <ag <o <y or g 209> > 2y and

k n n

0< Zwipi < Zwipi, ke{l,2,...,n}, Zwipi >0 and (2.18)
j j i=1
k n n

0< ZwiQi < Zwi% ke{l,2,...,n}, Zwiqz' > 0. (2.19)
i=1 i=1 i=1

Then

1 & 1 — S wipi(a+b— xy)
flat+b—— D> wizi| < — piwif<a+b_ =1 >
W, 2 W, 2 >

—1 WiPi

1 < S wiqi(a—kb—mi)) 1 —
+— ) wigf < == <f w; f(z). (2.20
Wn ; Zi:l Wiq; ( ) n ; )

If the function f is concave then the reverse inequalities hold in (2.20).

Proof: Since p; +¢; =1 for all i € {1,2,...,n}, therefore we have

f(a—i—b—vhlzn:wixi) Zf(vénzn:wi(a—kb—xi))

— ( Zwlpla—l—b—xl +W Zwlqza—kb—:zl)) (2.21)

i=1
_ <Z?1 wip; Y wipi(a +b— I‘i) n Yo wigi g wigi(a +b— xi))
W, > i Wi W, Yo wig;

Since > " wip; > 0 and " wig; > 0, therefore > 7" | wip; + > - wig; > 0. Which gives that
W, > 0.

Now by applying convexity of f on the right side of (2.21) one may obtain
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f (Wl/ Zwi(a +b— xz)>
" i=1
Yoy wipif (Z?:l w;ip;i(a+b— 96z‘)> n Doy wiQif <Z?:1 w;igi(a +b— xi))
Wh Yo wip; Wy Yo wigs
- Y wz’pz’f(%))
TN (760 + 0 - =

1 &~ > i wigi f ()
g S v (7@ + ) - Zgret i

IN

IN

1 n
= f(a) + f(b) — szif(xi)-
" i=1
The above inequality holds by using Theorem A.6. O
Remark 2.8: If we add (2.18) and (2.19), then the variant of Jensen- Steffensen inequality

conditions (A.9) will be obtained.

2.3.1 Applications to Power Means

Under the assumptions of Theorem 2.17 and B, we give the following results.

Corollary 2.3:  The following inequality is valid

Gz w) < Zwipién(m; w-p)+ Zwiqién(az; w-q) < Ap(z;w). (2.22)
i=1 i=1
Proof: Use the function f(z) = exp(z) and replacing a,b, and z; by Ina,Inb, and Inz; in

(2.16) we will get (2.22). O

Corollary 2.4: By taking a — %,b — %,xi — x%_, in (2.22) we have

_ 1 < Zznzlwipi + Z?:1wi%’ < 1

Gu(zw) ~ Gu(mw-p) Gulzw-q) ~ Hy(zw)

Corollary 2.5:  The following inequality holds

Colww) < (Aulww-p) """ (Aumw- @)~ < Aimw). (229)

Proof: Using the function f(z) = —Inx in (2.16) and then applying exponential function, we

will get (2.23). O
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Corollary 2.6: For s # 0 and s < 1, we have

[s](z w) < szpz n[ ](z;w -p)+ ZwiqiMn[s](z;w -q) < fln(w;w). (2.24)
i=1 i=1

Proof: Use the function f(x) = 25 and replace a,b, and z; by a®,b°, and z} respectively in

(2.16) to get (2.24). O

Corollary 2.7: Fort,s € R with 0 <t <s, we have
(M ) Z:wzpZ ( (z;w - p) ) + Z:wlqz (M (z;w - q))s < MP(z;w). (2.25)

Proof: Use the function f(z) = x and replace a,b, and z; by a’, b, and 2! respectively in
(2.16) to get (2.25). O

Now, we generalize the given applications for quasi—arithmetic mean.

Corollary 2.8: The following inequality holds

f<M¢ ) szpz < iL"w p>+zwz% ( mw‘Q))
< f(MJ”%a w)>. (2.26)
provided that f o ¢~ is convex and f is strictly increasing.

Proof: Replacing f(z) by f o ¢~ !(z) and a, b, z; by ¢(a), d(b), d(x;) respectively in (2.16),
then apply f~! to get (2.26). O

2.3.2 Further Generalizations

In this section, we present further refinement of the Jensen—Mercer as well as variant of the

Jensen—Mercer inequalities concerning to m sequences whose sum is equal to unity.

Theorem 2.20: Let f : [a,b] — R be a conver function defined on the interval [a,b]. Let
z; € [a,b], wi,¢¢ € RT (i € {1,2,...,n},1 € {1,2,...,m}) such that >", ¢\ = 1 for each
i€ {1,2,....,n}, W, = > w;. Assume that L1 and Ly be non empty disjoint subsets of

{1,2,...,m} such that L1 U Ly ={1,2,...,m}. Then
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i Zl I qfwl(a+b*$z)
b_i " _7 . 1 €l
f<a+ wa> = Z Z wf( doie1 2ier gw; )

i=11lelq

1 . o1 Lier, Gwi(a+b— ) N
o SO gl < S ) < fla) + £0) ~ 5= ;wm. (2.27)

" i=11eLsy

If the function f is concave, then the reverse inequalities hold in (2.27).
Remark 2.9: We can also give applications of Theorem 2.20 as given in previous sections.
The following theorem is the integral analogue of Theorem 2.20.

Theorem 2.21: Let f : I — R be a conver function defined on the interval I. Let p,g,u; €
Lla,b] such that g(w) € I,p(w), w(w) € RT for allw € [a,b] (I € {1,2,...,n}) and > w(w) =1,
=1

P = f:p(w)dw, Assume that Ly and Lo be non empty disjoint subsets of {1,2,...,n} such that

w)g(w) da)>
p(w) dw

/  p)(@) @),

LiULy ={1,2,...,n}. Then

/\

I f ZleL uy(w)p
— ) dw > — u(w)p(w) dw !
/ >3 [ Y wwip) f( B

Jo Sier, )p(w)g(w)dw> y
s ( S e, wwpw)dw ) f(

ol v

ZGLQ

If the function f is concave then the reverse inequalities hold in (2.28).

In the following theorem, we present further refinement of the variant of Jensen-Steffensen’s

inequality associated to m certain sequences.

Theorem 2.22: Let f : [a,b] — R be a convex function defined on the interval [a,b]. Let
x; €1, wi,qf € R,wipi,wiqé #0 (1 €{1,2,...,n},l € {1,2,...,m}) such that Zlnilqé =1 for
each i € {1,2,...,n} and W, = > 1" | w;. Assume that Ly and Ly be non empty disjoint subsets
of {1,2,...,m} such that Ly ULy = {1,2,....m}. If vy < a9 < -+ <y orx1 > 29 > -+ > Iy,

and S0 wigt > 0 for each 1 € {1,2,...,m} and

k n
< Zwiqg < Zwiqf, ke{l,2,...,n},
=1 =1
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then
bwi(a+b — x;
(CTEF SRR 9 S 2SR T )
i=11€eL; D 121@1 qzwz
1 ! i1 2leLs qiwi(a+b— x;
T qjwi f 2 < f(a)
W ; Z;LQ < > e EleLQ qﬁwi ;

If the function f is concave then the reverse inequalities hold in (2.29).

Proof: Since 31  wiqt >0 for each I € {1,2,...,m}, therefore > )", S°" | xw;q! > 0. Also,
S, ¢t = 1. Hence we conclude that W, > 0.
Now proceeding in the same way as in the proof of Theorem 2.20 but use variant of Jensen-

Steffensen’s inequality instead of Jensen-Steffensem’s inequality, we will obtain (2.29). O

2.4 Refinements of the Jessen—Mercer Inequality

The following refinement of (1.6) holds.

Theorem 2.23: Under the assumptions of Theorem A.14, we have

pla+b— A(P) < DA L5 Br) < pla) + 90) — Al (2:30)
where
_ . A(f -
DA, .91 53) = Alxe) o (0 = D) a0 0 - BB )

for all By € A such that 0 < A(xg,) < 1.

Proof: The first inequality follows by using the definition of a convex function and the second

inequality follows by using (1.6) for A;(f) instead of A(f). O
Remark 2.10: In [167] from the proof of Theorem 4.1 we have left the inequality of (2.31).

Remark 2.11: Note that the inequality (2.30) can be written in an equivalent form as

pla+b—A(f)) < i{“e%D(A [ Er),  p(a) +¢(b) — A(e(f)) > ggD(A froi Ey).

The following particular case of Theorem 2.23 is of interest:
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Corollary 2.9: Let (Q, P, ) be a probability measure space, and let f : Q — [a,b] be a mea-
surable function. Then for any continuous convez function ¢ : [a,b] — R, and for any set Ey in

P with pu(Eq) # 0 we have

w(a+b/9fdu> < moin, [M(Eﬂso (a+bM(IEl)/Elfdu>
+u(Q\ E)p <a+b M/Q\El fdu>]

o(f)dp > Inax [M(Eﬁtp (a—l—b— M(lEl)/El fdu>

1
+u(Q\ By (a—i—b— ,U(Q\EI)/Q\EI fdu>] :

Proof: This is a special case of Theorem 2.23 for the functional A defined on the class L*(u)

as A(f) = [ fdp. =

and  o(a) + p(b) - /

Q

Remark 2.12: We may also obtain similar results as in Theorem 2.5 for the generalized quasi-

arithmetic means of Mercer’s type defined in [76], as

M(f,4) = ¢ (p(a) + ¢ (b) — A(w(f)))-

Remark 2.13: For recent and new refinements of Jessen—Mercer inequality for convex func-
tions, we refer the reader to [148]. Interested readers can also see [59] for Jessen-Mercer type

inequalities for coordinated convex functions via fractional integrals.

2.5 Index Set Function and Refinements of the Jensen—Mercer
Inequality

In this section we give some refinements of inequality (1.4) using the index set functions. From
these refinements we obtain some refinements of the well known inequalities among arithmetic,
geometric, harmonic, power and quasi-arithmetic means of the Mercer’s type [167].

Let I be a finite nonempty set of positive integers, and let f : [a,b] — R. Let w = {w;},;,

X = {;},c; be real sequences such that x; € [a,b] for all i € I, and Af (x,w) = % Y ier Wik; €

la,b], where W; = >, ; w;. If we define the index set function F' as

F(I) =W f(a)+f(b)Wl/]Zwif(xi)f<a+bW1/IZwixi>],

el i€l
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then the following theorem is valid.

Theorem 2.24: Lel f : [a,b] — R be a convez function. Let I and J be finite nonempty sets
of positive integers such that INJ = @&. Let w = {wi};c;,y, X = {2}y be real sequences
such that x; € [a,b] (i€ IUJ), Wiuy > 0, and As (x,w) € [a,b] (S=1,J,1UJ). If Wr >0
and Wy > 0, then

F(IUJ)>F(I)+ F(J). (2.32)

If Wr-W; <0, then the inequality in (2.32) is reversed.
Proof: See [167] for idea of the proof. O

Corollary 2.10: Let f : [a,b] — R be a convex function. Let I,. .., I} be finite nonempty sets

of positive integers such that I; N 1; = @, for all i # j € {1,...,k}. Let w = {w;};c I X =
=

{mi}ieuﬁzllj be real sequences such that x; € [a,b] (i € Ué?:l[j), WU;?:le >0, and Ag (x,w) €

[, b] (5: (I, I UL I,

(I=2,....n)). If Wi, >0 (j €{1,...,k}), then

k k

FIUL) =Y F). (2.33)
j=1

j=1
If Wi, >0 and Wy, <0 for j € {2,...,k}, then the inequality in (2.33) is reversed.

Proof: Directly from Theorem 2.24 by induction. O

The following corollaries give refinements of the inequality (1.4).

Corollary 2.11: Let f : [a,b] — R be a convex function and I, = {1,...,k} fork € {1,...,n}.
Let w = {wi};c; , X = {@i};cp be real sequences such that x; € [a,b] (i € In), and w1 > 0. If

w; >0 forie{2,...,n}, then

F(I,) > F(Ip-1)>--->F(Iy) > F(I) > 0.
Ifw; <0 forie{2,...,n}, Wi, >0 and Ay, (x,w) € [a,b], then

0< F(I,) <F(I,—1) <--- < F(I) < F(Ih).

Corollary 2.12: Let f : [a,b] — R be a convex function and Iy, = {1,...,k} (k=1,...,n).
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Let w = {w;};cr , x = {xi};c; be real sequences such that x; € [a,b] (i € I,).

If w; >0 for alli € {1,...,n}, then

~wif () +w;f ()

F(I) > max {<wi +wj) [f(a) )

T 1<i<j<n Wi + W;j
ez
and
F(Ip) 2 max {w; [f(a) + f(b) = f (zi) — f(a+b—ai)]}. (2.35)

~ 1<i<n
If w satisfy (1.4) and Ap, (x,w) € [a,b], then

_wif (z1) +w;f (x))
w1 + w;

_f<a+b_“’1“"1+wjf”j>”. (2.36)

w1 + w;

Pt < guin {(wr+ ) | @) + 1)

T 2<<n

Proof: Suppose that w; > 0forall i € {1,...,n}. Similarly as F(I,,) > F(I2) in Corollary 2.11,

we may conclude that
F(I,) > F({i,j}) foralli#je{1,...,n}, (2.37)

so the inequality (2.34) immediately follows. From (2.37) we have F(I,) > F ({i}) for all i €
{1,...,n}, so the inequality (2.35) is also proved.

The inequality (2.36) can be proved in the similar way. O

2.5.1 Index Set Function and Jessen—Mercer Inequality

Let all the assumptions of Theorem 2.23 be valid. We define the function Fy : A — R with

A . A(f -
Fy (B0 = A (k) [o@) 40 = SR g o4y S XE)]
Theorem 2.25: Under the above assumptions, we have
Fy (E) > Fy () + Fy (E\ By) > Fy (Ey) > 0 (2.38)

for all By € A such that 0 < A(xg,) < 1.
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Proof: See [167]. O

n
Corollary 2.13: Let {E1,...,Ey,} be a partition of E (i.e., E= |J E;, E;NE; = 0 for all
j=1

i#j7€{l,...,n}) such that0<A(XEj) <1 forall j € {1,...,n}. If p is convez, then

n
Fy(BE) = Fy(Ej), (2.39)
j=1
n—1 n—2
Fr(EY2Fs | JE | 2F (UE | = = Fr(BEyUEy) > Fr(By) > 0. (2.40)
j=1 J=1
Proof: Directly from Theorem 2.25 by induction. O

Remark 2.14: If ¢ is concave, then the inequalities in (2.38), (2.39) and (2.40) are reversed.

Corollary 2.14: Let {E1,...,E,} be a partition of E such that 0 < A(XEj) < 1 for all

jeA{l,...,n}. If v is convez, then

Fy(E) 2 max {Fy(EiUE;)},  Fy(B)> max {Fy(Ej)}. (2.41)

If ¢ is concave, then the inequalities in (2.41), with max replaced by min, are reversed.

Remark 2.15: Also, we can get similar results as in Theorem 2.29 and Corollary 2.17 for

generalized quasi-arithmetic means of Mercer’s type.

Remark 2.16: Analogous assertions can be formulated for concave functions using the fact

that f is concave iff —f is convex.

Remark 2.17: Analogous results as stated in application part of Subsection 2.1 can also be

stated for this section as well.

2.6 Refinements of Some Inequalities Among Means

Let all the assumptions of Corollary 2.11 and B be valid. For the various properties of these

means and relations among them we refer the reader to [47]. For example, it is well known that

A Wn A anl A Wl
Zn > (£nd >...o> (2L > 1,
Gn o anl - - Gl -

Wi (An —Gp) 2 Wp1 (A1 = Gro1) 2 - 2 Wi (A1 = Gp) > 0.
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Theorem 2.26: Under the above stated assumptions, we have

AV Wn Av Wn—l AV Wl
e >.o> (2] >, (2.42)
Gn anl Gl

W, (ﬁn . én> S (Zn_l - én_l) >.> W (ﬁl _ él) > 0.

Proof: (i) Applying Corollary 2.11 to the convex function f(z)

= —Inx, we obtain

Av Wn A/ Wn—l Af Wl
In | 22 > In [ =21 >...>n| 2 >0,
Gn Gn—l G

1

from which (2.42) follows. (i) Applying Corollary 2.11 to the convex function f(x) = exp z, and

replacing a, b, and z; with Ina, Inb, and In x; respectively, we obtain

W, (gn — én) > Wyt (gn—l — én—l) > >W (fL - é1> >0,

since in this case

k k
1 1 ~ ~
F(Ix) =Wy (a—l—b— W, ;:1 W;T; — €XP (lncH—lnb— W ;:1 wilnxl-)) =Wy (Ak — Gk) .

O]

Corollary 2.15: Under the above stated assumptions, we have

é Whn é Whn-1 é Wi
e~ >..> (2] >,
H, H, H,q
Wn(wl—~1>zwn B 2-~2W1(~1—~1>20.
Hn Gn anl anl

Hy Gy

Proof: Directly from Theorem 2.26 by the substitutions a — %, b— %, T; — xi

O

Theorem 2.27: Let all the assumptions given in Theorem 2.26 be valid. For r <1, we have

W, (ﬁn - JTI,LT]) > Wiy (Zn,l = J\Z[fll) >.> W (ﬁl - J\Z[’”]) > 0. (2.43)

For r > 1, the inequalities in (2.43) are reversed.

28
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Proof: Suppose that » < 1. Applying Corollary 2.11 to the convex function f(z) = :p%, and

replacing a, b, and x; with a”, b", and z] respectively, we obtain (2.43) since in this case

b :
F(Iy) =Wy |a+b— I/Ilszwm - (CLT e Wlficzwiﬁ) =W <gk a M’Lﬂ) '

If » > 1, then the function f(z) = zv s concave, so the inequalities in (2.43) are reversed. [J

Corollary 2.16: Under the assumptions given in B, we have

W, (En — f{rn) > W, (Kn_l - f[n_l) > . W (Zl — f{r1> > 0.

Remark 2.18: Obviously, the assertion (i7) from Theorem 2.26 is also direct consequence of
Theorem 2.27.

Theorem 2.28: Let all the assumptions given in Theorem 2.26 be valid. Let r,s € R, r < s.

(1) If s >0, then

() - () = s (32 - ()
e () - (7)) 2o

(13) If s <0, then the inequalities in (2.44) are reversed.

(2.44)

v

Proof: Suppose that s > 0. Applying Corollary 2.11 to the convex function f(z) = zr, and

replacing a, b, and x; with a”, b", and z] respectively, we obtain (2.44) since

1 & 1k v
F(Iy) = Wy as+bs—m2wﬂf—(ar—i-br—mz;wm;)
(3 - ()

If s < 0, then the function f(z) = x+ is concave, so the inequalities in (2.44) are reversed.  [J

Theorem 2.29: Let all the assumptions given in Theorem 2.26 and D be valid. Then

(o (1) 0 (39 2 s (o (37) - (172-9)

o (o () o () 20
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If o o1 is concave on [a,b], then the inequalities in (2.45) are reversed.

Proof: Applying Corollary 2.11 to the convex function f =)o p~!, and replacing a, b, and x;

with ¢ (a), ¢ (b), and ¢ (x;) respectively, we obtain (2.45) since in this case

k
F(Ix) = Wi <¢ (a) + v (b) — I/Ilfk > with ()
i=1

Remark 2.19: Theorems 2.26, 2.27 and 2.28 follow from Theorem 2.29, by choosing adequate

functions ¢ and v, and appropriate substitutions.

Corollary 2.17: Let all the assumptions given in Theorem 2.29 be valid. Then

W, (¢ (Ml[png - (]f\z/[)n})) >  max {(wZ + w;) [¢ (a) + ¥ (b) — with (x;) +w;v (x5)

T 1<i<j<n w; + W;
- wou) (i@ o) - EEIELLEN L (o)
and
W, (w (AZE}”}) — (M;"})) (2.47)
> mas (i [0 (@) 40 (8) ¥ (2) — (o 0™) (0 (@) + 0 (8) ~ 9 )]}

If ¢ o o1 is concave on [a,b], then the inequalities in (2.46) and (2.47), with max replaced by

min, are reversed.

Remark 2.20: Analogous assertions can be formulated for the means of Mercer’s type formed

with weights satisfying (1.4).
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CHAPTER 3

Refinements of the Converse—Jensen—Mercer and Converse—Jessen—Mercer

Inequalities and A Generalization on Convex Hulls in R*

This chapter focuses on refinements of the converse forms of the Jensen-Mercer and Jessen—
Mercer inequalities in both discrete and integral settings. We explore sharper bounds and struc-
tural enhancements that strengthen the classical converse results, and we extend these inequal-
ities to a more general framework on convex hulls in R¥. The developments presented here
provide a unified perspective on converse-type Mercer inequalities and set the stage for further

generalizations in operator and functional contexts in subsequent chapters.

3.1 Refinements of Converse—Jensen—Mercer Inequalities

The following refinement related to converse of Jensen’s inequality (as stated in Theorem A.8)

is obtained in [29]. Throughout this chapter we assume that §; = f(a) + f(b) — 2f(%E2).

Theorem 3.1: If f: I — R is a convex function, x1,...,x, € I, w1, ..., w, be non-negative

real numbers and Wy, = Y1 ; w; > 0, then

1 < b— i i—a 1 <

— if (i) < — b) — | o i(Ti) | 0

7, Do) S @)+ =) (wn;_fw(x)) f
where, T; = % — ﬁu’z — QTH’] and & = Vén > Wik
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3.1.1 Refinements of Discrete Jensen—Mercer Inequality

Theorem 3.2: Under the assumptions of the Theorem 1.1, the following series of inequalities

15 valid

a+b——2wm S*szf (a+b—ux)

b— 72'— Wik £ ST wirs —a 1 <&
W i=1 Wiy W =1 Wiy
< W E B pg) 4 W SV T ) < f (a) 4 f(B) — o D wnf(a
Theorem 3.3: Let I = [a,b] be an interval in R. If f : I — R is a convezr function,
T1,...,Tn €1 and wy, ..., w, be non-negative real numbers W,, = Z?:l w; > 0, then

1 « 1 «
f<a+b—WZwimi> < WZwif(a—i-b—xi)
mi=1 "oi=1

1 n o _1 Nn .
b— 5 D il WiTi W Do Wiki — a

< D a fb) + D —a f(a)
1 1 1 a+b
_[V[/n;wi<2_b—a Xr; — 5 ‘)
Sf@%hﬂw—ﬁiEZwJ@0—<l—
=1

< Ja)+ J0) = - S wif i),
" i=1

of

Wyl

2

Now here we state and prove further result which provides another generalized refinement of

discrete type Jensen—Mercer inequality.

Theorem 3.4: Under the same assumptions of Theorem 3.2, we have

b— - S0 wia LS wiri—a 1 1 |1 « a+b
W =1 (a2 W =1 (Al
b z e — i T 4]
- b—a 1) b—a @ 2 b—a Wn;wx 2 !
< F@) + £ - o= 3wt )
a e iJ (Ti
< W l:1w x
1 1 < a+b 1 < a+b
- |1- o i |Ti o iTi d
it (- i S -2 o
1 o 2 1 a+b
< b) — — 7 ) 1- 17 1| d
<T@+ 10) = g5 3 wif @) ( i > D ;
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Using Theorem 3.4 we can obtain an upper bound for the Jensen’s difference,
1 1 «
W, szf(xz) —f (VVn ZW%) .
i=1 i=1
Corollary 3.1:  Under the same assumptions of Theorem 1.1, we have
1 & 1 <
e Z wif (z;) — f < szﬂcz)
Wn i=1 W i
1 1 «
< - .

Ti— ——

3.1.2 Refinements of Integral Converse—Jensen—Mercer Inequalities

The current section based on integral analogous of previous section. For proving techniques,

b
interested readers can see [226]. Throughout this section 0p = (a) + o(b) —2¢ (a-2i- > :

Theorem 3.5: Let (2, P, ) be a probability measure space and f is a real valued function that
is p integrable such that p(Q) = 1. Let f : Q@ — [a,b] (—00 < a < b < 00) be a measurable

function, then for any conlinuous convex function ¢ : [a,b] — R, the following inequality holds

/Qcp(f)duSWsO(a) f“gdﬂ_a (/ fdu> o

Theorem 3.6:  Under the same assumptions of Theorem 3.5 the following inequality holds

w(a+b—/gfdu)§/gs0(a+b—f)du

b— d dy —
<Pl ) Jatdia,

1 1 a+b
LGl ) el

<p@+o0) - [ ot (1- 52 []r-“5an) s,

< () + o)~ [ elhdn
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Theorem 3.7:  Under the same assumptions of Theorem 3.5 the following inequality holds:

o (a+b— /Q fdu> U defdr gy Jatdna

b—a b—a
)+

_a—l—b
‘du—i—

a+b
2

f_

=1y
ésD(a)Jrf(b)—/Q<p(f)<iu—(1—611/Q
< (@) +o0) = [ o () dn

/Qfdﬂ—a;_bﬂ 5@

a+b
[ - B ‘d/ﬁ>5¢

Using Theorem 3.7 we can get an upper bound for the difference

/Qw(f)du—sa(/gfdu)

Corollary 3.2: Under the same assumptions of Theorem 3.5 the following inequality holds

/ﬂcp(f)du—cp</ﬂfdu> Sbia</9 /Qfdu—a;rbD&@.

a+b
2

f_

'du-l—

3.2 A Refinement of the Converse—Jessen—Mercer Inequality and
A Generalization on Convex Hulls in R*

Throughout this section we let E be a nonempty set and L be a subspace of the vector space
R¥ over R which contains 1, and L having all properties as defined in L1, L2 and L4 as defined
in Section A.3 along with Positive (Isotonic) Linear Functional as defined in A1, A2 in the same
section (see also [173]). Throughout this section, we assume that 6, = ¢ (a) + ¢ (b) — 2¢ (“TH’)

Bakula et al. in [29] obtained the following refinement of the converse Jessen’s inequality (see
Theorem A.15)[204, p. 98]).

Theorem 3.8: Let L satisfy L1, L2, L4 on a nonempty set E, and let A be a positive normalized
linear functional. If ¢ is a convexr function on [a,b], then for all f € L such that ¢ (f) € L we

have A(f) € [a,b] and

b—A(f) A(f) —a .
Alp () £ =L@+ =220 0) - A(F) b, (3.1)
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wheref:%—ﬁ’f—%’b’.

Using inequality (3.1) and the following lemma we shall refine the series of inequalities (1.8)

as given in Theorem 1.6.

Lemma 3.1:  Let o be a convex function on U where U is a convex set in R*, (x1,...,x,) € U"
n
and w = (wy,...,wy) is nonnegative n-tuple such that Zwi = 1. Then
=1

min{wy, ..., wy} [Z o(x;) —ne <; Z ZB1>] < Z wip(x;) — ¢ <Z wiwi>
i=1 i=1 i=1 i=1
< max{wi,...,wp} [Z o(x;) — ne <71L sz>] .

i=1

Proof: This is a simple consequence of [183, p. 717, Theorem 1 |. O

3.2.1 Refinement of the Converse Jessen—Mercer Inequality

Next two theorems are main results of present subsection. Since proving techniques are similar

so we omit the details, interested readers can find complete details in [173].

Theorem 3.9: Let L satisfy L1, L2 and L4 on a nonempty set E, and let A be a positive
normalized linear functional. If ¢ is a continuous convex function on [a,b], then for all f € L

such that ¢ (f),p(a+b— f) € L, we have

pla+b—A(f) < Alpla+b—f))

_b=AW) ) Al —a

< 0+

<p(a)+e ) —Alp(f)-

Theorem 3.10: Let L satisfy L1, L2 and L4 on a nonempty set E, and let A be a positive

normalized linear functional. If ¢ is a continuous convexr function on [a,b], then for all f € L

such that o (f),p(a+b— f) € L, we have
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Using Theorem 3.10 we can get an upper bound for the difference A (¢ (f)) — ¢ (A(f))
obtained in [216].

Corollary 3.3: Let L satisfy L1, L2 and L4 on a nonempty set E, and let A be a positive
normalized linear functional. If ¢ is a continuous convex function on [a,b], then for all f € L

such that ¢ (f),p(a+b— f) € L, we have

A - < (4 -2+l - 25 o

3.2.2 Jensen Type Inequalities on a Convex Hull

We establish two Jensen’s type inequalities for convex functions defined on convex subsets of the
space R* which involve elements of convex hulls. As their direct consequences the comparison
theorem for weighted L-conjugate means and a Mercer’s result are obtained.

Let U be a convex subset of R* and f : U — R a function. We define f to be convex on U if

fQz+(1-Ny) <Af(x)+ (1 - f(y) (3.2)

for all z,y € U and A € (0,1). f is concave if the reversed inequality of (3.2) holds.
For a convex function f : U — R, n k—tuples x; in U and n positive real numbers \; with

An, =>"" 1 N, the following Jensen’s inequality holds

f (;;&%) < Alnz:/\zf(ﬁcz) (3.3)

=1
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If we set the following conditions: \y > 0, \; < 0, for i € {2,...,n} with A,, > 0 and
YLy i € U, then
1< 1<
! (An ; Aimz) > A ; Aif (23) (3.4)
holds. This inequality is known as the reversed Jensen’s inequality and it is a simple consequence
of the inequality (3.3) (see [204]). We denote by H ({x1,...,x,}) the convex hull of the set
{z1,...,2,} CU. lfy € H{x1,... ,x,}) then it can be written in a unique way as a convex
combination of @1,..., @y le, y =D 1 | Niz; where \; > Oforalli e {1,...,n}and Y " |\, =1
(see [224)).

The next theorem gives a Jensen’s type inequality which involves elements of a convex hull.

Theorem 3.11: Let U be a convex subset of R¥, xy,... .z, € U and y,,...,y,, € H({x,

ooy p ). If U — R is convex on U then the inequality

leﬂ?i - '21 w;Y; lez’f (x;) — lejf (;)
i= j= i= j=
3.5
! Wp — Wn - Wp — W (35)
holds for all positive real numbers wy, ..., wy, and w1, ..., wy, sotisfying the condition
w; > Wy, forallie{l,...,n}, (3.6)

where Wy, = >0 w; and Wy, = Z;nzl wj. If f is concave on U the inequality (3.5) is reversed.

Proof: Let f : U — R be a convex function on U and let wq,...,w, and wq,...,w,, be
positive real numbers that satisfy the condition (3.6). Since y; € H ({Z1,...,®n}), there are

some /\,Ej) >0,i€{l,...,n} such that > ", )\Ej) =1 and

Y; = zn: )\Z(‘j)wiv
i=1

for all 7 € {1,...,m}. Since f is convex on U,
fly) =1 (Z Ag%i) <Y Nf (@)
i=1

i=1

for all j € {1,...,m}.
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Now, we can write

lezmz — -21 w;Y; lelwl — -lej Zl)‘gj)ml ] n m "
1= J= = J= 1= _ L . ‘j .
Wn - Wm B Wn - Wm B Wn - Wm ; . ;w])‘z i

1 n m )
We can easily check that m Zl w; — ; wj)\gj) = 1’
m .
and since for all ¢ € {1,...,n}, w; > W, > ij)\z(j)7
J=1
1

m
150 have ———— [ w; — AN >0 G=1.....n).
we also have AT w; jz::lw] i > (¢ seeesT)

n m
1 . .. .
Hence, W{ E w;T; — E w;y;} is a convex combination of ®1,...,®, € U and it
n moi=1 j=1
belongs to U since U is convex.

Since f is convex on U, we obtain from (3.3) the following:

n m
>owimi — Y w;Y;
i=1 j=1

f Wn - Wm

It can be easily seen that if f is concave the inequality (3.5) is reversed. O

The following theorem gives a converse inequality of Jensen’s type which involves elements

of a convex hull.

Theorem 3.12: Let U be a conver subset of R, xy,.... 2, € U, yy,...,y,, € H{{x;

yee sy t) and let wy, ... wy and wy,. .. Wy, be positive real numbers such that W, — Wy, > 0

38 Chapter 3 Refinements of the Converse-Jensen—Mercer and
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and
n m
> Wil; — > Wiy
i=1 =1

U. 3.7
woow. € (3.7)
If f: U — R is convex on U then
> wimi — Y wiy; _ o Waf (@) = X wif (y;)
i=1 S L W @) - Wif (@) =
f > > : (3.8)
Win — W Wp — W Wyp — Wi

where
1< 1 &
T=—— P TT 7 R p— Y.
W, z; W; T4 Yy W, z; W;Y;
1= J]=
If f is concave on U the inequalities (3.8) are reversed.

Proof: From (3.4) and then (3.3) we immediately obtain

Wn (wh lezwz) ~ W (vr}m ) wj%‘)
i= j=
W,

f Wn - m
_ Wof (@)~ Wil 3 i f (y;)
o Waf (@) = Waf @) = ’
- Wp — Wi - W, — W,
]
Remark 3.1: If positive real numbers wy, ..., w, and wi, ..., wy, satisfy the condition (3.6)

then they obviously satisfy the condition W,, — W, > 0. Also, since U is a convex set and
x1,...,&, € U they satisfy the condition (3.7). Hence, in this case the inequality (3.5) from

Theorem 3.11 can be extended in the following way

Waf @) - > wif (y,
HO 5T W) @ -warw
W, — W, = W — Wi
‘" W; i — in: w;Y i w; f (x2> - f: wjf (yj)
<5l = =1 <= =1
- Wn —Wn o Wyn — Wi

If we consider real valued functions of one variable then the direct consequences of Theorems

3.11 and 3.12 are some results in [29] related to means of n variables.
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Corollary 3.4: Let I be an interval in R and let My,...,M,, be fited means of n variables

T1,...,xn € L. If f: I — R is conver on I then the inequality
n m n m
> wiri — ), wiMj () > wif (i) — 2 wif (Mj(x))
f i=1 j=1 i=1 j=1 (3.9)
Wyn — Wi - W, —Wh '
holds for all positive real numbers wy, ..., wy and wy, ..., wy, satisfying the condition (3.6). If f

is concave on I the inequality (3.9) is reversed.
Proof: Follows from Theorem 3.11, since the conver hull of the set {x1,...,z,} C I is the

interval | min {x;}, max {x;}| and for each j € {1,...,m} M;(x) is in that interval.
i€{1,...,n} 1€{1,...,n}

-----

O]

Remark 3.2: The notion of L-conjugate means was introduced in [83]. It was generalized to
the notion of the weighted L-conjugate means in [28]. In the same paper the comparison theorem

for these means, which immediately follows from Corollary 3.4, was proved.

Corollary 3.5: Let I be an interval in R, let My,..., M,, be fired means of n wvariables
T1,...,Tn € I andletwy, ..., w, and w,...,w, be positive real numbers such that W,,—W,, > 0
and

n m
Yowir; — Y wiMj (x)
i=1 j=1

I.
W, — W, <

If f: I — R is convex on I then

n m
Yowir — Yy wiMj ()
i=1 j=1

J
> > , (3.10
f Wn_Wm o Wn_Wm o Wn_Wm ( )

where

1 — 1 <

T=— Y wiziy M=—) w;M;(x)

=1 j=1

If f is concave on I, then the inequalities (3.10) are reversed.
Also, the direct consequence of Theorem 3.11 is the Jensen—Mercer inequality (1.3).

Corollary 3.6: Let [a,b] be an interval in R, yi,...,ym € [a,b] and wy, ..., wy,, positive real
40 Chapter 3 Refinements of the Converse-Jensen—Mercer and
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numbers such that Wy, = 1. If f : [a,b] — R is convez on [a,b] then

m

flatb=> wy; 22f<a;r )—f > wjy; Z2f<a; )-ijf(yj)‘
j=1 J=1

J=1

We can also, obtain natural generalizations of Corollary 3.6 to convex functions defined on

R”.

Corollary 3.7: Let U be a simplex with vertices x1,..., €, €RF (n>2), y1,...,ym € U and

W1, - . ., Wy positive real numbers such that Wy, = 1. If f : U — R is convex on U then

nf (711 > m@) - i wif (y;) nf (i ) wz) —f <§1 wj%’)

=1 j=1 < i=1
n—1 - n—1
n m n m
Z: i — Z_) w;Y; A f (=) — 2_: wj f (yg)
< f i=1 7=1 < 1=1 7=1 .
n—1 n—1
Proof: Follows from Theorems 3.11 and 3.12 by setting w; = --- = wy, = 1 since in this case
U=H({x1,...,zn}). O

3.2.3 Generalization on Convex Hulls in RF

We present a generalization of the Jessen—Mercer inequality for convex functions on convex hulls
in R¥.

Convex hull of vectors @1, ..., z, € R¥ is the set

n n
{Zaiwi]ai eER,a; > O,Zai = 1}
=1 =1

and it is represented by K = co({x1,...,xn}).
Barycentric coordinates over K are continuous real functions Aq,..., A, on K with the fol-

lowing properties:

n n

A(@) >0, ie{l,...,n}, Y M@ =1, ==Y Nz (3.11)
i=1 i=1
If o — xy,...,x, — x are linearly independent vectors, then each & € K can be written in
the unique way as a convex combination of @1, ..., x, in the form (3.11).
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We also consider k-simplex S = co({vy1,va,...,vg1}) in R¥ which is a convex hull of its vertices
v1,...,vp41 € RE where vertices vo — vy, ..., V541 — v1 € R¥ are lineary independent. In this
case we denote k-simplex by S = [vy,...,vg41]. Barycentric coordinates Ay, Ag, ..., Ag1 over S

are nonnegative linear polynomials on S and have a special form (see [38]).
With L¥ we denote the linear class of functions g: E — R* defined by g(t) = (g1(),...

,0k(t), gi € L, for i € {1,...,k}. For a given linear functional A, we also consider linear

operator A = (A,...,A): L*¥ = R* defined by

A(g) = (A(g1),---, A(gw))- (3.12)

If A(1) =1 is satisfied, then using (A1) we also have

(A3) A(f(g)) = f(A(g)) for every linear function f on RF.

For n € N, we denote

n
Ap-1 = {(Mh---,un): MiZO,Z’E{l,...,nLZMi:l}.
=1

Also, if ¢ is a function defined on a convex subset U C R* and x1, s, ..., 2, € U, we denote
n 1 n
So(®1, ... Tp) = ng(ml) —ngp (nZ%) .
i=1 i=1

Let’s notice that &, from Theorem 3.8 is equal to S3(a,b).
Obviously, if ¢ is convex, Sg(x1,...,2,) > 0.

The next variant of Jensen’s inequality was proved by Matkovi¢ and Pecari¢ in [169].

Theorem 3.13: Let U be a convex subset in RF x1,...,2, € U and yq,...,y,, € co({zx1,

ooy xn}). If @ is a convex function on U, then the inequality

. (Z?1 wie; — D1 wﬂﬁ) _ Sy wiep (x0) = 220 wie (y;)

Wn - Wm Wn - W’m
holds for all positive real numbers wy,...,w, and wi,...,wy, Ssatisfying the condition w; >
n m
W for alli € {1,...,n}, where W, = Zwi and W, = ij.
i=1 j=1

Next theorem generalizes and improves Theorem 3.13.
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Theorem 3.14: Let L satisfy properties L1, L2 and L4 on a nonempty set E, A be a positive
linear functional on L and A defined as in (3.12). Let z1,...,x, € R¥ and K = co({x1,...,x,}).
Let ¢ be a convex function on K and Ai,..., Ay barycentric coordinates over K. Then for all
g € L* such that g(E) C K and ¢(g),\i(g) € L, i € {1,...,n} and positive real numbers

Wi, ..., Wy, with W, = Y"1 | w;, satisfying the condition
w; > A1) forallie{l,...,n}, (3.13)

we have

. (z;n wiz; — A <g>>

W, —A(1)
< 2im wip (@) = 350, A (i) ¢ (@) — min; {w; — A(Ni(g))}
- W, —A(1)
X Sg(azl, cey X))

n

< W A Zwlnp (i) — A(p(g)) — Si(@1, ..., @)

X [miin {w; — A(\i(g))} + A (miin {)\i(g)}ﬂ . (3.14)

Proof: For each t € E we have g(t) € K. Using barycentric coordinates we have \;(g(t)) >

0,i=1,...,n, ZA =1land g(t) = 320 Ni(g(t)) ;.

Since @ is convex on K, then

Z —min {Ai(g(t)} Sh@r, . @), (3.15)

Applying positive linear functional A on (3.15) we get

)< 3 Au)ele) ~ 4 (min (g} ) S3ar.... ),
=1

where
> Ai(g)=A (Z Ai(g)> = A(1)
i=1 i=1
and
A(1) > A(Ni(g)) = 0forall i € {1,...,n}.
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Also we have

Now we can write

Vi wiwi—Alg) 1 o o
Wy AQ) WA (2 wzwz—ZAwg))wz)

Wn = A(1) =
We have
W, —1A 1) ZZ:;(“% —A(Ni(g)) =1
and
Wn_1A(1) (wi — A(Ni(g))) > 0foralli € {1,...,n},

w; > A1) > A(XNi(g)) forallie{1,...,n}.
D Wiki — Z(g)
W, —A(1)

is a convex combination of vectors @1, ..., x, and be-

Therefore, expression
longs to K.

Since ¢ is convex on K, we have

() - (- S o000

=1
1 - _fwi —A(Ni(g))
< W, — A1) ; (wi — A(Xi(g))) ¢ (i) — min {Wn—A(l)}
x Sp(T1,- - Tn)
_ 2imawip (@) — 3 oig A(Xi(g)) ¢ () — ming {w; — A(Ni(g))}
W, — A(1)

X Sg(wl, c. ,.’l}n)
< Zim1ip (@) — Alp(g)) — Sp(@1, .. )
= W, — A1)
i s A0 (90} + 4 (min (93 ) (3.16)

O]

Next Corollary shows that Theorem 3.14 is a generalization of Theorem 3.10 for convex hulls.

Corollary 3.8: Let L satisfy properties L1, L2 and L4 on a nonempty set E and A be a positive
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normalized linear functional on L. Let ¢ be a convex function on an interval I = [a,b] C R. Then

for all g € L such that g(E) C I and ¢(g) € L, we have

platb-A(g) < M0 1AW

~ <; _ bia Alg) — “;bD S2(a,b)

< p(a) + ¢(b) — Ale(9))

_ [1 _ bia <)A(g) - “;b’ +A <’g— “;bD)] S2(a,b). (3.17)

Remark 3.3: The inequalities in (3.17) are also improvements of the inequalities obtained in

[76].

Theorem 3.15: Let L satisfy properties L1, L2 and L4 on a nonempty set E, A be a positive
linear functional on L and A defined as in (3.12). Let @1, ..., @, € RF and K = co({m1, ..., xn}).
Let ¢ be a convex function on K and A1, ..., A\, barycentric coordinates over K. Then for all
g € L* such that g(E) C K and ¢(g),\i(g) € L, i € {1,...,n} and positive real numbers
wi, ..., wy satisfying the conditions W,, — A (1) > 0, where Wy, =Y | w;, and

Z?:1 Wiki — A (9)
W, — A(1)

€K, (3.18)

we have

S wiwi— Alg))  Wn¥ (Wi 2lin ww) — A(1)e (ﬁfl(g))
v W, — A1) - W, — A(1)

Wap (e iy wimi) = Sy A (i(g) ¢ () + mini {A(\i(9))}
= W, — A(1)

x Sy(x1,. .. Tn). (3.19)

Proof: For each t € F we have g(t) € K. Using barycentric coordinates we have \;(g(t)) >
0,i=1,...,m, > 11 Xi(g(t)) =1 and

g(t) = 3" Nlg(®):.
=1

Also we have
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We can easily see that

1~ 1
a0 = g AN @ € K
A(ll) ZAW(Q)) =1 and A(ll)A(Ai(g)) >0,ie{l,...,n}

Since ¢ is convex on K, then using Lemma 3.1

) Ly (AN o
4 (MA (9)> < A0 z; A(Xi(9)) () — min {A(l)} SP(@r,. . w). (3.20)
Using Theorem 3.8 and (3.20) we have

. (Wn (i Sy wis) — AL (i A <g>))

W, — A(1)

N Wi (W%z >ie wixi> — A1)y (ﬁA (9))

- W, —A(1)
_ Wop (o S ) — AL gy L4 A Ou(9) () + mins (A((9)))
- W, —A()
x Sg(x1, ... Tp).
U
Remark 3.4: If positive real numbers wy, . . ., w,, satisfy condition (3.13), then condition (3.18)

is also satisfied since K is convex set. Hence (3.14) can be extended as follows

Wap (i Xy wis ) = Xy A (i) ¢ (@) + min {A(Xi(g)}
W, — A(1)

W (b Sty wi:) — A (i 4 (9)

= Wy — A1)
Yo, wiwi — A(g)

5¢< W~ A(L) )
< 2im Wi (@) = 31 A(Nilg) ¢ (@) — min, {w; — A(Ni(g))}
= W, — A(1)
_ S wip (@) Alplg)) — Sh(@i- @)
= W, — A1)

¢ min s A0+ 4 (min Oty )

So(x1, ..., xn)

S(@1,. .. )

Corollary 3.9:  Let L satisfy properties L1, L2 and L4 on a nonempty set E and A be a positive
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normalized linear functional on L. Let ¢ be a convex function on an interval I = [a,b] C R. Then
for all g € L such that g(E) C I and ¢(g) € L, we have

a+b

platb—Ale) > 20 (“57) = ¢ (Al0)

o (150) [ 05

(i
2 b—a

Next we give generalizations of Corollary 3.8 and Corollary 3.9 for convex functions defined

_a+b

A(g)

D S2(a,b).

on k-simplices in R¥.
Let S be a k-simplex in R¥ with vertices vy, v, ... ,Vit1 € R*. The barycentric coordinates

A1, ... Ag41 over S are nonnegative linear polynomials which satisfy Lagrange’s property

1, 1=
Ai(vj) = 64 =
0, i+#j.
It is known (see [38]) that for each & € S barycentric coordinates Ai(x),..., Ag+1(x) have
the form
Vol ([x, v, ..., vE11])
A =
(@) Vol (S) ’
Vol ([v1, x,vs, ..., vk11])
A =
Vol ([v1, ..., vk, x])
A =

where Vol (F) denotes the k-dimensional Lebesgue measure of a measurable set F C R*. Here,
for example, [v1,x,...,v41] denotes the subsimplex obtained by replacing vs by x, i.e., the

subsimplex opposite to vy, when adding x as a new vertex.

Corollary 3.10: Let L satisfy properties L1, L2 and L4 on a nonempty set ¥, A be a positive
normalized linear functional on L and A defined as in (3.12). Let ¢ be a convexr function on

k-simplex S = [v1,v2,...,Vk41] in R* and A1,..., A\ep1 barycentric coordinates over S. Then
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for all g € L¥ such that g (E) C S and ©(g) € L we have

(k+ D (5 S 00) = S A(A(g) e (v) + ming { i (A(g)) }

k

x SE (v, vgs)

_ b+ D (g S o) - wlAl9)

= k

<o Zf:ll v; — A(g)

= k

_ T e ) - T AAG)e (v) - min {1-x(dg)}

= k

5£+1(Ul,---,vk+1)

_ X e i) — Ale(g) — S (01, va)

= k

« [min {1 = x(Alg))} + 4 (min o) )| (3:21)
Proof: Since barycentric coordinates A1, ..., A\y+1 over k-simplex S in RF are nonnegative

linear polynomials, then A (\i(g)) = X\i(A(g)) foralli=1,...,k+ 1.
Choosing @; = v; for all i € {1,...,k+ 1} and w1 = wg = -+ = wg41 = 1, the inequalities in

(3.21) easily follow from (3.14) and (3.19). O

Remark 3.5: As a special case of Corollary 3.10 for £ = 1 and if we take p and ¢ nonnegative
_ pa+qb

real numbers such that A (g) we get right hand side of the inequality (2.3) in [30].

Remark 3.6: Using the same technique and the same special case as in Example 1 and Remark
8in [217], from (3.21) we get the same results, that is, the k-dimensional version of the Hammer-

Bullen inequality, namely

1 i} L k+1 L
[ swa- s < 00— [ s

and, as a special case in one dimension, an improvement of classical Hermite-Hadamard inequality

a b a
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CHAPTER 4

Means of Mercer Type and Exponential Convexity

This chapter examines Mercer-type means and their connections with exponential convexity. We
begin with Cauchy means of Mercer type and means related to the Jessen—Mercer inequality,
highlighting their role in refining classical bounds. The discussion then extends to mean value the-
orems and notions of exponential convexity, including n-exponential convexity for Jensen—Mercer
and Jessen—Mercer differences.The results presented here provide a deeper understanding of con-

vexity structures underlying Mercer-type inequalities and their applications.

4.1 Cauchy Means of Mercer Type

In this section, we give definition of Cauchy means of Mercer’s type. Also, we show that this
mean is monotonic. These results are given in [21].

In [175] Mercer gave the definition of generalized power means for sums. In [76] Cheung,
Matkovié¢, and Pecari¢ defined these generalized means of Mercer’s type for functionals. As a

special case of their definition we can define these for integrals as follows:

Definition 4.1: Let Q be a convex set equipped with probability measure p, I = [a,b] and
v : ) — I is integrable function. Then for » € R we define generalized power means of Mercer’s

type by:

1

(a0 = Jo Fr®du(t)) ", v #0;
ab
r=0.

M (f,p) =

exp( [ log(f () dpu(t))’

Following result is extracted from [21].
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Theorem 4.1: Let Q be a convex set equipped with probability measure p, and let f € C%(I)
be a function on an interval I = [a,b] (—oco < a < b < 00). Then for a integrable function
g:Q — I, there exist € € I such that the following equality is valid:

)+ 500~ [ st6an® ~ £(a+ 0~ [ gin)) =

f”2(§) (ag + 02 — </Q g(t)du(t)>2 - (a +b— /Qg(t)du(t)>2> :

Theorem 4.2: Let f,h € C*(I). Then for g and p as above, we have there evist & € I such
that the following equality hold true,

G h(a) + h(b) — [, h(g(t))dpu(t) — h(a +b— [q9(t)du(t)

ey F@)+FO) = fo Fle®)du(t) - f(a+b— [y 9()du()) "
provided that the denominators are non-zero.

"
Corollary 4.1: If i is invertible, then equation (4.1) suggests a new means. That is

. ( f) F@)+ 1) = Jo Fg@)dut) = F(a+b— foo(t)dn(t))

W)\ ha) + h(b) — [, h(g())du() — h(a+b— fyg(du))

is a new mean, provided that the denominators are non-zero.

Of course we can define generalized quasi-arithmetic means of Mercer’s type for function f(t)

as follows:

M (f) = (ala) + a(t) - |

Q

a(f()dn(t)).

Theorem 4.3: Let I = [a,b] be a compact interval and let o, B,y € C*(I) be strictly monotone

functions. Suppose also that ) is a convex set equipped with a probability measure p and f : Q —
1. Then,

oMo, ) = aME(fo0) _ o () () = () ()

BMpa(f, 1) — BM,(f, ) By (n) = B'(n)y"(n)

for some n in the image of f, provided that the denominators are non-zero.
Proof: If we choose the functions f and h so that
f=aoy h=poy™" m=r(a), M =~(b) and g(t) =(f(1)),

and apply Theorem 4.2 to such functions, we find that there exits £ € I such that

)" (g1 (€))
)" (g~ (&)

a(Ma(f, 1)) — oM, (f,1) _ (g7 () (971(€) — /(g™ X
BMg(f,p) — BM,(f, ) B"(g7 €)Y (971(€) — B9~

a0 Chapter 4 Means of Mercer Type and Exponential Convexity
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Thus, setting ¢g~1(£) = 7, find that there exists 7 in the image of v such that

aMa(f,p) —aMy(f,p) " (n)y'(n) — ' (n)y"(n)

BMg(f, 1) — BM,(f, ) By (n) = B'(n)y"(n)

(4.2)

Let

_ ")y (n) — &' (n)"(n)
B () (n) — B'(my"(n)

If T is invertible then (4.2) suggests new means:

T(n)

aMa(f, 11) — o, (f, u))

=T —==

because 7 is in the image of f(t) ¢t € Q.

Corollary 4.2: Letr,s,l € R and let Q be a convex set equipped with a probability measure p.

Then
M (fop) = M{(fop) _r(r=s) .
MI(fo) = MU fop)  1T—s)" (4.3)

for some 1 in the image of f(t) (t € Q), provided that the denominators are non-zero.

Proof: If we set
a(t)=t", B(t) =t', y(t) =1°, f(t) = f*(t)

in Theorem 4.3 we get the assertion (4.3). O

Since 7 is in the image of f(¢) therefore (4.3) suggests a new mean that is

' (1= s) M (f,p) = MZ(f, 1)\ 70
/0= <7’(7“ —8) M{(f,pn) = ML(f, ) ) - ®):

From (4.3) we can define a new mean M7, as follows:

1
s — (=) My(fip)=Mg(fip) =1 .
f= (S S ) ™ e s L £ 0

Now taking limy_,o M?,(f, ) we will get

7?,0(.]07 ,U,) = MS,T(fa M) = }E}% M'f,l(f7 :U’)

_ ( SIM](f, 1) = M(f, )] )i
r(r — s)[log M(f, p) —log Mo(f, )]/~

r#s, r,s#0.

Now taking lim,_, Mf,l(fv w) for I # s and I, s # 0, we will get

Chapter 4 Means of Mercer Type and Exponential Convexity ol
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im My (f, 1) = Mg (f, 1) = M7o(f, 1)

_ (za —5) [a®logm + b*log M — [, f(t)*1og f(t)du(t) — M3 (v, 1) log My(f, m])
s M}(f.p) — ML(f, ) '

By similar way we can calculate all the cases for r, s,l € R. finally we get the following definition
Of Mf’[(f> :u)

Definition 4.2: Let Q be a convex set equipped with probability measure p and I = [m, M]
and v :  — [ is integrable function. Then for r,s,l € R we define generalized power means

M (f, i) by:

11— s) Mf(f,u)—Msr(f,u))rll? I#7r#s L,r#0

mi(fom) = (r(r —8) MI(f, ) — ML(f, 1)

other limiting cases of this generalized power mean can be found in [21].

4.1.1 Monotonicity of the Means

Here we state a result related to the monotonicity of M7, defined in Definition 4.2. For idea of

the proof we refer the reader to [22]:

Theorem 4.4: Let ¢,r,u,v € R, such that t <wv,r < wu. Then for M}, as defined in Definition
4.2 we have
M§, < My,

t,r =

4.2 Means Related to the Jessen—Mercer Inequality

Let x1,...,xy € [a,b] where a > 0, let w1, ..., w, be nonnegative real numbers with """ | w; =1

and let 7 € R. The (weighted) power mean M, (x,w) is defined as

1

(z w) o
k=1
exp <Z wy In mk> r=0.

k=1

M, (x,w) =

In [175] Mercer defined the family of functions

S =

[a" + 0" — M] (x,w)]", r#0,
M, (a,b,x) = ab

- =0
MO (maw) '

and proved the following assertion.

Theorem 4.5: Let —0o < r < s < +00. Then a < M, (a,b,x) < My (a,b,x) < b.
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We extend this result on the generalized power means and we give its refinement.

Let E be a nonempty set and let L be a class of functions f: F — R having properties L1
and L2. Let A be a positive linear functional on L such that A(1) = 1. Assume that g € L is a
function from E to [a,b] (—o0 < a < b < 00) such that all of the following expressions are well
defined. From that especially follows 0 < a < b < co. For any r,s € R we define

1
T

[a" +b" = A(g")]", r#0,

Q(r,g) = ab _0
oxp (A(lng))”
A(w+v-g1)]. rroszo

exp (A (ln [a" +b" — (gr)]%)> , r#0,s=0,

R(r,s,9) := sy L
(A(ab>> , r=0.5 £0,
g
exp(A(lnab>>, r=s=20
g
and
b _A(g)bs—"_A(g)_a s ‘57 T‘#078#07
br —a” b" —a”
b"'_A r A T\ __ T
exp 7(g)lnM—i—Mlna , r#0,s=0,
o br —a” br —ar
s 0=y, A(lng),, A(lng)—1 .
nb— ng),, ng)—Inm ] B
[ Inb—Ina b Inb—Ina a] ’ r=0s#0,
Inb— A(Ing) A(lng) —Ina
——~Inb+ —————1 =s=0.
kexp( mb—Ina + nb—Ina ) "T7 0
Theorem 4.6: Ifr,s € R and r <s, then
Q(r,g9) < Q(s,9).
Furthermore,
Q(r,g) < R(r,s,9) < S(r,s,9) < Q(s,9)- (4.4)

Corollary 4.3: Let (,A,u) be a probability measure space, and let g : Q — [a,b]
(0 <a<b<oo) be a measurable function. Let A be defined as A(g) = [ogdu. Then for any
continuous convex function ¢ : [a,b] - R, and any r,s € R with r < s, (4.4) holds.

Let 1, x be continuous and strictly monotone functions on an interval I = [a,b]. Let g € L

be a function such that v (g), x (9), x (¥~ (¥ (a) + ¥ (b) — ¥ (g))) € L (so that a < g(t) < b for
all t € E). Then we can define the generalized mean of g with respect to the functional A and

the function 1 as (see for example [204, p. 107])

My (9. 4) = v~ (A(Y (9)))-

Chapter 4 Means of Mercer Type and Exponential Convexity a3
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Observe that if ¢ (a) < ¥ (g) < ¥ (b) for t € E, then by the isotonic character of A, we have

P (a) < AW (g)) <9 (b), so that M,y is well defined. We further define

My (g,A) = =" (¢ (a) + 9 (b) — A (¥ (9))) -

From the above observation we know that ¢ (a) < ¥ (a) + ¢ (b) — A (¥ (g)) < ¢ (b) so that ]Tél/w

is also well defined.

Theorem 4.7:  Under the above hypotheses, we have:

(i) if either xo~! is convex and x is strictly increasing, or x o1~ is concave and x is strictly
decreasing, then

My (g, 4) < My (g, A) (4.5)

holds. In fact, to be more specific we have the following series of inequalities

My (g, A) < 7! (A(x(w "y <a>+w ))))

(ii) if either xov ™1 is concave and x is strictly increasing, or xov ! is convex and x is strictly
decreasing, then the reverse inequalities hold in (4.5) and (4.6).

Proof: Since 9 is strictly monotone and —oo < a < g(t) < b < oo, we have —oco < 9 (a) <

¥(g) < (b) < o0 or —oo <1 (b) < Y(g) < (a) < oo
Suppose that y o1 is convex. Letting ¢ = x o1)~! in Theorem 1.6 we obtain

(xo ™) (¥(a) +$(b) — A((9))
A((cod™) W (@) +¥ (1) —¥(9)

YO - A@(9) A@9) =v(@) 1 e
ST vt XY @O+ =y (e v ™) (@ (@)
< (xou™) @ @)+ (xow™) (@ ®) — A((xor™) (@ (9))

or

X (071 ((a) + 9(b) — A(¥(9))) < A (x (v~ (¥ (a) + ¢ (b) — ¥ (9))))

Y (b) =AW (9)) AW (9) = (a) B
< v ORI x(a) <x(a)+x () —Alx(9). &7)

x (b) +

If x o~1 is concave, then we have the reversed inequalities in (4.7).

1

If  is strictly increasing, then the inverse function x ™" is also strictly increasing, so that (4.7)

1

implies (4.6). If x is strictly decreasing, then the inverse function x ' is also strictly decreasing,
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so in that case the reverse of (4.7) implies (4.6). Analogously, we get the reverse of (4.6) in the
cases when y o1~ ! is convex and Y is strictly decreasing, or xy o4 ~! is concave and Y is strictly

increasing. 0

4.3 Mean Value Theorems and Exponential Convexity

Under the assumptions of Theorem 2.1 using (2.2) we define the following functionals:

\Ifl(w,x,f):D(W,x,f;f)—f(a—i—b—Zwia:i) >0, (4.8)
i=1
Uy(w,x, f) = fla) + f(b) = > _wif(z;) — D(w,x, f;I) >0, (4.9)
i=1
Us(w,x, f) = fa) + f(b) = > wif(x:) —p(a+b—Y waz;) > 0. (4.10)
i=1 i=1

Similarly, under the assumptions of Theorem 2.23 using (2.30) we define the following functionals:

Us(A, f,0) = fla) + f(b) — A(e(f)) = D(A, f,¢; E1) > 0, (4.12)
(A, f,) = fla) + () — Alp(f)) — fla+b— A(f)) = 0. (4.13)
Now we are in position to give mean value theorems for Wi(.,., f), k € {1,2,...,6}. Since

proving techniques are same as stated in Section 4.1 so we omit the details.

Theorem 4.8: Let f € C?([a,b]), z = (v1,...,7,) € [a,b]" and w = (w1, ..., w,) be n-tuple
of positive real numbers such that 3" | w; = 1. Then there exists ¢y, € [a,b] such that
4
lI/k(uh Z, f) = f (Ck) \Ilk(wa Z, fO)? where fO(CU) = x2; ke {17273}

)

Theorem 4.9: Let f,v € C?*([a,b]), 2= (21,...,2,) € [a,b]" and w = (wy,. .., wy) be n-tuple
of positive real numbers such that 3" | w; = 1. Then there exists ¢y, € [a,b] such that

\Ilk(wa Z, f) _ f”(cj)
q’k(“’) Z, ¢) ¢//(Cj)

ke {1,2,3}.

provided that the denominators are non-zero.

Remark 4.1: We can also find mean value theorems for functionals Wy(., ., f) for k € {4,5,6}
(see [151]).

Remark 4.2: If the inverse of i—l,l, exists, then from the above mean value theorems we can
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give generalized means

oo (L) (B0 e i

4.3.1 n—Exponential Convexity of Jensen—Mercer and Jessen—Mercer Inequal-
ities

Bernstein [37] and Widder [241] independently introduced an important sub-class of convex
functions, which is called class of exponentially convex functions on a given open interval and
studied some properties of this newly defined class. Exponentially convex functions have many
nice properties, e.g., these functions are analytic on their domain. These functions also provide us
positive-semidefinite matrices. Moreover, they play an important role in studying the properties
of Stolarsky and Cauchy means, such as monotonicity of these means etc. For further study of
the class of exponentially convex functions we refer [13], [122| and [183].

Pecari¢ and Peri¢ in [215] introduced the notion of n—exponentially convex functions which is
in fact generalization of the concept of exponentially convex functions. In the present subsection,
we discus the same notion of n—exponential convexity by describing related definitions and
some important results with some remarks from [215]. Before we proceed further first we discuss

log —convex functions.

4.3.2 Logarithmically Convex Functions

A number of important inequalities arise from the logarithmic convexity of some functions as one
can see in [164]. Logarithmic convexity plays an important role in various fields namely reliability
theory and survival analysis, economics, statistics, social sciences, information theory and opti-
mization etc. (see for reference [43]). Its applications can also be found in applied mathematics
as well.

Now, we recall some definitions. The following definition is originally given by Jensen in 1906

[123]. Here I is an interval in R.

Definition 4.3: A function f: I — R is called log —convex in J—sense if the inequality

P(25) < s e

holds for each x1, 29 € I.
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Remark 4.3: A function f: I — Ry is log —convex in J—sense if and only if the inequality

T+ T2

uif(z1) + 2urug f < ) +ulf(z) >0

holds for each x1, 29 € I and uq,us € R.

Definition 4.4: [204, p. 7] A function f: I — Ry is called log —convez if the inequality
FO@y+ (1= Naa) < [f@)][f (22)] T

holds for each x1,22 € I and A € [0,1].

Remark 4.4: A function log —convex in the J—sense is log —convex if it is continuous as well.

4.3.3 n—Exponentially Convex Functions

Definition 4.5: [215] A function f : J — R is n-ezponentially convex in the Jensen sense on

the interval J if
- T+ x
E akalf< 5 ) >0

k=1

holds for ap € R and zy, € J, k € {1,2,...,n}.

A function f: J — R is n-exponentially convex if it is n-exponentially conver in the Jensen

sense and continuous on J.

Remark 4.5: From the definition it is clear that 1-exponentially convex functions in the Jensen
sense are in fact nonnegative functions. Also, n-exponent- ially convex functions in the Jensen
sense are m-exponentially convex in the Jensen sense for every m € Nym < n.

Theorem 4.10: If f : J — R is an n-exponentially convex function, then the matriz

m
[f (”Tﬂ”)} 15 a positive semi-definite matriz for all m € Nym < n. Particularly,

kl=1
m
wls (5] o
2 k=1

foralln e N, m e {1,2,...,n}.

Definition 4.6: A function f: J — R is exponentially convex in the Jensen sense on [ if it is
n-exponentially convex in the Jensen sense for all n € N. A function f : J — R is exponentially
convex if it is exponentially convex in the Jensen sense and continuous.

Remark 4.6: It is easy to show that f : [a,b] — R™ is log-convex in the Jensen sense if and
only if

o f(x) + 20 f (9”‘2”) + 8 f ) =0

holds for every a, 8 € R and z,y € [a,b]. It follows that a function is log-convex in the Jensen-
sense if and only if it is 2-exponentially convex in the Jensen sense.

Also, using basic convexity theory it follows that a function is log-convex if and only if it is
2-exponentially convex.
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When dealing with functions with different degree of smoothness divided differences are found

to be very useful. [138]

Definition 4.7: The second order divided difference of a function f : [a,b] — R at mutually
different points yo, y1,y2 € [a, b] is defined recursively by

[%;f] = f(yi)7 (&S {07 172}
fit1) — f(wi)

YirYit1; f] = ——————=, i€ {0,1
[ w13 /] Yi+1 — Yi (0.1}
y1,y2; f1 — o v f
[vo, y1, 23 f] = | yi_;o ! (4.15)

Remark 4.7: The value [yo, y1,y2; f] is independent of the order of the points yg,y1 and ya.
By taking limits, this definition may be extended to include the cases in which any two or all
three points coincide as follows: Yyo, y1, y2 € [a, ]

lim [yo, y1,2; ] = [0, vo, y2; f] = f(y2) = F(yo) = f (yo)(y2 — %o)

s Y2 # Yo
Y1—Y0 (yQ —_ yo)Q

provided that f’ exists, and furthermore, taking the limits y; — yo,7 € {1,2} in (4.15), we get

m [yo, Y1, Y2; f] = for i € {1,2}

[yo, v, yo; f] = 1i [ (yo)
Yi—Yo 2

provided that f” exist on [a,b].

Concluding as before, we get our results concerning the n—exponential convexity and expo-
nential convexity for our functionals Wy, k € {1,...,6} as defined in (4.8),...,(4.13). Here we
have [a,b] C Dom(f;) where Dom(f;) being the domain of function f;. Throughout the section
I is an interval in R.

Theorem 4.11: Let Dy = {f; € Cla,b] : t € I} be a family of functions such that the function
t — [20, 21, 22; ft] is n—exponentially convex in the J—sense on I for any three mutually distinct
points zg, 21,22 € [a,b]. Let Wi(f), k € {1,...,6} be linear functionals. Then t — Vi(f:) is an

n—ezxponentially convex function in the J—sense on I. If the function t — Vy(f;) is continuous
on I, then it is n—exponentially conver on 1.

As a consequence of the above theorem we can state the following two corollaries.

Corollary 4.4: Let Dy = {fi € Cla,b] : t € I} be a family of functions such that the function
t — (20,21, 22; ft] is exponentially convexr in the J—sense on I for any three mutually distinct
poinls zg, z1,z2 € |a,b]. Let Wi(f), k € {1,...,6} be linear functionals. Then

(a) The function t — Vi (fi) is an exponentially convezr function in the J— sense on I. If the
Junction t — Vi(fr) is continuous on I, then it is exponentially conver on I.
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m

(b) The matriz [\I!k (ft,ithj )] is a positive-semidefinite. Particularly,
2

ij=1
det |:\I/k (fti+tj >:| >0
2 /=1

for each m € N and t; € I where i € {1,...,m}.

Corollary 4.5: Let D3 = {f; € Cla,b] : t € I} be a family of functions such that the function
t — [20, 21, 22; ft] is 2—ezponentially convex in the J—sense on I for any three mutually distinct
points zg, 21,22 € [a,b]. Let Vi (fr), k € {1,...,6} be linear functionals. Then the following
statements hold:

(a) If the function t — Vi (f) is continuous on I, then it is 2—exponentially convex function
on I. If the function t — Vi(f) is additionally positive, then it is also log-convex on I.
Moreover, the following inequality holds for r < s <t;r,s,t € I

(T (fo))™" < (CR(fr)" " (WR(f2)" "

(b) If the function t — Wi (f;) is positive and differentiable on I, then for every s,t,u,v € I
such that s < u and t < v, we have

t15,4 (Vi D) < py,0 (Wi, D) (4.16)
where sy is defined as
(4™ s At
A ’ )
st (A, Q) = (¢ ;AW)) (4.17)
exp (j\(e&(s)) ) , Ss=t.

Remark 4.8: The proofs of the Theorem 4.11 and Corollaries 4.4 and 4.5 can be found in
[151]. We also note that the results from Theorem 4.11, Corollaries 4.4 and 4.5 still hold when
any two (three) points zp, z1, 22 € [a, b] coincide for a family of differentiable (twice differentiable)
functions f; such that the function ¢t — [20, 21, 22; fi] is n—exponentially convex, exponentially
convex and 2—expoenetially convex in the J—sense, respectively.

Remark 4.9: Some special cases of Corollary 4.5 can be found in [22].

4.3.4 Examples

In present section, we give the same examples as given in the previous chapter and give some
means and mean-type results.
Under the assumptions of Theorem 2.23, for the present section, we consider the following

conditions to be valid for all ¢, t, € I:

lim A(f;) = A (hm ft) = A(fi)

t—to t—to
tli)n;l A(ft])f:f(fto) — A(thm ft:ft0> :A(ftlo)
0 0 —to Tt —1p
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where [ is an interval in R.
From Examples 3.1-3.4 of [136], we note that all the mappings t — Y (f;) for k € {1,...,6}

are exponentially convex for f; € Q; for k € {1,...,4} in the following examples.

Example 4.1: Let Q1 = {¢; : R = R, : t € R} be the family of functions defined by

1 _tx
_ t76 ) t# 0’
vil@) { LA =)

Since, P(x) is a convex function on R and ¥} (x) is exponentially convex function [122]. Using
analogous arguing as in the proof of Theorems 4.11 we have that t — [yo, y1, y2; V) is exponentially
convex (and so exponentially conver in the Jensen sense). Using Corollary 4.4 we conclude that
t— Wil ., ¢); k€ {1,...,6} are ezponentially convex in the Jensen sense. Il is easy to see
that these mappings are continuous, so they are exponentially convez.

Assume that t — (., .,¢) >0k € {1,2,...,6}. By using this family of convex functions
in (4.14) for k € {1,2,...,6}, we obtain the following means:

L (3H) L s#t

Moo(Wg, ) = ¢ LlL 2 sy z0,
Yy (id-vo) =
305 (7o) , s=t=0

where id stands for identity function on R.
Since, M 1 (Wi, Q) = In(pst(Vg, Q1)) for k€ {1,...,6}, so by (4.16) these means are mono-
tonic, where fisy is defined in (4.17).

Example 4.2: Let Qo = {¢;: Ry — R:t € R} be the family of functions defined by

t

t(txfl) ) t g {07 1}7
oi(z) =1 —In(z) , t=0,
xIn(x) , t=1

We assume that [a,b] C Ry and Yi(py) > 0 for k € {1,...,6}. By introducing this family of

convez functions in (4.14) for k € {1,...,6} we have the following means:
( 1
(va5) , s#t,
oy | G- SE) oo
exp 1_255@(&) L s—t=0,
P _1_%> , s=t=1

Monotonicity of these means follows directly from (4.16).

Remark 4.10: If Uy for k € {1,...,6} are positive, then using Theorem 4.9 with ¢ = s € Q9
and ¥ = ¢; € Q9 yield that there exist some & € [a,b], k€ {1,...,6}, such that

Ui (s)

s—t __
%= (o)

ke{l,... 6}
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Since the function & — ngt is invertible for s # ¢, we then have

1
s—t
< (‘i’;iiﬁ) <U., ke{l,... 6}, (4.18)
where Ly, Uy € [a,b] for k € {1,...,6}, which shows that in this case ps¢(¥y ,Q) for k €
{1,...,6} are means.

Now, we impose one additional parameter r. For r # 0 by substituting s — 2, t — % and
x — x" for k € {7,8}, g — ¢" for k € {9,10}, f — f" and g — ¢" for k € {11,12,13} and
f— f"for k € {14,15,16} in (4.18), we get

T

Ly < <M> < U, forke{7,8},

Ly < <$ZEZ iit U, for k € {9,10},

Ly < <$iiﬂ“ o Zj) < U, for ke {11,12,13},

Li < <iiij ‘;%D <U, forke{14,15,16},
where x" = (27,...,2]).

Here we define new generalized means as follows.

- for k € {7,8} :
1
(Mg (UR(XT, W3 1), 92))T . r#0,
Ns,t;r(qjk:(xraw;sot)ag2) =
:us,t(qjk(ln(x)vw;got)agl) ) r= 07
- for k € {9,10} :
1
fs.tr (g7, X 01), Q2) = <M§,£(\Dk(graA;(Pt)aQ2)) , 1T#0,
MS,?ﬁ(lek(ln(g)v )‘a Sot)v Ql) , I'= 07
~for ke {11,12,13} :
1
11 (UL (T, 075 00), Qa) = (Mg,g(‘l’k(frjgr; <Pt)792)) , T#0,

st (Ur(In(f),In(g); ), 1) , =0,

- for k € {14, 15,16} :

1
fs i (UL (A, F75 1), 2) = (Mg%(%«(ﬁl, I @t)ﬁz)) T, T #0,
:us,t(\I/k(A7 1n(f)7 Spt)7 Ql) , r=0,
where In(x) = (In(z1),...,In(z,)). These new generalized means are monotonic. If s, ¢, u, v €

R, r # 0 such that s < wu, t < v, then we have

,Us,t;r(\IIlm QQ) < :U'u,v;r(\ljh QQ)? ke {17 s ?6}

Chapter 4 Means of Mercer Type and Exponential Convexity 61



Ptolemy Scientific Research Press https://pisrt.org/ PSR Prces

The above inequalities are easily followed by using the fact that ps.(Vg, Q2) for k € {1,...,6}

are monotonic in both parameters and using the inequalities given below for k € {1,...,6}
Uy (ps k(o)
st \IIIWQQ = = - pu v \I/k,QQ
il ! (Wk (pe) ) < k(¥2) et )
where 1, 5,t,u,v € R, r # 0 such that 7 < 7, % < 7. For r = 0, we obtain the required result by

taking the limit » — 0.

Example 4.3: Let Q3 = {0, : Ry — R4 : t € Ry} be the family of functions defined by

—z\/t
e

We assume that [a,b] C Ry and Vi(0;) > 0, k € {1,...,6}. For this family of convex functions
st (U, Q3), k€ {1,...,6} from (4.16) become

P (0s) | st
trst (W, €23) = (\I”“(et)> . s
) ox (_ Uy (idfs) 1) s—1t
P2y ~ 5/ ‘
Monotonicity of pst(Vy,Q3) for k € {1,...,6} follow from (4.16). By (4.14) M (¥, Q3) =
—(vs+Vt) In(ps 1 (Vi, Q3)), ke{l,...,6} defines a class of means.

Example 4.4: Let Qy = {fi : Ry — Ry :t € Ry} be the family of functions defined by

t*l
fi(z) = { (i 2 oo t#1,

2 =1

We assume that [a,b] C Ry and Yi(fy) >0, k€ {l,...,6}. For this family of convex functions
st (U, ), k€ {1,...,6} from (4.16) become

1
<‘I’k(f)) , sFL
pst(We, Q4) = exp —\I;’fp(:(if{“)) — shf(s)> . s=t#1,
10 (id. f .
exp (3 \Ik’i(fl)l)) , s=t=1.

Monotonicity of ps:(Vi,Q4) for k € {1,...,6} follow from (4.16). By (4.14)
msi(q]ka Q4) = _L(S7 t) ln(lu’g,t(94))7 ke {17 s 76}

defines a class of means, where L(s,t) is Logarithmic mean defined by

—t
L(S,t) — { 1n§71nt’ 57& t,

s, s=t.

Remark 4.11: Motivated by Theorems 3.9 and 3.10, we define two functionals ®;: Ly —

R,i=1,2, by
a+b
(-]
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and

Dy(p) = ¢ (a) + ¢ (b) —p(a+b-A(f)) = Ale(f))

el

where A, f and d,, are as in Theorem 3.9 and for [a, b]

e

I

_a+b n
2

Ly={¢: I = R:o(f),pla+b-f) € L}.

Obviously, ®; and ®4 are linear.

If ¢ is additionally continuous and convex then Theorems 3.9 and 3.10 imply ®;(f) > 0,7 € {1, 2}.

We can state all the results as stated in this section for functionals ®; and ®5. For further
details interested readers see [226].

Remark 4.12: This section also captures some results of [22] as special cases.
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CHAPTER b

Variants of Mercer Type of Some Well-Known Inequalities

In this chapter, we present Mercer-type variants of several well-known inequalities. We begin with
a Mercer-type extension of the Jensen—Steffensen inequality. Next, we provide generalizations of
the discrete éebyéev’s inequality for two monotone n—tuples and also for £ > 3 nonnegative n-
tuples monotone in the same direction, followed by their Mercer-type refinements. This is followed
by analogous Mercer-type variants of Pecari¢’s generalizations of discrete Ostrowski inequalities.
Finally, we discuss generalizations of Milne’s inequality and its converse, together with their
Mercer-type variants. These developments illustrate the versatility and broad applicability of

Mercer-type refinements across classical inequalities.

5.1 A Variant of the Jensen—Stefensen Inequality

In Chapter 1, as we see from the proof of Theorem 1.1 that the condition 0 < x1 is not necessary.
We also noted that the condition that the n-tuple @ = (z1,...,zy) is increasing is also not neces-
sary. Therefore, we state here an extension of Theorem 1.1 and prove it as a simple consequence
of Jensen-Steffensen’s inequality. Before doing this, note that inequality (1.1) is valid for any

function f which is convex on interval containing [a,b] and that x1,z9, ..., 2z, € [a,b].

Theorem 5.1:  Letx = (x1,...,2,) € [a,b]", where a < b and w = (w1, ..., wy,) a nonnegative
real n-tuple with Y ;" w; = 1. Then for any function f which is convex on interval containing
[a,b] we have

f(a—kb—Zwm) <f szf xz .

If f is concave, then above inequality is reversed.
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Proof: Let (i1,12,...,4,) be a permutation of (1,2,...,n) such that £ = (x;,...,x;,) is
increasing, that is, a < z;; <z, < -+ < a;, < b, and let w = (w;,,...,w;,) be corresponding

permutation of w. Note that
n n
D wigwi; =Y wit
j=1 i=1

and for all k € {1,...,n}

n

k n
Z <Zwl sz‘zl-
j=1 i=1

Therefore, if m = n + 2 and the m-tuples £ and p are defined by

51 = a, 52 = Tjy, 53 = Tjgyervy €n+1 = T, £n+2 = bv

pP1 = 17 P2 = —Wjy, P3 = Wiy, .-, Pn+1 = —W;,, Pn+2 = 1)

then it is obvious that the m-tuple £ is increasing while for P, = Zle p; we have

n n
Ppo=1-) w,+1=1-> w;+1=1>0,
— -

k—1
0< Pe=1-) wi<1=Py,, kefl,...,n+1}.
j=1

So, we can apply Jensen-Steffensen’s inequality to obtain the inequality

m

ijfj < ijf(fj)a
=1

which can be rewritten as

f(a"i_b_zwzxz) <f szf xz .

The concave case is analogous. O

Remark 5.1: By careful inspection of the proof above we can easily see that condition “w is
a nonnegative real n-tuple with ", w; = 17 can be relaxed to condition: w = (wy, ..., wy) is
a real n-tuple satisfying 0 < Wy, < W,, =1, for k € {1,2,...,n — 1}, where Wy, = Zle w;, but
in that case if we want Inequality (5.1) to be valid, we must assume x = (z1,...,2,) to be a
monotonic n-tuple in [a, b]"

Now we have the following variant of Jensen—Stefensen inequality:

Theorem 5.2: Let f : I — R, where I is any interval in R, and let [a,b] C I, a < b. Let
x = (1,...,2T,) be a monotonic n-tuple in [a,b]" and w = (wy,...,wy,) a real n-tuple such that

0< Wy <W, (ke{l1,2,...,n}), W,>0,
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where Wy, 1= Zle w;. If f is convex on I, then

n

1 ¢ 1<
f <a+b— WZU},&) < f(a)+ f(b) — WZwa(xl)
=1 i=1
If f is concave on I, then the above inequality is reversed.

Proof: Set
Wy

Wn, 26{1,2,,71}

w; =

and apply Theorem 5.1 and Remark 5.1. O
Now consider two functions f : I — R and g : J — R, where I and J are intervals in R,
such that f(I) € J. When each of functions f and g is convex or concave, the following simple

technical result can be very usefull.

Lemma 5.1: Let f: I - R andg:J — R, where I and J are intervals in R, be two functions
such that f(I) C J. Then

(i) if either f is convex on I and g is nondecreasing and convex on J or f is concave on I and
g 15 nonincreasing and convex on J, then go f is convexr on I;

(i) if either f is convex on I and g is nonincreasing and concave on J or f is concave on I and
g 15 nondecreasing and concave on J, then go f is concave on I.

Proof: Take u,v € I and ¢ € [0,1]. If f is convex on I, then
fltu+ (1 =t)v) < tf(u) + (1 —1)f(v), (5.1)
and if f is concave on I, then
Fltu+ (1 =t)v) > tf(u) + (1 — 1) f(v). (5:2)
Now, when g is nondecreasing and convez on J, from (5.1) we get
g(f(tu+ (1 =1)v)) < g (tf(u) + (L =) f(v)) < tg(f(u)) + (1 - 1)g(f(v)).

Same inequalities follow from (5.2) in case when g is nonincreasing and convezx on J, It follows
in both cases that go f is conver on I which proves the first claim. The second claime is proved
by analogous argument. O

So, in each of the two cases described in Lemma 5.1 we can apply Jensen’s inequalities (A.7)

and (1.2) to go f. For example, if f is convex on I and g is nondecreasing and convex on J, then

(gof) (Pl Zpi&) < PLZPz (gof)(&) (5.3)
M i=1 M i=1
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holds for any m-tuple & = (§1,...,&y,) in I and any nonnegative m-tuple p = (p1,...,pm) such
that P, = > ", pi > 0. Actually, under this assumptions on f and g the above inequality can

be refined to the following

1 & 1 & 1 &
(9o f) (Pm ;m&) <y (Pm ;pz‘f (fz’)) <5 ;pz' (g0 f)(&)-
(Some more general results of this type can be found in [10].) Clearly, if we assume £ to be a
monotonic m-tuple in I"™ and p to be a real m-tuple satisfying conditions (A.9), then (5.3) still
holds but the above refinement need not be true unless f is also monotonic (nondecreasing or
nonincreasing). Similar observations can be made in all other cases considered by Lemma 5.1.

More precisely, we have the following result:

Theorem 5.3: Let f : I — R and g : J — R, where I and J are intervals in R, be two
functions such that f(I) C J. Assume f to be monotonic on I. Let & = (&1,...,&m) be any
monotonic m-tuple in I"™ and p = (p1,...,pm) any real m-tuple such that

0<P. <P, ke{l,2,...,m}, P, >0,
where P, = Zle ;.

(i) If either f is convex on I and g is nondecreasing and conver on J or f is concave on I and
g 1s nonincreasing and convex on J, then

(gof) (Pl Zpi&') <y <P1 > pif (5i)> < Pi > pilgo f) (&) (5.4)
™ =1 ™ =1 ™ =1

(i1) If either [ is convex on I and g is nonincreasing and concave on J or f is concave on

I and g is nondecreasing and concave on J, then

3

(9o ) (Pl Z%) > (; me(&)) > oY nlge &) 6
™ =1 ™ =1 ™

=1
Proof: Let us denote

&) =(f (&), f(&m))

Since & is a monotonic m-tuple in I, f(I) C J and f is assumed to be monotonic on I, f(&) is
monotonic m-tuple in J™. Further, in case f is convex we can apply Jensen—Stefensen inequality

to obtain
/ <le ZPiﬁi) < PL sz‘f (&), (5.6)

while in case f is concave we get

1 & 1 &
/ <Pm ;m&) > Pm;pif (&) - (5.7)
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Now, the second inequality in (5.4) is a consequence of Jensen—Stefensen inequality for convex
function g and the fact that f(&) is monotonic m-tuple in J. The first inequality in (5.4) follows
from (5.6) in case g is nondecreasing, and from (5.7) in case ¢ is nonincreasing. Similarly, the
second inequality in (5.5) is a consequence of Jensen—Stefensen inequality for concave function
g, while the first inequality in (5.5) follows from (5.7) in case g is nondecreasing, and from (5.6)
in case g is nonincreasing. O
In our next result we obtain variants of the inequalities in Theorem 5.3 analogous to those
obtained in Theorem 5.2.
Theorem 5.4: Let f : I — R and g : J — R, where I and J are intervals in R, be two

functions such that f(I) C J. Assume also that f is monotonic on I. Let [a,b] C I, a < b. Let
x = (r1,...,2,) be monotonic n-tuple in [a,b]" and q = (q1,...,qn) be a real n-tuple such that
0<Qr<Qn (ke{l,2,...,n}), Qn>0, where Q=" q.

(i) If either f is convex on I and g is nondecreasing and conver on J or f is concave on I and
g 1s nonincreasing and convexr on J, then

(g0 f) <a+b—Qquz‘93i> §g<f(a)+f(b)—Qquz'f($i)>
ni— " i=1
<o) @ +(g0NO -5 Y a9 ().
" i=1

(ii) If either f is convex on I and g is nonincreasing and concave on J or f is concave on
I and g is nondecreasing and concave on J, then

1 n
(90 f) (a—i—b— Qﬂ;%&)
> (f(a) HI0) - o> af m))

> (90 ) (@) + (g9.1) ()= - >4 (g2 ) (w0,

i=1
Proof: Set m = n + 2 and define the m-tuple p as
p=1 p=—2 p=-= Pri1 = =2 puia=1
) Qna Qn’ ) n-+ Qn’ n+

Furthermore, if « is nondecreasing i.e. a < z; < --- <z, < b, then define £ as

51 = a, 52 = T, 63 =T2y. ., §n+1 = Tn, §n+2 - b,

while in case that @ is nonincreasing i.e., a < z, < --- < a7 < b, define £ as

51 :b7 52 = 1, 53:1'27"'7 £n+1 = Tn, £n+2:a~
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Now it is easy to see that in both cases we can apply Theorem 5.3 to obtain the proposed
inequalities. O

Remark 5.2: In case g is also nonnegative, the n-tuple & need not be monotonic and the
inequalities proposed in Theorem 5.4 are still valid.

It is interesting that these results concerning two functions, such that each of which is either
convex or concave, can be generalized by induction to any set of functions satisfying certain
conditions.

Consider a set of 7 + 1 (r > 1) functions

f:I—=R g:I1 =R, ..., g :1, &R,
where I, I, ..., I, are intervals in R such that
S C I, (D) € sty k€ {1,2,...,r— 1}, (5.8)

Then the following two sets of auxiliary functions Fy, Gg, k € {1,2,...,r},such that Fj, : I — R,

Grp: Iy —- R, ke{l,2,...,r}, are well defined as

Frp: 1 —-R, Fy=grogr10---0g10f, (5.9)
Gy : I >R, Gy =¢g,0G_10+0 gp. (5.10)
Furthermore, for any given monotonic & = (£1,...,&y,) in I"™ and real p = (p1,. .., pm) satisfying

condition (A.9) we define the value £ € I as

_ 1 &
£= Pm;pi&- (5.11)

Also, we define f(£) and Fj(§) (k € {1,2,...,7}), and the values f(&) and Fy(&§) by

fE&) =), f&m), Fe(§) = (Fr(&), -, Fi(&m))

— 1 & 1 &
f@ =5 pf (&), Fu@) =5 Y piFr (&) (5.12)
™ i=1 ™ i=1
Now, we assume that each of the considered functions of the set f,g1,..., g, is either convex or

concave and that following monotonicity condition is fulfilled.
Monotonicity Condition. Denote go = f. We say that a set of functions go, g1.- -+ , gr salisfies
the Monotonicity Condition (MC),if all k €{0,1,...,r—1}, and all pairs (gx, gr+1) satisfiy

the following:
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(i) when both functions g and g1 are either convex or concave, then gy is nondecreasing:
(ii) when either gy is convexr and gi11 is concave or g is concave and grpi1 1S conver, then gpiq
18 MONINCcreasing.

Note that when the functions f, g1,..., g, satisfy the above stated MC, then all of them

except go = f are monotonic. Also, we have:

Theorem 5.5: Let the functions f, gi,...,9- be as above and satisfy MC. Let Fj, k €
{1,2,...,r}, be defined by (5.9). Then for all k € {1,...,r} we have

(i) if gx is convex on I, then Fy is convex on I;

(23).if gx is concave on I, then Fy is concave on I.

Proof: For k=1 weset g = g1 and apply Lemma 5.1, while for £ > 1 the proposed conclusions
easily follow by induction. The details are left to the reader. O
It is now obvious that we can extend the result stated in Theorem 5.4 to the following general

result:

Theorem 5.6: Let f: I — Rand g, : Iy - R, k € {1,2,...,r}, be either convezr or
concave, where I and I, k € {1,2,...,r}, are intervals in R satisfying (5.8) Define auziliary
functions Fy, and Gy, by (5.9) and (5.10), respectively. Assume that f and g, k€ {1,2,...,7},
satisfy MC and additionally assume f to be monotonic. Then for any monotonic m-tuple & € I™
and real m-tuple p satisfying (A.9) we have:

(1) if gr is convex on I, then

F.(€) < Gi (E) < Go (f(ﬁ))

IN

G (F2(®) <

IN

G (Fr—l (6))

VAN
=
m

(it) if g, is concave on I, then

FE > ¢ (fO) = 6(RE) = 6(R©) = - > 6 (Fa©) = e

where the value & is defined by (5.11) and values f(€) and Fy(€) are defined by (5.12).

Proof: Under the given assumptions, the monotonicity of f ensures that all f(§) € I and
Fp(§) € I, (ke {1,2,...,7 — 1}) are monotonic. Now, for r = 1 we set g = g1 and it is easily
seen that the proposed statement is in fact the statement of Theorem 5.4. The general case then

easily follows by induction. The details are left to the reader. O

Corollary 5.1: Let all the assumptions of Theorem 5.6 be satisfied. Let [a,b] C I, a < b.
Let € = (x1,...,2,) be monotonic in [a,b]" and q = (qi,...,qn) be real n-tuple such that
0<Qr<Qn (ke{l,2,...,n}), Qn >0, where Q) = Zle qi. Then

() if gr is convex on I, then

R < 6i (/@) < 6:(RE)

A
)
w
VS
5
~
N—
A

< G (Fa©®) < B,
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(i) if g, is concave on I, then

EE > 6 (f@) > & (F@) > 6 (BE) > - > 6 (F.@) > R,

where

E=a+b— oo Soaan B = Fil@) + Felb) = 5= > aiF (a).
" i=1 " i=1

Proof: Define £ and p exactly as in the proof of Theorem 5.4 and then apply Theorem 5.6.
O

5.1.1 Jensen—Stefensen Inequality and Quasi-Arithmetic Means

Let f: I — R be strictly monotonic and continuous function, where I is an interval in R. Then
for a given m-tuple & = (&1,...,&y,) in I™ and nonnegative m-tuple p = (p1,...,pm) with

P = 221 p; > 0, the value

My (&p) = f" (; > pif (&))
™ =1

is well defined and is called quasi-arithmetic f-mean of & with weights p.
If £ is assumed to be monotonic m-tuple in I™ and p any real m-tuple satisfying condition

(A.9), then My (&, p) is still well defined. Moreover, the following result is true:

Theorem 5.7: Let f and g be two continuous strictly monotone functions on an interval I.

! <Pl > pif (&‘)) <g! (131 > pig (fz‘)) (5.13)
™ i=1 ™ i=1

holds for all monotonic m-tuples & in I™ and real m-tuples p satisfying conditions (A.9) if and

The inequality

only if the function go f~' is convex and g is strictly increasing or the function go f~' is concave
and g is strictly decreasing. The reverse inequality

! <Pl > pif (fz‘)) >g! (131 > pig (fz‘)) (5.14)
™ oi=1 moi=1

holds for all monotonic m-tuples & in I"™ and real m-tuples p satisfying conditions (A.9) if and

1

only if either go f~1 is concave and g is strictly increasing or go f~! is convex and g is strictly

decreasing. In case the function go f~ is strictly convex (concave) equalities in (5.13) and (5.14)
hold if and only if & = ¢ for all i € {j : p; #0} C{1,...,m}.

Proof: Since f and g are continuous and strictly monotone we know that f(I) = J; and

g (I) = Jy are intervals in R. Now take any monotonic m-tuple € in I and any real m-tuple p
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satisfying condition (A.9). Since f and g are strictly monotonic, then

are both monotonic and consequently we have

1 « R
?zpif(fi) €N, 5 Y pig(&) € Ja.
™ =1 ™ i=1

So that both sides of (5.13) ((5.14)) are well defined.

If the function g o f~! is convex on Ji, then for all m-tuples £ and p satisfying the above

conditions, Jensen-Steffensen’s inequality (A.7) gives

(gof™) (131 Zpif (§z‘)> < Pi Zpi (go f7H) (f(&)
moi=1 moi=1

which can be rewritten as

g <f1 <Pl > nif (&))) < oS mol6). (5.15)
=1 ™ i=1

In case g o f~! is concave, we obtain the reverse of the above inequality

g <f1 <Pl me(&))) > PL > pig (&) (5.16)
™ oi=1 moi=1

If the function g is strictly increasing, then inverse function g~!

is also strictly increasing, so
that (5.15) implies (5.13) . If g is strictly decreasing, then g1 is strictly decreasing too, so that
in this case inequality (5.16) implies (5.13). On the other hand, analogous arguments give us the
reverse of (5.13), that is, we get inequality (5.14) in cases when go f~! is convex and ¢ is strictly

decreasing or g o f~! is concave and g is strictly increasing.

If§ =cforalie{j:p; #0} C{1,...,m}, then

r (; Zpif(@-)) = () =c
™ =1

Conversly, assume that

! (; > _nif <§i>> =g (Pl > _pig (@-)) .
m =1 moi=1
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This can be rewritten as

(9057 <Pl Smii (@)) =S niloo ) ().
moi=1 ™ oi=1

For strictly convex (strictly concave) function g o f~! the obove assumption implies

(&) =¢. forall i€ {j:p;#0},

and since f is strictly monotonic, this means

&=fUd)=¢c, forall i€ {j:p;#0}.

This completes the proof. ]

Theorem 5.7 can be extended in the following way.

Theorem 5.8: Let F, : I — R, k € {0,1,...,7r}, be continuous and strictly monotonic
functions on an interval I. in R. Let functions g1, 9o, ..., g, be defined as

gk:FkOka_ll:Ik*)Ik—&-la kiG{l,...,T‘},

where I; = Fjill(l), j€A{L,...,r+ 1} are intervals in R. Assume thal each function g, k €
{1,...,r}, is either conves or concave on I, and that the set of functions g1, ga, - - - , gr is satisfying
MC. Then for all monotonic m-tuples € in I"™ and all real m-tuples p satisfying conditions (A.9)
we have:

(¢) if either Fy o FO_1 1s convez and Fy s strictly increasing or Fy o FO_1 is concave and Fi is
strictly decreasing, then

Mp, (&,p) < Mp, (&,p) < Mp, (&,p) <--- < Mg, (£,p); (5.17)

(i) if either Fy o FO_1 1s concave and Fy is strictly increasing or Fy o FO_1 is convex and FY is
strictly decreasing, then

where

Mpk(E,p)ZFl;l <;Zple(fl)>, kE{O,L...,T}.
moi=1

Proof: The first inequality in (5.17) as well as the first inequality in (5.18) follows directly by
Theorem 5.7. The other inequalities in (5.17) and in (5.18) are consequences of Theorem 5.7 and
the fact that set g1, 9o, ..., g, is satisfying Monotonicity Condition MC'. For example, assume
that FyoFy lis convex and Fj is strictly increasing. Then for Fho F| 1 we have two possibilities:
either it is convex or it is concave. If F o [~ 1is convex, then it must be strictly increasing by

MC, and Fy = (F2 o Fl_l) o I is strictly increasing too, while in case F5 o Fl_1 is concave, it
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must be strictly decreasing by M C and Fy = (F2 o Ffl) o F7 is strictly decreasing too. Hence,
in both cases applying Theorem 5.7 with f = F} and g = F5 we obtain the second inequality in
(5.17). In all other cases we argue similarly. O
Corollary 5.2: Let all the assumptions of Theorem 5.8 be satisfied. Let [a,b] C I, a < b. Let
x = (x1,...,2,) be a monotonic n-tuple in [a,b]" and q = (q1,...,qn) real n-tuple such that
0<Qr <Qn, ke{l,2,...,n}, Qn >0, where Qp, = Zle ¢;. Then we have:

(i) if either Fy o Fal 1s convex and Fy is strictly increasing or Iy o F(fl is concave and Fy is
strictly decreasing, then

MF() (a7b7x7q) S MFl (a7 buma q) S MFQ (a'u bvqu) S T S MFT» (G,b,x,q) 5

(i) if either Fy o Fo_l s concave and Fy is strictly increasing or Fy o FO_1 is convex and Fy 1s
strictly decreasing, then

MFO (a,b,m,q) > MF1 (CL, bawa q) > MF2 ((I, bvqu) > 2 MFr (CL, b,m,q),

where
- . 1 &
MFk(a7b7w7q):Fk Fk(a)+Fk(b)_anle(xl) 7k€{0717-'~7r}'
" i=1
Proof: Define £ and p exactly as in the proof of Theorem 5.4 and then apply Theorem 5.8.
O

5.1.2 Examples

In 2002 [175], Mercer considered some monotonicity properties of power means. He proved the
following theorem:

Theorem 5.9:  Suppose that 0 < a <banda < z1 < x90 < ... <z < b with ot least one of
the xy satisfying a < x < b. If w = (w1,...,wy,) s a positive n-tuple with Y i w; = 1 and

—00 < r <8< 4oo then
a < M, (a,b,x) < Ms(a,b,x) <b,

where

Mk (CL, bv ZU)

n %
(ak + ok — waf)
i=1

for all real k # 0, and

n

My (a,b,z) = %b, G = HJ:;““Z

i=1

Now we show how Theorem 5.9 can be obtained as a special case of Theorem 5.7.

Example 5.1: Forr,s € R\ {0} let us define two functions f and g on interval I = (0,00) as
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f(z)=2a", g(x) =x*. Then

E3

(go 1) (x) =ar, (QOffl)”(x):s(s—r)

We have three possible cases:

Case 5.10: 7 < s < 0. In this case we have (go ffl)// (x) < 0 for all x € I; which means that
go f~1is concave and g strictly decreasing.

Case 5.11: 7 <0 < s. In this case we have (go f‘l)// (x) > 0 for all x € I; which means that
go f~1is convex and g strictly increasing.

Case 5.12: 0 <7 < s. In the last case we have (go f~!)" (z) > 0 for all z € I; which means
that g o f~! is convex and g strictly increasing.

Since conditions of Theorem 5.7 are satisfied for such f and g, with adequate m-tuples & and
p we can obtain inequality (5.13) in all cases.
Now, let us have n-tuples  and w as in Theorem 5.9. If we choose m-tuples & and p (m = n + 2)
such that

&1 = a,§&o=21,§3=m2,...,§n41 = Tn,Eni2 = b,

pP1 = 17p2 = —W1,P3 = —W2 ..., Pn+1 = —Wn, Pn+2 = 1)

we can easily see that all conditions on them in Theorem 5.7 are satisfied, so for f,g,& and p as
the above, Theorem 5.7 gives us

<Pl me{) < <Pl ZPiff)
moi=1 moi=1

1
s

which can be written as

1
n r n
<ar +b - Z wzx:> < (as +b° — Z wwf) ,
i=1 =1

and this is the middle inequality in Mercer’s result. The left and the right bound are obtained

@

from

1 & G 1 & G
1 P Nl — 1 _ T =
Jim (pm Zf) o lm (pm Zf) g

Example 5.2: If we consider the other interesting choices of functions f and g in Theorem
5.7, we can get more inequalities from paper [175]. For instance, if on I = (0,00) is chosen
flx)y=27", forr >0 and g(x) = Inx, we obtain

Inx

(gof™) (@) =-="=, (gof™)

"

(z) =

re?’

It is obvious that g is strictly increasing and go f~1 convex on I, so for adequate n-tuples  and
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_1

n r b
w. Theorem 5.7 gives us <a_r +b0 " — Z wixi_r> < %. On the other hand, for f (z) = Inx,

and g (x) = ", for r > 0, we obtain

(g o f—l) (x) = (g o f_l)// (x) _ 2

from which we can see that g is strictly increasing and go f~1

1
%b < (ar +b - ;wzx,LT)

Example 5.3: Let us choose in (5.18) Fi(x) = ", Fa(x) = rlogz for 0 < r < 1 and
[a,b] C [0,00]. Since functions Fy and Fy o F{'' are concave and increasing, it is easy to verify

convex on I, so again, Theorem
5.7 gives us

the following inequality for n-tuples © and w as in Corollary 5.2:

Example 5.4: Let py > 1, pp <0, 0 <w; <1, where Y ;" w; =1, and let z; € [a,b] C [0, 00]
(i €{1,2,...,n}). Then we have

n n w;P1P2
§ w; (aplpz + bP1p2 _ xfpo Z ( >
1 Z

=1 i=

n pip2 n
> <Zwi(a+b—xi)> Zzwi(al’l _|_bp1_x;;11)p27
i=1

=1

and if also po < —1 we have

n n P " ab\ YiPiP2
St 2> (S ) = T1()
i=1 )

=1 =1

" pipz n —p
> (Z w; (a+b— CL‘Z)> > (Z w; (a—m 4P xim)) .
i=1

=1
Proof: If in (5.18) we choose Fy(x) = aP'P2 Fy(x) = pipelogx, and if we take into consider-
ation that p1pa < 0, we obtain

n n w; pP1p2
aPlprPIPQ ab i
p j2 l l _ I [
> | wi (aPP? 4GP — 2P > < P ) - ( (-’E) ) |
i=1 i=1 v

Since we know that (5.19) holds, we can deduce that

n b\ Vi P1p2 n P1p2
a

[1(= > (D w b—m;

i=1 <$l> ) - <i1 wlarboe )>

- (Zw (@) + @y <x€1>é))m.

i=1
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On the other hand, we know that 0 < p% < 1, so (5.19) gives us again
n p1p2 n P2
1 1 1
(Zwi ((apl)m + (o)~ (53[1)1)?1)) & (sz (aP* + b — :rfl)> .
=1 i=1

If po < —1 then 0 < —p% < 1, so remaining inequalities are obtained easily in the same way.

O

5.2 Two Variants of Cebysev’s Inequality
A discrete analog of the classical éebyéev’s inequality (1882, 1883) is stated as it follows.

Theorem 5.13: Let w be a nonnegative n-tuple. If real n-tuples * = (z1,..., x,) and y =
(Y1,...,Yn) are monotone in the same direction then

n n n n
Z W;T; Z wiYi < Z wj Z WikiYi- (5.20)
i=1 i=1 i=1 =1
If ¢ and y are monotone in opposite directions the inequality in (5.20) is reversed.

Although the proof of the following generalization of the inequality (5.20) has been already
known (see [205] ) for the sake of the clarity we shall briefly present it here.
Theorem 5.14: Let w = (wi,...,w,) be a real n-tuple such that (A.9) is satisfied. Then

for any real n-tuples * = (x1,...,2n), Y = (Y1,...,Yyn) monotone in the same direction the
inequality (5.20). holds. If  and y are monotone in opposite directions (5.20) is reversed.

Proof: Using the well-known Abel’s identity it can be proved that the following identity holds.

n n n n k—
Zwi Z WiTiYi — Z Wi Z WiYi = Z ZWk;-HVVl i1 — 21) (Yka1 — Yk) (5.21)
i=1 i=1 i=1 i=1 =1

+ Y WiWi (2 — 21) (g1 — i) |
I=k+1

where W, = >, w;. Suppose that & and y are monotone in the same direction. Then
(@ix1 — i) (yj+1 —yj) > 0 for all 4,5 € {1,...,n —1}. Furthermore, the conditions (A4.9) on
n-tuple w imply that also W, >0, k € {1,...,n}, so from identity (5.21) we may conclude

n n

Wi Z Wi TilY; — Z Wi g Z w;y; > 0.
1

1= =1
If £ and y are monotone in opposite directions we have (z;41 — ;) (yj+1 —y;) < 0 for all
i,j € {1,...,n— 1}, so the reverse of (5.20) immediately follows. O

In the next theorem we give a Mercer’s type variant of the inequality (5.20).
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Theorem 5.15: Letn > 2 and let w be a real n-tuple such that (A.9) is satisfied. Let [a,b] and
[c,d] be intervals in R, where a < b, ¢ < d. Then for any real n-tuples x € [a,b]" and y € [c,d]"
monotone in the same direction we have

1 o 1 © 1«
(a +b— A Z wixi> (c +d— A Z wiyz) <ac+bd — A Z Wi LY. (5.22)
=1 =1 =1
If x and y are monotone in opposite directions the inequality in (5.22) is reversed.

Proof: Without any loss of generality we may suppose that n-tuples « and y are both de-

creasing (in other cases proof is similar). We define (n + 2)-tuples w’ = (wi,...,w} o), @’ =
/ / /! / /
(xl,...,an) and y' = (yl,...,ynH) as
o ;o w / _ wp / _
wy =1, wy ==y, ..., Wy = —pf, Whyo =1,
!/ ! / _ / —
3 =0, xy=ux, cery Ty = T, Tyio = a,
!/ /o / _ / —
yl - d7 yQ = Y1, e yn+1 = Yn, yn+2 =¢

Obviously, ' and y’ are both decreasing and we have
0<W,<1,ke{l,....n+1}, W, ,=1,

so we may apply Theorem 5.14 on (n 4 2)-tuples w’, &’ and ¢’ to obtain

n+2 n+2 n+2 n+2
! ) / I
Z w;T; Z wiY; < Z w; Z Wi T35
i=1 i=1 =1 i=1
from which we can easily get (5.22). O

éebyéev’s inequality can be generalized for k£ > 3 nonnegative n-tuples monotone in the same
direction with nonnegative weights w (see for example [204, p. 198]). Here we give an analogous
generalization of Cebyéev’s inequality for k£ > 3 nonnegative n-tuples in which weights w satisfy

the conditions (A.9). In order to simplify our results, we shall consider only weights w with

> wi = 1.

Theorem 5.16: Let n > 2 and let w be a real n-tuple such that
0<Wp<1(ke{l,....n—1}), W, = L. (5.23)

Then for k > 2 and for any £V, ... (™ ¢ [0, —l—oo}k such that

2 <. o< op 2M > 0> g0
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Then the following inequality holds

k
H Z wsz(j) < ijxZ(j). (5.24)

Proof: The proof of (5.24) is by induction on k. The case k = 2 follows from Theorem 5.14.

Suppose that (5.24) is valid for all [, 2 <1 < k. We have

n k+1 k ) )
Zw]H:B ijH;rg])x,(fll (5.25)
Jj=1 =1 j=1 i=1

and we know that

HZ’U)J 2 ZwJHx >0, ijx,(i)_l >0
j=1

i=1 j=1

(see Remark 1.1). We define nonnegative n-tuple y as

k
yi =[], jef1,...,n}
i=1
It can be easily seen that y is monotone in the same sense as (:c(l), ey m(”)) ,i.e., y is monotone
in the same sense as (xgll, .. xgﬁr)l) , so we may apply (5.20) and our induction hypothesis in

(5.25) to obtain

n k+1
) () _
> w] e = Z%Hm ),
j=1 i=1

j=1
, J
> | 2w ] Zwﬂkﬂ
j=1 i=1

v
=

™
£
s&/—\

E :wﬂwk—i-l

so by induction the result holds. O

In the next theorem we give a Mercer’s type variant of (5.24).

Theorem 5.17:  Let n > 2 and let w be a real n-tuple such that (5.23). is satisfied. Let k > 2
and let K = [ay,b1] % -+ X [ag, be] C [0,400)*. Then for any 2O, ... 2™ e K such that

eV <...<z™ op M >0 > g0
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we have
k n ) k k n k )
H a; + b; — Z wjxgj) < Hai + HbZ — Z ijacEj)
i=1 j=1 i=1 i=1 j=1 =1
Proof: Suppose that (1) <. x(™. We define k-tuples €9 € € |0, +oo>k, jed{l,...

and weights w’ as
551) = g, £§n+2) =b;, i€ {17 e '7k}7
€0 — 20V jef2, n41),
wy =1, wh = —wi, ..., W =Wy, W) =1
Obviously &€ < ... < ¢(+2) and

0<W, <1, ke{l,...,n+1}, W, ,=1,

so we can apply Theorem 5.16 on £€U)j € {1,...,n + 2} and w', to obtain

k n+2 n+2
[I> we” <3 JHf”
=1 j=1

from which (5.26) immediately follows.

For the case z(1) > > z(™ proof is similar, so we omit the details.

5.3 Variants of Pecarié¢’s Inequalities

(5.26)

,n+ 2}

In 1984, J. Pecari¢ [210] proved several generalizations of the discrete Ostrowski’s inequalities.

Here we give two of them which are interesting to us because they are refinements of Theo-

rem 5.14.
Theorem 5.18: Let ¢ = (z1,...,2,) and y = (y1,...,yn) be real n-tuples monotone in the
same direction and let w = (w1, ...,wy) be a real n-tuple such that

0< W, <W,, ke{l,...,n—1}.
If m and r are nonnegative real numbers such that

‘.%'k+1 —.Tk‘ 2m7 ‘yk+l _yk‘ Z’l“, ke {1,...771—1},

then
T (x,y;w) > mrT (e, e;w) > 0,

where

T(:}C,y; = sz szxzyz szxzzwzyu

=1 =1

(5.27)
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e=(0,1,...,n—1).
If x and y are monotone in opposite directions, then
T(x,y;w) < —mrT (e,e;w) <0.
Theorem 5.19: Let x and y be real n-tuples such that
|Tp+1 — 2kl < M, |yps1 —ye| < R, ke {l,...,n—1},

hold for some nonnegative real numbers M and R, and let w be a real n-tuple such that (5.27)
s valid. Then
IT (x,y;w)| < MRT (e, e;w).

In the next two theorems we give Mercer’s type variants of Theorem 5.18 and Theorem 5.19

which are refinements of Theorem 5.15

Theorem 5.20: Let n > 2 and let w be a real n-tuple such that (5.23) is valid. Let |a,b], [c,d]
be intervals in R, where a < b, ¢ < d. Let © = (x1,...,x,) € [a,b]" andy = (y1,...,yn) € [c,d]"
be monotone n-tuples, and let m and r be nonnegative real numbers such that

minlgign Tr; —a Z m, b— maxi<i<n L Z m,

|l‘k+1—l‘k|2m7 k€{17an_1}7
mini<i<p ¥ —¢ =7,  d—Mmaxi<i<nYi > T,
|yk+1*yk‘2ra ke{l""anil}'

If x and y are monotone in the same direction then

T((D,y,CL,b,C,d;IU) Z mr [f(f,f,l,n,l,n,w)—i—%l} Z 07
where

T (z,y,a,b,c,d;w)
:ac+bd—Zwixiy¢— <a+b—zwi$i> <C+d—zwiyi> ;
i=1 i=1 i=1
f=0,....n).

If  and y are monotone in opposite directions then

T<m7y7a7bacvd;w) S —mr |:T(f7f717n717n7w)+2nj| S 0.

Proof: Suppose that n-tuples  and y are both decreasing (if  and y are increasing proof

is similar). We define (n+ 2)-tuples w’' = (wi,...,w),), @ = (z},...,2),,,) and y/ =

(yi,...,yjﬁz) as
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! !/ / —_ / _
wy =1, wy=—wi, ..., Wy =Wy, W,o=1,
/o /o / _ / _
x=0b, xyH=u1, ceey Tpaq = T, Tpyog = a,
!/ !/ / _ / —
Y1 _d7 Yo = Y1, ooy Ypal = Yns Ynt2 = 6

Obviously, ' and y’ are both decreasing and we have
0<W, <1, ke{l,....n+1}, W), o=1,
‘-r?ngl _'r?g‘ > m, ‘y;chl _y;g‘ > T, ke {1,,7’L+ 1}
From Theorem 5.18 we have

T (:B’,y’;'w') >mrT (e’,e';'w') >0,

where €’ = (0,1,...,n + 1). From that we immediately obtain
y
n n n
ac + bd — Zwlxlyl — (a—l— b— szxz> (c—l—d— Zwlyl>
i=1 j i=1

-n+2 n+2
> mr Zw 2—1 (Zw z—l)

2
=mr n+1 szz —<n+1—Zwl> >0,

i.e.,

f(xuyaavb7c7d;u’) 2 mr [T<f7f717n717n;w) +2n:| Z 0.
If n-tuples & and y are monotone in opposite directions proof is similar. ]

Theorem 5.21: Letn > 2 and let w be a real n-tuple such that (5.23) is valid. Let [a,b], [c,d]
be intervals in R, where a < b, ¢ < d. Let € = (x1,...,xy,) € [a,b]", y = (y1,...,yn) € [c,d]"
and let M and R be nonnegative real numbers such that

r1—a < M, b—xy, < M,
|xk+1—$k|§M7 k€{17"'7n_1}7
yl_C§R7 d_ynng

|yk+1_yk’§R7 k€{177n_1}

Then
T(m,y,a,b,c,d;w)‘<MR[ (f,f,L,n,1,n;w) +2n| .

Proof: Similarly as in Theorem 5.20. O

Corollary 5.3: Let n > 2 and let [a,b] be an interval in R where a < b. Then for all x =
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(x1,...,2n) € [a,b]" we have

n n 2
1 12
2 2 2 2
+nb? = 2l - = +nb— ) > m?,
na n Z; n (TLCL n T ) n (n 1) (57’L 7) m

i=1 =1

where m = minp<j<j<n+1 |€;i — x|, 20 =a, Tpi1 =D0.

Proof: Directly from Theorem 5.20 O

Corollary 5.4: Letx = (z1,...,2n), Y = (Y1,---,Yn), M and R be defined as in Theorem 5.21.
Then

nac + nbd — zn:xzyl — % (na+nb— i:%) (nc—}—nd— iyz> |
i=1 i=1

i=1
< n(n+1)(5n+7)M

R.
- 12

Proof: Directly from Theorem 5.21. O

Remark 5.3: The above results are variants of some Lupag’ results [162].

5.4 Inequality of Milne and its Converse

In 1925, Milne [181] obtained the following interesting integral inequality for positive functions

f and g which are integrable on [a, b]:

" f(z)g(x) b b b
Lwdx/a [f(a?)-l-g(x)]dxg/ajf(x)dx/a g (z)da.

In 2000, Rao [221] combined Milne’s inequality and the well known inequality between arithmetic

and geometric mean to obtain the following double inequality for sums.

Theorem 5.22: Let n > 2 and let w; >0, i € {1,2,...,n} be real numbers with > | w; = 1.
Then for all real numbers p; € (—1,1), 1 € {1,...,n} the following inequality holds

n . n w; n ;i n w; 2
Zl—lﬁS(Zl—pi) <;1+pi>§<zl_p?> : (5.28)

=1 =1 i=1

Two years later Alzer and Kovacec obtained the following refinement of (5.28).

Theorem 5.23([18, Theorem 1]): Letn > 2 andletw; > 0,7 € {1,2,...,n} be real numbers
with >y w; = 1. Then for all real numbers p; € [0,1), i € {1,...,n}

n a n n . 5
w; w; w; w;
(; 1—p?> = (;1@) (;1+pi> < (;1_@) (5.29)

holds, with the best possible exponents a =1 and [=2— 1r<n'i£1 w;.
<i<n
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We note here that the crucial step in the proof of Theorem 5.23 was performed by using a
discrete variant of the Cebyéev’s inequality which itself was generalized in Subsection 5.2. That

enables us to give the following generalization of Theorem 5.23.

Theorem 5.24: Let n > 2 and let w = (wy,...,wy) be a real n-tuple such that (5.23) is
satisfied. Then for all o € (—o0, 1], f € [2 — minj<;<p, Wi, +00) and for all monotone n-tuples
p=(p1,--,pn) €[0,1)"

n ) (e} n Wi n w; n w; B
(;1_]92> < <;1_pi> <;1+pi> < <Zl—p§> (5.30)

=1

holds, with the best possible exponents a =1 and §=2— 112121 Wi;.
<i<n

Proof: We follow the idea of the proof given in [18]. O

In the next theorem we give a Mercer’s type variant of (5.30).

Theorem 5.25: Let n > 2 and let w = (wy,...,wy,) be a real n-tuple such that (5.23)is
satisfied. Then for all o € (—00, 1], B € [2,4+00) and for all monotone n-tuples p = (p1,...,pn) €
[p.q]", where [p,q] € [0,1) and p <,

=1
1 1 L ow; 1 1 z”: w;
“\l-p l1-q¢ ZHl-pi/\1+p 1+g¢ < 1+pi
B
1 1 L wy
< N N 5.31

holds, with the best possible exponents « =1 and [ =2.

Proof: Suppose that ¢ > p1 > p2 > -+ > p, > p. We define (n + 2) —tuples w’ = (w), ..

*

W)y o) and p' = (P, ..., P, o) €10,1)" as

wy =1, wy=—-wy, ..., W, 4 =—Wn, W, 9=1,
Pi=q, ph=n1, ciis Dpy1 =Dny  Phio =D
Then 0 < W, <1, k€ {1,...,n+ 1}, W, =1, min W/ = 0. From Remark 1.1 we know
<i<n
n+2 w!
that Z 17’,2 > 1, so the left side and the right side of (5.31) are well defined. If we apply
; — P,
=1 ¢

Theorem 5.24 on (n + 2) —tuples w’ and p’ we obtain

2\ 2 2 2 B
i < i i < i ,
(L) < (555) (B05) < (5 2%)

i=1

from which (5.31) immediately follows. If p < p; < --- < p, < ¢ proof is similar. O

84 Chapter 5 Variants of Mercer Type of Some Well-Known Inequalities



CHAPTER 0

On Normalized Jensen—Mercer Functional

This chapter focuses on the normalized Jensen—Mercer functional and its analytical properties.
We begin by introducing the normalized form of the Jensen—-Mercer functional and deriving
bounds that sharpen classical estimates. The discussion then explores fundamental properties
of the functional, highlighting structural features that underlie Mercer-type inequalities. These

results provide a foundation for further refinements and applications in subsequent chapters.

6.1 Normalized Jensen—Mercer Functional

Let P,, denotes the set of all nonnegative real n-tuples (p1, ..., p,) with the property > 1" ;p; = 1.
For any convex function f : [a,b] = R and for any choice of n-tuples = (z1,...,2,) € [a,b]"

and p = (p1,...,pn) € P, we define

M, (f,z,p) := f(a) + f(b) — ipif (xi) = f (a +b— anlpzxz> (6.1)

and we call it the normalized Jensen—Mercer functional. For a fixed function f and n-tuple «,
M, (f,x,-) can be observed as a function on P,. Note that P, is obviously a convex subset in
R™ and because of the Jensen—Mercer inequality, M, (f,x,p) > 0 for all p € P,.

We establish the inequalities of type
MMn(fa Z, Q) > Mn(f7 a:,p) > mMn(f7 Z, Q)a

where m and M are real constants satisfying certain conditions. We prove them for the case
when p and q are nonnegative n-tuples and when p and g satisfy the conditions for the Jensen-

Steffensen inequality. We also give the integral versions of all results [32].
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6.2 Bounds for the Normalized Jensen—Mercer Functional

Theorem 6.1: Let p = (p1,...,pn) and q = (q1,...,qn) be two n-tuples from P,. Let m and
M be any real constants such that

m>0, pi—mgqg; >0, Mg —p; >0, ie€{l,...,n} (6.2)
If f:]a,b] = R is a convex function and x = (x1,...,2,) 18 any n-tuple from [a,b]", then

Proof: Suppose that p,q € P, and m, M € R satisty (6.2). From p; —mgq; >0 (i € {1,...,n})
follows that 1 —m = >""" | (p; —mg;) > 01ie, m <1, and from Mgq; —p; >0 (i € {1,...,n})
follows that M —1 = >"" (Mg —p;) > 0ie, M >1.If m=1or M =1, then p = g and
(6.3) obviously holds. Hence, it remains to consider the case when m < 1 and M > 1.
Applying Remark 1.2 with w; := p; — mg; and using the convexity of the function f we obtain
the right inequality in (6.3).
Similarly, applying Remark 1.2 with w; := Mgq; — p; and using the convexity of the function

f we obtain the left inequality in (6.3). O

Corollary 6.1: Let p = (p1,...,pn) and @ = (q1,...,qn) be two n-tuples from P, such that
>0 (e{l,...,n}). Let

_ — min 4P _ — pi
m =m(p,q) := min { " } , M=M(p,q):= [nax { " } : (6.4)
If f:[a,b] = R is a convez function and © = (x1,...,xy,) is any n-tuple from [a,b]", then (6.3)

holds.
Proof: Obuviously m > 0 and

Pi >0, M—-P>o0, ie{1,...n),
qi qi

which implies

Hence, m and M satisfy the conditions of Theorem 6.1. O

Let P,, denotes the set of all real n-tuples p = (p1,...,pn) satisfying the following Jensen-
Steffensen conditions

0<P. <1, ke{l,....n—1}, P,=1, (6.5)

where P, := Zle p; for k € {1,...,n}. Since any n-tuple p from P,, obviously satisfies (6.5),
P C 75n. Notice that 75n is also a convex subset of R".

Let f : [a,b] — R be a convex function, € = (z1,...,2,) € [a,b]" any monotonic n-tuple
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and p = (p1,...,pn) € Pn. Then S0 pia; € [a,b] (see for example [8]) and M, (f,x, p) is well
defined. Also, because of Theorem 2 of [8] (or see Theorem 1.4), M,,(f, 2, p) > 0 for all p € P,.

Theorem 6.2: Lel p = (p1,...,pn) and ¢ = (q1,-..,qn) be two n-tuples from Pn. Let m and
M be any real constants such that

m>0, P.—mQi>0, (1—Pk)—m(1—Qk)20, kE{l,...,n—l} (66)
and
where P, = Zlepi, QL = Zleqi, If f:]a,b] = R is a convex function and x = (z1,...,Ty,) €

[a,b]" is any monotonic n-tuple, then

Proof: Assume that p,q € P, and m, M € R satisfy (6.6) and (6.7). From (6.6) follows that
it has to be m < 1, and from (6.7) follows that it has to be M > 1. If m =1 or M = 1, then
p = q and (6.8) obviously holds. Hence, it remains to consider the case when m < 1 and M > 1.

To prove the right inequality in (6.8) we consider the n-tuple w = (wq,..., wy,) defined by
w; = p; —mg;, © € {1,...,n}. From (6.6) follows that w satisfies conditions (A.9) (or (6.5)).
Now, we follow our proof of Theorem 6.1, but instead of using the Remark 1.2 we use Theorem
2 of [8] (or see Theorem 1.4).

To prove the left inequality in (6.8) we consider the n-tuple w = (wq,...,w,) defined by
w; = Mq; —pi, i € {1,...,n}. From (6.7) follows that w satisfies conditions (A.9) (or (6.5)).
Again, we follow our proof of Theorem 6.1, but using Theorem 2 of [8] (or see Theorem 1.4)
instead of Remark 1.2. O
Corollary 6.2: Let p = (p1,...,pn) and ¢ = (q1,...,qn) be two n-tuples from P,. For k €

{1,...,n} denote Py := Zlepl-, Qi = Zle%- Assume that 0 < Qr <1 for allk € {1,...,n—
1} and define

S . [Py 1- P }
m = m(p,q) :=min{ —, ckedl,...,n—1}, 6.9
)= min { 2 1=k ke ) (69
N P, 1- P, }
M = M(p,q) := maxq —, ckedl,...,.n—1};. 6.10
)= max{ 1=k ke ) (6.10)
If f:]a,b] = R is a convex function and if € = (x1,...,xy,) € [a,b]" is any monotonic n-tuple,
then
MMy (f,z,q) = Mu(f,z,p) = MMy (f, @, q). (6.11)

Proof: Since 0 < Q < 1for all k € {1,...,n — 1}, 7 and M are well defined and obviously

(6.6) and (6.7) are satisfied for m = /m and M = M. Therefore we can apply Theorem 6.2 to
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obtain (6.11). O
We can consider the uniform distribution u = (%, e %) and the corresponding nonweighted

Jensen—Mercer functional

My (F,2) = Molfrw) = £ @)+ £ (0= 2357 o) = f (at b= 2 5 )

i=1 =1
Then we can state the following special case of Corollary 6.2.

Corollary 6.3: Let p = (p1,...,pn) be n-tuple from P,. For k € {1,...,n} denote P, :=
Zle p; and define

- . [P, 1-F;
=n- — k 1,...,n—1
mo nmln{k,n_k e{l,...,n }},
~ P, 1— P
My :=n- — tk 1,...,n—1} .
0 nmax{k,n_k c{l,...,n }}
If f:]a,b] = R is a convex function and if x = (x1,...,x,) € [a,b]" is any monotonic n-tuple,

then
MOMTL(fa $) Z Mn(fvwap) Z mOMn(fv ZB)

Next, we show that Theorem 6.2 in some way provides an improvement of Corollary 6.1. De-
note by II,, the set off all permutations of (1,2,...,n). Suppose that 7 = (7(1),7(2),...,7(n)) €

IL,, and denote

Ar = (Ar(1), Ar(2)s - - - > Ar(n))
for any n-tuple a = (ay,as,...,a,). First we prove one simple auxiliary result.

Lemma 6.1: Let p = (p1,...,pn) and ¢ = (q1,...,qn) be two nonnegative n-tuples from P,,.
If ¢ > 0 for all i € {1,...,n}, then m(p,q) and M(p,q) are well defined by (6.9) and (6.10)

and

max {p} > M(p.q), 7(p,q)> min {p} (6.12)

1<i<n | ¢ ~1<i<n | ¢

Proof: Sinceq; > O0foralli € {1,...,n},itis obvious that 0 < Qp < 1forallk € {1,...,n—1},
so that 7m(p, g) and M (p, q) are well defined by (6.9) and (6.10). Also, for any k € {1,...,n—1}

we can write

k k i n n D
Po=%pi=>=q 1-P.= > pi= > —a.
i=1 =19 i=k+1 i=k+19i

Now,

max { 2 Qr = max bi Zk:q->P>min bi Zk:q‘:min bi Q
1<ien | qi | % dmien L f 20T TR T gign L &2 1<isn L g )
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i.e.,
max {pl} > & > min {pl}
1<i<n | g; Qr — 1<i<n | ¢
Similarly,
. 1-P :
max {]%}2 ® > min {Ih} for all k€ {1,...,n —1},
1<i<n | g; 1-Qr — 1<i<n (g
and (6.12) immediately follows. O

Remark 6.1: It is clear that inequalities stated in Lemma 6.1 can be strict. For example, if

— — — (1 1 111
n = 57 b= (éa 3 §7€7§) and q= (37 57375’5)7 then

o (G} = 57 w0 =5 awa > {0 =5

It is not hard to see that generally

max { 2 = max M(p,,q,), min bi = min m(p,,q,)-
1<i<n | ¢ mell, AT q<i<n | ¢ r€ll, T

Theorem 6.3: Let f: [a,b] = R be a convex function and x = (x1,...,2,) € [a,b]" be any n-
tuple. Let m = (m(1),7(2),...,m(n)) be a permutation of (1,2, ...,n) such that x, is monotonic
(nondecreasing or nonincreasing). If p = (p1,...,pn) and ¢ = (q1,-..,qn) are two n-tuples from
Pp such that q; > 0 for alli € {1,...,n}, then

1<i<n | g;

max {pl} Mn(f,{IJ,Q) Z M(pw7q7r)Mn(f7qu) 2 Mn(f,{ll,p) (613)

> (prs )Mo, q) > min {“}Mnu,:c,q),

1<i<n | ¢;

where m(p,, q,.) and M(p,,q,) are defined as in (6.9) and (6.10). The first and the last inequality
can be strict.

Proof: Since 7 is chosen so that a; is monotonic we can apply Corollary 6.2 and Lemma 6.1

to the n-tuples p,. and g, to get

Pr( Y
max { . }Mn(f) zﬂaqﬂ) > M(pTHqﬂ')Mn(f7 wﬂvQﬂ') > Mn(f’ wﬂ"pﬂ')

I<isn | Gr(s)

~ . Pr(s
> m(pﬂ"?qﬂ)‘/\/ln(f? mmqw) > min {()}Mn(f7mﬂ'7qﬂ')'

- 1<i<n ((qr(i)

Since M,,(f,x,p) doesn’t change if we simultaneously permute the components of  and p, we

have M, (f, xr,p,.) = Myu(f,z,p) and M, (f, ®r,q,) = M,(f,x,q). Also it is obvious that

{pw(i)} {Pz} . {p (i)} . {Pz}
max § ——= p = max { — and min { —% = min { — ;.
1<i<n Q7r(i) 1<i<n | @4 1<i<n Q7r(1l) 1<i<n | g4

Therefore, sequence of inequalities (6.13) holds. By Remark 6.1 the first and the last inequality

in the sequence can be strict. O
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From Corollary 1.1 we have the inequality for ¢ = f and f = z:
flavo= [odu) <r@+s0)- [ F@an (6.14)
Q Q

It can analogously be proved that for a measure space (Q, A, u) with 0 < p(Q) < oo the
integral version of the Jensen—Mercer inequality

1 1
f “*b‘wmﬂ/xd’“‘ sf<a>+f<b>—u(mg/f<w>du (6.15)

holds. In a special case when €2 = [o, 8], where —oc0 < @ < f < oo and A: [a, f] = R is any

nondecreasing function such that A(5) # A(«) inequality (6.15) becomes

1 B
! (CﬁL b— W{ﬂﬂ“\@)) < fla)+ f(b) -

1

8
A(B) = A(a);(f(x(’f))dA(t)- (6.16)

Also, we can prove that (6.16) remains valid even in the case when the condition “\ is nondecreas-
ing function” is somewhat relaxed. We use the following integral variant of the Jensen-Steffensen

inequality given by R. P. Boas [39] (see also [204, p. 59]):

Theorem 6.4: Let = : [, B] — (a,b) be a continuous and monotonic function (either nonde-
creasing or nonincreasing), where —oo < a < < 0o and —oo < a < b < 00, and let function
Ao, B] = R be either continuous or of bounded variation satisfying

A@) KA <A(B) foralltela,f], A(B)—A(a)>0. (6.17)

If f:(a,b) = R is a conver function, then
! i dA < 1 ¢ d\ 1
! (A(ﬁ)_/\(a)fﬂf(t) (ﬂ) < W({f(:c(t)) (t). (6.18)

holds.

Theorem 6.5: Let z : [o, ] — [a,b] be a continuous and monotonic function, where —oo <
a < f <400 and —o0o < a < b < +o00. Let function X :[a, 5] = R be either continuous or
of bounded variation satisfying (6.17). Then for any continuous convex function f:[a,b] — R
inequality (6.16) holds.

Proof: For proof see [32]. O
There is no loss in generality if we assume A(3) — A(a) = 1 and consider the normalized
Jensen—Mercer functional

B B
M(f.2,2) = f (@) + £ () = [ F((t))dA®) — f ( b fx(t)dw)) L (6.19)

«
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Under the appropriate assumptions on f, z and A\, we always have M(f,x,\) > 0.
For —oco < a < 8 < o0 let Afy gy denotes the class of all functions A : o, 3] — R which are

either continuous or of bounded variation and satisfy the condition

AMa) < A(t) <A(B) forallte[a,p], AB)—MNa)=1. (6.20)

Notice that any nondecreasing function A : [o, 8] — R with A(8) — A(a) = 1 belongs to A, g
Now we can state the integral analogues of the results from the previous section. First, we

give the integral version of Theorem 6.1.

Theorem 6.6: Let A\ and p be two functions from Ay, g, —00 < a < B < oo. Let x : [a, f] —
[a,b], —00 < a < b < oo be a continuous function and let f : [a,b] — R be a conver function.
(1) If u is nondecreasing and if m > 0 is a constant such that the function p : (o, B] — R defined

by
p(t) == A(t) —mpu(t), te€la,pf] (6.21)

is also nondecreasing, then

M(f,z,N) > mM(f,z, ). (6.22)

(#0) If X is nondecreasing and if M > 0 is a constant such that the function o : [«, 5] — R defined

by
o(t):=Mpu(t)—X(t), tela,pf] (6.23)

is also nondecreasing, then

MM(f,x, 1) > M(f,z,N). (6.24)

Proof: (i) Since p and p = A — mu are assumed to be nondecreasing and m > 0, the function
A = p + mu is nondecreasing too. Hence, M(f,x,\) and M(f,z, ) are well defined. Since p
is nondecreasing it has to be m < 1. If m = 1 then (6.22) holds with equality sign. Hence,
it remains to consider the case when m < 1. In this case p(8) — p(a) =1 —m > 0 and p is
nondecreasing by our assumption so that (6.16) can be applied to p. Now, using (6.16) and then
the convexity of f we obtain (6.22).

(i) Since A and 0 = Mpu — X are assumed to be nondecreasing and M > 0, the function
1t = 27(0 4+ ) is nondecreasing too. Hence, M(f,z,\) and M(f,z, p) are well defined. Since
p is nondecreasing it has to be M > 1. If M = 1 then (6.24) holds with equality sign. Hence,
it remains to consider the case when M > 1. In this case o(8) —o(a) = M —1 > 0 and o is
nondecreasing by our assumption so that (6.16) can be applied to o. Now, using (6.16) and then

the convexity of f we obtain (6.24). This completes the proof. O

Corollary 6.4:  Let A and p be two functions from Af, g, —00 < a < f < o0, x: [a, B] = [a,b],
—00 < a <b< oo bea continuous function and f : [a,b] — R be a convex function.
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(i) Let p is strictly increasing and define
. . _JAR) = As)
=m(\, p):= inf fo—>—~:a<s< teo.
A= = it i S s <0

If m >0, then
M(f.2,\) = mM(f.z, ). (6.25)

(ii) Let X is nondecreasing, p is strictly increasing and define

[ = M = Ssu su 7)\@) _A(S) e S S
M= M) “mﬁg{ p{u(t)—u(S) asssp 7”}}‘
If]TI< 00, then

M(f,z, 1) > M(f,z,N). (6.26)

Proof: (i) Since pu is strictly increasing it is injective and m is well defined real number in
[—00,00). If m > 0, then p = A —mu is well defined nondecreasing function on [, 5] and we can
apply Theorem 6.6 a) with m = m to obtain (6.25).

(74) Since A is nondecreasing and p is strictly increasing M is well defined real number in
(0,00]. If M < oo then ¢ = My — X is well defined nondecreasing function on [, 8] and we can

apply Theorem 6.6 b) with M = M to obtain (6.26). O

Remark 6.2: If 7o = 0, then the inequality (6.25) is trivially fulfilled. Similarly, if M = oo,
then the inequality (6.26) is trivially fulfilled. Two simple examples which illustrate such cases
are as follows.

For [a, 8] = [0,1] let A(t) =3, u(t) =t, t € [0,1]. Then M=
For [a, B] = [0,1] let A(t) =t, u(t) = 3, t € [0,1]. Then M

m 3
m = 00.

I
wi= O

?

As in the discrete case we can consider the uniform distribution i.e., the function v € A, g
defined by v(t) := ﬁlat t € o, 8] and the corresponding nonweighted integral Jensen-Mercer
functional

M(f,x):=M(f,z,v)=f(a)+ f(b —7fﬁ dt—f<a+b—ﬂiaff:z:(t)dt).

Then we can state the following special case of Corollary 6.4.

Corollary 6.5: Let A\ be a function from A g, —00 < a < B < oo, z : [a,] = [a,b],
—00 < a <b< oo bea continuous function and f : [a,b] — R be a convex function.

(¢) If mg == (B — ) - infacrep {inf{w a<s<f, s# t}} > 0, then M(f,z,\) >
moM(f,z).

(ii) If A is nondecreasing and

My = (B—a)- sup {SUP{M:a§s§B, S#t}}<oo,

a<t<f t—s
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then MOM(fa :l") > M(f,ﬂj,)\)

Next, we give the integral version of Theorem 6.2.

Theorem 6.7: Let A and p be two functions from A, 5, —00 < a < f < oo, either both
continuous or both of bounded variation. Let x : o, B] — [a,b], —00 < a < b < 00 be a monotonic
Junction (either nondecreasing or nonincreasing) and f : [a,b] — R be a convex function.

(2) If m > 0 is a constant such that for all o« <t < f

then
M(f,2,\) = mM(f,z, p). (6.28)

(i) If M > 0 is a constant such that for all a« <t < 3

M (pu(t) — pla)) = (A1) = M) = 0, M(u(B) — p(t)) — (A(B) — A(t)) = 0, (6.29)

then
MM(f,z, 1) > M(f, 2, ). (6.30)

Proof: First note that under the given assumptions on A, y, x and f, M(f,x,\) and M(f,z, )
are well defined and nonnegative.

(7) From (6.27) follows that it has to be m < 1. If m = 1 then (6.28) obviously holds
with equality sign. Hence, it remains to consider the case 0 < m < 1. We define the function
p:la, 5] =R by p(t) := A(t) — mu(t), t € [a,5]. If A and p are both continuous (both of
bounded variation), then p is continuous (of bounded variation) too. Further, from (6.27) follows

that foralla <t < g3

Also, since A\,u € Ay g

p(8) - p(a) = A(B) — Aa) — m(u(B) — p(a)) = 1 —m > 0.

We conclude that the normalized function ﬁp belongs to the class A, g). Now, we follow our
proof of Theorem 6.6 (i), but instead of using (6.16) we apply Theorem 6.5. Thus we obtain
(6.28).

(7i) From (6.29) follows that it has to be M > 1. If M = 1 then (6.30) holds with equality

sign. Hence, it remains to consider the case M > 1. We define the function o : [a, 5] = R by
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o(t):=Mpu(t)—\(t),t € o, 5]. If X and p are both continuous (both of bounded variation), then

o is continuous (of bounded variation) too. Further, from (6.29) follows that for all « <t < f8

Also, since A\,u € A g

o(8) — o(a) = M(u(B) — u()) — (A(B) = A(a) = M — 1> 0.

We conclude that the normalized function ﬁa belongs to the class A, ). Now we follow our
proof of Theorem 6.6 (i¢) but instead of using (6.16) we apply Theorem 6.5. Thus we obtain
(6.30). O]

Corollary 6.6: Let A\ and p be two functions from A, g, —00 < a < < oo, either both
continuous or both of bounded variation. Let x : [, B] — [a,b], —00 < a < b < 0o be a monotonic
Junction (either nondecreasing or nonincreasing) and f : [a,b] — R be a convex function. Assume
that p(a) < p(t) < wp(B) for all a <t < B, and define

(MDA AB) A
= ) = i S g et <5
o AN - Ma) MB) -
M =M u) = p{mwumwu<> ok <t<5}
Then
MM(f,z, 1) > M(f,2,\) > mM(f,z, ). (6.31)

Proof: Since p(a) < pu(t) < p(8) forall o <t < B, and M are well defined, and obviously
m € [0,00) and M € (0, 00]. Therefore, the right inequality in (6.31) follows from Theorem 6.7
(i) with m = /. If M = oo, then the left inequality in (6.31) holds trivially, while for M < oo
it follows from Theorem 6.7 (ii) with M = M. O
As in the previous case we can consider the uniform distribution v and the corresponding
nonweighted integral Jensen—Mercer functional M(f, ) and state the following special case of
Corollary 6.6:
Corollary 6.7: Let A\ be a function from Ay, g, —00 < a < < oo. Let x: [a, 8] — [a,b],

—o0 < a < b < oo be a monotonic function (either nondecreasing or nonincreasing) and
f:la,b] = R be a convex function. If ing and My are defined by

SRR LS CRCELC I
TR L ES G ECEEC IR
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then MOM(fa :E) > M(f,l',)\) > mOM(fv .TL‘)

6.3 Some Properties of Jensen—Mercer Functional

It is worth mentioning that the results of this section are extracted from [130].

6.3.1 Properties of Discrete Jensen—Mercer’s Functional

In the following theorem we are concerned with proving the superadditivity property of the

functional (6.1).

Theorem 6.8: Let p = (p1,...,pn) and q = (q1,--.,qn) be two n-tuples from Pp: If f :
[a,b] = R, [a,b] C R, is a convexr function and if x = (x1,...,xy,) is an n-tuple in [a,b]", then
M, (f,x,-) defined by (6.1) is superadditive on P,,; i.e.

Mn(fvm’p+q) > Mn(f,:c,p) +Mn(f,m7Q) > 0.

The functional (6.1) satisfies the monotonicity property, as is shown in the sequel.

Theorem 6.9: Let p = (p1,...,pn) and ¢ = (q1,...,qn) be two n-tuples from P, such that
p>q (ie,pi >qi,t=1,...,n) If f:]a,b] = R, [a,b] C R, is a convex function and if
x = (z1,...,2y) is an n-tuple in [a,b]", then for functional My (f,x,+) defined by (6.1), the
following inequality holds on P,,.

Mn(fvxvp) 2 Mn(fa €T, q)

Remark 6.3: We can easily obtain the result of Theorem A from [32] by means of Theorem
6.9. Let p,q € P, and let m and M be real constants such that p—mgq and Mq —p are in P,,. If
f:la,b] = R, [a,b] C R, is a convex function and if @ = (z1,...,x,) is an n-tuple in [a, b], then
by Theorem 6.9, M, (f,x,p) > M, (f,z,p — mq) + M, (f,x,mq) > mM,(f,x,q). Similarly,
we get My (f,x,p) < MM, (f,x,q); that is, MM, (f,z,q) > M,(f,x,p) > mM,(f,xz,q).

Applying Theorem 6.9, we are able to give the result on bounding the functional (6.1) by a
non-weighted functional.

Corollary 6.8: Let p,x, f, and functional M be as in Theorem 6.9. Then

fax f(pi) - My (f, ) > M(f,z,p) > @?ﬂf(pi) “ My (f, ),

where
n

My(f,) = [F(a) + F0) = Y fwi) —nfla+b)— =Y ai
i=1

i=1

Remark 6.4: The similar results as stated in this section can also be stated for discrete Jensen—
Mercer’s functional under Jensen-Steffensen’s conditions. Further, similar results and remarks
as stated in this section can also be stated for integral version of Jensen—Mercer functional. For
details we refer the reader to [130].
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CHAPTER [

Jensen—Mercer and Jessen—Mercer Inequalities for Superquadratic Functions

This chapter explores Jensen—Mercer and Jessen—Mercer inequalities in the context of su-
perquadratic functions. We first present variants of the Jensen—Steffensen inequality for positive
superquadratic functions, highlighting refinements and structural improvements. The discussion
then extends to Mercer-type variants of Jessen’s inequality for superquadratic functions,
illustrating how classical inequalities can be sharpened within this nonlinear framework.
These results provide a foundation for further generalizations and applications in higher-order
convexity settings.

As Jensen’s inequality for convex functions is a generalization of Holder’s inequality for
f(z) =aP, p > 1, so the inequalities satisfied by superquadratic functions are generalizations
of the inequalities satisfied by the superquadratic functions f (z) = aP, p > 2 (see [5], [6]). The
results of this section are extracted from [7]

First we quote some definitions and state a list of basic properties of superquadratic functions.

Definition 7.1: A function f : [0,00) — R is superquadratic provided that for all z > 0 there
exists a constant C(z) € R such that

f@—f@)—fy—=)>C(x)(y—x) (7.1)
for all y > 0.

Definition 7.2: A function f : [0,00) — R is said to be strictly superquadratic if (7.1) is strict
for all z # y where xy # 0.

In [4] the following refinement of Jensen’s Steffensen’s type inequality for nonnegative su-

perquadratic functions was proved:
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Theorem 7.1: [/, Theorem 1] Let f : [0,00) — [0,00) be differentiable and super- quadratic
function, let & be a nonnegative monotonic m-tuple in R™ and w a real m-tuple, m > 3, satisfying

0<W; <Wy,, je{l,2,....m}, Wy, >0,

_ _ 1 &
Let & be defined as & = W szfz Then

S (€~ Wt (©
Zilk—1 -
> Z Wif (Civ1 — &) + Wi f (€ — &)
=1
+ Wit f (&1 — Z Wif (& —&-1)

i=k+2
[ZW+ Z W, ( kZizle'\im—fi\>
i=k+1 i Wit 2 W

iy wi [€ — &
(m - 1) Wmf ( (ml_ 1) W, )

where W; = Z;n:z w; and k € {1,...,m — 1} satisfies & < & < &ppq.

In case f is also strictly superquadratic, inequality

o F (£ 5 Xty wi (|6 —¢€])
;wzf (&) — Wi f (5) > (m—1)Wp,f ( (’r;l ") W, )

v

v

holds for € > 0 unless one of the following two cases occurs:

(1) either € = & or € = &,
(2) there exists k € {3,...,m — 2} such that £ = &, and

E/J(gj_£]+1):07 j€{17"'7k_1}
Wj(gj_gjfl)zov ]G{k+1,,m}

In these two cases

> wif (&) =Wt (§) =0
=1

7.1 Variants of Jensen-Steffensen’s Inequality for Positive Su-
perquadratic Functions

In this section we refine in two ways the Jensen—Mercer inequality (1.4) for functions which
are superquadratic and positive. The refinement in Theorem 7.2 follows by showing that it is
a special case of Theorem 7.1 for specific w. The refinement in Theorem 7.3 follows the steps

in the proof of Theorem 1.1 given by Witkowski in [242|. Therefore the second refinement is
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confined only to the specific w given in Theorem 1.1, which means that what we get is a variant

of Jensen’s inequality and not of the more general Jensen-Steffensen’s inequality.

Theorem 7.2: Lel f : [0,00) — [0,00) and let [a,b] C [0,00). Let ® = (x1,..., x,) be a
monotonic n-tuple in [a,b]" and v = (v1,...,vy) a real n-tuple such that v; # 0,4 € {1,2,...,n},
0<V; <V, je{l,2,...,n}, and V, > 0, where V; = Zgzl vi. If f is differentiable and
superquadratic, then

f<a>+f<b>—vlwa<xi>—f<a+b—vlzm> (7.2
=1 "i=1

1 n )
b—a—v—nzizlvl

a+b—z — - ijlvj:rJ’

n+1

>n+1)f

In case f is also strictly superquadratic and a > 0, inequality (7.2) is strict unless one of the
following two cases occurs:

(1) either T =a or T =0,

(2) there exists | € {2,...,n — 1} such that T = x1 + x, — x; and

where V; = Z?:j v, 7 €4{1,2,...,n}, and T = Vin o v
1 & 1 <
In these two cases we have f (a)+ f (b) — A ;vlf (xi) — f (a +b— A ;vlazl> = 0.

In the special case where v > 0 and f is also strictly superquadratic, the equality holds n
(7.2) iff ;i =a, or x; =0, forie {1,2,...,n}.

In the following theorem we will prove a refinement of Theorem 1.1. Without loss of generality

we assume that > ", v; = 1.

Theorem 7.3: Let f:[0,00) — [0,00) and let [a,b] C [0,00), a <b. Let © = (x1,...,2y,) be
an n-tuple in [a,b]" and v = (vi,...,v,) a real n-tuple such that v >0 and > v; =1. If f is
superquadratic we have

n

F@+f®) =) vif(z)—f <a+b—zvi$i)
i=1

=1
n

" " T, —a b—x;
EZvif Zvjxj—azi +2Zvi[baf(b—xi)—kbaf(xi—a)}
i=1 i=1

j=1

n

T I | R S e e (73
i=1 =1

—a
=1

If f is strictly superquadratic and v > 0 equality holds in (7.3) iff x; = a, or x; = b, for
ie{1,2,...,n}.
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Corollary 7.1: Let v = (vi,...,v,) be a real n-tuple such that v > 0, > ;v; = 1 and let

x = (r1,...,2,) be an n-tuple in [a,b]", 0 < a < b. Then for any real numbers r and s such
that % > 2 we have

)

n

M; (a,b; ) \* 1 n
(M’f‘ (aa b; ZB)> - M, (a, b; m)s Z v ]; Vj; — I

i=1
) »

P N, (2@ —an) (0 =)\
> Sy | 2 | 2 (P ,

i=1  |j=1

Sl

n r r r r
zr —a s b —al
+2Zv¢ <b7z”—ar 0" — i) + br—a; (xf —a")
i=1

s

where My (a,b;x) = (aP + 0P — > " | Uil’i)%, peR\{0}.
If 2 > 2 and v > 0 the equalities hold in (7.4) iff x; = a,or v; =b, i € {1,...,n}.

Remark 7.1: It is a immediate result of Corollary 1 that if > > 2 and there is at least one

jeA{l,...,n} such that v; (3;; — ar) (br — x?) > 0 then for this j we have

> 0.

(m@@@y_1> 0, (25 -0) ()Y

M, (a,b;x) M, (a,b;x)* b —a”

7.2 Variants of Jessen—Mercer Inequality for Superquadratic
Functions

The results of this section are selected from [9].

Here we give the main result of this section which is an analogue of Theorem 1.6 for su-

perquadratic functions.

Theorem 7.4: Let L satisfy properties L1 and L2, on a nonempty set E, ¢ : [0,1) — R be a
continuous superquadratic function, and 0 < m < M < 1. Assume that A is an isotonic linear
functional on L with A(1) = 1. If g € L is such that m < g(t) < M, for allt € E, and such that
©(9), p(m+ M —g), (M — g)p(g —m), (9 —m)e(M — g) € L, then we have

plm -+ 2 — A(g) < 2D oy M AW iy
— o [(Alg) — m)p(M — A(g)) + (M — A(g))e(Alg) — m)]
< @(m) + (M) — Ae(g)) (7.5)
~ 1_ — A((g —m)p(M —g) + (M — g)p(g — m))

Y 1_ - {(A(g) —m)p(M — A(g)) + (M — A(g))¢(A(g) — m)}_

If the function ¢ is subquadratic, then all the inequalities above are reversed.
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Proof: See [9]. O

Remark 7.2: If a function ¢ is superquadratic and nonnegative, then it is convex [5,
Lemma 2.2|. Hence, in this case inequality (7.5) is a refinement of inequality (1.6).

On the other hand, we can get one more inequality in (7.5) if we use a result of S. Bani¢ and

S. Varosanec [31] on Jessen’s inequality for superquadratic functions:

Theorem 7.5: ([31, Theorem 8, Remark 1]). Let L satisfy properties L1, L2, on a nonempty set
E, and let ¢ : [0,1) = R be a continuous superquadratic function. Assume that A is an isotonic
linear functional on L with A(1) = 1. If f € L is nonnegative and such that o(f), o(|f—A(f)|) €
L, then we have

P(A(f)) < Alp(f)) = Alp(lf = AND)-

If the function o is subquadratic, then the inequality above is reversed.

Using Theorem 7.5 and some basic properties of superquadratic functions we can prove the

next theorem.

Theorem 7.6: Let L be a linear class of functions satisfy properties L1, L2 on a non-empty set
E, andlet ¢ :[0,1) — R be a continuous superquadratic function and let 0 < a < b < co. Assume
that A is positive linear functional on L with A(1) = 1. If f € L such that a < f(t) < b for all

t € E and such that ¢ (f), ¢ (a+b—f), (b— e (f —a), (f —a)pb— f), o(|f — A(f)]) € L,
then we have

pla+b—A(f))
<A(p(a+bd— 1) —o(f = AN

AW Fo(F—a) + (f — a)plb— ) — o(1f ~ AL

<p(a)+e ) —Alp(f))

2 A D (f — )+ (F — a)plb— ) — ol — A

If the function ¢ is subquadratic, then all inequality stated above are reversed.

Proof: See [9]. O
Remark 7.3: Some applications and related remarks can be found in [9].

Remark 7.4: For latest work on Jessen—Mercer inequality for superquadratic functions and
related applications we refer the reader to [11].
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CHAPTER 8

Jensen—Mercer Inequality for Multivariate Functions

This chapter examines Jensen—Mercer inequalities in the multivariate setting. We begin with
inequalities for P-convex functions and functions with nondecreasing increments, followed by
generalizations of éebyéev’s and Holder’s inequalities. The chapter then considers inequalities
for generalized quasi-arithmetic means and presents refinements using index set functions. Fi-
nally, refinements of both éebyéev’s and Holder’s inequalities are discussed, highlighting sharper

bounds and structural improvements in the multivariate context.

8.1 Jensen—Mercer Inequalities for Functions with Nondecreas-
ing Increments and P-Convex Functions

In this section we give Jensen—Mercer inequalities for P-convex functions and functions with non-
decreasing increments and consider some of their applications. We use them to obtain variants
of Cebyéev’s inequality, Holder’s inequality for monotone sequences in which weights satisfy con-
ditions as in Jensen-Steffensen’s inequality, Beck’s inequalities for generalized quasi-arithmetic
means, and another generalization of Holder’s inequality and other inequalities involving quasi-
arithmetic means. Most of the content of the present chapter can be found in [169, 25, 26].

For the sake of clarity, for the use of some substitutions, we rewrite Theorem 1.4 for weights p.

Theorem 8.1: Let I be an interval in R, and let [a,b] C I, a < b. Let & be a monotone n-tuple
in [a,b]" and let p be a real n-tuple such that

0< P, <P, ke{l,...,n—1}, P, >0, (8.1)
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where P, = Zle pi. If function f: I — R is convex, then

f <a+b— ;Zm&) < f(a) + f(b) - Pinif(xi)
moi=1 " oi=1
holds.

The Jensen—Mercer inequality for P-convex functions is given in the following theorem.

Theorem 8.2: Lel « € [a,b]" and y € [c,d]|" be two real n-tuples monotone in the same
direction, and lel p be a real n-tuple such that conditions (8.1) are satisfied. Then for any P-
convex function ¢ : [a,b] X [c,d] — R the following inequality holds:

1 O 1 O 1 O
@(a-i-b—PZpixi,c—i-d—PZpiyi>§g0(a,c)—|—g0(b,d)—PZpigo(xi,yi). (8.2)
"i=1 " i=1 "i=1

If function ¢ is P-concave the inequality in (8.2) is reversed.
The Jensen—Mercer inequality for functions with nondecreasing increments is given in the
next theorem.

Theorem 8.3: Let f : K — R, where K = [a1,b1] x -+ x [ag,bx] C RF, be a continuous
function with nondecreasing increments, let p be a real n-tuple such that (8.1) is satisfied. Then
for any 9 € K (i € {1,2,...,n}) such that

zW <.o<z® o M >0 > g0
mequality
1 , 1 — .
_ ()] < _ ) ()
f<a+b o piE ) SRR ICRE W (=),
holds, where a = (ay,...,ax), b= (b1,...,bg).

Remark 8.1: Interested readers can find new refinements of Jensen—Mercer type inequalities
for functions with nondecreasing increments in [92].

8.1.1 Generalizations of Cebysev’s and Hélder’s Inequality

First, we give an alternative proof of Theorem 5.14 using the Jensen-Steffensen’s inequality for

P-convex functions.

Theorem 8.4: Let w be a real m-tuple such that (A.15) is satisfied. Then for any real m-tuples
x, y monotone in the same direction,

m m m
D wiwi Y wiyi < Wi Y wiziy; (8.3)
i=1 i=1 i=1

holds. If x and y are monotone in opposite directions the inequality in (8.3) is reversed.
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Proof: The function ¢ : R? — R, ¢ (x,y) = xy is P-convex on R. If m-tuples « and y are
monotone in the same direction, we can apply Theorem A.20 on ¢ and on the m-tuples £ = x,
n =y and w, after which we immediately obtain (8.3).

If m-tuples  and y are monotone in opposite directions, we can apply Theorem A.20 on the
P-concave function ¢ : R? — R defined as ¢ (x,y) = —ry and on the m-tuples £ = x, n = —y

(now monotone in the same direction) and w to obtain reversed (8.3). O

Theorem 8.5: Let p be a real n-tuple such that (8.1) is satisfied. Then for any real n-tuples
x € [a,b]" and y € [c,d]" monotone in the same direction,

(a +b—— Zm:m) <c+ d— — me) <ac+bd - — szxzyz (8.4)

holds. If  and y are monotone in opposite directions the inequality in (8.4) is reversed.

Proof: Let n-tuples  and y be monotone in the same direction. In order to obtain (8.4) we
simply apply Theorem 8.2 on the function ¢ : R> — R defined as in Theorem 8.4 and on the
n-tuples ¢, y and p. If & and y are monotone in opposite directions we apply Theorem 8.2 on the
P-concave function ¢ : R? — R defined as ¢ (z,y) = —zy and on the n-tuples z, —y € [~d, —|"

and p, in which case we obtain the reversed (8.4). O

Theorem 8.6: Let w be a real m-tuple such that (A.15) is satisfied and let p € (—oo, 0)F
(0,1%. Then for any £ € K c (0, +00)*, i € {1,2,...,m} such that

inequality

holds.

Proof: We define function ¢ : (0, +00)* — R as

ko1

p(x)=]]=", pieR\{0}, ie{1,2,... k}. (8.6)

i=1

We have

cpw(a:)—1<—1> _2Hw ,ie{1,2,...,k},

bi

11

1
Py (€) = — ’laflﬂw] s 0 g € {12, kY, i #
Di Py i=1
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function ¢ has nondecreasing increments iff p; (i € {1,2,...,k}) are all negative or if p; for
i € {1,2,...,k} are all positive and not greater then 1. Suppose that @ < ... < M and
p € (—00,0)" U (0,11 . We define k-tuples £€9) € (0, +00)* (j € {1,2,...,m}) as

£ = (mﬁj))pi, ie{1,2,... k).

Obviously, if p € (—o0, 0)F then €M) > ... > ¢ and if p € (0,1]" then €M) < ... < g™

in both cases we can apply Theorem A.21 on w, 5(1), . ,S(m) and on the function ¢ to obtain
(8.5).
If 2 > ... > g(m) proof is similar. O

Remark 8.2: If in Theorem 8.6 we let k = 2, then for (p,q) € (—oc0,0)>U(0,1]*, a real m-tuple
w such that (A.15) is satisfied and any positive m-tuples &, y monotone in the same direction

we obtain .

1
(e (s o) = e
m i1 =1

Theorem 8.7: Let K = [a1,b1] X -+ X [ag, bg] C (0,—|—oo)k, let w be a real n-tuple such that
(A.15) is satisfied and let p € (—o00,0" U (0,1]%. Then for any =@ € K (i € {1,2,...,n}) such
that

nequality

holds.

Proof: Suppose that ) < ... < (™ and p € <—oo,0>k U (0, 1]k. We define k-tuples £U) €

<O,+oo>k, je{l,...,n} as

Obviously, if p € (—00,0)" then €M) > ... > ¢ and €O e [P, a}'] x - x [00%, ab¥]
(1 €{1,2,...,n}), and if p € (0, l]k then €M) < ... < ¢ and ¢ € € [af, '] x - -+ [ak ,bp"]
(1€{1,2,...,n}). In both cases we can apply Theorem 8.3 on the function ¢ defined as in (8.6)

to obtain desired inequality.

Ifz® >...> g proof is similar. ]
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8.1.2 Inequalities for Generalized Quasi-Arithmetic Means

Let Ips be an interval in R and suppose that M : Iy — R is a continuous and strictly monotone
function. Let @ € I} be a monotonic m-tuple and let w be a real m-tuple such that (A.15) is

satisfied. Then the generalized quasy-arithmetic mean of  with weights w is defined as

My, (z;w) = M1 (T/I}' ZwiM (xz)> .
moi=1

Clearly,
My (z;w) = M~ (A, (M (z);w)),

where A, denotes the arithmetic mean and M (x) = (M (z1),..., M (z,,)). Since M is contin-
uous and strictly monotone we know that M (Iy/) is an interval in R. From Remark 1.1 we also
know that if (for example)  and M are increasing, then m%n Yo wiM (x;) € [M (z1) , M (xp,)),
i e., Mfl(Wim X Y wiM (x;)) is from [x1, ], which means that M, (x; w) is well defined.

Comparison theorems for such generalized quasy-arithmetic means are given in [8].

Remark 8.3: Using the above notation the inequality (A.16) may be rewritten as

o (Am (& w), Am (n;w)) < A (0 (&) ;W) ,
where ¢ (&) = (¢ (§1,m) 5+ - @ (Ems> m))-

Theorem 8.8: Let Iy, I, Ik be intervals in R, let M : Iny - R, L :I;, - R and K : [ —
R be strictly monotone and continuous functions, where K and L are monotone in the same

direction, and let f : Ix x Ir, — Iy be a continuous function. Let w be a real m-tuple such that
(A.15) is satisfied, and let function H : K (Ix) x L (I) — R be defined as

H(z,y) =M (f (K (z),L7" (1)) -

If H is P-convex (P-concave) and M is increasing (decreasing), then for any m-tuples x € I}
and y € I7* monotone in the same direction

f (K (z;w) , Lin (y;w)) < My, (f (2, y) ;W) . (8.7)
If H is P-convex (P-concave) and M is decreasing (increasing) the inequality in (8.7) is reversed.
Proof: Since K and L are monotone in the same direction, the m-tuples K () and L (y)
remain monotone in the same direction. If we apply Theorem A.20 on the P-convex function H
and on the m-tuples £ = K (x), n = L (y) and w, we obtain
H (A (K () ;w) , A (L (y) s w)) < A (H (K (z), L (y)) ; w)
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From this we have M (f (K, (z;w), Ly, (y;w))) < Ay (M (f (z,y)) ;w) .
If M is increasing (8.7) immediately follows, and if M is decreasing (8.7) is reversed.
If H is P-concave proof is similar. O
The inequality (8.7) is interesting because making different choices of function H we may
obtain variants of other well known inequalities in which weights w satisfy conditions (A.15).
K" L’ M

Denote byA:F, B:F, C:W

Theorem 8.9: Let K, L, M and w be as in Theorem 8.8 and suppose that derivatives
K', K", L', L", M', M" exist. If M is strictly increasing (decreasing) convez (concave) function
and if

(x+y), (8.8)

forallx € I, y € Ir, then for any m-tuples x € I} and y € I7* monotone in the same direction
K (25w) + L (y;w) < M (T + 35 w) (8.9)
holds. If M is strictly decreasing (increasing) conver (concave) function and if reversed inequal-

ities (8.8) hold for all x € Ik, y € Iy, the inequality in (8.9) is reversed.

Proof: Let f : Ix x I, — Iy be defined as f(z,y) = = + y. Then the function H from
Theorem 8.8 is defined as H (z,y) = M (K~ (z) + L™ (y)). The condition that function H is

P-convex is for such K, L and M equivalent to the conditions

K// (f[»'
()

~—

M" (x+y) > M (z+y)

=

M" (z +y) >0,

L" (y)
"(y)’

M" (x+y) > M (z+y)

h

for all x € Ig, y € Ip. If M is strictly increasing (decreasing) function the conditions (8.8)
(respectively reversed (8.8)) immediately follow, and M obviously must be convex. In either case
the inequality (8.9) (its reverse) follows from Theorem 8.8.

If H is P-concave proof is similar. O

Corollary 8.1: Let p > 1 and let w be a real m-tuple such that (A.15) is satisfied. Then for
any positive m-tuples * and y monotone in the same direction

G (@ w) + G, (y;w) < MP (z + y; w), (8.10)

]

holds, where G, denotes geometric mean and M,[f; power mean of order p.
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Proof: Let functions K, L and M from Theorem 8.9 be defined as

K(x)=L(z)=lnz, M(x)=aP,

for all x € (0, +00), where p is a real number. Then

and the conditions (8.8) become

1 -1 1 -1
——SL,and —-<?P ;
T r+y Y r+y

(8.11)

for all z,y € (0, +00). We must consider three cases:
1) If p > 1 (M is convex and strictly increasing) then the conditions (8.11) are satisfied,
so from Theorem 8.9 we know that for any positive m-tuples & and y monotone in the same

direction inequality
1 m 1 m
el Nz _ Nn v
1 1
m . Wm m . Wm 1 m
= <H$w> T (H?/w ) = (Wm > wi (i + yi)p>
i=1 i=1 i=1

holds, so (8.10) immediately follows.

2) If 0 < p <1 (M is concave and strictly increasing) then reversed conditions (8.11) can
not be satisfied.
3) If p < 0 (M is convex and strictly decreasing) then reversed conditions (8.11) can not be

satisfied again. O

Corollary 8.2: Let p > 1 and let w be a real m-tuple such that (A.15) is satisfied. Then for
any positive m-tuples x and y monotone in the same direction,

Hy, (@5w) + Hy (y;w) < MP (2 + y;w),

holds, where H,, denotes harmonic mean.

Proof: Let functions K, L and M from Theorem 8.9 be defined as
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and the conditions (8.8) become

2 p—-1 2<p—1

x " xty’ y ~ x+y’

for all z,y € (0,+00) . Very similar analysis as in Corollary 8.1 leads us to the conclusion that

inequality
W, Wi, v
m = + - = < Z Wy xz + yz )
> ar Z
i=1 i=1
holds for all positive m-tuples « and y monotone in the same direction only if p > 1. O

Theorem 8.10: Let K, L, M and w be as in Theorem 8.8 and suppose that derivatives
K', K" L', L", M', M" exist. If M is strictly increasing (decreasing) and if inequalities

C(xy) xy > —1,
ylC(zy)y—Ax)] =20 (8.12)
z[C (zy ) B(y)] =0

(or respectively the reversed (8.12)) hold for all x € Ik, y € Ir, then for any m-tuples & € I}
and y € I7* monotone in the same direction

Ko (@;w) L (y; w) < M, (zy; w) (8.13)

where xYy = (T1Y1, - -+, TmYm)-
If M s strictly decreasing (increasing) and if inequalities (8.12) (or respectively the reversed
(8.12)) hold for all x € Ik, y € Iy, the inequality in (8.13) is reversed.

Proof: Let f: Ix x I, — I be defined as f (z,y) = xy. Then H from Theorem 8.8 is defined
as H (z,y) = M (K~ (z) L™ (y)). The condition that the function H is P-convex is for such

K, L and M equivalent to the conditions

M" (zy) zy + M’ (zy) >0,

K/l (iﬂ)
M M >
y [ (zy)y (2y) 4 (x)] > 0,
L" (y)
x| M" (zy)x — M' (zy >0,
e e
forall x € I, y € Iy.
The rest of the proof is similar as in Theorem 8.9 O

Corollary 8.3: Let p,q and r be real numbers such that pqg > 0, and let w be a real m-tuple
such that (A.15) is satisfied. If r > 0 and r > max{p,q}, then for any positive m-tuples x and
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y monotone in the same direction inequality

1

T

holds. If r < 0 and r < min{p, q} the inequality in (8.14) is reversed.
Proof: We define functions K, L, M : (0,+00) — R as
K(z)=2aP, L(z) =29 M (z)=2a".

In this case the function M is strictly increasing if r > 0 and strictly decreasing if r < 0.
If » > 0 the conditions (8.12) from Theorem 8.10 are equivalent to the conditions r > p and
r > q, and if r < 0 to the conditions r < p and r < ¢. In both cases the inequality (8.14) (its

reversal) follows from Theorem 8.10. O
Remark 8.4: Inequality (8.14) can be rewritten as

M (x5 w) MY (y; w) < MU (zy;w).

In paper [8] another variant of generalized quasi-arithmetic means was investigated. Let
Inr € R and suppose that function M : Iy — R is continuous and strictly monotonic. For
[m1,ma] C In let @ € [my,mo]™ be a monotonic n-tuple and let p be a real n-tuple such that
(8.1) is satisfied. We define the generalized quasy-arithmetic mean of Mercer’s typo of x with

weights p as

M, (my;mo;z;p) = Mt <M (my) + M (mgy) — pinZM (1:1)> .
" i=1

Theorem 8.11: Let M : Iy - R, L: I, - R and K : Ix — R, In, I, Ix C R, be strictly
monotone and continuous functions, where K and L are monotone in the same direction, and

let f: I x I, — Ipf be a continuous function. Let p be a real n-tuple such that (8.1) is satisfied
and let function H : K (Ix) x L (IL) — R be defined as

H(z,y) =M (f (K" (z),L7" (v))) -

If H is P-convex (P-concave) and M is increasing (decreasing), then for any n-tuples x €
[k1,ka]" C Ik and y € [l1,12]" C I} monotone in the same direction inequality

f <f~(n (k1 k2; 25 p) , L, (ll;lz;y;p)> < My, (f (k1,10) 5 f (kaylo) s f (2,9) 5 p) - (8.15)

holds. If H is P-convex (P-concave) and M is decreasing (increasing) the inequality in (8.15) is
reversed.
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Proof: Similarly as in the proof of Theorem 8.8, but using Theorem 8.2 instead of Theo-

rem A.20 Suppose that H is P-convex. We immediately have
1< 1<
H (K (k1) + K (k2) — B ;piK (zi), L () + L(l2) — 2 ;PiL (yi)>
1 n
< H (K (k1), L () + H (K (k2), L (I2)) — FZPZH(K (@), L (vi))
" i=1

= M(F (k1) M (F (ko 12)) = 5= S0 piM (f (o 0)
™ i=1

from which we easily obtain

f (ffn (k1; ko; ;p) , L, (l1;12;y;P)) < My, (f (ki 10) 5 f (Koy12) 5 f (2, 9) 3 P)

if M is increasing, or

f (ffn (k1; k2; 25 p) , L (ll;lz;y;P)) > M, (f (ki,10); f (K2, 12) ; f (2,9) ;P)

if M is decreasing.

If H is P-concave proof is similar. O

Theorem 8.12: Let K, L, M and p be as in Theorem 8.11 and suppose that the derivatives
K', K" L', L", M', M" exist. If M is strictly increasing (decreasing) convex (concave) function
and if the conditions (8.8) are satisfied, then for any n-tuples * € [ki,ko]" C I} and y €
[l1,12]" C I} monotone in the same direction, then

Ky (k13 ko; ;) + Ly (1 lo; 43 ) < My, (ky + lis ko + los & + 3 p) (8.16)

holds. If M is strictly decreasing (increasing) convex (concave) function and if the reversals of
(8.8) hold, than the inequality in (8.16) is reversed.

Proof: Similarly as in Theorem 8.9 O

Corollary 8.4: Let p > 1 and let p be a real n-tuple such that (A.15) is satisfied. Then for any
positive n-tuples x € [k, ka]" C (0,4+00)" and y € [l1,12]" C (0,400)" monotone in the same
direction,

G (k1s ks 3 p) + G (I3 lai i p) < MP (ki + lis ko + lo; @ + 3 p)

and
H, (kys ko 3 p) + Hy (I 1o y3p) < MP (ki + L a + 1o + 95 p)
hold.
Proof: Similarly as in Corollary 8.1 and Corollary 8.2. O

Theorem 8.13: Let K, L, M and p be as in Theorem 8.11 and suppose that the derivatives
K', K", L', L", M', M" exist. If M is strictly increasing (decreasing) and if the inequalities
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(8.12) (or respectively reversed inequalities (8.12)) hold for all x € Ik, y € I, then for any
n-tuples € [k1, ko]" C It and y € [l1,12]" C I} monotone in the same direction

Ko, (K1; ks 5p) Ly, (I3 lo; 35 p) < My, (Kl kala; 2y; p) (8.17)

holds, where xy = (z1y1,. .., TmYm) -
If M is strictly decreasing (increasing) and if the inequalities (8.12) (or respectively the reversed
(8.12)) hold for all x € Ik, y € I, the inequality in (8.17) is reversed.

Proof: Similarly as in Theorem 8.10 O

Corollary 8.5: Let p,q and r be real numbers such that pqg > 0, and let w be a real n-tuple such
that (A.15) is satisfied. If r > 0 and r > max {p, q}, then for any n-tuples x € [a,b]" C (0, +00)"
and y € [c,d]" C (0,4+00)" monotone in the same direction,

1 — 1 & a 1 —
<ap + bp — W Z rUJz:Tf) (Cq + dq — W Z wzqu> S <CL7‘CT + brdr — W Z wwfyf)
n = n i " i=1

hold. If r < 0 and r < min {p, q} the inequality in (8.39) is reversed.

T

B =

Proof: Similarly as in Corollary 8.3 O

8.2 Refinements

In this section we give another variant of Jensen—Mercer inequality for functions with nondecreas-
ing increments and also its refinement. Furthermore, we show that the monotonicity condition
on k-tuples £ (1 € {1,2,...,n}) can be relaxed on the monotonicity in mean condition. Then
we show how these results can be used to obtain analogous refinements of éebyéev’s inequality

and Holder’s inequality for monotone sequences.

8.2.1 Index Set Function and Refinements

Denote by K a k-dimensional rectangle [a1,by] x - -+ X [a, bp] C RF, a; < b; (i € {1,2,...,k}),

and by a and b two specially chosen k-tuples from the rectangle K:
a:(al,...,ak), b:(bl,...,bk).
In the next theorem we give a variant of the Jensen—Mercer inequality for functions with

nondecreasing increments.

Theorem 8.14: Let f: K — R be a continuous function with nondecreasing increments and
let £) € K (i € {1,2,...,n}) satisfy the condition

2 << op M >0 > ()
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If p is a nonnegative n-tuple such that P, > 0, then
f (a +b - ; izn;pi:c@) <f(a)+f(b) - ; ilpif (). (8.18)
If p is a real n-tuple such that p1 >0, p; <0, i€{2,...,n}, P,>0, and if
1 Zn: ) e K (8.19)
P, 27 7
then (8.18) remains valid.

In order to present our next result we need to introduce some more notation.
Let f : K — R and let I be a nonempty finite set of positive integers. Let X = {w(i) | i€ I}
be a sequence in K such that @ < x® < b (i € I). Let p = {p; | i € I} be a real sequence such

that @ + b — P% Y icr pix') € K and Py = Y icr Pi # 0. We define the index set function F' by

F(I)=Pr(f(a)+ f0) =X pif (2) = Pif <a +b o Zp,-m@) .
i€l

el
We also define the arithmetic mean Aj over the index set I as
A (X;p) = L > pia,
’ Py 4
el
To simplify the notation, we sometimes write Ay instead of A; (X;p).

Theorem 8.15: Let f : K — R be a continuous function with nondecreasing increments and let
I and J be finite nonempty sets of positive integers such that INJ = &. Letp={p; | i € ITUJ}
be a real sequence such that Pryy > 0, and let X = {w(i) lielU J} be a sequence in K such
that Ag (X;p)e K (S=1,J,1UJ). If Pr >0, P; >0 and if

A (X;p) <A (X5p) or Aj(X;p) <A (X;p), (8.20)

then
F(IuJ)>F(I)+F(J). (8.21)

If PrP; < 0 and if (8.20) holds, then (8.21) is reversed.

Remark 8.5: It can be easily shown that the conditions Ay < Ay or Aj < Aj are equivalent
to the conditions Ay < Apyy or Ay < Aj.

Corollary 8.6: Let f : K — R be a continuous function with nondecreasing increments, let
x) e K (i € {1,2,...,n}) satisfy the condition
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and let p be a real n-tuple such that py > 0. If

pi >0, i€{2,...,n}, (8.22)
then
0<F()<...<F(Ip,-1) < F(I,), (8.23)
where I; = {1,...,5}. If
pi<0 (ief{2...,n}), P,>0 (8.24)
and
1 — A
LS pal) e &,
™ i=1
then

0< F(Ip)<F(lh1)<...<F(I). (8.25)

In [211] J. Pecari¢ proved that the monotonicity conditions on k-tuples €9 for i e {1,2,
...,n} in Theorem A.22 can be relaxed on the monotonicity in mean conditions. In the next

theorem we show that it can be also done in Corollary 8.6

Theorem 8.16: Let f: K — R be a continuous function with nondecreasing increments and
let p be a real n-tuple such that p; > 0. Let ) € K (i e {1,2,...,n}) satisfy the condition

e <AL < <A, or W >AL> > A

(i) If p satisfies the condition (8.22) then (8.23) holds.
(1) If p satisfies the conditions (8.24) and (8.19), then (8.25) holds.

Proof: Suppose that p satisfies the condition (8.22). If A; _, < Ay, , then

n’

3 %mm < %nw(m
icl, nin—1 n

which can be rewritten as A;,_, < (. Using substitutions I = I,,_; and J = {n}, from
Theorem 8.15,
F(I,) > F(In-1)

follows, from where we get (8.23) by iteration. The other case A; |, > Aj, is analogous.

We can prove the second part of the theorem similarly. O

Remark 8.6: Similar assertions can be formulated for P-convex functions.

8.2.2 Refinements of Cebysev’s Inequality

In this subsection we show how Corollary 8.6 can be used to obtain a refinement of the Mercer’s

type variant of Cebyéev’s inequality for two monotonic sequences.
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If we define the index set function C, for a real n-tuple p and two monotonic real n-tuples
x € [a,b]" and y € [¢,d]", by
1 1
C(I) = P[ (CLCerd) — szxzyz *P[ (CLer P]ZPZI‘Z> <C+d P]Zpﬂh) .
el el el
then the following theorem is valid.

Theorem 8.17: Let a,b,c and d be real numbers such that a < b, ¢ < d, and let € [a,b]"
and y € [c,d]" . Let p be a real n-tuple such that p; > 0.
If p satisfies the condition (8.22) and if x and y are monotone in the same direction, then

0<CI) < <Cny) < C ). (8.26)

If ¢ and y are monotone in the opposite directions, then all inequalities in (8.26) are reversed.
If p satisfies the conditions (8.24), if

1 < 1 <
F Zplxz S [a’u b] ) F Zplyl S [C> d} )
" i=1 " i=1
and if x and y are monotone in the same direction, then
0<CI,) <C(Ip—1) <---<C (). (8.27)

If ¢ and y are monotone in the opposite directions, then all inequalities in (8.27) are reversed.

Proof: Suppose that p satisfies the condition (8.22) and that the n-tuples « and y are monotone
in the same direction. In order to obtain (8.26) we simply apply Corollary 8.6 to the function
0 :R?> = R, ¢(x,y) = 2y and n-tuples x, y and p. If the n-tuples & and y are monotone in
the opposite directions we apply Corollary 8.6 to ¢, —y € [—d, —c]" and p, to obtain reversed
(8.26).

The second case can be proved in a similar way. O

Remark 8.7: Similarly as in Theorem 8.16, the “same monotonicity” condition on & and y
can be replaced with the conditions

2 n
1 1
T <7§ .x4<...<7§ T, 8.98
1> P2 i:1pz T =~ Pn i:1pz 1 ( )
1< 1 <&
< g < e < caps 8.29
s ;lezyz_ < B iZIpzyz, (8.29)
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or with (8.28) and (8.29) both reversed, and the “opposite monotonicity” condition with

2 n
1 1
< s < e < —— i 8.30
HAIS P, ;pzxz > =P, ;pzxu ( )
1< 1 &
Y1 2> 2N Zpi?/i > 2 28 Zpi?/ia (8.31)
2521 no=1

or with (8.30) and (8.31) both reversed.

8.2.3 Refinements of Holder’s Inequality

In this subsection we present two refinements of Hélder’s inequality. The first refinement is for
k > 2 monotonic sequences in which exponents p and ¢ need not to be conjugate. The second
refinement is for two monotonic sequences with exponents p,q and r.

Denote by K a positive k-dimensional rectangle [a1,b1] X -+ X [ag,bk], where 0 < a; <
bi, i € {1,2,...,k}. For k-tuples @ e K,ie€ {1,2,...,n} such that @ < ... < 2™ or

M > ... > 2" we define the index set function H by

k k k
H(I)=W; Haj + Hbj — Zle;ng)
j=1 j=1

el j=1
. N
. . 1 MNP\ T
P D DN
7=1 iel
Theorem 8.18: Lelpe <—oo,0>k U (0, l}k, let ) € K (i € {1,2,...,n}) be such that

— )

and let w be a real n-tuple such that w; > 0 If

w; >0, 1€{2,...,n}, (8.32)
then
0<HL)<---<H(I,-1)<H(). (8.33)
If
w; <0, i€{2,...,n}, W, >0 (8.34)
and if
1 — ,
Wn ’LUZQL'(Z) € K,
=1
then

0<H (L) <H(I1) < <H().

Proof: For some fixed p; € R\ {0}, j € {1,...,k} we define the function ¢ : (0, +oo)f 5 R
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(@) =1 (8.35)

Then we have

1 /1 GEA
cpxjmj(w):<—1> fol, je{1,2,... k},
i=1,

p Dj

(Pmimj (x) 77$_1$_1H$ Zv] € {1727 A k}v i 7é ja
Di Py

so it can be easily seen that ¢ is continuous and that it has nondecreasing increments if p; for
Jj €{1,2,...,k} are all negative or if p; for j € {1,2,...,k} are all positive and not greater then
1.

Suppose that 2 < ... < 2™ and p € <—oo,0>k U (0, 1]k

(if () > ... > (™ proof is similar). We define k-tuples €9, i € {1,2,...,n} as

e = (a:?))pj , jell2,. . k)

Obviously, if p € (—00,0)" then £¢M) > ... > ¢ and €9 e BB, a}'] x -~ x [00%, ab¥]
(i€{1,2,...,n}), and if p € (0,1]" then €M) < ... <& and €9 € [a}',00"] x -+ x [al*, bP*]
(i €{1,2,...,n}). In both cases we can apply Corollary 8.6 to T LY satisfying (8.32)
and ¢, and hence obtain (8.33).

The other case can be proved analogously. O

Corollary 8.7: Let w be a real n-tuple such that wy > 0 and let (p,q) € <—oo,0>2 U (0,1}2,
and let € [a,b]", 0 <a <bandy € [c,d]", 0 <c<d be two n-tuples monotonic in the same
direction.

If w satisfies the condition (8.32), then

1

1
R A
<ap+bp—2wl ) (cq+dq_m;w1yi> <ac+bd——2w2xzyz. (8.36)

If w satisfies conditions (8.34) and if

1 n
Z w;x; € la,b], W ; w;y; € [e,d], (8.37)
then (8.36) remains valid.
Proof: This variant of Hélder’s inequality is a special case of Theorem 8.18 for k = 2. O
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1 e

Now, we define the index set function R as

R(I) =W (d"¢ +b'd") = wafyy

icl
- Wy ap—}—bp—iz:wizf ' cq-l—dq—LZwiyg q,
Wrid Wrig

where w is a real n-tuple and @ € [a,b]", 0 <a <band y € [¢,d]", 0 < ¢ < d are two n-tuples

monotone in the same direction.

Theorem 8.19: Let p,q be real numbers such that pqg > 0 and let r be a real number such
that v > 0 and r > max{p,q}, or v < 0 and r < min{p,q}. Let € [a,b]", 0 < a < b and
y € [e,d]", 0 < ¢ < d be two n-tuples monotone in the same direction and let w be a real n-tuple

such that wy > 0. If w satisfies the condition (8.32), then
0<R(L)<-<R(In1) < R(I,).
If w satisfies the conditions (8.34) and (8.37), then

0<R(I,) <R(In_1) << R(I).

Proof: For some fixed p,q,r € R\ {0} we define the function ¢ : (0, 400)? — R as

r T

o (x,y) =Py},

Obviously, ¢ is continuous and we have

Pz (T,Yy) = ——5—FxP "y,
p
?”2 r_1 r_1
Paa (T, y) = —av yd
pq
T(T—q) r r_o
SOyy (':Cay) = q2 rrya )

(8.38)

s0 it can be easily seen that the function ¢ has nondecreasing increments if pg > 0 and r > 0,

r > max{p,q} or r <0, r < min{p, q}.

Suppose that w satisfies (8.32). Without any loss of generality we may assume that both x

and y are increasing. We define

fi:x‘f, (1€{1,2,...,n}), m:yg, (ie€{1,2,...,n}).

If p and g are both positive we have

ap<§1§"'§§n§bp7 Cq<771§"'<77n§dq
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and if they are both negative we have

Assume that » > 0 and r > max {p, ¢} or r < 0 and r < min {p, ¢}. If we apply Corollary 8.6 to
&, n, w and ¢ we obtain (8.38).

The other case can be proved analogously. O

Remark 8.8: Similarly as in the previous subsection, the monotonicity conditions in Theo-
rem 8.18 and Theorem 8.19 can be relaxed on the monotonicity in mean conditions.

Corollary 8.8: Letx € [a,b]", 0 <a<bandy € [c,d]", 0 < ¢ < d be two n-tuples monotonic
in the same direction. Let w be a real n-tuple with wy > 0 and satisfying the condition (8.32)
or the conditions (8.34) and (8.37). Let p,q be real numbers such that pg > 0 and let r be a real
number such that r > 0 and r > max {p,q}. Then

3=

1 1
1 - p ! 1 - q ! r.r T T 1 & T, T
(8.39)
If r <0 and r < min{p, q} inequality (8.39) is reversed.

Proof: Suppose that pg > 0, r > 0 and r > max {p, ¢}. From Theorem 8.19,

W, (ap + P — V[in iwwf) ’ (cq +d? — I/Ilfn iwwf) ' <Wy(a"c"+b'd") — zn:wzzc:yf
- - T (840)
follows. Since W,, > 0 and r > 0, we immediately obtain (8.39).
If pg > 0, r < 0 and r < min{p, ¢} then inequality (8.40) follows from Theorem 8.19 again,

but since r is negative in the end we obtain reversed inequality (8.39). O
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CHAPTER 9

On Jensen—Mercer Operator Inequality

This chapter develops Jensen—Mercer inequalities in the operator setting on Hilbert spaces.
We begin with the classical Jensen—Mercer inequality and its applications to operator means
of Mercer’s type, including power and quasi-arithmetic operator means. The discussion then
addresses refinements using index set functions, extensions to superquadratic functions, and
continuous fields of operators. Further results include new refinements with applications, Her-
mite-Hadamard—-Mercer type inequalities, and inequalities for h-convex operators. Finally, we
examine operator inequalities acting on a Hilbert space and their consequences, providing a
comprehensive framework for Mercer-type inequalities in operator theory.

It is worth mentioning that most of the results of this chapter are extracted from [171, 172,

33, 118, 166, 170, 168].

9.1 Jensen—Mercer Inequality on a Hilbert Space

In this section we give an extension of the Jensen—Mercer inequality to selfadjoint operators on
a Hilbert space. Using the obtained inequality we prove that related operator power means of
Mercer’s type have a monotonicity property. In the same way, we give some inequalities among

related quasi-arithmetic means.

9.1.1 The Inequality

For a selfadjoint operator A € B(H), we write mI < A < M, where I is the identity operator
on H,if m(z,z) < (Az,z) < M (z,x) for all x € H.
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Theorem 9.1: Let Ay,..., A, € B(H) be selfadjoint operators with mI < A; < M1 for some

scalars m < M and let x1,...x € H satisfy Z?:l (xj,zj) = 1. If f € C([m, M]) is convez on
[m, M], then

k k
f m—I—M—Z(Ajajj,:Uj) < f(m) Z §) T4, T5) (9.1)

J=1 Jj=1

holds. In fact, to be more specific, we have the following series of inequalities

k k
flm+M=) (Az;,x;) §Z(f((m—|—M)I Aj) xj, )
j=1 j=1
- M — Zj%l_(ijfﬂj,xj)f(M) N PO (ﬁwjij) —mf(m)
k
< f(m) Z i) xj,xi). (9.2)

J=1

If a function f is concave the inequalities in (9.1) and (9.2) are reversed.

Proof: From the conditions m (z;,z;) < (Ajzj,x5) < M (xj,x;5), for j = 1,...,k and
Z?zl (zj,xzj) = 1, by summing it follows that m < 2?21 (Ajzj,z;) < M, and hence,
m<m+ M= (A ;) <M.

Since f is continuous and convex, the same is also true for the function g : [m, M| — R,

k k
g(t) = f(m+ M —t), t € [m, M]. By Theorem A.16, g | Y (Ajzj,2;) | < (9(4;) zj,x;)
j=1 j=1
k k
holds, i.e., f m+M—Z (Ajxj, x)) Z fm+M)I—Aj)z;,x;).
J=1 J=1
Applying Theorem A.17 to g and then to f, we obtain
k
Z m+M I — A)l‘j,l’j)
7j=1
M =Sk (Ajzj,x;) SF (Ajzy,3) —m
< j=1 &g Lj j=1 L5, Lj
< A g(m)+ T g9 (M)
M—SF (Ajxj,x)) S (Ajzjx) —m
o J=1 I3+ j=1 73]
= S £ () S o)
= [ (m) + f (M)
M-S (Ajzj, ;) SF (Ajzj ) —m
j=1 %5, Lj j=1 T Lj
— M
T )+ W= f (M)

The last statement follows immediately from the fact that if f is concave then —f is convex.
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O

9.1.2 Applications to the Operator Means of Mercer’s Type

Throughout this subsection we suppose that:
(i) A= (A1,...,Ag), where A; € B(H) are selfadjoint operators such that mI < A; < MI

(j € {1,2,...,k}) for some scalars 0 < m < M,

(ii) ¢ = (x1,...,2x), where z; € H (j € {1,2,...,k}) satisfy 2521 (xj,zj) =1.
We define, for any r € R

{mr—l-MT—Z?:l (A}Tj,xjﬂi, r#0,

MT’(A7 a:) = k?
exp (mmM — >k ((nAy) xj,mj)) —

Observe that, since 0 < m (zj,z;) < (Ajzj,x5) < M (xj,x4), it follows that:

-0<m (zj,25) < (Ang,x]) < M7 (xj,x;), for all m > 0,
- 0< M" (z5,25) < (A;:vj,xj) <m' (zj,z;), for all r <0,

)
- (Inm) (zj,25) < ((InA4j) x5, ;) < (In M) (zj,25) (5 €{1,2,...,k}).
By summing, it follows that:

-0<m” < E?Zl (A;xj,:pj) < M7, for all r > 0,

-0< M < E?:l (Ang,xj) <m", forall r <0,
k

- Inm <377 ((InAj) zj,2;) <InM,

since Z?Zl (xj,z;) = 1. Hence, M, (A, x) is well defined.

Furthermore, we define, for any r,s € R

R(r,s,A,x) :=

) 1
i (o eam1-a) s )| rros 20
exp (Z?Zl <ln ((mr—kM")I—A;)iazj,xj)) , 1#0,5s=0,
\—Zle (exps((lan)I—lnAj)a}j,xj)]i, r=0,5%0,

1
(M= hs 4 S| r#0,540,
S(r,s, A, x) == q exp (%::ﬂs;? In M + ]\5/'[21”1;2 lnm) , 7#0,s=0,
[0t s 4 Soctom ] 2o 0,
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where S, = ZJ 1 (A a;j,:r]> and Sy = Z§:1 ((InAj)zj,z;). It is easy to see that R(r,s, A,x)
and S(r,s, A, x) are also well defined.

Theorem 9.2: Ifr,s € R and r < s, then
M, (A, x) < M, (A,z).

Furthermore,

M, (A,z) < R(r,s,A,xz) < S(r,s,A,z) < M, (A, x).

Let p,9 € C ([m, M]) be strictly monotonic functions on an interval [m, M]. We define

k
MSO (A7:B) = ()071 QO( Z J"]7$J

J=1

Theorem 9.3:  Under the above hypotheses, the following is valid.

(i) If either 1 o o~' is conver and 1) is strictly increasing, or 1 o ¢!

is concave and 1 18
strictly decreasing, then

M, (A, @) < My (A, x). (9.3)

In fact, to be more specific, we have the following series of inequalities

[P

My (A,z) <yt (o™ (¢ (m) + ¢ (M) I — ¢ (A7) x5, ;)

7j=1

(e (M) =8 (0 (A)) 25, 25)
=Y ( o0 —pm ¢
Sh 1 (0 (Ag) mj,25) — ¢ (m) —
+ SO0 — o (m) WP (m)) <My (A x). (9.4)

1

(ii) If either 1 o o~ ' is concave and v is strictly increasing, or 1 o ¢ ~' is conver and 1 is

strictly decreasing, then the inequalities in (9.3) and (9.4) are reversed.

1 1

Proof: Suppose that 1) o ™" is convex. If in Theorem 9.1 we let f =1 o ™" and replace A;,

m and M with ¢ (A;), ¢ (m) and ¢ (M) respectively, then we obtain

]:1
k
< (o™ (¢ (m) + o (M) I — (A7) 25, 25) (9.5)
j=1
@(M)_Z;?:l (¢ (4)) zj, z;) Z;C 1 (@ (Aj) zj,25) — ¢ (m)
2 (M) — o (m) M)+ = —pm V™
k
<¢(m)+¢(M)*Z(7/’(AJ)$Ja$J)
j=1
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If 1) o0 ¢! is concave then we obtain the reverse of inequalities (9.5).
If 1 is strictly increasing, then the inverse function 1! is also strictly increasing, so that (9.5)
implies (9.4). If 1 is strictly decreasing, then the inverse function 1 ~! is also strictly decreasing,

so that in this case the reverse of (9.5) implies (9.4). Analogously, we get the reverse of (9.4) in

1 1

the cases when 1 o ™" is convex and ¢ is strictly decreasing, or ¢ o ™" is concave and % is

strictly increasing. O

9.2 Jensen—Mercer Operator Inequality

In this section we give an extension of the Jensen-Mercer inequality (1.3) to selfadjoint operators
and positive linear maps. This variant of Jensen’s operator inequality holds for arbitrary convex
functions, while the well known Davis-Choi-Jensen inequality (A.13) and its generalization (A.14)
hold only for operator convex functions. Using the obtained inequality we prove that related
operator power means of Mercer’s type have a monotonicity property. In the same way, we give
some inequalities among related quasi—arithmetic means. The results of this section are carefully
selected from [168, 172.

Let us consider that B(H) and B (K) are the C*-algebras of all bounded operators on the
appropriate Hilbert spaces and P [B(H), B (K)] is the set of all positive linear maps from B (H)
to B(K).

Theorem 9.4:  Lel Ay, ..., Ax € B(H) be selfadjoint operators with spectra in [m, M| for some

scalarsm < M and ®q,..., 9, € P[B(H), B (K)] positive linear maps with Z?Zl Q; (1) = 1k.
If f € C([m,M]) is convex on [m, M], then the Jensen—Mercer operator inequality

k k
Flm+M)1e =Y @A) | <(f(m)+f(M)1gk = & (f (9.6)
7=1

Jj=1

holds. In fact, the following series of inequalities

k
Flm+M)lg =) @;(4))
j=1
M A KB (A) —m
< i ]\%J; (J)f(M) > ]&(_J; 1Kf(m
k
<(f(m)+ f(M) 1k —> @5 (f (9.7)
7j=1

holds. If a function f is concave, then the inequalities in (9.6) and (9.7) are reversed.

Proof: Since f is continuous and convex, the same is also true for the function g : [m, M| — R,
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g(t) = f(m+ M —t), t € [m, M]. Hence, the following inequalities hold for every ¢ € [m, M] (see
(A.2) in Section A.1):

Fy < T pny - ), gy < () L gm).

Since mlyg < A; < M1y (j €{1,2,...,k}) and 25:1 ®; (1g) = 1k, it follows that mlg <

Z?:l ®; (Aj) < M1g. Now, using the functional calculus we have

k S @5 (4)) —mlg Ml — Y5 ®;(4))
g ;q’f“‘f) < g (M) + g (m),
k k (A —m _ ]?7 . .
Flms 2 - Yoo 4y | < 2 DI Ty ) MR i ) g
j=1
S P (A K (A —m
= (7 )+ g a1 - | B B g B BRI |0

On the other hand, using the functional calculus we also have

Aj—mlH
M—-—m

Ml —A;

£(4)) < F) + = ).

Applying positive linear maps ®; and summing, it follows that

I?_ (I)j Aj —m M - ]?: (I)j Aj
b, (f () < 2R DAy M2 W) ) o)

7j=1
Using inequalities (9.8) and (9.9), we obtain desired inequalities (9.6) and (9.7).
The last statement follows immediately from the fact that if ¢ is concave then —y is convex.

For an operator convex function f the Jensen—Mercer operator inequality can be refined in

the following way. m

Theorem 9.5:  Let Aq,..., A € B(H) be selfadjoint operators with spectra in [m, M| for some
scalarsm < M and ®q,..., 9y € P[B(H), B (K)] positive linear maps with Z?:l Q; (1) = 1k.
If f € C([m, M]) is operator convex on [m, M], then the following series of inequalities

7=1 7j=1
. E % (A —m
< TS B gy g 2 B ) T g (9.10)
k
< (F )+ (M) 1k~ 3 0, (7 (A7)
j=1
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holds. If fa unction f is operator concave then the inequalities in (9.10) are reversed.

Proof: Similar to proof of Theorem 9.1. O

9.2.1 Power Operator Means of Mercer Type
We suppose that:
(i) A = (A1,...,Ag), where A; € B(H) are positive invertible operators with Sp(A4;) C
[m, M] for some scalars 0 < m < M,

(i) ® = (P1,...,P), where ®; € P [B(H), B (K)] are positive linear maps with Z§:1 Q; (1x)

:1K7
1
(iii) A (m, M,p) =K (mp, MP, %) Tt (%;ﬁ%"n?) " for0<m < MandpcR,
p # 0. Set:
) M M —m m(l+1InM)— M(1+Inm)
(m, M, 0) = lim A(m, M, p) S(m,> lnM—lnmeXp< 7 m

We define, for any r € R
[+ 0 1 - S 0 (4)] L e

M, (A, ®) = . | i
exp ((lan) g =321 9 (lnA])> , r=0.

)

Furthermore, we define, for any r, s € R

( 1
s

M"1g—Sr Sr—m"1
|: Mrlim'r MS + Mr_m;( m8:| b r # 07 S # O?

S(r,s, A, ®) := < exp (%mjwju %mm), r40,s=0,
1

[@M&:@Mw+&i@ﬂimﬂ, r=0,5#0,

InM—Inm InM—Inm

where S, = 2?21 P, (A;) and Sy = Z?Zl ®; (InAj). It is easy to see that S(r,s, A, ®) is also
well defined.

Theorem 9.6: Letr,s € R, r <s.
(i) If either r < —1 or s > 1, then

M, (A, ®) < M,(A, &)
(13) If =1 <r and s < 1, then

M, (A, ®) < A(m, M, s)My(A,®).

If we use inequalities (9.7) instead of the (9.6), then we have the following results.

Theorem 9.7: Letr,s € R, r < s.
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(i) If s > 1, then

M, (A, ®) < S(r,s, A, ®) < M,(A, ®).
If r < —1, then

M, (A, ®) < S(s,r, A, ®) < M;(A, ®).
(43) If =1 <r and s < 1, then

1 — —

S ) ) |
Ko 75 V(A ®) < 505, A, ®) < A, M) M (A, @)

Remark 9.1: Some considerations in Theorem 9.6 and Theorem 9.7 can be shortened using
the obvious properties M_g (Afl, <I') = M,(A,®)" " and S(—s, —r, A1, ®) = S(s,1, A, ®)" !,
where A~ = (A7, 4.

Remark 9.2: Since obviously S(r,r, A, ®) = MT(A, ®), inequalities in Theorem 9.7 (7) give
us
S(r,r,A,®) < S(r,s, A, ®) < S(s,5,A,P), r<s, s>1

and
S(r,r, A, ®) < S(s,r, A, ®) < S(s,5,A,®), r<s, r<—1.

An open problem is to give list of inequalities comparing “mixed means” S(r, s, A, ®) in remaining
cases.

It is easy to see that for any r,s € R,

[Zg;lcpj <[(m”+M’”) 1K—A§}i>r, r#£0,5 40,
R(r,s, A, ®) =< oxp (Z§:1 ; (ln [(m' +M") 1k — Aﬂ i)) , 1#0,s=0,
{Z?Zl P; (exp s [(InmM) 1K—lnAj])F, r=0,s#0

is well defined and that R(r,7, A, ®) = S(r,r, A, ®) = MT(A,@) (including the case when
r = 0). To simplify notations, in what follows we will write MT,R(ﬂ s),S(r,s) instead of
]\AJT(A, ®), R(r,s, A, ®),S(r, s, A, ®), respectively.

The following figure illustrates regions (i) — (vii) which determine the seven cases occurring

in Theorem 9.8 (compare with the figure on p. 117 in [100]).

Theorem 9.8: Letr,s e R, r <s.
(i) If 1 <r, then

(ii)If s < —1, then
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(¢i1) If r < —1 and s > 1, then

(iv) If L <r <1<s, then
M, < R(r,1) < S(r,1) < M; < S(s,1) < R(s,1) < M,.

(v) If r < =1 < s < —3%, then

S-

M, < R(r,—1) < 8(r,—1) < M_; < S(s,—1) < R(s, —1) < M,

(m’)]f—l<r§%and521, or —s <r <s <1, then

M, < A(m, M,r)S(s,r) < A(m, M,r)* R(s,r) < A (m, M,7)* M.

(vii) If r < —1 and—%§s<1, or =1 <r <s<—r, then

M, < A (m, M, s) R(r,s) < A (m,M,s)*S(r,s) < A (m, M, s)* M.

Remark 9.3: Besides these results in Theorem 9.8, one can prove in the same way that for
r<s<2rands>1,
M, < R(r,s) < S(r,s) < M,

holds, and that for r < s < %7“ and r < —1,
M, < S(s,r) < R(s,r) < M,

also holds, but to include these cases in the figure we should compare sequences of inequalities
in common regions (see Remark 9.4).

1

Remark 9.4: If we define by M, (A, ®) = (Z?Zl <I>j(A§)); (the weighted power mean),

by MT(B) = (m"l1+ M"1 — B’”)% (the Mercer mean for positive invertible operator B with
Sp(B) C [m,M], 0 < m < M) and by M,.(A) := (M,(A;),..., M, (Ag)) (for an k—tuple A of
positive invertible operators), we can write:

MT‘(A7 <D) = MT(MT(A7 @))

R(Tv s, A, q)) = MS(MT‘(A)’ (I’),

so we can describe inequalities in Theorem 9.8 as mixed mean inequalities. We can also state
the following open problem: What is the complete set of inequalities among mixed means
MT(MS(A), D), MS(MT(A, ®)), MT(MS(A, ®)) and MS(MT(A), ®) Some special cases are given
in Theorem 9.8 and Remark 9.3. Also, it is easy to see that

M, (M, (A, ®)) < M,(M, (A, ®))
reduces to monotonicity property of Mercer’s means, and that in some cases,

M,(M(A, ®)) < M,(M,(A, ®))
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s/
reduces to inequalities between (ZJ 1 (AT)> and Zj 1 P(A7).

9.2.2 Chaotic Order Among Power Operator Means of Mercer’s Type
The result of this subsection can be found in [170].

Definition 9.1:  For positive invertible operators A, B € B(H), we denote by A> B if In A >
In B and we call it the chaotic order.

Remark 9.5: The chaotic order is based on the fact that In¢ is operator monotone on (0, +00),
by which it is weaker than the usual operator order >.

Let A, ®, M,, R(r,s) and S(r,s) be as in the previous subsection.
Theorem 9.9: Ifr,s e R, r < s, then

M, < M.

Proof: See [170]. O

Theorem 9.10: Leir,s e R, r < s.
(2) If r >0, then

M, < S(s,r) < R(s,r) < Ms.

(73) If s <0, then

M, < R(r,s) < S(r,s) < M.

(7i1) If r < 0 < s, then

M, < R(r,0) < 8(r,0) < My < S (s,0) < R (s,0) < M.

Proof: See [170]. O

Remark 9.6: If we define by MT(B) =(m"1+M"1— Br)% and MT(A) as in Remark 9.4, we
can write:

M, (A, ®) = M, (M, (A, ®))
R(Tv s, A, lI)) = MS(MT’(A)’ (I’),

so we can describe inequalities in Theorem 9.10 as mixed mean inequalities. One can also ask
the question: What is the complete set of inequalities among mixed means MT(MS(A),@),
N( M, (A, ®)), M,(Ms;(A,®)) and MS(MT(A),@) under the chaotic order One part of the
answer is in Theorems 9.9 and 9.10.
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9.2.3 Quasi-Arithmetic Operator Means of Mercer’s Type

Let A and ® be as in the previous subsection. Let ¢,¢ € C([m, M]) be strictly monotonic

functions on an interval [m, M]. We define

k
M, (A, @) =o' [ (p(m) + (M) 1 = > 0, (¢ (4;))
j=1

Theorem 9.11: Under the above hypotheses, the following is valid.

1

(i) If either 1 o @~! is conver and ¥~ is operator increasing, or v o =1 is concave and ¢~*

1s operator decreasing, then

M, (A, ®) < M, (A,®). (9.11)

In fact, to be more specific, we have the following series of inequalities

—~ (P (M) 1 =35 5 (p (4)))
M, (A, @) < ( SO0 — o (m) ¢ (M)
> @5 (0(4) — @ (m) 1 ~
+ i e w<m>>ng<A,<I>> (9.12)

1

(ii) If either 1 o ™1 is concave and 1)~ is operator increasing, or 1o ™! is conver and ¢!

is operator decreasing, then inequalities (9.11) and (9.12) are reversed.

1 1

Proof: Suppose that o ™" is convex. If in Theorem 9.4 we let f =1 o ™" and replace A;,

m and M with ¢ (4;), ¢ (m) and ¢ (M) respectively, then we obtain

k

(o ™) | (p(m) + o (M) 1k =Y ®;(p(4)))

=1

FLTS S @ (0 (4)

M) — ¢ (m)
S 5 (0 (4)) — o (m) 1k .
4 SRS ST P (o) (o (m)
k
< ((Woe ™) (e(m)+ (o) (p(M)) 1k =Y @ (¥or 1) (¢ (4))),

i.e.,

j=1
o (M)1g — b @5 (0 (4))) SE_ B (0 (4) — @ (m) 1k
o (D) — g (m) M)+ = o *™
k
< (¢ (m) g =) @, (9.13)
j=1
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If 1) o ¢! is concave then we obtain the reverse of inequalities (9.13).
If ! is operator increasing, then (9.13) implies (9.12). If ¢»~! is operator decreasing, then

the reverse of (9.13) implies (9.12). Analogously, we get the reverse of (9.12) in the cases when

1

o @1 is convex and ™! is operator decreasing, or 1 o ™! is concave and ! is operator

increasing. O

Theorem 9.12:  Under the assumptions of Theorem 9.11, the following is valid.

1

(i) If either v o o~ is operator convex and 1~ is operator increasing, or 1o ! is operator

concave and Y~ is operator decreasing, then

M, (A, ®)

k
<D @ (o) (v (m) + 9 (M) 1y — o (45)))

j=1
(oM 1 =S5 @5 (0 (4)))
< < SO0 — o (m) ¥ (M) (9.14)
k A; m
+Z; 125 (o ( )30 o ( )1K1/)(m)>

@ (M) — ¢ (m)
< My (A, )
(ii) If either 1o o~ is operator concave and ¥~' is operator increasing, or 1o p~! is operator
conver and 1~ is operator decreasing, then the reversed inequalities in (9.14) hold.

1 1

Proof: Suppose that ¢ o ¢ is operator convex. If in Theorem 9.5 we let f = 1 o ¢~ and

replace A;, m and M with ¢ (4;), ¢ (m) and ¢ (M) respectively, then we have

k
(Wo™) | (p(m) + o (M) 1k =Y ®; (0 (4)))
j=1

j=1
@ (M) 1k — 3751 25 (¢ (4))) -
< SO0 o lm) (Wop™) (¢ (M)
Z?ﬂéy
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i.e.,

j=1
k
<305 (0 (¢ (o m) + 0 (M) 1 — 9(47)))) (9.15)
o (M) 15 — S5, ®; (0 (A)) S5 (0 (A7) — o (m) 1k
< oD —omy YT ey V)
<@ (m)+ ¢ (M) 1 =Y D5 (1 (4)).
j=1

If ¢ o ™! is operator concave then we have reversed inequalities (9.15).

If ! is operator increasing, then (9.15) implies (9.14). If ¢»~! is operator decreasing, then
the reverse of (9.15) implies (9.14). Analogously, we get the reverse of (9.14) in the cases when
o o1 is operator convex and ¢! is operator decreasing, or ¢ o ¢! is operator concave and
1~ ! is operator increasing. O

Theorem 9.13:  Under the assumptions of Theorem 9.11, the following is valid.

(i) If either o is operator concave and @1

1S operator increasing or @ is operator conver and
0~ is operator decreasing, and either 1) is operator convex and "' is operator increasing

or 1 is operator concave and ¥~ is operator decreasing, then

5k (A K o (A —m
M, (A &) <o (MlK ]\%Lf] (A])sO(M) + i1 @;4(‘11]7)” 1K<P(m)>
k
<o D0 (p((m+M)1g — 4j)) | <M (A, ®) (9.16)
j=1

k
<P D (@ (m+ M) 1y — Ay))
j=1

— E & (A —m _
<y (MlK _ME i':;f] W) ary + 2021 q}jﬂl le(m)> < My (A,®).

(ii) If either o is operator convex and p~*

o~ is operator decreasing, and either 1) is operator concave and 1 is operator increasing
or 1 is operator convex and "' is operator decreasing, then the reversed inequalities in

(9.16) hold.

1s operator increasing or ¢ is operator concave and

1

Proof: Suppose that ¢ is operator concave and ¢~ is operator increasing, and 1 is operator

convex and ¢! is operator increasing. By Theorem 9.5, we have

Chapter 9 On Jensen—Mercer Operator Inequality 131



Ptolemy Scientific Research Press https://pisrt.org/

o[ (m+M)1x-> ;(4))
j=1

k
>3 05 (p((m+ M) 1y — Ay))
j=1

Mig =Sk ®; (4 K ®;(Ay) —ml

> —= Mzi‘,fn )y ¢ 202 jj_”; — p(m)
k
> (p(m)+ o (M) 1k =Y (¢ (4))).
j=1
Since ¢! is operator increasing, it follows that
_ ok (A k (A —
M, (A,2) < o' (MlK S B gy 4 Zam SN T w(m))
k
< ga_l (Z (bj (QO (mlH +Mlyg — A]))) < Ml (A, ‘I’) .
j=1
Also, by Theorem 9.5, we have
U | (m+ M)l =) ®;(4;)
j=1
k

<D @5 (¢ ((m+ M) 1y — Ay))

j=1

Mig =35, ®;(4)) Yoho @5 (Ay) —mlk
< R V(M) + = ——r— (m)

k
< (@ (m) + ¢ (M) 1 = > 5 (¢ (4;))
j=1

Since 1~! is operator increasing, it follows that

k
M (A, ®) <¢! (Z ®; (¢ ((m+ M)l — Aj)))
j=1

(Mg =35, @ (4)) >oh_y 5 (Aj) —mlk
<9 < A (M) + = ——r— -

w<m>> < My (A,®).

Hence, we have inequalities (9.16). In remaining cases the proof is analogous. O
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9.2.4 Index Set Function and Refinements of the Jensen—Mercer Operator
Inequality

We give refinements of the inequality

k
f <m+M>1H—waJ <)+ D) 1= - Swf (4), (017
=1

j=1
which is a special case of the Jensen—Mercer operator inequality (9.6), and then we use them to
refine some inequalities among power and quasi-arithmetic operator means of Mercer’s type.
The following assertion is a special case of Theorem 9.5, when for A € B(H) and j €
{1,2,...,k} positive linear maps ®; € P [B(H),B(H)] are given by ®; (4) = w;A, where w;
(j €{1,2,...,k}) are positive real numbers.

Results of present subsection are taken from [171].

Theorem 9.14: If f € C ([m, M]) is an operator convex function on [m,M], then

flm+M)ly— — ij

| /\

z)w?m+MnH Aj) (9.18)
] 1

< (f (m)+ (M H—fzw]f

If a function f is operator concave, then the inequalities in (9.18) are reversed.

Let I be a finite nonempty set of positive integers. Let A; (i € I) be selfadjoint operators in
B (H) with spectra contained in [m, M| for some scalars m < M, and let w; (i € I) be positive
real numbers. Observe that spectra of WLI Y icr wiA; is also contained in [m, M].

If we define the index set function F as

)

F(I):WI (f( )+f( H_izwz 7, ((m+M)1H_sz z)

I et Wi

then the following theorem is valid.

Theorem 9.15: Let I and J be finite nonempty sets of positive integers such that INJ = &.
Let w; (i € T U J) be positive real numbers and let A; (i € I U J) be selfadjoint operators in B (H)
with spectra contained in [m, M|. If f € C (Im, M]) is an operator convex function, then

F(IUJ) > F(I)+ F(J). (9.19)

If a function f is operator concave, then the inequality in (9.19) is reversed.
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Corollary 9.1: Let I,..., I} be finite nonempty sets of positive integers such that I; NI; = @,
foralli # 5 € {1,...,k}. Let w; (l € U§:1[j> be positive real numbers and A; (z € U§:1Ij>
selfadjoint operators in B (H) with spectra contained in [m, M]. If f € C (Im, M]) is an operator

convex function, then
k k

FIUL) =Y F). (9.20)
j=1

j=1

If a function f is operator concave, then the inequality in (9.20) is reversed.

The following corollaries give refinements of inequality (9.17).

Corollary 9.2: Let I, = {1,...,k} (k=1,...,n). Let w; (i € I,) be positive real numbers and
A; (i € I,) selfadjoint operators in B (H) with spectra contained in [m, M]. If f € C ([m, M]) is
an operator convex function, then

F(l,) > F(Ip-1)>--->F(Is) > F(I;) > 0. (9.21)
If a function f is operator concave, then the inequalities in (9.21) are reversed.

Corollary 9.3: Let I, ={1,...,k} (k=1,...,n). Let w; (i € I,) be positive real numbers and
A; (i € I,) selfadjoint operators in B (H) with spectra contained in [m, M]. If f € C ([m, M]) is
an operator convex function, then

_wif (Ai) +w;if (4)

F(L) > (wi + w) [<f<m> PO 1

w; + w;
—f <(m + M) 1 — w‘i iZjA”ﬂ : (9-22)
foralll <i<j<nand
F(I,) > wi [(f(m) + f(M)) L — [ (A) f((m+ M) 1y — A)], (9.23)

for all 1 < i <n. If a function f is operator concave, then the inequalities in (9.22) and (9.23)
are reversed.

If we define the (weighted) power operator mean of Mercer’s type for selfadjoint opera-
tors A; € B(H) with spectra contained in [m, M] (0 < m < M), and positive real numbers w;
(i=1,...,n), as

1

M[r] L ((mr + Mr) 1y — Win Z?:l w,A:) " , r 7é 0,
exp ((ln mM) 1 — 5 S wiln (Ai)) . r=0,

n

then we have the following results.
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Theorem 9.16:
W, (m MY 1 J\ZL”) <W,_, (1n MY 1 Mj}ll)
<< W (lnﬁl[o] — lanm) <0.
Corollary 9.4:
Wi (m M —1n J\ZLO}) < Wi (ln M~ Mﬁo_l)
< < (lnﬁl[fl] — 1nM1[O]) <0.

Theorem 9.17: Ifr < —1 or % <r <1, then

W, (AZ[}] _ 1\7};1) > W, . (J’\Z}}ll — M};‘ll) (9.24)
>z (M- Ty > o,
If r > 1, then the inequalities in (9.24) are reversed.

Theorem 9.18: Letr,s e R, r <s.

(i) If0<r and s <2r, or 0 < s < —r, then
()~ () ) o () - (1)) e
> > ((Ml[s]>s _ (JTJ{”)S) > 0.

(i7) If s <0, then the inequalities in (9.25) are reversed.
(7i7) If s <0 and 2s <r, or 0 < —r < s, then

W, ((mﬂy _ (1\77[;1)7") > W, ((M,ﬁly _ (M}fll)r (9.26)
> s W ((J\Z["])r - (J’\ZF)T) >0.

(iv) If 0 <, then the inequalities in (9.26) are reversed.

Let ¢ € C ([m, M]) be strictly monotonic function on an interval [m, M]. If we define the
quasi-arithmetic operator mean of Mercer’s type for selfadjoint operators A; € B (H) with spectra

contained in [m, M] (0 < m < M), with positive weights w; (i =1,...,n), as

— 3 1 &
" i=1
then we have the following results.

Theorem 9.19:  Let p,v € C ([m, M]) be strictly monotonic functions. If 1o o1 is operator
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convez, then
W (9 (M) =g (3E1)) = Wiy (0 (35 Y) = (32 1)) (9.27)
(s () o (52)) 20

If ¢ o o1 is operator concave, then the inequalities in (9.27) are reversed.

Remark 9.7: Theorems 9.16, 9.17 and 9.18 follow from Theorem 9.19 by ch-oosing adequate
functions ¢ and v, and appropriate substitutions.

Theorem 9.20: Let p,v € C ([m, M]) be strictly monotonic functions. If 1 o =1 is operator
convez, then

_ with (A) +witp (4))
w; + w;

~ o) (e lm 4 )1y - EEATLEEN | (o)

Wi (4 (F27) = (B18)) 2 (w4 ) | (0 () + 0 ) 1

foralll <i<j<n and

Wo (9 (B57) =9 (ME7)) = wi (6 (m) + % (M) 1y — 9 (4)
— (e ™) (e (@) + o (M) 1w — o (4)], (9.29)

for all 1 <i < n. If o~ is operator concave, then the inequalities in (9.28) and (9.29) are
reversed.

]

Remark 9.8: From Theorem 9.20, analogous assertions for the power means ]\Aﬂf follow by

choosing adequate functions ¢ and v, and appropriate substitutions.

9.2.5 Jensen—Mercer Operator Inequality for Superquadratic Functions

We give an analogue of Theorem 9.4 for superquadratic functions, and we use that result to
derive some refinements of the inequalities among power operator means of Mercer’s type and

quasi-arithmetic operator means of Mercer’s type. The results of this section are selected from

33].

Theorem 9.21: Let A € B(H) be a selfadjoint operator with spectra in [m, M| for some
scalars 0 <m < M and ® € P[B(H),B(K)| a unital positive linear map. If f € C([0,00)) is

superquadratic, then

f((m+M)1g —®(A))

o (@ (4) — L) (M1~ (4)

+(MIx — @ (4)) £ (2 (4) ~ mLg))

< (F (m) + £ (M) 1 — @ (F (4)) (9.30)
(@ (A ) (ML — A)) + @ (M1 — A) f(A—mL))
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holds. If f is subquadratic, then the inequality in (9.30) is reversed.

Corollary 9.5:  Let Ay,..., Ay € B(H) be selfadjoint operators with spectra in [m, M| for some
scalars 0 <m < M and ®1,...,P, € P[B(H),B(K)] positive linear maps with Z?Zl ®; (1) =
1. If f € C([0,00)) is superquadratic, then

k
flm+M)1g =Y &;(4)
j=1

k
D0 (A) = mlk | f| Mlx = ®;(4)

j=

H
<.
Il
—

k k
+M'l_m MlK—Z(I)j(Aj) f Z@j(Aj)—le

j=1
k
< (f(m)+ F (M) 1k — > 05 (f (4;)) (9.31)
j=1
k
—mlyg) f(M1lg — Aj))
] 1
k

(M1g — Aj) f(A; —mly))

holds. If f is subquadratic, then the inequality in (9.31) is reversed.

Remark 9.9: If a function f is superquadratic and nonnegative, then it is convex [5, Lemma
2.2]. Hence, in this case inequality (9.31) is a refinement of inequality (9.6) since these inequalities
are invariant under a transposition f — f + a.

For further remarks and observations we refer the reader to [33].

Here we state another important result:

Theorem 9.22: Letr,s € R, 2r <s.
(¢) If r >0 and s > 1, then

1
s

M, (A, ®) < ([AZ(A, <1>)r O (m, M, 7, s, A, <1>))

(#d) If s < —1, then

w =

M, (A,®) < ([]\Z(A, @)}S —O(M,m,r,s, A, @))

(7i7) If r > 0 and s < 1, then

|

MT(A,@) < A(m, M,r) <[MS(A’(I))F —O(m, M, r,s,A,cI))) s
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(v) If =1 < s <0, then

w =

M,(A,®) < A(m, M,r) ([MS(A, <1>)r —O(M,m,r s, A, <1>)) .

Theorem 9.23: Letr,s € R, 2r > s.

(i) If s > 1, then reversed inequality (9.22) holds.

(i) If r <0 and s < —1, then reversed inequality (9.22) holds.
(13i) If 0 < s < 1, then

s 1
A(m, M,r)M,(A, ®) > ([MS(A,Q)} —O(m, M, r,s,A,<I>)> °
(i) If r <0 and s > —1, then
s 1

A(m, M, )M, (A, ®) > ([MS(A,Q)} - D(M,m,r,s,A,@)) .
Theorem 9.24: Letr,s e R, 2s <.
(¢) If s> 0 and r > 1, then

1

M(A,@) > ([M,(4,®)] +0(m,M,5,7,4,8))" .

(i) If r < —1, then

S ie

M (A,®) > <[MS(A,<I>)T+D(M, m,s,r,A,@)) .

(1ii) If s > 0 and r < 1, then

Sl

A (m, M, 1) My (A, @) > ([Mo(A,®)]" +0(m, M.5,r, 4,9))"
(i) If =1 <r <0, then

A (m, M,r) M, (A, ®) > ([MS(A@)]T +O(M,m, s, A,@))i.

Theorem 9.25: Letr,s € R, 25 > r.

(i) If r > 1, then reversed inequality (9.24) holds.

(i) If s <0 and r < —1, then reversed inequality (9.24) holds.
(zii) If 0 < r < 1, then

3=

M,(A,®) < A (m, M,r) ([J\Z(A, @)]T +O(m, M, s,r, A, <1>)) .

(i) If s <0 and r > —1, then

3=

M (A, ®) < A(m, M,r) ([Mo(A,®)] + 00, m. 5., 4,8))"

Remark 9.10: Notice that some areas in the last four theorems have common parts. In some
of them we can establish double inequalities. For example, for r,s € R such that 2r < s < —1
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and 2s < r < —1 we have

1
P

([M.(a, @)}r +O(M,m, 5,7, 4,8))" < M,(A, @)

® [

< ([MS(A,@)]S —O(M,m, 15,4, @)
Theorem 9.26: Letr,s € R, 2r < s.
(2) If r > 0, then
M (A, ®) < ([AZ(A, @)r —O(m, M, s, A, <1>))l . (9.32)
(i) If s <0, then
1

Mo (A, ®) < ([J\Z(A, @)}S —O(M,m,rs, A, <1>)) . (9.33)

Theorem 9.27: Letr,s € R, 2r > s.
(1) If s > 0, then reversed inequality (9.32) holds.
(#0) If r <0, then reversed inequality (9.33) holds.

Theorem 9.28: Letr,s € R, 25 <.
(2) If s > 0, then

S

M,(A, &) > <[]\73(A,<I>)T +0(m, M,s,r,A,CI’)) . (9.34)

(73) If r <0, then

1
T

M(A,®) > ([M(4,9)] +0(M,m,5r,4,8))". (9.35)

Theorem 9.29: Letr,s € R, 2s > 7.
(2) If r > 0, then reversed inequality (9.34) holds.
(7i) If s <0, then reversed inequality (9.35) holds.

Remark 9.11: Combining the last four theorems we can establish two double inequalities. If
0 <5 <s<2r, then

S =

([J\Z(A, @)]r +O(m, M, 5,7, A, @)) > M,(A,®)

0 =

> ([J\Z(A, @)]S —O(m, M, s, A, @)) .

If 2r < s <5 <0, then

1
T

([AZ(A, @)]T +O(M,m,s,r A, <I>)> < M,(A, ®)
< ([AZ(A, @)]5 —O(M,m,rs, A, <1>))i .

Theorem 9.30: Let ¢ € C([m,M]) be strictly increasing and nonnegative and let 1 €

C ([m, M]) be strictly monotonic.

1

(i) If either 1o o~ ! is superquadratic and 1)~1 is operator increasing, or 1 o o' is subquadratic
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and =1 is operator decreasing, then
M, (A, ®) <! (v (My (A, ®)) = O (m, M9, 6, A,®)). (9.36)

1

(i1) If either 1o =1 is subquadratic and 1~ is operator increasing, or 1o ! is superquadratic

and =1 is operator decreasing, then the inequality in (9.36) is reversed.

Remark 9.12: If the function ¢ in Theorem 9.30 is strictly decreasing then the inequality
(9.36) and its reversal also hold under the same assumptions, but with m and M interchanged.

Remark 9.13: Obviously, Theorems 9.22 — 9.29 follow from Theorem 9.30 and Remark 9.12
by choosing ¢ (t) = t" and v (t) = t°, or vice versa.

9.2.6 Jensen—Mercer Operator Inequality and Continuous Fields of Operators

Let T be a locally compact Hausdorff space, and let A be a C*-algebra of operators on a Hilbert
space H. We say that a field (x¢),. of operators in A is continuous if the function ¢ — x4 is
norm continuous on 7. If in addition x is a Radon measure on T" and the function ¢ — ||z¢|| is
integrable, then we can form the Bochner integral [z dp (t), which is the unique element in A
such that ¢ ([ 2¢dp (t)) = [ ¢ (z¢) du(t) for every linear functional ¢ in the norm dual A*,
of. [109].

Let (¢¢),cp is a field of positive linear mappings ¢; : A — B from A to another C*-algebra
B of operators on a Hilbert space K. We say that such a field is continuous if the function
t — ¢¢ (x) is continuous for every x € A. If in addition the field ¢t — ¢; (1) is integrable with
integral 1, we say that (¢¢),cp is unital. Hansen, Pecari¢ and Peri¢ [107] proved the following

general form of Jensen’s operator inequality.

Theorem 9.31: Let f: I — R be an operator convex function defined on an interval I, and
let A and B be unital C*-algebras with B acting on a Hilbert space K. If (¢1),cp is a unital field
of positive linear mappings ¢ : A — B defined on a locally compact Hausdorff space T with a
bounded Radon measure u, then the inequality

I ( [ @@ an <t>) < [ ants @ dute) (9.37)

holds for every bounded continuous field (x¢),.p of self-adjoint elements in A with spectra con-
tained in 1.

Note here that inequality (9.37) holds for the class of operator convex functions which is
a proper subclass of the clas of convex function. We will prove that our general form of the

Jensen—Mercer operator inequality holds for the larger class of all convex functions.

Theorem 9.32: Let f € C([m,M]) be a conver function, and let A and B be unital C*-
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algebras with B acting on a Hilbert space K. If (¢¢),cp is a unital field of positive linear mappings
¢t : A — B defined on a locally compact Hausdorff space T with o bounded Radon measure p,
then the inequality

f (<m+M>1 - [ ortan <t>) <G+ 001- [0 Edn  09)

holds for every bounded continuous field (x¢),cp of self-adjoint elements in A with spectra con-
tained in [m, M].

Note that we also proved the following series of inequalities:

f( M)l—/ﬁbtxtdu >

quﬁt x]t\;du mlf(mHMl—f]\Tft(:;)du(t)

< (f(m)+ (M 1—/@ (20)) da (1) -

f (M)

Next, we obtain refinement of inequality (9.38) for operator convex functions.

Theorem 9.33:  Let f € C ([m, M]) be an operator convex function, and let A and B be unital
C*-algebras with B acting on a Hilbert space K. If (¢t),cr is a unital field of positive linear
mappings ¢r : A — B defined on a locally compact Hausdorff space T with a bounded Radon
measure , then

f (<m+M>1 - [ e an <t>)

< [ 007 (m M) 1) (1) (9.39)
T

< (f(m)+f(M)1— /T o0 (f (20)) da (1)

holds for every bounded continuous field (x¢),.p of self-adjoint elements in A with spectra con-
tained in [m, M].

9.3 New Refinement of Jensen—Mercer Operator Inequality with
Applications

Let H be a complex Hilbert space and S(I) be the class of all self-adjoint bounded operators on
H whose spectra are contained in an interval I C R. The spectrum of a bounded operator A on
H is denoted by sp(A). Let I C R be an interval then the function f : S(I) — R is said to be

operator-convex if f is continuous on S(I) and

f(sA+1tB) < sf(A)+tf(B)
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for all A, B € S(I) and for all positive numbers s and ¢ such that s + ¢ = 1. The function f is

called operator-concave on S(I) if —f is operator-convex on S(I).

Theorem 9.34: Jensen’s operator inequality ([184]): Let I C R be an interval and f : S(I) —
R be an operator-convezr function on I. If A; € S(I) and w; > 0; i € {1,2,...,n} such that
n
W, = > w;, then
i=1

f(V;'n leiAi) < len ;wif(Ai)- (9.40)

If f is an operator-concave function, then (9.40) is reversed.

A self-adjoint bounded operator A on H is called strictly positive if it is positive and invertible,
or equivalently, Sp(A4) C [m, M] for some 0 < m < M. The power mean for strictly positive
operators A := (A, ..., A,) with positive weights w := (w1, ..., w,) is defined in [184] as

1

r

M, (w, A) = (V;Zwi/u“) ,
" i=1

where r € R\ {0} and W,, = > w;.
i=1

The next result is borrowed from [184] (see also [100]).

Theorem 9.35: Let I C R be an interval and A be an n-tuple of strictly positive operators

n
with positive weights w := (wy,...,wy) such that Wy, = > w; . Then
i=1

Ms(w, A) < My(w, A); 1,5 € R\ {0}
if either

(i) s<ryr,s¢ (—1,1) or
(i)) $ <s<1<ror
(4i7) sg—lgrg—% holds.

The inequalities for convex function are widely studied. Jensen—Mercer operator inequality
and refinements of the operator Jensen-Mercer inequality are studied in [118] and [154] respec-
tively, where as a variant of the Jensen—Mercer operator inequality for superquadratic functions
is discussed in [33]. We give a new refinement of Jensen—Mercer operator inequality for operator-

convex in the next subsection. The contents of this section can be found in [143].

9.3.1 Refinement of Jensen—Mercer Operator Inequality

Let ¢ : I — R be an operator convex function on I C R. If A; € S(I) and w; > 0 with W, =
n —

> w; = 1 then for any nonempty proper subset J of {1,2,...,n} we put J :={1,2,...,n}\ J
i=1
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and define Wy = >~ w; and W7 = 1— ) w;. Now for an operator convex function ¢, the n-tuples
i€J i€J
A= (Ay,...,A,) and w := (wy,...,wy,) as above, we can define the following functional

D(¢,w,A;J) :=W;id(— sz +WJ¢> Zwl i

zGJ 1€J
In case if J = {k}, k € {1,2,...,n} then we have functional

i w;Aj — wiAg
Dk(¢awv A) = D(¢,W, Av {k}) = wk¢(Ak) + (1 - wk)qb =l )

1 —wg

which has been investigated for convex function in [86] and earlier in [87].

Theorem 9.36: Let ¢ : S(I) — R be an operator convez function on I C R. If A; € S(I)
n
and w; > 0; 4 € {1,2,...,n} with W, = > w; = 1 then for any nonempty proper subset J of

i=1
{1,2,...,n},
Zw@ ) > D(¢, w, A;J) >¢sz ; (9.41)
=1
If ¢ is concave, then (9.41) is reversed.
Now for fixed values of k we assume the (non-empty) subsets JF, .. .,Jlk of {1,2,...,n},

1 <1 <k < n such that qu...qu = {1,2,...,n} and JfﬂJ;§ = ¢ for i # j, where

1,7 =1,2,...,n. Consider the functional
J{S7 7Jk ! WJ 1
J .
(0w, 8) =3 ol DI = g 3 widy),
Jj=1 J zEJlk

for the function ¢ : S([a,b]) — R where A is an n-tuple of selfadjoint operators defined on

[a,b] C R and w; > 0;4 € {1,2,...,n} also Wy = > w;; J C{1,2,...,n}.
ieJ

Theorem 9.37:  Let A be an n-tuple of selfadjoint operators defined on [a,b] C R with w; > 0;
n

i€{1,2,...,n} such that Wy, = > w;. If ¢ : S([a,b]) = R is an operator-convex function, then
i=1

1
¢lal) + ¢(bl) — - Y wig(Ai) > My, > My
moi=1
1 n
.= My > ¢((a+b) — W, ZwiAi)v (9.42)
where
JE . JF
My, := maz [Dy(¢, w, A)]
KTk

If [ is an operator-concave function, then (9.42) is reversed.
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Theorem 9.38: Let A be an n-tuple of selfadjoint operators defined on [a,b] C R with w; > 0;
n

i€{1,2,...,n} such that Wy, = > w;. If ¢ : [a,b] — R is an operator-convez function, then we
=1

have
p(al) + ¢(bI) — g > wip(Ai) > Hy, > H_y > ... > Hz > Hy >
i=1 (9.43)
> ¢((a+b)I — 5= > wiA;)
i=1
where
Tk TP
Hy = mmk[Dk(cb, 'wvA)]

If fis an operator-concave function then (9.43) is reversed.

Proof: Its proof is similar to Theorem 9.37 but we use the minimum of the functional for [

index sets instead functionals for [ — 1 index set. O

9.3.1.1. Applications to Operator Power Means

Mixed-symmetric means according to (9.41), (9.42) and (9.43) are defined as

1 v 1 "
M(T,S;W,A) = WJ (W]ZU%A:> +W WZUJ’LA: s
ieJ T ieg

w |

i)

WJIc

J zGJ]-

LW 1
. A J _ AT
M, (s,r;w,A; k) := mazx E (a+0)I E w;A;
and

k k
P sensd] J=1 Wn

U W "
Jh
Hy(s,r;w,A; k) := | min Z —L ((a +b0) — — Z w; A" )
where r,s € R\ {0} and 1 <1 <k < n.
The idea of above means for convex functions is given in [184].
Corollary 9.6: Let A be n-tuple of strictly positive operators with w; > 0; i € {1,2,...,n}
n

such that Wy, = > w; = 1. Then for any nonemply proper subset J of {1,2,...,n}, we have
i=1

My(w, A) < M(r,s;w, A) < M, (w, A), (9.44)
if either

(i) 1<s<ror
(i) —r <s<—1or
(iii) 7> s<2r, s < -1

holds. While (9.44) is reversed if either
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1

(iv) r<s<-—1or
(v) 1<s<-—ror
(vi) r <s<2r,s>1 holds.

Corollary 9.7: Let [a,b] C R and A be n-tuple of strictly positive operators with w; > 0;
n

i€{1,2,...,n} such that W,, = > w;. Then we have
i=1

1 n
((a+0)I — o ST WA > Mu(s,riw, As2) > > My(s, 5w, Ak) >
"oi=1

n

W =

> ((al) + (D)7 — — 3w A
if either

(i) 1<s<ror
(i) —r<s<-—1or
(#ii) 7> s<2r,s< -1

holds. While (9.45) is reversed if either

(iv) r<s<—1or
(v) 1<s< —ror
(vi) 7 <s<2r,s>1 holds.

(9.45)

Corollary 9.8: Let [a,b] C R and A be an n-tuple of strictly positive operators with w; > 0;

i€{1,2,...,n} such that W,, = > w;. Then we have
i=1

1 n
((a+b)I — WZwiAf)% > Hy(s,m;w,A;2) > ... > Hy(s,m;w, A k)
" i=1

s s 1 — s L
> ((al)r + (bI)7 — m;wiAi )*,
if either

(i) 1<s<ror
(i) —r <s<—1or
(iii) 7> s<2r, s < -1
holds. While (9.46) is reversed if either
(iv) r<s<-—1or
(v) 1<s<—ror
(vi) T <s<2r,s>1 holds.

(9.46)

Now we introduce the following expressions for operator-convex functions in the same way

as these are defined in [184] for convex functions:

3 =

1 1 1 1
9(¢ip A) = Wm[WJ > wi APy + chb[Wj Y wAlr

icJ ieJ
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1
LWy, Ik 1 - »
Gk (9303 A) = mazx [((a+b)I — o 3" wiAD)v]P
= 5 ieh
and 1
! WJk ) P
hin($ipiA) =S min > —Lo[((a+b)] — —— > w;A})r]?
]1’ 7Jlk J 1 Wn WJJk: ZeJk

Corollary 9.9: Let A be an n-tuple of strictly positive operators with w; > 0, i € {1,2,...,n}

n

such that Wy, = > w; =1, ¢ is a positive operator monotone function on S(0,00) and J is any
i=1

nonempty proper subset of {1,2,...,n}. Now if p > 1, then we have

(Z wig(A7 )) 9(d;p; A (Z wZAp> : (9.47)

If p < —1, then (9.47) is reversed.

Corollary 9.10: Let I C R be an interval and A be n-tuple of strictly positive operators with
n

w; > 0;4 € {1,2,...,n} such that W,, = > w; and ¢ is a positive operator monotone function
i=1

on S(0,00). Now if p > 1, then we have

bS]

(B((@D)F ) + G(OD7) — i > wid(AP)? < gin(d5p; A) <
"i=1
S gaaloipi ) S 00+ O = g A, (049

where 1 <1 <k <n.Ifp<-—1, then (9.48) is reversed.

Corollary 9.11: Let the conditions of Corollary 9.10 be satisfied. Then we have the following

inequality
($((al)P)? + G((b])7)P — —Zwm V) < hil(dsps A)
< hon(dip; A) < (((a+ )T — WL S wiA?)r), (9.49)
™ i=1

where 1 <1<k <n. Ifp<—1, then (9.49) is reversed.
9.3.2 Refinements of Jensen—Mercer Type Operator Inequality: Hermite—
Hadamard—Mercer Type Inequalities

In this section we present a Hermite-Hadamard type inequality using the Mercer inequality (1.3)

and then give its operator extension.
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Theorem 9.39: Let f be a convex function on [m, M]. Then

1

F(Mem =T ) < s+ fom) = [ ftee 0= o 100 + fm) - £ (52,
and

f (M+m— x;”’) < yix/:f(Mer—t)dtS F(M) + f(m) — W (9.50)

for all x,y € [m, M].

The following operator version of inequality (9.50) holds true.
Theorem 9.40: If f is convex on [m, M|, then

1
/0 FOL 4 m — (0(4) + (1 @ (B))dt < f(01) + fm) ~ TTALELTED =g 5

®(A) + ¢(B)

1
: )sf<M>+f<m>— | reac+a-ne@a o5

f<m+M—

for all self-adjoint operators A, B with spectra in [m,M] and a unital positive linear map P.
Furthermore, if f is operator convex, then

<I><A>;<I><B>> <[ O 4w — (18(4) + (1~ )@(B))dl
0
®(f(A)) + ®(f(B))
2

f<M—|—m—

< f(M) + f(m) —

Example 9.1: If f: J — R is a convex function, then the inequality

1
f<A—12—B> S/0 F(EA + (1— OB)dt < f(A);rf(B)

may not hold in general [190]. To see this consider the convex function f(t) = t* which appears
in some counter-examples, starting with a work of M.-D. Choi [77], and Hermitian matrices

11
A=1]11 2
0 0

N O O

0
. B=|o0
1

= o O

1
1
1

Nevertheless, inequalities (9.51) and (9.52) are valid for all m, M € J provided that the spectra
of A and B are contained in [m, M].

9.4 A Variant of the Jensen—Mercer Inequality for Operators
We use an idea from [237] to obtain one of the main results of present section.

Theorem 9.41: Let A; fori € {1,2,...,n} be positive operators acting on a finite dimensional
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Hilbert space S with Y | A; = 1. If [ is convex on an interval [m, M] containing 0, then

f <M +m — Z%x‘h) < M)+ f(m) =D flai)Ai (9.53)
i=1 =1
for all xy,... ,x, € [m, M].

Corollary 9.12: Let f and x; for i € {1,2,...,n} be as in Theorem 9.41. If 3" | A; < 1,
then inequality (9.53) remains true.

The following particular case of (9.53) is of special interest.

Corollary 9.13: Let A; fori € {1,2,...,n} be positive operators acting on a finite dimensional
Hilbert space S with Y ;- Ai = 1. If [ is convex on the interval [m, M| containing —1 and 1,
then

k n
<M+m+ZA - Z A) M)+ f(m) = f(=1)>_ A= f(1) Y A

i=k+1 =1 i=k+1

Remark 9.14: It should be mentioned that inequality (9.53) implies a weaker version of the
Jensen—Mercer operator inequality. Assume that X; for i € {1,2,...,n} are self-adjoint operators
on a finite dimensional Hilbert space ¢ with spectra in [m, M] and w; € [0,1] with >"7" | w; = 1.
Let X; = Zk 1AijP (i€ {1,2,...,n}) be the spectral decomposition of X; so that \;; €
[m, M]. Tt follows from ) ;" , Z _,wiP;; =1 that

n n k
=1

i=1 j=1

n k
< FM)+ f(m) =D f(Nij)wiPy;  (by (9.53))

i=1 j=1
n k

= fFOM)+ f(m) = > wif | Y NPy
i=1 j=1

= f(M)+ f(m) =D wif(X
=1

Theorem 9.42: Let m < M and let ® be a positive linear map on B() with 0 < ®(I) < 1.
Let
m' = min{m(®(z,z); |z| =1} and M =max{M(®(I)x,z); |z||= 1}.

If f:J — R is an operator convez function with f(0) <0 and [m, M| U [m/', M'] C J, Then
f(m+ M)2(I) — ©(A4)) < f(m) + f(M) — ©(f(A))
for any self-adjoint operator A with spectrum contained in [m, M].

Corollary 9.14: Let f and J be as in Theorem 9.42. Let ®; (i € {1,2,...,n}) be positive
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linear maps on B(A) with 0 < ®(I) =37, ®;(I) < I. Then

f ((m + M)O(I) - Z@(l‘h)) < f(m) + f(M) = @i(f(A))

i=1 i=1

for all self-adjoint operators A; with spectra in [m, M].

The next theorem yields a Jensen—Mercer operator type inequality for separately operator

convex functions.

Definition 9.2: We say that a function f : [m, M] x [m/, M'] — R is separately operator con-
vex if the functions g, and hs defined by g¢(s) = f(t, s) = hs(t) are operator convex, respectively,
on [m/, M'] and [m, M| for each ¢ € [m, M| and s € [m’, M'].

Theorem 9.43: Let [ : [m,M] x [m/, M'] — R be a separately operator convex function.
Let q)z-,\I/j, (1 <i<r1l<j<k) be positive linear maps on B(H) with >, ®;(I) =1 =
Zk_ U;(I). Then

k
M+m— Z(I) i), M +m' = 0B
7=1
fmm)+f(mM)+f(Mm)+f(MM)—2f<Z<I> M;m>
=1

m+ M k r k
—2f 5 DB | D ®ilA),) (B
j=1 i=1 j=1

Jor all self-adjoint operators A; with spectra in [m, M| and B; with spectra in [m/, M'].

9.5 Operator h—Convex Functions and Related Results
Dragomir in [30] introduced an even more general definition of operator convex functions.

Definition 9.3: Let J be an interval included in R with (0,1) C J. Let h: J — R be a non-
negative and identically nonzero function. We shall say that a continuous function f: I — R,
defined on an interval I C R, is an operator h-convex for operators in K if

A+ (1 =1)B) < h(t)f(A) + h(1 - 1) f(B)

for all t € (0,1) and A, B € K C B(H)™" such that Sp(A) C I and Sp(B) C I.

Using this definition Dragomir proved that

Theorem 9.44: Let f be an operator h-convex function. Then

1
2h (

%)f<A+2B> /ftB+ 1—t)A)dt<(f(A)+f(B))/01h(t)dt
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From [79], we recall some of the results as under:

Theorem 9.45: Let f: I C RT — R be a positive and h-convex function, and let 0 < z1 <
xy < -+ < xy be real numbers in I, and wy, (1 < k < n) positive numbers such that ) _ wy = 1.
Then we have

f <fc1 + 2 —Zwk:ﬂk) < M (f(x1) + f(2n)) Zh wk) f
k=1
where M = sup{h(t) : t € (0,1)}.

Remark 9.15: If h(t) = t we have M = sup{h(t) : t € (0,1)} = 1, so the inequality in
Theorem 3.2 of [79] takes the form

f<931+33n ZW;C%) < flz1) + f(zn) Zwkf )

k=1

and it coincides with the Jensen—Mercer inequality (1.3).

Remark 9.16: If h(t) = ts;(0 < s < 1) we have M = sup{fts:t € (0,1)} = 1, and so, for
s-convex functions we have

f(ml-i—l’n Zwm) < f(z1) + f(zn) Zwkf (k).
k=1

Corollary 9.15: Let Ay, Aa,..., A, € B(H) be self-adjoint operators with spectra in [a,b] for
some scalars a < b and wy, (1 < k < n) positive numbers such that Y ,_, wy, = 1. Then

f<A1+An—Zkak>SM(f(A1 + f(A Zhwk

k=1
where M = sup{h(t) : t € (0,1)}.
Theorem 9.46: Let h be a super-additive function and Ay, Ao, ..., A, € B(H) be self-adjoint

operators with spectra in [a,b] for some scalars a < b and ®1, P9, ..., P, € P[B(H); B(K)]
positive linear maps with > . ®;(Ig) = Ix. If f € C([a,b]) is an operator h-conver on [a,b],

then
f<aIK+bIK—Z<I’z‘(Ai)> < fla)h(Ik) + f(b) Z‘I’

=1

Let h be an integrable function and f a h—convex function on [m, M]. Then

f(M+ +;‘y) FM /ftx+ (1= t)y)dt

< f1)+ o) 2121 (250

T Y 1
p(arms T5) < [ i< 50 + 1) - (10 + 1) | nieya

— T
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for all z,y € [m, M].

Theorem 9.47:  Let h be an integrable function and f a h-convex function on [m, M]; then

/1 FOM +m— (tB(A) + (1 — )B(B))) dt
0
1
< f(M) + f(m) — (2(f(A)) + ‘I’(f(B)))/O h(t) dt
and
1 1 1
F (M +m—®(4) + 9(B)) < 5 th <2> /O F(M +m —13(A) — (1 — )O(B)) dtH

for all self-adjoint operators A, B with spectra in [m, M] and a unitary positive linear map
&. Furthermore, if f 1s operator h-convex, then

f(M+m—®(A)+P(B)) < /01 f(M+m—(t®(A)+ (1 —-t)®(B))) dt

< F(OM) + f(m) — (B(F(A)) + B(f(B))) /0 () dt

Remark 9.17: From last two results can get various inequalities by putting different values of
h(t) see for reference [79].

One can find further results on Mercer type inequalities for operator h—convex functions in [1].

9.6 An Operator Inequality and its Consequences

In their study of Hadamard’s inequalities for co-ordinated convex functions, Hwang, Tseng and
Yang proved that if f : [a,b] — R is a convex function and a < y; < 21 < 29 < yo < b and
L1+ @2 = Y1 + Y2, then f(z1) + f(z2) < f(y1) + f(y2)-

In this section, we extend this inequality to operators acting on a Hilbert space and apply
it to obtain a series of operator inequalities including Jensen—Mercer operator inequality, the
Petrovi¢ operator inequality. For detailed discussion and introductory remarks see [189)].

We start this section with our main result.

Theorem 9.48: Let f be a continuous convex function on an interval J. Let A,B,C,D €
B(S2);, with spectra contained in J such that A+ D =B+C and A<m<B,C<M<D for
two real numbers m < M. If ® is a unital positive linear map on B(I), then

f(@(B)) + f(2(C)) < ©(f(A)) + O(f(D)). (9-54)

If f is concave on J, then inequality (9.54) is reversed.

Proof: For idea of the proof please see [189]. O
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Remark 9.18: For examples and other related results we refer the reader to [189]. Here we
state a couple of consequence of the above-stated result as under.

The Jensen—Mercer operator inequality follows directly from Theorem 9.48.

Corollary 9.16: [168, Theorem 1] Let ®q,---,®, be positive linear maps on B(I) with
Yo, ®i(I) =1 and By, -+, By, € B(S)), with spectra contained in [m, M]. If f is a continuous
convez function on [m, M], then

f <m+ M — Z‘E‘(&)) < f(m) + F(M) =Y @i(f(By)).
i=1 i=1

The next result provides an extension of Petrovi¢ inequality.

Corollary 9.17: Let A,D,B; € B(2), (i = 1,---,n) with spectra contained in an interval
J such that A+D =" Biand A<m < B; <M<D (i=1,---,n) for two real numbers
m < M. If f is convex on J, then

. 1
S5 < tn=)f (54) +50)

Remark 9.19: Some other important and similar results related to this section can also be
found in [179] and [204, p. 154]).

Remark 9.20: For further related results we refer the reader to [198]
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cHAPTER 10

On Niezgoda's Extension of Jensen—Mercer Inequality

This chapter presents Niezgoda’s extension of the Jensen—Mercer inequality in discrete form. We
first introduce an alternate form of Niezgoda’s inequality, together with refinements and applica-
tions. The discussion then considers further generalizations and refinements of the Jensen—-Mercer
inequality, followed by the use of index set functions to obtain refined versions of the generalized
Niezgoda inequality with applications. These results provide a systematic framework for discrete

extensions and sharpenings of Mercer-type inequalities.

10.1 Niezgoda’s Extension of Jensen—Mercer Inequality
The following extension of (1.3) is given in [196].
Theorem 10.1: Let f : [a,b] — R be a continuous convexr function. Suppose that a =
(a1,...,am) with aj € [a,b] and X = (xi;) is a real n x m matriz such that x;; € [a,b] for
allie{l,...,n} and j €{1,...,m}.

If a majorizes each row of X, that is,

i = (Ti1, -, Tim) < (a1, ...,am) = a for each i € {1,...,n}, (10.1)

then we have the inequality

m m—1 n m m—1 n
f Zaj - Z Z’wlﬂiw < Z f(aj) - Z U)Zf(.’EZ]), (102)
j=1 j=1 1i=1 j=1 j=1 i=1

where Y i w; = 1 with w; > 0.

Proof: Denote ¢z =" | w;z; for z=(z,... N
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Evidently, ¥1,, = 1. We can write

m m—1 m m—1 m m—1
AU a0 => wx; | = | Y =Y x5 | <of (D ailn— > x; (10.3)
j=1 j=1 j=1 j=1 j=1 j=1
m m—1
By (10.1) we have Zaj — Z xij = Ty, for each i € {1,...,n}. Now applying f and using
j=1 j=1
majorization theorem we get
m m—1 m m—1
f Zaj_ wa _f(wil)SZf(aJ)_ f(xij)
7=1 7j=1 7j=1 7j=1
From this we obtain
m m—1 m m—1
f Zaj]-n X ng(aﬂln_ f(Xj)
7=1 j=1 7j=1 j=1
Hence
m m—1 m m—1
1/1f Zajln_ Zx.j §¢ Zf(a])]-n_ f(xj)
=1 =1 i=1 =1
m m—1 m m—1
= flapwln = Y wflxg) =) flag) = Y wf(x;)
7=1 7j=1 7j=1 7=1
Now combining above result with (10.3) yields (10.2). This completes the proof. O

Remark 10.1: Throughout this chapter, the inequality (10.2) would be referred as to Mercer-
Niezgoda inequality.

10.1.1 Niezgoda’s Inequality- an Alternate Form

The Niezgoda’s inequality can be restated in an alternate form by using technique similar to
article [196] (for complete proof see [132] ).
Theorem 10.2: Suppose that a be an m-tuple such that a; € J and X = (x;) = (x;5) is a

n x m matriz with x;; € JV i€ I, and j € I,,,. Let f be continuous convez function on J.
If a majorizes each row of X, then we have the inequality

m k—1 n m n
A STI S ST S o
j=1 j=11i=1 j=k+1i=1
m k-1 n m n
<Y flag) = D> wif(wg) — Y D> wif(zy) (104)
7=1 j=11i=1 j=k+1i=1

where > " w; =1 with w; >0 and 1 € {1,2,...,m}.
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Remark 10.2:  (a) It is a straight forward observation that Theorem 10.1 and Theorem 10.2
are equivalent and from one we can deduce the other.

(b) Taking [ = m, inequality (10.4) gives us inequality (10.2).

(c) The majorization preorder < on R" is permutation-invariant. That is, columns of the matrix
K can be permuted, and Theorem 10.1 and consequentially the majorization preorder <
on R" is permutation-invariant. Therefore columns of the matrix K can be permuted, and
Theorem 10.1 still remain true.

(d) Although we have proved Theorem 10.2 by using Niezgoda technique from [196]. But ¢
function is an extra assumption and this prove can be done without taking ¢ function as

we will show in our next chapter.

Remark 10.3: Ifk=m=2,a1 = x1,a2 = x, with a1 < ag and z;; = z1 and x50 = a1+as—x;
for i € {1,...,n} then our result reduces to Jensen-Mercer inequality (1.3) (see also [151]).

10.1.2 Refinements

Refinements of inequalities through “D” functional remained a topic of interest for many mathe-
maticians. Here we give a refinement to our previous result (10.2) by following the mode of [151].
This refinement will help us generating applications in our next section.

Let a convex function f : J — R . Suppose that a = (a1, ..., an) with a; € J, and X = ()
is a real n xm matrix such that z;; € J and a majorizes each row of X for all i € {1,2,...,n} and
j€{1,2,...,m} with >°I' | w; = 1. Then for any non-empty subset I of I,, we take I := I,,\I # ()
and define Wr = ., ;w; and Wy = 1 — >, ;w;. For the convex function f and the matrix

K = (zj) fori eI, j € I, and w = (wy,...,wy,) as above, we can define following functional

D(w,K, f;I) Wrf Z@——ZZUJ@U Z Zwﬂ:”

j=1iel ] k+1 iel
+W+f Za] - — ZZwlz” e Z Zwl%
Jj=1 Ij=1 7 I j=k+1 4T

Theorem 10.3: Under the assumptions as stated above for any non empty subset I of I, we
have

m k—1

Zaj— Zwixij— Z szx” < D(w,K, ;1)

Jj=1 Jj=11i=1 j=k+1 i=1
n

m k—1 m n
<Y fla) =YY wif () = > > wif (i)
j=1 =11

=1 j=k+1i=1

Remark 10.4: For proof of Theorem 10.3 and remarks and other related results we refer the
reader to [132].
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10.1.3 Applications

Investigating properties of means and establishing their relationship remained an area of interest

for many mathematicians. For example, it is well known that

An > Gn > Hna
A Wh A Whn-1 A Wy
£n > n—1 >...> (£2L > 1.
Gn - Gn—l o - G'1 -
Wn(An - Gn) > Wn—l(An—l - Gn 1) -2 Wl(Al Gl) > 0.

Also we have the famous Ky Fan Inequality [35, p. 5] given by

Ap(x)
Ap (1 —x)

Gn(x)
Gn(1—x)’

1
> 0<£L’ij§§Vi,j.

It will be very interesting if we opt to give applications of our Theorem 10.2 in terms of weighted
and power means. For this purpose, we need the following set of assumptions.

E: For ) # I C I, A;,Gy, Hr and MI[T] are the arithmetic, geometric, harmonic means,
and power mean of the order r € R, respectively of z;; € [a,b] € J, where 0 < a < b, formed
along with the positive weights w; for ¢ € I. Further, for I = I, denoting arithmetic, geometric,

harmonic and power means as A, G,, H, and MJZT] respectively.

If we define
s = Zay ZZW% W Z D ity
I'539 Ger T j=kt1ier
= Zaj—ZA[(Xj,W)— Z AI(XjaW)

[1a;

Gr: = ig 1
-1 w, Wi w: Wi
[T I z;; H I1 z;
j=1licl j=l+14el

i = Y- S S vt - Y Ty

] 1 el j k+1 iel

/

Sl

(SFatap = y7)" v 20,
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where

1 k-1 1
wr ijl dier wixfj + Z;'n:kJrl dier wiwfja r # 0,

Wi
<Hm > , r=0.
i€l

It is worth mentioning that all the applicaitons as given in Chapter 2 related to refinement of

MIM =

Jensen—Mercer inequality can also be stated in this section. For detials see [151, 132].

10.2 Further Generalization and Refinements of Jensen—Mercer

Inequality
Theorem 10.4: Suppose that a be an m-tuple such that a; € J for j € {1,..., m} and
X = (x;) = (z45) is a n x m matriz such that x;; € J Vi€ {1,...,n}, j € {1,...,m} and each
sequence X;1,X;2, ..., X;m 18 nondecreasing. Let w be a n-tuple such that conditions on weights

given in (A.6) are valid. Let f be continuous convex function on J. If

dwy =Y a; Vie{l,...,n} (10.5)
j=1 j=1

and

e () < Fla) Vi€ (1om), (10.6)
" oi=1

then we have the inequality

m 1 k—1 n

DURIES 3 S D S

j=1 " j=1i=1 " j=k41 =1
m k=1 n 1
Z (aj) — —ZZwlf Zij) Z szf zij), (10.7)
j=1 7j=11i=1 ] =k+1 =1

where k € {1,...,m}.

Proof: Fix k € {1,...,m}, using first Jensen-Steffensen’s inequality and then using (10.6) we

get,
m 1 k-1 n 1 m n
P 0= 5 D2 D wimy > D wimy
j=1 " =1 i=1 " j=k+1 i=1
1 n m k—1 m
=I5 2w | Do =D - Tij
"=l j=1 j=1 j=k+1
1 n m k—1 m
SN VWL BUED DS
"=l J=1 J=1 j=k+1
1 n
= — f (Tik)
W (A
" oi=1
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1 n m k—1 m
< W w; Zf(aj)_ f(xz])_ Z f(ng)
" oi=1 j=1 j=1 j=k+1
m 1 k-1 n 1 n
:Zf(aj)_i szf(l‘ij)_ W Z Zwlf(wlj)
j=1 n 7j=11i=1 n j=k+1 =1

Here we give a couple of remarks related to our first main result.

Remark 10.5:  (a) It worth mentioning that Theorem 10.4 is stated for real weights w;’s
satisfying conditions of Jensen-Steffensen (A.6) and we relaxed the condition of majoriza-
tion (as given in the statement of Theorem 10.1) at the expense of conditions (10.5) and
(10.6).

(b) Our main inequality (10.7) has close connection with the inequality (3) of [132] (see Theo-
rem 4 there) which was proved for positive weights and we assumed weights to be real and
not necessarily all positive.

(¢) If W;, = 1 and k = m in the inequality (10.7), then the sum > 7", ., becomes zero; in this
case the inequality coincides with the inequality (10.2) for real weights. Here we do not
claim that this is true generalization of Neizgoda’s inequality (10.2) but it captures the
inequality with slightly different assumptions involving real weights instead of nonnegative
weights.

(d) If in the inequality (10.7) weset k =m =2, a1 = a,az =band x;1 = z; fori € {1,...,n},
then this inequality reduces to the inequality (1.3) for real weights as stated in Theorem
1.2 and hence the part of results of Theorem 2 of [8] is a special case of Theorem 10.4.
Further by imposing different conditions on weights we easily obtain Theorems 1.1 and 1.2.

(e) For further remarks see [132].

10.2.1 Index Set Functions and Refinements of Generalized Niezgoda’s In-
equality

In start of this section we give some construction which we would use throughout this section:

Let I be a finite nonempty set of positive integers. Let w = (w;), ¢ € I be a real sequence and

let (x;) = (xi;) be a sequence of vectors such that z;; € J Vi € I, j € {1,...,m}. Moreover

we define Aj(x;,w) = WLI > ier wizi; where Wi = . w;. For the generalized Jensen-Mercer

inequality (10.7), we define the index set function F as

=Wr Zfa] _7227”2]0 ng ~ T Z szf xu

7=1 4el ] k+1 iel
m
y Zaersz% T > Swy || (08)
j=1 iel j:k:-i—l el

where a is an m-tuple such that a; € J for j € {1,...,m} and k € {1,...,m}.
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Here we state results analogues to results stated in Section 2.5. For proof kindly see [135].
Throughout this section I, = {1,...,n}.
Theorem 10.5:  Let a be an m-tuple such that a; € J for j € {1,...,m}, I and I' be nonempty
sets such that I\JI' = I, and INI" = 0. Let (x;) = (z5) be a sequence of vectors such that

ziyeJViel, je{l,...,m} and w = (w;), i € I UI" such that Wiy > 0. Let Ag(xj,w) € J
(Se{l,I',1ul'}). If W; >0 and Wy > 0, then under the assumptions of Theorem 10./

FIUT) > F(I)+ F(I'). (10.9)
If Wi - Wy <0, then the inequality (10.9) is reversed.

Corollary 10.1:  Let a be an m-tuple such that aj € J for j € {1,...,m}. Let I;, t € {1,...,l}
be finite nonempty sets of positive integers such that Is NI, =0 for all s #t € {1,...,1}. We
further suppose that (x;) = (x;;) be a real sequence of vectors such that x;; € J Vi € Uizl I, je
{1,...,m} and let w = (w;), i€ Ufﬁ:l I; such that WiGUizllt > 0 and As(xj,w) € J (S €
{h,....L,Ui_ It}) (r €{2,...,1}). Then under the assumptions of Theorem 10.4 we have

(a) If Wi, >0 fort e {1,...,1},

l l
F (U It> > F(I). (10.10)
t=1 t=1
(b) If Wi, >0 and Wi, <0 fort e {2,...,1}, then the inequality (10.10) is reversed.

Following results give us refinements of Niezgoda’s Inequality. For the rest of this section we

assume x;; € [a,b] C J for all values of i and j.

Corollary 10.2: Let a be an m-tuple such that a; € J for j € {1,...,m}. Let I, = {1,..., k},
k e {1,...,n}. We further suppose that (x;) = (x;;) be a real sequence of vectors such that
zij € JViel,, je{l,...,m} and if wy > 0 and w; > 0 for i € {2,...,n}, then under
assumptions of Theorem 10.4 we have
If wy <0 forie{2,...,n}, Wi, >0 and Ay, (xj,w) € [a,b] C J, then

0< F(I,) <F(Ip,-1) <--- < F(IL) < F(L).

Corollary 10.3:  Let all the assumptions of Corollary 10.2 be valid. If w; > 0 fori € {1,...,n},
then

m k—1
wsf(xsj) + wtf(xtj)
F(I,) > i) —
(In) > | max | (ws + wy) Z;f(ag) z; o~
j= Jj=
k—1
_oy ) tunf () (RS e vy iy
J
Pt Ws + Wy = L + wy i Ws + wy
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and
m k—1 m
F(ln) 2 max |w |3 flaj) =3 flog) = > flay)
j=1 j=1 j=k+1

Zaj wa Za:tj

j=k+1

If w; <0 forie{2,...,n} with Wy, >0 and Ar,(xj,w) € [a,b], then

m k—1
F(L) < win | (wn+w) |3 flag) — 3 el loms) £ wnf (o)
T 2<t<n = J = w1 + Wy

m m
wi f(x1) + we f(z5) Za Z WX + WiTtj Z W11 + Wiy
_ E _ ’ _

w1 +w w1 +w w1 +w
Pt} 1+ wy 1+ we Pt 1+ we

Remark 10.6: If in Theorem 10.5 we set k = m = 2, a1 = L, ag = M and x;1 = z; for
i€ {1,...,n} and in its corollaries, then we obtain Theorem 2.1 and Corollaries 2.4, 2.5 and
2.6 of [167] as special case of our results.

Throughout this section we assume that I C I,, unless stated otherwise. Now we give refine-

ment of (10.7) as follows.

Theorem 10.6: Let all the assumptions of Theorem 10.4 be valid. Then the following refine-
ment hold:

k—1 n
VSIS S SRS D W
j=11i=1 " i=k+1i=1
m 1 k=1 n 1 m n
Dw,X, f;1) <Y flag) — ==Y ) wif (i) — S wif (),
; W, & 4 Wh
j=1 Jj=11i=1 j=k+1i=1
where Wi = Zwi, W; = Zwi, I=I\I and k€ {1,...,m}, and
el iel
D(w,X, ;1) = ﬁf 9 a; — Lk_l WLy — W T4
Wi, Wy 4
7j=1 j=1 el ] k+1 i€l
W- m 1 k—1
s (SR T 5 S
Jj=1 =1 el I j=k+1 47

Remark 10.7: For other related results and remarks we refer the reader to [135].
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10.2.2 Applications

H:For 0 #1CIL,={1,...,n}, ;5 € [a,b] C Jfor j € {1,...,m} and i € I, where 0 < a < b,
formed with weights w;, i € I satisfies conditions stated in (A.6) we define the arithmetic,
geometric, harmonic means and power mean of order r € R as Ay, Gy, Hr and M I[r] respectively.
While For I = I,, we denote the arithmetic, geometric, harmonic and power means by A,,, G, H,

and Mm respectively.

If we define
A m 1 k—1 1 m
Ii=§:a'— EEIwm_ E’ wa
N (S YWy L 4 B
j=1 j=1 el j=k+1 i€l
m k—1 m
= aj— > Al w) - Y Ar(xj,w)
Jj=1 Jj=1 j=k+1
m
Il a
5 =
Gr: = 1 1
k—1 Wr m Wr
w. w.
H H xijz H x’L]Z
j=1iel j=k+14i€l
-1
m 1 k—1 1 m
H;: = E a]_l - — wﬁ&l “W E E wzxml
=1 I'53 Ger I ikt iel
rlr]
M;

m S 1 k-l 1 \m "
(Zj:1 a5" = g 251 2ier With; ~ Wy Xjeki1 Quicl wi%gj) r#0,
G, r=20,

Analogous applications and results as stated in previous sections and Chapters 2, 8 and 9 are

valid for this section as well so we omit the details, interested readers can see [135].

10.3 Generalization of Niezgoda’s Inequality Using Functions
with Nondecreasing Increments.

Theorem 10.7: Suppose that f : U — R be a continuous function with nondecreasing incre-

ments. Let there are m elements in & = (a(l), - a(m)) with a9 € U for j € {1,...,m}. Also
there are n x m elements represented as x(9) s.t. every x\9) is a k-tuple for i € {1,...,n},
j e {1,...,m} and all these x(9) can be arranged in a n x m matrizc X = (x(9)). Let w be a

nonnegative n-tuple s. t Wy, > 0 for i € {1,...,n} and If & majorizes each row of X, that is,

x() = (x(“), . ,X(im)) < (a(l), ce a(m)) =& for each i € {1,...,n},
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then we have the inequality

1 m—1 n i m ' 1 m—1 n .

this inequality also holds for weights w that meet the conditions stated in Theorem A.7.

Remark 10.8: We can state similar results for this section as we stated in Subsection 10.2.1.
For complete details, see |134].

10.3.1 Burkill-Mirsky-Pecarié¢’s Result

The following result gives us a Jensen type inequality for functions with nondecreasing increments
when the finite sequence of k—tuples (Xj,...,Xy) is monotone in means. This is in fact a
Pec¢ari¢’s generalization of Burkill-Mirsky’s result which we refer as to Burkill-Mirsky-Pecari¢’s

result (see [207]).

Theorem 10.8: Let f: U — R be a continuous function with nondecreasing increments and
w = (wy,...,wy) €RY.If (Xy,...,Xy) € U" is nondecreasing or nonincreasing in means with
respect to weights w; for i € {1,...,n}, then the inequality

1 « 1 —
f (m;wle> < I/Vn;wzf(x
holds.

Throughout this subsection, we will use the notation X; = (z;1,...,z;) for i € {1,...,n},
where X; € R*. The Burkill-Mirsky Pecari¢ result given above is also generalized in following

manners.

Theorem 10.9: Let f: U — R be a continuous function with nondecreasing increments and
w = (wy,...,wy) €RY.If (Xy,...,Xy) € U" is nondecreasing or nonincreasing in means with
respect to weights w; for i € {1,...,n}, then the inequality

f<a+b—2wz ) (a) + ——nsz

holds. Where a = (ay,...,ax) and b = (b1,...,b;) are two specially chosen k-tuples related to
U.

Theorem 10.10: Let (Xq,...,X,) € [0,d]", (d > 0) be nondecreasing or nonincreasing in
means with respect to positive weights w; for i € {1,...,n}. If f is a continuous function with
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nondecreasing increments of order three on J = [0,2d], then the inequality

—Zwlf (a-f—b—ZwZ 1)
1 n
< m;wif@d—xi)—f(wb—m;wi@d—xi))

holds.
Theorem 10.11: Let (X1,...,X,) € [r,d —p]", (0 < p < d —r) be nondecreasing or

nonincreasing in means with respect to positive weights w; fori € {1,...,n}. If f is a continuous
function with nondecreasing increments of order three on J = [r,d], then the following inequality

holds

gV;nZwif(erXi)—f<a+b—ml/n;wi(p+xi)>

Remark 10.9: For proofs and corollaries of this subsection, see [134].
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CHAPTER 11

On Integral Niezgoda Inequality

This chapter focuses on integral form of Niezgoda’s inequality with applications. We begin with
integral Niezgoda inequality derived using majorization and its applications to integral means.
The discussion then extends to inequalities involving functions of bounded variation and general-
izations using functions with nondecreasing increments. Finally, further extensions are developed
through isotonic linear functionals, providing a comprehensive framework for integral refinements

of Niezgoda’s inequality.

11.1 Integral Niezgoda Inequality Using Majorization and Ap-
plications to Integral Means

Majorization, prior to the appearance of the celebrated volume “Inequalities: Theory of Majoriza-
tion and its applications” by Marshall, Olkin & Arnold [164], many researchers were unaware
of the rich body of literature related to majorization that was scattered in journals in a wide
variety of fields. Many of important ideas, relative to majorization were already discussed in
“Inequalities by Hardy, Littlewood & Polya” [110].

In present section we have stated the brief introduction with some classical results related
to integral majorization. In the second section, we would state integral version of Niezgoda’s
inequality with refinement and state plenty of corollaries as special cases of our proposed result.
In second section we would use concept of majorization. The last section is based on applications

of our main which deals with integral means of different types.
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11.1.1 Niezgoda’s Integral Inequality Using Majorization

Throughout this chapter we assume that I, = {1,2,...,n}, and J, K and [a, b] are real intervals.
For our main result we need here a lemma which is stated as:
Lemma 11.1: Let (M,X, 1) is measure space where 0 < u(E) < oo for all E € ¥ and let

f: M x[a,b] - K is measureable function such that for each s € X, f(s,-) < g(-). Further, let
a<a; <by <band denote L =a1 —a+b—by. A function hs : [a,b] — K is defined as

al t
f(s, )dt , a<lt<a
a ar —a
hs(t) = ¢ [f(s,t) ,oap <t<b
b
f(s,t)
dt b t<b
by b—bl ) 1 <T=<0,

then hs < f(s,-).

Proof: First we show that hg is nonincreasing as follows: Let t1 € [a,a1], t2 € (a1,b1), t3 €
[b1,0]. Since f(s,-) is nonincreasing, we have

“ f(s, t)dt> “ f(s,t2)

a ap —a a ar —a

he(t) = ——==dt = f(s,12)

detZ dmdt:}h;(t?,)

(t2) b, b—01 b, b—0b1

hence we have hs(t1) > hs(t2) > hs(ts), therefore, hg is nonincreasing.

Now we prove that hs < f(s,-) as follows:

(a) Let u € [a,a;]. Then we proceed as follows

/au hs(t)dt = /au ( aal Zl(s_’t()ldt) dt
— )

[/fstdt—i—/ fstdt]
/fstdt+ /fst
/fst

— (a1 — )/ (5,1)
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(b) Let u € (a1,b1) , therefore

/au hs(t)dt:/aal hs(t)dt—l—/: hs(t)dt:/aal ( am Mdt) dt+/: f(s,t)dt
=/aalf(s,t)dt+/:f(s,t)dt:/auf(s,t)

(¢) Finally for u € [by, b]
u u b f(S,t) u—>b d
/ he(t)dt = / < — dt>dt b, ), S
/fstdt—/fstdt—k;u b/f(s,t)dt
u—>b w
:/b f(s,t)dt—/b O Ub f(s,t)dt+/b f(s,t)dt]

“ “ u—>b [
:/b f(S,t)dt—/b f(s,t)dter_b1 5 f(s,t)dt

+b—bl

w uw—>b [ u—>b [
:/ f(s,t)dtb_bl/ f(s,t)dter_b1 \ f(s,t)dt
/fstdt— (u—b)f(st) b_b(u—bl)fst /fst

Also we have

/bh (t )dt—/aalh (t)dt+/ab1 hs(t)dt+/bbhs(t)dt

b1

al
/ / dtdt+ f(s, dt+/ g )dtdt
al bl b1 7b1

by

:/ f(s,t)dt + f(s,t)dt + f(s,t)dt:/ f(s,t)dt
a al b1 a

Hence, we conclude that hs < f(s, ).

Our next main results is given as follows.

Theorem 11.1: Let g : [a,b] — K and let (M,X, ) is measure space where 0 < u(E) < oo
for all E € ¥, and consider the weight function w : X — [0,4+00) such that fM wdp =1 and let
f: M xa,b] - K is measureable function such that for each s € X, f(s,-) < g(-). Further, let
a<a <by<bora=by<a <b <ay=0b,1=(a1,b1) and I° = [a,a1] U [b1,b] and denote
L=|I°l = (a1 — a) + (b—b1). Then for every continuous convex function ¢ : K — R, we have

(L/ dt—/bl/ std,u()dt)
SL/ dt—/bl/ £)) dy(s)d.
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PN

Proof: Rearranging and then applying integral and discrete Jensen’s inequality and using

definition of Majorization, respectively, we get

<4ié%@ﬁ—iéTAﬁwﬁ@®W@ﬁ>
:w{iAZ@(@w@mmaﬁt

_% / b /Mw(s) F(s,1) du(s) dt)
_ ¢< /Mw(s)(i / " o0 dt—% abl F(s.1)di) du(s))

1

1 b 1 b1
< /Mw(S) w(L/a g)dt —+ [ f(s.1) dt) dp(s)

ai

b b1
:/Mw(s)cp<i/a f(s,t)dt—% i f(s,t)dt) du(s)

(s) (p(i (/aal Fls,t)dt +

b b1
+/b F(s,t)dt — f(s,t)dt)) dp(s)

I
=
&

by
f(s,t)dt

a

1 al

al b
_ /Mw(s) <p<i / £(s,0) dt+% s dt) du(s)

B ap—a [ f(s,t) b—by [°f(s,t)
_/Mw(s)<p< /] al_adt—i— L ), b—b dt)du(s)

a1 —a M f(s,t)
< [, ) (L S”( . al—adt>

b—by b f(s,1)
+ 17 go( ) b— by dt)) du(s).

Now, let us define the function hs : [a,b] — K

al t
f(s7)dt , a<t<am
a al —a
hs(t) =4 f(s,1) , ar<t<b
b
f(s,1)
dt , by <t<b.
blb_bl

(11.1)

It can be proved that hs < f(s,-) and f(s,-) < g, therefore, hy < g. Hence by integral version of

majorization theorem we have

b b
/@%@WS/MWWL
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Since

b al by b
/@WﬁﬂﬁZ/4WMWﬁ+/4WMWﬁ+/¢MﬂDﬁ

ay b1
~—ap ([T L)1 [ ttsna
—waﬂ¢<h£®2ﬁ>l (mﬁﬁﬁ—LTwﬁwjbﬁ
= (ay —a)(p< aal fl(s—tc)bdt> + (b—b1)<p< ; Z(j l)tl)dt)

b b
So by using majorization theorem we obtain / o(hs(t))dt < / ©(g(t))dt and further we get
a a

=)o ([ L20at) 0o ([ 10ar) < [otanar— "o trtsnar

ai

Dividing both side by L

a; —a @ f(s - b f(s b by
( 1L )SD( il(—tc)ldt> (b Lbl)s0< b -z(_’b’?dt> gi/ go(g(t))dt—i/ © (f(s,1))dt.

ai

Putting in last inequality of (11.1), we obtain

(/ dt/bl/ stdp()d)
gﬁf@(géwu»ﬁ—;f%uwmwywﬁ
:iLZN(»/ () du(s) t—/h/ £)) dia(s)dt
= / dt—/bl/ t)) du(s)dt.

Hence we get our required result. O

Now we further generalize this result as follows:

Theorem 11.2: Let g : [a,b] — K and let (M,3, 1) is measure space where 0 < u(E) < oo
for all E € X, and consider the weight function w : M — [0, +00) such that fM wdu =1 and let
f:+ M xa,b] = K is measureable function such that for each s € X,f(s, ) < g(-). Further, let
the following assumptions be valid a = by < a1 < b1 < ag < by < < ap < b < agpr =0b,
J = Ul (ag, by), J¢=[a,b]\J = Ukﬂ[bl L and L = |J¢| = (al —bj—1). Then for every

continuous convez function p : K — R, the following inequality holds

(3 a3 f oo

1 [ 1
SLA¢Mmﬁ—LLAf@MﬂMDW®#(Hm
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Proof: By using the following function in proof of Theorem 11.1 we get what we wanted

f(S,t), a; <t <b;,

hs(t) = ait1 ¢
/ Mflt, bi <t <aj.
b aj+1 — 04

The following result is a direct consequence of Theorem 11.2.

Corollary 11.1: Let the following assumptions be valid: o = (o, ..., ) € K™, X = (x45)
is an n X m matriz such that x;; € K for each i € I,, j € I;, and o majorizes each row of X.
Further, let a;, by € N for 1 € K be such that 1 = by < a1 < b <ag <by < ... <ap <b <
ap+1 = m + 1 and denole L = f;“ll(al — b_1). Then for every continuous convex function
p: K — R, the inequality

b—1 1 b—1
Z%—*ZZZWU <7l X aa—*ZZszww :
J€I, le]k Jj=a;i€l, JjE€Im le]k Jj=a;i€ly,

holds, where w;’s are non-negative real weights with W, > 0.

Proof: The proof of corollary follows from Theorem 11.2 by taking step functions. Specifically,

fora=by=1,d=ag1 =m+1, with X =[1,n+1 Zajx ]+1 ) and
jelm
Z Z Tij X[i, z+1 X[JJ+1 Z X[, z+1 s)dpu1(s),
i€l j€Im i€ly
where p is the Lebesgue measure. O

Remark 11.1: If in Corollary 11.1 we put £ = 1, a; = 1 and by = m then we capture Niezgoda
inequality (10.2).

11.1.2 Refinements

In remaining part of present section, some construction is needed: We define F C M with

w(E), n(E€) > 0 and we define following notations

nE) )
We=on VT a0

=1-Wg.

Under assumptions of Theorem 11.2, we define functional

Ft.o.08) = Wee (1 [ saw —// (s, Hp(s)a >)>
W (i (/ g(t)d F(s, ) du(s)d(t )>>

The following refinement of (11.2) is valid.

c
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Theorem 11.3: Let all assumptions of Theorem 11.2 be valid. Then Yo, ¢ # E C M, the
following inequality holds

o (3 ([ st s [ [ w)ssniutoan) ) < miso.em
<L( / eta®)a) i [ [ et aman) ais)

Remark 11.2: For idea of the proof and other special cases and remarks we refer the reader
o [14].

11.1.3 Applications: Integral Means

In [106], we can find the definition of integral weighted quasi-arithmetic means. Now we modify
the definition a little bit as per our requirements.

Let E C R be an interval. Let L;(E) denote the vector space of all real Lebesgue measureable
functions defined on the interval E with positive and finite Lebesgue measure p and L (E) denote

the positive cone of Li(E). Now we define modified integral quasi-arithmetic means as follows.

Definition 11.1: Let (w, f) € LT (E) x L] (E) and ¢ : [0,00) — R be real continuous and
strictly monotone function. The generalized quasi-arithmetic mean of a function f is a number

Mg . (f) € R where

Meo(f) = ¢! (@ / w(t)sO(f(t))du(t))

where ¢! stands for inverse function of the function (.
Throughout the present section, we would consider ¢ as a real continuous and strictly mono-
tone function. By substitution of suitable functions ¢ and f in Mg ,(f) we get different integral

means. For instance,

(a) for (t) =t =1id(t) we get the generalized arithmetic mean

1

Mg (f) = Ap(f) = W(E)

[ wr@nte
FE

(b) for ¢(t) =t~ we obtain the generalized harmonic mean

-1
My (f) = Hp(f) = (M(lE) / w<t><f<t>>—1du<t>) |

(c) for ¢(t) = t" we botain generalized power mean of order r
] 1
(g Lowu@ra) . rzo

u(E)

1
exp <M(E)/Ew(t)lnf(t)dt , r=0.

For up coming results we also define a notation as follows:

Wsut00) =7 (3 ([ etotna s [ [ wretr.manean)).
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Throughout this section we also assume that In and exp have their natural domain. Under
all assumptions of Theorem 11.2; we set following notations.

Arithmetic Mean
A
Ay = : / g(1)()

Ay =+ // F(s,t)dps)d()
—AM

Geometric Mean

Q
o2
I

exp <i/blng( )d(t))
Gu = o (1o [ [ worm ssniusan)

Harmonic Mean

= (0 )
~1
i = (z3vm [, s o0)
1 1

Power Mean
. 1 b ,

Ml = // F(s, ) du(s)d(t)

i - (o)

where all the factors in denominator are non-zero.
Let assumptions of Theorem 11.2 are valid. Further let f and g are positive valued functions.

Then following results hold:

Theorem 11.4: (i) G < AWEAWEC <Ay
(i1) Gy < WgGp + WieGge < Ay

Proof:

(1) It follows by using the convex function ¢(t) = —In(¢) in (11.3).
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(77) We obtain required result by using convex function ¢(¢) = exp(¢) in (11.3) and by replacing

g(t) and f(s,t) with Ing(t) and In f(s,t) respectively.

0
Corollary 11.2: (i) Gy < mbin AEVEAVEVCEC and Ay > max AE/EAEVCEC
(17) Gy < mbin WeGr + WgeGge and Ay < mngEC;’E + WgeGpe.
1 1 1
Theorem 11.5: () =— < == < =
Gu  Hp"Hp"  Hum
1 W, Wge 1
() = < =2 + =2 < =
GM GE GEC HM
Proof:
(i) By substituting ¢(t) = —1Int, g(t) = ﬁ and f(s,t) = f(; 7y in (11.3) we get required
result.
(77) In (11.3), take @(t) = exp(t), replace g(t) with lnﬁ and f(s,t) with lnﬁ to get our
result.
O
Corollary 11.3: ) — < mi = d ==> L
orollary I X ('L) @ <S mlnw an g]\/[ = mgxw
1 W Wie 1 W Wie
(44) — <min—2 4+ =22 and — >min =2 + -,
Gy E Gg GEe Hys E Gg GEge

Remark 11.3: We can also obtain the Corollary 11.3 directly from Corollary 11.2 by the

substitutions g(t) — ﬁ and f(s,t) — ﬁ

r

Theorem 11.6: (i) Forr <1, we get MJ[\Z] < WEME] + ng]\;[Ec < Ay
(7i) For r > 1, above inequalities are reversed.

Proof: See [14]. O
Corollary 11.4: Forr <1 we have

Ml < min WM + whlar d Ay >max Wl + whlng 115

< min WM ‘Mpge an M_IHSXEE—I— peMpe. (11.5)
If 1 < r, then the inequalities in (11.5) are reversed.
Corollary 11.5:  Under all assumptions of Corollary 11.4, following inequalities are valid.
I:IM < mEiIl WEE[E + WEE[EC and AM > InEaX Wsﬁ% + WEcﬁEc] .

Remark 11.4: Clearly, part (ii) of Corollary 11.2 is a direct consequences of Theorem 11.4.

Theorem 11.7: Letr,q e R; g > .
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(1) If 0 < g, then (M][\Z]y < We(Mg)? + Wpe(Mpge)? < (Au)".
(ii) For q <0, the above inequalities are reversed.

Proof: See [14]. O

Corollary 11.6: Letr,q e R, r <gq.

(a) For q >0, following inequalities hold
(1§1)" < min [ (323))" + wipe (8151)1] (11.6)
(Au)" > max | W (921" + wee (3f1)"]. (11.7)
(b) For s <0, inequalities (11.6) and (11.7) are reversed.

Theorem 11.8: Let ¢,v : [0,00] — R be strictly monotonic continuous functions. If 1 o o1

18 convex, then inequalities
¥ (Mx,p) < Wit (Mg,) + Weethp (Mpe ) < (Mx,y) (11.8)
hold, where Mx , is defined in (11.4).

Corollary 11.7:  Let assumptions of Theorem 11.8 are valid. Then following inequalities hold

¥ (Mx,p) < mEin [(Wew (Mp,p) + Weetp (Mpep)]
0 (L) 2 ms (W (1Tp,p) + W (M)

Remark 11.5: Theorems 11.4, 11.6 and 11.7 follow from Theorem 11.8, by choosing appro-
priate functions ¢, ¢ and substitutions.

11.2 Integral Niezgoda Inequalities for Functions of Bounded
Variation

Throughout chapter we assume that K and [a, b] are intervals in R. Here we need a result from

[137].

Lemma 11.2: Let H € Cla,b] or H € BV[a,b], let a < a3 <b; <ag <--- <ap <b, <bis
partition of [a,b], J = Ule[ai,bi] and L =|J°| = [;dH(t). If

H(az) < H(t) < H(bz) Vte (ai,bi) and 1 € Ik (11.9)

and L > 0, then ¥V function f : [a,b] — K which is continuous and monotonic ¥ k intervals
(ai, b;) and ¥ continuous convex function ¢ : K — R, the following inequality holds

o (1 [ranw) < [etrwan

Proof: Denote w; = f;: dH(t). Due to (11.9), if H(a;) = H(b;) then dH is a null-measure on

Chapter 11 On Integral Niezgoda Inequality 173



Ptolemy Scientific Research Press https://pisrt.org/ PSR Prces

[a;, b;] and w; = 0, while otherwise w; > 0. Denote S = {i : w; > 0} and

1 b
T = — f(t)dH(t), forieS.
Wi Ja,
Notice that L = /d,H(t) = Zwi > 0, /cp( f()) Z/ H(t) and, due
I ies I iS
to Theorem A.12, w;p(z;) < f;; o(f(t))dH(t), for i € S. Therefore, taking into account the

discrete Jensen’s inequality,

o (2 [ rwanm) = ¢ (23w ) < -3 wielan) <
(L/I > L “ L«

€S €S

The following theorems are our main results of this section.
Theorem 11.9: Let (M, %, 1) be a measure space with positive finite measure p and consider

the integrable weight function w : M — [0,4+00). Let g : [a,b] = K and f : M X [a,b] — K be
nomincreasing continuous functions such that for each s € M

/xf(s,t)dH(t) < /xg(t)dH(t), v ze(ab)
b b
and / F(s,0) dH(t) = / o(t) dH(2),

hold, where H € BV]a,b|. Further, let the following assumptions be valid a = by < a1 < by <

a2 <by < - <ap <bp <agr =0, J=Ur (a,br), J¢ = [a,b\J = U oo, 0] and
=\|J¢ = kH(al —bi_1). Then for a continuous convex function ¢ : J — R inequality
1 b
— H H <
o (1 ([ swamo - s // (5. )du(s)d <t>)) <
1</b<< (@ Ddu(s)dH(H)) (11.10)
— p(g(t))dH(t // f(s,t))dp dHt> 11.10

holds, for each s € M.

Proof: Rearranging and applying integral Jensen’s inequality (A.12) twice and then using

Lemma 11.2 and Theorem A.33, one gets

(p(i </cbg(t)dﬂ() fM du //M (s,t)du(s )dH(t)))
-+ (2 (ﬁj o) [ aayaro
S EETE /J /Mw<s>f<s,t>du<s>dﬂ<t>))
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Sif / () /so(f( O)IH (1) dp(s)
< L T ( [ etatyano - [ ot mam ) du
Szl;(wa ( ())du()
e / /M 0)dH (1 >) dn(s)
=L(/C o)1 (0) - s | [ woptits du(syamn )

O]

Remark 11.6: If we replace dH (t) by dt in Theorem 11.9 we would get Theorem 11.2 and all
its consequences as our main results special cases.

Remark 11.7: If we simply put w(s) = 1V s € M in Theorem 11.9, then we obtain Theorem 1
of [137] as our special case and in turn we also get all the corollaries and refinements of Theorem
1 of [137].

Remark 11.8: An alternate version of Theorem 11.9 can also be given for nondecreasing
functions f and g see [15] for details.

Remark 11.9: We can also give refinements and applications of main result of this section as
we have given in Sections 11.1.2 and 11.1.3 see [15], [141] for details.

11.3 Generalization of Integral Niezgoda Inequality Using Func-
tions with Nondecreasing Increments.

At this stage we recall a result similar to Lemma 11.2 for functions with nondecreasing increments

from [141] as follows.

Lemma 11.3: Let H € Cla,b] or H € BV]a,b], let c < a3 <by <ag < - <ap <b, <dis
partition of |a,b], I = UZ 1lai, b and L = [, dH(t) > 0. If

H(al)gH(t)SH(bl) VtG(ai,bi) (l’fldlgigk,

then ¥V function f : [a,b] — K which is continuous and monotonic on (a;,b;) Vi € I, and every
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continuous function with nondecreasing increments ¢ : K — R, following inequality valid

o (1 [10anw) <1 [owwyan

Here comes next main result which generalizes Theorem 11.9.

Theorem 11.10: Let (M,X, i) is measure space where 0 < p(E) < oo V E € ¥ and consider
the weight function w : M — [0,+00). Let g : [a,b] — K and f : M x [a,b] — K be nonincreasing
continuous functions such that for each s € M

/xf(t)dH(t) < /xg(t)dH(t), VvV x € (a,b),
b b
and /f(t)dH(t) = /g(t)dH(t),

where H € BV [a,b]. Moreover, let all the assumptions given in S are valid. Then for all contin-
wous function ¢ : K — R with nondecreasing increments the following inequality holds

sD(i(/cbg(t)dH() wa du //M f(s,t)du(s )dH(t)))g
L[ etatnano - oo | [ ettt i)

Remark 11.10: The proof of Theorem 11.10 is obtained easily by replacing Lemma 11.2 by
Lemma 11.3 and Theorem A.33 by Theorem A.31 in proof of Theorem 11.9.

Remark 11.11: If in Theorem 11.10 we put n = 1, then ¢ becomes continuous Wright convex
function which is in fact convex function and hence Theorem 11.9 becomes its special case.

Remark 11.12: If we simply put w(s) = 1V s € M in Theorem 11.10, then we obtain
Theorem 15 of [141] as our special case and in turn we capture all the corollaries, refinements
and applications of Theorem 15 of [141].

Remark 11.13: An alternate version of Theorem 11.10 can also be given for nondecreasing
functions f and g see [15] for details.

Remark 11.14: We can also give refinements and applications of main result of this section
as we have given in Sections 11.1.2 and 11.1.3 see [15], [141] for details.
11.3.1 Further Generalization of Niezgoda’s Inequality Using Isotonic Linear

Functionals

Now we present our main theorems of this section.

Theorem 11.11: Let M be a non-empty set. Let g : [a,b] — K and f : M X [a,b] — K be
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nonincreasing continuous functions such that for each s € M
[ senant < [ gwine. v oe @),
ab ab
ond [ fs0dm) = [ o)
hold, where H € BV[a,b|. Further, let the following assumptions be valid a = by < a1 < by <
as < by < - < ap < b < Ap4+1 = b, J = Ule(al,bl); J¢ = [a,b]\J = k+1[bl 1,(1[] and
L =|J = k“(al — bj—1). Further we suppose that L satisfies properties L1 and L2 on X

and let ¢ is continuous convex function on K. If A is an isotonic linear functional on L with

A1) =1, thenV f € L such that [,. f(s,t)dH(t), ¢ ([je f(s,t)dH(t)) € L we have

o (3 ([ stwamo - [ A(f(s,t»dH(t)))
< 1 ([ wtonano - [ et oman).

Proof: Starting with L.H.S. of (11.11), using linearity of isotonic linear functional, first apply-

(11.11)

ing Jessen version of Jensen’s inequality and then applying integral version of Jensen’s inequality

and finally using Lemma 11.2 and Theorem A.33, one gets

O

Remark 11.15: If we choose A(f(s,t)) = / w(s)f(s,t)du(s) in Theorem 11.11,
M

fM w(s)dpu(s)

then we get Theorem 11.9 and all its consequences.

Remark 11.16: If in Theorem 11.11 we set k = 1, a = 1, b = 2, f(s,t) = f(s)xp.2) (1),
g(t) = Z?Zl aj Xij,j+1)(t), H = A, where \ is Lebesgue measure, we would get following result
which is Theorem 2.1 of [76] which is stated as.

Corollary 11.8: Let L satisfy properties L1, L2 on E # ¢, and let ¢ is convex function on
I =a,b] (—o0 < a<b<o0). If Ais an isotonic linear functional on L with A(1) = 1, then
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YV g € L such that ¢(g),p(a+b—g) € L (so that a < g(t) < bV t € E), we have the following
variant of Jessen’s inequality

pla+b—A(g)) < pla) +¢(b) — Alp(9))-
Clearly following series of inequalities hold

p(m1+ma — A(g)) < A(p(mi +ma —g))

ma __A(g)go(mg) + A(Q)_— mi
mo — My m2 — My

< p(m1) + @(ma) — A(p(9))-

IN

p(m)

Remark 11.17: By choose different isotonic linear functionals we get various results. For
instance if we choose A such that it is defined on the class L' () as A(f) = [, fdu we get a
result and its refinements from [151].

Remark 11.18: An alternate version of Theorem 11.11 can also be given for nondecreasing
functions f and g see [15] for details.

Remark 11.19: We can also give refinements and applications of main result of this section
as we have given in Sections 11.1.2 and 11.1.3 see [15] for details.

Remark 11.20: For other related results we refer the reader to [134].
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CHAPTER 12

Generalized Niezgoda Inequality for Similarly Separable Vectors

This chapter investigates generalized Niezgoda inequalities for similarly separable vectors. We
begin by defining similarly separable vectors and highlighting their key properties. The discus-
sion then presents generalized Niezgoda’s inequalities for similarly separable vectors in R” |
incorporating index set functions and associated refinements. Finally, these results are extended
to separable Hilbert spaces, providing further generalizations and sharper bounds. The chap-
ter offers a unified approach to Mercer-type inequalities in both finite- and infinite-dimensional

settings.

12.1 Generalized Niezgoda Inequality for Similarly Separable
Vectors in R”

12.1.1 Similarly Separable Vectors

In current section we provide generalization of Niezgoda’s inequality (10.2). For this purpose,
some notations are required here. We also quote some relevant definitions from [196].
Throughout the paper, we assume that p = (p1,...,pm) is a positive m-tuple.
Here we introduce inner product on R™ for a = (ay,...,a) and b = (by,...,by,) by

(a,b) = > pja;b;. (12.1)

J€lm

For A € I,,,, we denote P\, = ij, Py = Z Jpjs P, = Z j2pj.

JEI JEI JEIy
Unless specified elsewise, we take ¢ = {e1,...,em} as an ordered basis in R™ and D =

{d1,...,dm} as the dual basis of € , that is, (e;,d;) = 0;; (Kronecker delta) for i, j € I,,,.
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Definition 12.1: We define a vector v € R™ to be e-positive if (e;,v) > 0 for all i € I,,. Let
J1 and Jy be two sets of indices such that J; U Jo = J. Given 4 € R and v € R™, a vector
z € R™ is known as u, v-separable on J; and Jo (with respect to basis ¢), if

(ej,z—pv) >0 for ic€J; and (ejz—puv)<0 for je.Jo.

We say z is pu, v-separable on J; and Jy with respect to the basis ¢ if and only if

max <ei,Z> S i S mln <ej7z>
i€)z (€j,V) j€h (€5, V)

where v is e-positive.

Definition 12.2: A vector z € R™ is v-separable on J; and Jo (with respect to the basis €),
if for some p € R, z is u, v-separable on J; and Js.

Definition 12.3: A map ¢ : J — R is said to preserve v-separability on J; and Jo with
respect to e, if p(z) = (p(21),...,9(2m)) is v-separable on J; and Jo with respect to e, whenever
z = (z1,...,2m) € J™ is v-separable on J; and Jy with respect to ¢.

Remark 12.1: In case where v is e-positive, J; = {\o} and J2 = J\{\o}, the v-separability
of z is implied by:

<e>\72> < <e>\0,z>

<e,\,v> N <e,\0,v>

for X € I,.

Definition 12.4: [224, pp. 32, 110] Given a real convex function ¥ on J, 0¥ denotes the
subdifferential of W. It is the set of all functions ¢ : J — [—00, 00| such that ¢(J°) C R and

U(z) > V(a) + (x —a)p(a) forany z, a € J.

Using the notations defined until now, we now present our main result:

Theorem 12.1:  Define ¥ : J — R to be a convex function on an open interval J C R. Suppose

a=(a,...,am) € J™ and X = (xj) = (x;5) is an n X m matriz such that x;; € J and (x;)

is a monotonic m-tuple for all i € I, j € IL,. Also assume that the weight w; for i € I,
1

satisfying the conditions as in (A.9) and o Z w;V(x5) < V(ay) for j € I,. We further let

il
that (a — x;,v) =0 for i € I,,. Then the following inequality holds:

1 k—1 1 m
) E epjvjaj — 7W E epjvj E wixij — 7W E epjvj E wixij
j€lm " j=1 icl, " j=k+1 i€ln

k—1 m

1 1 1 1 1

<= qu’(aj)—*iw > pi D wz"l’(xij)—*fw > " opi > wil(xy),
Pr ‘o Pk Wn S T PeWn .27 e,

where € = pklvk with v, # 0 for k € I,.
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Proof: First, we use the assumption that for each j € I,
— Z w; ¥ (zij) < ¥(aj)
’LGIn
multiplying it by p; and taking sum over j € I,,,, we get
— Z Z pjw;V(x;) < Z p;V(a;). (12.2)
ZEIn jEI'm. ]elm
Since (a —x;,v) =0 for all ¢ € I,, by (12.1) we have for each i € I,.
m
Z DPjvja; — ijvja;w Z PjviTij | = Tk (12.3)
J€Im Jj=k+1

Now, using Jensen-Steffensen inequality for weights w; and then using (12.3) and inequality

(12.2) for weights p; we obtain our required result as follows

pr Y Z €p;via; — Wlf Zep]Uijlxw — Z ep]vJZwla;U

Jj€Im i€l " i=k+1 1€l
k—1 m
= pk\If Z Wy Z epjvjaj — Z Gpjvjl'ij — Z (—:pjvjmij
Zeln jel'm ]:1 ]:k+1
m
< — Z w;pr ¥ Z €p;Vja; — ZepjvjmU Z €DV Tij
zeln j€lm j=k+1
= — ) wipe ¥ (i)
Wn :
i€ly
k—1 m
< 7Zwl > pi¥ay) =Y pi¥(zy) — > ¥ (xy)
" iel, Jj€Im j=1 j=k+1
1 m
=D 0¥ ZPJ D wi¥(wig) = Dy ) wil(ay).
j€Im =1 iel, M i=k+1  iel,

O

Remark 12.2: Here we observe that the proof of Theorem 12.1 is much more simpler than
proof of Theorem 3.1 of [196]. It should be noted that in Theorem 3.1 of [196] the author has
used positive weights while we have used real weights satisfying assumptions as stated in (A.9)
with monotonic m—tuples (x;). It is also worth mentioning that we did not use bifractional
inequality [197] or concept of similarly separable vectors, we removed all these assumptions at
the expense of the assumption that WL Z wi¥(zi5) < ¥(a;) for j € I,

" iel,

Now we state a corollary and other special case of Theorem 12.1 as under:

Corollary 12.1: Define ¥ : J — R to be a convex function on an open interval J C R. Let
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oV : J — R be the subdifferential of ¥ and ¢ € OV. Suppose a = (ay,...,an,) € J™ and
X = (Xj) = (xw) is an n X m matriz such that x;; € J for all i € I, j € I,,. Further suppose
that the weight w; are positive real weights for ¢ € I, Let u,v € R™ such that (u,v) > 0. Let
there exist index sets J1 and Jo with J1 U Jo = J such that for each i € I,, we have:

(1) xi. is v-separable on Jy and Jo with respect to €,

(1) a —x;. is 0,u-separable on Jy and Jo with respect to D,
(iii) (a—xi,v) =0,
(iv) ¢ preserves v-separability on Ji and Jo with respect to .

Then the following inequality holds:

k—1 m

1
v Z epjvja; — Zﬁpjvj Z WiTi5 — 5, Z €P;U; Z WiTij
j€Im i€l W j=k+1 i€l
11 & 11 &
S o Z p;¥(a;) ij D wil(ey) = e > Y wil(wy),
k ielm -1 icl, PeWn .57 ieh

(12.4)

where € = with v, # 0 for k € I,.

1
PrVk

Remark 12.3: If we simply put £k = m and W,, = 1 in Corollary 12.1 we will get Theorem 3.1
of [196] (for further remarks see [132]) and consequently we capture all its corollaries and special
cases. For other corollaries and remarks we refer the reader to [142].

Theorem 12.2: If in Corollary 12.1, ¥ is a differential function with a = (a,a, ...,a) € J™,
p = (p1,-..,Pm) 1S a real m-tuple satisfying the conditions given in (A.9) and (12.1), then
inequality (12.4) can be written as:

m—1

m—1
¥ | a Z €pjv; — W Z €P;jU; Z wizij | < Pn¥(a A Dj Z w;V(xi5)),
JEIL, j=1 i€l, n j=1 i€l

Proof: In start of this proof, it is worth mentioning that here m-tuple p is real satisfying
0< P; <Py forje{l,...,m—1} with P, > 0 and clearly P,,_1 < P, which implies that
0 < Py, — Py—1 = pm. For an n x m matrix X = (x;) = (x;;) such that x;; € J and (x;) is a
monotonic m-tuple for all ©« € I,, 7 € I,,,, then for a; = a € J , if ¥ is a differential function
then, for m-tuple p = (p1, ..., pm) satisfying conditions (A.9) and (12.1), [27, Theorem 2.1] can

be written as

which implies that

Z pj (¥ (i) Z PV (i) (245 — a)

Jj€lm J€Im
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multiplying both sides by (—1)

Z pj (V(a) xlj Z ;¥ ng xz‘j)

j€Im JE€EIm

that follows to inequality (12.4) in the following form, that is, fixing k = m

m—1 m—1
1
¥ | a g €pjv; — W E €PjU; E wizij | < Pp¥(a) — W Dj g w;V(xi5)).
jEIm j=1 iel, " =1 iel,

Remark 12.4: Similar results can be produced for concave functions by making use of the
definition of concave functions, i.e, ¥ is concave if and only if —W¥ is convex.

Remark 12.5: Some other results related to similarly separable vectors and Sequences can be
found in [199] and [197].

12.1.2 Index Set Functions and Refinements of Generalized Niezgoda’s In-
equality For Similarly Separable Vectors

In start of this section we give some construction which we will use throughout this section: Let
I be a finite nonempty set of positive integers. Let w = (w;), i € I be a real sequence and let
(x;) = (xi5) be a sequence of vectors such that x;; € J for all i € I, j € I,,,. Moreover we define
Ar(xj,w) = Wijziel w;z;; where W = >, w;. For a convex function ¥ : J — R. Also if

assumptions of Theorem 12.1 are valid we define the index set function F' as

ij a] Zzpjwl ng Z Zp]wz xz]

SIS ] 1 el ] =k+1 i€l
-0 Z EPjUjaj — —ZZap]v]wlx” — Z Zap]v]wzx”
Jj€ln 7=1diel j k+1 i€l
where a = (a1, as,...,ay) is an m-tuple such that a; € J for j € I,;, and p; = % and k € I,

Now we state some results here. Since proving techniques are similar to that of results given

in previous chapters so we omit the details, interested readers can see [142].

Theorem 12.3: Let a = (a,as,...,an) be an m-tuple such that a; € J for j € I, I and I
be mnonempty sets such that I\ UI =1I,, and INT = . Let (x;) = (x;;) be a sequence of vectors
such that x5 € J for alli € I, j € I, and w = (w;), @ € I, such that W, > 0. Let ¥ be a
conver function on J and Ag(x;,w) € J (S € {I,I,IUI}). If W; >0 and W} > 0, then

F(IUIl)>F()+ F(). (12.5)

If Wi - W5 <0, then inequality (12.5) is reversed.
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Corollary 12.2: Let a = (a1,a2,...,am,) be an m-tuple such that a; € J for j € Ip,. Let
I, t € I be finite nonempty sets of positive integers such that Is NIy = O for all s # t € I,.
We further suppose that (xj) = (x45) is a real sequence of vectors such that x;; € J for all
i€ UZ\:1 I, j € I, and let w = (w;), i € UZ\:1 I such that WiEU?_l ;, > 0 and Ag(xj,w) € J
(Se{h,....I,U_ L}) (re{2,...,\}). -

(a) If Wi, > 0 for t € I, we have

t=1

F (U It> > F(I). (12.6)
t=1

(b) If Wi, >0 and Wi, <0 fort € {2,..., A}, then inequality (12.6) is reversed.

The following results give us refinements of Niezgoda’s Inequality. For the remaining part of

this section we assume z;; € [a,b] C J for all ¢ and j.

Corollary 12.3:  Let a = (a1,a2,...,an) be an m-tuple such that aj € J for j € I,,,. We further
suppose that (x;) = (x;5) is a real sequence of vectors such that x;; € J for all i € I, j € Iy,
and let U be a continuous convex function on J. If wy > 0 and w; > 0 for i € {2,...,n}, then
under the assumptions in Corollary 12.1 we have

F(I,) > F(In—1) > -+ > F(I;) > F(I;) > 0.
Ifw; <0 fori€{2,...,n}, Wi, >0 and Az, (x;,w) € [a,b] C J, then
0< F(Ip) < F(I1) <--- < F(Ip) < F(I).

Remark 12.6: For main result of this section we can also state results analogous to Theorem
12.3 and its corollaries. For further refinements, remarks and corollaries and applications of this
section see [142].

12.2 Generalization and Refinements of Niezgoda’s Inequality
Using Similarly Separable Vectors in Separable Hilbert
Spaces

12.2.1 Similary Separable Vectors in Separable Hilbert Spaces

Throughout this section, H is a separable Hilbert space with suitable inner product (-,-) :
H x H — R and U is an open subset of H. It is a known fact that, every separable Hilbert
space has a countable orthonormal basis [160]. Separable Hilbert spaces possess many interesting
properties (for comprehensive discussion on this topic, we refer the reader to [160] and [220]).
Here we recall some definitions from [196]: Let E = {e; : i € N} be an ordered basis of H
and D = {d; : i € N} be the dual basis of H, that is (e;,d;) = §;; (Kronecker delta) for i, j € N;

where N C N depending on whether dimension of H is finite or infinite and Kronecker delta is
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defined as

0 ifi#j,
(57;]':
1 ifi=j.

Definition 12.5: We say that a vector v € H is E—positive if (e;,v) > 0 for all i € N.

We denote J = N. Let J; and Jo be two sets of indices such that J; U =J.

Definition 12.6: Given o € R and v € H, a vector z € H is said to be o, v—separable on J;
and Jy with respect to the basis E, if (e;,2 —av) > 0 for i € J; and (ej, 2z —av) <0 for j € Js.

Definition 12.7: A vector z € H is said to be v-separable on J; and Jy with respect to E, if
z is a, v—separable on J; and Jo for some a € R.

Definition 12.8: A map ® : U — R is said to preserve v—separability on J; and Jo with respect
to E, if ®(z) is v—separable on J; and Jy with respect to E, whenever z € U is v—separable on
J1 and Jo with respect to F.

12.2.2 Generalization of Niezgoda’s Inequality Using Similarly Separable Vec-
tors in Separable Hilbert Spaces

Here we recall Theorem 3.5 of [197]:

Theorem 12.4: Assume that E is a basis of a separable Hilbert space H with inner product
(,.): Hx H — R and D is the dual basis of E. Let f,g,v and y be vectors in H with (y,v) # 0.
Denote A = (f,v)/(y,v). If there exist index sets J1 and Jo with Ji|JJ2 = J, then the following

two statements are equivalent:

(i) The vector g is \,y—separable on Jy and Jo with respect to D if (y,v) > 0 (or on Jo and
Jy with respect to D if (y,v) <0).

(1) The inequality (f,y){g,v) < (f,g){y,v) holds for every vector f which is v—separable on
J1 and Jo with respect to E.

Remark 12.7: This result has many important consequences as stated by Niezgoda in [197].
Niezgoda chose H = R¥ with standard inner product and N = {1,...,k} for some fixed k € N in
Theorem 12.4 and stated all the related results and corollaries for the discrete version in [197].

Here we are interested in its integral version.

For the next corollary we need some notations and definitions: Let us consider a measure
space ([a,b],2,v). Let w : [a,b] — [0,00) be a measurable function with w # 0 on a set of
nonzero measure. The w—weighted Ly space is defined as La([a, b], wdr), where wdy means the
measure M defined by M(A) = [, w(z)dv(z) and A € X. The inner product for La([a, b], wdv)
is

b
(f:9) =, 9) Lafa ) wdr) = / w(t) f(t)g(t)dv (t). (12.7)
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Corollary 12.4: Assume that E is an ordered basis of La([a,b],wdv) and D is the dual basis
of E. Let f,g,v and y be vectors in La([a,b], wdv) with (y,v) > 0.

Denote A = (f,v)/(y,v).

If there exist index sets Jy and Jo with Ji\JJ2 = J such that

(i) [ is v—separable on Jy and Jo with respect to E and
(1) g is \,y—separable on Jy and Jo with respect to D,

then the following inequality holds

b b b b
/ w(t) f(£)y(t)du(t) / w(tyo(B)g(t)du(t) < / w(t) f(1)g(t)dv () / w(t)o(ty(D)dv(t). (12:8)

Remark 12.8: If we simply choose y = 1 and v = 1 in (12.8) then using Lebesgue measure we
obtain the well-known Cebysev inequality [204, p. 197]:

Corollary 12.5: Let f,g: [a,b] = R and w : [a,b] — (0,00) be integrable functions. If f and
g are monotonic in the same direction, then we get

b b b b
/ w(t) ()t / w(t)g(t)dt < / w(t)dt / w(t) f(£)g(t)dt (12.9)

provided that the integrals exist. If f and g are monotonic in opposite directions, then the reverse
of inequality (12.9) holds. In both cases, equality in (12.9) holds if and only if either g or f is
constant almost everywhere.

Remark 12.9: The inequality (12.9) still holds under different assumptions. For detailed dis-
cussion on inequality (12.9) we refer [204, p. 198-199].

We now introduce some terminologies which will help us in understanding the upcoming
results. If ¢ is a convex function on an open convex subset U of a normed linear space V, then
© has a supporting hyperplane at each point z € U. This means the existence of a continuous

linear functional ¢ on V' (the support of ¢ at z) such that
o) > p(z)+e(xr—2) forall zel. (12.10)

The set Op(z) of all such functionals ¢ constitutes the subdifferential of ¢ at the point z. When
V is an R¥ the inequality (12.10) becomes @(z) > ¢(2) + (x — z,®(z)) for all 2 € U where
®(2) = (p(21),...,0(2x)) for z = (21,...,2:) € R¥ and the subdifferential dp(a) is the set of all
functions ¢ (usually called subgradients) (see e.g. [194]).

We now present first result of this section:

Theorem 12.5: Let o : U — R be a convex function defined on an open subset U of H. Let
Op : U — R be the subdifferential of ¢ and let ¢ € 0. Assume that E is a basis of a separable
Hilbert space H with inner product (-,-) : H x H — R and D is the dual basis of E. Let f,g,v
and y be vectors in H with (y,v) # 0. Denote A = (g — f,v)/(y,v) with (y,v) > 0.

If there exist index sets Jy and Jo with Ji\JJ2 = J such that
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(i) [ is v—separable on Jy and Jo with respect to E,
(1) g — [ is \,y—separable on J1 and Jo with respect to D and
(1i3) ® preserves v—separability on J1 and Jo with respect to E.

Then the following statements are valid:

(a) If (g — f,v) =0, then the following inequality holds

{p(g) —(f),1) = 0. (12.11)

(b) If (9 — f,v) >0 and (®(f),y) > 0, then the inequality (12.11) holds.

Proof:

(a) Using the definition of subdifferential we have

e(g) —o(f) = (g — [, 2(f)), (12.12)

Combining (i) and (iii), we deduce that the vector ®(f) is v—separable on J; and Jy with

respect to E. Using Theorem 12.4, we get

1

o= 1.2 2 s

{g = f,0)(2(f),y) (12.13)

since (y,v) > 0. So, if (¢ — f,v) =0, then (12.11) follows from (12.12) and (12.13).
(b) Clearly, (12.11) holds whenever (g — f,v) > 0 and (®(f),y) > 0 by using inequalities
(12.12) and (12.13).

O

Remark 12.10: By choosing H = RF with usual weighted inner product defined on R,
Theorem 2.2 of [199] becomes special case of our result. Also, we can easily obtain its corollaries

and examples. Here we are interested in one of its consequences in integral version.

Corollary 12.6: Let ¢ : I — R be a convex function on an open interval I of R. Let 0p : I — R
be the subdifferential of ¢ and let ¢ € Dp. Define

Let ([a,b], 3, v) be a measure space with positive finite measure v. Let f, g : [a,b] — I be two
functions such that g, f € La([a,b], wdv) where w be a non-negative measurable function on |a, b]
with w Z 0 on a set of nonzero measure.

Assume that E is an ordered basis in La([a,b],wdv) and D is the dual basis of E. Let v and
y be vectors in La([a,b], wdv)and inner product is given by (12.7). Denote A = (g — f,v)/(y,v)
with (y,v) > 0. Suppose that there exist index sets Jy and Jo with Ji|JJo = J such that

(i) f is v—separable on Jy and Jo with respect to E,
(ii) g — f is \,y—separable on J; and Jo with respect to D and
(iii) ® preserves v—separability on J1 and Jo with respect to E.

Then the following statements are valid:
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(a) If (g — f,v) =0, then the following inequality holds

b b
/ w(t)p(f(1)dv(t) < / w(t)pg(t)) du(t). (12.14)

(b) If (g — f,v) >0 and (p(f),w) > 0 then the inequality (12.14) holds.

Let us introduce some notations here. We denote this set of assumptions by S.
S: I = Ui (aiby), I¢ = [a, b\ = U [bi—1, ;] and [I°] = S5 (a; — bi—1) where a = by <

a1 < by <ag <by<- - <ap<bg <agyp =Dbis a partition of the interval [a, b].

Theorem 12.6: Let p : U — R be a convex function on open interval U C H. Let 0p : U — R
be the subdifferential of ¢ and let ¢ € dp. Let ([a,b],X,v) and (X,Q, ) be two measure space
with positive finite measures v and p respectively. Let g : [a,b] — U and f : X X [a,b] — U
be two functions such that g, f € La(la,b], wdv) where w be a non-negative measurable function
on [a,b] with w # 0 on set of measure nonzero. Moreover let all the assumptions given in S be
valid. Further we assume that E, D,y and v be as in Theorem 12.5 and inner product is given by
(12.7). Denote A = (g — f(s),v)/(y,v) for s € X with (y,v) > 0. Suppose that there exist index
sets J1 and Jy with Jy\JJo = J such that for s € X

(i) f(s) is v—separable on Jy and Jo with respect to. E,

(ii) g — f(s) is 0,u—separable on Jy and Jy with respect to. D,
(i) g — f(s),0) = 0,
(iv) ® preserves v—separability on Jy and Jo with respect to. E.
(v) v(t) = K for all t € I¢ where K is a non-zero constant.

Then the following inequality holds:

e(%2|/ " w(tpo(O)g(tydv(t) — o Jweo [ fsaao) )
1

b
< ([ oteeoiann - [uw [ eenamenn), a2
where p(X), Q= [, w(t)dv(t) > 0.
Proof: For s € X, by (iii) we have (g — f(s),v)/(y,v) = 0. So, under the assumptions of the

theorem, it follows from Corollary 12.6 that the following inequality holds for each s € X

b b
[ e ma < [ wow)ae. (12.16)

Also, we consider the fact that, since (g — f(s),v) = 0 for each s € X, we have

[/abw(t)v(t)g(t)dz/(t) —/w(t)v(t)f(s,t)du(t)] = /CW(t)U(t)f(37t)dy(t)

I

=K . w(t) f(s,t)dv(t).

Now, we consider L.H.S. of the inequality (12.15) and applying Integral Jensen’s inequality twice
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and using the aforementioned fact with (12.16) we get,

[ wt0asttre (5 | oo

- [uou [ e nausan] o)

_ /Cw(t)du(t)go (M&) /X = flcwfft) e /[ Cw(t)f(s,t)du(t)dg(s))
</ Cw(t)du(t)ﬂl /. so(fll 5 [ O 0w ) du

< fji‘iiﬁiﬁi 7 [ ] we ) o)

< M(l)/x / w(t)p (g9(t)) dv(t) — /Iw(t)gp(f( ) du( )> dyu(s)
b ¢ 1

= [ woe w0 i) -~z [w) [ o0 ausane)

The analogous discrete version of inequality (12.15), discussed in [142], is stated below.

Corollary 12.7: Define ¢ : I — R to be a convex function on an open interval I C R. Let
dp : I — R be the subdifferential of ¢ and ¢ € Op. Suppose a = (ay,...,an) € I™ and
X = (x5) = (xij) is an n X m matriz such that z;; € I and (x;) is a monotonic m-tuple
Vie{l,...,n}, j€{1,...,m}. Let u,v € R™ such that (u,v) > 0. For each i € J,,, suppose 3
index sets J1 and Jo with Jy U Jo = J such that

(i) xi. is v-separable on Jy and Jy with respect to E,

(ii) a — x;. is 0,u-separable on Jy and Jo with respect to D,
(i1i) (a —x;,v) =0,
(iv) ® preserves v-separability on Jy and Jo with respect to E.

Then the following inequality holds:

7=1 7=1 =1 j=k+1 =1
1 m 11 k—1 n 1 m n
<= piela) — — == "pi > wip(wig) — ——— > p; Y wiep(wij),
Pr 5o PrWn 5o i3 PEWn ;SO =
where € = pklvk with vy # 0 for k € {1,...,m} and w = (w1, ws,...,w,) be a real n—tuple

such that w; represents the weights satisfy the conditions given in (A.9).

Remark 12.11: For refinements and applications to generalized integral means, interested
reader can see [142].
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CHAPTER 13

A Variant and Extensions of Gabler Inequality

This chapter presents a variant and extensions of Gabler’s inequality. We begin by defining
Gabler’s inequality and reviewing related foundational results. The discussion then introduces
a Jensen—Mercer type variant and explores its applications to generalized means. Further, a
Niezgoda-type extension is developed, followed by considerations of Gabler’s inequality for func-
tions with nondecreasing increments. These results highlight the versatility of Mercer-type re-

finements in extending classical inequalities.

13.1 The Gabler’s Inequality

In [101] Gabler defined a special case of convex functions namely sequentially convex functions

by employing the following double index function.

Definition 13.1: For z = (z1,...,2,) € J" and a real-valued function f: J — R, define
1 1
Jrem = fem(z) = ] >ooof o (i o) ) (13.1)
k/ 1<ii<<ig<n
Gabler termed this double index function as an arithmetic mean of all possible convex func-
tions generated by arithmetic means of any & values chosen from (z1, ..., x,). Gabler then defined

sequentially convex functions as follows:

Definition 13.2: Let f : J — R and let f;, be defined as in (13.1), then f is said to be
sequentially convex if (fi ) is a convex sequence in k for all n > 2 and all z1,...,2, € J.

While investigating sequentially convex functions Gabler also made the following important

observation which we will call as Gabler inequality.
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Theorem 13.1: For a sequentially conver function f of type (13.1) the following inequality
holds where k € {1,...,n—1}

fkm(:v) > fk-&-l,n(-r)' (13'2)

Through the proof in [101] it is interesting to notice that (13.2) is also true for midconvex
functions see [182, 203].
It was 1994 when J. Petari¢ upgraded the double index function (13.1) and came up with

the following weighted version see [202].

Definition 13.3: For z = (z1,...,2,) € J" and a real-valued function f:.J — R, define
fin = fen(t,w) = e Y (wil+"'+w"’€)f< - 141+...+ * Zk> (13.3)
(k—l) N <iy < <ig<n Wiy Wi,
where w;’s are positive weights for i € {1,...,n}.

In the same article the Gabler result was further strengthen by defining it for convex functions

in the following way.

Theorem 13.2: For a convex function f of type (13.3) the following inequality holds where
ke{l,...,n—1}

fk,n(-xa w) > fk+1,n('r> ’LU) (134)

Furthermore it was proved that the inequality (13.4) is an interpolating inequality for Jensen’s

inequality as can be seen in [182, 196].

1 — 1 —
f (m ;%&) =fan < < fivin < fin << fin = W, ;wzf(xz) (13.5)

In the present chapter, a variant of the Gabler inequality in terms of Jensen—Mercer inequality
and its extension via Niezgoda’s inequality will be stated along with some refinements similar to

(13.5).

13.2 Jensen—Mercer Type Variant of Gabler Inequality
Theorem 13.3:  Under the assumptions of Theorem 13.2, if we define

fk,n = fk,n(xaw)
:% > (w,-1+-~+w,-k)f<a+b—

(k—l) Wn 1<ip<<ip<n

Wiy Tiy + -+ Wiy Ty,

) . (13.6)

then the inequality (13.4) holds.
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Proof: By using the definition of convex functions and rearrangements, we have

Wiy Ty + -+ Wigy1Ligiq >

Wi+ Fw; a+b—
( 11 ’Lk+1)f( wil +...+wik+1

1
k+1

= (wi, + -+ +wip,,) f
( i 'Lk+1) S (1Uz‘1+"'+wik+l —wil)

k+1

XZ(U}Z'I +'-'+U}Z’k+1 *’U)il)
=1

X <a+b—

Wiy Ty + + 0+ Wiy Tigy — Wiy Ty, )]

Wiy + 0+ Wiy — Wy,

1
k+1

( 11 ’Llc+1) a8 (’wz‘1+"'+w’ik+1 —wil)

k+1
=1

Wiy Tjy + -0+ Wiy Tiy ) — Wiy T4,
X f (a—i—b— na LA
Wiy + -+ Wiy — Wiy

1 k+1
- %Z(wil +o Wi, — W)
=1

Wiy Ty + -+ Wij 1 Ligrq — wilxil>

Wiy + 0+ Wiy — Wy,

><f<a+b—

In order to use the above result, we consider

1
fk+1,n = 7(n—1)W Z (’UJZ'1 4+ .+ wik+1)
k

n 1§i1<“'<ik+1§n

Wiy Ty + 0+ Wiy Tig >
Wiy + -+ Wi, 4
k+1

1
SW Z Z(wi1+"'+wik+1_wil)

k n 1<i <<y <n I=1

f<a+b—

Wiy Ty + -+ Wigy1Tig gy — wiﬂ%j)

Wiy + - +wik+1 - Wy,

xf(a+b—

1

N 1<ip<<ig<n

Wiy Tjy + -+ + wikxik>
xfla+b— = .
f( w“_‘__i_wlk fkm

This concludes our proof. O

Similar to (13.5), the following refinement for (1.3) using (13.6) can be defined.
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Corollary 13.1:  Under the assumptions of Theorem 13.3, we have

1 n
f (CL‘Fb—VVn;wi%) = fan <
1 n
< frtin < frn <o < fin < fla) + f(B) — szif(mi)~
" i=1
Proof: For k = n, double index function (13.6) yields to

e Wy, 1 ¢
w1_|_..._|_wnf a_|_b_w1x1+ T Wn :f a+b— — w;x; | -
W,
" i=1

fn,n: wy + -+ w,

(=) W

Similarly for k = 1, the double index function (13.6) and Lemma 1.1 give us

1 g i Ti 1<
fl’”:(n—l)vvzwilf<a+b_w1;,xl> :WZwif(a+b—xi).
" =1

1-1 i1=1 “

< V; ;w [F(a) + F(b) — f(xa)] = f(a) + £(b) — V; ;w i)

Above calculations in accordance to inequality (13.4) concludes our proof. O

13.3 Niezgoda Type Extension of Gabler Inequality

In [69] the author established the double index function in terms of Neizgoda’s inequality satis-

fying Gabler inequality as follow:

Theorem 13.4: Under the assumptions of Theorem 10.1, if we define

fk,n - fk,n(x7 a, ’LU)

= G oo (e £ DTay - T T | (13)
(kfl) N 1<4y < <ip<n j=1 j=1

where Wy, = >, w; >0 for w; >0 for all i € {1,...,n}, then the inequality (13.4) holds.

Proof: By using the definition of convex functions and rearrangements, we have

m—1

Wiy Tiy 5 +e+ Wiy, 1 Li 1]
Wi, + -+ w; f a; —
1 k+1 J ] .
= Wiy + o A Wiy

j=1
k+1

1
(w“ kaH) g Eﬁl (wi1 +otwi, — wil) =1 (w“ e w”)

m m—1
y Z Z Wiy Tiyj + o+ Wiy iy j — Wiy Tigj
a —
j . .
j=1 Wiy + + wlk+1 Wy

J=1
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< (wy, + -+ w;
( “ Zk+l) f:ll (wi1 +o Wiy, _wil)

xZ(wi1+~--+wik+l—wil)

m—1
' Wiy Tiyj + -+ Wiy Tigy1j — Wiy Tigj
<f aj — o Tw. —w,
j=1 Wiy T w2k+1 wy,

:7Z(wi1+"'+wik+1*wiz)

=1

wnl’m to Wi Ty — Wi Ty
x f a]
Wiy + -0+ Wi — Wiy

7j=1

In order to use the above result we consider

1
fesin = e (wir + -+ + Wi, )
" (nk‘ 1) Wn 1§i1<'“z<ik+1§n " "

m m—1

Wiy Tipj + -+ Wiy Tip 14
><f E aj_E J k+1%+1]

Wiy + - +wik+1

j=1 =1
k+1
1
Sk‘nfl W, Z Z(wil—i_'”—'_wikﬂ_wiz)
( k ) n 1§i1<-~~<ik+1§n =1

m—1

m
IS Wiy Tiyg + -+ Wi Tigyrj — Wi Tigj
J
Wiy + 0 Wiy — Wy

j=1 j=1
1
(k—l)W” 1<i1 << <n

m—1

m
><f Zaj _ Z 11+11] [ k2. — fk:,n-

j=1 j=1
This concludes our proof. ]

Similar to (13.5), the following refinement for (10.2) using (13.7) can be given.
Corollary 13.2: Under the assumptions of Theorem 13.4, we have

m 1 m—1 n
f Za] szxm —fnnf "ka—{—l,n
j=1 W j=1 i=1

m—1 n

i 1
gfk,ng"'éfl,ngz,f(aj)_w wzf :E’L]
j=1 " oj=1

j= =1

Proof: For k = n, double index function (13.7) yields to
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(w1 + -4+ wy) f zaJ Zwlxlj+...+wnmnj

fn,n =

(I Lo
m 1 m—1 n
:f Zaj_mzzwi$ij
j=1 j=1 i=1

Now by using similar technique for majorization theorem as in Theorem 2.1 of [196] and double

index function (13.7) for k = 1, we have

m w T m m—1
11 11]
fin = E wiy f § :aj E E w; f § aj — E :xij
w;, — pa

n =1 7=1
m 1 m—1 n
< Zf(aj) W Z sz’f(ifz’j)-
j=1 =1 i=1
Above calculations in accordance to inequality (13.4) concludes our proof. O
Remark 13.1: weset k = m = 2, a1 = a, ag = b and z;; = x; for i € {1,...,n}, then

Theorem 13.3 and related results will become special cases of Theorem 13.4.

13.3.1 Applications of Jensen—Mercer Type Variant of Gabler Inequality to
Generalized Means

F: Let all the assumptions of Corollary 13.1 be valid. For J € [a,b],0 < a < b and positive
weights w; for i € {1,...,a}, where a € {1,...,n}, we define following arithmetic, geometric

and harmonic means along with power mean of the order r € R for all z; € [a, b].
A(T1, . W1, .-, W) =a+b— — Y wixy,

G(x1,..  Toj W1, W) = ————————,

—1
I« 1
H(xl,...,xa;wl,...,wa)—(a—l—b—%Zwi%) s

Ml = (T1,..., Ta; w1, ...

Also fori € {1,...,n} and p € {1,...,k,k

Apn = ATy, oo T Wi, - w3,

Gpn = G(ziy, ... s Ty Wiy s - - .,wip),
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Hp,n :H(xil,...,xip;wil,...,wip),

MI[:JL = M[r] (xil,... ,:cip;wil,.. . ,wip) .

For z;, — (1 —;,) € (0, 3], we define following means

Alp’n :A(l —xil,...,l—wip;wil,...,wip),
G;J,n :G(l—l‘il,...,l —xip;wil,...,wz-p),
Hll)m :H(l —l‘il,...,l —xip;wil,...,wip).
Clearly for n = p,

1 n
An,n =a+b— WZZUZZL‘Z An,

=1

ab

G = = Gy,

M =
Gn,na r=0,
— pl
A/n,n:<1_a)+(1_b)_7zwl(l xl):A/rw
™ i=1
I
n Wn,
(H (1- CEZ)wZ)
i=1
1 1 1 A
H == S ; —H
™ <l—a+1— Wn;w(l—xi)> w

h = mi i} and b = i}
where a 1r£n@1£n{azz} an nax {z;}

We now introduce mixed symmetric means as follows:

196 Chapter 13 A Variant and Extensions of Gabler Inequality



Ptolemy Scientific Research Press https://pisrt.org/ PSR Prces

k S
o X (Te)ea)) e

[s,r] 1<ip << <n \I=1
Mkm =

T hwn
| , s=0.

1<i1 << <n
We start our applications to Theorem 13.3, with following refinement series of the arithmetic-
geometric and Ky Fan inequalities (see 72| and reference therein):

Theorem 13.5:

(4)

Let all the assumptions stated in F be valid. Then

A, <o < I A

1<i <--<ipp1<n

1< <<, <n

T ) e (ﬁmln)“”')%scn.

/ Wi, =,
Ao 11 (Ak+1,n> w) (%)
An 1<iy < <igy1<n Akt+1n
1
Wi TN, N
Al i\ (RZ1)wn nogAN N W
kn 1,n
[ 1 (A <o (T(5)7) " <G
1<iy < <ip<n \* Fm i=1 \Ln n

where Wi .\ = wi + -+ +wj, .
Proof:

(i) By apply convex function f(z) = —In(z),z € (0, 3], to Corollary 13.1 we obtain required

result.

(7i) For x € (0, %], applying convex function f(z) = In (I_T’”) , to the Corollary 13.1 we get,

1
ln(l—a—b—l—mzzl:lwixi) .

1 n
a+b— W Zi:l Wi T;

1 l—a—-0b+ Wiiﬂ f’:ll Wi, T4,
SW >, Wi, PR WY =
k N 1<) < <ipy1<n a Wiy 2l=1 WaTi
1 k
< 1_a_b+WTkZz:1wizxiz

1
D 1 2,0

=
k=1 1<i <cip<n a+b— Wi, D=1 Wiy iy
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1 — l—a—b+ux;
<< jIn [ —————~*
- _Wn;w H( a+b—:1ci >

- 1-b 1 <& 1—xy
Sln( . >+ln<b )m;wiln< z >

Consequently,

1

Tn—1\y,
Aj, Al Wiy ) (") wn
n(g) <ol T (52)

A
1<ipq1<n<iz<n N RFL

1
Al Wik (z:%)W" n All Wi\ Wp el
< k <. < _on < Zn
<In H <Ak;> < <In H<A1n> _ln(Gn>

1<ip<--<i1<n

Finally, by taking exponential we deduced our result.

The refinements series of the variant of arithmetic-geometric inequality is given as:

Theorem 13.6: Let all the assumptions stated in F be valid. Then

G, 1 Griin
I L S 4% ;
Gn+ G~ = (nfl)W Z k41 (Gk+1,n + G;H-l,n)

N 1<in < <igr1<n

1 Gk,n i = ] Gl,n
S, M <Gkn+Gk> SR PP (GLHGQ ) = A

N 1<ip<<ig<n

where Wi, . = wi, + -+ wj .

1

TTepx ¥ € [0,00) to Corollary 13.1 and

Proof: By applying the convex function f(z) =

1-x; .
m_xl we obtain the result. O
1l

replacing a by In 177‘1, b by In 1T7b and z;, by In

Now, we present refinement series of the arithmetic and harmonic mean as follow:

Theorem 13.7: Let all the assumptions stated in F be valid. Then

(4)

1 1 1
ES"'SW ) Wikﬂ< )

A
N <iy<o<igy1<n kt+1lm

1 1 1 < 1 1
< > W(A)ggww<A>gH

k—1 N 1<ii<<ip<n
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(i)

1 1 1
ESWSW > Wikﬂ<A,>

1< < <igp1<n k+1,n

1 1 1 « 1 1
g S ) e () <

k—1 N 1<ip < <ip<n

IN

where ~ Wy ., = w;, + -+ +wj,_, and so on.
Proof:
(i) By applying convex function f(z) = i,x € (0, %] to Corollary 13.1 we obtain required
result.

(ii) By applying convex function f(z) = -,z € (0, 5] to Corollary 13.1 we obtain required

—T

result.

O
In the following theorem we establish a refinement series of the difference of the arithmetic

and harmonic mean.

Theorem 13.8: Let all the assumptions stated in F be valid. Then

11 1 1 1
s S, S e )

/
1<y < <ipy1<n k+1,n

1 1 1 1 & 1 1 1 1
ST, 2 mk(%m;m)f‘“ﬁngwi<m‘m)ﬁm—y

k—1)""1 1<y < <ip<n Ln

where  W;

=wj + -+ wy,, and so on.

k+1
Proof: By applying convex function f(x) = i — ﬁ,m € (0, %] to Corollary 13.1 we obtain
required result. ]

We now prove some results in terms of mixed symmetric means.

Theorem 13.9:  Under the assumptions stated in ¥, if r,s € R such that s < r, then we have

o r,s [r,] [r,s] [r,5]
M, = M7[z,n] < S ML SMIT < S MY <M. (13.8)
M, < My < < MM < < BT = (13.9)

Proof: Let r,s # 0. By applying the function ¢ (x) = 2+, in the Corollary 13.1 and replacing

a,band x;, by a”,b" and (x;,)" respectively, and then raising the power %, we get (13.8). Similarly,
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using the function ¢ (z) = &+ in the Corollary 13.1 and replacing a, b and x;, by a®,b° and (x;,)°
respectively then raising the power %, we get (13.9). For s =0 or r = 0, we obtain the required
result by taking limit. O

Let ¢,1 : J — R be continuous strictly monotonic functions. We define the quasi-arithmetic

means with respect to Theorem 13.3, as follow:

rlesyl 1
Mk,n =

k & - .
> D wi(pov™) (@b (a) + 1 (b) — mw)

n—1 k
(k—l) N 1<i < <ip<n I=1 2i=1 Wi
Where (cp o wil) is convex function.

Corollary 13.3: Let all the assumptions stated in F be valid. If we define a continuous and
strictly monotonic function o : J — R as

el — ot

Then following monotonicity of generalized quasi-arithmetic means holds

M 2 W5 == T = MY, = = Y = N (13.10)

Proof: Setting f — ¢ o9~ and replacing a,b and z;, by ¢ (a),v (b) and 1 (z;,) respectively

in Corollary 13.1 and then applying ¢~ ! we get (13.10). O

Remark 13.2: In similar manner, applications for Niezgoda Type Extension of Gabler In-
equality to generalized means can be given, we refer the reader to [133].

13.4 Gabler Inequality for Functions with Nondecreasing Incre-
ments

Throughout this chapter we consider that U is an interval in a k-dimensional vector space RF
and wi, ..., w, are wights such that W; = 23:1 wj,i € {1, ...,n} with W, = 2?21 wj and
H CR.

In [214] Pecaric established a result which we would use as our lemma:

Lemma 13.1: Fory, € H,i € {1,...,n}, let f: H— R be a mid-convez function then

1 & I~ , (y+- 44 +y
- | < = J n
ladw ) =a s ().
J=1 J=1
for all j € {1,...,n}, where y; means that y; is omitted.

In present section we establish Gabler inequality for Jensen inequality, Mercer and Niezdoga
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inequality for continuous function with nondecreasing increments of convex type.

Theorem 13.10: Let f : U — R be a continuous functions with decreasing increments of
convez type defined on U and x\9 € U, i ¢ {1,...,n} if we suppose

n\ 1 x(1) 1. x (i)
ra=(1) X ( . )

1<y < <ip<n

then
fk,n > karl,n
holds, for k € {1,...,n—1}.
Proof: See [204, p-96]. O

Theorem 13.11: let f : U — R be a continuous function with nondecreasing increments of
conves type defined on U and x¥ € U i€ {1,...,n} with w= (w1,...,w,) is a nonnegative n
tuple such that W, > 0. Let

We e ws
1<ig<-<ip<n i T Wi

then
fwk,n(xv w) > fwk+1,n(x7 w),

holds for k € {1,...,n —1}.

Proof: Since any function with nondecreasing increments of convex type follows the Theorem

A.4, we have

wilx(il) 4t wikHX(ikH)
Wiy + -+ Wiy

(wzl++wzk+1)f<

= (wil _|_ PR +wik+1)

wiy X(i1)+"'+wz'k+1x(ik+l>_wij «<(5)

k+1 ) ) o
Zj:l (w“ to Wi, w?a‘) Wiy bWy Wi

J
k+1
(E j=1 Wiy T+ Wiy —wi].)

IN

(wil _|_ e + wik+1)

wilx(i1)+,_,+wik+1x(ik+1)_wij «(t5) )
J

k+1
ZJ‘:l (wil o Wiy — wii) f ( Wiy + Wiy —wi

X
k+1
> =1 (wi1+~-+wik+1 fwij)

k+1

+

=

wilx(il) + o+ wik+1x(ik+1) — er]X(’LJ)>

Wiy + - +wik+1 — Wiy

(wil +etwg —wij)f<
1

J
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therefore

1\ !
%1 = <n k ) Wn Z (wil +oot wik+1)

1§i1<~~-<ik+1§n

x f (wilx“l) +oe wikﬂx“'@*”)

Wiy + - +wik+1

k+1

1
Sk(n—il) Z Z(wi1+"'+wik+1_wi]‘)

Wn 1 <iy <o <igy1<n j=1

< f (wilx(il) 44 wik+lx(ik+1) _ wijx(ij)>

Wiy + - +wik+1 — Wi,

k( k )wn 1<iy <-<ip<n

= fwk:,n'

O

Theorem 13.12: Let f: U — R be a continuous functions with nondecreasing increments of
convez type with xV € Ui € {1,...,n} and w = (w1,...,w,) is a nonnegative n-tuple such
that w, > 0.

1
(v=1)wn

x D (wi1+---+wik)f<a+b—

1<ip << <n

fwk,n = fk,n(xaw) =

i) 44 xE)
Wi X X ) (13.11)

Wiy + - Wy,
then for ke {1,...,n—1}
[n(x,w) = fYr1n(x,w)
holds, where a = (ay,...,an) and b= (by,... by) are chosen from U with a < =¥ < b.

Proof: Since any function with nondecreasing increments of convex type follows the Theorem

1.1 under Remark 1.2, we have

(i) L ) (ikt1)
wW;, X + =+ w;, ,  X\VEt
(wi1+"'+wik+1)f<a—|—b— i1 k+1 )

Wiy +"'+wik+1

k+1

1
E+1 Z(wi1+"'+wik+1_wi')
Zjil (wil +oo Wi, — wij) j=1 ’
" <a n b B wilx(ll) + e+ wik+1x(lk+1) _ wijx(lj)>

Wiy + - +wik+1 — Wiy

— (wil ++wlk+1)f
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1
< (wi1 +...—i—wik+1) [ ]
Zjil (wil +otwy, — wij)

k+1
X Z(wil +e At wi —wij)

j=1
o f a + b _ wilx(il) + P _|_ wik+lx(ik+l) — wljx(ZJ)

Wiy + o Wiy — Wi

1 k+1

Tk (Wiy + -+ F Wiy — wi)
j=1

Wiy + - +wik+1 — Wiy

wilx(il) + o+ wik+1x(ik+l) — wl]X(’LJ)>

in order to use above result we consider

1
w
=—X

1§i1<-~~<ik+1§n
k+1
1

SW Z Z(wil+"'+wik+1_wij)

k)Wn 1<ii<o iy <n j=1

wilx(il) N wik+1x(ik+1))

Wiy +'”+wik+1

Wiy + - +wik+1 — Wiy

xf<a+b—

_(n11> Z (wi1+"'+wik)

k—1)Wn 1< < i <n

wilx(h) 4t wik+1x(ik+1) _ wl.jx(ij)>

= fwk,n
which concludes our proof. O

Remark 13.3: Similar to (13.5), the following refinement for (13.11) can be defined.

1 n
f<a+b_wg wz'Xz'):fwn,nS"'wakH,nS
™ i=1

f%n < < fY10 < f(a)+f(b)_wizwif(xi)‘
" oi=1

Now, we establish Gabler inequality for Neizgoda’s inequality using functions with nonde-

creagsing increments of convex type.

Theorem 13.13: Suppose that f : U — R be a continuous function with nondecreasing in-
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crements of convexr type. Let there are m elements in & = (a(l), cee a(m)) with a9 € U for
j € A{1,...,m}. Also there are n x m elements represented as x(9) such that every x(1) s q
k-tuple fori € {1,...,n}, 5 € {1,...,m} and all these x'") can be arranged in a n x m matriz
X = (x(ij)) and w be a nonnegative n-tuple with W,, > 0 for i € {1,...,n}. Now if & majorizes
each row of X, that 1s,

x() = (X(“), e ,x(im)) < (a(l), ce a(m)> =& for each i € {1,...,n},

and we define

, 1
f“’k.’n:fwk’n(x,a,w):f Z (wi, + -+ +wg,,) X
(h_1)wn 1<ii<<ig<n
m m—1 ;
Z a( Wi; X (i1) +--+ wl'kX(lk) (1312)
j=1 Jj=1 Wiy + - Wi
then the following inequality holds for k € {1,...,n —1}
fwk,n(xv da U]) > fwk-i-l,n(xv da ’LU)
Proof: See [69] O
Remark 13.4: Similar to (13.5), the following refinement for (13.12) can be given.
1 m—1 n
Za *722101)( = wn,ng"'gfwk—i—l,ng
Jj=1 i=1
m 1 m—1 n
fwk,n < < fwl,n < Z — wzf ZJ
j=1 Wn 521 i
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CHAPTER 14

Refinement of Jensen—Mercer Inequality and Cyclic Mixed Symmetric Means

This chapter focuses on refinements of the Jensen—Mercer inequality through cyclic mixed sym-
metric means. We begin with the cyclic refinement of Jensen’s inequality and then extend these
ideas to refine Jensen, Jensen—Mercer, and Niezgoda inequalities for real weights. Applications
are presented to illustrate the effectiveness of cyclic refinements in improving classical bounds and
analyzing inequalities under weighted settings. The cyclic refinement of the Jensen’s inequality
in paper [45] is given as follow:

Theorem 14.1: Let f : I — R be a conver function and I be an interval in R, x =

(z1,...,xp) €I" and A = (M1, ..., A\;) be a nonnegative n-tuple such that Zle Ai = 1 for some
k,2<k<n. Then

f (711237) S DIVA DIRUT) S S ITOE
i=1 =1 \j=0 =1

where © + j means i + j —n in case of i + 5 > n.

In this chapter we are going to use some of the following assumptions:

(A7) : Let I be a real interval, x = (z1,...,2,) € I" be a real nondecreasing n-tuple such that
Tiyn = x; for i € {1,2,...,n} and A = (\1,...,\,) be a non-negative n-tuple such that
k
Z/\izlforsomek:,2§k:§n.
i=1

(A2) : Let a = 121;1”{%} and b = lrélfgl{xz}
(A3) : Let conditions stated for weight in (A.9) be valid.
(A4) : Let a be a m-tuple such that a; € I" and a n x m matrix X = (x;;) € I",Vi € {1,...,n}

and Vj € {1,...,m} such that (xj4k, .-, Tim+k) = (Tity .-, Tim), Vi € {1,...,n}) and A :
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(A1, -5 A) ba a n-tuple such that 31, A, = 1,¢ € {2,...,n}.

(As) : Let f: I — R be a convex function.

(Ag) : Let p,9 : I — R be continuous and strictly monotone functions.

Under the assumptions stated above it should be noted that:

k—1 k—1
Z )\j+1l’i+j, a+b— Z >\j+1fL‘i+j el,
j=0 7=0
and
m k—1g—1 m q—1
Z aj — Ap+1Tijtp — Z Z Ap+1Zijyp | € 1.
j=1 j=1p=0 j=k+1p=0

14.1 Refinement of Jensen’s Inequality for Real Weights
Now we establish refinement of the Theorem A.6 as follow:

Theorem 14.2: Let the assumptions stated in (A1), (As) and (As) be true. Then the following
imequalities hold

n n k—1 n
1 1 1
FleDwim | <> wif [ D Njamigs | < — > wif (w), (14.1)
W i=1 W i=1 §=0 W i=1

forallz; € I for1 <i < n.

k—1

Proof: We prove first inequality since f is convex function and Z Aj+12i4; € I. Therefore by
§=0

Jensen-Steffensen’s inequality we have,

n

E—1 E—1
1 & 1
W E w; f E Njit1Zivj | = f A E w; E Aj+1Wi Ty
nou_1 i—0 noi—q i—0
2 i ? J
n

k—1 n k n
WL Z Wi Z Ajprwizg | = f WL Z WLy Z ANl =1 (Ml/ ZM%) .
=1 j=0 " i=1 j=1 " i=1

n

To prove second inequality, for each i € {1,2,...,n} we consider — Z w; f Z AjH1Titj

=1
Since for each i € {1,2,...,n}, Z?;é )\j+1a:i+j € I, therefore by Jensen-Steffensen’s inequality
k—1 n k—1
we have: — Z w; f Z ANjt1Tigj | < — sz Z Aj+1f (zi4;) equivalent to,
7=0 =1 7=0
1 n k—1 n k 1 n
wi ) Aj+1f (@itj) A Z w; p ANjif (@) = szif(%),
W i=1  j=0 = j=1 " oi=1
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which conclude our proof. O

14.2 Refinement of Jensen—Mercer Inequality for Real Weights

Before we further proceed we recall here a lemma from [174] stated as under:

Lemma 14.1: Let the assumptions stated in (A1), (A2) and (As) be true. Then
flatb—a) < @+ ®) (), 1<i<n

Theorem 14.3: Let the assumptions stated in (A1), (A2), (As) and (As) be true. Then the
following inequalities hold

n n k—1
1 1
f <CL +b— Wn i:E 1 'UJZIH,) < Wn ;21 wlf a+b— ]:E - >\j+1$i+]‘

<P+ F0) - g Swif (), (142)
" i=1
forallz; € I for1 <i < n.

Proof: To prove first inequality, since f is convex function and a + b — Z?;& ANjy1%irj € 1,

therefore by reverse Jensen’s inequality we have,

k—1 n k-1
1 n
A Z wif la+b— Z Nit1Tips | > f | — Z w;a + Z w;b — Z Z AjH1WiTiq
i=1 7=0 i=1 =0
n k—1
which is equivalent to f Z wia + —— Z wib — — Z Z Aj 1w x;
i=1 5=0

consequently, fla+b— — Z W; T Z Aj | = (c +d— — Z wzxz> .

k—1
To prove second inequality, for each ¢ € {1,2,...,n} we consider f [ a+b— Z Aj 1Tt j
§=0
Since for each i € {1,2,...,n}, Z;:é Aj+1Zitj € I", therefore by Lemma 14.1 we have:
k—1 k—1
Flato=Y Nmiej | <@+ F0) = f | D Az
j=0 =0

k-1 k
=F@)+FO) = F | Do Nazins | = F @+ O) = f | D Nai | = f(a)+F ()~ f (),
j=0 J=1

or we can write it as for each ¢ € {1,2,...,n},
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k—1
Jla+b— Z A1y | < fa) + f(0) = f(z4). (14.3)
j=0
Now multiplying inequality (14.3) with Win >, w;i, we get our required result. O

14.3 Refinement of Extension of Niezgoda’s Inequality for Real
Weights

Theorem 14.4: Let the assumptions stated in Theorem 10.4 be true. In addition we suppose
that the assumptions given in (As), (A4) and (As) are also valid. Then we have

k—1 n
Z 0= g 3 3wy = Z > wir
" oi=1i=1 " j=k41i=1
m k—1g—1 m  q—1
Z wi f Z aj — Ap+1Zijtp — Z Z Ap+1%ijtp
7=1 7=1p=0 j=k—1p=0
m 1 k-1 n
<> flay) Z > wif (wij) - Z Z wi f (zi5). (14.4)
Jj=1 Wa j=11i=1 " i=k+1 i=1
Proof: Since proving techniques is similar to previous theorem so we omit the details. O
Remark 14.1: If weset m =2, a; =a,ay =band x;; = x; fori € {1,...,n}, then Theorem

14.4 will become special cases of Theorem 14.3.

14.3.1 Applications: For Cyclic Refinement of Jensen Inequality Via Real
Weights

Throughout this section, let the assumptions stated in (Aj), (As) and (As) be valid. We define

generalized (or modified) arithmetic, geometric and harmonic mean respectively as follow:
1 n
An = I35 Z WLy,
W i=1
1
n Wn
G, = <H az;wl> ,
i=1

Further for z; € [0, 5] we have
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=1

We also define new notations A (A, x) and G (A, x) as under:

A\ x) = )\j+1xi+j’

Here also z;4; € [0, 3]

A,()\, X) = )\j+1 (1 - xi—i—j) ,

a <.
Il
H o

H 1—Jfl+ ]+1.

Now, we present the refinement of the Ky Fan type inequality. For Ky Fan inequality and related
results see [17] and [72] and references given therein.

Theorem 14.5: Lel assumptions (A1), (As) and (As) be true. Then following inequality holds:

1

e (IE6D)) =&

=1

Proof: By applying the convex function f(z) = In (&) for all z € (0, %], to the inequality
(A.17), we get,

1
W Zwixi k—1
| Wh izl < 1 — 1 ijo )‘j+133i+j < 1 < 1 Z;
1— — Zwiﬂfz "i=1 j=0 Nj+1%itj "oi=1 E
Wy, “

consequently, In An < ihn - Z;:é Aj+1Titj b <In &
q y7 A/ Wn = 1 N Zk;— ) o — G/

1Y
i §=0 Nj+1Litj n

1
. i An - AN x) " Gn
Finally, we obtain <A§L> < (Zl;[l <A/()\,x)> > < <G%>7

which completes the proof. O

Now, we present refinement of arithmetic-geometric mean type inequality as follow:

Chapter 14 Refinement of Jen.—Mer. Inequality and Cyclic Mixed Symmetric 209
Means



Ptolemy Scientific Research Press https://pisrt.org/

Corollary 14.1: Let the assumptions (A1), (As) and (As) be true. Then following inequality
holds:

A, > (ﬁ (A(A,x))“’i> " > Gy

i=1
Proof: By applying the convex function f (z) = —In(z),z € (0, 3] to Theorem 14.2 we obtain
required result. O

Now, we present refinement of harmonic and geometric means inequality as follow:

Corollary 14.2: Let the assumptions ( 1), (A3) and (As) be true. Then the following inequal-

(A
ities hold: (G, <—Zwl §(H’) L

We would also establish refinements related to arithmetic-harmonic means inequalities as

follow:

Corollary 14.3: Let the assumptions (A1), (As) and (As) be true. Then the following inequal-
ities hold:

1 1 & 1 1 1 1 « 1 1
< ) < = < Y S I
An—Wn;w’<A(A,x)> - H,’ AL S W, Z Z<A’()\,x)> - H,

We establish a refinement of the difference of the arithmetic and harmonic mean.

Corollary 14.4: Let the assumptions (A1), (As) and (As) be true. Then following inequalities
hold:

Proof: By applying convex function f(x) = % — ﬁ,x e (0, %] to Theorem 14.2 we obtain
required result. O

The Jensen’s inequality and Jensen—Mercer inequality are much fertile to study about mixed
means (see [114] and [144]). Let the assumptions stated in (A1), (A3) and (As) be true. Then we

define power mean of the order r € R, for positive n-tuple x as follow:

T

k—1
Z)‘j+1$;+j , T 7é 0,

H Tit) M=,

My (Tis ooy Tig k13 M, -5 Ak) =

and cyclic mixed symmetric means corresponding to (14.1) is given as:
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1 o :
(WZwZM'f (I’iv"'axi+k17)‘17"'7Ak)> ’ 37&07
=1

n W
(HM’/‘ (xi7"'7xi+k17)\17"'7)\k)wi> ) s =0.
i=1

The standard power mean of order r € R for the positive n-tuple x are define as follow:

M, s(x,\) =

1

T

1 & 7«>
s w;T; ) 7“750,
n WTL
(Hx?) , r=0.
=1

Corollary 14.5: For r < 1 and by considering the assumptions state in (A1) for positive

M, (x) =

n-tuple x, then the following inequality hold.
M, (x) < M, (x,\) < A,. (14.5)

Forr >0, the inequality (14.5) is reversed.

Now, we define the bounds for power mean and cyclic mixed symmetric means as follow:

Corollary 14.6: Let r;s € R such that r < s and considering the assumption stated in Ay for
positive n-tuple x, then following inequalities holds.

M, (X> < Mr,s (X, A) < M; (X) 5 M, (X) < M'r,s (X, )\) < An

Let f,4 : I — R be a strictly monotonic and continuous functions and under the assumptions

stated in (A;) and (A3), we define generalized means with respect to (14.2) as follow:

n k-1
| 1 _
Myy (x,0) = 7" W E wi (poy™) E N1 (i)
" oi=1 =0

Now, we establish the relation among generalized means and quasi-arithmetic means as follow:
Corollary 14.7: Let assumptions (A1) and (As) be true. Then

My (x) < My (x,0) < My (x),

1

if either @ oY~ is convex and 1) is strictly increasing or v o ™! is concave and 1 is strictly

decreasing.

Remark 14.2: (i) All the refinements (applications to generalized means) as stat-ed in this
section can also be stated for Jensen-Seffensen’s inequality of Mercer type (14.2) and Niez-
goad’s inequality (14.4), interested readers can see [70, 68].

(ii) For further remarks and related results we refer the reader to |70, 68].
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CHAPTER 15

Improvement of Jensen—Mercer Type Inequality for Functions with
Nondecreasing Increments and Related Results

This chapter presents improvements of Jensen—Mercer type inequalities for functions with non-
decreasing increments and related results. We begin with a generalized result in normed lin-
ear and Hilbert spaces and explore its consequences. The discussion then considers integral
Jensen—Mercer inequalities for functions with nondecreasing increments, followed by improve-
ments of the Jensen-Boas, Jensen—Mercer, integral Niezgoda and Levinson inequalities for func-
tions with nondecreasing increments are examined, providing a unified framework for enhanced

bounds in integral settings.

15.1 A Generalized Result on Normed Linear and Hilbert Spaces
and its Consequences

The results of present chapters are extracted from [16].

We start with some results from [156] that will help us in our main constructions:

Theorem 15.1: A linear functional, having its domain contained in a normed linear space, is
continuous < it 1s bounded.

Following is the well known Riesz Representation Theorem:

Theorem 15.2: There is an inner product representation for each linear functional f which
is bounded on a Hilbert space H and is written as f(x) = (x,9) here O depending upon f has
|f (@)

0#z€D(f) e

unique value that is evaluated through f. The norm of ¥ is [|¥] = || f| =

In [194, p. 128] we see an interesting result that if V' is a normed linear space and U be an
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open convex subset in V' then a convex function f on U generates a supporting hyperplane at
every point say ag € U. This implies the presence of a linear functional A which in continuous

on V and is characterized as
f(x) > f(ao) + h(z —ap) Vz € U. (15.1)

Such functionals h are said to be the support of f at ag and the subdifferential of f at the point
agp is established through the set df(ag) of all these functionals h.

Now if V' is a Hilbert space then we have a unique representation of all such functionals A as
h(z) = (z,9) for x € V such that ||f|| = ||9|| by using Riesz representation theorem.

In this case inequality (15.1) becomes
f(z) > f(ao) + (x —ap,9¥) forall xzeU (15.2)

all these vectors ¢ are usually termed as subgradients and the set of all vectors ¥ constitute

the subdifferential 0f(ap). Using these facts we state our first main result:

Theorem 15.3: If f is a convex function on an open convex subset U of a Hilbert space H,
then for all x, ag € U

f(@) = flao) — (x — ag,9) > || f(x) — flao)| — I fI| lz — aoll|,

where 9 € Of(ap).

Proof: Using (15.2) we have that for all z,a9 € U
f(x) = flao) — (z — a0, ) = |f(x) = flao) — (z — ao, V)]

> |If (@) = f(ao)| = [{z — a0, )|

Using Cauchy-Schwartz inequality [(z,y)| < ||z||||y||, we have

f(@) = f(ao) = (x — ap,9) > || f(x) — f(ao)| — ||z — aoll||V]||

Since ||9|| = || f]| by Riesz representation theorem, so we are done. O
Let U be an open subset of a Banach space E. Then the real valued function f, defined on
U, have one-sided directional derivatives (left(right) Gateaux derivatives) at ag € U relative to

(or may say in the direction of) v. These Gateaux derivatives are defined through limits as:

Vi) f (agsv) := Hl&ﬁf) f (a0 + t”t) — [ (ao)

Chapter 15 Improvement of Jensen—Mercer Type Inequality for Functions with 213
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It is worth mentioning that both of the one-sided directional derivatives V_ f(ap; v) and
Vi f (ap;v) are subadditive as well as positively homogenous and their existence and equiva-
lence gives us the directional derivative of f relative to v at ag, written as f’(ap;v), which is
nothing but the common value of V_f (ap;v) and Vi f (ap;v). We infer that V_ f (ap;v) and
Vi f (ap;v) are linear when they exist and obey the expression Vi f (ap;v) = —V_f (ap; —v)
To be more specific, the directional derivatives are actually the partial derivatives when taken
in connection to canonical basis of R™. For the sake of simplicity we will denote right directional
derivative by f) and left directional derivative by f’ and for directional derivative by f” if exist.

In the rest of this chapter, we assume that f is a continuous nondecreasing map from the
real interval [a,b] to the interval I C R¥ of the form f(t) = at + b where 0 < a and a,b € R*.
Hence a functions with nondecreasing increments f along positively oriented lines with positive
direction cosines is convex over this domain U and we will call this function a functions with

nondecreasing increments of convex type.

Corollary 15.1: Let f : U — R be a functions with nondecreasing increments of convex type
then ¥V x,x9 € U we have

F(x) = f(x0) = (f} (x0),x = x0) > [|f(x) = f(x0)| = || 1 (x0) [l — ol

where (-, -) represent usual inner product on R"™ and f (xo) represents the right-directional deriva-
tive of f at xg.

Remark 15.1: For further corollaries and related results we refer the reader to [12].

Remark 15.2: For further study related to some results of this section and applications we
refer the readers to [116], [146], [150] and [131]. and references given therein.

15.2 Integral Jensen—Mercer Inequality for Functions with Non-
decreasing Increments

b
. . . . s Jo f(t)dH ()
In order to avoid repetition again and again, from now onwards we let f = =#————— and
[ dH(t)
Jo @ (F(1) dH(1) b b b
p(f) = =2 where [ fdH is the vector ( [ fidH,..., [ fedH ).
J, dH(t) ) ¢ Jo )

The integral version of Jensen—Mercer inequality for functions with nondecreasing increments

under the condition of Jensen-Boas inequality (A.20) is given below:
Theorem 15.4: Let H : [a,b] — R be a function of bounded variation satisfying
H(a) < H(ay) < H(b1) < H(ag) <--- < H(bi—1) < H(ay) < H(b), (15.3)

with H(b) > H(a). Further let for all a; € (bi—1,b;) (bo = a, by = b) and let f be a continuous
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nondecreasing map from the real interval [a,b] to the interval U. If ¢ : T — R is a continuous
functions with nondecreasing increments, then

¢(a+b—1) <p(a)+¢(b) — of) (15.4)

where a = (a1, ...,a;) and b= (by,...,by) are two k-tuples related to U such that a < f(t) < b
for all t € [a,b].

Also if f € U and Vx € a; such that (b;_1,b;)(bo = a,b; = b) and we have either H(x) > H(b)
or H(x) < H(a), then the inequality (15.4) remains valid.

Proof: Under the conditions (15.3) for a continuous nondecreasing map f from the real interval

b
fde(t)/ (a+b— f(t)) dH(t)| now if f

is a continuous nondecreasing map from the real interval [a, b] to the interval U, then a+b— f(¢)

[a, b] to the interval U, we have p (a+b —f) = ¢ [

is also a continuous nondecreasing map for for all ¢ € [a, b].
Therefore by using Theorem A.24 we have

_ 1 b
¢@+b—ﬂsjfwﬂwéww+b—ﬂmdﬂw

now by using Lemma 1 of [26] we get ¢ (a+b —TF) < p(a) + ¢(b) — ¢(f) now if f € U and
Vz € a; such that (bi—1,b;)(bo = a,b; = b) and we have either H(z) > H(b) or H(z) < H(a),

then by using Lemma 1 of [26] and Remark A.8 we have

¢(a+b—f) <pa)+eb)—¢(f) <pa)+pb) - f)
which completes the proof. O
We now state the integral Jensen—Mercer inequality under the condition of Jensen-Steffensen

inequality (15.6) is given below:
Corollary 15.2: Let H : [a,b] — R be a function of bounded variation satisfying
H(a) < H(z) < H(b), H(b)> H(a)

and let f be a continuous nondecreasing map from the real interval [a,b] to the interval U. If

@ : I = R is a continuous functions with nondecreasing increments, then

¢ (a+b—1) < p(a) +¢(b) - o(f) (15.5)

where ffde 15 the vector (f;fldH, .. .,fffde), and a = (ay,...,ax) and b = (by,...,bg)
are two k-tuples related to U such that a < f(t) < b for all t € [a,b).

Also if f € U and we have either H(x) > H(b) or H(z) < H(a), then the inequality (15.5)
still remains valid.

Proof: 1t is nothing but a straight forward case of Theorem 15.4 for [ = 1. O
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In the rest of this chapter we assume that f is a continuous nondecreasing map from the
real interval [a,b] to the interval I C R¥ of the form f(t) = at +b where 0 < a and a,b € R*.
Hence a functions with nondecreasing increments ¢ along positively oriented lines with positive
direction cosines is convex over this domain U and we will call this function a functions with
nondecreasing increments of convex type.

Before going onto our main results we need the following important lemma with respect to

the Corollary 15.1.

Lemma 15.1: Let ¢ : U — R be a functions with nondecreasing increments of convez type
then V x,x9 € U we have

p(x) — p(x0) — (¢, (x0), % — x0) > |lo(x) — (x0)| — ||y (x0) | [x — x0]l|

where (-,-) represent usual inner product on R™ and ¢ (xo) represents the right-directional
deriwative of ¢ at xg.

15.3 Improvements of the Jensen-Boas Inequality

Theorem 15.5: Let all the assumptions of Theorem A.24 be valid for the functions with non-
decreasing increments of convex type. Then we have

JYNEt) — ElldH ()

=l ()] IR0

— [2 p((1)) — p(BIdH()
p(f) — ¢ (f) > f g

Proof: Setting x = f(¢) and xo = f for all ¢ € [a,b] in Lemma 15.1 we get

p(E(t) — o(F) — (¢! (), £(t) — £) > [lo(£(1)) — o(E)] = &, (E)IINECE) — ]|

By integrating with respect to function of bounded variation H over interval [a, b] we get

b
/ (E(E)dH (1) — o (F) / / p(£(1) — o(B)] — I, BIECE) — B[ dE(2)

o(®)dH (1) — |, (B)] / 1£(t) — ElldH (1)

and after dividing by f; dH(t) > 0 we get what we wanted. O

Remark 15.3: Under the assumptions of Remark A.8 the inequality in Theorem 15.5 get
reversed.

The following result gives the improvement of the Jensen-Steffensen inequality.

Corollary 15.3:  Let all the assumptions of Theorem A.23 be wvalid the functions with nonde-
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creasing increments of convex type. Then

_ b _
90( ) o ( ) f |SO (f)|dH(t) _ HSO/ (f-)Hfa ||f(t) - f”dH(t)
f dH(t) i [P dH(t)
Proof: The Theorem 15.5 generates the desired result by using (A.18) for [ = 1. O

Remark 15.4: (i) Under the assumptions of Remark A.7 the inequality in Corollary 15.3 get
reversed.

(7) If we take H as an increasing and bounded function with H(a) # H(b) then the integral
inequality of Theorem 2.1 of [116] becomes special case of our result for k = 1.

15.4 Improvements of the Jensen—Mercer Inequality

Theorem 15.6: Let all the assumptions of Theorem 15.4 be valid for the functions with non-
decreasing increments of convex type. Then we have

p(a) + () —o(f) — ¢ (f1) >
Julela+b—£() — o(@)AH() _ , o Jolla+ = () — BdH()
S AH(?) +1 [P dH (1)

where a,b are two k — tuples in U such that a < f(t) < b for all t € [a,b] with f; =a+ b —f.
Proof: See [16]. O

15.5 Improvements of Integral Neizgoda’s Inequality

Theorem 15.7:  Let all the assumptions of Theorem 11.10 hold for functions with nondecreasing
mcrements of convex type, then we have

b
T < | etnonare) - / / (5,8))d(s >dH<t>)
1 b
_90([6' (/ h(#)dH (t) — EEEITE) du // o(s, ) )dH(t)))

R Jrw)le (i (2 hWAH () = [ 95, )dH D)) ) o (E)ldpu(s)

[ ) du(s)
il (i (2 r®ar®) - J, 9(s.)aH (D) ) - Falldp(s)
[ ) du(s)
where
B- <u1| ( / bh(t)dH(t) o st )dH(t))),
Proof: Sce [16]. -
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15.6 Improvements of the Levinson Inequality for Functions with
Nondecreasing Increments

Now we state a result namely generalized Levinson inequality from [139].

Theorem 15.8: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds
and let f be a continuous and nondecreasing map from [a,b] C R to an interval I = [0,d] C R¥,
d > 0. If v is a continuous functions with nondecreasing increments of order 3 on J = [0,2d],
then

o fe@d-f@)dHE) [ [J2d- f(t)dH(t)
A0 ® =) “0< [ ) )

Theorem 15.9: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds,
and let @ be a continuous functions with nondecreasing increments of order 3 on [c,d] C R¥. Let
O0<a<d-—c. If f(t):]a,b] — [c,d — a] is a conlinuous and nondecreasing map, then

— o e fm) dH() [ [2a+ f(t) dH(1)
A0 =0 =) *0< [ ) )

We now prove another important result related to functions with nondecreasing increments.

Here we first state the improvement of the Levinson inequality by using Jesen-Boas Inequality.
Theorem 15.10: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds,
and let f be a continuous and nondecreasing map from [a,b] C R to an interval I = [0,d] C R¥,

d > 0. If v is a continuous functions with nondecreasing increments of convex type of order 3
on J =[0,2d], then

[P o(2d — £(1))dH (1)

b
f_ o elEOH0) o

S dH(#) melad- [P aH (1)
| fale(2d = £(8) — o(£(1) — p(2d — F) + o(F)|dH ()
- [PaH(t)

L IF) ~ FldH )|

—[l¢’(2d = £)|| + ll'y (F RTE

Proof: If ¢ is a functions with nondecreasing increments of order 3 on J, then
ApA¢Agp(x) >0 (x,x+h+t+secJ, 0<htscR"),

ie, ApA¢(ep(x+s)— f(x)) > 0. (15.6)

If x € Tand s = 2d — 2x, we have ApbA¢(p(2d — x) — p(x)) > 0, i.e. the function x —
»(2d — x) — p(x) is a functions with nondecreasing increments of order 2, i.e., it is a functions

with nondecreasing increments. Now, by replacing ¢(x) by ¢(2d — x) — ¢(x) in Theorem 15.5,

we obtain Theorem 15.10. O
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Theorem 15.11: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds,
and let ¢ be a continuous functions with nondecreasing increments of convex type of order 3 on
[r,d] C RF. Let 0 < p <d—r. If f(t) : [a,b] — [r,d — p] is a continuous and nondecreasing
map, then

b
Ja w(r} Zrd;([t()t))dH D) oo+ G+ (F)

2 I e+ £) — (£(8) — o(p +F) + o()|dHL(®)
- Sy dH(t)

S |IE(t) — El|dH(t)
P dH(t)

—ll¢’ (P +B) + [l (B

Proof: Using (15.6) for s = ¢ = constant € R¥ | we have ¢(p + x) — ¢(x) is a functions with

nondecreasing increments, now applying Theorem 15.5 to get the Theorem 15.11. 0

Corollary 15.4: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds,
and let f be a continuous and nondecreasing map from [a,b] C R to an interval I = [0,d] C R¥,

d > 0. If v is a continuous functions with nondecreasing increments of convex type of order 3
on J = [0,2d], then we have

b
[y 2~ £E)aH(D) (20— F) - 5T 10 (0

JPdH (1)
b — —
o | Ja lp(2d = £(1)) = ¢(£(2)) — (2d — f) + o(£)|dH ()
N JPaH(t)
; A ORZ:(0)
—ll¢f (2d = £)]| + [l (£) ]| =
: : J dH (1)
Proof: It can be directly obtained from Theorem 15.10 by taking { =1 in (A.18). O

Corollary 15.5: Let H : [a,b] — R be a function of bounded variation such that (A.18) holds,
and let @ be a continuous functions with nondecreasing increments of order 3 on [r,d] C RF. Let
O<p<d-—r. If f(t):]a,b] = [r,d — p] is a continuous and nondecreasing map, then

b
Ja @(r} :g();d}[ Y o (p+1) = o) + ¢ ()

L[S le(p+£(8) — o (£() — o(p + ) + o (E)|dH (1)

- Sy dH(t)

JPIIECE) — ElldH (1)
S dH (t)

—ll¢’ (P +E) + [l (B

Proof: It is a straight forward result from Theorem 15.11 with [ =1 in (A.18). O

Remark 15.5: (i) For other related results of Levinson type we refer the reader to [16].
(i) For analogous discrete cases of all the results presented in this chapter, related corollaries
and remarks we refer the reader to [16].
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CHAPTER 10

The Hermite—-Hadamard—Mercer Type Inequalities for Convex, Strongly Convex
Functions and Majorization

This chapter develops Hermite-Hadamard—Mercer type inequalities for convex and strongly con-
vex functions, with applications of majorization techniques. We begin with Hermite ~-Hadamard-
Jensen—Mercer type inequalities for Riemann—Liouville fractional integrals and extend these to
fractional Hermite-Hadamard—Mercer inequalities. Bounds for the differences of these inequali-
ties are analyzed, followed by results for strongly convex functions. The chapter further presents
generalized inequalities via majorization and unifies continuous and discrete fractional Hermite—
Hadamard—Mercer type inequalities, providing a comprehensive framework for both classical and

fractional settings.

16.1 The Hermite—Hadamard—Jensen—Mercer Type Inequalities
for Riemann—Liouville Fractional Integrals

The Hermite-Hadamard inequality is one of the most investigated inequality in the theory of
convex functions due to its geometrical significance and applications. Because of the importance
of Hermite-Hadamard inequality, there is an ample amount of research work dedicated to the
extensions, generalizations, refinements and applications of the Hermite-Hadamard inequality.

Here we recall the definition of Riemann-Liouville fractional operator stated as under:

Definition 16.1(/180]): Let f be an integrable function defined on [a,b]. Then the integrals
< f(z) and J* f(z) defined by

J f(x) = F(la)/m(a: —5)* f(s)ds, z>a

220
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and

b
Jie f(x) = F(la)/ (s —2)* L f(s)ds, x<b

are called the left and right Riemann-Liouville fractional integrals of order o > 0 respectively.

Here T represents gamma function defined by I'(a)) = fooo e * s lds.

In this chapter, we establish fractional Hermite-Hadamard-Jensen—Mercer type inequalities.
We give identities involving fractional integrals and from these identities, we derive trapezoidal
and midpoint type inequalities.

Throughout this chapter « represents a positive real number.

16.1.1 Fractional Hermite-Hadamard-Mercer Type Inequalities
We begin this section with following result.

Theorem 16.1: Suppose f : [a,b] — R is a convex function and x,y € [a,b] such that v < y.
Then

ar+y MNa+1) ar+vy
f<a+b— ] ) Sf(a)-i—f(b)—ij+f(y)§f(a)+f(b)_f<a+1)
and
f <a+b — Ofif) < ?;O‘_J;)lcz (arb—a)-fl@+b—y)
aflat+b—z)+ fla+b—y) af(z) + fy)
< ) Sf(a)‘Ff(b)—a—H- (16.1)
Proof: See [239] 0

Remark 16.1: If we put a = 1 in Theorem 16.1 and in the obtained expressions substitute u
= sz + (1 —s)y and u = a + b — v respectively, we obtain

1
) < @+ 10 - [ fsar - nds< s+ 10) - £ (757 (162)

f<a—|—b— 5

and

f<a+b—x+y> Syix/yf(a—kb—v)dv

2
<f(a+b—:r)+f(a+b—y)
- 2

< fla) + f(0) - ————
respectively. The inequalities (16.2) and (16.3) have been proved in [90].

Remark 16.2: Substituting @ = 1, x = a and y = b in (16.1), one can obtain Hermite-
Hadamard inequality.

Chapter 16 The Hermite—Hadamard—Mercer Type Inequalities for Convex, 221
Strongly Convex Functions and Majorization



Ptolemy Scientific Research Press https://pisrt.org/ PSR Prces

16.1.2 Bounds for the Difference of Hermite-Hadamard-Jensen—Mercer Type
Inequalities

Throughout this section, we consider f : [a,b] — R is a differentiable function.

Theorem 16.2: Let |f’'| be a convex function defined on [a,b] and let x,y € [a,b] such that
x <vy. Then

af(a+b—z)+ fla+b—y) T(a+1) ,

ot - (y — )@ J(a—&-b—z)*f(a +0— y)‘ (16.4)
< T @) |£(@)] + Pi(@)| £/ (0)] = Pa(e) |1'(@)] = Pa() |7 )]
where
. a2+ (a+1)3

Pi(a) = 27&17 Py(a) = { 1 and
(o +1)% 2@ +2)(a+1)a
a [4(a +2)(a+1)a "t — (a4 1)a — }

Pg(Oé) = ’

2a+2)(a+1)a

Remark 16.3: If we put « = 1, z = @ and y = b in (16.4), we get the inequality given in
Theorem 2.2 of [85].

Theorem 16.3: Let |f'|? be a convex function for ¢ > 1 and let x,y € [a,b] such that z < y.
Then

af(e+b—z)+ fla+b—y) T(a+1) ,

a1 (y _ 33)0‘ (a+b—z

< 2 (P@) 77 (P@) | £ @) + Pafa) [F O = Paf) [F@)]" = Po(e) |1/ @)[") 7
(16.5)

),f(a—l—b—y)

S

Q

where Py(a), Pa(a), and P3(«) are same as defined in Theorem 16.2.

Remark 16.4: If we put « =1, 2 =a and y = b in (16.5), we obtain the inequality proved in
Theorem 1 of [201].

In the following theorem, we derive trapezoidal type inequality.

Theorem 16.4: Let p, ¢ > 1, |f'|? be a convex function and let z,y € [a,b] such that x < y.
Then

b— b—y) Tla+1
af(a+ Z)jlf(aJr y)_(;az)(X)J&er_I)_f(a—Fb—y)‘

. 1@+ |f’<y>|Q>3

< 23 wtaw)? (1@ + |1 o) :

a+1
where Ly(a,p) = fol (a4 1)s* — 1|P ds such that % + % =1.

Remark 16.5: Substituting @« =1, x = a and y = b in Theorem 16.4, we obtain Theorem 2.3
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of [85].
Theorem 16.5: Let |f'| be a conver function and let x,y € [a,b] such that x <y. Then

MNa+1) .,

TFla+1) N _ar+ty
(y_x)a'](aerfm)—f(a‘*'b y) f<a+b a1 >‘

< (y—x) (Ps(a) |[f'(@)] + Ps(e) | £'(w)])

— «

where  Ps(a) = CETCESIE and Ps(a) = Nat2)(at )P

In next theorem we use power mean inequality and derive midpoint type inequality.

Theorem 16.6: Let |f'|? be a convex function for ¢ > 1 and let x,y € [a,b] such that v < y.
Then

Ma+1) oz +y
(y—ac)a‘]<“+bz)f(a+b—y)—f<a+b— — >‘

Q=

< (=) (Ls(e) 0 ((Ls(@) [F/(@)]" + Ls(@) | £ )| = Ls(e) | (@)|" = Lo(e) | £ ()]*)

).

=
Q=

~ (Ls(o) [£(@]" + Ls(@) | £ ®)]" = Na(@) | /()| ~ Ne(o) |£'(s)|")

where

1 o a+1
Lg(a) = / (1—-5%ds = / Tads = %
0

e
a—+1

and Ls(a), Le(ar), Ns(a) and Ng(ov) are given in the proof of Theorem 16.5.

Remark 16.6: Substituting o =1, x = a and y = b in Theorem 16.6, we obtain the following
midpoint type inequality.

2o [t ()] <55 ((’f’<a>\"§2|f’<b>\Q>i - (2l rf’<b>\Q>i> |

Another midpoint type inequality is presented in the following theorem.

Theorem 16.7: Let p, ¢ > 1, |f'|? be conver and let x,y € [a,b] such that v <y. Then

r 1
’(y((i_;)ija+bz)_f(a+b_y) —f <a+b— o

T 1 AN
s 1@ = g [F0) - -2)

0@ A
O - g @I - s D rwl)

[F @) -

a—+1

x <ai1 [F (@] +

o
a+1

o
a+1

% (Luo(as p))’} < F(@)]+

a+1

where Lg(a, p) = fla (1 —s*)Pds and Lip(c,p) = fOT“ s*ds such that 113 + % =1.
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Remark 16.7: Substituting « = 1, = a and y = b in Theorem 16.7, we obtain

[ sems (45)

- <<!f’(a)!q +3\f’<b>q>3 NUIOE \f’(b)\qf) |

T Ap+ 1) 4 4

Theorem 16.8: Let z,y € [a,b] such that © < y. If | f'| is concave on [a,b], then

e P
< Z:_al? (Ll(a) |/ (a+b— Lii()z — Liz(e)y)|

+N1 (@) | (a+b— Lis(@)a — Lig(a)y)] )

where L1 and N1 are given in the proof of Theorem 16.2 and

ot 1)t (a+ 1= [2(a+2)(a+1)at—1

Lll(a) = (2(_;:22), L12(a) = |: 2(a n 2) :| 7
(a+1)—= [(a+ )% + 1}

ng(a) = 2(a+2) and
(a+DP%[ﬂa+2xa+ni4—«a+ni—1}

La(e) = 2(a + 2) '

Theorem 16.9: Let |f'| be a concave function and let x,y € [a,b] such that x <y. Then

r 1
'(gﬁcx—z)zef&rb—x)—f(aer—y) — f <a+b— O;x*'y)’

anrl
< (y—=) (W‘W) (| (a+b— Lis(a)z — Lig(e)y)|

— /" (a+b— Lir(a)a — Lis(a)y)]) ,

where
a+ 1) +2a°t! 4a% — (a 4+ 1)™
Lis(a) = ( ) , Lig(a) = ( ) )
2a%(a + 2) 2a%(a +2)
« 2
L = — d L = —.
17(a) ai2 o 18(a) P

16.2 Hermite-Hadamard—Mercer Type Inequalities for Strongly
Convex Functions

In this work, the authors see use of Jensen—Mercer inequality for convex and strongly convex
functions and also the well known Hoélder’s inequality which plays a significant role in functional
analysis, mathematical analysis, complex analysis, numerical analysis, statistics and probability,

and partial differential equations etc.
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First we recall definition of strongly convex functions (see [219]) as follows:
Definition 16.2: A function f: I C R — R is called strongly convex with modulus ¢ > 0 if
flrm+ (L —71)M) < 7f(m)+ (1 —7)f(M) = er(1 —7)(m — M)?

holds for all m, M € I and 7 € [0, 1].

Hermite-Hadamard inequality for strongly convex functions (see [176]) can be stated as fol-

lows:

Theorem 16.10: Let f : [m, M] — R be a strongly convex function with modulus c. Then

f<m+M>+ (M —m)? < /Mf yar < L EFAD ey e,

2 M—-—m 2 6

First Hermite-Hadamard-Mercer inequalities for fractional integrals was presented in [200].

For strongly convex functions, the Jensen—Mercer inequality is proved in [188] as follows:

Theorem 16.11: Let f : [m, M] — R be a strongly convex function with modulus c. Then

f<x1+$n szajz) <f($1 +fxn sz .132
=1
2
—c 2Zwl i( )z — zp) —i—Zwl <:cz Zwm) , (16.6)

where Y i w; =1, N\; € [0,1], 1 = minj<;<p @i, Ty, = uax and x; € [m, M].

Substitute n = 2 in (16.6), we obtain Jensen—Mercer inequality for strongly convex functions

as follows:
f <m+M — a;—b)
< sy + £y - LAEIO o[ 38 4 00— 3| 01— my = S -,

where wy = wy = §, A1, A2 € [0,1] and a,b € [m, M].

In this section, we state the Hermite-Hadamard-Mercer type inequality for strongly convex
functions by using the Jensen—Mercer inequality for strongly convex functions. We derive some
new inequalities related to the right and left sides of the Hermite-Hadamard-Mercer type inequal-
ities for differentiable functions whose derivatives in absolute value are convex. All the results

are stated without proof, for idea of the proof we refer the reader to [147].

Theorem 16.12: Let f: [m, M] — R be a strongly convez function with modulus c. Then for
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all x,y € [m, M| with x <y, m >0 and a > 0, we have

I'a+1)
2(y —x)*

—c(m—M)* [(\ = A) + (A2 = A3)] -

2 ) + - S (@)

c(a? —a+2)
4(a+1)(a+2)<y—33)2

T C 052 —
< o)+ 500~ £ () == D7 [ = X0 + O = )] - 0SS0 o

(e ar =250 < g+ s00) -

Theorem 16.13: Let all the assumptions of Theorem 16.12 hold. Then

f(m—i—M—x;y)

= m |:]((Xm+M7;E)—f(m+M - y) +]((Xm+M7y)+f(m+M_m)]
c(a?® —a+2)

_4a+1xa+2ﬂy_xy

S M) e fna M) e,

< flm)+ gary - FELIWL €

Corollary 16.1: If we take a = 1 in Theorem 5, then we have

f0w+m ;y> £(m) l/f7x+1—r)ﬂ

o0 = | O = A + (- A2>] Ly

< glmy+ 100 = £ (T30 = e =m0 =2 + e = )] - £

Corollary 16.2: If we take a = 1 in Theorem 6, then we have

f<m+M—x+y> — /fm+M—T)dT—1C2( —xz)?

< fm) + gy - LDEIW €y

(16.7)

Remark 16.8: If we take x = m and y = M in (16.7), we obtain the Hermite-Hadamard

inequality for strongly convex function given in [176].

Theorem 16.14: Let all the assumptions of Theorem 16.12 hold. Then

T s N
f<m+M_ ;‘y> < 2 (yr_(x;;l) []?m+M_T)f(m+M—y)
)]_ma+nm+m

< fm) + £ = LEEIW) o0 38 4 0 = 3] (m— 22— Sy 2

(y — =)

I sr—zguye f(m+ M =2
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Theorem 16.15: Let all the assumptions of Theorem 16.12 hold. Then

f<m—|—M—w;—y> <

B 20710 (a+ 1) [, R

o)+ 1o - 2 D e @)+ ey )

—c[()q A+ (Mg — )\%)] (m — M)? — o 1§(a+2>(y—x)2

< s+ 100 = 1 (Z52) = | n =20+ 0 = 3| - 2
. S——-]

(a+1)(a+2)

Theorem 16.16: Let f : [m, M] — R be a differentiable function such that |f’| is convex on
[m, M]. Then for all z,y € [m, M] with x <y and o > 0, we have

‘f(m+M—w)+f(m+M—y)_
2

F(a+1) |:(m+M y+f(m+M—$)+-7(m+M x)~ f(m+M—y)] _( = (y—.%')2

2(y —x)> a+1)(a+2)

=2 (N [y ooy @I PG 20acy - )
<223 (1= 55 ) [0l 1y - DOLEIEWL, e =0 ],

Theorem 16.17: Let f : [m, M| — R be a differentiable function such that |f'|? is convex on
[m, M], where ¢ > 0 and ]% + % = 1. Then for a > 0 and for all z,y € [m, M] such that x < y
and, we have

‘f(m+M—$)+f(m+M—y) [ +1)

2 2(y — x)*
X |:]?m+M—y)+f(m + M =)+ S-S (m+ M — y)} - M(y —x)?
<5 e [1omir 4 panp - EOELIEWE T, 2ace =) 4,

where L(c, p) fo |7 — (1 — 7)*|Pdr.

Theorem 16.18: If f : [m, M] — R is differentiable function and |f'| is convex on [m, M],
then for all x,y € [m, M| with x <y and o > 0 we have

20710 (a4 1) ., . B
W{J(WM_T)J(WJFM )+J( Y z+y)ff( +M y)}
r+y c
_f<m+M_ 2 >_2(a+1)(a+2)(y_x)2
: f' @)+ W), e
< gt il + iran - O, € o),

Theorem 16.19: Let all the assumptions of Theorem 16.17 hold. Then
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2070+ 1) [,
(y— ) [J<m+M—z;y>

—f(m—i—M—

+f(m+ M —x) +J?m+M_z;y)—f(m+M—y)}

2 >_2(a+1)(a+2)(y_x)2

cu <ap1+ 1>% { [| Py + e - @1 |f’<y>1i
o LI+ PG ", 2y ) |

4 (q+1)a

n [rf%m)w )

Remark 16.9: We can find other results related to the generalization of Hermite-Hadamard-
Mercer type results for strongly convex generalized functions on fractal sets in the article [66].
For further work on fractal Hadamard—Mercer-type inequalities with applications we refer the
reader to [64]. Interested readers can also see [65] for the results related to generalized fractal
Jensen and Jensen—Mercer inequalities for harmonic convex function with applications.

16.3 Generalized Hermite-Hadamard-Mercer Type Inequalities
Via Majorization

In the underlying theorems we give Hermite-Hadamard inequality of the Jensen—Mercer type by

using majorization concept.

Theorem 16.20: Suppose that f is a real valued convez function on I and a = (ay,...,an),
X = (T1,...,%m), Y = (Y1,-..,Ym) are three m-tuples such that aj,x;, y; € I, x; # y; for all
je{l,---,m}. Ifx <aandy < a, then

f(iaj—mzl (””?’)) < re -3 [Mwa e

Proof: See [94]. O

Remark 16.10: In the above theorem, if x; = y; for all j € {1,2,...,m} then by following
the proof of Theorem 16.20, we obtain

m m—1 m m—1
f(Zaj - Z in) < Zf(aj) - Z f(zj).
j=1 j=1 j=1 j=1
If ; = y; for some j, then (16.8) reduces to the form
m m—1 ) ) m 1 vj
f(Zaj - ("”]j”])) <D fla) =D fla) =Y / f(u)du,
j=1 j=1 j=1 jer jere Yi=%j Juy

where I = {j € {1,2,...,m} :x; =y;} and I° = {1,2,...,m} \ I.
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Theorem 16.21: If all the hypotheses of Theorem 16.20 are valid and X, # Ym, then

=t I= i (yj —z3) " = 7=l
j=1
m 1 m—1 m—1
<D flag) =54 D0 fla)+ D flyy) p - (16.9)
j=1 j=1 j=1
Proof: See [94]. O

Remark 16.11: Following the suppositions of Theorem 16.20 and Theorem 16.21, if m = 2,
then we get [154].

In the following theorems we prove Hermite-Hadamard inequalities of the Jensen—Mercer—

type for one arbitrary and two monotonic tuples.

Theorem 16.22: Suppose that f is a real valued convezr function on I and a = (ai,...,an),
Xx=(21,...,Zm), Y = W1, Um), W= (W1, ..., wn) are four m— tuples such that aj,xj,y; € I,
xj # yj, wj > 0 with wy, # 0 for all j € {1,...,m} and n = ﬁ If x and y are decreasing
m-tuples and

k k k k
ijxjgz:wjaj, Z’L%‘]JjﬁZUJjCLj fork:zl,...,m—l,
J=1 J=1 Jj=1 Jj=1

m m m m
> wia; =Y wizg, Yo wie; =y wiy,
j=1 j=1 =1 =1

then
m m—1 Wik + W y
(S-S (20
j=1 j=1
m m—1 ; Yj
<Y mutlay =y [
j=1 = YT ey
m m—1 x; +yj
< anjf(aj) —-n wf| ——— (16.10)
j=1 J=1
Proof: See [94] O

Remark 16.12: In the above theorem, if z; = y; for all j € {1,2,...,m} then by following
the proof of Theorem 16.22, we obtain

m—

m 1 m m—1
f(anjaj = ijj> <Y nwif(ag) —n Y wif(x)).
J=1 =1 Jj=1 j=1

j=
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If z; = y; for some j, then (16.10) reduces to the form
m m—1 wx+wy
f(Zijaj *772 (j : 5 : ]>>
j=1 j=1
m
an]f (a5) anjf(x] - Z w]

JeI Jele

Yj
f(u)du

— T
where I = {j € {1,2,...,m} :z; =y;} and I° = {1,2,...,m} \ I.

Theorem 16.23: If all the hypotheses of Theorem 16.22 are valid and T, # Ym, then

m m—1 wx—i—wy
e — WiTj + WiYj
f(jzlnwja] nz( : ))

m—1
1 z vy
< — | f(anjaj—u>du
oy — g i N
‘]:
m 1 m—1 m—1
<> nw;f(a) - B > i f(ay) + Y nw;f(y))
j=1 7=1 7=1

The following theorems give generalized Hermite-Hadamard—type inequalities by imposing

relax condition on weights.

Theorem 16.24: Suppose that f is a real valued convex function on I and a = (ay,...,an),
=(z1,...,Zm), Y= W1, -, Ym), W= (w1, ..., wn) are four m— tuples such that a;j, z;,y; €
I, xj #y;, wj >0 with wy, # 0 for all j € {1,.. m}andn— Ifa X,X,a—y andy are

m
monotonic tn the same sense and ijaj = ijxj, ijaj = ijyj, then
o . , ,

m m—1 wits + w
f(Zijaj—n ( — Jy]))
j=1 1

j:

m m—1
zi+y
< E nw; f(a;) — g yj_xj/ u)du < g nw;f(aj) —n wjf< J ])
=1

Jj=1

Theorem 16.25: If all the hypotheses of Theorem 16.24 are valid and x., # Y, then

m m—1 wiT; + w;y;
. e hedV I
1( S-S, (225))

m—1

1 ;1 nNw;y; m
< [ (X s
Zl (mwjy; — mwja;) © 2 N L
]:
m 1 m—1 m—1
<D mwiflag) =5 D mwif () + Y mw;f(y;)
j=1 j=1 j=1
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Remark 16.13: It may be noted that Theorem 16.20 and Theorem 16.21 have been proved for
three m—tuples without monotonicity conditions while Theorem 16.22 and Theorem 16.23 have
been proved by considering a decreasing m—tuple with non-negative weights. Moreover, Theorem
16.24 and Theorem 16.25 have been proved for monotonic m—tuples with strict conditions of

monotonicity and relax conditions on weights.

16.4 Unifications of Continuous and Discrete Fractional Hermite-
Hadamard—Mercer Type Inequalities Via Majorization

There are multiple number of fractional operators but due to our interest we limit ourselves to

the well-known Caputo fractional operators. Their definition is given as below.

Definition 16.3: Consider a function f € C"[a,b] (the space of functions whose n'"-derivative
exist and continuous on [a,b]), a > 0, such that o & {1,2,3,...} and n = [a] + 1. Then the «
ordered, Caputo fractional derivative operators are defined as [155]:

N S L L)
DS = e |, e

n+1
c o _ (_1)71 b f(n) u)
Db_f(z)_F(n—a)/Z (=)o T, 2 < b,

du, z > a,

where °D®, f(z) and “D;* f(z) stand for the left- and right-sided, Caputo fractional derivative
operators respectively.
It may be noted that if the usual derivative of the function f of order n exists, then it coincides

with ¢D®, f(z) for a =n € {1,2,3,...}. Also, for n = 1 and o = 0, we have:

(°DY% £)(2) = (°DY- f)(2) = f(2).

The associated Hermite-Jensen—Mercer inequality in terms of Caputo fractional operators is

defined as follows [245]:

Theorem 16.26: Consider a function f defined on the interval [a,b] such that f € C"[a,b]
and ) is convex on [a,b] with [x,y] C [a,b], & > 0, then we have:

f(n)<a—|—b_ :C+y> < 2" 1l (n — a4+ 1) {(cDa +f)(a+b—$)

A (atb—(a+y/2)
() () 4 £
(-1 (D )f)(a+b—y)}éf(”)(a)+f(”)(b)—f W0 )

(atb—(a+y/2)

The inequality (9.50) can be obtained from (16.11) when n =1, « = 0, x = a and y = b.
Some more work related to Hermite-Jensen—Mercer inequalities via fractional operators can be

traced in [96, 97, 192, 52, 244, 55].

Remark 16.14: For other related results, remarks, associated bounds, discrete and weighted
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versions we refer the reader to [55, 81, 95, 191, 222, 228, 243].

Remark 16.15: Further we see that some other results related to Hermite-Hadamard—Mercer
and Fejér—Pachpatte-Mercer type can be found in [63, 58| [57, 53, 51, 50, 54, 93, 159, 200|. To
be more specific:

1. If we replace k =1 in the results of [54], then we capture the results of [53].

2. If we replace k = 1 in the results of [51], then we capture the results of [50].

3. The results obtained in [58] is related to fractional Hermite-Hadamard-Mercer type in-
equalities for Harmonic convex function.

4. The results obtained in [63] is related to Fejér—Pachpatte—Mercer type inequalities for
Harmonically convex functions involving exponential functions.

5. The results obtained in [93] is related to Jensen-Mercer and Hermite-Hadamard-Mercer
type inequalities for GA — h—convex functions.

Remark 16.16: The readers who are interested in latest work on Hermite—Hadamard—Jessen—
Mercer and Hermite-Hadamard—Jensen—Mercer type inequalities for h—convex functions may
study [128] and [80] respectively.
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CHAPTER 17/

New Estimates for Csiszar Divergence and Zipf—-Mandelbrot Entropy Via
Jensen—Mercer Inequality

This chapter applies Jensen—Mercer’s inequality to derive new results in information theory. Using
this approach, we establish bounds for Csiszar divergence and other divergence measures through
appropriate convex functions. The discussion further presents bounds for Zipf-Mandelbrot en-
tropy by employing the Zipf-Mandelbrot law in place of probability distributions within Kull-
back—Leibler and Jeffreys divergences. Additionally, new estimates for Zipf- Mandelbrot entropy
are obtained for various parametric forms of the Zipf~Mandelbrot law, highlighting the utility
of Mercer-type inequalities in information-theoretic contexts. The contents of this chapter are

extracted from [149].

17.1 Divergence Measure

Divergence measure is basically the measure of distance between two probability distributions.
The concept of divergence measure is working efficiently to resolve different problems related to
probability theory. A few divergence measures are reasonable relying upon the idea of the issue.
Recently, Dragomir [89, 88], Jain [119, 120] and Taneja [233] have made many contributions
in this field, they introduced different divergence measures, obtained their bounds, presented
relations with other divergences and discussed their properties.

Divergence measures have gigantic applications in agsortment of fields, such as: approximation
of probability distributions [78, 129], biology [218], economics and political science [235, 236],
analysis of contingency tables [104], signal processing [126, 127], color image segmentation [195],

pattern recognition [73, 125], magnetic resonance image analysis [238] etc.

233
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Some specific operational facts about divergence measure have been introduced, characterized
and applied in different fields, such as: Bregman’s f-divergence [44], Csiszar’s f-divergence [82],
Burbea Rao’s f-divergence [49] and Renyi’s like f-divergence [223|. By suitable choice of the
function f many divergence measures can be obtained from these generalized divergence. Because
of its compact nature Csiszar f- divergence is one of the most important divergence which is

given below:
- b
It(p,@) = > af (q) ; (17.1)
i=1 ’

where p = (p1,p2,--.,pn) and ¢ = (q1,42, - - -, qn) are positive real n-tuples and f : R™ — R is
a convex function. Here, convexity of the function f ensures that /¢(p,q) > 0.

By choosing appropriate convex function instead of function f, many well known divergences
or distance functions can be acquired from (17.1), such as: Hellinger, Rényi, Bhattacharyya,
Chi-square, Kullback-Leibler, triangular discrimination, Jeffery’s divergences etc.

Zipf law is one of the mandatory laws in information science and is often utilized in linguistics
as well. In 1932 George Zipf [246] found that one can tally how often each word shows up in
the text. Therefore, if p is the rank of the word, and ¢ is the frequency of occurrence of that
word, then ¢.p = ¢, where ¢ is a constant. There are several utilizations of Zipf law, which can
be used in city populations [103], geology [177| and solar flare intensity [193]. For more details
see [145, 178].

In 1966 Benoit Mandelbrot [163] gave generalization of Zipf law, known as Zipf-Mandelbrot

law, which gave improvement on account of the low-rank words in corpus [187] which is given as

g(i) = #, for 4 < 1000, u,c > 0 and 7 > 0. If 7 = 0, we get Zipf law.
(i +T1)v
IfneZ", 7 e RPU{0}, u>0,i € {1,2,...,n} and Wy, ;,, = Z?:lﬁ, than the
1/(2 u
probability mass function for Zipf-Mandelbrot law is given by f(i,n,T,u) = /IEIl/M
n,T,U

The formula for Zipf-Mandelbrot entropy is given below:

U~ log(i+7)
Wi ru (i 4 1)

Z(I/Vu T, u) = + log Wn,T,u‘

i=1

17.2 Bounds for Csiszar and Related Divergences

Theorem 17.1: Let f : [a,b] — R be a convex function. If p; and q; for i € {1,2,...,n} are
n n

positive real numbers with % € a,b] such that Y p; = P, and Y ¢; = Qn, then
’ i=1 i=1

/ <a+ - g) < J@)+10) ~ o1y ea). (17.2)

n
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Proof: Replace p; by ¢; and put x; = p’ n (1.3), we get (17.2). O

Theorem 17.2:  Let a and b be positive real numbers with a < b. If p; and q; (i € {1,2,...,n})

n n
are positive real numbers with ;1)—? € [a,b] such that > p; = P, and Y q; = Qn, then
’ i=1 i=1

10g<a+b—Q:) <log< >—szlog<pl> (17.3)

Proof: Let f(z) = —logx, x > 0, so clearly — log x is a convex function. Therefore using (17.2)

and interchange ¢; and p;, we get

—log (a+b— %:) < —loga—logb—i——szlog (qz>

Now using the definition of Kullback-Leibler divergence, we obtain (17.3). O

Corollary 17.1: Let a and b be positive real numbers with a < b. If p; fori € {1,2,...,n} are
positive real numbers such that p% € la,b] and > p; =1, then

i=1
log(a+b—n)"' < 10gi+zn:p-log L (17.4)
- ab — ! pi ) ’
Proof: By choosing ¢; =1, € {1,2,...,n} in (17.3), we get (17.4). O

Theorem 17.3:  Lel a and b be positive real numbers with a < b. If p; and ¢; (1 € {1,2,...,n})
n n
are positive real numbers such that % € la,b] fori e {1,2,....,n}, > pi=Pp and > q = Qn,
1 Z:l .
then

(a—i—b—g)log <a—|—b—g> < log a®b —szlog<pl> (17.5)

n n

Proof: Let f(x) = zlogx, z > 0, so clearly xlog x is a convex function. Therefore using (17.2),

we get (17.5). O

Corollary 17.2: Let a and b be positive real numbers with a < b. If p; fori € {1,2,...,n} are
n

positive real numbers such that p; € [a,b] and > p; = 1, then
i=1

1 1 1 & 1
<a +b— ) log <a +b— ) < loga®® + — E p; log (> . (17.6)
n n n =1 Di
Proof: By choosing ¢; = 1,7 € {1,2,...,n} in (17.5), we obtain (17.6). O

Theorem 17.4: Let all the assumptions of Theorem 17.3 hold, then we have the following
inequality

<a—|—b—gn> (f+f)+;m (7.7)

n
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Proof: If f(z) = —/z, x > 0, then [ (z) = 4% >0, so f(x) is a convex function for x > 0.
x2
Therefore using f(x) = —+/z, in Theorem 17.1, we get (17.7). O

Theorem 17.5: Let all the assumptions of Theorem 17.3 hold, then we have the following
imequality

(a +b— W) log (a +b— Qn> <loga® "=t — an Z( — ¢;) log (Z) . (178)

i=1

Proof: If f(z) = (x —1)logz, x > 0, then [ (z) = %4;1 > 0, so f(x) is a convex function for
x > 0. Therefore using f(x) = (x — 1) logx, in Theorem 17.1, we get (17.8). O

Corollary 17.3: Let a and b be positive real numbers with a < b. If p; fori € {1,2,...,n} are

n
positive real numbers such that p; € [a,b] and > p; = 1, then
i=1

1+n 1 1o 1o 1
<a +b— > log <a +b— > <loga® o1 4 = Zlogpi + — Zpi log () . (17.9)
n n n= = pi

Proof: By choosing ¢; =1, 7 € {1,2,...,n} in (17.8), we obtain

1+n 1 1 & 1 &
b—— )1 b—— | <1 a—1pb—1 —E 1 ~——§ 1 ;.
< + - ) og <a+ n> <loga —i—n og p; - p; log p;

i=1 i=1

Now using the definition of Shannon entropy, we get (17.9). O

Theorem 17.6: Let all the assumptions of Theorem 17.3 hold, then we have the following
inequality

n

1
— 17.10
n Qn = 1 (T-10)

2
(1— a+b—g”> <a®+bv*+201 - (Va+ Vb)) —

Proof: If f(z) = (1 —/z)% x>0, then f'(z) = £ — Vel >0, so f(z) is a convex function

2x 255

for z > 0. Therefore using f(x) = (1 — y/x)?, in Theorem 17.1, we get (17.10). O

Theorem 17.7: Let all the assumptions of Theorem 17.3 hold. Then we have the following
inequality for s > 1

P S
<a +b— Q) S4bt - — prq} s, (17.11)
n "i=1

Proof: For s > 1, the function f(x) = z°, > 0, is clearly a convex function. Therefore using

f(z) = 2*, in Theorem 17.1, we get (17.11). O

Theorem 17.8: Let all the assumptions of Theorem 17.3 hold. Then we have the following
mequality
P+ Qn

a-+b—
Qn

<la—1|+]b—1| - Z|pz — qi. (17.12)
" oi=1

Proof: If f(z) = |z — 1|, # € R, then we know that absolute function is always convex on R.
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Therefore using f(z) = |z — 1|, in Theorem 17.1, we get (17.12). O

Theorem 17.9: Let all the assumptions of Theorem 17.3 hold, Then we have the following

imequality
n

2
<a+b_137157f2n> <a®+b* -2 (a+b—1)—an;(piqi%)2. (17.13)

Proof: If f(z) = (z — 1) 2 > 0, then f"(z) =2 > 0, so f(2) is a convex function for z > 0.

Therefore using f(z) = (z — 1)2, in Theorem 17.1, we get (17.13). O

Theorem 17.10: Let all the assumptions of Theorem 17.3 hold, Then we have the following
inequality

<a+b— g (Pn +Qn)) AR Vi e Ve ii (P = :)* (17.14)
(b (Pa-Qu) ~ (@t 0D Rz (it a)
Proof: If f(x) = IJFll)) z > 0, then f'(z) = ﬁ > 0, so f(x) is a convex function for
x > 0. Therefore using f(x) = ((2111))2, in Theorem 17.1, we get (17.14). O

Theorem 17.11: Let all the assumptions of Theorem 17.3 hold, Then we have the following
inequality

1 1 a+b—g-(Py— Q)
—la+b——(FP,—Qn >log
2( Qn( ) 2(a —|—b——)
a+1.  1+a b+1 1+b Pitgiy  (Pitgi
< 1 log . (1715
citlplle 0ty z (zpi (17.15)
Proof: If f(z)=%log 4%, « > 0, then f(x) = m > 0, so f(z) is a convex function
for x > 0. Therefore using f(z) = ((‘i:l)) , in Theorem 17.1, we get (17.15). O

17.3 Bounds for Zipf—-Mandelbrot Entropy
In this section we present some bounds for Zipf~-Mandelbrot entropy.

Theorem 17.12: Let a and b be positive real numbers with a < b. If n € {1,2,3,...}, 7 >0,
n
u>0,¢>0,1€{1,2,...,n} such that ¢;(i + 7)"Wy ru € [a,b] and Y ¢; = Qn, then

i=1
logq
— < : . .
log (a+b— Q)" <log +Z eSS + Z(W, 7, u) (17.16)
PI'OOf: Let pi = m, Z e {1,27 e ,n}, then
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n n

5 pitos q; i=1 (Z—i—T)u”nTu Og((Qi) <(Z ) n777u)>

_ 7271: log ¢; 7zlog )" W ru)
i+ 7)Waru = Z—I—TuWnTu

n

" log g; " logW
i n,Tu
= _E . — E log(i + 1) E
i1 (Z+T)u”n,7,u i (Z+T) ”n’ru g Z""T

i=1 TZT’LL
- log g;
(2
= — . —Z(W,T,u).
; (Z + T)uanT7u ( )
n n
As Wy ru = Z (H @ therefore X:Ipl = Zlm = 1. Hence, using (17.3) for p; =
=1 1= 1=
m,l € {1,2,...,”}, we obtain (1716) O

The following corollary is the special case of Theorem 17.12.

Corollary 17.4: Let a and b be positive real numbers with a < b. If n € {1,2,3,...}, 7 > 0,
u>0 and (i +7)"Wy 14 € [a,b], then

1
log (a+b—n)"" <log <ab) + Z(W, 7, u). (17.17)

Proof: By choosing ¢; = 1,7 € {1,2,...,n} in (17.16), we obtain (17.17). O
The next result gives the inequality for Zipf-Mandelbrot entropy using two different param-

eters.

Theorem 17.13:  Let a and b be positive real numbers with a < b. Letn € {1,2,...,} 71,72 >0,
ur,ug >0 and ((i + 71)"“" War ) / (G4 72)"2 Wy us) € [a,b], then

_ 1 - log(i+72)u2WnT U
1 b—1)"'<log (= |+ 2Z(W - =
og (a+ ) <log <ab> +Z(W,m,um) Zz; (0 + 7)) Wi 71

(17.18)

s - 1 - 1 ;
Proof: Let pi = m and q; = m, 1€ {1,2,. . .,n}, then

n n .

. 1 uz /.
E pilog 2t = E , log <(l *72) n’TQ’W)
i=1 i i— (z+7—1)u1”n7'1,u1 (Z"‘Tl)ul”nn,ul

_ Z log (¢ + 71)"* Wh 7y g n Zn: log (7 + 72)" Wi, 7 us
Z + Tl Uan ,T1,U1 (Z + 7-1)“1 Wnﬂ—l y U1

i=1
log (i + 72) 2’I/Vnmu2
Z+T1 uanﬁ u1

= Wﬁ,ul +Z

n

n n n

- 1 — e I S i

Also Z; pi = Z; GET W — L and Z; ¢ = Zg (z+72)u2 Wiy — 1 therefore, using (17.3)

W and ¢; = —vie—— 1 € {1,2,...,n}, we get (17.18). O
n,T1,u]

fOI" pl - (1+72)u2 Wn,‘rg,uQ ’

Theorem 17.14: Let a and b be positive real numbers with a < b. If n € {1,2,3,...}, 7 > 0,
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u>0,q>0,i€{1,2,...,n} such that m € la,b] and 37 | ¢i = Qn, then

. log g; 1
a+b—>10 <a—|—b—) <lo aabb—l—f ‘——&—72 W,r,u). (17.19
( Q.) " Q) = 2 (W) (719

Qn i—1 1+ T) n,T,u Qn
Proof: Put p; = WIWWU’ i €{1,2,...,n}, in (17.5), and using similar method which we
use in the proof Theorem 17.12, we get (17.19). O

The following corollary is the special case of Theorem 17.14.

Corollary 17. 5 Let a and b be positive real numbers with a < b. If n € {1,2,3,...}, 7 > 0,
u >0 and € [a,b], then

(it7)v W o
1 1 1
a+b——)logla+b——) <loga®” + —Z(W,,u). (17.20)
n n n
Proof: By choosing ¢; = 1,7 € {1,2,...,n} in (17.19), we obtain (17.20). O

The next result gives the inequality for Zipf—Mandelbrot entropy using two different parameters.

Theorem 17.15:  Let a and b be positive real numbers with a < b. Letn € {1,2,...,} 71,72 > 0,
ur,ug >0 and ((i + 72)" Wiy us) / (G 4+ 71)"" Whry oy ) € [a,b], then

(a+b—1)log(a+b—1) <loga®® + Z(W,r,us) — Zn: log (i + 72)"* W (17.21)

- o i=1 (0 +71)" Wy .
Proof: Let pi = m and q; = m, 1€ {1, 2, PN ,n}, in (175)7 and using
similar method which we use in the proof Theorem 17.13, we get (17.21). O

Theorem 17.16: Let all the assumptions of Theorem 17.14 hold, then we have the following

inequality:
1+ Qn> < 1 )
a+b— logla+b— —
(- 3
i 1 " log g;
<loga® o014 — — = 4 Z(W,
— Z gilogqi —u Z gilog(i + T):| — log Wy 74-
Proof: Let pi = m, 1€ {1,2,...77’1,}, then

- log g;
dogli= - NT 98 G gy ), 17.2
Zp og " ; CEST. (W, T,u) (17.23)

n n
pi .
Z g; log qu = - Z qilog qi(i + T)Wh ru
. (2

=1 (17.24)

n n
== qgiloggi—uY gilog(i+7) — Qnlog Wy ru.

Chapter 17 Estimates for Csiszar Divergence and Zipf-Mandelbrot Entropy Via239
Jensen—Mercer Inequality



Ptolemy Scientific Research Press https://pisrt.org/ PSR Prces

n n
Also > pi = > W = 1, therefore, using (17.23) and (17.24) in (17.8) for p; =
i=1 i=1 e

W i€{1,2,...,n}, we get (17.22). O

The following corollary is the particular case of Theorem 17.16.

Corollary 17.6: Let a and b be positive real numbers with a <b. If n € {1,2,3,...}, 7 > 0,

u >0 and m S [a,b]. Then

< +b—1+)1 g<a+b—1>
n n

< loga® "=t 4 |:Z(WT u) —u E log 2—1—7')] —log Wy ru. (17.25)
T
i=1

Proof: By choosing ¢; = 1,7 € {1,2,...,n} in (17.22), we obtain (17.25). O

Theorem 17.17: Let all the assumptions of Theorem 17.15 hold. Then we have the following
inequality

(a+b—2)log(a+b—1) <loga® bt + Z(W, 7, u1) — Z(W, 12, uz)

S5 [ T W, O+ W) 17
2| i Wy G+ 1) W
Proof: Let pi = m and q; = m, 1€ {1,27 .. .,7/L}7 then
n
1 )2 W,
Zpi log— Z(W,T1,u71) +Z 0 (i 4 72) etk L) (17.27)

Z —|—7‘1 uan LUl

And

n

Pi 1 (i + 72)"* Wi,z us
l 1 ) )
Z i og Z (i 4+ 72)"2 Wi,y s o ((Z + 1) Wy

Z log (i + 72)"* Wi 7, us B i log (7 + 72)"* Wi, us
2 (i ) W i+ 1) Wy

— log (i + 71)" Wa,ry 0,

=Z(W, -
( vT2’UQ) ZZ; (i+72)u2Wn,T2’“2

n n n n
1 1 .
Also Zzlpi = l; AW = 1 and ZZ:I g = Z; W = 1, therefore, using (17.27)

and (17.28) in (17.8) for p; = and ¢; = ——m— 1 € {1,2,...,n}, we get

(1+72)u2 Wn,7—2 Jug )
(17.26). 0

I S
(7:+Tl )ul Wn,‘rl ,uq
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CHAPTER 18

Inequalities of Simpson—Mercer Type Including Atangana—Baleanu Fractional
Operators and their Applications

This chapter presents Simpson—Mercer type inequalities and their applications, including exten-
sions involving Atangana-Baleanu fractional operators. We begin by reviewing s-convex functions
in the first and second senses and related foundational results. The discussion then develops
Simpson—Mercer type inequalities, introduces the Atangana—Baleanu derivative operator, and
explores applications involving modified Bessel functions, special means, and the g¢-digamma
function. These results illustrate the versatility of Mercer-type refinements in fractional calculus

and special function contexts. The content of this chapter is extracted from |234].

18.1 Simpson—Mercer Type Inequalities

Hudzik et al. [115], introduced the notion of s-convex functions in the first and second sense and
also discussed some of their notable features.

sectionSome Basic Results and Definitions

Definition 18.1: Let s € (0,1] and f be a real valued function on an interval Z = [0, c0).
Then f is said to be s-convex in the first sense if

flwizy +woxg) < wif(xr) + wif(r2),
holds true for all z1,29 € Z, wy,we > 0 with w] + w35 = 1.

Definition 18.2: Let s € (0,1] and f be a real valued function on an interval Z = [0, c0).
Then f is said to be s-convex in the second sense if

flwrzy + woze) < wif(z1) + wig(ze),
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holds true for all x1,x2 € Z, w1, wo > 0 with wy + wy = 1.

The class of s-convex function in the first and second sense are denoted by (f € K!) and
(f € K2) respectively. Moreover, they also studied that the class of s-convex function in the
second sense is more stronger than the s-convexity in first sense for s € (0,1). Several features
of s-convex function in both senses are discussed taking some examples into consideration. It is
interesting to see that if s € (0,1) and f € K2, then f is non negative.

For more detail on s-convex function (see [115, 75, 48]) and references cited therein. Chen

[75] gave a nice relationship between convex functions and s-convex functions as:

Lemma 18.1: Suppose f : [a,b] — R is a convez function. Then
(2) If f is non-negative, then it is s-convex for s € (0, 1].
(13) If f is non-positive, then it is s-convex for s € [1,00).

Butt et al. [56] investigated the J-M inequality for s-convex functions in Breckner sense for

s > 0 as follows:

n

Theorem 18.1: Let wi,ws,...,wy be positive probability distributions and Y w{ < 1. If f :
i=1

[a,b] C (0,00) — R is s-Breckner sense convex function, then the following inequality is valid

f <a+b ZW%) < f(a Zw f(zi), (18.1)
=1

for any increasing sequence {z;}"_, € [a,b].

The following conditions are necessary:

(7) By considering s = 1 in (18.1), we get the Jensen—Mercer inequality (1.3).

(73) By considering s = 1 and w; = a and wy = b, in (18.1) it gives the definition of the
classical convex function.

The following inequality named as Simpson’s inequality, is given in the literature as (see

[19, 227, 74]).

’;{f(a);f(b)+2f<a;b> /f da:}

where f :[a,b] — R is a four times continuously differentiable mapping on (a,b) and H f4‘ }Oo =

4
< gagp 17l = 0"

4
SUPge(a,b) |f (QE)} < 0.
The introduction of new notions of fractional operators is a journey to succeed momentum to
the fractional calculus and to gain the most efficient operators to the discussion. Now, we recall

the notion of the Caputo-Fabrizio fractional operator:

242 Chapter 18 Inequalities of Simpson—Mercer Type Including Atangana—Baleanu
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Definition 18.3: Let p € [1,00) and [z1,22] be an open subset of R, the Sobolev space
HP(x1,x2) is defined by

HP (21, 12) = {f € L2(z1,m9) + DMf € L¥x1,m2), for all |u| < P}-

Definition 18.4: [67] Let f € H'(0,t),t > w, a € [0, 1] then, the definition of the new Caputo
fractional derivative is given as:

m /: f'(s) exp [—uf‘a)(t - s)} ds,

where M(«) is normalization function with M(0) = M(1) = 1.

“TDof(t) =

Moreover, the corresponding Caputo-Fabrizio fractional integral operator is given as:

Definition 18.5: [2] Let f € H!(0,t),t > w, a € [0, 1]. Then, the definition of Caputo-Fabrizio
fractional integrals are given as:

ﬂwﬁw=“?m+‘”/ﬂw%

M) )
and .
(P () = 7O Ma/fd%

where M(«) is normalization function with M(0) = M(1) =

Recently, Atangana & Baleanu introduced a new fractional operator containing the Mittag-
Leffler function in the kernel, that solves the problem of retrieving the original function (a clear
advantage over the Caputo-Fabrizio operator). Mittag-Leffler’s function is more suitable than
a power law in modeling nature and physical phenomena. This attribute has made the A-B
operator more effective and helpful. As a result, many researchers have shown keen interest in
utilizing this operator. Atangana & Baleanu introduced the derivative operator both in Caputo

and Riemann-Liouville sense:

Definition 18.6: [23| Let t > w, o € [0,1] and f € H!'(w,t). The new fractional derivative is

given as: ABC pa 1 ( 1 — / o [ ((tl—_xo)[) } iz,

where E,, is the Mittag-Lefler function and is defined as

()"
I(ak+1)

hE

E,(—t%) =

B
Il

0

Definition 18.7: [23] Let f € H!(w,t), w > t, a € [0,1]. The new fractional derivative is given

h ABR e £ (1) =hﬂﬁ/f [ %ﬂmm
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where F, is the Mittag-Leffler function.

However, in the same paper the authors also presented corresponding A-B fractional integral

operator as:

Definition 18.8: [23] The fractional integral operator with non-local kernel of a function f €
H!(w,t) is defined as:

fy)(t —y)*tdy,

Loo ) 4

ABT o — L
oL {f()} = M(a) M(a)T () /w

where t > w, o € [0, 1].

In [3], the right hand side of A-B fractional integral operator is presented as follows:

l1—«a

AP {f(t)} = M)

FO+ St [, Fw =0

Here, I'(«) is the Gamma function. The positivity of the normalization function M(«) implies
that the fractional A-B integral of a positive function is positive. It is worth noticing that the
case when the order o« — 1 yields the classical integral and the case when o — 0 provides the
initial function.

In this section, we study several Simpson-Mercer’s like inequalities via the A-B fractional
integral operator for differentiable functions on (a,b). For this, we establish a new A-B integral
identity that will serve as an auxiliary result to produce subsequent results for improvements.
Throughout the paper, let us assume that Q:= (%)S + (%)s <1, for t € [0,1].

Lemma 18.2: Suppose the mapping f : I = [a,b] — R is differentiable on (a,b) with b > a.

If ' € L[a,b], then for all 1,22 € [a,b] and o > 0, the following A-B fractional identity of
Simpson-Mercer type holds true:

é{f(a+b—x1)+f(a+b—xz>}+gf <a+b—x1;‘”)
+2a(1—a)F(a)f<a+b_m1+x2>

(902 - $1)a 2

2 M ()T (o) [ ap N 21 + 7

AB o 1+ T2
+ (aerf:EQ)I(aer,w) f <a +b— 2 > }
1 a
Tro — I1 t 1 ’ 1+t 1—-1t
- L b— dt
L (G 5) (e [ )
Lrroe 1t 1+t
—|—/0 <3—2>f <a+b—[ 5 x1 + 5 @])dt],

forte[0,1] .
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Theorem 18.2: Taking all the conditions as defined in Lemma 18.2 and assumption ) into
consideration and let |f'| be s-convex function on [a,b], for s > 0. Then, for all « > 0, the
following Simpson-Mercer type inequality for A-B fractional integral holds true for t € [0,1]:

%{f(a+b—x1)+f(a+b—x2)}+§f (a+b—x1+x2>

+2°‘(1—04)T(0é)f<a+b_x1+xz> 2

(w2 —x1)" 5
29I M ()T () [ ap . + .
- (.7}2 - xl)a { (a+b—ar1)I atb w1+12 fla+b-—

AB o T —|— )
+ (a+b—12)I(a+b_ w1;—w2 ) / <a‘ +b— ) } ‘

om0 o

_ ;s[}f' (@1)] + |f (@2)] ] {33 (@) +Ja () H

IN

where

and

Ji (o) = /(1 (t; - ;) [(141¢)° + (1 —¢)°]dt.

Remark 18.1: If we consider x1 = a and z9 = b and o = 1 in Theorem 18.2, we obtain
Theorem 7 in [227].

Corollary 18.1: Tuking the same assumptions as defined in Theorem 18.2 with s = 1 into
consideration, we get the following Simpson-Mercer type inequality

LU+ St b} o of (an - T2

2
21— )T (@) x1 + T2
T ) f(“b‘Q)

2 "M ()T () | ap a 1 + T3
- (x2 — x1>o¢ (a+b—x1)I<a+b z1+12>f a+b— 9

AB o T1 + T2
+ (a—i—b—wz)I( e z1+m2>f<a+b— 5 )}‘

() () szl

_ % [ £ (@0)| + | (22)] ] {53 (@) + 4 () H

IN

Corollary 18.2: If we consider a = 1 in Theorem 18.2, then we have the following Simpson-
Mercer type inequality

a+b—z1
'é{f(a—i—b—xl)%—élf(a—i—b—xl;x?)+f(a+b—x2)}— ! /+ f(x)dx

T2 — X1 Jat+b—zy
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— 5 1
< IS @l 1O \) o (1 @) + 1 (@)

(
{6(51 1) <58:+:1 _6> s+2 (58;j+l_1 )
55+2 41 25(2s 4+ 7)
i 2<3+1)<3+z>3s+2—3<3+1><3+2>H

In the results to follow hereon, we will give the new upper bounds for the right hand side of

the Simpson-Mercer type inequality via s-convexity involving A-B fractional integrals operator.

Theorem 18.3: Taking all the conditions as defined in Lemma 18.2 and assumption ) into
consideration, if | f'|? is s-convex function on [a,b], for s >0, then for all a > 0, the following
inequality for A-B fractional integral holds true for t € [0,1]:

O R ACRR ) P CRA T

L e

(xg —x1)" 2

227 IM ()T (@) [ ap o 1+ o
e B! (0075

+ éﬁb_”)zzﬁb—w)‘f <a+b _m —;xz) }'
oo — a1 [ 1 P
(-

' q (m1ta |9 3
{ (et [ )

e q 1 (z1+x2) |9 %
(17 @ - L EEEI) T,

1,1 _
where]3+a—1andq>1,

T +5B2>

B =

Remark 18.2: If we set x1 = a, zo = b and @ = 1 in Theorem 18.3, we obtain Theorem 8 in
[227].

Corollary 18.3: Under the same assumptions as defined in Theorem 18.3 with s = 1, we get
the following A-B fractional inequality of Simpson-Mercer type:

S atbom)+ fatb-m)}+of <a+b—
+204(1—04)1“(&)]0<a+bacl—;—zlcg)

(29 —21)”

T+ X2
2

27 IM(@)T (@) [ ap  1a 71 + T3
e 25

AB « 1+ T2
+ (a-i-b—xz)l—(aer,%) f (a +b— 9 ) }’
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< To — X1 /1
= 5 ;

/x q ! (x1+x2) |9 %
+<!f’(a)}q+\f’(b)\q— (el 47 ) D L

v 1) (R L (W)\T)é

2

Corollary 18.4: Under the same assumptions as defined in Theorem 18.3 with a = 1, we get
the following Simpson-Mercer type inequality

a+b—z1
'é{f(a+b—x1)+4f<a+b—xl—5@>+f(a—|—b—xg)}— ! /+ f(z)dz

< 25 @(;2;1)) { (!f’ @+ 17w [ <x1>’qj\+f;(“§”)\qD3

e q ! (z1+x2) |9 %
+<\f’(a)\q+}f’(b)|q—[|f(2)| 17 E22)] ]) L

s+1

Theorem 18.4: Taking all the conditions as defined in Lemma 18.2 and assumption ) into
consideration, if | f'|? is s-convez function on [a,b], for s >0 and g > 1, then for all a > 0, the
following inequality for A-B fractional integral holds true for t € [0, 1]:

1 2
‘G{f(a+bx1)+f(a+bxg)}+3f<a+b””;”)
+2 (1—a)FCEa)f<a+b_x1+x2>
(g — 1) 2
20" "M ()T () [ ap a T1 + %2
T U gy (07
AB o 1 + X2
+ <a+b_m>I(a+b_n;m)f<a+b— 5 >H
1
_ 1| a p P
< 271 (/ £l dt)p
2 s 1273
23+1_1 1 %

(1 @rlror- |2

(7@l 7w = [ @l 2 \f’(m)\qb}z},

1 1 _
whe7‘65+a—1andq>1,

Remark 18.3: If we set x1 = a, zo = b and @ = 1 in Theorem 18.4, we obtain Theorem 9 in
[227].

Corollary 18.5: Under the same assumptions as defined in Theorem 18.4 with s = 1, we get
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the following A-B fractional inequality of Simpson-Mercer type:

é{f(a—l—b—xl)+f(a+b—m2)}+§f <a+b_xl;rfﬂ2>
+ 204(1—(1)Fa(04)f <a—|—b_w>
(z2 —21) 2
27 IM ()T () [ 4 N 21 + 79
B (g — 1) { (aﬁb*xl)z<a+b—w>f <a +b— 2)

AB o 1+ T2
+ (a+b—x2)I<a+biz1J2er ) f <a +b— 9 ) }’

< 2771 </1 pdt)
< =5 i

S (@ by o - [P <x2>rqDé

+ <}f’ @)+ | (b)) - [If’ (21)]? +43 i (@)'q]); }

B =

Corollary 18.6: Under the same assumptions as defined in Theorem 18.4 with o = 1, we get
the following Simpson-Mercer type inequality:

Tl + T2

‘é{f(a+b—x1)+4f<a+b— ; >+f(a+b—fcz)}
o1 /:H”“ f(2) da

Tr9 — T +b—1z5
1
< XTo — I 1+2p+1 P
= 12 \3(p+1)

(17 @+ 1w |

2s+1_1 ! q 1 ! q
m‘f (z1)]" + GrDzT |/ (22)] })

Theorem 18.5: Taking all the conditions as defined in Lemma 18.2 and assumption ) into
consideration, if |f'|7 is s-convex function on [a,b], for s >0, q > 1, then for all « > 0, the

following Simpson- Mercer type inequality for A-B fractional integral holds true for t € [0, 1]:

q

‘é{f@*b—wl)ﬂ(%b—m)w§f (Mb—W)

SO () 2

(:132 — xl)a 2
29I M ()T (o) [ ap o 1 + 29
- ($2 — xl)a { (a+b—x1)I(a+b_ ac142rac2 ) f <a +b - 9 >

AB o T+ T2
gy (-252))

b

To —
- 2

Q=

xlj5 (a) x {j6 (Oé)% + J7 (o)
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where
= ([ -4o) = (-5
Jo () :/01 g— ;' { 1 @)+ | (b))
[ 1o+ (S50) 17 @] o

and

@ =15 - {17 @r+1r o
-1 o 571 Gl o

Remark 18.4: If we consider x1 = a, z9 = b and a = 1 in Theorem 18.5, we obtain Theorem

10 in [227].

Corollary 18.7: Under the same assumptions as defined in Theorem 18.5 with s = 1, we get

the following A-B fractional inequality of Simpson-Mercer type:

\Hf@+b—xu+fw+b—mn

6
2 Tt 21— )T () Tt
+3f<a+b 5 >+ (2 —21)° fla+b —
22" M(a)T () [ ap o L1+ T
B (x9 —x1)” { (a+b_x1)I<a+bfL;”)f <a +b- 2>

AB o X1+ T2
+ (a+b—x2)I<a+b_w142rw2 > f <a + b - 92 ) }'

)

T2 — X1
2

Q=

<

(J5 (o) x {.76 ()7 + T ()

18.2 Examples and Applications

18.2.1 Modified Bessel Functions
Example 18.1: Let the function Jo : R — [1,00) be defined [240] as

Jo(u) =2°T (a4 1)u"I4(u), ueR.

Here, we consider the modified Bessel function of first kind given in

P (u) _ i (%)a—l-Qn
“ —nll(a+n+ 1)

The first and second order derivative are given as

U

Talu) = 2(a+ 1)

Tat1(u).
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1" . 1 u?
T = 1 | a0 + 2 ()]

If we use, f(u) = J.(u) and the above functions in Corollary 18.2, we have

‘é{w_ggl)jaﬂ(a +b—x1)+

2(a+1)
a+b_m2ﬂ xr1 + T2
4 (Mjaﬂ <a+b— 5 >
+bh— )
wja+1(a+b—x2)} T [(Jala+b—x1) — Tala+b— x9)]

S [158{‘4<a1+ 5 [+ 2] 1

‘4<a+1> [( [jera®) + 2701109 ‘}

Ta+2(x1) + 2«7a+1(=’151)} ’

|

23 H 4(a+1) [a—Fl

+‘ 1 [( i Jat2(T2) + 2«7a+1($2)]

4a+1) [(a+1)
1 52 —1 1 512 +1
x (6(3—1—1) ( 35+ _6> C2(s+2) ( 35+2 _2)
5s+2_|_1 25(25+7)
T D123 3(s+ 1)(3—!—2))]

Remark 18.5: If we use, f(u) = J.(u) and the above functions in Corollary 18.4, then we
will get another example as stated above.

18.2.2 Special Means

Consider the following two special means for 0 < a < b.

The arithmetic mean:

a+b

A(a,b) = 5

The generalized logarithmic-mean:

Bl

Li(a,b) = . keR\{-1,0}.

b+l _ gk+1
(k+1)(b— a)]

Theorem 18.6: Suppose that a,b € R, s € (0,1], 0 <a <b, 0¢ [a,b]. Then,
1 S S
‘G{QA((awbel) ,(aer*.’Eg) )}

+4(2A (a,b) — A (21,22))° — L (a+b —x1,a+b — x9)

< M [ (gA (a1, b 1) — 281_1A (xg—l,x§—1)> <j3(1) +j4(1)>].

Proof: The proof follows an immediate consequences from Corollary 18.2 by considering f(u) =
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us. O

Theorem 18.7:  Suppose that a,b € R, s € (0,1], 0 <a <b, 0¢ [a,b]. Then for all ¢ > 1, the
following inequality holds true:

’é{QA ((a+b—21), (at b)) }

+4(2A (a7b) — A(ﬂ?l,l’g))is — L:z (a+b—x1,a+b—x2)

1
<s(x2—x1) 14 2PFE\»
=712 Bp+3)

1

s+1 —(s+1 q

{ <2A (a*(8+1)f1 b*(sﬂ)q) _ [561( T4 A, me) )qD !
’ s+1

1
—(s+1)q —(s+1)g7\ «
+ <2A (a—(s+1)q,b—(s+1)q) _ [1’2 + A(z1,22) qD ' }

s+1

Proof: The proof follows an immediate consequence from Corollary 18.4 by considering f(u) =
u” s, O

Theorem 18.8: Suppose that a,b € R, s € (0,1], 0 <a <b, 0¢ [a,b]. Then,

‘é{QA((a_|_b—xl)s,(a—i-b—l?)s)}

+4(2A(a,b) — A(x1,22))" — L (a+b —z1,a+ b — z3)

<

1
s(zg—m) [1+2PTE\P
12 (3p+ 3)

1

s+1 (s—1)q (s—1)q\ q

{ <2A (af(SH)q’bf(SH)q) a [(2 — 12)53(1 + 1)+ = D |
s

1
s+1 (s—1)g (s=1)aq\ «
n (2A <a—(s+1)q’b—(s+1)q) _ [(2 1)y + 77 D a }

(s+1)2¢

Proof: The proof follows an immediate consequences from Corollary 18.6 by considering f(u) =

us. O

18.2.3 Q-Digamma Function

The ¢-digamma(psi) function a, is the p-analogue of the digamma function « (see [240, 121] )

given as:

0 pk:Jr:r
a,=—In(1-p)+ lnpzl_ o

e pk’x
k=0 k=0
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For p > 1 and x > 0, p-digamma function «, can be given as:

1 > p—(k—l—x) 1 0 p—k;:c
k=0 k=0
Theorem 18.9: Suppose a, b, p be real numbers such that 0 <a <b,0< p <1, s e (0,1] and

% + % =1,q > 1. Then the following inequality holds true:

1 2
‘6{ap(a+b—x1)+ ozp(a+b—x2)}+3ap (a—kb—m;@)

1 a+b—x1
— / a, (z) dx

o — 1 +b—x9
1
xo—xqp (1 42PN\ D
< T2 1( +

- 12 (3p+3)
2s+l -1

e e A e F ) )
.

(I @17 + oy 0" = | 550 a;m)!"+28+1_1}a;<xzﬂ); b

(s+1) (s+1)2¢

Proof: By employing the definition of p-digamma function «a,(x), it is easy to notice that
p -digamma function f(x) = «a,(x) is completely monotonic on (0,00). This ensures that the
function f'(z) = a/,(x) is s-convex on (0, c0) for each p € (0,1). Now by applying Corollary 18.6,

we get the desired result. O

Theorem 18.10: Suppose a, b, q, p be real numbers such that 0 < a < b, % + % =1,g>1 and
0<p<1, se(0,1]. Then the following inequality holds true:

Haparbat oyt )

6
2 T1 + 2o 1 atb—z1
+3ap<a+b— 5 >_:r2—a:1 /a+bx2 a, (z)dx
< xTo — X1 1+ 2ptl %
= 12 \3(p+1)
1
o @)+ o (25522) ]
(o[ e
1
a/ (.'Eg)q—{— O/ ($1+I2> q q
+<\a;<a>\q+\a;<b)|q_[‘ﬂ ‘slf 2 ‘] }

Proof: By employing the definition of p-digamma function «,(x), it is easy to notice that
p -digamma function f(z) = a,(z) is completely monotonic on (0,00). This ensures that the
function f'(z) = aj,(x) is s-convex on (0, c0) for each p € (0,1). Now by applying Corollary 18.4,

we get the desired result. O

Theorem 18.11:  Suppose a, b, p be real numbers such that0) < a <b, and0 < p <1, s € (0,1].
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Then the following inequality holds true:

6

2 1 a+b—x
+ap<a+b—x1+x2>— / a, (v) dx

3 2 T2 — 1 Jatb—zs

X9 — I 5

< B (i @] o) )] — 5 () (o) + e (a2))

1 55+2—1_6_ 1 55+2+1_2
6(s+1) \ 351 2(s+2) \ 35+2

5s+2_|_1 B 25(2S+7) }:|
2(s+1)(s+2)3t2 3(s+1)(s+2) )|

‘1{ap(a+b—x1)+ ap(a+b—$2)}

+

Proof: Employing the definition of p-digamma function a,(x), it is easy to notice that p
-digamma function f(r) = «,(x) is completely monotonic on (0,00). This ensures that the
function f'(z) = /() is s-convex on (0, 00) for each p € (0,1). Now by applying Corollary 18.2,

we get the desired result. O

Remark 18.6: We can also find further results related to quantum Mercer estimates of
Simpson—Newton-like inequalities via convexity in the article [62].
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CHAPTER 19

On Generalized Ostrowski—Mercer Type Inequalities

This chapter develops generalized Ostrowski—-Mercer type inequalities, extending the classical Os-
trowski inequality through («, 5,7, §)—convexity in mixed form. We also establish Ostrowski-type
inequalities for functions whose derivatives in absolute value at certain powers satisfy («, 3,7, d)—
convexity, employing techniques such as Hoélder’s inequality and the improved power mean in-
equality. Special cases and applications, including midpoint inequalities for special means, are

discussed to illustrate the practical impact of these generalizations

19.1 Ostrowski—Mercer Inequality

The well-known Ostrowski-inequality is extracted from [91].

Theorem 19.1: Let f: I =[a,b] CR — R be a differentiable function on I° (where I1° is the
interior of 1) such that f € Lla,b], where a,b € I and a <b. If |f'(t)] < M valid V t € (a,b)
where M is positive real constant. Then

4 (b—a)

_ atb)? 7 —a)2 )2
L 22)]_[( 2)(1:(5) )}M. (19.1)

bia/abf@)dt‘ < M- a)

@) -

We recall a variant of the Ostrowski inequality, the Ostrowski-Mercer inequality from [230].

Theorem 19.2: Let f € AC [a,b], f € L[a,b], and |f'(x)| < M for x € [a,b], then

b

<x—y>f<x+a—y>+<z—x>f<x+b—z>—[/amyf(t)dt+L soya|

+b—z (19.2)

M
< > ((m—y)Z—i-(z—:c)Q),
Vr € [y, 2], with y,z € [a,b], x € [a,]].
Remark 19.1: If y = a and z = b in Theorem 19.2, then inequality (19.2) reduces into (19.1).
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19.2 Ostrowski—-Mercer Type Inequalities Via «, 3,v,0— Convex
Functions

Throughout this section we denote,

b

r+a—
Yf(x,y,z,a,b):(xy)f(:c+ay)+(zx)f(:c+bz)[/ yf(t)dtJr/ f(t)dt].

+b—2z
The Beta function, defined for z,y > 0 as:

Y L v, (@)(y)
B(m,y)—/o w11 — u) ldU—m,

o
where y(x) = / e “u" 'du. Here we state an important result related to (a, 3,7, §)-convex
functions, for detailed discussion on («, 3,7, §)—convexity, we refer the reader to [111, 112]:
Theorem 19.3: Let f be an absolulely continuous and integrable function defined on [a,b]

whose first derivative is bounded, i.e., |f'(z)| < M for all x. If f is (o, B,7,9) convex function
in the mized kind, then for all x € [y, 2] such that y,z € [a,b] we have

1 1
|Yf($,y,2,a,b)§M|:1_ _B<

av+2 B 275+1)] iy (). (19.3)

B

2 2

+(z—x)".

where k5 (7) = (v —y)

Proof: By using Lemma 1 of [230]
1
Yiozab) < @) [ 07 ra e+ (- a)lde
0
1
e — x)z/ 1 (2 +b— (t2+ (1 — t)))dt.
0

Using (1.3), we get

1

Vi zab)| < @ =) [ e [F@I+ 7@ =17 @)= 0= )]
2 ! é
e [l @1+ 7o) - 1] - - | @) at
0

Hence by |f'(x)] < M, we have

1 1 2
Vit mab)] < M- 1o g - 5 (5041))
) 1 1 (2
Y AR WA

O]

Remark 19.2: In Theorem 11.1, if « = = = 0 = 1, then (19.3) reduces to the inequality
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(19.2), which is the Corollary 1 of [230].

Remark 19.3: In Theorem 11.1, if y = @ and z = b, then for « = § = ~v = 4§ = 1, (19.3)
reduces to the inequality (19.1).

Theorem 19.4: Let all the assumptions of Theorem 19.3 hold. Let |f'|7 be (o, B, v, 8)—convex
in mized kind for ¢ > 1 with |f'| < M, then

M
[(p+1)(p+2)]

1 1 1 /1 1 /2 i
X(1_a’y+1+a7+2_53<5’6+1>+ﬂB(575+1>> my(m) (194
M 1 1 /2 :
M ot ip(Ey 2 ().
oo (1 v +2 B (ﬁ’ “)) (7)

Theorem 19.5:  Let all the assumptions of Theorem 19.3 hold. If |f'|7 be a (o, 8,7, 9)—convex
function in the mized kind for ¢ > 1 with |f'| < M, then

[Yi(z,y,2,a,b)| <

3 =

(2, y.2.0,b)| < M> ak3(x)

1 1 1. /1 1. /2 -3
X[(1‘m+1+m+2‘53<ﬂ’“1>+5B<ﬁ"5“>)
1 1 1 1 /2 1_/3 ¢ (19.5)
(3_a7+2+a7+3_53<6’5+1>+ﬁB<B’5+1>>

1 1. /2 -3 /92 1 1 /3 i
H( e (or) TGram s (o) ]

Remark 19.4: In the last two results stated above, we can identify various special cases
corresponding to different values «, 3, v and 6.

19.2.1 Applications to Special Means

Let A, G, H, L, I and L, represent arithmetic, geometric, harmonic, logarithmic, identric and

p-logarithmic means, respectively.

Remark 19.5: In Theorem 19.4, we put y = a and z = b, then
1. Let z = “TH’, 0<a<b g>1, f:R— R f(x)=2a" then (19.4), reduces
M —a)
T
2(p+1)(p+2)]7
1
1 1 1 1 1 2 q
x (1— + —~-B(=,0+1)+=B(=,6+1
( ay+1 ay+2 P (ﬂ > B <6 )>

M(b_“)<1— ! —1B<25+1>>
2(p+2)7 ay+2 BA\p

[A" (a,b) = Ly (a,b)] <

Q=

+
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—Inz then (19.4) reduces

atb 0 <a<b g>1, f:(0,1] =R, and f(z) =

2. Let x = %52,
(A(a,b))‘ M(b—a)
In < -
H@.b) /17 2l(p+ 1) (p + 2)]
1
1 1 1 /1 1. /2 ¢
1— + —-B|=,+1)4+=B(2,6+1
X( v +1 ay+2 B <ﬁ ) 5 (ﬁ ))
M(b - 2( 1 IB<2ﬁ+1>)f
2(p+2)r ay+2 B \B
Remark 19.6: In Theorem 19.5, we put ¥y = a and z = b, then
l.Let v =22 0<a<b ¢g>1, f:R—RF and f(z) = 2", then (19.5) reduces,
M (b
q —
4" (0,5) — L (a,5) < 200
(- ety tn (L) dn (2ae))
ay+1 ay+2 B \p go\p
1
1 1 1 1. /2 1_/3 f
— ——B(2,6+1)+=-B(2,6+1
<3 av+2 ar+3 B (6 ) 3 (5 +>>
1 1
1 1 /(2 =2 /2 1 1 /3 a
1— —-B(2,6+1 s -B(25+1 :
+< av+2 B <ﬂ +)> <3 av+3 B <ﬁ +>>]
2. Let x = “T'H’, 0<a<b,g>1, f:(0,1] - R, and f(z) = —Inz, then (19.5), reduces
91
In Al(a,b) SM a(b—a)
I(ab) 2
1 1 1 1 /(2 =3
——B(=6+1)+=-B(2,6+1
[( ESRSTET R (6’ +>+6 (ﬁ’ +>>
1
1 1 1 /2 1 /3 q
- ——B(25+1)+=-B(2,56+1
(3 ow+2 a7 +3 B (B +>+B (5 +)>
1 1 (2 =5 /2 1 1_/3 i
1— —-B(2,6+1 s -B(25+1 .
+< v t2 B (/3’ +>> (3 13 B (/3’ +>>]

Remark 19.7: We can also find some results related to the Ostrowski—-Mercer inequality in

[60], [61] and [230].
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cHAPTER 20

Extension of the Jensen—Mercer Inequality on Time Scales

This chapter presents a generalization of the Jensen—Mercer inequality via the <{,—integral on
time scales, encompassing both discrete and continuous cases. Applications are given to the
Ky Fan inequality and the arithmetic-geometric and arithmetic-harmonic mean inequalities,
together with refinements and potential implications in economics. The work builds upon Hilger’s
(1988) introduction of time scale calculus, which unifies discrete and continuous analysis and
has since grown significantly with numerous applications across science [113]. For foundational
material, readers may consult Bohner and Peterson’s monograph on single-variable time scale
calculus and its applications [40]. For multivariate time scale analysis one can see [42].

The chapter assumes readers already have a basic understanding of time scale theory.

Definition 20.1: A time scale is an arbitrary nonempty closed subset of the real numbers.

We will denote time scale by 7. Examples of time scales are R,Z and ¢"° := {¢*|k € Ng}. For

more details and basics of time scale, we refer the reader to [40].

20.1 Generalization of Jensen—Mercer Inequality for A- Integral
In [71], generalization of the Jensen Mercer Inequality for A—Integral is presented as follows:

Theorem 20.1: If g,w € C([c,d|r,[a,b]) where w is a probability density function and ¢ €
C([a,b],R) is convex, then

0 ( v [ dw(t)g(tmt) <e@+e0)- | " w(t)p (aln)) A
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Corollary 20.1: Let T =R and let assumptions of Theorem 20.3 be valid. Then

d d
0 ( o | w(t)g(t)dt> <o@+e0)- [ wlthelot)dt
Remark 20.1: For other related results, special cases and applications, we refer the reader to

[71]. Furthermore, the results given in this section can also be given for V—integral in similar
way. One can find economic application of V—integral in [98].

20.2 Generalization of Jensen—Mercer Inequality for {», Integral

Let g : T'— R. The {$p-integral of g over ¢,d € T is defined as

d d d
/g(t)Oa(t):a/ g(t)At+(1—a)/ gVt ac 1],

provided that both the delta and nabla integrals of g exist on T. When g is continuous, the
{a-integral of g clearly exists.

The ¢, integral of Jensen’s inequality has been proposed in [20] as follow:

Theorem 20.2: If g € C([c,d]|r, [a,b]) and ¢ € C([a,b],R) is conver and w € C([c,d|r, [a,b])
s a probability density function, then

© (/cdg(t)W(t)Ot> < /CdsO(g(t))w(t)%t- (20.1)

We establish a Jensen Mercer $, integral inequality.

Theorem 20.3: Ifg € C([c,d|r,[a,b]) andw € C([c,d|r,[a,b]) is a probability density function
and also ¢ € C([a,b],R) is conver, then

d d
¢<a+b— / w<t>g<t><>at) <o)+ o)~ [ wlte(9t) Gat (20.2)

Proof:
d
Since ¢ is convex function and <a +b— / w(t)g(t)()@) € [a,b], therefore by inequality
(20.1) and Lemma 14.1, we have

0 ( - | dw(t)g(t)%t) = ( / “wt)atb- g<t>><>at)
d d
< / w(t) [ (a4 b — g(t)] Gat < @ (a) + o (b) — / w(t)p (g(1)) Gat.

O]

Remark 20.2: If a =1, then we get the obtained inequality in A integral [71]:
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0 ( o[ dw(t)g(tmt) <e@+ob)- [ by (a(t)) A.

Remark 20.3: If a =0, then we get the obtained inequality in V integral:

o ( - | dw(t)g(tm) <e@+e®- | "ty (9(1)) V.

Corollary 20.2: Let T =R and by considering the assumptions of Theorem 20.3. Then

0 ( wo- [ dw(t)g(t)dt> e+ - [ "ty (o(1)) .

Corollary 20.3: LetT =7, Fira=1andb=k+ 1, let g: {1,....,k+1} — (0,00) and by
considering the assumptions of Theorem 20.3. Then

k k+2
¥ (a +b—a w(t)yt) - (1-a) ZW(t)g(t))
t=1

20.3 Refinement

In this section we are going to establish refinement of Jensen Mercer inequality in time scale.
Throughout this section we let X = [¢,d]r and E, E¢ C X such that FUE® = X and ENE*® = (),

and also we suppose Wg = [ w(t){at > 0, and Wge =1 — W,

Theorem 20.4: Let X = [c,d]p and g € C(X,[a,b]) and w € C(X,]a,b]) is a probability
density function and also ¢ € C([a,b],R) is convez. Then

. (a+b— /. w<t>g<t><>at) < Dlws9u9, E) < (@) + ()~ [ w(®ho(g(0) Ot

where

Dl gu5 ) = W (b= i [ wlg®0at) +Weep (a0 = [ wia®0at).

20.4 Applications to Ky Fan Inequality and related results

In 1961, the Ky Fan inequality was presented in the renowned monograph ‘Inequalities’ in [35]

as follow: Let

n n 1/n
A, = %le, G, = <H$’>
i=1 i=1
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denote the arithmetic and geometric mean, respectively, of z1,...,x, € (0,1/2], and let

n n 1/n
Al = %Z(l — ), G, = <H(1 - x@)> .

i=1 =1
Then
Gy < Ay
Gl = A
n n
equality holds iff z; = --- = x,,, which magnetize the attention of several mathematician. For

generalization and refinement of the Ky Fan inequality see paper [72] and references therein.
In this section we are improving Ky Fan inequality and related results for time scale calculus.

Further, throughout this section, we assume that the interval [a, b] contains the interval (0,1/2].

Definition 20.2: Let the assumptions of Theorem 20.3 be valid. We define the generalized
weighted arithmetic-, geometric- and harmonic-means of g € C([c,d|r,[a,b]) with weight w
respectively, as under:

d
Aped(9,w) =a+b— / w(t)g(t)dat,

Gle,d (9, w) = exp [ln (ab) — /ch(t) In (g(t)) <>at:| :

Hie q(g,w) = <61L N % B /cdw(t)(g(t)l)%t> 71.

Remark 20.4: The generalized AM-GM-HM inequality is also true for the generalized weighted
means. We have,

H[c,d} (g7w) < G[c,d} (g7w) < A[c,d] (ngv) (203)

To establish the right-hand side of this inequality, we take the concave function f(¢) = In(¢) and
set g(x) = z, leveraging Theorem 20.2. On the contrary, to proof the left side, we employ the
identical function f and set g as %

Now, we establish generalized Ky Fan inequality for time scale. Under the assumptions of

Theorem 20.3, following results are valid:

Corollary 20.4:

A[c,d} (g,W) S A[c,d}(l - gaw)
G[c,d] (gu w) B G[c,d]<1 - g7w) .

Proof: By applying ¢(z) = In =2 z € (0, %] to the Theorem 20.3, we obtain required results.
O

In next result, we provide refinement of the Ky Fan inequality as follow:
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Corollary 20.5:

Ale.q (9, w) - [A[c,d](g,w)} (1-N)? o Ale,q (1 = g,w) - |:A[c,d] (g,w)} (1-n)? <
G[c,d](g7w) N N B

where 0 <n < g(t) < N =

N[ =

Corollary 20.6:

A[c,d](l - 97(“)) > G[c,d](l - ng)'

Proof: By applying ¢(z) = z—In(1—=z) for all z € (0, ] to the Theorem 20.3, we get requires
results. O

Now, we present refinement of Ky Fan inequality via convexity.
Corollary 20.7:

A[c,d]<1 -9 W) < 1 < A[c,d} (g?w)
G[c,d}(l -9 w) N G[c,d] (gv w) + G[c,d](l -9 w) N G[c,d] (ga w) .

Here we state some of the results as under:

Corollary 20.8: Let the assumptions of Theorem 20.3, be valid also let g(t) € (0,3] C [a,b].
Then

(Z) A[c,d] (gaw) > H[c,d](ng)‘
(“) A[c,d](l - ng) > I{[c,d](1 - ng)'

Now, we present arithmetic and harmonic mean inequality.

Corollary 20.9:

1 1 1 1

— < .
A[c,d] (guw) A[c,d}(l - g7w) B H[c,d] (ng) H[c,d](l - gaw)

Now, we establish geometric and harmonic mean inequality for time scale.

Corollary 20.10:
Hi g(9,w) < Gl g(g,w).

Corollary 20.11:
Hieq(1 = g,w) < Gleg(l—g,w).

Corollary 20.12:

H[c,d]<1 - g7w) < G[c,d}(l - g,(.U)
H[c,d] (g7w) B G[c,d] (ng) .
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Corollary 20.13:

Hie q(1 —g,w) - 1 < Hpea (9,w)

G[c,d](l -9 w) N G[C,d] (gv w) + G[C,d](l -9 w) B G[c,d] (ga w) '

Remark 20.5: For idea of the proof of some of the results we refer the reader to visit previous
chapter.

20.5 Application to Economic Model

Many economic models are dynamic and can be naturally formulated on time scales, encompass-
ing both discrete and continuous frameworks. In particular, consumer behavior can be analyzed
through a utility function u(C'), where C represents consumption. The utility function satisfies
' (C) > 0 and v’ (C) < 0, reflecting the Law of Diminishing Marginal Utility-each additional
unit of consumption provides less satisfaction than the previous one [98].

By framing consumption as an optimal control problem, one can determine the optimal

consumption pattern over time, maximizing lifetime utility as the sum of instantaneous utilities.

o(T)
U= / w(Cp(5)))es (0, p(5))Ous,
0

where, o and p are forward and backward jump operators respectively, and the ¢, — exponential
function is defined, as in [41], by es(c,d) = exp (/d §U(u)(5(u))<>au>, with internal rate of
preference § for every ¢,d € T and the cylinder tr;nsformation & ( for basic assumptions,
proper definitions and other details we refer the reader to [41]). By denoting w(t) := %65(0, p(t))
where \ = fOU(T) es(0, p(s))<Cqs and g(t) := u(C(p(t))) and using the notation in Definition 20.2,
we get Ajg (7)) (9,w) =a+b— g With the above notations, the generalized inequality (20.3),

A
gives an estimation for the upper bound of the utility function, as under:

U
Gloom)(9:w) < Apoy(g:w) =a+b—+
which gives us

U < Aa+b—Goory(g,w)]

Remark 20.6: For other remarks and further discussion on the topic we refer the reader to
[84].

Remark 20.7: For more results on time scale related to Jensen—Mercer inequality we refer the
reader to [34].
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Concluding Remarks

The present volume marks the culmination of six years of work in collecting, systematizing,
and analyzing developments related to the Jensen—Mercer inequality and its extended family of
results. The pace of evolution in this field has been remarkable. Despite our sustained effort to
maintain comprehensive coverage, the research activity in 2024 and 2025 has accelerated to a
point where continuous tracking would necessitate perpetual revision. This chapter, therefore,
provides a reflective synthesis of the most impactful recent advances and establishes a natural

endpoint for this edition.

Recent Developments (2024-2025): A Paradigm of Expansion and
Refinement

The literature from the last two years reveals a vibrant field characterized by both deep theo-
retical refinements and a significant expansion into new mathematical territories. The dominant

trends can be summarized as follows:

Proliferation of Fractional and Generalized Operators

The integration of fractional calculus with Mercer-type inequalities has solidified into a major
research paradigm. Recent works have extensively developed Hermite-Hadamard-Mercer (HHM)
and Jensen—Mercer-type inequalities involving a diverse set of non-local operators. The year
2024 saw significant contributions using Atangana-Baleanu operators in the Katugampola
sense {2}, generalized fractional operators {4}, and conformable derivatives {1} and
{3}. This trend continued into 2025 with further explorations via v-Hilfer operators {13} and
Riemann-Liouville fractional integrals {18}. These approaches systematically extend the classical

theory to nonlocal contexts, demonstrating how memory-dependent and generalized operators
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interact with various convexity classes.

Refinements via Strong Convexity and Curvature Assumptions

A parallel and equally significant development has been the strengthening of Jensen—Mercer
inequalities under more restrictive curvature conditions. Several articles from 2024 provide im-
proved formulations for strongly convex functions {5} and {6}, establishing tighter bounds
that have direct consequences for information-theoretic measures like Csiszar divergence, Jensen-
Shannon divergence, and Shannon entropy. This line of research demonstrates the inequality’s

enduring effectiveness as a tool in mathematical statistics and information theory.

Refinements of Jessen—Mercer Inequality Using Time Scale Calculus

The work of Said and Torres {12} represents a significant unification of the theory, extending the
Jessen—Mercer framework to the domain of time scale calculus. By establishing refined versions
of the inequality for the A.

A-integral, their work provides a powerful tool that seamlessly bridges continuous and discrete
analysis. This generalization not only encapsulates classical integral and discrete sum inequalities
as special cases but also opens new avenues for applications in dynamic equations and economic

models where processes evolve in a mixed continuous-discrete time setting.

PhD Thesis of Shaista Alamgir on the topic “Linear Inequalities Via Interpo-
lation Polynomial and Weighted Hermite-Hadamard Inequalities”

In this dissertation {19}, a significant portion of the work has been devoted to extending the
theory of weighted Hermite-Hadamard inequalities to the Mercer-type framework. Chapters
5 and 6 systematically explore linear inequalities derived via various interpolation polynomials—
such as those based on the extensions of Montgomery, Taylor, Fink identities, as well as Hermite
and Abel-Gontscharoff polynomials—under Mercer-type transformations. These results not only
generalize classical and weighted Hermite-Hadamard inequalities but also provide explicit ex-
pressions for the unknown terms P and A in both discrete and integral forms. The incorporation
of Green functions further enriches the analysis, offering new insights and broader applicability.
These Mercer-type inequalities open avenues for future research in convex analysis, optimization,
and applied mathematics, particularly in contexts where symmetric or transformed domains are

natural.
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Generalizations to Broader Convexity Classes and Settings

The expansion of Mercer-type inequalities to broader frameworks continues unabated. Recent

publications have explored:

¢ Coordinated convexity on rectangles, including refinements for coordinated h-convex func-
tions {7}.

e Interval-valued analysis, with new versions of Jensen’s inequality for interval-valued coor-
dinated convex functions {11}.

e Operator-theoretic extensions, including generalizations of Mercer inequalities in Hilbert
space settings {9}.

e Measure-theoretic perspectives, such as integral Jensen—Mercer inequalities for signed

measures {15}.

These works often include computational demonstrations, confirming the practical utility and

tightness of the derived theoretical bounds.

Applications in Information Theory and Statistics

The applied reach of these inequalities has been notably emphasized in recent works. Several
2024-2025 papers highlight the utility of refined Jensen—Mercer inequalities in deriving sharp

bounds for entropy and divergence measures. Applications now encompass:

e Shannon entropy
e Kullback-Leibler divergence
e Jensen-Shannon divergence

e Applications in probability and statistics {17}

These contributions reinforce the inequality’s versatility far beyond the realms of classical convex

analysis.

Interpretation and Thematic Summary

A unified analysis of the recent literature yields several key insights:

e Maturation into a Framework: The Jensen—Mercer inequality has evolved from a singular
result into a comprehensive methodological framework for generating new inequalities across

multiple mathematical disciplines.
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e Interdisciplinary Fusion: The inequality now sits at the crossroads of information theory,
operator theory, fractional calculus, numerical analysis, and statistical modeling, demonstrat-
ing remarkable interdisciplinary reach.

e Dual Research Trajectories: The field exhibits two complementary directions: highly
general frameworks (interval-valued, operator-theoretic) alongside specific refinements under
stronger assumptions (strong convexity, higher-order differentiability).

e Computational Validation: An increasing number of articles supplement theoretical re-
sults with numerical evaluations, indicating a growing emphasis on practical applications and
algorithmic implementations.

e Fractional Dominance: The union of Mercer-type inequalities with fractional calculus has
emerged as the most dynamically expanding research direction, with continued growth ex-

pected in the coming years.

Open Questions and Future Research Directions

While this volume concludes with the current landscape, the literature suggests several promising

avenues for future investigation:

1. Sharpness and precise equality conditions for Jensen—Mercer-type inequalities under strong
convexity and other generalized convexity assumptions.

2. Development of stochastic and probabilistic versions involving mean-square fractional in-
tegrals and their applications to random processes.

3. Exploration of non-commutative and quantum versions in operator algebras and quantum
probability frameworks.

4. Implementation of these inequalities in numerical algorithms, optimization protocols, and
machine learning models.

5. Further generalizations to preinvexity, pseudo-convexity, and their interplay with time-scale
calculus.

6. Deeper interconnections with majorization theory, Schur-convexity, and optimal transport
problems.

7. Systematic exploration of the relationship between different fractional operators and their

efficacy in producing sharp bounds for various function classes.
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Rationale for Closing the Volume

The decision to conclude this volume at the present juncture is motivated by several considera-

tions:

e The collected results up to 2025 present a sufficiently complete and coherent picture of the
current theoretical landscape.

e Continuous revisions in response to each new publication would compromise the structural
integrity and readability of the monograph.

e This concluding collection of recent works serves as a strong foundation for future editions

once the next wave of results stabilizes and new dominant patterns emerge.

Recent Articles (2024-2025)

Below we present a curated selection of publications from 2024 and 2025 that represent the most

significant contemporary work on Jensen—Mercer inequalities and related generalizations.

{1} S. I. Butt, M. V.-Cortez, and H. Inam, Harmonic conformable refinements of Hermite-
Hadamard Mercer inequalities by support line and related applications, Mathematical and
Computer Modelling of Dynamical Systems 30 (1) (2024), 385-416.

{2} S. I. Butt, P. Agarwal and J. J. Nieto, New Hadamard-Mercer inequalities pertaining
Atangana-Baleanu operator in Katugampola sense with applications, Mediterranean J.
Math. 21 (1) (2024): 9.

{3} S.I. Butt and H. Inam, New fractional refinements of harmonic Hermite-Hadamard-Mercer
type inequalities via support line, Filomat 38 (14) (2024), 5179-5207.

{4} S.I. Butt, M. Nadeem, J. Nasir, A. O. Akdemir, and M. S. Orujova, Jensen—Mercer variant
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(2024), 10463-10483.
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Final Thoughts

The Jensen—Mercer inequality continues to expand in scope, depth, and applicability at an
extraordinary pace. This concluding chapter captures the state of the field at a moment of
intense and multifaceted development. We hope the present volume serves not only as a definitive
reference for the current landscape but also as a catalyst for future discoveries across convex
analysis, information theory, fractional calculus, operator theory, and beyond. The foundation

laid here will undoubtedly support the next generation of innovations in this dynamically evolving

field.
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APPENDIX A

On Convexity and Related Results

A.1 On Convexity

In this section we list some of the basics properties of convex functions, P-convex functions and
functions with nondecreasing increments. More details about these classes of functions can be

found in monographs [204] and [224].

Definition A.1: Let I be an interval in R. A function f : I — R is said to be convex if for
all z,y € I and all X € [0, 1],

fAz+1=Ny) <Af(2)+ (1 =N f(y) (A1)
holds. If the inequality in (A.1) is reversed, then f is said to be concave.
Geometrically (A.1) means that the graph of f lies below its chords. Convex functions have
the following properties:

1. Let I be an interval in R, p,q € R. For any x,y € I, p,q >0, p+q > 0 (A.1) is equivalent

to

; <par+qy> pf@)+af (y)
p+q )~ p+q '

2. Let I be an interval in R. For any x1,x2,x3 € I such that x1 < x2 < x3,

o — I3 Tr1 — T2

f(z2) <

f(z1) +

Tr] — X3 xr1 — I3

[ (x3) (A.2)

holds.

3. Let I be an open interval in R. Function f: 1 — R is convex iff it has at least one line of
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support at each xo € I, 1.e., for all x € I

fx) = [ (o) + Az — o)

holds, where A € R depends on xg and is given by X\ = f'(xg) when [’ (xg) exists, and
A€ [fL (w0), fi (w0)] when f (zo) # f! (wo).

4. Function v — f(x) — f(x9) — N(x — xg), representing the difference between convex
function f and its line of support, is decreasing function for x < x¢ and increasing function

for x > xg.
To define convexity of higher order we need the notion of divided difference .

Definition A.2: Let I be an intervalin R and f : I — R be a function. A n-th order divided

difference of f at distinct points zq,...,x, € I may be defined recursively by
(2] f = f(2:)
T1,...,T —[xo, ..., Ty
[xg,...,:nn]f:[l n] f = [0 nl]f.
Tn — X0
The value [z, ...,x,] f is independent of the order of the points xq, ..., x,. This definition

can extended by including the cases for more than one point coincide by applying the respective

limits. For further details on the topic please see [136].
Definition A.3: A function f: I — Ris said to be n-convex if

holds for all choices of n+1 distinct points zg, . . ., ¢, from I. If the inequality in (A.3) is reversed,
then f is said to be n-concave.

It is easy to see that 2-convex (2-concave) functions are in fact convex (concave) functions.

Some of the properties of n-convex functions are:

1. If a function f : I — R is n-convex (n-concave), then there exists f("~2) and it is convex
(concave) function.
2. If £ exists, then f is n-convex (n-concave) iff £ (z) > 0, for all z € I (f™ (z) <0,

for all z € I).

Definition A.4: Let I,J be two intervals in R and f : I x J — R be a function. A divided
difference of order (m,n) of f at m + 1 distinct points zg,...,z, € I and n + 1 distinct
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points yo, ..., yn € J is defined by

(20, s Tm] [Yo, - - > Yn) f = [0s - s Zm] ([Y0, - - - Yn] )
= (Y0, -,Yn) ([0, .-y 2zm] ).

Definition A.5: Let m,n € N and let I, J be two intervals in R. A function f: I x J — R is
said to be convex of order (m,n) if for all choices of m + 1 distinct points g, ..., Z,, from I
and n + 1 distinct points yo, ..., y, from J,

[*/1:07"')‘7;771] [y07ayn]f20

holds.

A similar class of functions, which we define next, was considered in [213].

Definition A.6: A function f: I xJ — Ris said to be P-convex of order n if for all choices
of n + 1 distinct points zg, ..., z, € I and n + 1 distinct points yg,...,yn € J

[0, -y @il [Yo, -« -y yk—s) f =0, 1€{0,1,...,n}

holds, i.e., if f is convex of order (i, — i) for all i € {0,1,...,n}. We say that f is P-concave
of order n if —f is P-convex of order n. If a function f is P-convex of order 2, we simply say
that f is P-convex.

In the same paper [213] several properties of P-convex functions of order n, related to the

well-known properties of n-convex functions, were given:

1. A P-convex function of order n is not necessarily continuous on I x J. Indeed, the function
f:IxJ=]a,b] x[c,d — R defined by
0, (z,y) €l xJ\(bd)

f(xvy) = )
1, (%,y) - (b7 d)

is P-convex of order n € N, but it is not continuous.

2. If the n-th order partial derivatives of a function f : I x J — R exist, then f is P-convex
of order n iff these partial derivatives are nonnegative.

3. If the (k — 1)-th partial derivatives of a function f : I x J — R exist, then f is P-convex

of order k iff these partial derivatives are nondecreasing in each argument.
Example A.1: Functions f : [0,+00)> — R defined as
f(z,y) = 2Pyl

are P-convez for p,q > 1, or p,q < 0. They are also convex for p > 1,1 —p < ¢ < 0, or
l1-¢<p<0,g=>1,0rpg=<0.
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A.1.1 Functions with Nondecreasing Increments

In 1963, H. D. Brunk defined an interesting class of multivariate real valued functions [46] (see

also [140, 204]) known as functions with nondecreasing increments.

Definition A.7: A real valued function f on a k-dimensional rectangle U C R*, where k is a,
fixed positive integer, is said to have nondecreasing increments if

f(a+h)— f(a) < f(b+h)— f(b) whenever 0 <h e R a<b,ab+heU, (A4)
where partial order is defined by

($173327~~-737k> < (y1,y2,---,yk)<:>$1 <Yty Tl < Yk

In the same paper [46], Brunk gave some examples and properties of the functions which we
discuss below.

Examples of Functions with Nondecreasing Increments

(i) The simplest example of a function with nondecreasing increments is a constant function.
(ii) Lines of the form x = at + b, where (0,...,0) < a € R* b € R* whose direction cosines
are nonnegative also belong to the family of functions with nondecreasing increments.

(iii) An important continuous function with nondecreasing increments is f : R? — R defined

by f(z,y) = zy
1. Another useful continuous function with nondecreasing increments is f : [0,00)" — R
defined by f(z) = [T, z:.

(iv) An interesting and widely used example of such functions is the Cauchy functional equation

F(x+y)=Fx)+ F(y).

Porperties of Functions with Nondecreasing Increments Functions with nondecreasing

increments possess the following properties:

(i) A function with nondecreasing increments is not necessarily continuous.

(ii) If the first partial derivatives of a function f : U — R exists for x € U, then x has
nondecreasing increments if and only if each of these partial derivatives is nondecreasing
in each arguments.

(iii) If the second partial derivatives of a function f : U — R exists for x € U, then x has
nondecreasing increments if and only if each of these partial derivatives is nonnegative.

(iv) If a function f with nondecreasing increments is continuous for b < x < a+ b, where
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0 < a € R¥, then the function f : [0,1] — R defined by f(t) = f(ta + b) is convex.

Remark A.1: We may note here that if n = 2 and if we only consider functions which have
partial derivatives of the second order, then the class of P-convex functions and the class of
functions with nondecreasing increments coincide.

We define here a special type of functions which belong to the class of functions with non-
decreasing increments and themselves contain the class of convex functions. These functions are

called Wright convex functions 204, p. 7.

Definition A.8: Wesay f: I — R is a Wright convex function if V a,b+ h € I with a < b
and h > 0, we have

fla+h)—f(a) < f(b+h) — f(b)
Remark A.2: It is easily to see that in one dimension case functions with nondecreasing
increments are Wright convex functions. Also, continuous Wright convex functions are convex
functions. Thus, the class of convex functions is a proper subclass of the Wright convex functions.

A.1.2 Functions with Nondecreasing Increments of Order n

In [139] we can find the following expressions for functions with nondecreasing increments of

order n.

If we write Ay, f(x) = f(x+h1) — f(x) and inductively,
A Ay -+ Ay F5) = Ay (A -+ A, f(x) for 0> 2,

where x,x +hy +---+h, € U, h; € R¥ for i € {1,...,n}, where R¥ denotes set of nonnegative

R* . Using this notation with h = hy, s = hy, b = a + s, condition (A.4) becomes
AhlAhzf(a) Z 0.

The Definition A.7 can also to be extended to the following form.

Definition A.9: Let f : U — R is said to be a function with nondecreasing increments of
order n if

Apy - An, f(x) 20

holds, whenever x,x +hy +---+h, € U, h; e R¥ for i € {1,...,n}.

A.1.3 Monotocity in Means
Here we describe an interesting concept of monotonicity in means (see also [207]).

Definition A.10: A finite sequence (Xq,...,X,) € U™ is said to be nondecreasing in means
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with respect to weights w = (w1, ..., wy,) € R"} if the inequalities
X1 < AXiw) < - <A (Xsw) (A.5)
hold, where

1 J
Aj(X;W) = szixi, Wj = Zwi.
Ji=1 i=1
If the directions of inequalities are reversed in (A.5), then the sequence (Xy,...,Xy) is said to
be nonincreasing in means.

A.2 On Operator Convexity

We denote by B (H) the C*-algebra of all bounded (i.e, continuous) linear operators on a Hilbert
space H with operator norm. On its subspace of all bounded selfadjoint operators we introduce

a partial order as follows [157]:

Definition A.11: A selfadjoint operator A € B (H) is positive semi-definite (simply, pos-
itive) and we write A > 0 if (Ax,z) > 0 for each z € H.
For selfadjoint operators A, B € B(H) we write B> A (or A< B)if B—A>0.

We denote by Sp(A) the spectrum of an operator A, i.e., the set {\ € C: A — AI is not
invertible in B (H)}. We denote by C ([m, M]) the set of all real valued continuous functions on

an interval [m, M] C R.

Definition A.12: A function f € C ([m, M]) is said to be operator monotone if it preserves
the operator order, i.e., if A < B implies f(A) < f(B), for all selfadjoint operators A and B
from B (H) such that Sp(A), Sp(B) C [m, M].

Definition A.13: A function f € C (|m, M]) is said to be operator increasing if f is operator
monotone. A function f € C ([m,M]) is said to be operator decreasing if —f is operator
monotone.

Definition A.14: A real valued continuous function f defined on an interval I is said to be
operator convex if

FI( =N A+AB) < (1- ) f(A) + Af(B) (A.6)

holds for all X\ € [0,1] and for all selfadjoint operators A and B from B(H) with spectrum
contained in I. A real valued continuous function f is said to be operator concave if the
inequality in (A.6) is reversed.

Example A.2: A function f :[0,400) — R, f(t) = tP is operator monotone if 0 <p <1. A
function f : (0,400) = R, f(t) = t? is operator convex if 1 <p <2 or —1 <p <0, and it is
operator concave if 0 < p < 1.

Example A.3: A function f: (0,4+00) — R, f(t) = Int is operator monotone and operator
concave.
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Example A.4: Ezponential function is neither operator monotone nor operator conver.

Remark A.3: For a real continuous function f defined on an interval I = [a,+00) and
bounded from below the following is equivalent:

(i) f is operator monotone on I,
(74) f is operator concave on I.

Proof of the assertion in Remark A.3 can be found in [100, p. 16]. The first statement in
Example A.2 could be rewritten as the following theorem, which has been proved in some more
general form by Loéwner [161] in 1934.

Theorem A.l1(Léwner-Heinz inequality): Let A and B be two positive semi-definite oper-
ators from B(H). If A > B, then AP > BP for all p € [0,1].

In [100, p. 220, 232, 250] we can found the following theorems related to the preservation of

operator order.

Theorem A.2: Let A, B be two selfadjoint operators from B (H) such that Sp (A) C [mq, Mi],
and Sp (B) C [mg, Ms] for some scalars M; > m; > 0,5 € {1,2}. If A > B, then the following
inequalities hold:
(i) Forallp >1

K(mlaMlvp) AP > Bp7

K (mg, My, p) A” > BP.

(i) For allp < —1

where the generalized Kantorovich constant K(m, M,p) is defined by

MP — Mm? [p—1 MP—mP \?
K (m, M,p) — " m (p m )

(p—1)(M —m) p mMP — MmP

forallp € R, where K (m, M,0) = liIr%)K(m,M,p) =1and K (m,M,1) = lile(m,M,p) =1.
p— p—

Theorem A.3: Let A, B be two selfadjoint operators from B (H) such that Sp(B) C [m, M]
for some scalars M > m. If A > B, then

S (ej\/f—m) €A Z €B

1
holds, where the Specht ratio S(h) for h > 0 is defined by S (h) = (h_ell)# (h # 1) and
S(1) = 1.

At the end of this section we define normalized positive linear map.

Chapter A On Convexity and Related Results 277



Ptolemy Scientific Research Press https://pisrt.org/

Definition A.15: A map ®: B(H) — B(K) is said to be linear if it is additive and homoge-
nous, i.e., if ® (aA+ B) = a® (A) + P (B) for each o, 5 € C and for all A, B € B(H).

A linear map ® : B(H) — B(K) is said to be positive if it preserves the operator order, i.e., if
A > 0 implies ® (A) > 0 for each positive A € B(H).

A linear map ® : B(H) — B (K) is said to be normalized if it preserves the identity operator,
i.e., (I)(lH) = 1K.

More about examples and properties of positive linear mappings can be found in [100]. We

denote by P [B(H),B(K)] the class of all positive linear maps from B (H) to B (K).

A.3 On Jensen and Companion Inequalities

More details about inequalities in this section can be found in monographs [204]| and [183].
Throughout this section we assume that I and [a, b] are intervals in R. Jensen gave his famous

inequality in 1905.

Theorem A.4(Jensen’s inequality): Let I be an interval in R, x = (x1, ...,x,) € I"
(n>2), and w = (wy,...,wy,) be a positive n-tuple. If a function f: I — R is convex, then

1 « 1 —
f (m;wzxz> < m;wif(xi) (A7)

holds, where W, = > 7" | w;. However, if f is concave on I, then the reversed inequality

1 « 1 —

holds.
If f is strictly convex (strictly concave), then (A.7) ((A.8)) is strict unless x; = ¢ for all
i€{j:w; >0}

Following results is also valid [117]:

Theorem A.5: Let f: (a,b) — R be a convez function on (a,(a+b)/2] and f(z) = —f(a+
b— x) for every x € (a,b). If x; € (a,b), wi > 0, (i + Tn—i+1)/2 € (a,(a + b)/2] and

Wili + Wn i1 Tnt1 € (a,(a+0b)/2] fori € {1,2,...,n}, then (A.7) holds.
Wy + Wp—i+1

The condition “w is positive n—tuple” in Jensen inequality can be replaced by “w is a
non—negative n—tuple” and W,, > 0. It is reasonable to inquire whether the condition “w is a
non—negative n—tuple” can be relaxed at the expense of restricting x more severely. Steffensen
(see [232]) was the first to answer this query in Theorem A.6 (see the proof of corresponding

Theorem in [204]).
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Theorem A.6 (Jensen-Steffensen inequality): If a function f : I — R is convex (concave),
x € I" is monotone n-tuple and w is real n-tuple such that

0<Wp<W,, ke{l,...,n—-1}, W, >0, (A.9)

where Wy, = Zle wj, then inequality (A.7) ((A.8)) is valid.
Again, for strictly convex (strictly concave) function f (A.7) ((A.8)) remains strict unless
x; =c for alli € {j: w; # 0}.

In 1979. Vasi¢ and Pecari¢ obtained a simple consequence of (A.7) using the substitutions
wy — Wy, 1 — Win Yo wits, wi = —w;, x; — x; for 2 <4 < n.
Theorem A.7(Reverse Jensen’s inequality): Let w be a real n-tuple such that
wyp >0, w; <0,7€{2,...,n}, W, >0,

and let n-tuple x € I satisfy I/ﬁ Yo wixg € I If a function f: I — R is convex , then

1 < 1 <
holds.

Converse Jensen’s inequality was proved by Lah and Ribari¢ in 1973.

Theorem A.8(Converse Jensen’s Inequality): Let I be an interval in R, x = (z1,...,
xp) € [a,b]" CI™ (n > 2), and let w = (w1, ..., w,) be a positive n-tuple. If a function f : I — R
is convex on I, then

M-z T—a

1 n
Wn;wif(mi)g @+ ()

holds, where T = WLn Sonwiz. Equality holds in the above iff x; = m for i € I C {1,...,n}
and x; = M forie{l,...,n}\I.

One of the famous refinement of Jensen inequality is Hermite-Hadamard inequality. The

Hermite-Hadamard inequality is given below [105]:

Theorem A.9 (Hermite-Hadamard Inequality): Let f: I — R be a convex function, where
I is an interval and a,b € I such that a < b. Then

a b a
1(50) <52y [ faae < HOEIO, (A1)

If f is concave, then (A.11) holds in the reversed direction.

Another interesting inequality is the Petrovi¢ inequality (see e.g. [204, page 152]). It states

that
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Theorem A.10: (Petrovié inequality) If f : [0,00) — R is a continuous convez function
and Ay, -+, Ay, are positive operators such that Y ;| Ay = MI for some scalar M > 0, then

S F(A) < f (Z Ai> +(n—1)f(0).
i=1 =1

Now, we state integral versions of Jensen inequality as under:

Theorem A.11: Let f : [a,b] — I be a continuous function. If the function H : [a,b] — R is
nondecreasing, bounded and H(a) # H(b), then for every continuous convex function ¢ : I — R
the inequality

Jo FOAE @)\ _ ) (f(1)dH (1) (A12)
Jrar@y )T [PdH(@) '

holds.

Inequality (A.12) can hold under different set of assumptions. For example, for a monotonic

f, assumptions on H can be relaxed. The following Theorem gives Jensen-Steffensen’s inequality.

Theorem A.12: If f : [a,b] — J is continuous and monotonic (either nonincreasing or non-
decreasing) and H : [a,b] — R is either continuous or of bounded variation satisfying

H(a) < H(t) < H(b) forallt € |a,b], H(b) > H(a),

then (A.12) holds.

If we replace the assumption of monotonicity of f over the whole interval [a,b] in Theorem

A.12 with monotonicity over subintervals, we obtain the following, Jensen-Boas inequality.
Theorem A.13: If H : [a,b] — R is continuous or of bounded variation satisfying
H(a) < H(x1) < H(y1) < H(w2) <+ < H(ygp—1) < H(zg) < H(b)

for all x; € (yi—1,vi) (yo=a, yp =b), and H(b) > H(a), and if [ is continuous and monotonic
(either nonincreasing or nondecreasing) in each of the k intervals (y;—1,y;), then inequality (A.12)
holds.

If we replace the interval I with a convex set U from a real vector space V, and x1,...,x,
with vectors in U, then inequality (A.7) remains valid for convex functions defined on U. Jensen’s

inequality can be also generalized for positive linear functionals.

A.4 On Jessen Inequality

A.4.1 Isotonic Linear Functional

[173] Let E be a nonempty set, 2 be an algebra of subsets of E, and L be a subspace of the vector
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space RE over R which contains 1, that is L having the following properties for f,g: F — R:

L1 : f,ge L= (af +Bg) € L for all a, 3 € R;
L2 :1€L,ie.,if f(t)=1forallt € E, then f € L;
L3 :fel EyeA= fxg €L,

where x g, is the indicator function of E;. It follows from Lo, L3 that xg, € L for every E; € 2.

If L additionally has property
L4 : (Vf,g € L) (min{f,g} € L ANmax{f,g} € L),

then it is a lattice. Obviously, (]RE ) §) (with standard ordering) is a lattice. It can also be easily
verified that a subspace X C R is a lattice if and only if z € X implies |z| € X. This is a simple

consequence of the fact that for every x € X the functions |z|, = and " can be defined by

lz| (t) = |z (t)], 2T (t) =max{0,z(t)}, =~ (t)=—min{0,z(t)}, te€E,

and zt + 27 = |z|, 2T — 2~ =1,

i 1 1
min{z,y} = 5 (@ +y— |z —yl), max{z,y}=g@+y+lz—yl).
An isotonic linear functional A : L. — R is a functional satisfying the following properties:

Al : Alaf + Bg) = @A(f) + BA(g) for f,ge L,a, 5 €R;
A2 : feL, f(t)>0o0n E= A(f) > 0;

If A additionally satisfy the condition A(1) = 1, then it is normalized.
It follows from L3 that for every E; € 2 such that A(xg,) > 0, the functional A; defined for
_ A(fXEl)

all feLasAi(f) = “Ale) is an isotonic linear functional with A(1) = 1. Furthermore, we
1

observe that
Alxe) + Alxe\g,) = 1,
A(f) = A(fxe) + A(f xB\E,)-
In 1931, Jessen [124] gave the following generalization of Jensen’s inequality.

Theorem A.14(Jessen’s Inequality): Let L satisfy properties L1, L2 on a nonempty set E,
and assume that ¢ is a continuous convex function on an interval I C R. If A is a positive linear
functional on L with A(1) =1, then for all f € L such that ¢ (f) € L we have A(f) € I and

(A (f) < Ale(f))
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Similarly as Jensen’s inequality, Jessen’s inequality also has its converse. Beesack and Pecarié¢

proved it in [36] in 1985.

Theorem A.15(Converse Jessen’s Inequality): Let L satisfy properties

L1 and L2 on a nonempty set E, and assume that ¢ is a convez function on an interval I = [a, b]
(—oo < a<b< o). If Ais a positive linear functional on L with A(1) = 1, then for all f € L
such that ¢ (f) € L (a < f(t) < b for each t € E), the following inequality holds

_b=AW) AW —a

A () = T2 p@ + 52 ),

Mond and Pecari¢ [186] in 1997 obtained the following operator variant of the classical

Jensen’s inequality and its converse also.

Theorem A.16: Let Ay,..., A € B(H) be selfadjoint operators such that mI
< A; < MI for some scalars m < M and let x1,...x, € H satisfy 2?21 (xj,xj) = 1. If
f € C([m,M]) is a convezr function on [m, M], then the following inequality holds

k
FAD S Ajagyag) | <D0 (F(A5) 25, 25).
j=1 Jj=1

Theorem A.17: Let Ay,..., Ay € B(H) and z1,...,x; € H be as in the previous theorem. If
f e C([m,M]) is a convezr function on [m, M], then the following inequality holds

M-y, (ijj,xj)f( SE Ly (Ajag,a) —m

V— m) + U —m f(M).

(f (Aj) zj, 25) <
1

k
Jj=

Remark A.4: Analogous results for k = 1 can be found in [185].

The next theorem gives the Davis-Choi-Jensen inequality (see [100, p. 22]) for operator convex

functions.

Theorem A.18: If® € P[B(H),B(K)| is normalized positive linear map and f € C ([m, M])
is an operator convex function on an interval [m, M], then

(@A) <@ (f(A)) (A.13)

holds for each selfadjoint operator A with spectrum contained in [m, M].

Hansen, Pecari¢ and Perié¢ [108] in 2005 proved the following generalization.

Theorem A.19: If®y,...,®¢, € P[B(H),B(K)| are positive linear maps with Z§:1 Q; (1)
=1 and f € C([m, M]) is operator convez function on [m, M|, then

k k
FID @A) | <D 0(f(4)) (A.14)
j=1 =1
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holds for all selfadjoint operators Ay, ..., Ax € B(H) with spectrums contained in [m, M].

Now we show that some inequalities which held true for convex functions also hold for func-
tions with nondecreasing increments.
As we will see from the following two theorems, P-convex functions and functions with

nondecreaging increments have a common property: the well known Jensen-Steffensen’s inequality

holds for them.

Theorem A.20: [213, Theorem 6[Let a < & < -+ < & <b,ec<m < -+ <y <dand

Wi, ..., Wy be real numbers such that
0<W; <W,, (je{l,....m—1}), Wy >0. (A.15)

where W; = Zgzl wj. Then for any P-convez function ¢ : [a,b] X [c,d] — R,

1 < 1 & 1 ™
12 <VVm ZZ; w;&, W7m ; wﬂh’) < W7m ;wigo (5“ 7)@') (A.16)
holds.

Remark A.5: Although it is not explicitly stated, it can be easily checked that inequality
(A.16) also holds if a < &, < --- <& <band c < ny < --- <n <d, i.e., it holds whenever
n-tuples € € [a,b]™ and n € [c,d]™ are monotone in the same direction. But, neither (A.16)
nor its reverse generally hold if they are monotone in opposite directions. Also, if function ¢ is
P-concave, the inequality in (A.16) is reversed.

Theorem A.21([209, Theorem 2]): Let f : K — R, where K C R¥ is a k-dimensional
rectangle, be a continuous function with nondecreasing increments. Let w be a real m-tuple such
that (A.15), and let €9 € K (i € {1,2,...,m}) be such that

Then
i <W1m Zwis“)) < LS wife®) (A17)

holds, where Wy, = > w;.

The Theorem A.21 gives the Jensen’s inequality for functions with nondecreasing increments

[208] as its direct consequence (see also [26]).

Theorem A.22: Let f: K — R be a continuous function with nondecreasing increments, let
w be a nonnegative n-tuple such that W,,, > 0 and let §(i) € U where i € {1,...,m} be such that
€D <o < g op ) >0 > €M) Then (A.17) holds.

Remark A.6: Let f and £? € K wherei € {1,...,n} be as defined in Theorem A.21 and let w
be a real m-tuple such that wy >0, w; <0, i€{2,...,m},W,;, >0 and Wim Dy W€ e
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U, then the inequality (A.17) holds in reverse direction.

We now state integral version of Jensen-Steffensen’s inequaltiy for functions with nondecreas-

ing increments [207].

Theorem A.23: Iff:[a,b] = J is a nondecreasing continuous function and H : [a,b] — R is
of bounded variation satisfying

H(a) < H(t) < H(b) forallt € |a,b], H(b) > H(a). (A.18)
If ¢ : J — R is a continuous function with nondecreasing increments, then the following inequality

holds
S EAH®) _ [ e(@)dH(?)
JodH (@) )T [dH@)

(A.19)

where f; fdH = (f; fidH, .. .,fab frdH).

, JPE6)dH (1)
JrdH(t)
the reverse inequality in (A.19) holds.

Remark A.7: € U and we have either H(z) < H(a) or H(z) > H(b), then

At this stage we prove Jensen-Boas inequality for functions with nondecreasing increments
as follows.
Theorem A.24: Let f : [a,b] — J be a continuous and monotonic (either nonincreasing or

nondecreasing) map in each of the k intervals (b;—1,b;). Let H : [a,b] — R is continuous or of

bounded variation satisfying
H(a) < H(a1) < H(b1) < H(az) < -+ < H(bg—1) < H(ax) < H(b) (A.20)

for all a; € (bi—1,b;) (bo = a, by = b), and H(b) > H(a). If ¢ is continuous function having
nondecreasing increments in each of the k intervals (b;—1,b;), then the inequality (A.19) holds

S t)dB(t)

JYdB(t)
have either B(z) > B(b) or B(x) < B(a), then the reverse inequality in (A.19) holds.

Remark A.8: If € U and Vz € a; such that (bj_1,b;)(bp = a,b; = b) and we

In 1981 Slater proved the following interesting companion inequality to the Jensen inequality

(see [231]).

Theorem A.25: Let the function f : (a,b) — R be monotonic and convez, z; € (a,b) and
w; >0ie{...,n} with Wy, >0. If Y7 wifi (z;) # 0, then

Ly > wiri fy (2)
Wn ;w’f (xl) = f < Z?:ll ’LUZf_/,'_Jr(xZ) > ’ (A.Ql)

holds. When f is strictly convez on (a,b), inequality (A.21) becomes equality iff z; = ¢ for some
c € (a,b) and for all i with w; > 0.
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In [212] Pecari¢ noted that (A.21) remains true if we replace the condition of monotonicity
> iy wizi f ()
> wilfy (i)

points in (a,b) and not necessarily for monotone functions. In the same paper, one can find the

of f by

€ (a,b), which is in fact more general and can hold for suitable

multidimensional case of Slater inequality.

I': Let X be a real normed linear space and let X* be the dual space of X, that is, the real
space of all linear functionals X* : X — R. Let C be an open convex subset of the real normed
linear space X. If f: C — R is a convex function, then for any fixed point y € C, we can define

the abstract subdifferential df(y) of f at y as follows:

of(y) ={a*(y,-) € X*: f(x) > f(y) + a’(y,x —y),Vz € C

The set 0f(y) is non-empty for all y € C (see |61, p. 108 Theorem B|). Also, when f is strictly

convex, the inequality

flx) > fly) +a*(y,v —y),Vz € C

is strict unless z = y.

f@)>f)+a (y;z—-y), Ya,yel (A.22)

is strict unless x = y.

For convenience we take m = f’, (y) and so (A.22) becomes

f@)=fw+ /W @-y), Vzye(ab).

The following theorem is proved by Matic and Pecarié¢ in [165].

Theorem A.26: Let f: C — R be a convex function defined on an open convexr subset C in
the real normed linear space X. For the given vectors x; € C, w; > 04 € {1,...,n} such that
Wy, > 0, let us denote

Z wia* (x5 @y —d), (A.23)

holds. Also, when f is strictly convezx, we have equality in the left inequality in (A.23) iff z; = ¢
holds for all indices i with w; > 0, while equality holds in the right inequality in (A.23) iff x; = d
holds for all indices i with w; > 0.

Levinson in [158] proved that:
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Theorem A.27: If a real-valued function f defined on [0,2a] C R has a nonnegative third
derivative, then

> wif ()~ (Vé Zwixi> < o S wif () f (V; 3 wy) (A.24)
"oi=1 " i=1 =1 " oi=1

holds for 0 < z; < a, y; = 2a — x; and w; >0, i € {1,...,n} such that W, = " | w;.

Remark A.9: Ifa=3, w; = =w,=1and f(z) = Inz, then Levinson’s inequality (A4.24)
becomes the renowned Fan’s inequality
G, A,
G, =
n n
where
1 ¢ 1 ¢
/
i=1 i=1
and
n 1/n n 1/n
G, = (H x) , Gh= (Hu - :ci)) :
i=1 i=1

In [206], Pecari¢ showed that instead of variables with sum equal to 2a, we can use variables
with constant difference and that result becomes a source of some further generalizations [204,
p. 74,75]. In fact, he proved that if f is a real-valued 3-convex function on [a,b] and z;,y; for
i€ {l,...,n} are 2n points in [a,b] such that y; —z1 = yo —x2 =+ =y, —x, > 0 and w; > 0,
ie{l,...,n}, then (A.24) is valid.

Now we define the notion of majorization as follows:

Definition A.16: (Majorization) Given two real row n-tuples x = (z1,..., z,) and y =
(Y1,---,Yn), ¥ is said to majorize x or x is majorized by y, symbolically y > x, if

k k
PIEIED T
i=1 i=1
holds for k € {1,...,n — 1} and
Ziﬁi = Zym
i=1 i=1

where z) > ... > [, and ypyp > ... > yp), are the entries of x and Yy, respectively, in
nonincreasing order.

Note that y = « implies that, for a fixed sum, the components of y are more diverse than

those of @. For instance, y > ¥ always holds for y = (v,...,7), where

1 m
Y= Ezyl
i—1
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This notion and notation of majorization was introduced by Hardy et al. in [110]. Now, we

state the well-known majorization theorem from the same book as follows (see also [164]).

Theorem A.28: (Majorization Theorem) Let x, y € R™. The inequality

S F@) <> f )
i=1 i=1
holds for every continuous convex function f 1R - R iff x <y.

In 1947, Fuchs gave a weighted generalization of the well-known majorization theorem for
convex functions and two sequences monotonic in the same sense [99], (see also [204, p. 323|,

164, p. 530]).

Theorem A.29: Let x and y be two decreasing real n-tuples, let w = (wi,..., wy,) be a real
n-tuple such that

k k
Zwimi < Zwiyi for ke{l,....,n—1};
i=1 i=1

and
n n
g W; Ty = E Wi Yis
i=1 i=1

then, for every continuous convex function f: I — R, we have
m m
Y owif () <> wif (vi) -
i=1 i=1

Here we give a definition of integral version of Majorization, which is stated as follows.

Definition A.17: [204, p. 324] f is majorized by g (f(t) < g(t)) for t € [a,b] if they are
nonincreasing in [a, b] and

/m Ft)d(t) = /wg(t)d(t), a<z<b
ab ab
[ s = [ o).

The integral version of the majorization theorem is given in the book (see [204, P.325]).

Theorem A.30: f is majorized by g (f(t) < g(t) for t € [a,b] iff they are nonincreasing in
[a,b] and

b b
/mmwngwwww

holds for every continuous convex function ¢ : [a,b] — R, provided that the integrals exist.

Now, we state other versions of majorization theorem for functions with nondecreasing incre-
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ments from [208] (see also [47, p. 354]). Throughout this section K C R? and here partial ordering
is defined in similar manner as defined in earlier in this section with definition of functions with

nondecreasing increments.

Theorem A.31: Let f, g : [a,b] — K be nonincreasing continuous mappings and let H €
BVla,b]. If

/xf(t)dH(t) < /xg(t)dH(t), Ve (ab),

b b
and / £(1) dH () = / e(t) dH (L),

then ¥ continuous mapping ¢ : K — R with nondecreasing increments inequality (A.25) is valid.

Theorem A.32: Let f, g : [a,b] = K be nondecreasing continuous mappings and let H €
BVla,b]. If

b b
[ twane < [ gwine. v ce @),
xb xb
and / f(t)dH(t) = / g(t)dH(t),
then ¥V continuous mapping ¢ : K — R with nondecreasing increments we get
b b
[ etwane < [ seoyam) (4.25)

The following Theorems are consequence of Theorems A.31 and A.32 respectively [208] (see
also [204, p. 328]).

Theorem A.33: Let f, g : [a,b] — J be two nonincreasing continuous functions and let H :
[a,b] = R be a function of bounded variation. If

/ f)dH(t) < / g(t)dH(t), for each =z € (a,b),
ab ab
wd [ s = [ g ano.
hold, then for every continuous convex function ¢ : J — R the following inequality holds
b b
[ etroyan < [ etow) ano). (4.26)
Theorem A.34: If f, g:[a,b] = J are two nondecreasing continuous functions such that
b b
/ f)dH(t) < / g(t)dH(t), for each x € (a,b),
xb xb
wd [ swane = [ g0,

then inequality (A.26) holds.
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