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Preface

Inequalities are an essential part of virtually all areas of mathematics. They are one of

the most powerful tools for producing equalities, a means of solving linear programming,

optimization problems, provide a way of expressing the domain of a function, of solv-

ing limits etc. Inequalities have important and useful applications in many other areas of

science and engineering. In the 20th century mathematics recognized the power of math-

ematical inequality which has given rise to a large numbers of new results, problems and

has led to new areas of mathematics. The theory of inequalities is one of the central ar-

eas of mathematical analysis through the last century and it is a fast growing discipline

with increasing applications in di�erent scienti�c �elds. Now there is also a powerful and

useful mathematical concept called majorization which is used for �nding some nice and

applicable inequalities. Moreover, the most important inequalities as Jensen's inequality,

the Hermite-Hadamard inequality, the arithmetic-geometric mean inequality can be easily

derived by using an argument based on the concept of majorization and strongly related

the Schur-convex functions theory.

The concept of majorization was �rst studied by economists early in the twentieth

century as a means for altering the unevenness of distribution of wealth or income. It

has many connections with matrix theory, exactly with doubly stochastic matrices, i.e.

nonnegative matrices with all rows and columns sums equal to one, which can be strongly

related to graph theory and some network problems. The idea of majorization and Schur-
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convexity is very fundamental to many problems in linear algebra and optimization. Many

complicate nonconvex constrained optimization problems involving matrix-valued variables

using majorization theory might be transformed into simple problems with scalar variables

that can be easily solved. The applications of majorization and various notions of stochastic

majorization are extensive in mathematics especially in probability and statistics. Indeed,

it has been reinvented and used in di�erent branches of science which are closely related

to mathematics (economics, information theory, quantum mechanics and entanglement

transformations in quantum computation).

In the space Rn, the term majorization is introduced to compare and detect potential

links between vectors. The formal de�nition of the concept of majorization, that is "y is

majorized by x", in symbol y ≺ x, is given in De�nition 2.1.1.. It could be interpreted

intuitively by the following sentence by Marshall, Olkin and Arnold (see [106, p. 3]):

"There is a certain intuitive appeal to the vague notion that the components of

a vector x are �less spread out� or �more nearly equal� than are the components

of a vector y."

This intuition is reinforced by noting the following example. Let e = (1, ..., 1) be the unit

vector. Let us consider three vectors in Rn as follows. For a vector x = (x1, ..., xn) the

inner product x · e =
∑n

i=1 xi is the sum of the components of x. Let x̄ = (x·en , ...,
x·e
n ) and

xk = (0, ...,x · e, ...,0) be the vector such that x · e appears in the kth component. Vectors

x, x̄ and xk have the same total sum of components but the components of x̄ are more

evenly spread out than those of x. In this sense, x̄ is the most evenly spread of this sum of

components and xk is the most concentrated of this sum. Indeed, we have that x̄ ≺ x ≺ xk

(k = 1, ..., n).

The majorization relation is re�exive and transitive but it is not antisymmetric (see

[106, p. 79]) and hence is a preordering but not a partial ordering. The majorization pre-

order on vectors is known as vector majorization or classical majorization. The notation

arises in a variety of contexts. Indeed, many majorization concepts have been reinvented

and used in di�erent research areas, as Lorenz or dominance ordering in economics, opti-

mization and graph theory. Naturally extensions of the majorization concept are possible

xi



and indeed many of them have been fruitfully introduced.

A mathematical origin of majorization is illustrated by Schur (1923) in his work on

the spectra of positive semide�nite Hermitian operators (see [147]). Many key ideas re-

lated to the concept of majorization are presented in the monograph Inequality (1934)

[60], by Hardy, Littlewood, and Pólya, the �rst monograph on inequalities. However, this

monograph attracted only a relatively small number of researchers in terms of problems

related to the concept of majorization. The publication of monograph Inequalities: Theory

of Majorization and Its Applications (1979) [106], by authors Marshall, Olkin and Arnold,

contributes a great interest in the potential application of the concept of majorization and

Schur convexity in various scienti�c areas. It provides a systematic overview of past results

from the �eld of mathematical inequalities with a special emphasis on majorization for the

�rst time, and has been complemented by many new results. Here we also refer the reader

to the monograph [23] (1997) by Bhatia which contains signi�cant material on majoriza-

tion theory as well. Other textbooks on matrix and multivariate analysis also include a

section on majorization theory, e.g., [63, Sec.4.3], [15, Sec.8.10] and [138]. In last years, a

lot of papers in journals in a wide variety of �elds, was dedicated to majorization theory.

In majorization theory, the well known Majorization inequality

m∑
i=1

f(yi) ≤
m∑
i=1

f(xi) (1)

plays an important role. It holds for every convex function f and real vectors x = (x1, ..., xm),

y = (y1, ..., ym) such that y ≺ x. In literature this inequality is also known as Karamata's

or the Hardy-Littlewood-Pólya inequality.

Sherman [149], replacing the classical concept of majorization y ≺ x with the concept

of weighted majorization, in notation (y,b) ≺ (x,a), for two pairs (x,a) and (y,b) which

consist of real vectors x = (x1, ..., xm), y = (y1, ..., yn) and corresponding nonnegative

weights a = (a1, ..., am), b = (b1, ..., bn), obtained a useful generalization of Majorization

inequality (1) in the form
n∑
j=1

bjf(yj) ≤
m∑
i=1

aif(xi). (2)

This book is based on some signi�cant papers dealing with Sherman's type inequalities,

xii



published in the course of the last �fteen years. More precisely, it deals with series of

re�nements and generalizations of Sherman's inequality (2), Majorization inequality (1)

and related results in various spaces for di�erent classes of functions. The book can serve

as a reference and a source of inspiration for researchers working in these and related

areas. The methods presented in the book can be further applied to di�erent concepts of

generalized convexity, which can contribute to the further development of the methods and

provide perspective for further applications.

The book is divided into �ve chapters. In Chapter 1, we give an overview of de�-

nitions and important basic results necessary for establishing the results that will follow.

We start Chapter 2 with the concept of majorization and Schur-convexity in order to

give some basic results from Theory of majorization that give an important characteriza-

tion of convex functions. We present Sherman's result with proof of Sherman's inequality

(2) as well as its converse. We introduce so called Sherman's functional deduced from (2)

and investigate its essential properties. We explore some generalizations of the well known

inequalities as the Jensen-Ste�ensen, Mercer's and Brunk's for (α, β)-convex functions as

well as generalization of Fejér's, the Hermite-Hadamard and related inequalities for con-

vex sequences. We also present the usefulness of Sherman method in deriving variants of

Sherman's type inequalities for di�erent classes of functions as normalized positive linear

maps, superquadratic and strongly convex functions. In Chapter 3, applying di�erent in-

terpolation methods in combination with Green's functions, we obtain new generalizations

concerning convex functions of higher order. We also get some related results including

�eby²ev functional and as outcome we derive new inequalities of the Grüss and Ostrowski

type. Using so called exp-convex method, established in [77], we obtain new classes of

Cauchy type means and obtained results we interprete in the form of exponentially or in

the special case logarithmically convex functions. In Chapter 4, using di�erent variants

of Sherman's type inequalities derived by Sherman's method, we get new estimates and

generalizations for Csiszár f -divergence and in special cases new bounds for Shannon's

entropy, the Kullback-Leibler divergence and other related divergences. Also, we observe

given results in the context of Zipf's law [162] and its generalized version so called the

Zipf-Mandelbrot law [105]. In Chapter 5 we deal with the Sherman type inequalities

xiii



for operator convex functions, whose arguments are the bounded self-adjoint operators

from C∗-algebra on a Hilbert space and positive linear mappings between C∗-algebras.

Using extended idea of convexity to operator functions of several variables, we obtain mul-

tidimensional Sherman's operator inequality. We consider some applications to operator

inequalities related to connections, solidarities, and multidimensional weighted geometric

means. We also extend the results for Csiszár f -divergence functionals to operator Csiszár

f -divergences and in consequence, we get the Shannon like inequalities for operators. At

the end we investigate vectorial joint majorization with applications to operator Csiszár

f -divergence.

In the end of this preface we want to emphasize that this book integrates the whole va-

riety of results from di�erent papers which were previous published in journals by di�erent

authors. It was practically impossible to quite unify the notation in the book.

Authors

Lahore, Pakistan

March, 2026
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CHAPTER 1.

Basic notation and fundamental results

In this chapter, we give a brief review of some fundamental results on the topics in the

sequel and present several basic motivating ideas.

1.1. Convex and n-convex functions

De�nition 1.1.1.: Let I be an real interval. Then ϕ : I → R is said to be convex if for

all x, y ∈ I and every λ ∈ [0, 1], we have

ϕ ((1− λ)x+ λy) ≤ (1− λ)ϕ(x) + λϕ(y). (1.1)

If (1.1) is strict for all x, y ∈ I, x ̸= y and every λ ∈ (0, 1), then ϕ is said to be strictly

convex.

If in (1.1) the reverse inequality holds, then ϕ is said to be concave. If it is strict for all

x, y ∈ I, x ̸= y and every λ ∈ (0, 1), then ϕ is said to be strictly concave.

For convex functions the following propositions are valid which exactly de�ne convex

functions on equivalent ways.

1
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Remark 1.1.1.: a) Inequality (1.1), for x1, x2, x3 ∈ I, such that x1 ≤ x2 ≤ x3, x1 ̸= x3,

can be written in the form

ϕ (x2) ≤
x3 − x2
x3 − x1

ϕ (x1) +
x2 − x1
x3 − x1

ϕ (x3) , (1.2)

i.e.

(x3 − x2)ϕ (x1) + (x1 − x3)ϕ (x2) + (x2 − x1)ϕ (x3) ≥ 0, (1.3)

by setting x = x1, y = x3, λ = (x2 − x1) / (x3 − x1) . This inequality is often used as

alternative de�nition of convexity.

b) Another way of writing (1.3) is

ϕ (x2)− ϕ (x1)

x2 − x1
≤ ϕ (y2)− ϕ (y1)

y2 − y1
, (1.4)

where x1 ≤ y1, x2 ≤ y2, x1 ̸= x2 and y1 ̸= y2.

The following two theorems concern derivatives of convex functions.

Theorem 1.1.1: (see [138, p. 4]) Let I be an real interval. Let ϕ : I → R be convex.

Then

(i) ϕ is Lipschitz on any closed interval in I;

(ii) ϕ′− and ϕ′+ exist and are increasing on I, and ϕ′− ≤ ϕ′+ (if ϕ is strictly convex, then

these derivatives are strictly increasing);

(iii) ϕ′ exists, except possibly on a countable set, and on the complement of which it is

continuous.

Remark 1.1.2.: a) If ϕ : I → R is di�erentiable function, then ϕ is convex i� a function

ϕ′ is increasing.

b) If ϕ : I → R is twice derivable function, then ϕ is convex i� ϕ′′(x) ≥ 0 for all x ∈ I. If

ϕ′′(x) > 0, then ϕ is strictly convex.

Theorem 1.1.2: (see [138, p. 5]) Let I be an open interval in R.

(i) ϕ : I → R is convex i� there is at least one line of support for ϕ at each x0 ∈ I, i.e.

2 Chapter 1.. Basic notation and fundamental results
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for all x ∈ I we have

ϕ (x) ≥ ϕ (x0) + λ (x− x0) ,

where λ ∈ R depends on x0 and is given by λ = ϕ′ (x0) when ϕ′ (x0) exists, and λ ∈[
ϕ′− (x0) , ϕ

′
+ (x0)

]
when ϕ′− (x0) ̸= ϕ′+ (x0) .

(ii) ϕ : I → R is convex if the function x 7−→ ϕ (x)− ϕ (x0)− λ (x− x0) , (the di�erence

between the function and its support) is decreasing for x < x0 and increasing for x > x0.

De�nition 1.1.2.: Let ϕ : I → R be a convex function. Then the subdi�erential of ϕ at

x ∈ I, denoted by ∂ϕ(x), is de�ned by

∂ϕ(x) = {α ∈ R : ϕ (y)− ϕ(x)− α (y − x) ≥ 0, y ∈ I}.

There is a connection between a convex function and its subdi�erential. It is well-known

that ∂ϕ(x) ̸= ∅ for all x ∈ IntI, where IntI is the interior of an interval I. More precisely,

at each point x ∈ IntI we have −∞ < ϕ′−(x) ≤ ϕ′+(x) <∞ and

∂ϕ(x) ∈
[
ϕ′− (x0) , ϕ

′
+ (x0)

]
,

while the set on which ϕ is not di�erentiable is at most countable. Moreover, each function

φ : I → R such that φ(x) ∈ ∂ϕ(x), whenever x ∈ IntI, is increasing on IntI. For any such

function φ and arbitrary x ∈ IntI, y ∈ I, we have

ϕ (y)− ϕ(x)− φ(x) (y − x) ≥ 0

and

ϕ (y)− ϕ(x)− φ(x) (y − x) = |ϕ (y)− ϕ(x)− φ(x) (y − x) |

≥ ∥ϕ (y)− ϕ(x)| − |φ(x)| · | (y − x)∥ .

J. L. W. V. Jensen [78] is considered generally as being the �rst mathematician who

studied convex functions in a systematic way. He de�ned the concept of convex functions

1.1. Convex and n-convex functions 3
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using the inequality (1.5) that are listed in the following de�nition.

De�nition 1.1.3.: A function ϕ : I → R is called Jensen-convex or J-convex if for

all x, y ∈ I we have

ϕ

(
x+ y

2

)
≤ ϕ(x) + ϕ(y)

2
. (1.5)

Remark 1.1.3.: It can be easily proved that a convex function is J-convex. If ϕ : I → R

is continuous function, then ϕ is convex i� it is J-convex.

Inequality (1.1) can be extended to the convex combinations of �nitely many points in

I by mathematical induction. This extension is known as discrete Jensen's inequality.

Theorem 1.1.3(Discrete Jensen's inequality): Let I be an real interval and ϕ : I →

R be a convex function. If x = (x1, . . . , xn) is any n-tuple in In and p = (p1, . . . , pn) ∈

[0,∞)n with Pn =
∑n

i=1 pi > 0, then

ϕ

(
1

Pn

n∑
i=1

pixi

)
≤ 1

Pn

n∑
i=1

piϕ(xi). (1.6)

Remark 1.1.4.: If it is sati�ed that

p1 > 0, p2, ..., pn ≤ 0, Pn > 0 and
1

Pn

n∑
i=1

pixi ∈ I,

then the reverse of Jensen's inequality

ϕ

(
1

Pn

n∑
i=1

pixi

)
≥ 1

Pn

n∑
i=1

piϕ (xi)

holds (see for example [138]).

Remark 1.1.5.: Closely connected to Jensen's inequality (1.6) is the Lah-Ribari£ in-

equality
1

Pn

n∑
i=1

piϕ (xi) ≤
β − x̄

β − α
ϕ(α) +

x̄− α

β − α
ϕ(β) (1.7)

which holds for every convex function ϕ : I → R, α, β ∈ I, α < β, x = (x1, ..., xn) ∈ [α, β]n,

p = (p1, ..., pn) ∈ [0,∞)n with Pn =
∑n

i=1 pi > 0 and x̄ = 1
Pn

∑n
i=1 pixi (see [100]). It gives
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an upper bound for the term 1
Pn

∑n
i=1 piϕ (xi) and is also known as converse Jensen's

inequality.

The generalization of the notion of a convex function to higher order convexity, i.e. to

notion of n-convexity, was de�ned in terms of divided di�erences by T. Popoviciu [141] as

follows.

De�nition 1.1.4.: The second order divided di�erence of a function ϕ : I → R at

mutually di�erent points y0, y1, y2 ∈ I is de�ned recursively by

[yi;ϕ] = ϕ(yi), i = 0, 1, 2,

[yi, yi+1;ϕ] =
ϕ(yi+1)− ϕ(yi)

yi+1 − yi
, i = 0, 1,

[y0, y1, y2;ϕ] =
[y1, y2;ϕ]− [y0, y1;ϕ]

y2 − y0
. (1.8)

The value [y0, y1, y2;ϕ] is independent of the order of the points y0, y1, and y2. By

taking limits this de�nition may be extended to include the cases in which any two or all

three points coincide as follows: for all y0, y1, y2 ∈ I

lim
y1→y0

[y0, y1, y2;ϕ] = [y0, y0, y2;ϕ] =
ϕ(y2)− ϕ(y0)− ϕ

′
(y0)(y2 − y0)

(y2 − y0)
2 , y2 ̸= y0,

provided that ϕ′ exists, and furthermore, taking the limits yi → y0, (i = 1, 2), in (1.8), we

get

[y0, y0, y0;ϕ] = lim
yi→y0

[y0, y1, y2;ϕ] =
ϕ

′′
(y0)

2
for i = 1, 2

provided that ϕ
′′
exists.

The previous de�nition can be generalized as follows.

De�nition 1.1.5.: The divided di�erence of order n, n ∈ N, of a function ϕ : I → R at

1.1. Convex and n-convex functions 5
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mutually di�erent points x0, x1, ..., xn ∈ I is de�ned recursively by

[xi;ϕ] = ϕ(xi), i = 0, ..., n, (1.9)

[x0, ..., xn;ϕ] =
[x1, ..., xn;ϕ]− [x0, ..., xn−1;ϕ]

xn − x0
.

Divided di�erences are very important notion by dealing the functions when discussing

degree of smoothness. Since the value [x0, x1, ..., xn;ϕ] is independent of the order of the

points x0, ..., xn, this de�nition may be extended to include the case in which some or all

the points coincide. Assuming that ϕ(j−1)(x) exists, we de�ne

[x, ..., x︸ ︷︷ ︸
j-times

;ϕ] =
ϕ(j−1)(x)

(j − 1)!
. (1.10)

We follow the de�nition of n-convexity given by Karlin [84]:

De�nition 1.1.6.: A function ϕ : I → R is n-convex, n ≥ 0, if for all choices of (n+1)

distinct points xi ∈ I, i = 0, ..., n, the nth order divided di�erence is nonnegative, i.e.

[x0, x1, ..., xn;ϕ] ≥ 0.

Remark 1.1.6.: (i) From De�nition 1.1.6., it follows that 2-convex functions are just

convex functions. Furthermore, 1-convex functions are increasing functions and 0-convex

functions are nonnegative functions.

(ii) An n-convex function ϕ need not be n-times di�erentiable. However, if ϕ(n) exists,

then ϕ is n-convex i� ϕ(n) ≥ 0. A function ϕ is n-concave if −ϕ is n-convex. Also, if ϕ is

n-convex for n ≥ 2, then ϕ(k) exists and ϕ is (n − k)-convex for 1 ≤ k ≤ n − 2. For more

information see [138].
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1.2. Exponentially convex and logarithmically convex func-

tions

Exponentially convex functions are invented by Bernstein in [22] as a subclass of convex

functions on an open interval. These functions have many nice properties, for example,

they are analytical on their domain. Although we will need only few of these properties we

point here that very good reference on general results about exponential convexity is [14].

Here I denotes an open interval in R.

De�nition 1.2.7.: A function ϕ : I → R is exponentially convex if it is continuous

and
m∑

i,j=1

pipjϕ (xi + xj) ≥ 0

holds for every choice of m ∈ N, p = (p1, . . . , pm) ∈ Rm and x = (x1, . . . , xm) ∈ Im with

xi + xj ∈ I, 1 ≤ i, j ≤ n.

The notation of n-exponential convexity is introduced in [137].

De�nition 1.2.8.: For �xed n ∈ N, a function ϕ : I → R is n-exponentially convex

in the Jensen sense if
n∑

i,j=1

pipjϕ

(
xi + xj

2

)
≥ 0 (1.11)

holds for all choices pi ∈ R and xi ∈ I, i = 1, ..., n.

A function ϕ : I → R is n-exponentially convex if it is n-exponentially convex in the

Jensen sense and continuous.

Remark 1.2.7.: From De�nition 1.2.8. it follows that 1-exponentially convex functions in

the Jensen sense are exactly nonnegative functions. Also, n -exponentially convex functions

in the Jensen sense are k-exponentially convex in the Jensen sense for every k ∈ N, k ≤ n.

Using basic calculus and de�nition of positive semide�nite matrices we can prove the

following proposition.

1.2. Exponentially convex and logarithmically convex functions 7
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Proposition 1.2.4: If ϕ : I → R is an n-exponentially convex function in the Jensen

sense, then the matrix [
ϕ

(
xi + xj

2

)]k
i,j=1

is positive semi-de�nite for all k ∈ N, k ≤ n and xi ∈ I, 1 ≤ i ≤ k.

Particularly,

det

[
ϕ

(
xi + xj

2

)]k
i,j=1

≥ 0

for all k ∈ N, k ≤ n and xi ∈ I, 1 ≤ i ≤ k.

De�nition 1.2.9.: A function ϕ : I → R is exponentially convex in the Jensen

sense if it is n-exponentially convex in the Jensen sense for all n ∈ N.

One of the most important properties of exponentially convex functions is their integral

representation (see [14, p. 211]).

Theorem 1.2.5: A function ϕ : I → R is exponentially convex i�

ϕ(x) =

∫ ∞

−∞
etxdσ(t), (1.12)

for some non-decreasing function σ : R → R.

We give some examples of exponentially convex functions which we use later in the

book. For more details see [77].

Example 1.: The basic example of exponentially convex function is the function ϕ : I →

R de�ned by ϕ(x) = cekx for every c ≥ 0 and k ∈ R.

The next examples can be deduced using integral representation (1.12) and some results

of the Laplace transform [158].

Example 2.:

(ii) The function ϕ : (0,∞) → R, ϕ(x) = x−k, is exponentially convex for every k > 0 since

x−k =
∫∞
0 e−xt t

k−1

Γ(k)dt (see [146, p. 210]).
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(iii) The function ϕ : (0,∞) → (0,∞), ϕ(x) = e−k
√
x, is exponentially convex for every k > 0

since e−k
√
x =

∫∞
0 e−xte−k

2/4t k

2
√
πt3
dt (see [146, p. 214]) .

Remark 1.2.8.: (i) For n = 1, from (1.11) it follows

p21ϕ (x1) ≥ 0,

i.e. the exponential convex functions are nonnegative. Also, even derivations of the expo-

nentially convex functions are nonnegative because for every k ∈ N we have the following

expression

ϕ(2k)(x) =

∫ ∞

−∞
t2ketxdσ(t).

(ii) For n = 2, from (1.11) it follows

2∑
i,j=1

pipjϕ

(
xi + xj

2

)

= p21ϕ (x1) + 2p1p2ϕ

(
x1 + x2

2

)
+ p22ϕ (x2) ≥ 0, (1.13)

what is equivalent to

[
p1 p2

] ϕ (x1) ϕ
(
x1+x2

2

)
ϕ
(
x1+x2

2

)
ϕ (x2)


 p1

p2

 ≥ 0,

from which we have (
ϕ

(
x1 + x2

2

))2

≤ ϕ(x1)ϕ(x2).

From the last inequality we conclude that in case when ϕ(x1) = 0 for some x1 ∈ I,

then ϕ(x) = 0 for every x ∈ I. Moreover, if ϕ is not constant (null function), then it is

positive on whole domain.

(iii) If we take p1 = 1 and p2 = −1, then from (1.13) we get

ϕ

(
x1 + x2

2

)
≤ ϕ(x1) + ϕ(x2)

2
.

So, exponential convexity implies convexity.
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Below we give de�nition of log convexity.

De�nition 1.2.10.: A function ϕ : I → (0,∞) is said to be logarithmically convex

or log-convex if the function log ϕ is convex, or equivalently, if

ϕ ((1− λ)s+ λt) ≤ (ϕ(s))1−λ (ϕ(t))λ (1.14)

holds for all s, t ∈ I, λ ∈ [0, 1].

Remark 1.2.9.: If functions ϕ and g are convex and g is increasing, then function g◦ϕ is

convex. Since ϕ = exp ◦ log ◦ϕ we have that logarithmically convex function is also convex,

but the reverse conclusion doesn't hold.

De�nition 1.2.11.: A function ϕ : I → (0,∞) is said to be logarithmically convex in

the Jensen sense if (
ϕ

(
x+ y

2

))2

≤ ϕ(x)ϕ(y) (1.15)

holds for all x, y ∈ I.

Remark 1.2.10.: (i) A function ϕ is log-convex i� for all x1, x2, x3 ∈ I, x1 < x2 < x3,

it holds

(ϕ(x2))
x3−x1 ≤ (ϕ(x1))

x3−x2 (ϕ(x3))
x2−x1 .

Furthermore, if x1, x2, y1, y2 ∈ I, x1 ≤ y1, x2 ≤ y2, x1 ̸= x2, y1 ̸= y2, then

(
ϕ(x2)

ϕ(x1)

) 1
x2−x1

≤
(
ϕ(y2)

ϕ(y1)

) 1
y2−y1

.

These two inequality are easy consequence of (1.2) and (1.4) for the convex function log ϕ.

(ii) Inequality (1.15) follows from (1.14) choosing λ = 1
2 , i.e. log-convexity implies log-

convexity in the Jensen sense. On the other side, if a function is continuous and log-convex

in the Jensen sense then it is also log-convex.

(iii) When ϕ is positive exponentially convex function, then it is also log convex because
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from the De�nition 1.2.8., for n = 2, we have

(
ϕ

(
x1 + x2

2

))2

≤ ϕ(x1)ϕ(x2)

for all x1, x2 ∈ I. This inequality de�nes the log-convexity in the Jensen sense. However an

exponentially convex function is continuous, we conclude that the exponential convexity

implicates log-convexity.

The converse doesn't hold true what we can see from the example of the function ϕ :

(0, 1) → R, ϕ(x) = ex
3−x. It can be easily proved that ϕ is log convex since

(log ϕ(x))′′ =
(
x3 − x

)′′
= 6x > 0 for x ∈ (0, 1).

But, when we calculate ϕ(4)(x) we obtain the function

ϕ(4)(x) = ex
3−x(81x8 − 108x6 + 324x5 + 54x4 − 216x3 + 168x2 + 36x− 23),

which is not nonnegative on whole interval (0, 1).

1.3. Mean value theorems

De�nition 1.3.12.: A mean on In, where I ⊆ R is an interval, is every function M :

In → R, with properties:

(M1) For every choice x = (x1, ..., xn) ∈ In,

min{x1, x2, ..., xn} ≤M(x) ≤ max{x1, x2, ..., xn}.

(M2) M is symmetric in the sense that for every x = (x1, ..., xn) ∈ In,

M(x) =M(x̃),

whenever x̃ =(xσ(1), xσ(2), ..., xσ(n)), where σ : {1, 2, ..., n} → {1, 2, ..., n} is any permuta-

tion.

1.3. Mean value theorems 11
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(M3) M is continuous on In.

A natural extension of the previous de�nition is obtained when some of the components

of x = (x1, ..., xn) occur more then once, or when, from the practical reason, some of the

components of x = (x1, ..., xn) are considered to be more important then others. In that

case we introduce an n-tuple of weights w = (w1, ..., wn) and de�ne weighted mean.

The classical weighted generalization is given in the following de�nition.

De�nition 1.3.13.: The weighted power mean of order s ∈ R of x, where x =

(x1, ..., xn) and w = (w1, ..., wn) are positive real n-tuples such that
∑n

i=1wi = 1, is

de�ned by

Ms(x) =Ms(x,w) :=



(
n∑
i=1

wix
s
i

) 1
s

, s ̸= 0

n∏
i=1

xwi
i , s = 0

min{x1, ..., xn}, s→ −∞

max{x1, ..., xn} s→ ∞

. (1.16)

In that case, the property (M2) is slightly changed. Mean must be symmetric in the

following way:

(M2′) for x = (x1, ..., xn) and w = (w1, ..., wn)

Ms(x,w) =Ms(x̃, w̃)

whenever x̃ =(xσ(1), xσ(2), ..., xσ(n)) and w̃ =(wσ(1), wσ(2), ..., wσ(n)), where σ : {1, 2, ..., n} →

{1, 2, ..., n} is any permutation.

As a special case of the weighted power mean we get:

� weighted arithmetic mean A(x,w) =M1(x,w) =
∑n

i=1wixi,

� weighted geometric mean G(x,w) =M0(x,w) =
n∏
i=1

xwi
i ,

� weighted harmonic mean H(x,w) =M−1(x,w) = 1∑n
i=1

wi
xi

.

The classicalHGA inequality, between the harmonic, geometric and arithmetic means,

H(x,w) ≤ G(x,w) ≤A(x,w),
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can be extended as follows.

If r < s, then the power mean inequality

Mr(x,w) ≤Ms(x,w),

holds with equality i� x1 = ... = xn.

As examples, we present classes of means that follows from the well-known mean value

theorems.

Theorem 1.3.6(Lagrange's mean value theorem): If a function φ : [x, y] → R is

continuous on a closed interval [x, y] and di�erentiable on the open interval (x, y), then

there is at least one point ξ ∈ (x, y) such that

φ′(ξ) =
φ(y)− φ(x)

y − x
.

Under assumption that the function φ′ is invertible, from Lagrange's theorem it follows

that there is a unique number

ξ =
(
φ′)−1

(
φ(y)− φ(x)

y − x

)

which we call Lagrange's mean of [x, y].

We can generalize Lagrange's mean using Cauchy's mean value theorem.

Theorem 1.3.7(Cauchy's mean value theorem): Let functions φ,ψ : [x, y] → R

be continuous on an interval [x, y] and di�erentiable on (x, y) and let ψ′(t) ̸= 0 for all

t ∈ (x, y). Then there is a point ξ ∈ (x, y) such that

φ′(ξ)

ψ′(ξ)
=
φ(y)− φ(x)

ψ(y)− ψ(x)
.

Under assumption that the function φ′

ψ′ is invertible, from Cauchy's theorem it follows

1.3. Mean value theorems 13
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that there is a unique number

ξ =

(
φ′

ψ′

)−1(φ(y)− φ(x)

ψ(y)− ψ(x)

)
.

which we call Cauchy's mean of interval [x, y]. Continuous expansion gives ξ = x if y = x.

If we take ψ(x) = x, as a special case of Cauchy's mean we get Lagrange's mean.

Moreover, many well known means in mathematics are special cases of Cauchy's mean.

Under assumption that x, y ∈ (0,∞) and choosing φ(x) = xv and ψ(x) = xu, u, v ∈ R,

u ̸= v, u, v ̸= 0, we obtain two-parameter mean

Eu,v(x, y) =

(
u(yv − xv)

v(yu − xu)

) 1
v−u

�rstly introduced by Stolarsky [152, 153] and in literature known as Stolarsky's mean.

Stolarsky has also proved that Eu,v(x, y) can be extended by continuity as follows:

Eu,v(x, y) =

(
u(yv − xv)

v(yu − xu)

) 1
v−u

, u ̸= v, uv ̸= 0, x ̸= y,

Eu,0(x, y) = E0,v(x, y) =

(
yu − xu

u(log y − log x)

) 1
u

, u ̸= 0, x ̸= y,

Eu,u(x, y) = e−
1
u

(
yy

u

xxu

) 1
yu−xu

, x ̸= y, u ̸= 0,

E0,0(x, y) =
√
xy, x ̸= y,

Eu,v(x, x) = x.

This mean is symmetric, i.e. Eu,v(x, y) = Ev,u(x, y) holds for all choice of numbers

u, v ∈ R, x, y ∈ (0,∞). It is also monotonic in both parameters, i.e. for r, s, u, v ∈ R, such

that r ≤ s, u ≤ v, we have

Er,u(x, y) ≤ Es,v(x, y).

As special cases of the Stolarsky's mean, we get basic means:

� arithmetic mean E1,2(x, y) =
x+ y

2
;

� geometric mean E0,0(x, y) =
√
xy;

� harmonic mean E−2,−1(x, y) =
2xy

x+ y
;
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� power mean of order r Er,2r(x, y) =

(
xr + yr

2

) 1
r

;

� logarithmic mean E1,0(x, y) =
y − x

log y − log x
;

� identric mean limu→1Eu,u(x, y) =
1

e

(
yy

xx

) 1
y−x

, etc.

Following the ideas of generating new means described after Lagrange's mean value

theorem and Cauchy's mean value theorem and using the following extreme value theorem,

in the third chapter we deduce the Lagrange and Cauchy type mean value theorems, and

as consequence we generate new Cauchy's type means.

Theorem 1.3.8(Extreme value theorem): If φ : [x, y] → R is continuous function

on a closed interval [x, y], then φ is bounded and attains a maximum and minimum value

over that interval, i.e. m ≤ φ(t) ≤ M for all t ∈ [x, y], where m = mint∈[x,y] φ(t) and

M = maxt∈[x,y] φ(t).

1.4. Spaces of integrable, continuous and absolutely continu-

ous functions

Let [a, b] be a �nite interval in R. We denote by Lp[a, b], 1 ≤ p < ∞, the space of all

Lebesgue measurable functions f for which

∫ b

a
|f(t)|pdt <∞,

where

∥f∥p =
(∫ b

a
|f(t)|pdt

) 1
p

,

and by L∞[a, b] the set of all functions measurable and essentially bounded on [a, b] with

∥f∥∞ = ess sup{|f(x) : x ∈ [a, b]}.

Theorem 1.4.9(Integral Hölder's inequality): Let p, q ∈ R be such that 1 ≤ p, q ≤ ∞

and 1
p + 1

q = 1. Let f, g : [a, b] → R be integrable functions such that f ∈ Lp[a, b] and
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g ∈ Lq[a, b]. Then ∫ b

a
|f(t)g(t)|dt ≤ ∥f∥p ∥g∥q . (1.17)

The equality in (1.17) holds i� A|f(t)|p = B|g(t)|q almost everywhere, where A and B are

constants.

We denote by Cn([a, b]), n ∈ N0, the space of functions which are n times continuously

di�erentiable on [a, b], that is

Cn([a, b]) =
{
f : [a, b] → R : f (k) ∈ C([a, b]), k = 0, 1, ..., n

}

with the norm

∥f∥Cn =

n∑
k=0

∥∥∥f (k)∥∥∥
C
=

n∑
k=0

max
x∈[a,b]

∣∣∣f (k)(x)∣∣∣ .
In particular, C0([a, b]) = C([a, b]) is the space of continuous functions on [a, b] with the

norm

∥f∥C = max
x∈[a,b]

|f(x)| .

Lemma 1.4.1.: The space Cn([a, b]) consists of those and only those functions f which

are represented in the form

f(x) =
1

(n− 1)!

∫ x

a
(x− t)n−1φ(t)dt+

n−1∑
k=0

ck(x− a)k, (1.18)

where φ ∈ C([a, b]) and ck are arbitrary constants (k = 0, 1, ..., n− 1).

Moreover,

φ(t) = f (n)(t), ck =
f (k)(a)

k!
(k = 0, 1, ..., n− 1). (1.19)

The space of absolutely continuous functions on an interval [a, b] is denote by AC([a, b]).

It is known that AC([a, b]) coincides with the space of primitives of Lebesgue integrable

functions L1[a, b] (see [91]:

f ∈ AC([a, b]) ⇔ f(x) = f(a) +

∫ x

a
φ(t)dt, φ ∈ L1[a, b].
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Therefore, an absolutely continuous function f has an integrable derivatives f ′(x) = φ(x)

almost everywhere on [a, b]. We denote by ACn([a, b]), n ∈ N, the space

ACn([a, b]) = {f ∈ Cn−1([a, b]) : f (n−1) ∈ AC([a, b])}.

In particular, AC1([a, b]) = AC([a, b]).

Lemma 1.4.2.: The space ACn([a, b]) consists of those and only those functions which

can be represented in the form (1.18), where φ ∈ L1[a, b] and ck are arbitrary (k =

0, 1, .., n− 1). Moreover, (1.19) holds.

The next theorem has numerous applications involving multiple integrals.

Theorem 1.4.10(Fubini's theorem): Let (X,M, µ) and (Y,N , ν) be σ-�nite measure

space and f be µ× ν-measurable function on X × Y. If f ≥ 0, then the following integrals

are equal

∫
X×Y

f(x, y)d(µ× ν)(x, y),

∫
X

(∫
Y
f(x, y)dν(y)

)
dµ(x),∫

Y

(∫
X
f(x, y)dµ(x)

)
dν(y).

Remark 1.4.11.: The next equality

∫ b

a

(∫ d

c
f(x, y)dy

)
dx =

∫ d

c

(∫ b

a
f(x, y)dx

)
dy

is consequence of the previous theorem.

Theorem 1.4.11(Integral Jensen's inequality): Let (Ω,A, µ) be a measure space with

0 < µ(Ω) <∞. Let ϕ : Ω → R be µ -integrable function and f : I → R be a convex function

such that ϕ(Ω) ⊂ I and f ◦ ϕ be a µ -integrable function. Then

f

(
1

µ(Ω)

∫
Ω
ϕ(x)dµ(x)

)
≤ 1

µ(Ω)

∫
Ω
f(ϕ(x))dµ(x). (1.20)

If f is strictly convex, then (1.20) becomes equality i� ϕ is a constant µ-almost everywhere

1.4. Spaces of integrable, continuous and absolutely continuous functions 17
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on Ω. If f is concave, then (1.20) is reversed.

Remark 1.4.12.: The discrete Jensen inequality (1.6) is obtained by means of the dis-

crete measure µ on Ω = {1, ..., n}, with µ({i}) = pi and ϕ(i) = xi for i ∈ Ω.

At the end of this section, we introduce two recently obtained results involving the

�eby²ev functional.

De�nition 1.4.14.: For two Lebesgue integrable functions f, g : [α, β] → R, we de�ne

the �eby²ev functional as

T (f, g) :=
1

β − α

β∫
α

f(t)g(t)dt− 1

β − α

β∫
α

f(t)dt · 1

β − α

β∫
α

g(t)dt.

Theorem 1.4.12: [32, Theorem 1] Let f : [α, β] → R be Lebesgue integrable and g :

[α, β] → R be absolutely continuous with (· − α)(β − ·)(g′)2 ∈ L1[α, β]. Then

|T (f, g)| ≤ 1√
2
[T (f, f)]

1
2

1√
β − α

(∫ β

α
(x− α)(β − x)[g′(x)]2dx

) 1
2

. (1.21)

The constant 1√
2
in (1.21) is the best possible.

Theorem 1.4.13: [32, Theorem 2] Let g : [α, β] → R be monotonic nondecreasing and

f : [α, β] → R be absolutely continuous with f ′ ∈ L∞[α, β]. Then

|T (f, g)| ≤ 1

2(β − α)

∥∥f ′∥∥∞ ∫ β

α
(x− α)(β − x)dg(x). (1.22)

The constant 1
2 in (1.22) is the best possible.

1.5. C*-algebras. Operators on a Hilbert space

Dealing with the Jensen-type functionals whose real arguments are substituted with the

bounded self-adjoint operators acting on a Hilbert space, the ones that we are also going

to investigate in the sequel, requires additional overview of some basic notions and results.

These concern C*-algebras and the theory on operators on a Hilbert space. For a more
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detailed analysis, the reader is referred to e.g. [14] and [54].

Recall that a linear space A over the �eld F, together with the multiplication (x, y) 7→

xy, x, y ∈ A, constitutes an algebra if the mapping (x, y) 7→ xy possesses the following

properties:

(xy)z = x(yz), x(y + z) = xy + xz, (x+ y)z = xz + yz,

(αx)y = α(xy) = x(αy),

for all α ∈ F and for all x, y, z ∈ A. If F = R, algebra is called a real algebra and if F = C,

we call it a complex algebra. If there is an element 1 in A such that x · 1 = 1 · x = x, for

all x ∈ A, then we say that A is an algebra with the unit 1.

Mapping x 7→ ∥x∥ de�ned on an algebra A and with the values in R is a norm on A

if the following conditions are satis�ed: x 7→ ∥x∥ is a norm on the linear space of A,

∥xy∥ ≤ ∥x∥∥y∥, x, y ∈ A, and, if A has a unit 1, then ∥1∥ = 1. Ordered pair (A, ∥ · ∥) is

called a normed algebra. Normed algebra is called a Banach algebra if the normed space of

A is a Banach space, that is a complete normed vector space.

Involution on algebra A is a conjugate linear mapping x 7→ x∗ on A, such that x∗∗ = x

and (xy)∗ = y∗x∗, for all x, y ∈ A. Ordered pair ( A, ∗) is called an involutive algebra or

a *-algebra. Now, a *-algebra A equipped with the complete submultiplicative norm such

that ∥x∗∥ = ∥x∥, for all x ∈ A constitutes a Banach *-algebra.

Finally, Banach *-algebra is a C*-algebra if for every x ∈ A, C*-identity ∥x∗x∥ = ∥x∥2

holds. We say that a C*-algebra is unital if it contains the unit 1. The element a ∈ A

is called: self-adjoint if a = a∗, normal if a∗a = aa∗ and is called unitary (in the unital

algebra) if a∗a = aa∗ = 1. A standard example of the unital C*-algebra is the scalar �eld

C, where the involution is represented as the complex conjugation.

The environment that is of an interest for us in the sequel is the one of the bounded linear

operators on a Hilbert space, which we therefore specify here.

A Hilbert space H is a (complex) vector space H that is complete regarding the metric

d(x, y) = ∥x−y∥ de�ned by the norm which is induced by an inner product ∥x∥ := ⟨x, x⟩
1
2 .
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In other words, Hilbert space is a complete unitary space.

A linear operator A on a Hilbert space H is bounded if

∥A∥ := sup{∥Ax∥ : ∥x∥ ≤ 1, x ∈ H} <∞.

We say that ∥A∥ is an operator norm of A. The sum and the composition of the bounded

linear operators is again a bounded linear operator. The mapping (x, y) 7→ ⟨Ax, y⟩ is linear

and continuous and according to the Riesz representation theorem (see e.g. [16]), it follows

that

⟨x,A∗y⟩ = ⟨Ax, y⟩

for some uniquely determined vector A∗y ∈ H. Thus another bounded linear operator A∗

on H is de�ned and A∗∗ = A. Bounded (hence continuous) linear operators on H together

with an operator norm and the corresponding involution constitute a C*-algebra denoted

with B(H). Spectrum of an operator A ∈ B(H) is de�ned with

σ(A) := {λ ∈ C : A− λ1H not invertible inB(H)},

where 1H is a unit operator on H. This set is non-empty and compact for operators in

B(H). A bounded linear operator A on a Hilbert space H is self-adjoint if A = A∗. The

following characterization holds: A ∈ B(H) is self-adjoint if and only if ⟨Ax, x⟩ ∈ R, for all

x ∈ H.

Bounded self-adjoint operators constitute the real subspace of the C*-algebra of all bounded

linear operators and is denoted with Bh(H). We induce the partial ordering in Bh(H).

De�nition 1.5.15.: Operator A ∈ Bh(H) is positive semide�nite or positive (A ≥ 0) if

⟨Ax, x⟩ ≥ 0, for all x ∈ H. Positive semide�nite operator A ∈ Bh(H) is positive de�nite

or strictly positive (A > 0) if there is a real number m > 0 such that ⟨Ax, x⟩ ≥ m⟨x, x⟩,

x ∈ H, that is A ≥ m1H . For operators A,B ∈ Bh(H) is B ≥ A or A ≤ B if B − A ≥ 0,

that is if ⟨Bx, x⟩ ≥ ⟨Ax, x⟩, for all x ∈ H. Such ordering is called an operator ordering. In

particular, for scalars m and M is m1H ≤ A ≤ M1H if m ≤ ⟨Ax, x⟩ ≤ M, for every unit

vector x ∈ H.
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If for a self-adjoint operator A is σ(A) ⊆ [m,M ], then m1H ≤ A ≤M1H .

The set of all positive operators in Bh(H) is a convex cone in Bh(H) which de�nes the

order ” ≤ ” on Bh(H). This convex cone is denoted with B+(H). The set of all strictly

positive (or positive invertible) operators in Bh(H) is denoted with B++(H).

The continuous functional calculus is based on the Gelfand mapping Φ which is a *-

isometric isomorphism from the space C(σ(A)) of all continuous functions that act on the

spectrum σ(A) of a self-adjoint operator A on H, onto the C*-algebra C∗(A) generated

with A and the identity. This mapping has the following properties:

(i) Φ(αf + βg) = αΦ(f) + βΦ(g),

(ii) Φ(fg) = Φ(f)Φ(g) and Φ(f) = Φ(f)∗,

(iii) ∥Φ(f)∥ = ∥f∥ := sup
t∈σ(A)

|f(t)|,

(iv) Φ(f0) = 1H and Φ(f1) = A, where f0(t) = 1 and f1(t) = t,

f, g ∈ C(σ(A)), α, β ∈ C.

Thus the continuous functional calculus

f(A) = Φ(f) (1.23)

provides acting of the function f ∈ C(σ(A)) on the self-adjoint operator A itself.

In that sense, if A is a positive operator and f1/2(t) =
√
t, then A1/2 = f1/2(A).

Furthermore, if A is a self-adjoint operator and f is a real valued continuous function

de�ned on σ(A) such that f(t) ≥ 0, for all t ∈ σ(A), then f(A) ≥ 0, i.e. f(A) is a positive

operator.

The following order preserving property is a consequence of the continuous functional

calculus.

Lemma 1.5.3.: Let A ∈ Bh(H) and let f, g ∈ C(σ(A)).

If f(t) ≥ g(t), for all t ∈ σ(A), then f(A) ≥ g(A). (1.24)
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Additionally, f(A) = g(A) if and only if f(t) = g(t), for all t ∈ σ(A).

1.6. Operator monotone and operator convex functions

Denote with C([m,M ]) the set of all real valued continuous functions on an interval

[m,M ] ⊂ R.

De�nition 1.6.16.: We say that the function f ∈ C([m,M ]) is operator monotone if

it preserves the operator order: if A ≤ B then f(A) ≤ f(B), for all self-adjoint operators

A, B on a Hilbert space H, such that σ(A), σ(B) ⊆ [m,M ].

De�nition 1.6.17.: We say that the function f ∈ C([m,M ]) is operator convex if for

all self-adjoint operators A, B on a Hilbert space H, such that σ(A), σ(B) ⊆ [m,M ] and

for all λ ∈ [0, 1],

f((1− λ)A+ λB) ≤ (1− λ)f(A) + λf(B). (1.25)

We say that the function f ∈ C([m,M ]) is operator concave if −f is operator convex,

that is if inequality (1.25) holds with the reverse sign.

Example 3.: Function f : R → R, f(t) = α + βt is operator monotone function, for all

α ∈ R and β ≥ 0 and is operator convex for all α, β ∈ R, (see [54]).

Example 4.: Function f : (0,∞) → R, f(t) = −1
t is operator monotone on (0,∞) (see

[54]).

The following characterization holds.

Theorem 1.6.14: Let f : [0,∞) → [0,∞) be a continuous function. Then f is operator

monotone if and only if f is operator concave.

The Löwner-Heinz inequality is a very important result which dates from 1934. For

more details and the proof, see [54].

Theorem 1.6.15(Löwner-Heinz inequality): Let A and B be positive operators on a
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Hilbert space H. If A ≥ B ≥ 0, then Ar ≥ Br, for all r ∈ [0, 1].

In other words, function f : [0,∞) → R, f(t) = tr is operator monotone on [0,∞), for all

r ∈ [0, 1].

Remark 1.6.13.: If we observe di�erent examples of the operator functions and compare

their monotonicity and convexity on R with their operator monotonicity (convexity), we see

that there are some aberrations. Thus for example, the function f : [0,∞) → R, f(t) = t2

isn't operator monotone, although it is a monotone real valued function when de�ned on

R. Similarly, the function f : [0,∞) → R, f(t) = t3 isn't operator convex, although it is

convex as a real valued function de�ned on R. For more examples the reader is referred to

[54].

To introduce Jensen's type inequalities for operator convex functions, we need the

following de�nition.

De�nition 1.6.18.: A map Φ : B(H) → B(K) is linear if it is additive and homogeneous,

i.e. Φ(λX + µY ) = λΦ(X) + µΦ(Y ) for any λ, µ ∈ R and X,Y ∈ B(H).

A linear map Φ : B(H) → B(K) is said to be positive (resp. strictly positive) if Φ(A) ≥ 0

(resp. Φ(A) > 0) whenever A is positive (resp. strictly positive).

It is unital (normalized) if Φ preserves the identity operator, i.e. Φ(1H) = 1K .

Remark 1.6.14.: A positive linear map Φ : B(H) → B(K) preserves order relation, that

is, A ≤ B implies Φ(A) ≤ Φ(B), and preserves adjoint operation, that is, Φ(A∗) = Φ(A)∗.

If Φ : B(H) → B(K) is unital, then m1H ≤ A ≤ M1H implies m1K ≤ Φ(A) ≤ M1K . It

can be easily seen that a positive linear map Φ is strictly positive if and only if Φ(1H) > 0.

The following theorem shows the Davis-Choi-Jensen inequality for operator convex

functions (see [86, Proposition 2.1]).

Theorem 1.6.16: If Φ : B(H) → B(K) is a unital positive linear map and f is an

1.6. Operator monotone and operator convex functions 23



Ptolemy Scienti�c Research Press https://pisrt.org/

operator convex function on an interval J , then

f(Φ(X)) ⩽ Φ(f(X)) (1.26)

for every self-adjoint operator X with the spectrum in J .

Additionally, if J containing 0 and f(0) = 0, then (1.26) holds for every positive linear

mapping Φ : B(H) → B(K) with 0 < Φ(1H) ⩽ 1K .

Regarding the previous considerations and among many existing variants of operator

Jensen's inequalities, we also single out the one proved by B. Mond and J. Pe£ari¢ in [114].

Theorem 1.6.17(Jensen's operator inequality): Let Ai ∈ B(H), i = 1, ..., n, be self-

adjoint operators with the spectra in an interval J and Φi : B(H) → B(K), i = 1, . . . , n, are

unital positive linear mapping. Let w1, . . . , wn be non-negative real numbers with
∑n

i=1wi =

1. If f is operator convex function on J , then

f

(
n∑
i=1

wiΦi(Ai)

)
≤

n∑
i=1

wiΦi (f(Ai)) . (1.27)

1.7. Connections and solidarities. Operator means

The theory of operator means for positive linear operators on a Hilbert space was estab-

lished and for most part developed by T. Ando and F. Kubo, (see [97]). In this process

they used the results from the Löwner's theory on operator monotone functions. In the

monograph [54] one can �nd more details on this topic.

Operator means are de�ned via connections.

De�nition 1.7.19.: A binary operation (A,B) ∈ B+(H)×B+(H) → AσB ∈ B+(H) in

the cone of positive operators on a Hilbert space H is called a connection if the following

conditions are satis�ed:

(i) monotonicity: A ≤ C and B ≤ D imply AσB ≤ C σD,

(ii) upper continuity: An ↓ A and Bn ↓ B imply An σ Bn ↓ AσB,
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(iii) transformer inequality:T ∗(AσB)T ≤ (T ∗AT )σ (T ∗BT ), for every operator T.

If the normalized condition

(iv) 1H σ 1H = 1H ,

is satis�ed, then we say that the connection is an operator mean.

An ↓ A in condition (ii) denotes the convergence of {An}, An ∈ Bh(H), A1 ≥ A2 ≥ · · · ,

to A ∈ Bh(H), in the strong operator topology.

If T is an invertible operator, then in (iii) the equality sign holds.

Furthermore, the following homogeneity property holds:

α(AσB) = (αA)σ (αB), for all α > 0.

Connections posses the property of joint concavity. More precisely, the inequality

(λA1 + (1− λ)B1) σ (λA2 + (1− λ)B2) ≥ λ(A1 σ A2) + (1− λ)(B1 σ B2) (1.28)

holds for λ ∈ [0, 1] and A1, A2, B1, B2 ∈ B+(H).

Let us recall the basic operator means (see [97]).

De�nition 1.7.20.: For A,B ∈ B+(H) and p ∈ [0, 1], the p-arithmetic means is

de�ned as

A∇pB = (1− p)A+ pB. (1.29)

In particular, for p = 1
2 we write A∇B in place of A∇1/2B.

De�nition 1.7.21.: For A ∈ B++(H), B ∈ B+(H) and p ∈ [0, 1], the p-geometric

mean is de�ned by

A♯pB = A1/2(A−1/2BA−1/2)pA1/2. (1.30)

For p = 1
2 we use the symbol A♯B instead of A♯1/2B.

Particularly, as a special class of means deduced from the operator geometric mean, we
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may observe the weighted operator Heinz means de�ned by

Hp(A,B) =
A♯pB +A♯1−pB

2
. (1.31)

De�nition 1.7.22.: Parallel sum of operators A, B ∈ B++(H) is de�ned by

A : B =
(
A−1 +B−1

)−1
. (1.32)

De�nition 1.7.23.: For A,B ∈ B++(H) and p ∈ [0, 1], the p-harmonic mean is de�ned

as

A !pB =
(
(1− p)A−1 + pB−1

)−1
. (1.33)

For p = 1
2 we use the symbol A!B instead of A!1/2B.

The linear combination of two connections is de�ned as follows: if σ, τ are connections

and a, b are nonnegative real numbers, then

A (aσ + bτ)B = a(AσB) + b(Aτ B). (1.34)

Thus, in particular the class of operator means is a convex set.

Furthermore, respecting the order properties, if σ ≥ τ then AσB ≥ Aτ B, for all

A, B ∈ B+(H). Hence, for A,B ∈ B++(H) and p ∈ [0, 1] the operator arithmetic-

geometric-harmonic operator inequality (A-G-H operator inequality) holds:

A !pB ≤ A♯pB ≤ A∇pB. (1.35)

We also present de�nitions of some relative operator entropies (see [75, p. 3149]).

De�nition 1.7.24.: For A,B ∈ B++(H), the relative operator entropy is de�ned

by

S(A,B) = A1/2 log(A−1/2BA−1/2)A1/2. (1.36)

De�nition 1.7.25.: For A,B ∈ B++(H) and p ∈ R, the generalized relative opera-
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tor entropy is given by

Sp(A,B) = A1/2(A−1/2BA−1/2)p log(A−1/2BA−1/2)A1/2. (1.37)

De�nition 1.7.26.: For A,B ∈ B++(H) and 0 < p ≤ 1, the Tsallis relative operator

entropy is de�ned as follows

Tp(A,B) =
A♯pB −A

p
= A1/2 (A

−1/2BA−1/2)p − I

p
A1/2. (1.38)

De�nition 1.7.27.: For A,B ∈ B++(H) and 0 < s ≤ 1, −1 ≤ r ≤ 1, the parametric

Tsallis relative operator entropy is de�ned by

Ts,r(A,B) = A1/2 [(1− s)I + s(A−1/2BA−1/2)r]1/r − I

s
A1/2. (1.39)

The basic result of the theory developed by F. Kubo and T. Ando concerns the iso-

morphism between connections and the nonnegative operator monotone functions.

Theorem 1.7.18(Kubo-Ando): Let σ be a connection. If for a function f : [0,∞) → R

and t ≥ 0

f(t)1H = 1H σ (t1H), (1.40)

then f is nonnegative and operator monotone function on [0,∞) and the following state-

ments are true:

(i) There is an isomorphism between the classes of all connections and all nonnegative

operator monotone functions on [0,∞). Furthermore, for all A,B ∈ B+(H) and t ≥ 0 is

Aσ1B ≤ Aσ2B if and only if f1(t) ≤ f2(t),

where σ1 7→ f1, and σ2 7→ f2 are the isomorphisms.

(ii) If A is an invertible operator, then AσB = A
1
2 f(A− 1

2BA− 1
2 )A

1
2 .

(iii) The connection σ is an operator mean if and only if f is a normalized function,

i.e. f(1) = 1.

1.7. Connections and solidarities. Operator means 27



Ptolemy Scienti�c Research Press https://pisrt.org/

The operator monotone function f is called a representation function for the connection σ.

Since by Theorem 1.6.14 a continuous function f : [0,∞) → [0,∞) is operator monotone

if and only if f is operator concave, it follows that the representation function f is an

operator concave function.

Hence we have the following representation functions for the arithmetic, harmonic and

geometric mean: f∇(t) = 1+t
2 , f!(t) = 2t

1+t and f♯(t) =
√
t. Thus inequalities f∇(t) ≥

f♯(t) ≥ f!(t) imply the corresponding operator mean inequalities: ∇ ≥ ♯ ≥!.

Operator means posses two important properties.

Theorem 1.7.19: Operator mean σ possesses the property of subadditivity, that is

AσC +B σD ≤ (A+B)σ (C +D), (1.41)

as well as of the joint concavity:

λ(AσC) + (1− λ)(B σD) ≤ (λA+ (1− λ)B)σ (λC + (1− λ)D), (1.42)

where A,B,C,D ∈ B+(H), λ ∈ [0, 1].

J. Fujii et al. generalized in [50] the results on connections from Kubo-Ando theory. They

investigated the binary operation s = sf for an arbitrary operator monotone function f

de�ned on [0,∞) :

AsB = A
1
2 f(A− 1

2BA− 1
2 )A

1
2 ,

analogously as in (ii) in Theorem 1.7.18. Domain of sf is the set of all ordered pairs (A,B)

for which AsB is a bounded operator, respecting f.

De�nition 1.7.28.: A binary operation (A,B) ∈ Ds ⊆ B+(H) × B+(H) → (AsB) ∈

Bh(H) is called a solidarity if it has the following properties:

(i) B ≤ C implies AsB ≤ AsC,

(ii) Bn ↓ B implies AsBn ↓ AsB,

(iii) An → A implies An s 1H → As 1H ,
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(iv) T ∗(AsB)T ≤ (T ∗AT ) s (T ∗BT ), for all operators T,

where Ds is the domain of s.

Solidarity s is de�ned for an arbitrary pair of positive invertible operators, but not for an

arbitrary pair of positive operators. ThusDs denotes the maximal subset of B+(H)×B+(H)

on which s is a bounded operator. For more details on the domain Ds the reader is referred

to [50].

In [50] the authors also proved that there was an isomorphism between the solidarities

and the operator monotone functions. Furthermore, solidarities posses the joint concavity

property. More precisely,

(λA1 + (1− λ)B1) s (λA2 + (1− λ)B2) ≥ λ(A1 sA2) + (1− λ)(B1 sB2), (1.43)

where A1, A2, B1, B2 ∈ B++(H) and λ ∈ [0, 1] and under the assumption that all of the

operators included exist as the bounded operators.

Relative operator entropy is a common example among solidarities. More on this topic can

be found in [52].

1.7. Connections and solidarities. Operator means 29





CHAPTER 2.

Sherman type theorems and applications

2.1. About majorization

In this section, we introduce the concepts of majorization and Schur-convexity in order to

give some basic results from the Theory of majorization that give an important character-

ization of convex functions.

For �xed n ≥ 2, let x = (x1, ..., xn) , y = (y1, ..., yn) denote two real n-tuples. Let

x[1] ≥ x[2] ≥ ... ≥ x[n], y[1] ≥ y[2] ≥ ... ≥ y[n],

x(1) ≤ x(2) ≤ ... ≤ x(n), y(1) ≤ y(2) ≤ ... ≤ y(n)

be their ordered components.

De�nition 2.1.1.(Majorization, [138, p. 319]): We say that x majorizes y or y is

majorized by x and write

y ≺ x, (2.1)
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if

m∑
i=1

y[i] ≤
m∑
i=1

x[i], m = 1, 2, ..., n− 1, (2.2)

n∑
i=1

yi =

n∑
i=1

xi.

Remark 2.1.1.: Note that (2.2) is equivalent to

n∑
i=n−m+1

y(i) ≤
n∑

i=n−m+1

x(i), m = 1, 2, ..., n− 1.

Example 1.: If x = (x1, ..., xn) is an arbitrary vector with xi ≥ 0, i = 1, ..., n, and∑n
i xi = 1, then (

1

n
, ...,

1

n

)
≺ x ≺ (1, 0, ..., 0).

This de�nition de�nes relation which is re�exive and transitive but it is not antisymmet-

ric (see [106, p. 13]). However, we can consider the set D = {x ∈ Rn : x1 ≥ x2 ≥ ... ≥ xn}

on which the relation ”≺” is a partial order. In assertions or proofs, we can assume that

the components of a vector are just arranged in descending order without loss of generality.

It's important to remember that two vectors may not have any majorization relation-

ship, meaning that there are vectors that can not be compared in the sense of the given

de�nition.

Example 2.: The vectors x = (0.6, 0.6, 0.2) and y = (0.5, 0.4, 0.1) are incomparable in

the sense of the previous de�nition, i.e. no y ≺ x neither x ≺ y are valid.

The notion of majorization is closely related to Schur-convexity which characterizes

functions that preserve preordering ≺ on Rn. Exactly, the following notion of Schur-

convexity generalizes the de�nition of convex function via the notion of majorization.

De�nition 2.1.2.: A function F : S ⊆ Rn → R is called Schur-convex on S if

F (y) ≤ F (x) (2.3)
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for every x, y ∈ S such that

y ≺ x.

A function F is called Schur-concave on S, if −F is Schur-convex on S.

Issai Schur (see [147], [106, p. 79]) �rst systematically studied functions that preserve

the order of majorization and called them convex functions. Such functions are now called

Schur convex functions and convex functions are often referred to convex functions in the

sense of Jensen. Each function that is convex and symmetric is also Schur-convex. The

opposite implication is not valid. However, all Schur convex functions are symmetric.

The concept of majorization, together with the concept of Schur convexity, provides an

important characterization of convex functions and is a powerful and useful mathematical

tool that has wide application in many applied sciences.

There are several equivalent characterizations of a majorization relation x ≻ y in

addition to the conditions given in de�nition of majorization. One is actually the answer

of a question posed and answered in [60, 61], the well-known as Majorization theorem. A

convenient reference for its proof is given by Marshall and Olkin in [106, p.11] (see also

[138, p.320]).

Theorem 2.1.1(Majorization theorem): Let I be an real interval and x,y be two

n-tuples such that xi, yi ∈ I (i = 1, ..., n). Then

n∑
i=1

f (yi) ≤
n∑
i=1

f (xi) (2.4)

holds for every continuous convex function f : I → R i� y ≺ x.

If f is a strictly convex function, then equality in (2.4) is valid i� x[i] = y[i], i = 1, ..., n.

The previous result is known asMajorization inequality. It can rephrase in the form

of the following theorem which gives a relation between one-dimensional convex functions

and n-dimensional Schur-convex functions.

Theorem 2.1.2: Let I be an real interval and x = (x1, ..., xn), y = (y1, ..., yn) ∈ In. Let
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f : I → R be a continuous function. Then a function F : In → R, de�ned by

F (x) =

n∑
i=1

f(xi),

is Schur-convex on In i� f is convex on I.

The concept of majorization admits an order-free characterization based on the notion

of doubly stochastic matrix. The de�nition of stochastic matrices is given below.

De�nition 2.1.3.: A n×m real matrixA = (aij) ∈ Mnm(R) is called column stochas-

tic if all of its entries are greater or equal to zero, i.e. aij ≥ 0 for i = 1, ..., n, j = 1, ...,m

and the sum of the entries in each column is equal to 1, i.e.
n∑
i=1

aij = 1 for j = 1, ...,m.

On the other hand, a matrix A = (aij) ∈ Mnm(R) is called row stochastic if all of

its entries are greater or equal to zero, i.e. aij ≥ 0 for i = 1, ..., n, j = 1, ...,m and the sum

of the entries in each row is equal to 1, i.e.
m∑
j=1

aij = 1 for i = 1, ..., n.

A square matrix A = (aij) ∈ Mm(R) is called double stochastic if both A and its

transpose AT = (aji) are row stochastic. In other words, A = (aij) ∈ Mm(R) is called

double stochastic if all of its entries are greater or equal to zero, i.e. aij ≥ 0 for i, j = 1, ...,m,

and the sum of the entries in each column and each row is equal to 1, i.e.
m∑
i=1

aij = 1 for

j = 1, ...,m and
m∑
j=1

aij = 1 for i = 1, ...,m.

An interesting characterization of the concept of majorization is the well known Rado's

theorem [106, p. 33]: for x,y ∈ Rn is valid

y ≺ x i� y = xA

for some double stochastic matrix A.

In fact, the previous characterization implies that the set of vectors y that satisfy y ≺ x

is the convex hull spanned by the n! points formed from the permutations of the elements

of y.
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By Birkho�'s theorem [106, p. 30], each n×n doubly stochastic matrix A has the form

A =
k∑
i=1

αiPi

for some positive integer k, n × n permutation matix Pi, i = 1, 2, ..., k, and αi ≥ 0, with∑k
i=1 αi = 1.

Taking into account previous observations, Majorization theorem can be summarized

in the form of the following theorem.

Theorem 2.1.3(Hardy-Littlewood-Pólya [60, 61]): Let I be an real interval and

x = (x1, ..., xn), y = (y1, ..., yn) ∈ In. Then the following statements are equivalent:

(i) y ≺ x ;

(ii) There is a doubly stochastic matrix A such that y = xA ;

(iii) The inequality
n∑
i=1

f(yi) ≤
n∑
i=1

f(xi) (2.5)

holds for each continuous convex function f : I → R.

Remark 2.1.2.: For many purposes, the condition y = xA is more convenient than the

partial sums conditions de�ning majorization.

Majorization theorems on convex functions and standard majorization, due to Hardy,

Littlewood, Pólya and Karamata, have numerous applications in many disciplines of math-

ematics and applied sciences (see the monograph [106]). In this chapter, we develop similar

results involving the concept of weighted majorization which we introduce in the sequel.

Material of this chapter is quoted mainly from [17, 64, 65, 72, 124, 128, 130, 132, 133].

2.2. Sherman's theorem and its converse

Sherman [149] considered the weighted concept of majorization for two pairs (x,a) and

(y,b) which consist of vectors x = (x1, ..., xn) ∈ In, y = (y1, ..., ym) ∈ Im, where I is a

real interval, and corresponding nonnegative weights a = (a1, ..., an) and b = (b1, ..., bm).
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The concept of weighted majorization is de�ned by assumption of existence of column

stochastic matrix S = (sij) ∈ Mnm(R) such that

y = xS and a = bST , (2.6)

i.e.

yj =

n∑
i=1

xisij , j = 1, ...,m and ai =

m∑
j=1

bjsij , i = 1, ..., n.

For such pairs (y,b) and (x,a), under assumption of existence of column stochastic matrix

S such that (2.6) holds, we use the notation

(y,b) ≺ (x,a) (2.7)

and say that the pair (y,b) is weighted majorized by (x,a). It presents a generalization

of the classical concept of majorization in notation y ≺ x.

Instead the assumptions (2.6), we may assume

y = xST and a = bS (2.8)

for some row stochastic matrix S.

Under the previous assumptions Sherman [149] proved a useful generalization of Ma-

jorization theorem (Theorem 2.1.1, Theorem 2.1.3). We quote Sherman's result in the

following form.

Theorem 2.2.4(Sherman's inequality): Let f : I → R be a convex function. Let

x = (x1, x2, . . . , xn) ∈ In, y = (y1, y2, . . . , ym) ∈ Im, a = (a1, a2, . . . , an) ∈ [0,∞)n and

b = (b1, b2, . . . , bm) ∈ [0,∞)m. If

y = xS and a = bST (2.9)
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holds for some n×m column stochastic matrix S = (sij) ∈ Mnm(R), then

m∑
j=1

bjf(yj) ≤
n∑
i=1

aif(xi). (2.10)

Proof: Using the assumptions (2.9) and the fact that f is convex function, we have

m∑
j=1

bjf(yj) =
m∑
j=1

bjf

(
n∑
i=1

xisij

)

≤
m∑
j=1

bj

n∑
i=1

sijf (xi)

=
n∑
i=1

 m∑
j=1

bjsij

 f (xi) =
n∑
i=1

aif(xi),

what we need to �nish the proof.

From now, on the inequality (2.10) we refer as Sherman's inequality. It is interesting

that a reverse implication is valid too (for details see [25, 149] and also [31, 126]).

Remark 2.2.3.: It is worth emphasizing that if S is doubly stochastic and b = (1, 1, . . . , 1) ∈

Rm, then (2.9) implies (2.4), because ST is column stochastic and, in consequence,

a = bST = (1, 1, . . . , 1)ST = (1, 1, . . . , 1).

In this situation, Sherman's inequality reduces to the fact that the function

(x1, . . . , xn) 7→
n∑
j=1

f(xj) for (x1, . . . , xn) ∈ In

is Schur-convex on In.

Also, choosing n = 1 and b = [1], Sherman's inequality (2.10) reduces to Jensen's

inequality (1.6).

Next we present the converse of Sherman's inequality (2.10).

Theorem 2.2.5(Converse Sherman's inequality, [17]): Let f : I → R be a convex
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function. Let α, β ∈ I, α < β, x = (x1, ..., xn) ∈ [α, β]n, y = (y1, ..., ym) ∈ [α, β]m,

a = (a1, ..., an) ∈ [0,∞)n and b = (b1, ..., bm) ∈ [0,∞)m be such that (2.9) holds for some

column stochastic matrix S = (sij) ∈ Mnm(R). Then

m∑
j=1

bjf (yj) ≤
n∑
i=1

aif (xi) ≤
m∑
j=1

bj
f(α) (β − yj) + f(β)(yj − α)

β − α
. (2.11)

Proof: Under the assumptions, Sherman's inequality (2.10) holds. Further, from (1.7),

setting pi = sij , for i = 1, ..., n, we have

m∑
j=1

bjf (yj) ≤
n∑
i=1

aif (xi)

=
n∑
i=1

 m∑
j=1

bjsij

 f(xi)

=

m∑
j=1

bj

(
n∑
i=1

sijf(xi)

)

≤
m∑
j=1

bj

β −
n∑
i=1

xisij

β − α
f(α) +

n∑
i=1

xisij − α

β − α
f(β)

 ,

which is what was to be proved.

Remark 2.2.4.: Choosing n = m and b = e = (1, ..., 1), the condition (y,b) ≺ (x,a)

implies y = xS with some doubly stochastic matrix S and a = bST=e = (1, ..., 1), and as

direct consequence of the previous result we get Majorization inequality and its converse

n∑
j=1

f (yj) ≤
n∑
i=1

f (xi) ≤
n∑
j=1

f(α) (β − yj) + f(β)(yj − α)

β − α
(2.12)

=
β̄ −

∑n
j=1 yj

β − α
f(α) +

∑n
j=1 yj − ᾱ

β − α
f(β)

=
β̄ −

∑n
i=1 xi

β − α
f(α) +

∑n
i=1 xi − ᾱ

β − α
f(β)

where β̄ = mβ and ᾱ = mα and because of (2.9) we have
∑n

j=1 yj =
∑n

j=1

∑n
i=1 xisij =∑n

i=1 xi
∑n

j=1 sij =
∑n

i=1 xi.
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2.3. Sherman's functional with estimations

In this section, we de�ne Sherman's functional deduced from Sherman's inequality (2.10).

We present some of its essential properties. We also establish lower and upper bounds

for it. In proving those results, we use the following interpolating inequalities for Jensen's

functional proved by J. Pe£ari¢ (see [111, p. 717]), which we state with proofs due to their

importance. Results from this section are quoted from [72].

Theorem 2.3.6: Let f : I → R be a convex function, x = (x1, . . . , xn) ∈ In, p =

(p1, . . . , pn) and q = (q1, . . . , qn) be nonnegative n-tuples such p ≥ q, i.e. pi ≥ qi, i =

1, ..., n, and Pn =
∑n

i=1 pi > 0, Qn =
∑n

i=1 qi > 0. Then

n∑
i=1

qif (xi)−Qnf

(
1

Qn

n∑
i=1

qixi

)
≤

n∑
i=1

pif (xi)− Pnf

(
1

Pn

n∑
i=1

pixi

)
. (2.13)

Proof: In the case p = q, the assertion holds trivially. So, without lost of generality we

can assume that p ̸= q. Hence
n∑
i=1

(pi − qi) > 0 since p ≥ q.

Applying Jensen's inequality we have

n∑
i=1

(pi − qi) f

 1
n∑
i=1

(pi − qi)

n∑
i=1

(pi − qi)xi

 (2.14)

≤
n∑
i=1

(pi − qi)
1

n∑
i=1

(pi − qi)

n∑
i=1

(pi − qi) f(xi) =

n∑
i=1

(pi − qi) f(xi).
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On the other side, applying the reverse of Jensen's inequality we get

n∑
i=1

(pi − qi) f

 1
n∑
i=1

(pi − qi)

n∑
i=1

(pi − qi)xi

 (2.15)

= (Pn −Qn) f

Pn
(

1
Pn

n∑
i=1

pixi

)
−Qn

(
1
Qn

n∑
i=1

qixi

)
Pn −Qn


≥ (Pn −Qn)

(
Pn

Pn −Qn
f

(
1

Pn

n∑
i=1

pixi

)
− Qn
Pn −Qn

f

(
1

Qn

n∑
i=1

qixi

))

= Pnf

(
1

Pn

n∑
i=1

pixi

)
−Qnf

(
1

Qn

n∑
i=1

qixi

)
.

Now, combining (2.14) and (2.15), we obtain (2.13).

As easy consequences of the previous theorem the following lemmas hold.

Lemma 2.3.1.: Let f : I → R be a convex function. Let x = (x1, . . . , xn) ∈ In and

p = (p1, . . . , pn) , q = (q1, . . . , qn) be positive n-tuples with Pn =
∑n

i=1 pi, Qn =
∑n

i=1 qi

and x̄P = 1
Pn

∑n
i=1 pixi, x̄Q = 1

Qn

∑n
i=1 qixi. Then

0 ≤ min
1≤i≤n

{
pi
qi

}( n∑
i=1

qif (xi)−Qnf (x̄Q)

)
≤

n∑
i=1

pif (xi)− Pnf (x̄P )

≤ max
1≤i≤n

{
pi
qi

}( n∑
i=1

qif (xi)−Qnf (x̄Q)

)
. (2.16)

Proof: Consider n-tuples p = (p1, ..., pn) and q = (q1, ..., qn). Note that

p = (p1, ..., pn) =

(
q1
p1
q1
, . . . , qn

pn
qn

)
.

Let us denote d∗ = min1⩽i⩽n

{
pi
qi

}
. We de�ne

qmin = (q1d∗, . . . , qnd∗) .

We calculate x̄Q = 1∑n
i=1 qid∗

∑n
i=1 qid∗xi =

1
Qn

n∑
i=1

qixi.
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It is obviously qmin ≤ p. Applying Theorem 2.3.6 to n-tuples qmin and p, we get

0 ≤
n∑
i=1

qid∗f (xi)− d∗Qnf (x̄Q)− cd∗

n∑
i=1

qi (xi − x̄Q)
2

≤
n∑
i=1

pif (xi)− Pf (x̄P )− c

n∑
i=1

pi (xi − x̄P )
2 ,

what is equivalent to the second inequality in (2.16).

If we consider p and n- tuple qmax = (q1d
∗, . . . , qnd

∗) , where d∗ = max1⩽i⩽n

{
pi
qi

}
,

then p ≤ qmax. Applying Theorem 2.3.6 to n-tuples p and qmax we get the third inequality

in (2.16).

Lemma 2.3.2.: Let f : I → R be a convex function, x = (x1, . . . , xn) ∈ In and

p = (p1, . . . , pn) be nonnegative n-tuple such that Pn =
∑n

i=1 pi > 0. Then

min
1⩽i⩽n

{pi}

[
n∑
i=1

f (xi)− nf

(
1

n

n∑
i=1

xi

)]
≤

n∑
i=1

pif (xi)− Pnf

(
1

Pn

n∑
i=1

pixi

)
(2.17)

≤ max
1⩽i⩽n

{pi}

[
n∑
i=1

f (xi)− nf

(
1

n

n∑
i=1

xi

)]
.

Proof: Let us consider n-tuple p = (p1, . . . , pn) and a constant n- tuple pmin = (min1⩽i⩽n{pi}, ...,min1⩽i⩽n{pi}) .

Then p ≥ pmin. Applying Theorem 2.3.6 we have

n∑
i=1

pif (xi)− Pnf

(
1

Pn

n∑
i=1

pixi

)

≥
n∑
i=1

min
1⩽i⩽n

{pi}f (xi)−
n∑
i=1

min
1⩽i⩽n

{pi}f

 1
n∑
i=1

min
1⩽i⩽n

{pi}

n∑
i=1

min
1⩽i⩽n

{pi}xi


= min

1⩽i⩽n
{pi}

n∑
i=1

f (xi)− n · min
1⩽i⩽n

{pi}f

 min
1⩽i⩽n

{pi}

n · min
1⩽i⩽n

{pi}

n∑
i=1

xi


= min

1⩽i⩽n
{pi}

[
n∑
i=1

f (xi)− nf

(
1

n

n∑
i=1

xi

)]
,

i.e. we get the �rst inequality in (2.17). The second inequality can be obtained analogously

by exchanging the roles of min and max .
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Remark 2.3.5.: Note that we can get (2.17) directly from (2.16) by choosing n-tuple q

with qi = 1
n , i = 1, ..., n.

Few years later, Dragomir et el. [42], obtained the analogous result as in Theorem 2.3.6

but as a consequence of a quite di�erent approach, via superadditivity. They considered

Jensen's functional J(f,x,p), deduced from Jensen's inequality (1.6), de�ned as follows.

De�nition 2.3.4.([42]): For a function f : I → R, x = (x1, x2, . . . , xn) ∈ In and

p ∈ P0
n, where

P0
n =

{
p = (p1, p2, . . . , pn) ∈ Rn : pi ≥ 0, Pn =

n∑
i=1

pi > 0

}
,

the Jensen functional is given by

J(f,x,p) =
n∑
i=1

pif(xi)− Pnf

(
1

Pn

n∑
i=1

pixi

)
. (2.18)

From (2.18), for p = e = (1, ...., 1), we get

J(f,x, e) =

n∑
i=1

f (xi)− nf

(
1

n

n∑
i=1

xi

)
. (2.19)

Dragomir [39] continued the investigation of the properties for normalized Jensen's

functional, i.e. functional (2.18) satisfying Pn = 1,

J̄(f,x,p) =
n∑
i=1

pif(xi)− f

(
n∑
i=1

pixi

)
. (2.20)

Using di�erent technique in proving, he obtained analogous results as in Lemma 2.3.1. and

Lemma 2.3.2. in the form of lower and upper bound for the normalized Jensen's functionals

(2.20) as follows

(0 ≤) min
1⩽i⩽n

{
pi
qi

}
J̄(f,x,q) ≤ J̄(f,x,p) ≤ max

1⩽i⩽n

{
pi
qi

}
J̄(f,x,q), (2.21)

and

(0 ≤) min
1⩽i⩽n

{pi} J(f,x, e) ≤ J̄(f,x,p) ≤ max
1⩽i⩽n

{pi} J(f,x, e). (2.22)
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We also recommend to the reader the monograph [96], in which results related to the

concept of the Jensen functional are collected.

2.3.1. Sherman's functional and its properties

In this subsection, we denote with Cnm([0,∞)) the set of column stochastic matrices of

size n ×m. Specially, with Cnm((0,∞)) we denote the set of column stochastic matrices

with positive entries.

Motivated by Sherman's inequality (2.10), i.e.

0 ⩽
n∑
i=1

aif(xi)−
m∑
j=1

bjf(yj)

=

n∑
i=1

 m∑
j=1

bjsij

 f (xi)−
m∑
j=1

bjf

(
n∑
i=1

xisij

)
,

we de�ne Sherman's functional as follows.

Let F(I) denotes the set of all convex functions de�ned on I. Under the assumptions

of Sherman's theorem, we de�ne Sherman's functional S : F(I) × In × [0,∞)m ×

Cnm([0,∞)) → R by

S(f,x,b,S) =
n∑
i=1

m∑
j=1

bjsijf(xi)−
m∑
j=1

bjf

(
n∑
i=1

xisij

)
(2.23)

=

m∑
j=1

bj

(
n∑
i=1

sijf(xi)− f

(
n∑
i=1

xisij

))
.

We study properties of Sherman's functional.

Theorem 2.3.7([72]): Sherman's functional S satis�es the following properties:

a) S(f,x,b,S) is nonnegative, i.e.

S(f,x,b,S) ≥ 0; (2.24)
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b) S(f,x,b, ·) is concave on the convex set Cnm([0,∞)), i.e. for all λ ∈ [0, 1]

S(f,x,b, λS+ (1− λ)T) ≥ λS(f,x,b,S) + (1− λ)S(f,x,b,T); (2.25)

c) S(f,x, ·,S) is linear mapping, i.e.

S(f,x,b+ d,S) = S(f,x,b,S) + S(f,x,d,S), (2.26)

S(f,x, λb,S) = λS(f,x,b,S);

d) S(f,x, ·,S) is increasing on [0,∞)m, i.e. if b, c ∈ [0,∞)m such that b ≥ c, i.e.

bj ≥ cj , j = 1, ...,m, then

S(f,x,b,S) ≥ S(f,x, c,S) ≥ 0. (2.27)

Proof: a) Positivity of functional S follows from Sherman's inequality ( 2.10).

b) We have

S(f,x,b, λS+ (1− λ)T) (2.28)

=
n∑
i=1

m∑
j=1

bj (λsij + (1− λ)tij) f(xi)−
m∑
j=1

bjf

(
n∑
i=1

(λsij + (1− λ)tij)xi

)

= λ

n∑
i=1

m∑
j=1

bjsijf(xi) + (1− λ)

n∑
i=1

m∑
j=1

bjtijf(xi)−
m∑
j=1

bjf

(
n∑
i=1

(λsij + (1− λ)tij)xi

)
.

Further, by convexity of f we have

m∑
j=1

bjf

(
n∑
i=1

(λsij + (1− λ)tij)xi

)
(2.29)

≤
m∑
j=1

bj

[
λf

(
n∑
i=1

sijxi

)
+ (1− λ)f

(
n∑
i=1

tijxi

)]

= λ

m∑
j=1

bjf

(
n∑
i=1

sijxi

)
+ (1− λ)

m∑
j=1

bjf

(
n∑
i=1

tijxi

)
.

Combining (2.28) and (2.29), we prove the concavity property b).

c) It is obvious.
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d) Case b = c is trivial. Let b > c. Since

b = (b− c) + c,

using the property linearity (2.26) and positivity (2.24), we have

S(f,x,b,S) = S(f,x, (b− c) + c,S)

= S(f,x,b− c,S) + S(f,x, c,S)

≥ S(f,x, c,S) ≥ 0,

as wanted. This ends the proof.

2.3.2. Lower and upper bounds for Sherman's functional

In the following theorems we establish lower and upper bounds for Sherman's functional

(2.23).

Theorem 2.3.8([72]): For b = (b1, ..., bm) ∈ [0,∞)m and S = (sij) ∈ Cnm([0,∞)), we

de�ne

m̃ =

m∑
j=1

bj min
1⩽i⩽n

{sij} and M̃ =

m∑
j=1

bj max
1⩽i⩽n

{sij}.

Then

0 ≤ m̃ · J(f,x, e) ⩽ S(f,x,b,S) ⩽ M̃ · J(f,x, e). (2.30)

Proof: The �rst inequality in (2.30) is consequence of nonnegativity of all entries of b,

S and Jensen's functional J(f,x, e) given by (2.19).

Now we prove

min
1⩽i⩽n

{sij} · J(f,x, e) ⩽
n∑
i=1

sijf (xi)− f

(
n∑
i=1

xisij

)
⩽ max

1⩽i⩽n
{sij} · J(f,x, e), (2.31)

for all j = 1, ...,m.

Let us denote m̃j = min1⩽i⩽n{sij} and M̃j = max1⩽i⩽n{sij}, j ∈ {1, ...,m}. Then
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(2.31) can be written as

m̃j · J(f,x, e) ⩽
n∑
i=1

sijf (xi)− f

(
n∑
i=1

xisij

)
⩽ M̃j · J(f,x, e). (2.32)

Since n · m̃j +
n∑
i=1

(sij − m̃j) = 1, applying Jensen's inequality we have

f

(
n∑
i=1

xisij

)
= f

(
n · m̃j

(
1

n

n∑
i=1

xi

)
+

n∑
i=1

(sij − m̃j)xi

)

≤ n · m̃jf

(
1

n

n∑
i=1

xi

)
+

n∑
i=1

(sij − m̃j) f(xi)

=
n∑
i=1

sijf(xi)− m̃j

(
n∑
i=1

f(xi)− nf

(
1

n

n∑
i=1

xi

))

=
n∑
i=1

sijf(xi)− m̃j · J(f,x, e)

which gives the left hand side of (2.32).

Further, since M̃j > 0 and 1
M̃j

n∑
i=1

(
M̃j

n − sij
n

)
+ 1

nM̃j
= 1, applying Jensen's inequality

we have

f

(
1

n

n∑
i=1

xi

)
= f

(
1

M̃j

n∑
i=1

(
M̃j

n
− sij

n

)
xi +

1

nM̃j

(
n∑
i=1

sijxi

))

≤ 1

M̃j

n∑
i=1

(
M̃j

n
− sij

n

)
f(xi) +

1

nM̃j

f

(
n∑
i=1

sijxi

)

=
1

n

n∑
i=1

f(xi)−
1

nM̃j

(
n∑
i=1

sijf(xi)− f

(
n∑
i=1

sijxi

))
,

which gives the right hand side of (2.32).

Therefore, the inequality (2.31) holds. Now, multiplying with bj and summing over

j = 1, ...,m, we get (2.30) what we need to prove.

Theorem 2.3.9([72]): For b = (b1, ..., bm) ∈ [0,∞)m and S = (sij) ∈ Cnm([0,∞)) and
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T = (tij) ∈ Cnm((0,∞)), we de�ne

b̄min =

(
b1 min

1≤i≤n

{
si1
ti1

}
, ..., bm min

1≤i≤n

{
sim
tim

})
,

b̄max =

(
b1 max

1≤i≤n

{
si1
ti1

}
, ..., bm max

1≤i≤n

{
sim
tim

})
.

Then

(0 ≤) S(f,x, b̄min,T) ≤ S(f,x,b,S) ≤ S(f,x, b̄max,T). (2.33)

Proof: According to the notation, we need to prove

m∑
j=1

bj min
1≤i≤n

{
sij
tij

}( n∑
i=1

tijf(xi)− f

(
n∑
i=1

xitij

))

≤
m∑
j=1

bj

(
n∑
i=1

sijf(xi)− f

(
n∑
i=1

xisij

))

≤
m∑
j=1

bj max
1≤i≤n

{
sij
tij

}( n∑
i=1

tijf(xi)− f

(
n∑
i=1

xitij

))

Let us consider n-tuples p and qmin such that

p =

(
t1j
s1j
t1j

, . . . , tnj
snj
tnj

)
= (s1j , ..., snj),

qmin =

(
t1j min

1≤i≤n

{
sij
tij

}
, . . . , tnj min

1≤i≤n

{
sij
tij

})
.
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It is obviously qmin ≤ p. Applying Theorem 2.3.6 to n-tuples qmin and p, we get

n∑
i=1

sijf (xi)−
n∑
i=1

sijf

 1
n∑
i=1

sij

n∑
i=1

sijxi


=

n∑
i=1

sijf (xi)− f

(
n∑
i=1

sijxi

)

≥
n∑
i=1

tij min
1≤i≤n

{
sij
tij

}
f (xi)

−
n∑
i=1

tij min
1≤i≤n

{
sij
tij

}
f

 1
n∑
i=1

tij min
1≤i≤n

{
sij
tij

} n∑
i=1

tij min
1≤i≤n

{
sij
tij

}
xi


= min

1≤i≤n

{
sij
tij

}[ n∑
i=1

tijf (xi)− f

(
n∑
i=1

tijxi

)]
,

i.e. we get

n∑
i=1

sijf (xi)− f

(
n∑
i=1

sijxi

)
≥ min

1≤i≤n

{
sij
tij

}[ n∑
i=1

tijf (xi)− f

(
n∑
i=1

tijxi

)]
.

Exchanging the roles of min and max, we get the inequality

n∑
i=1

sijf (xi)− f

(
n∑
i=1

sijxi

)
≤ max

1≤i≤n

{
sij
tij

}[ n∑
i=1

tijf (xi)− f

(
n∑
i=1

tijxi

)]
.

So, we have

min
1≤i≤n

{
sij
tij

}[ n∑
i=1

tijf (xi)− f

(
n∑
i=1

tijxi

)]

≤
n∑
i=1

sijf (xi)− f

(
n∑
i=1

sijxi

)

≤ max
1≤i≤n

{
sij
tij

}[ n∑
i=1

tijf (xi)− f

(
n∑
i=1

tijxi

)]
.

Now multiplying with bj and summing over j = 1, ...,m, we get the required result.

Remark 2.3.6.: Choosing m = 1 and setting b1 = 1 and si1 =
pi
Pn
, for i = 1, ..., n, Sher-

man's functional (2.23) reduces to Jensen's functional that corresponds to (2.18). Therefore,
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applying Theorem 2.3.8, we obtain the bounds of Jensen's functional in the form (2.18),

i.e.

0 ≤ min
1≤i≤n

{pi}J(f,x, e) ≤ J(f,x,p) ≤ max
1≤i≤n

{pi}J(f,x, e).

Applying Theorem 2.3.7, the concavity property b), for λ = 1
2 , withm = 1, b1 = 1, si1 = pi,

ti1 = qi, for i = 1, ..., n, Pn = Qn = 1, it implies for Jensen's functional (2.20) the properties

superadditivity

J̄(f,x,p+ q) ≥ J̄(f,x,p) + J̄(f,x,q), p,q ∈ P0
n, (2.34)

and monotonicity

J̄(f,x,p) ≥ J̄(f,x,q) ≥ 0, , p,q ∈ P0
n, p ≥ q. (2.35)

Further, applying Theorem 2.3.9, with m = 1, b1 = 1 and si1 = pi, ti1 = qi, for i = 1, ..., n,

the inequality (2.33) reduces to the inequality (2.21).

2.4. Schur-concavity of some sums generated by the Jensen

and Jensen-Mercer functionals

In this section, we prove Sherman type theorem for ≤C-convex functions, where ≤C is a

cone preordering on a linear space induced by a convex cone C. As a speci�cation, we obtain

a majorization theorem for such functions. We apply the obtained results to the Jensen

and Jensen-Mercer type functionals and investigate their properties. Thus we get some

extensions of the property of the superadditivity and monotonicity of these functionals. In

order to develop these properties, of the functionals, we introduce a vectorial majorization

ordering for comparing two tuples of vectors of a real linear space. Next, we prove a

Sherman type inequality for a vector-valued ≤C-convex function f. In consequence, we

get a Hardy-Littlewood-Pólya-Karamata like inequality. Finally, we prove that some sums

related to the Jensen and Jensen-Mercer functionals are Schur-concave with respect to

their weight vectors. Results of this section are cited mainly from [133].
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2.4.1. Motivation

We intend to show an extended approach to Sherman type theorems via vectorial ma-

jorization. This is motivated by the natural problem of studying some sums of Jensen

functionals, which requires to use n-tuples of vectorial parameters in place of scalar ones.

Remark 2.4.7.: Equation (2.18) can be rewritten as

J(f,x,p) = ⟨p, f(x)⟩ − ⟨p, e⟩f
(
⟨p,x⟩
⟨p, e⟩

)
, (2.36)

where f(x) = (f(x1), f(x2), . . . , f(xk)) with e = (1, 1, . . . , 1) ∈ Rk, and ⟨·, ·⟩ is the stan-

dard inner product on Rk. The celebrated Jensen's inequality says that if f : I → R is a

convex function, then

J(f,x,p) ≥ 0.

As in the previous section, the set of the described nonnegative real k-tuples p =

(p1, p2, . . . , pk), with Pk =
∑k

i=1 pi > 0, will be denoted by P0
k .

Theorem 2.4.10([42]): If f : I → R is a convex function, then the function p 7→

J(f,x,p), p ∈ P0
k , is superadditive for any x ∈ Ik, i.e.

J(f,x,p+ q) ≥ J(f,x,p) + J(f,x,q), for p,q ∈ P0
k . (2.37)

In consequence, the function p 7→ J(f,x,p), p ∈ P0
k , is monotone for any x ∈ Ik, i.e.

J(f,x,p+ q) ≥ J(f,x,p), for p,q ∈ P0
k .

Remark 2.4.8.: It can be shown that property (2.37) is equivalent to the subadditivity

of the function

p 7→ ⟨p, e⟩f
(
⟨p,x⟩
⟨p, e⟩

)
, for p ∈ P0

k ,

which means

⟨p+ q, e⟩f
(
⟨p+ q,x⟩
⟨p+ q, e⟩

)
≤ ⟨p, e⟩f

(
⟨p,x⟩
⟨p, e⟩

)
+ ⟨q, e⟩f

(
⟨q,x⟩
⟨q, e⟩

)
, for p,q ∈ P0

k .
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We now discuss the Jensen-Mercer functional.

De�nition 2.4.5.([95]): Let f : I → R be a function on an interval I = [a, b] ⊂ R.

Let x = (x1, x2, . . . , xk) ∈ [a, b]k and p = (p1, p2, . . . , pk) ∈ P0
k . The Jensen-Mercer

functional is de�ned by

M(f,x,p) = Pk(f(a) + f(b))−
k∑
i=1

pif(xi)− Pkf

(
a+ b− 1

Pk

k∑
i=1

pixi

)
.

It is not hard to verify that

M(f,x,p) = (f(a) + f(b))⟨p, e⟩ − ⟨p, f(x)⟩ − ⟨p, e⟩f
(
(a+ b)⟨p, e⟩ − ⟨p,x⟩

⟨p, e⟩

)
,

where f(x) = (f(x1), f(x2), . . . , f(xk)) and e = (1, 1, . . . , 1) ∈ Rk.

Mercer's inequality [107], also known as Jensen-Mercer inequality (2.97), states that if

f : [a, b] → R is a convex function, then

M(f,x,p) ≥ 0.

Theorem 2.4.11([95]): If f : I → R is a convex function, where I = [a, b], then the

function p 7→M(f,x,p), p ∈ P0
k , is superadditive for any x ∈ Ik, i.e.

M(f,x,p+ q) ≥M(f,x,p) +M(f,x,q), for p,q ∈ P0
k . (2.38)

In consequence, the function p 7→M(f,x,p), p ∈ P0
k , is monotone for any x ∈ Ik, i.e.

M(f,x,p+ q) ≥M(f,x,p), for p,q ∈ P0
k .

Remark 2.4.9.: The inequality (2.38) is equivalent to the subadditivity of the function

p 7→ ⟨p, e⟩f
(
⟨p,y⟩
⟨p, e⟩

)
, for p ∈ P0

k ,
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where y = (a+ b)e− x, i.e.

⟨p+ q, e⟩f
(
⟨p+ q,y⟩
⟨p+ q, e⟩

)
≤ ⟨p, e⟩f

(
⟨p,y⟩
⟨p, e⟩

)
+ ⟨q, e⟩f

(
⟨q,y⟩
⟨q, e⟩

)
, for p,q ∈ P0

k .

In the sequel, for a given c ∈ P0
k , consider two sum decompositions

c = p1 + p2 + . . .+ pm and c = q1 + q2 + . . .+ qn,

where p1,p2, . . . ,pm ∈ P0
k and q1,q2, . . . ,qn ∈ P0

k .

Our goal is to give a condition on the vectorial tuples (p1,p2, . . . ,pm) and (q1,q2, . . . ,qn)

for the following inequalities to hold:

J(f,x,p1) + J(f,x,p2) + . . .+ J(f,x,pm)

≤ J(f,x,q1) + J(f,x,q2) + . . .+ J(f,x,qn), (2.39)

and

M(f,x,p1) +M(f,x,p2) + . . .+M(f,x,pm)

≤ M(f,x,q1) +M(f,x,q2) + . . .+M(f,x,qn). (2.40)

So, for the Jensen and Jensen-Mercer functionals, we are interested in inequalities of the

Hardy-Littlewood-Pólya-Karamata and Sherman types.

To do so, in Subsection 2.4.2. we introduce a vectorial majorization relation for com-

paring tuples of vectors. This develops the classical approach to majorization theory.

In Subsections 2.4.3. and 2.4.4. we provide majorization generalizations of Theorems

2.4.10 and 2.4.11 for the Jensen and Jensen-Mercer functionals, respectively.

2.4.2. Vectorial majorization and Sherman type inequalities

Throughout this subsection V and W are real linear spaces.

De�nition 2.4.6.: An n-tuple Y = (y1,y2, . . . ,yn) ∈ Vn is said to be pre-majorized
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by an m-tuple X = (x1,x2, . . . ,xm) ∈ Vm, written as Y ≺p X, if there exists an m × n

column stochastic matrix S = (sij) ∈ Mmn(R) such that

(y1,y2, . . . ,yn) = (x1,x2, . . . ,xm)S (2.41)

in the standard sense

yj = s1jx1 + s2jx2 + . . .+ smjxm for j = 1, 2, . . . , n. (2.42)

(see [35] for a similar notion of matrix majorization).

De�nition 2.4.7.: An n-tuple Y = (y1,y2, . . . ,yn) ∈ Vn is said to be majorized by

an n-tuple X = (x1,x2, . . . ,xn) ∈ Vn, written as Y ≺ X, if there exists an n × n doubly

stochastic matrix S = (sij) ∈ Mn(R) such that

(y1,y2, . . . ,yn) = (x1,x2, . . . ,xn)S. (2.43)

Remark 2.4.10.: It is obvious that if V = R then ≺ reduces to the standard majorization

ordering for n-tuples in Rn (see [106, pp. 8 and 33]).

De�nition 2.4.8.: A nonempty subset C of W is said to be a convex cone if:

(i) a,b ∈ C implies a+ b ∈ C,

(ii) a ∈ C and 0 ≤ t ∈ R imply ta ∈ C.

De�nition 2.4.9.: If C ⊂ W is a convex cone, then the relation ≤C on W de�ned by

b ≤C a i� a− b ∈ C, for a,b ∈ W,

is called cone preordering (induced by C).

De�nition 2.4.10.: For a given convex cone C in a linear spaceW , a function f : I → W

is called ≤C-convex on a convex set I ⊂ V , if

f(αx+ (1− α)y) ≤C αf(x) + (1− α)f(y)
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for x,y ∈ I and α ∈ [0, 1].

A function f : I → W is called ≤C-concave if −f is ≤C-convex.

In Theorem 2.4.12 we present a Sherman type inequality (2.45) for tuples of vectors

(cf. [149], see also [25, 31, 126]). This gives an extension of Theorem 2.2.4 to the vector

case.

In the sequel we denote R+ = [0,∞).

Theorem 2.4.12([133]): Let f : I → W be a ≤C-convex function de�ned on a con-

vex set I ⊂ V. Let X = (x1,x2, . . . ,xm) ∈ I m, Y = (y1,y2, . . . ,yn) ∈ I n, a =

(a1, a2, . . . , am) ∈ Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+.

If

Y = XS and a = bST (2.44)

for some m× n column stochastic matrix S = (sij) ∈ Mmn(R), then

n∑
j=1

bjf(yj) ≤C

m∑
i=1

aif(xi). (2.45)

If f is ≤C-concave, then the inequality (2.45) is reversed.

Proof: (Cf. [126].) By (2.44) we can see that

(y1,y2, . . . ,yn) = (x1,x2, . . . ,xm)S.

Due to (2.42) we have yj =
m∑
i=1

sijxi with
m∑
i=1

sij = 1, j = 1, 2, . . . , n and sij ≥ 0. By the

≤C-convexity of f, we derive

f(yj) = f

(
m∑
i=1

sijxi

)
≤C

m∑
i=1

sijf(xi), for j = 1, 2, . . . , n.

Consequently,
n∑
j=1

bjf(yj) ≤C

n∑
j=1

bj

m∑
i=1

sijf(xi).
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This gives
n∑
j=1

bjf(yj) ≤C

m∑
i=1

n∑
j=1

bjsijf(xi).

Again, by (2.44), a = bST , which forces ai =
n∑
j=1

bjsij , i = 1, 2, . . . ,m.

In summary, we deduce that

n∑
j=1

bjf(yj) ≤C

m∑
i=1

 n∑
j=1

bjsij

 f( xi) =

m∑
i=1

aif(xi).

Thus the inequality (2.45) is proven.

It is interesting that the statement (2.44) says that the pairs (X,a) and (Y,b) are

weighted majorized (see [31]).

A corollary to Theorem 2.4.12 is the following majorization theorem for n-tuples of

vectors.

Theorem 2.4.13([133]): Let f : I → W be a ≤C-convex function de�ned on a convex

set I ⊂ V. Let X = (x1,x2, . . . ,xn) ∈ I n and Y = (y1,y2, . . . ,yn) ∈ I n.

If Y ≺ X, then
n∑
i=1

f(yi) ≤C

n∑
i=1

f(xi). (2.46)

Proof: We apply Theorem 2.4.12 withm = n and b = e = (1, . . . , 1) ∈ Rn. The vectorial

majorization Y ≺ X means that Y = XS for some doubly stochastic matrix S (cf. (2.43)).

By putting a = bST as in (2.44), we get a = eST = e. Now, it follows from (2.45) that

the required inequality (2.46) is satis�ed.

Remark 2.4.11.: Theorem 2.4.13 reduces to the classical Majorization Theorem (The-

orem 2.1.1), whenever V = W = R and C = [0,∞).

De�nition 2.4.11.: A function F : I n → W, with a convex set I ⊂ V, is called ≤C-

Schur-convex on I n if

F (Y) ≤C F (X)
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for every X,Y ∈ I n such that

Y ≺ X.

A function F is called ≤C-Schur-concave on I n, if −F is ≤C-Schur-convex on I n.

According to Theorem 2.4.13 one sees that if f is ≤C-convex on I, then the function

F (x1, . . . ,xn) =
n∑
i=1

f(xi) for (x1,x2, . . . ,xn) ∈ I n

is ≤C-Schur-convex on I n.

2.4.3. Applications to the Jensen functional

In this subsection V = Rk, I = P0
k and W is a linear space with a convex cone C ⊂ W

inducing preordering ≤C on W.

Lemma 2.4.3.([133]): Let f : I → W be a ≤C-convex function on an interval I =

[a, b] ⊂ R. Let P = (p1,p2, . . . ,pl) ∈ I l, where I = P0
k .

Then for any �xed x ∈ Ik,

〈
l∑

i=1

pi, e

〉
f


〈

l∑
i=1

pi,x

〉
〈

l∑
i=1

pi, e

〉
 ≤C

l∑
i=1

⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
. (2.47)

If f is ≤C-concave, then the inequality (2.47) is reversed.

Proof: It is not hard to check that〈
l∑

i=1
pi,x

〉
〈

l∑
i=1

pi, e

〉 =

l∑
i=1

αi
⟨pi,x⟩
⟨pi, e⟩

, (2.48)

where

αi =
⟨pi, e⟩
l∑

j=1
⟨pj , e⟩

for i = 1, 2, . . . , l. (2.49)
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Obviously,
l∑

i=1
αi = 1 with αi ≥ 0 for i = 1, 2, . . . , l.

By using (2.48)-(2.49) and the ≤C-convexity on I of the function f : I → W, we �nd

that

f


〈

l∑
i=1

pi,x

〉
〈

l∑
i=1

pi, e

〉
 = f

(
l∑

i=1

αi
⟨pi,x⟩
⟨pi, e⟩

)
(2.50)

≤ C

l∑
i=1

αif

(
⟨pi,x⟩
⟨pi, e⟩

)

=

l∑
i=1

⟨pi, e⟩
l∑

j=1
⟨pj , e⟩

f

(
⟨pi,x⟩
⟨pi, e⟩

)
=

1
l∑

j=1
⟨pj , e⟩

l∑
i=1

⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
.

It is now seen that (2.50) implies (2.47).

The forthcoming result is a Sherman like inequality (2.52) for the function p 7→

⟨p, e⟩f
(
⟨p,x⟩
⟨p,e⟩

)
, p ∈ P0

k .

Theorem 2.4.14([133]): Let f : I → W be a ≤C-convex function on an interval

I = [a, b] ⊂ R. Let P = (p1,p2, . . . ,pm) ∈ I m, Q = (q1,q2, . . . ,qn) ∈ I n, a =

(a1, a2, . . . , am) ∈ Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+, where I = P0
k .

If

Q = PS and a = bST (2.51)

for some m× n column stochastic matrix S = (sij) ∈ Mmn(R), then for any �xed x ∈ Ik,

n∑
j=1

bj⟨qj , e⟩f
(
⟨qj ,x⟩
⟨qj , e⟩

)
≤C

m∑
i=1

ai⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
. (2.52)

If f is ≤C-concave, then the inequality (2.52) is reversed.

Proof: We prove that ⟨p,x⟩
⟨p,e⟩ ∈ I for any �xed x ∈ Ik. In fact, x ∈ Ik implies xi ∈ I,

i.e., a ≤ xi ≤ b, for i = 1, 2, . . . , k. Equivalently, ae ≤ x ≤ be, where ≤ denotes the
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componentwise ordering on Rk. Thus we get

⟨p, ae⟩
⟨p, e⟩

≤ ⟨p,x⟩
⟨p, e⟩

≤ ⟨p, be⟩
⟨p, e⟩

,

and next

a ≤ ⟨p,x⟩
⟨p, e⟩

≤ b.

Hence ⟨p,x⟩
⟨p,e⟩ ∈ I, as required.

Therefore the function

p → ⟨p, e⟩f
(
⟨p,x⟩
⟨p, e⟩

)
, p ∈ P0

k , (2.53)

is well-de�ned. So, both the sides of the inequality (2.52) are well-de�ned.

We shall prove the ≤C-convexity of the function (2.53) on the convex set I = P0
k . To

show this, we apply Lemma 2.4.3. for l = 2. Namely, for any p,q ∈ P0
k and α ∈ (0, 1), we

have αp, (1 − α)q ∈ P0
k . By using (2.47) for the vectors αp and (1 − α)q in place of p1

and p2, we get

⟨αp+ (1− α)q, e⟩f
(
⟨αp+ (1− α)q,x⟩
⟨αp+ (1− α)q, e⟩

)
≤C ⟨αp, e⟩f

(
⟨αp,x⟩
⟨αp, e⟩

)
+ ⟨(1− α)q, e⟩f

(
⟨(1− α)q,x⟩
⟨(1− α)q, e⟩

)
= α⟨p, e⟩f

(
⟨p,x⟩
⟨p, e⟩

)
+ (1− α)⟨q, e⟩f

(
⟨q,x⟩
⟨q, e⟩

)
.

(2.54)

Furthermore, for α = 0 or α = 1 inequality (2.54) holds trivially.

Now, in light of Theorem 2.4.12 applied to the ≤C-convex function (2.53), the inequality

(2.52) is valid.

As a specialization of Theorem 2.4.14, we obtain a Hardy-Littlewood-Pólya-Karamata

type result.

Theorem 2.4.15([133]): Let f : I → W be a ≤C-convex function on a closed interval

I ⊂ R. Let P = (p1,p2, . . . ,pn) ∈ I n and Q = (q1,q2, . . . ,qn) ∈ I n, where I = P0
k .
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If Q ≺ P, then for any �xed x ∈ Ik,

n∑
i=1

⟨qi, e⟩f
(
⟨qi,x⟩
⟨qi, e⟩

)
≤C

n∑
i=1

⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
. (2.55)

If f is ≤C-concave, then the inequality (2.55) is reversed.

Proof: Letm = n and b = e = (1, . . . , 1) ∈ Rn. Since (q1,q2, . . . ,qn) ≺ (p1,p2, . . . ,pn),

we deduce that (q1,q2, . . . ,qn) = (p1,p2, . . . ,pn)S for some n×n doubly stochastic matrix

S.

For a = bST , we have a = eST = e.

Now, by employing Theorem 2.4.14, eq. (2.52), we derive the wanted inequality (2.55).

The statement (2.55) states that for any �xed x ∈ Ik, the function

F (p1,p2, . . . ,pn) =
n∑
i=1

⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
, pi ∈ I,

is ≤C-Schur-convex on I n.

The right-hand side of inequality (2.55) can be thought of as the f -divergence of

⟨P,x⟩ = (⟨p1,x⟩, . . . , ⟨pn,x⟩) and ⟨P, e⟩ = (⟨p1, e⟩, . . . , ⟨pn, e⟩) [38]. A similar observation

holds true for the left-hand side of inequality (2.55).

We now extend the notion of Jensen functional for W-valued functions.

De�nition 2.4.12.: Let f : I → W be a W-valued function. Let p = (p1, p2, . . . , pk) ∈

Rk+ and x = (x1, x2, . . . , xk) ∈ Ik. The Jensen functional is de�ned as follows:

J(f,x,p) = [p, f(x)]− ⟨p, e⟩f
(
⟨p,x⟩
⟨p, e⟩

)
, (2.56)

where f(x) = (f(x1), f(x2), . . . , f(xk)), e = (1, 1, . . . , 1) ∈ Rk, and ⟨·, ·⟩ is the standard

inner product on Rk, and [p, f(x)] =
k∑
i=1

pif(xi) ∈ W.

We now illustrate the previous results in terms of the Jensen functional.
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Corollary 2.4.1.([133]): Let f : I → W be a ≤C-convex function on a closed in-

terval I ⊂ R. Let P = (p1,p2, . . . ,pm) ∈ I m, Q = (q1,q2, . . . ,qn) ∈ I n, a =

(a1, a2, . . . , am) ∈ Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+, where I = P0
k .

If

Q = PS and a = bST (2.57)

for some m× n column stochastic matrix S = (sij) ∈ Mmn(R), then for any �xed x ∈ Ik,

n∑
j=1

bjJ(f,x,qj) ≥C

m∑
i=1

aiJ(f,x,pi). (2.58)

If f is ≤C-concave, then the inequality (2.58) is reversed.

Proof: It follows from (2.56) that

n∑
j=1

bjJ(f,x,qj) =
n∑
j=1

bj

(
[qj , f(x)]− ⟨qj , e⟩f

(
⟨qj ,x⟩
⟨qj , e⟩

))
(2.59)

=

 n∑
j=1

bjqj , f(x)

−
n∑
j=1

bj⟨qj , e⟩f
(
⟨qj ,x⟩
⟨qj , e⟩

)
.

Also, we have

m∑
i=1

aiJ(f,x,pi) =
m∑
i=1

ai

(
[pi, f(x)]− ⟨pi, e⟩ f

(
⟨pi,x⟩
⟨pi, e⟩

))
(2.60)

=

[
m∑
i=1

aipi, f(x)

]
−

m∑
i=1

ai⟨pi, e⟩f
(
⟨pi,x⟩
⟨pi, e⟩

)
.

By (2.57) it can be shown that

n∑
j=1

bjqj =
m∑
i=1

aipi.

Finally, by (2.59) and (2.60) and thanks to Theorem 2.4.14, we obtain inequality (2.58),

completing the proof.

Corollary 2.4.2.([133]): Let f : I → W be a ≤C-convex function on a closed interval

I ⊂ R. Let P = (p1,p2, . . . ,pn) ∈ I n and Q = (q1,q2, . . . ,qn) ∈ I n, where I = P0
k .
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If Q ≺ P, then for any �xed x ∈ Ik,

n∑
i=1

J(f,x,qi) ≥C

n∑
i=1

J(f,x,pi). (2.61)

If f is ≤C-concave, then the inequality (2.61) is reversed.

Proof: We take m = n and b = e = (1, . . . , 1) ∈ Rn. From Q ≺ P we have Q = PS

for some doubly stochastic matrix S (cf. (2.43)). By letting a = bST as in (2.57), we get

a = eST = e. We now apply Corollary 2.4.1.. The desired inequality (2.61) follows from

(2.58). This completes the proof.

It is interesting in (2.61) that for any �xed x ∈ Ik, the function

J(p1,p2, . . . ,pn) =
n∑
i=1

J(f,x,pi), pi ∈ I,

is ≤C-Schur-concave on I n.

2.4.4. Applications to the Jensen-Mercer functional

In this subsection we assume that V = Rk, I = P0
k and W is a linear space with a convex

cone C ⊂ W inducing preordering ≤C on W.

Here ⟨·, ·⟩ is the standard inner product on Rk.

For e = (1, 1, . . . , 1) ∈ Rk and f(x) = (f(x1), f(x2), . . . , f(xk)), we use notation

[p, f(x)] =
k∑
i=1

pif(xi) ∈ W,

(f(a) + f(b))e = (f(a) + f(b), f(a) + f(b), . . . , f(a) + f(b)) ∈ Wk,

[p, (f(a) + f(b))e] =
k∑
i=1

pi(f(a) + f(b)) ∈ W.

De�nition 2.4.13.: Let f : I → W be a W-valued function with an interval I = [a, b] ⊂

R. Let p = (p1, p2, . . . , pk) ∈ I and x = (x1, x2, . . . , xk) ∈ Ik. The Jensen-Mercer
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functional is de�ned by

M(f,x,p) = [p, (f(a) + f(b))e]− [p, f(x)]− ⟨p, e⟩f
(
(a+ b)⟨p, e⟩ − ⟨p,x⟩

⟨p, e⟩

)
.

Remark 2.4.12.: Clearly,

M(f,x,p) = [p, f̃(y)]− ⟨p, e⟩f
(
⟨p,y⟩
⟨p, e⟩

)
,

where y = (a+ b)e− x and f̃(y) = (f(a) + f(b))e− f(x).

In the next theorem we show a Sherman like inequality (2.64) connected with the

function

p 7→ ⟨p, e⟩f
(
⟨p, (a+ b)e− x⟩

⟨p, e⟩

)
, p ∈ P0

k . (2.62)

Theorem 2.4.16([133]): Let f : I → W be a ≤C-convex function on an interval I =

[a, b]. Let P = (p1,p2, . . . ,pm) ∈ I m, Q = (q1,q2, . . . ,qn) ∈ I n, a = (a1, a2, . . . , am) ∈

Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+, where I = P0
k .

If

Q = PS and a = bST (2.63)

for some m× n column stochastic matrix S = (sij) ∈ Mmn(R), then for any �xed x ∈ Ik,

n∑
j=1

bj⟨qj , e⟩f
(
⟨qj , (a+ b)e− x⟩

⟨qj , e⟩

)
≤C

m∑
i=1

ai⟨pi, e⟩f
(
⟨pi, (a+ b)e− x⟩

⟨pi, e⟩

)
. (2.64)

If f is ≤C-concave, then the inequality (2.64) is reversed.

Proof: It can be easily shown that the vector y = (a + b)e − x lies in Ik. Thus the

function (2.62) is well-de�ned, and both the sides of the inequality (2.64) are well-de�ned,

too.

By making use of Theorem 2.4.14 for the vector y ∈ Ik, we �nd that

n∑
j=1

bj⟨qj , e⟩f
(
⟨qj ,y⟩
⟨qj , e⟩

)
≤C

m∑
i=1

ai⟨pi, e⟩f
(
⟨pi,y⟩
⟨pi, e⟩

)
.
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This is the desired inequality (2.64).

Theorem 2.4.17([133]): Let f : I → W be a ≤C-convex function on an interval I =

[a, b]. Let P = (p1,p2, . . . ,pn) ∈ I n and Q = (q1,q2, . . . ,qn) ∈ I n, where I = P0
k .

If Q ≺ P, then or any �xed x ∈ Ik,

n∑
i=1

⟨qi, e⟩f
(
⟨qi, (a+ b)e− x⟩

⟨qi, e⟩

)
≤C

n∑
i=1

⟨pi, e⟩f
(
⟨pi, (a+ b)e− x⟩

⟨pi, e⟩

)
. (2.65)

Proof: Because Q = PS for some doubly stochastic matrix S, it follows that e = eST .

By taking m = n and a = b = e, we also get a = bST . Finally we infer that the required

inequality (2.65) follows from (2.64) in Theorem 2.4.16.

We interpret (2.65) by saying that the function

F (p1,p2, . . . ,pn) =

n∑
i=1

⟨pi, e⟩f
(
⟨pi, (a+ b)e− x⟩

⟨pi, e⟩

)
, pi ∈ I

is ≤C-Schur-convex on I n.

In the next two corollaries we present inequalities for the Jensen-Mercer functional.

Corollary 2.4.3.([133]): Let f : I → W be a ≤C-convex function on an interval I =

[a, b]. Let P = (p1,p2, . . . ,pm) ∈ I m, Q = (q1,q2, . . . ,qn) ∈ I n, a = (a1, a2, . . . , am) ∈

Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+, where I = P0
k .

If

Q = PS and a = bST (2.66)

for some m× n column stochastic matrix S = (sij), then for any �xed x ∈ Ik,

n∑
j=1

bjM(f,x,qj) ≥C

m∑
i=1

aiM(f,x,pi). (2.67)

If f is ≤C-concave, then the inequality (2.67) is reversed.

Proof: By setting y = (a+ b)e− x and f̃(y) = (f(a) + f(b))e− f(x), we observe from
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(2.64) that
n∑
j=1

bj⟨qj , e⟩f
(
⟨qj ,y⟩
⟨qj , e⟩

)
≤C

m∑
i=1

ai⟨pi, e⟩f
(
⟨pi,y⟩
⟨pi, e⟩

)
. (2.68)

We also have

n∑
j=1

bjM(f,x,qj) =
n∑
j=1

bj

(
[qj , f̃(y)]− ⟨qj , e⟩ f

(
⟨qj ,y⟩
⟨qj , e⟩

))
(2.69)

=

 n∑
j=1

bjqj , f̃(y)

−

〈
n∑
j=1

bjqj , e

〉
f

(
⟨qj ,y⟩
⟨qj , e⟩

)
.

Likewise,

m∑
i=1

aiM(f,x,pi) =
m∑
i=1

ai

([
pi, f̃(y)

]
− ⟨pi, e⟩ f

(
⟨pi,y⟩
⟨pi, e⟩

))
(2.70)

=

[
m∑
i=1

aipi, f̃(y)

]
−

〈
m∑
i=1

aipi, e

〉
f

(
⟨pi,y⟩
⟨pi, e⟩

)
.

Due to (2.66), it can be proven that

n∑
j=1

bjqj =
m∑
i=1

aipi.

Now, the desired inequality (2.67) is a consequence of (2.68), (2.69) and (2.70). This com-

pletes the proof.

Corollary 2.4.4.([133]): Let f : I → W be a ≤C-convex function on an interval I =

[a, b]. Let P = (p1,p2, . . . ,pn) ∈ I n and Q = (q1,q2, . . . ,qn) ∈ I n, where I = P0
k .

If Q ≺ P, then for any �xed x ∈ Ik,

n∑
i=1

M(f,x,qi) ≥C

n∑
i=1

M(f,x,pi). (2.71)

Proof: It is enough to appeal to Corollary 2.4.3. with a = b = e, because Q = PS and

a = bST for some doubly stochastic matrix S. This leads to (2.71), as wanted.
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The statement (2.71) states that the function

M(p1,p2, . . . ,pn) =

n∑
i=1

M(f,x,pi), pi ∈ I,

is ≤C-Schur-concave on I n.

2.5. Jessen's functional and majorization

It's well known that Jensen's inequality can be generalized using positive linear functionals

acting on a linear class of real valued functions. Such version of Jensen's inequality is called

Jessen's inequality. In this section, we focus on Sherman's type inequality related to the

Jessen functional deduced from Jessen's inequality. We apply a majorization method. We

derive the Hardy-Littlewood-Pólya-Karamata type inequality. It says that some n-sums

induced by the Jessen's functional are Schur-concave with respect to its n-tuple of weight

vectors. This section is based on [124].

De�nition 2.5.14.: Let E be a nonempty set. Assume that L(E,R) is a linear class of

real functions f : E → R having the following properties:

(L1) f, g ∈ L(E,R) implies αf + βg ∈ L(E,R) for α, β ∈ R;

(L2) 1 ∈ L(E,R), i.e., the constant function f(t) = 1 for t ∈ E is in L(E,R).

A real functional A : L(E,R) → R is called:

(A1) linear, if A(αf + βg) = αA(f) + βA(g) for all f, g ∈ L(E,R) and α, β ∈ R;

(A2) positive, if f ∈ L(E,R), f(t) ≥ 0 for all t ∈ E implies A(f) ≥ 0;

(A3) normalized, if A(1) = 1.

We introduce the set

P0
E,A = {p ∈ L(E,R) : p ≥ 0, A(p) > 0}.

B. Jessen [79] proved the following generalization of Jensen's inequality involving linear

positive normalized functionals (see also [138, p. 47]).
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Theorem 2.5.18(Jessen's inequality): Let Φ : I → R be a continuous convex function

on interval I ⊂ R and A be a normalized positive linear functional on L(E,R). Then, for

all f ∈ L(E,R) such that Φ(f) ∈ L(E,R), we have

Φ(A(f)) ≤ A(Φ(f)). (2.72)

Remark 2.5.13.: The inequality (2.72) is called Jessen's inequality. Note that Φ(A(f))

in (2.72) is well de�ned. Namely, if I = [α, β], for some α, β ∈ R, α < β, then the assump-

tions f ∈ L(E,R) such that Φ(f) ∈ L(E,R) implies that α ⩽ f(t) ⩽ β, for every t ∈ E,

and α = A(α · 1) ⩽ A(f) ⩽ A(β · 1) = β, i.e. A(f) ∈ I. So Φ(A(f)) is well de�ned.

In the above theorem the assumption that Φ is continuous can not be weakened. There

are counterexamples which show that Jessen's inequality (2.72) does not hold for some

functionals A if Φ is not continuous. For example, if we choose

L(E,R) = {f : [0, 1] → R : lim
t→1−

f(t) <∞}, A(f) = lim
t→1−

f(t), Φ(x) =

 0, x ∈ [0, 1)

1, x = 1
,

then for the identity function id[0,1] on [0, 1] we have

Φ(A(id[0,1])) = 1 > A(Φ(id[0,1])) = 0.

In most common examples the continuity condition can be omitted.

De�nition 2.5.15.([92]): For a function Φ : I → R de�ned on an interval I ⊂ R, for a

positive linear functional A on L(E,R) and p ∈ P0
E,A, the Jessen functional is de�ned

by

J(Φ, f, p, A) = A(pΦ(f))−A(p)Φ

(
A(pf)

A(p)

)
. (2.73)

From now on it is assumed that the Jessen functional is well-de�ned, i.e., f, pf, pΦ(f) ∈

L(E,R) and f ∈ IE .

Clearly, Jessen's inequality (2.72) guarantees that for every continuous convex function
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Φ : I → R, it holds

J(Φ, f, p, A) ≥ 0.

Theorem 2.5.19([92, Theorem 1]): Let Φ : I = [a, b] → R be a continuous convex

function, A be a positive linear functional on L(E,R), f ∈ IE ∩ L(E,R), and the map

p 7→ J(Φ, f, p, A), p ∈ P0
E,A, be well-de�ned.

Then the map p 7→ J(Φ, f, p, A) is superadditive, i.e.

J(Φ, f, p+ q, A) ≥ J(Φ, f, p, A) + J(Φ, f, q, A) for p, q ∈ P0
E,A. (2.74)

In consequence, the map p 7→ J(Φ, f, p, A) is monotone, i.e.

J(Φ, f, p+ q, A) ≥ J(Φ, f, p, A) for p, q ∈ P0
E,A.

Remark 2.5.14.: It is not hard to check that inequality (2.74) amounts to the subaddi-

tivity of the function

p→ A(p)Φ

(
A(pf)

A(p)

)
for p ∈ P0

E,A,

i.e.

A(p+ q)Φ

(
A((p+ q)f)

A(p+ q)

)
≤ A(p)Φ

(
A(pf)

A(p)

)
+A(q)Φ

(
A(qf)

A(q)

)
for p, q ∈ P0

E,A.

In the next subsection, some conditions will be provided for real scalars a1, a2, . . . , am,

b1, b2, . . . , bn and for vectors p1, p2, . . . , pm ∈ P0
E,A, q1, q2, . . . , qn ∈ P0

E,A, so that the fol-

lowing Sherman type inequality (2.75) will be ful�lled:

a1J(Φ, f, p1, A) + a2J(Φ, f, p2, A) + . . .+ amJ(Φ, f, pm, A)

≤ b1J(Φ, f, q1, A) + b2J(Φ, f, q2, A) + . . .+ bnJ(Φ, f, qn, A). (2.75)

In consequence, an inequality of the Hardy-Littlewood-Pólya-Karamata type can be

obtained for the Jessen's functional, which is a complement of Theorem 2.5.19.
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2.5.1. Sherman inequality for Jessen's functional

Throughout we use the abbreviations L = L(E,R) and P = P0
E,A.

Lemma 2.5.4.([124]): Let Φ : I → R be a convex function on an interval I = [a, b] ⊂ R.

Let (p1, p2, . . . , pl) ∈ P l. Let A be a positive linear functional on L(E,R), and f ∈ IE ∩

L(E,R).

If the below expressions are well-de�ned, then

A

(
l∑

i=1

pi

)
Φ


A

(
l∑

i=1
pif

)
A

(
l∑

i=1
pi

)
 ≤

l∑
i=1

A(pi)Φ

(
A(pif)

A(pi)

)
. (2.76)

If Φ is concave, then the inequality (2.76) is reversed.

Proof: (See the proof of [92, Theorem 1].) For the coe�cients

αi =
A(pi)
l∑

j=1
A(pj)

for i = 1, 2, . . . , l, (2.77)

the following identity holds:

A

(
l∑

i=1
pif

)
A

(
l∑

i=1
pi

) =
l∑

i=1

αi
A(pif)

A(pi)
. (2.78)

Because
l∑

i=1
αi = 1 with αi ≥ 0 for i = 1, 2, . . . , l, the convexity of Φ : I → R on I and

(2.77)-(2.78) imply that

Φ


A

(
l∑

i=1
pif

)
A

(
l∑

i=1
pi

)
 = Φ

(
l∑

i=1

αi
A(pif)

A(pi)

)
≤

l∑
i=1

αiΦ

(
A(pif)

A(pi)

)
(2.79)

=

l∑
i=1

A(pi)
l∑

j=1
A(pj)

Φ

(
A(pif)

A(pi)

)
=

1
l∑

j=1
A(pj)

l∑
i=1

A(pi)Φ

(
A(pif)

A(pi)

)
.
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Thus (2.79) leads to (2.76), as wanted.

De�nition 2.5.16.: An n-tuple Q = (q1, q2, . . . , qn) ∈ Ln is said to be majorized by

n-tuple P = (p1, p2, . . . , pn) ∈ Ln, written as Q ≺ P, if there exists an n × n doubly

stochastic matrix S = (sij) such that

(q1, q2, . . . , qn) = (p1, p2, . . . , pn)S (2.80)

in the sense that

qj = s1jp1 + s2jp2 + . . .+ snjpn for j = 1, 2, . . . , n. (2.81)

In the forthcoming theorem we provide a Sherman like inequality (2.83) for the func-

tional p 7→ A(p)Φ
(
A(pf)
A(p)

)
, p ∈ P . The basic requirement for (2.83) to hold is condition

(2.82) which de�nes the notion of weighted majorization for pairs (P,a) and (Q,b) (see

[25, 31, 133] for details).

Theorem 2.5.20([124]): Let Φ : I → R be a convex function on an interval I = [a, b] ⊂

R. Let P = (p1, p2, . . . , pm) ∈ Pm, Q = (q1, q2, . . . , qn) ∈ Pn, a = (a1, a2, . . . , am) ∈ Rm+

and b = (b1, b2, . . . , bn) ∈ Rn+, where P = P0
E,A and m,n ∈ N. Let A be a positive linear

functional on L(E,R), and f ∈ IE ∩ L(E,R).

If

Q = PS and a = bST (2.82)

for some m × n column stochastic matrix S = (sij), and the below expressions are well-

de�ned, then
n∑
j=1

bjA(qj)Φ

(
A(qjf)

A(qj)

)
≤

m∑
i=1

aiA(pi)Φ

(
A(pif)

A(pi)

)
. (2.83)

If Φ is concave, then the inequality (2.83) is reversed.

Proof: Observe that A(pf)
A(p) ∈ I = [a, b] for f ∈ IE ∩ L(E,R). Indeed, we have f(t) ∈ I,

i.e., a ≤ f(t) ≤ b for t ∈ E, which means a1 ≤ f ≤ b1 with ≤ denoting the componentwise
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ordering on L(E,R). Next, we �nd that

A(pa1)

A(p)
≤ A(pf)

A(p)
≤ A(pb1)

A(p)
.

Therefore

a ≤ A(pf)

A(p)
≤ b,

and further A(pf)
A(p) ∈ I, as claimed.

For this reason the function

p→ Ψ(p) = A(p)Φ

(
A(pf)

A(p)

)
, p ∈ P0

E,A, (2.84)

is well-de�ned, and both the sides of the inequality (2.83) are well-de�ned.

It follows that the function (2.84) is convex on P. To see this, we utilize Lemma 2.5.4.

for l = 2. In fact, for any p, q ∈ P and α ∈ (0, 1), by (2.76) applied to the vectors αp ∈ P

and (1− α)q ∈ P in place of p1 and p2, we get

Ψ(αp+ (1− α)q) = A(αp+ (1− α)q)Φ

(
A(αp+ (1− α)qf)

A(αp+ (1− α)q)

)
(2.85)

≤ A(αp)Φ

(
A(αpf)

A(αp)

)
+A((1− α)q)Φ

(
A((1− α)qf)

A((1− α)q)

)
= αA(p)Φ

(
A(pf)

A(p)

)
+ (1− α)A(q)Φ

(
A(qf)

A(q)

)
= αΨ(p) + (1− α)Ψ(q).

Additionally, for α = 0 or α = 1, inequality (2.85) holds trivially. In summary, the function

Ψ is convex on P.

By (2.81)-(2.82), we have (q1, q2, . . . , qn) = (p1, p2, . . . , pm)S, and therefore qj =
m∑
i=1

sijpi

with
m∑
i=1

sij = 1, j = 1, 2, . . . , n, and sij ≥ 0. So, the convexity of Ψ yields

Ψ(qj) = Ψ

(
m∑
i=1

sijpi

)
≤

m∑
i=1

sijΨ(pi) for j = 1, 2, . . . , n.
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Since bj ≥ 0, we obtain

n∑
j=1

bjΨ(qj) ≤
n∑
j=1

bj

m∑
i=1

sijΨ(pi) =

m∑
i=1

n∑
j=1

bjsijΨ(pi).

Moreover, ai =
n∑
j=1

bjsij (i = 1, 2, . . . ,m) by (2.82). So, we �nd that

n∑
j=1

bjΨ(qj) ≤
m∑
i=1

aiΨ(pi).

This together with (2.84) leads to inequality (2.83).

As a corollary to Theorem 2.5.20 we give the following Hardy-Littlewood-Pólya-Karamata

like result.

Theorem 2.5.21([124]): Let Φ : I → R be a convex function on a closed interval I ⊂ R.

Let P = (p1, p2, . . . , pn) ∈ Pn and Q = (q1, q2, . . . , qn) ∈ Pn, where P = P0
E,A and n ∈ N.

Let A be a positive linear functional on L(E,R), and f ∈ IE ∩ L(E,R).

If Q ≺ P and the below expressions are well-de�ned, then

n∑
i=1

A(qi)Φ

(
A(qif)

A(qi)

)
≤

n∑
i=1

A(pi)Φ

(
A(pif)

A(pi)

)
. (2.86)

If f is concave, then the inequality (2.86) is reversed.

Proof: Withm = n and b = e = (1, . . . , 1) ∈ Rn, the vector majorization (q1, q2, . . . , qn) ≺

(p1, p2, . . . , pn) ensures that (q1, q2, . . . , qn) = (p1, p2, . . . , pn)S for some doubly stochastic

matrix S (see (2.80)).

By putting a = bST , it follows that a = eST = e. So, applying Theorem 2.5.20,

Eq. (2.83), provides the wanted inequality (2.86).

De�nition 2.5.17.: A function F : Pn → R, with a convex set P ⊂ L, is called Schur-

convex on Pn if

F (Q) ≤ F (P)
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for all P,Q ∈ Pn such that

Q ≺ P.

A function F is called Schur-concave on Pn, if −F is Schur-convex on Pn.

Notice that the statement (2.86) says that the function

F (p1, p2, . . . , pn) =
n∑
i=1

A(pi)Φ

(
A(pif)

A(pi)

)
, pi ∈ P,

is Schur-convex on Pn.

We now interpret the previous results by using the Jessen's functional.

Corollary 2.5.5.([124]): Let Φ : I → R be a convex function on a closed interval I ⊂ R.

Let P = (p1, p2, . . . , pm) ∈ Pm, Q = (q1, q2, . . . , qn) ∈ Pn, a = (a1, a2, . . . , am) ∈ Rm+ and

b = (b1, b2, . . . , bn) ∈ Rn+, where P = P0
E,A and m,n ∈ N. Let A be a positive linear

functional on L(E,R), and f ∈ IE ∩ L(E,R).

If

Q = PS and a = bST (2.87)

for some m × n column stochastic matrix S = (sij), and the below expressions are well-

de�ned, then
n∑
j=1

bjJ(Φ, f, qj , A) ≥
m∑
i=1

aiJ(Φ, f, pi, A). (2.88)

If f is concave, then the inequality (2.88) is reversed.

Proof: From (2.73) we obtain

n∑
j=1

bjJ(Φ, f, qj , A) =
n∑
j=1

bj

(
A(qjΦ(f))−A(qj)Φ

(
A(qjf)

A(qj)

))
(2.89)

= A

 n∑
j=1

bjqjΦ(f)

−
n∑
j=1

bjA(qj)Φ

(
A(qjf)

A(qj)

)
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and

m∑
i=1

aiJ(Φ, f, pi, A) =

m∑
i=1

ai

(
A(piΦ(f))−A(pi)Φ

(
A(pif)

A(pi)

))
(2.90)

= A

(
m∑
i=1

aipiΦ(f)

)
−

m∑
i=1

aiA(pi)Φ

(
A(pif)

A(pi)

)
.

By a simple computation, from (2.87) we get

n∑
j=1

bjqj =
m∑
i=1

aipi.

Now, by combining (2.89) and (2.90), and employing Theorem 2.5.20, we conclude that

inequality (2.88) is satis�ed, as was to be proved.

With the help of a doubly stochastic matrix S and a = b = e for the all ones vector e,

we get the following result from Corollary 2.5.5..

Corollary 2.5.6.([124]): Let Φ : I → R be a convex function on a closed interval I ⊂ R.

Let P = (p1, p2, . . . , pn) ∈ Pn and Q = (q1, q2, . . . , qn) ∈ Pn, where P = P0
E,A and n ∈ N.

Let A be a positive linear functional on L(E,R), and f ∈ IE ∩ L(E,R).

If Q ≺ P and the below expressions are well-de�ned, then

n∑
i=1

J(Φ, f, qi, A) ≥
n∑
i=1

J(Φ, f, pi, A). (2.91)

If Φ is concave, then the inequality (2.91) is reversed.

Proof: Since Q ≺ P, we obtain Q = PS for some doubly stochastic matrix S (cf. (2.80)).

By setting m = n, b = e = (1, . . . , 1) ∈ Rn, and a = bST (see 2.87), we �nd that

a = eST = e. By applying inequality (2.88) in Corollary 2.5.5., we get the inequality

(2.91), as required.

It is worth to mention that the statement (2.91) asserts that the function

J(p1, p2, . . . , pn) =
n∑
i=1

J(Φ, f, pi, A), pi ∈ I,
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is Schur-concave on Pn.

Remark 2.5.15.: Corollaries 2.5.5. and 2.5.6. extend similar results proved for the

Jensen's functional and Jensen-Mercer's functional (see [42, 95, 127, 133] for details).

2.6. Sherman like inequalities for (α, β)-convex functions

In this section, a Sherman like inequality is presented for the class of (α, β)-convex func-

tions. In particular, Sherman's type results corresponding to the Jensen-Ste�ensen, the

Mercer-Ste�ensen and Brunk's inequalities are established. The results of this section are

cited from [130].

2.6.1. Sherman type results for (α, β)-convex functions

In this section we again denote by ⟨·, ·⟩ the standard inner product on Rm.

De�nition 2.6.18.([130]): For given vectors α, β ∈ Rm, we say that a function f :

I → R, de�ned on an interval I ⊂ R, is (α, β)-convex on a set S ⊂ Im if the following

inequality holds

f(⟨α,x⟩) ≤ ⟨β, f(x)⟩ for x ∈ S, (2.92)

where f(x) = (f(x1), f(x2), . . . , f(xm)) for x = (x1, x2, . . . , xm) ∈ S. A function f is

(α, β)-concave on S ⊂ Im if reversed inequality in (2.92) holds.

Functions satisfying inequality (2.92) (with α = β or α ̸= β) can be found among convex

functions, subadditive functions, starshaped functions, Breckner's s-convex functions [26,

p. 254], Godunova-Levin functions [155], P -functions [136, 155], h-convex functions [155],

Toader's c-convex functions [89], (k, h)-convex functions [104, 108, 127], etc. For more

details see the following example.

Example 3.: (i) Jensen's inequality (1.6) says that if f : I → R is a convex function

on an interval I ⊂ R, x = (x1, x2, . . . , xm) ∈ S = Im and pi ≥ 0, i = 1, ...,m, with
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Pm =
m∑
i=1

pi > 0, then

f

(
1

Pm

m∑
i=1

pixi

)
≤ 1

Pm

m∑
i=1

pif(xi). (2.93)

Clearly, each convex function is (α, β)-convex for α = (α1, . . . , αm) and β = (β1, . . . , βm)

with αi = βi =
pi
Pm

, i = 1, . . . ,m.

(ii) Jensen-Ste�ensen inequality (see [5], [138, p. 57] states that if f : I → R is a

convex function on an interval I ⊂ R, such that [a, b] ⊂ I with a < b, and if a ≤ x1 ≤

x2 ≤ . . . ≤ xm ≤ b and

0 ≤Wi ≤Wm , Wm > 0 for i = 1, . . . ,m, (2.94)

where Wi =
i∑

j=1
wj, i = 1, . . . ,m, then

f

 1

Wm

m∑
j=1

wjxj

 ≤ 1

Wm

m∑
j=1

wjf(xj). (2.95)

Inequalities (2.94) are referred to as Ste�ensen's condition. Here S = {x = (x1, . . . , xm) ∈

Im : a ≤ x1 ≤ . . . ≤ xm ≤ b}. It is easily seen that each convex function is (α, β)-convex

for α = (α1, . . . , αm) and β = (β1, . . . , βm) with αi = βi =
wi
Wm

, i = 1, . . . ,m, satisfying

(2.94).

(iii) Brunk's inequality [27] states that if f : [0, x1] → R is a convex function on [0, x1]

with f(0) ≤ 0, and if 1 ≥ h1 ≥ h2 ≥ . . . ≥ hm ≥ 0 and x1 ≥ x2 ≥ . . . ≥ xm ≥ 0, then

f

(
m∑
i=1

(−1)i−1hixi

)
≤

m∑
i=1

(−1)i−1hif(xi). (2.96)

(iv) Jensen-Mercer inequality [107, Theorem 1.2] states that if f : I → R is a convex

function on an interval I ⊂ R, and if xi ∈ I, i = 1, . . . ,m, such that 0 < x1 ≤ x2 ≤ . . . ≤

xm, then

f(x1 −
m∑
i=1

wixi + xm) ≤ f(x1)−
m∑
i=1

wif(xi) + f(xm), (2.97)

where
m∑
i=1

wi = 1 with wi > 0, i = 1, ...,m.
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(v) Mercer-Ste�ensen inequality [5, Theorem 2] states that if f : I → R is a convex func-

tion on an interval I in R, [a, b] ⊂ I with a < b and x = (x1, . . . , xm), w = (w1, . . . , wm)

are real m-tuples such that a ≤ x1 ≤ x2 ≤ . . . ≤ xm ≤ b and

wi ̸= 0 and 0 ≤Wi ≤Wm , Wm > 0 for i = 1, . . . ,m, (2.98)

where Wi =
i∑

j=1
wj, i = 1, . . . ,m, then

f(a− 1

Wm

m∑
i=1

wixi + b) ≤ f(a)− 1

Wm

m∑
i=1

wif(xi) + f(b). (2.99)

(vi) Generalized Mercer's type inequality [121, Theorem 2.1] states that if f : I → R

is a continuous convex function on interval I ⊂ R, a = (a1, . . . , an) ∈ In and X = (xij)

is a real m × n matrix such that xij ∈ I for all i, j. If a majorizes each row of X, i.e.,

(xi1, . . . , xin) ≺ (a1, . . . , an) for each i = 1, . . . ,m, then

f

 n∑
j=1

aj −
n−1∑
j=1

m∑
i=1

wixij

 ≤
n∑
j=1

f(aj)−
n−1∑
j=1

m∑
i=1

wif(xij), (2.100)

where
m∑
i=1

wi = 1 with wi ≥ 0.

(vii) Let c ∈ [0, 1]. Toader's c-convex functions are functions f : I = [0, b] → R de�ned

by

f(t1x1 + . . .+ tm−1xm−1 + ctmxm) ≤ t1f(x1) + . . .+ tm−1f(xm−1) + ctmf(xm) (2.101)

for (x1, . . . , xm) ∈ S = [0, b]m and t1, . . . , tm ∈ [0, 1] with
m∑
i=1

ti = 1 (see [89]).

As noted in [89], (2.101) provides the standard convexity for c = 1, and the starshaped-

ness for n = 2 and c = 0. It is obvious that Toader's c-functions are (α, β)-convex with

α = β = (t1, t2, . . . , ctm).

(viii) Let s ∈ (0, 1]. Breckner's s-convex functions are functions f : I → R+, I ⊂ R,

de�ned by

f(t1x1 + . . .+ tmxm) ≤ ts1f(x1) + . . .+ tsmf(xm) (2.102)
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for all (x1, . . . , xm) ∈ S = Im and t1, . . . , tm ∈ (0, 1) with t1+ . . .+tm = 1 (see [26, p. 254],

cf. [155, p. 304]).

Each s-convex function is (α, β)-convex for α = (α1, . . . , αm) and β = (β1, . . . , βm)

with αi = ti and βi = tsi , i = 1, . . . ,m.

(ix) P -functionsf : I → R+, where I ⊂ R, are characterized by the inequality

f(t1x1 + . . .+ tmxm) ≤ f(x1) + . . .+ f(xm) (2.103)

for all (x1, . . . , xm) ∈ S = Im and t1, . . . , tm ∈ (0, 1) with
m∑
i=1

ti = 1 (cf. [136],[155, p. 304]).

Each P -convex function is (α, β)-convex for α = (α1, . . . , αm) and β = (β1, . . . , βm)

with αi = ti and βi = 1, i = 1, . . . ,m.

(x) Godunova-Levin functionsf : I → R+, where I ⊂ R, are described by the condition

f(t1x1 + . . .+ tmxm) ≤
1

t1
f(x1) + . . .+

1

tm
f(xm) (2.104)

for all (x1, . . . , xm) ∈ S = Im and t1, . . . , tm ∈ (0, 1) with
m∑
i=1

ti = 1 (cf. [155, p. 303]).

Therefore each Godunova-Levin function is (α, β)-convex for α = (α1, . . . , αm) and

β = (β1, . . . , βm) with αi = ti and βi =
1
ti
, i = 1, . . . ,m.

(xi) Let h : (0, 1) → R+ be a given function. An h-convex function f : I → R+, I ⊂ R,

is de�ned by the inequality

f(t1x1 + . . .+ tmxm) ≤ h(t1)f(x1) + . . .+ h(tm)f(xm) (2.105)

for all (x1, . . . , xm) ∈ S = Im and t1, . . . , tm ∈ (0, 1) with
m∑
i=1

ti = 1 (cf. [155, p. 304]).

It is clear that each h-convex function is (α, β)-convex for α = (α1, . . . , αm) and β =

(β1, . . . , βm) with αi = ti and βi = h(ti), i = 1, . . . ,m.

The following theorem provides a result of Sherman type for (α, β)-convex functions.

Theorem 2.6.22([130]): Assume that A = (aij) and B = (bij) are n × m-matrices

with ith rows αi and βi, i = 1, 2, . . . , n, respectively. Let f : I → R be an (αi, βi)-convex
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function on non-empty set S ⊂ Im, where I ⊂ R, i.e.

f(⟨αi,x⟩) ≤ ⟨βi, f(x)⟩ for x ∈ S, i = 1, 2, . . . , n. (2.106)

Let x = (x1, x2, . . . , xm) ∈ S, y = (y1, y2, . . . , yn) ∈ In, a = (a1, a2, . . . , am) ∈ Rm,

b = (b1, b2, . . . , bn) ∈ Rn+.

If

y = xAT and a = bB (2.107)

then
n∑
i=1

bif(yi) ≤
m∑
j=1

ajf(xj). (2.108)

If f is (αi, βi)-concave, i = 1, 2, . . . , n, then the inequality (2.108) is reversed.

Proof: We have
n∑
i=1

bif(yi) = ⟨b, f(y)⟩, (2.109)

where f(y) = (f(y1), f(y2), . . . , f(yn)).

Since y = xAT , we can write

yi =
m∑
j=1

aijxj , i = 1, 2, . . . , n.

It follows from (2.106) that

f(yi) = f

 m∑
j=1

aijxj

 ≤
m∑
j=1

bijf(xj), i = 1, 2, . . . , n.

Therefore,

f(y) ≤C

 m∑
j=1

b1jf(xj),
m∑
j=1

b2jf(xj), . . . ,
m∑
j=1

bnjf(xj)

 = f(x)BT ,

where f(x) = (f(x1), f(x2), . . . , f(xm)) and ≤C denotes the componentwise preorder on

Rn.
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From (2.109) and (2.107) and by the positivity of b ∈ Rn+, we derive

n∑
i=1

bif(yi) = ⟨b, f(y)⟩ ≤ ⟨b, f(x)BT ⟩

= ⟨bB, f(x)⟩ = ⟨a, f(x)⟩ =
m∑
j=1

ajf(xj),

which completes the proof.

De�nition 2.6.19.(Cf. [108, Def. 2.1], [127], [130]): Let k : (0, 1) → R be a given

function and m ≥ 2 be a given positive integer. Then a set I ⊂ R is said to be (k;m)-

convex if

k(t1)x1 + . . .+ k(tm)xm ∈ I

for all x1, . . . , xm ∈ I and t1, . . . , tm ∈ (0, 1) with t1 + . . .+ tm = 1.

De�nition 2.6.20.(Cf. [108, Def. 2.4], [26, p. 254], [127], [130]): Let k, h :

(0, 1) → R be two given functions and m ≥ 2 be a given positive integer. A function

f : I → R de�ned on a (k;m)-convex set I ⊂ R is said to be (k, h;m)-convex if

f(k(t1)x1 + . . .+ k(tm)xm) ≤ h(t1)f(x1) + . . .+ h(tm)f(xm)

for all x1, . . . , xm ∈ I and t1, . . . , tm ∈ (0, 1) with t1 + . . .+ tm = 1.

For a given function g : (0, 1) → R, and an n×m matrix T = (tij) such that tij ∈ (0, 1)

for all i, j, we de�ne g(T) to be the matrix (g(tij)).

Corollary 2.6.7.([130]): Let k, h : (0, 1) → R be two given functions and m ≥ 2 be

a given positive integer. Assume that f is a real (k, h;m)-convex function de�ned on a

(k;m)-convex set I ⊂ R.

If x = (x1, x2, . . . , xm) ∈ Im, y = (y1, y2, . . . , yn) ∈ In, a = (a1, a2, . . . , am) ∈ Rm+ ,

b = (b1, b2, . . . , bn) ∈ Rn+, and

y = x(k(T))T and a = b(h(T))
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for some n×m row stochastic matrix T, then

n∑
i=1

bif(yi) ≤
m∑
j=1

ajf(xj). (2.110)

Proof: It is enough to invoke to Theorem 2.6.22 with A = k(T) and B = h( T).

Example 4.([130]): By taking k(t) = t and h(t) = ts, t, s ∈ (0, 1), we use Corol-

lary 2.6.20. to Breckner's s-convex functions f : (0,∞) → R+ de�ned on I = (0,∞),

s ∈ (0, 1) (see (2.102)).

If x = (x1, x2, . . . , xm) ∈ Im, y = (y1, y2, . . . , yn) ∈ In, a = (a1, a2, . . . , am) ∈ Rm+ ,

b = (b1, b2, . . . , bn) ∈ Rn+, and

y = xTT and a = bTs (2.111)

for some n×m row stochastic matrix T = (tij), then (2.110) is met with (2.111).

2.6.2. The case A = B

Our purpose in this subsection is to give some applications of Theorem 2.6.22 whenA = B.

Remark 2.6.16.: Theorem 2.1.1 is a special case of Majorization theorem (Theorem 2.6.22)

with A = B related to the classical Jensen's inequality (2.93).

The forthcoming result is connected with the Jensen-Ste�ensen inequality (2.95).

Corollary 2.6.8.([130]): Let f : I → R be a real convex function de�ned on an interval

I = [a, b] ⊂ R. Let x = (x1, x2, . . . , xm) ∈ Im with a ≤ x1 ≤ x2 ≤ . . . ≤ xm ≤ b,

y = (y1, y2, . . . , yn) ∈ In, a = (a1, a2, . . . , am) ∈ Rm, and b = (b1, b2, . . . , bn) ∈ Rn+.

If y = xAT and a = bA for some n × m matrix A = (aij) with rows satisfying

Ste�ensen's condition

0 ≤
k∑
j=1

aij ≤ 1 =

m∑
j=1

aij for i = 1, 2, . . . , n, k = 1, 2, . . . ,m, (2.112)

80 Chapter 2.. Sherman type theorems and applications



Ptolemy Scienti�c Research Press https://pisrt.org/

then (2.108) holds.

Proof: Thanks to the Jensen-Ste�ensen inequality (2.95) for convex f , we have the

(αi, αi)-convexity of f , i.e.,

f(⟨αi,x⟩) ≤ ⟨αi, f(x)⟩, i = 1, 2, . . . , n,

where αi is the ith row of A. Now, it su�ces to appeal to Theorem 2.6.22 with A = B.

We now give an extension of the inequality of Brunk (2.96).

Example 5.([130]): Let f be a real convex function de�ned on interval I = [0, x1] with

f(0) ≤ 0. Assume that x = (x1, x2, . . . , xm) ∈ Im with x1 ≥ x2 ≥ . . . ≥ xm > 0, and

b = (b1, b2, . . . , bn) ∈ Rn+.

If A = (aij) = ((−1)j−1hij) is an n×m matrix with rows such that

1 ≥ hi1 ≥ hi2 ≥ . . . ≥ hin ≥ 0 for i = 1, 2, . . . , n,

then
n∑
i=1

bif

 m∑
j=1

(−1)j−1hijxj

 ≤
m∑
j=1

ajf(xj),

where a = bA, i.e., aj = (−1)j−1
n∑
i=1

bihij.

In the next example we use Toader's c-convexity (2.101) with m = 2.

Example 6.([130]): Let f be a real Toader's c-convex function de�ned on an interval

I = [0, b) ⊂ R. Suppose that x = (x1, x2) ∈ I2 and b = (b1, b2, . . . , bn) ∈ Rn+.

If A is an n× 2 matrix with rows αi = (ai1, cai2) such that

ai1 + ai2 = 1, ai1, ai2 ≥ 0 for i = 1, 2, . . . , n,

then
n∑
i=1

bif (ai1x1 + cai2x2) ≤ a1f(x1) + a2f(x2),
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where a1 =
n∑
i=1

biai1 and a2 = c
n∑
i=1

biai2.

We now present an extension of the Mercer-Ste�ensen inequality (2.99).

Corollary 2.6.9.([130]): Let f : I → R be a real convex function de�ned on an interval

I = [a, b] ⊂ R. Let x = (x1, x2, . . . , xm) ∈ Im with a ≤ x1 ≤ x2 ≤ . . . ≤ xm ≤ b, and

b = (b1, b2, . . . , bn) ∈ Rn+.

If A = (aij) is an n × m matrix with rows satisfying Ste�ensen's condition (2.112),

then

n∑
i=1

bif(a−
m∑
j=1

aijxj + b) ≤
n∑
i=1

bif(a)−
m∑
j=1

ajf(xj) +
n∑
i=1

bif(b). (2.113)

where aj =
n∑
i=1

aijbi.

Proof: The symbol 1n stands for the (column) n-tuple of ones. By setting y = (y1, y2, . . . , yn) =

xAT ∈ In, a = (a1, a2, . . . , am) = bA ∈ Rm, y = a1Tn − y + b1Tn , b̃ = b, and

Ã = (1n,−A,1n) and x̃ = (a,x, b) = (a, x1, x2, . . . , xm, b) ∈ Im+2,

we �nd that ỹ = x̃ÃT and ã = b̃Ã.

By the Mercer-Ste�ensen inequality (2.99) we establish

f(a− ⟨αi,x⟩+ b) ≤ f(a)− ⟨αi, f(x)⟩+ f(b), i = 1, 2, . . . , n,

where αi denotes the ith row of the matrix A. Thus we get

f(⟨α̃i, x̃⟩) ≤ ⟨α̃i, f(x̃)⟩, i = 1, 2, . . . , n,

where α̃i denotes the ith row of the matrix Ã. Hence f is (α̃i, α̃i)-convex.

Now, by making use of Theorem 2.6.22 we deduce that

n∑
i=1

b̃if(ỹi) ≤
m+2∑
j=1

ãjf(x̃j). (2.114)
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Consequently, for aj =
n∑
i=1

aijbi,

n∑
i=1

bif(ỹi) ≤ (

n∑
i=1

bi)f(a)−
m∑
j=1

ajf(xj) + (

n∑
i=1

bi)f(b), (2.115)

because

ỹi = a− yi + b = a−
m∑
j=1

aijxj + b,

ã1 = ãm+2 =

n∑
i=1

bi, ãj+1 = −
n∑
i=1

aijbi = −aj , j = 1, 2, . . . ,m.

Therefore inequality (2.113) follows from (2.114)-(2.115). This completes the proof.

2.7. Sherman like inequalities for convex sequences and non-

decreasing convex functions

Here our aim is to prove Sherman like inequalities for convex sequences and nondecreasing

convex functions. To do so, we develop some results by S. Wu and L. Debnath [159]. We

derive discrete versions of Petrovi¢' and Giaccardi's inequalities. We obtain some gener-

alization of Fejér inequality for convex sequences. We also deal with inequalities of the

Hermite-Hadamard type. We extend some recent results of Latreuch and Belaïdi [102].

The results of the present section are quoted from [131].

2.7.1. Introduction and preliminaries

In this expository subsection we demonstrate some relevant notation and facts for convex

functions and sequences.

We begin this presentation with Fejér inequality (2.116) for convex functions (see [2,

88, 110]).

Theorem 2.7.23([2]): Let f : I → R be a convex function, a, b ∈ I, a < b, and let

p : [a, b] → R be a nonnegative integrable weight on I. Assume that p is symmetric about
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a+b
2 . Then

f

(
a+ b

2

)∫ b

a
p(t)dt ≤

∫ b

a
f(t)p(t)dt ≤ f(a) + f(b)

2

∫ b

a
p(t)dt. (2.116)

Remark 2.7.17.: By letting p(t) = 1 for t ∈ [a, b] into (2.116), we obtain Hermite-

Hadamard inequality (2.117). That is, if f : I → R is a continuous convex function on an

interval I ⊂ R, a, b ∈ I with a < b, then

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x) dx ≤ f(a) + f(b)

2
. (2.117)

For more informations see [26, p. 137], [119, 138].

In what follows, we are interesting in inequalities for convex sequences (see [120, 139,

159]).

De�nition 2.7.21.([159, p. 526]): A sequence z = (z1, . . . , zn) ∈ Rn is said to be

convex sequence if

zi ≤
zi−1 + zi+1

2
for i = 2, . . . , n− 1.

For convex sequence z = (z1, ..., zn) we consider the function φz : [1, n] → R de�ned by

φz(t) =



z1 + (z2 − z1)(t− 1), t ∈ [1, 2),

z2 + (z3 − z2)(t− 2), t ∈ [2, 3),

. . . . . .

zi + (zi+1 − zi)(t− i), t ∈ [i, i+ 1),

. . . . . .

zn−1 + (zn − zn−1)(t− n+ 1), t ∈ [n− 1, n],

(2.118)

(see [159]).

Note that

φz(r) = zr, for r = 1, 2, . . . , n.
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In the following theorem, we can see that

φz(pj) = zpj , for j = 1, 2, . . . , k,

φz(qi) = zqi , for i = 1, 2, . . . ,m,

since the entries of p and q are positive integers from the set {1, 2, . . . , n}.

By employing Majorization inequality (2.4), Wu and Debnath [159] proved the following

result.

Theorem 2.7.24([159, Theorems 1 and 2]): Let (z1, z2, . . . , zn) ∈ In be a convex

sequence, and ψ : I → R be a continuous increasing convex function on I.

Then for any (p1, p2, . . . , pk) ≺ (q1, q2, . . . , qk) (1 ≤ pi ≤ n, 1 ≤ qi ≤ n, pi, qi ∈ N ,

i = 1, 2, . . . , k, k ≥ 2), the following inequality holds

k∑
i=1

ψ(zpi) ≤
k∑
i=1

ψ(zqi). (2.119)

In particular, if ψ is the identity function ψ(t) = t, t ∈ I = R, then (2.119) reduces to

k∑
i=1

zpi ≤
k∑
i=1

zqi . (2.120)

Latreuch and Belaïdi [102, Theorem 1.4] proved discrete counterpart of Fejér and

Hermite-Hadamard inequalities (2.116)-(2.117), as follows.

Theorem 2.7.25([102, Theorem 1.4]): Let (z1, z2, . . . , zn) be a convex sequence of

real numbers and b = (b1, b2, . . . , bn) be a positive sequence symmetric about n+1
2 .

Then the following inequalities hold

zN + zn+1−N
2

n∑
i=1

bi ≤
n∑
i=1

bizi ≤
z1 + zn

2

n∑
i=1

bi, (2.121)

where N =
[
n+1
2

]
is the integer part of n+1

2 .

2.7. Sherman like inequalities for convex sequences and nondecreasing convex functions 85



Ptolemy Scienti�c Research Press https://pisrt.org/

In particular, if b = 1
n(1, 1, . . . , 1) then (2.121) becomes

zN + zn+1−N
2

≤ 1

n

n∑
i=1

zi ≤
z1 + zn

2
.

Remark 2.7.18.: For odd n the above inequality means that

zn+1
2

≤ 1

n

n∑
i=1

zi ≤
z1 + zn

2
.

However, for even n the index t = n+1
2 does not belong to the index set {1, 2, . . . , n}. So,

we must interpolate the symbol zt with t ∈ [1, n] \ {1, 2, . . . , n}. Therefore, by (2.118),

zt = ψz(t) = zi + (zi+1 − zi)(t− i),

whenever t ∈ [i, i+ 1) for some i ∈ {1, 2, . . . , n}.

Thus for even n we obtain zn+1
2

=
zN+zn+1−N

2 (cf. (2.121)).

In the forthcoming Subsection 2.7.2., we prove a version of Theorem 2.2.4 for convex

sequences (see Theorem 2.7.26). To this end, we use the method of Wu and Debnath

mentioned above.

Subsequently, by applying Theorem 2.7.26 and Corollary 2.7.10., we generalize Theo-

rem 2.7.25 by relaxing the majorization assumption on sequences p and q. In consequence,

we derive some discrete versions for convex sequences of Petrovi¢ and Giaccardi's inequal-

ities [137].

Lastly, we give some applications of the obtained results (see Subsection 2.7.3.). In

particular, we show an extension for convex sequences of Fejér and Hermite-Hadamard

inequalities. Thus we develop some recent results by Latreuch and Belaïdi (see Theo-

rem 2.7.24).

In our further studies we utilize column stochastic matrices as in Theorem 2.2.4.

Our interest is in double estimations (as in (2.116), (2.117) and (2.121)). However, for

the sake of simplicity, we consider upper and lower bounds separately.
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2.7.2. Sherman theorem for convex sequences

We now present a discrete counterpart of Theorem 2.2.4 for convex sequences.

Theorem 2.7.26([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let pj , qi ∈

{1, 2, . . . , n}, j = 1, 2, . . . , k, i = 1, 2, . . . ,m. Assume that p = (p1, p2, . . . , pk), q =

(q1, q2, . . . , qm), a = (a1, a2, . . . , am) ∈ Rm+ and b = (b1, b2, . . . , bk) ∈ Rk+.

If

p = qS and a = bST (2.122)

for some m× k column stochastic matrix S, then the following inequality holds

k∑
j=1

bjψ(zpj ) ≤
m∑
i=1

aiψ(zqi). (2.123)

In particular, if ψ(t) = t for t ∈ I = R, then (5.97) takes the form

k∑
j=1

bjzpj ≤
m∑
i=1

aizqi . (2.124)

Proof: We shall proceed with this proof by passing from a convex sequence to a convex

function via a method given in [159]. Subsequently we shall apply Theorem 2.2.4.

Namely, take the sequences x = q and y = p. By virtue of (2.122) we �nd that

Sherman's conditions (2.9) are satis�ed.

We now make use of the continuous convex function φz : [1, n] → R generated by the

sequence z via (2.118).

According to Theorem 2.2.4 employed for the convex function f(t) = ψ(φz(t)) for t ∈

[1, n], we establish the inequality

k∑
j=1

bjψ(zpj ) =

k∑
j=1

bjψφz(pj) ≤
m∑
i=1

aiψφz(qi) =

m∑
i=1

aiψ(zqi),

as was to be proved.
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Remark 2.7.19.: It follows from Theorem 2.2.4 that if b = (b1, b2, . . . , bn) = (1, 1, . . . , 1),

and S is doubly stochastic, then Theorem 2.7.26 reduces to Theorem 2.7.25 in Section 2.7.1.

due to Wu and Debnath [159].

Corollary 2.7.10.([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let pj , qi ∈

{1, 2, . . . , n}, j = 1, 2, . . . , k, i = 1, 2, . . . ,m. Assume that p = (p1, p2, . . . , pk) and q =

(q1, q2, . . . , qm).

If

p = qS (2.125)

for some m× k column stochastic matrix S, then the following inequality holds

k∑
j=1

ψ(zpj ) ≤
m∑
i=1

aiψ(zqi), (2.126)

where ai is the sum of all entries of the ith row of S, i = 1, . . . ,m.

Proof: We put

a = (a1, a2, . . . , am) ∈ Rm+ and b = (1, 1, . . . , 1) ∈ Rn+.

It follows that

(a1, a2, . . . , am) = (1, 1, . . . , 1)ST .

Therefore (2.125) gives (2.122). It is now enough to apply Theorem 2.7.26.

Remark 2.7.20.: If the matrix S is doubly stochastic, then Corollary 2.7.10. becomes

Theorem 2.7.25. The reason is that (2.125) with double stochasticity of S means p ≺ q

and ai = 1, i = 1, . . . , n.

In order to illustrate inequalities (2.123)-(2.126) for sequences, we provide the following

example.

Example 7.(Petrovi¢' inequality, [26, p. 123], [131]): Let f :[0,∞)→ R be a convex
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function.Then
k∑
i=1

f(xi) ≤ f

(
k∑
i=1

xi

)
+ (k − 1)f(0) (2.127)

for all xi ∈ [0,∞), i = 1, 2, . . . , k.

This inequality follows from (2.4), because

(x1, x2, . . . , xk) ≺

 k∑
i=1

xi, 0, . . . , 0︸ ︷︷ ︸
k−1 times

 .

To prove a corresponding result for a convex sequence we shall use Corollary 2.7.10..

Namely, assume that ψ : I → R is a nondecreasing convex function with an interval

I ⊂ R. Consider a convex sequence z = (z0, z1, . . . , zn) ∈ In+1. Let pj ∈ {0, 1, . . . , n} for

j = 1, 2, . . . , k with
k∑
j=1

pj ≤ n.

We also put p = (p1, p2, . . . , pk) and m = 2, q = (q1, q2) with q1 =
k∑
j=1

pj, q2 = 0.

Because pj ∈ [q2, q1], j = 1, 2, . . . , k, for λj = pj/
k∑
j=1

pj ∈ [0, 1] we get

pj = λjq1 + (1− λj)q2. (2.128)

We now introduce the 2× k column stochastic matrix

S =

 λ1 , λ2 , . . . , λk

1− λ1 , 1− λ2 , . . . , 1− λk

 .

Hence p = qS by (2.128).

On account of Corollary 2.7.10. we obtain the inequality

k∑
j=1

ψ(zpj ) ≤ a1ψ(zq1) + a2ψ(zq2), (2.129)

where ai is the sum of all entries of the ith row of S, i = 1, 2. That is

a1 =
k∑
j=1

λj =
k∑
j=1

pj
k∑
j=1

pj

= 1
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and

a2 =
k∑
j=1

(1− λj) = k −
k∑
j=1

pj
k∑
j=1

pj

= k − 1.

In summary, we deduce from (2.129) that

k∑
j=1

ψ(zpj ) ≤ ψ(z k∑
j=1

pj

) + (k − 1)ψ(z0).

This is the mentioned discrete counterpart for convex sequences of Petrovi�c's inequality

(2.127).

We shall now present a more general result. To this end, we utilize Theorem 2.7.26 with

b = (b1, b2, . . . , bk) ∈ Rk+. In consequence, we get the inequality

k∑
j=1

bjψ(zpj ) ≤ a1ψ(z k∑
j=1

pj

) + a2ψ(z0), (2.130)

where a = (a1, a2) is given by a = bST . Equivalently,

a1 =

k∑
j=1

bjλj =

k∑
j=1

bjpj

k∑
j=1

pj

and

a2 =

k∑
j=1

bj(1− λj) =

k∑
j=1

bj −

k∑
j=1

bjpj

k∑
j=1

pj

.

Thus we have established a discrete version (2.130) for convex sequences of the Giaccardi

inequality (see [139]).

2.7.3. Inequalities of Fejér and Hermite-Hadamard types

In this subsection we discuss some generalizations of Fejér inequality. In doing so, we invoke

to Theorem 2.7.26 to derive some inequalities with m = 2 terms on their right-hand sides.
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Theorem 2.7.27([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Assume that

b = (b1, b2, . . . , bn) ∈ Rn+.

Then the following inequality holds

n∑
j=1

bjψ(zj) ≤ a1ψ(z1) + a2ψ(zn), (2.131)

where

a1 =
1

n− 1
[(n− 1)b1 + (n− 2)b2 + . . .+ 1 · bn−1 + 0 · bn], (2.132)

a2 =
1

n− 1
[0 · b1 + 1 · b2 + . . .+ (n− 2)bn−1 + (n− 1)bn]. (2.133)

In particular, if ψ(t) = t for t ∈ I = R, then (2.131) reduces to

n∑
j=1

bjzj ≤ a1z1 + a2zn, (2.134)

where a1 and a2 are given by (2.132)-(2.133).

Proof: Let m = 2 and k = n. We denote

p = (p1, p2, . . . , pn) = (1, 2, . . . , n) and q = (q1, q2) = (1, n).

In addition, we take a = (a1, a2) with a1 and a2 satisfying (2.132)-(2.133).

We shall construct an m × k column stochastic matrix S so that p = qS is met as in

(2.122).

It is obvious that for each i ∈ {1, 2, . . . , n}, i can be viewed as a convex combination of

1 and n, i.e.,

i = αi · 1 + βi · n, (2.135)

where

αi =
(n− 1)− (i− 1)

n− 1
and βi =

i− 1

n− 1
. (2.136)

Evidently, αi ≥ 0 and βi ≥ 0 and αi + βi = 1 by 1 ≤ i ≤ n.
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To show (2.135) with (2.136), notice that

αi · 1 + βi · n =
(n− 1)− (i− 1)

n− 1
· 1 + i− 1

n− 1
· n

=
(n− 1) + (i− 1)(n− 1)

n− 1
=

(i− 1 + 1)(n− 1)

n− 1
= i.

It follows from (2.135)�(2.136) that

for i = 1,

1 =
n− 1

n− 1
· 1 + 0

n− 1
· n,

for i = 2,

2 =
n− 2

n− 1
· 1 + 1

n− 1
· n,

. . .,

for i = n− 1,

n− 1 =
1

n− 1
· 1 + n− 2

n− 1
· n,

for i = n,

n =
0

n− 1
· 1 + n− 1

n− 1
· n.

We de�ne the required 2× n column stochastic matrix S as follows:

S =
1

n− 1

 n− 1, n− 2, . . . , 1, 0

0, 1, . . . , n− 2, n− 1

 .

It is not hard to check that

p = qS,

that is

(1, 2, . . . , n) = (1, n) · 1

n− 1

 n− 1, n− 2, . . . 1, 0

0, 1, . . . n− 2, n− 1

 .
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Moreover, according to (2.132)-(2.133) we have

(a1, a2) = (b1, . . . , bn) ·
1

n− 1



n− 1, 0

n− 2, 1

...
...

1, n− 2

0, n− 1


.

Therefore we �nd that

a = bST .

We are now ready to apply Theorem 2.7.26 to m = 2, k = n, pj = j for j = 1, . . . , k,

q1 = 1 and q1 = n. Then we obtain inequality (2.131), as desired.

Furthermore, by letting ψ(t) = t for t ∈ I = R, and using (2.131), we get (2.134)

completing the proof.

From now on, for any positive integer n we use the following notation.

If n is odd, then

N = N1 = N2 =
n+ 1

2
=

[
n+ 1

2

]
.

If n is even, then

N = N1 =
n

2
=

[
n+ 1

2

]
and N2 =

n

2
+ 1.

A sequence b = (b1, . . . , bn) is said to be symmetric about n+1
2 if

b1 = bn, b2 = bn−1, . . . , bN1−1 = bN2+1, bN1 = bN2 .

Additionally, we de�ne

ϵn =


1
2 , when n is odd,

1, when n is even.

In Theorem 2.7.28 we assume that the sequence b = (b1, . . . , bn) is symmetric about
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n+1
2 . This allows to simplify the formulas (2.132)-(2.133) to the form

a1 = a2 =
1

2

n∑
i=1

bi. (2.137)

Theorem 2.7.28([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Assume that

b = (b1, . . . , bn) ∈ Rn+ is symmetric about n+1
2 .

Then the following Fejér type inequality holds

n∑
j=1

bjψ(zj) ≤
ψ(z1) + ψ(zn)

2

n∑
i=1

bi. (2.138)

Proof: It follows from Theorem 2.7.27 that

n∑
j=1

bjψ(zj) ≤ a1ψ(z1) + a2ψ(zn), (2.139)

where a1 and a2 are given by (2.132)-(2.133).

By the symmetry of b = (b1, . . . , bn) about
n+1
2 , we deduce that (2.132)-(2.133) can be

rewritten as (2.137).

Indeed, we see that

a1 =
1

n− 1
[(n− 1)b1 + (n− 2)b2 + . . .+ 1 · bn−1 + 0 · bn]

=
1

n− 1
[(n− 1)b1 + . . .+ (n−N1 + 1)bN1−1 + (n−N1)ϵnbN1

+(n−N2)ϵnbN2 + (n−N2 − 1)bN2+1 + . . .+ 0 · bn],

because

(n−N1)ϵnbN1 + (n−N2)ϵnbN2

=

 (n− n
2 )bn

2
+ (n− n

2 − 1)bn
2
+1 for even n

(n− n+1
2 )12bn+1

2
+ (n− n+1

2 )12bn+1
2

for odd n

=


n
2 bn

2
+ (n2 − 1)bn

2
+1 for even n

n−1
2 bn+1

2
for odd n.
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Therefore,

a1

=
1

n− 1
[(n− 1 + 0)b1 + . . .+ (n−N1 + 1 + n−N2 − 1)bN1−1 + (n−N1 + n−N2)ϵnbN1 ]

=
1

n− 1
· (n− 1) (b1 + . . .+ bN1−1 + ϵnbN1)

=
1

2
(b1 + b2 + . . .+ bn−1 + bn) =

1

2

n∑
i=1

bi,

as wanted.

In a similar way we obtain from the symmetry of b = (b1, . . . , bn) about
n+1
2 that

a2 =
1

n− 1
[0 · b1 + 1 · b2 + . . .+ (n− 2) · bn−1 + (n− 1) · bn]

=
1

n− 1
[0 · bn + 1 · bn−1 + . . .+ (n− 2) · b2 + (n− 1) · b1]

= a1 =
1

2

n∑
i=1

bi.

So, by (2.137), we infer that inequality (2.139) gives (2.138). This completes the proof.

By making use of Theorem 2.7.28 with the identity function ψ(t) = t for t ∈ I = R,

we get the following right-hand side of Fejér type inequality for convex sequences due to

Latreuch and Belaïdi [102, Theorem 1.4] (cf. Theorem 2.7.24):

n∑
j=1

bjzj ≤
z1 + zn

2

n∑
i=1

bi.

A next speci�cation of Theorem 2.7.28 leads to the Hermite�Hadamard type inequality

for a convex sequence.

Corollary 2.7.11.([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence.
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Then the following Hermite-Hadamard type inequality holds

1

n

n∑
j=1

ψ(zj) ≤
ψ(z1) + ψ(zn)

2
. (2.140)

Proof: We put

b = (b1, . . . , bn) =
1

n
(1, . . . , 1) ∈ Rn+.

It is clear that b is symmetric about n+1
2 .

In light of Theorem 2.7.28 we see that

n∑
j=1

bjψ(zj) ≤
ψ(z1) + ψ(zn)

2

n∑
i=1

bi. (2.141)

We also have
n∑
i=1

bi = n · 1
n
= 1.

So, it follows from (2.141) that (2.140) is ful�lled.

By Corollary 2.7.11. for the identity function ψ(t) = t with t ∈ I = R we get the

following right-hand side of Hermite-Hadamard type inequality due to Latreuch and Belaïdi

[102, Section 4] (cf. Theorem 2.7.24):

1

n

n∑
j=1

zj ≤
z1 + zn

2
.

We now focus on some inequalities with k = 2 terms on their left-hand sides. To do so,

we interpret Theorem 2.7.26 in the following way.

Theorem 2.7.29([131]): Let ψ : I → R be a nondecreasing convex function de�ned on

an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let b1, b2 ≥ 0 and

p1, p2 ∈ {1, 2, . . . , n}, where

p1 = 1 · λ1 + 2 · λ2 + . . .+ n · λn, (2.142)

p2 = 1 · µ1 + 2 · µ2 + . . .+ n · µn (2.143)
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for some λi ≥ 0, µi ≥ 0, i = 1, 2, . . . , n,
n∑
i=1

λi = 1 =
n∑
i=1

µi.

Then the following inequality holds

b1ψ(zp1) + b2ψ(zp2) ≤
n∑
i=1

aiψ(zi), (2.144)

where

ai = b1 · λi + b2 · µi for i = 1, 2, . . . , n. (2.145)

Proof: Under the notation

p = (p1, p2) and q = (q1, q2, . . . , qn) = (1, 2, . . . , n),

it follows from (2.142)-(2.143) that

p = qS,

where S is the n× 2 column stochastic matrix given by

S =



λ1, µ1

λ2, µ2
...

...

λn, µn


.

Moreover, from (2.145) we also obtain

a = bST with a = (a1, a2, . . . , an) and b = (b1, b2).

In summary, the usage of Theorem 2.7.26 for m = n and k = 2 yields inequality (2.144)

provided that (2.145) is satis�ed.

To give a next result, we now study the case of majorization (p1, p2) ≺ (1, n).

Theorem 2.7.30([131]): Let ψ : I → R be a nondecreasing convex function de�ned on

an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let b1, b2 ≥ 0 and
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p1, p2 ∈ {1, 2, . . . , n}, where

p1 = 1 · λ1 + 2 · λ2 + . . .+ n · λn (2.146)

for some 0 ≤ λi ≤ 2
n , i = 1, 2, . . . , n,

n∑
i=1

λi = 1.

If (p1, p2) ≺ (1, n), then

b1ψ(zp1) + b2ψ(zp2) ≤
n∑
i=1

aiψ(zi), (2.147)

where

ai = b1 · λi + b2 ·
(
2

n
− λi

)
for i = 1, 2, . . . , n. (2.148)

Proof: We denote

p = (p1, p2) and q = (q1, q2, . . . , qn) = (1, 2, . . . , n).

We have

p1 + p2 = n+ 1, (2.149)

because the pair (1, n) majorizes the pair (p1, p2).

It is easily seen that

n+ 1 =
2

n
(1 + 2 + . . .+ n). (2.150)

By virtue of (2.146), (2.149) and (2.150), we have

p2 = 1 ·
(
2

n
− λ1

)
+ 2 ·

(
2

n
− λ2

)
+ . . .+ n ·

(
2

n
− λn

)
. (2.151)

In addition, 2
n − λi ≥ 0 for i = 1, 2, . . . , n, and

n∑
i=1

(
2

n
− λi

)
= n · 2

n
−

n∑
i=1

λi = 2− 1 = 1.

By introducing

µi =
2

n
− λi for i = 1, 2, . . . , n,
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we �nd that (2.151) implies (2.143), and (2.148) implies (2.145).

So, we are permitted to utilize Theorem 2.7.29. Therefore we get (2.144). Further, we

also obtain inequality (2.147) as a consequence of condition (2.148). Thus the proof is

�nished.

Corollary 2.7.12.([131]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let p1, p2 ∈

{1, 2, . . . , n}, where

p1 = 1 · λ1 + 2 · λ2 + . . .+ n · λn

for some 0 ≤ λi ≤ 2
n , i = 1, 2, . . . , n,

n∑
i=1

λi = 1.

Assume that the pair (p1, p2) is majorized by (1, n).

Then the following inequality holds

1

2
ψ(zp1) +

1

2
ψ(zp2) ≤

1

n

n∑
i=1

ψ(zi). (2.152)

In particular, if p1 = p2 =
n+1
2 (with odd n) then

ψ
(
zn+1

2

)
≤ 1

n

n∑
i=1

ψ(zi). (2.153)

If p1 =
n
2 and p2 =

n
2 + 1 (with even n) then

1

2
ψ
(
zn

2

)
+

1

2
ψ
(
zn

2
+1

)
≤ 1

n

n∑
i=1

ψ(zi). (2.154)

Proof: By letting b1 = b2 =
1
2 we �nd from Theorem 2.7.30 that

ai =
1

2
· λi +

1

2
·
(
2

n
− λi

)
=

1

n
for i = 1, 2, . . . , n

by (2.148).

Therefore inequality (2.147) can be restated as (2.152), which was to be proved.

Inequalities (2.153)-(2.154) are simple consequences of (2.152).

Remark 2.7.21.: Let p1 = N1 − c and p2 = N2 + c, where N1 = N2 = n+1
2 for odd n,
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and N1 =
n
2 and N2 =

n
2 + 1 for even n.

It is not hard to verify that the majorization (p1, p2) ≺ (1, n) is met. So, inequality

(2.152) can be rewritten in the form

1

2
ψ(zN1−c) +

1

2
ψ(zN2+c) ≤

1

n

n∑
i=1

ψ(zi) (2.155)

(see [118, p. 56]).

By taking ψ(t) = t with t ∈ I = R, we infer from inequalities (2.153)-(2.154) that

zn+1
2

≤ 1

n

n∑
i=1

zi, when n is odd,

1

2
zn

2
+

1

2
zn

2
+1 ≤

1

n

n∑
i=1

zi, when n is even,

(see Theorem 2.7.24). This can be though of as the left-hand side of Hermite-Hadamard

inequality for a convex sequence z = (z1, z2, . . . , zn) ∈ Rn (cf. (2.117)).

2.8. Further inequalities for convex sequences and nonde-

creasing convex functions

In this section, we derive inequalities of the Hammer-Bullen type for convex sequences

and nondecreasing convex functions. We demonstrate an extension of a recent Farissi's in-

equality. We also provide an inequality of Fejér-Hammer-Bullen type for convex sequences.

Finally we give some results related to an Hermite-Hadamard like inequality by Latreuch

and Belaïdi. The results of this section are cited from [122].

2.8.1. Introduction and summary

We begin this expository subsection with the Hammer-Bullen inequality [28, 58], which

provides a re�nement of the Hermite-Hadamard inequality (2.117).
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Theorem 2.8.31(Hammer-Bullen inequality, [28, 58]): Assume that f : I → R is

a convex function on an interval I = [a, b]. Then we have

1

b− a

b∫
a

f(x) dx ≤ 1

4
f(a) +

1

2
f

(
a+ b

2

)
+

1

4
f(b) ≤ f(a) + f(b)

2
. (2.156)

In [46] Farissi showed the following re�nement of (2.117).

Theorem 2.8.32([46]): Assume that f : I → R is a convex function on an interval

I = [a, b]. Then for all µ ∈ [0, 1], we have

f

(
a+ b

2

)
≤ l(µ) ≤ 1

b− a

b∫
a

f(x) dx ≤ L(µ) ≤ f(a) + f(b)

2
, (2.157)

where

l(µ) := µf

(
µb+ (2− µ)a

2

)
+ (1− µ)f

(
(1 + µ)b+ (1− µ)a

2

)
,

L(µ) :=
1

2
[f(µb+ (1− µ)a) + µf(a) + (1− µ)f(b)].

Some discrete inequalities of the Hermite-Hadamard-Fejér type with two terms on their

right-hand sides similarly as (2.116)-(2.117) are presented in [131]. In this section we deal

with discrete inequalities with three terms on their right-hand sides like in Theorems 2.8.31-

2.8.32 (see (2.156)-(2.157)).

In Subsection 2.8.2., by using Theorem 2.7.26, we establish Hammer-Bullen type in-

equalities for convex sequences and nondecreasing convex functions. A main result of this

type is Theorem 2.8.33. To prove it, we construct a required column stochastic matrix

with the property that the relevant set of the three indices {1, λ · 1 + (1 − λ)n, n} on

the right-hand side of inequality is sent onto the set {1, 2, . . . , n} on the left-hand side of

inequality.

In particular, Theorem 2.8.33 employed for the uniform distribution bi = 1
n , i =

1, 2, . . . , n, leads to Corollary 2.8.13.. Its special case yields an extension of Farissi's inequal-

ity [46] with convex sequences in place of convex functions (cf. Corollary 2.8.14. and The-

orem 2.8.32).
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Subsection 2.8.3. is devoted to our problem applied to a symmetric sequence (b1, b2, . . . , bn).

In this context we derive an inequality of Fejér-Hammer-Bullen type (see Theorem 2.8.34).

As an application, we provide a discrete version of the classical Hammer-Bullen inequality

(cf. Theorem 2.8.31 and Corollary 2.8.15.). Next, for a symmetric probability sequence bi,

we get a discrete Hermite-Hadamard inequality (see Theorem 2.8.35).

In Subsection 2.8.4. we deal with some generalizations of an Hermite-Hadamard like

inequality due to Latreuch and Belaïdi [102] (see left-hand side inequality (2.121) and

Theorem 2.8.36). The key of our considerations is a construction of a column stochastic

matrix suitable to indices labeling elements of a convex sequence z involved in inequalities.

2.8.2. Hammer-Bullen type inequalities for convex sequences

In this subsection we are going to establish some generalizations of the right-hand side of

the Latruech-Belaïdi inequality (see Theorem 2.7.24). Our results concern a nondecreasing

convex function ψ as well as coe�cients bi, i = 1, 2, . . . , n, in place of 1
n . As announced

previously, we prefer to study inequalities with m = 3 terms on the right-hand side.

The �rst inequality (2.160) is of Sherman type with parameters y(i), i = 1, 2, . . . , n,

running over a corresponding set as in (2.159).

We denote

α(i) =
(n− 1)− (i− 1)

n− 1
and β(i) =

i− 1

n− 1
, i = 1, 2, . . . , n. (2.158)

Theorem 2.8.33([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Assume that

b = (b1, b2, . . . , bn) ∈ Rn+. Let λ ∈ (0, 1).

If for each i = 1, 2, . . . , n,

y(i) ∈
[
0,min

{
α(i)

λ
,
β(i)

1− λ

}]
, (2.159)
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then the following inequality holds

n∑
j=1

bjψ(zj) ≤ a1ψ(z1) + a2ψ
(
zλ·1+(1−λ)n

)
+ a3ψ(zn), (2.160)

where

a1 =
n∑
i=1

bi[α(i)− λy(i)], (2.161)

a2 =
n∑
i=1

biy(i), (2.162)

a3 =

n∑
i=1

bi[β(i)− µy(i)] (2.163)

with µ = 1− λ.

In particular, if ψ(t) = t, t ∈ I = R, then (2.160) reduces to

n∑
j=1

bjzj ≤ a1z1 + a2zλ·1+(1−λ)n + a3zn. (2.164)

Proof: We de�ne

p = (p1, p2, . . . , pn) = (1, 2, . . . , n) and q = (q1, q2, q3) = (1, λ · 1 + (1− λ)n, n).

We also set a = (a1, a2, a3).

By Theorem 2.7.26 with m = 3 and k = n, it is enough to construct a 3 × n column

stochastic matrix S such that p = qS and a = bST as in (2.122). That is, we need to �nd

matrix S satisfying

(1, 2, . . . , n) = (1, λ · 1 + (1− λ)n, n) · S, (2.165)

and

(a1, a2, a3) = (b1, b2, . . . , bn) · ST , (2.166)

where

S =


x(1), x(2), . . . , x(n)

y(1), y(2), . . . , y(n)

z(1), z(2), . . . , z(n)

 (2.167)
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and (x, y, z)T = (x(i), y(i), z(i))T is the ith column of S, i = 1, 2, . . . , n.

To do so, we shall build and solve a linear system with unknowns x(i), y(i), z(i) for

i = 1, 2, . . . , n, ful�lling some adequate restrictions.

Namely, it follows from p = qS that

i = pi = x(i) · 1 + y(i)[λ · 1 + (1− λ)n] + z(i) · n, (2.168)

which gives

i = (x+ λy) · 1 + [(1− λ)y + z]n,

and further

i = α · 1 + β · n for each i ∈ {1, 2, . . . , n}, (2.169)

with α = α(i) and β = β(i) given by (2.158). Obviously, α ≥ 0, β ≥ 0 and α + β = 1 by

1 ≤ i ≤ n.

In consequence, we get the linear system


x + λy = α

(1− λ)y + z = β

x + y + z = 1

subject to


0 ≤ x ≤ 1

0 ≤ y ≤ 1

0 ≤ z ≤ 1

. (2.170)

By the column stochasticity of S, it is solved by


x = α− λy

z = β − (1− λ)y subject to


α−1
λ ≤ y ≤ α

λ

0 ≤ y ≤ 1

β−1
1−λ ≤ y ≤ β

1−λ

, (2.171)

where the parameter y runs over the set (2.172).

To prove that the system (2.171) is consistent, we need to show that

[0, 1] ∩
[
α(i)− 1

λ
,
α(i)

λ

]
∩
[
β(i)− 1

1− λ
,
β(i)

1− λ

]
̸= ∅ (2.172)

for each i = 1, 2, . . . , n.
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In fact, by (2.158), for i = 1, 2, . . . , n, we have

α(i)− 1 ≤ 0 ≤ α(i) ≤ 1

and

β(i)− 1 ≤ 0 ≤ β(i) ≤ 1.

Therefore

α(i)− 1

λ
≤ 0 ≤ α(i)

λ
for i = 1, 2, . . . , n, (2.173)

β(i)− 1

1− λ
≤ 0 ≤ β(i)

1− λ
for i = 1, 2, . . . , n. (2.174)

Hence

0 ∈ [0, 1] ∩
[
α(i)− 1

λ
,
α(i)

λ

]
∩
[
β(i)− 1

1− λ
,
β(i)

1− λ

]
̸= ∅,

which completes the proof of (2.172).

Furthermore, it follows that

α(i)

λ
≤ 1, whenever

α(i)

λ
≤ β(i)

1− λ
,

and

β(i)

1− λ
≤ 1, whenever

α(i)

λ
≥ β(i)

1− λ
.

To prove the former, suppose not. Then 1 < α(i)
λ . Since α(i)

λ ≤ β(i)
1−λ , we get 1 < β(i)

1−λ . In

consequence, λ < α(i) and 1−λ < β(i). For this reason, 1 = λ+(1−λ) < α(i)+β(i) = 1,

which is a contradiction.

To see the latter, use a similar manner of the proof.

Summarizing all of this, we obtain

0 ≤ min

{
α(i)

λ
,
β(i)

1− λ

}
≤ 1.

On the other hand, (2.173) and (2.174) ensure that

[
0,min

{
α(i)

λ
,
β(i)

1− λ

}]
= [0, 1] ∩

[
α(i)− 1

λ
,
α(i)

λ

]
∩
[
β(i)− 1

1− λ
,
β(i)

1− λ

]
. (2.175)
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The statement (2.172) guarantees the existence of y = y(i) for i = 1, 2, . . . , n satisfy-

ing (2.171). This implies the existence of matrix S determined by (2.167) with properties

(2.165)-(2.166).

In light of (2.167), (2.171) and (2.175), it holds that

S =


α(1)− λy(1), α(2)− λy(2), . . . , α(n)− λy(n)

y(1), y(2), . . . , y(n)

β(1)− (1− λ)y(1), β(2)− (1− λ)y(2), . . . , β(n)− (1− λ)y(n)

 , (2.176)

where

y(i) ∈
[
0,min

{
α(i)

λ
,
β(i)

1− λ

}]
, i = 1, 2, . . . , n.

In addition, α(i) + β(i) = 1 for i = 1, 2, . . . , n, so S is column-stochastic, as required.

It follows from equalities (2.161)-(2.163) and (2.176) that the condition (2.166) is sat-

is�ed. Moreover, (2.168) is also met by (2.169) and (2.170), so (2.165) holds true.

On account of Theorem 2.7.26, inequality (2.160) is valid, as claimed.

Finally, (2.164) follows from (2.160).

Corollary 2.8.13.([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let λ ∈ (0, 1).

If for each i = 1, 2, . . . , n,

y(i) ∈
[
0,min

{
α(i)

λ
,
β(i)

1− λ

}]
,

then the following inequality holds

1

n

n∑
j=1

ψ(zj) ≤ a1ψ(z1) + a2ψ
(
zλ·1+(1−λ)n

)
+ a3ψ(zn), (2.177)

where

a1 =
1

2
− λa2, a2 =

1

n

n∑
i=1

y(i), and a3 =
1

2
− (1− λ)a2.

Proof. We set

b = (b1, b2, . . . , bn) =
1

n
(1, 1, . . . , 1).
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By virtue of Theorem 2.8.33, inequality (2.177) holds with

a1 =
1

n

(
n∑
i=1

α(i)− λ

n∑
i=1

y(i)

)
, (2.178)

a2 =
1

n

n∑
i=1

y(i), (2.179)

a3 =
1

n

(
n∑
i=1

β(i)− (1− λ)

n∑
i=1

y(i)

)
. (2.180)

Simultaneously, by (2.158) we get

n∑
i=1

β(i) =

n∑
i=1

i− 1

n− 1
=
n

2
.

Likewise,
n∑
i=1

α(i) =
n∑
i=1

(
1− i− 1

n− 1

)
=
n

2
.

Thus conditions (2.178)-(2.180) become

a1 =
1

n

(
n

2
− λ

n∑
i=1

y(i)

)
=

1

2
− λa2,

a2 =
1

n

n∑
i=1

y(i),

a3 =
1

n

(
n

2
− (1− λ)

n∑
i=1

y(i)

)
=

1

2
− (1− λ)a2.

So, the proof of Corollary 2.8.13. is �nished. 2

As a corollary to the last result we now demonstrate a discrete version (of right-hand

side) of Farissi's inequality (see Theorem 2.8.32).

Corollary 2.8.14.([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Let λ ∈ (0, 1).

Then the following inequality holds

1

n

n∑
j=1

ψ(zj) ≤ a1ψ(z1) + a2ψ
(
zλ·1+(1−λ)n

)
+ a3ψ(zn), (2.181)
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with

a1 =
1

2
− λa2, (2.182)

a2 =
([M ]− 1)[M ]

2µ(n− 1)n
+

(n− [M ]− 1)(n− [M ])

2λ(n− 1)n
, (2.183)

a3 =
1

2
− µa2, (2.184)

where µ = 1− λ, M = µ(n− 1) + 1 and [M ] stands for the entire part of M .

Proof: For each i = 1, 2, . . . , n, we take

y(i) = min

{
α(i)

λ
,
β(i)

1− λ

}
, (2.185)

and

b = (b1, b2, . . . , bn) =
1

n
(1, 1, . . . , 1).

We deduce from Corollary 2.8.13. that (2.181) holds with

a1 =
1

2
− λa2, (2.186)

a2 =
1

n

n∑
i=1

y(i), (2.187)

a3 =
1

2
− (1− λ)a2. (2.188)

We need to show that under the help of (2.185) condition (2.187) reduces to (2.182).

It is not hard to verify that

α(i)

λ
<
β(i)

µ
i� α(i) < λ i� β(i) > µ i� i > µ(n− 1) + 1

and

α(i)

λ
≥ β(i)

µ
i� α(i) ≥ λ i� β(i) ≤ µ i� i ≤ µ(n− 1) + 1.

So, we have

y(i) =


α(i)
λ for i > µ(n− 1) + 1 =M,

β(i)
µ for i ≤ µ(n− 1) + 1 =M.
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For this reason a2 in (2.187) can be restated as follows:

a2 =
1

n

n∑
i=1

y(i) =
1

n

∑
1≤i≤M

β(i)

µ
+

1

n

∑
M<i≤n

α(i)

λ

=
1

µn

∑
1≤i≤[M ]

β(i) +
1

λn

∑
[M ]+1≤i≤n

α(i).

Now, by employing (2.158) we �nd that

a2 =
1

µn

∑
1≤i≤[M ]

i− 1

n− 1
+

1

λn

∑
[M ]+1≤i≤n

(n− 1)− (i− 1)

n− 1

=
1

µn(n− 1)

([M ]− 1)[M ]

2
+

1

λn(n− 1)

(n− [M ]− 1)(n− [M ])

2
.

Thus (2.182) follows, which completes the proof of Corollary 2.8.14..

Remark 2.8.22.: In the previous corollary, we have M = µ(n − 1) + 1 and n −M =

λ(n− 1). Moreover,

0 ≤ M − 1

µ(n− 1)
− [M ]− 1

µ(n− 1)
≤ 1

µ(n− 1)
→ 0 when n→ ∞.

Consequently,
[M ]− 1

µ(n− 1)
→ 1 when n→ ∞,

and

0 ≤ n− [M ]

λ(n− 1)
− n−M

λ(n− 1)
≤ 1

λ(n− 1)
→ 0 when n→ ∞.

Hence
n− [M ]

λ(n− 1)
→ 1 when n→ ∞.

Therefore for large n we get (see (2.183))

a2 ≈
[M ]

2n
+

(n− [M ]− 1)

2n
=

1

2

n− 1

n
≈ 1

2
.

So, by (2.182) and (2.184),

a1 ≈
1

2
− λ

1

2
=

1

2
µ
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and

a3 ≈
1

2
− µ

1

2
=

1

2
λ.

This is approximately in accordance with continuous case (see Theorem 2.8.32).

2.8.3. Fejèr-Hammer-Bullen inequalities with symmetric sequence b

Throughout this subsection, if n is odd, then we set

N = N1 = N2 =
n+ 1

2
=

[
n+ 1

2

]
,

and, if n is even, then we set

N = N1 =
n

2
=

[
n+ 1

2

]
and N2 =

n

2
+ 1,

where the symbol
[
n+1
2

]
stands for the entire part of n+1

2 .

A sequence b = (b1, . . . , bn) is said to be symmetric about n+1
2 if

b1 = bn, b2 = bn−1, . . . , bN1−1 = bN2+1, bN1 = bN2 .

In order to abbreviate some notation, we also introduce

ϵn =


1
2 , when n is odd,

1, when n is even.

For instance, the following identity is of interest

b1c1 + b2c2 + . . .+ bncn

= b1(c1 + cn) + b2(c2 + cn−1) + . . . (2.189)

+bN1−1(cN1−1 + cN2+1) + ϵnbN1(cN1 + cN2)

for any real symmetric sequence b1, b2, . . . , bn and real sequence c1, c2, . . . , cn.
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If in addition

c1 + cn = 2K, c2 + cn−1 = 2K, . . . , cN1−1 + cN2+1 = 2K, cN1 + cN2 = 2K,

then the identity (2.189) can be rewritten in the form:

b1c1 + b2c2 + . . .+ bncn = 2K(b1 + b2 + . . .+ bN1−1 + ϵnbN1)

= K(b1 + b2 + . . .+ bn).

We also de�ne

b̃i =

 bi for i = 1, 2, . . . , N1 − 1,

ϵnbN1 for i = N1.

Theorem 2.8.34([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Assume that

b = (b1, b2, . . . , bn) ∈ Rn+ is symmetric about n+1
2 .

Then the following inequality holds

n∑
j=1

bjψ(zj) ≤ a1ψ(z1) + a2ψ
(
zn+1

2

)
+ a3ψ(zn), (2.190)

where

a1 = a3 =

N1∑
i=1

b̃i

(
1− 2

i− 1

n− 1

)
=


n/2∑
i=1

bi

(
1− 2 i−1

n−1

)
for even n,

(n−1)/2∑
i=1

bi

(
1− 2 i−1

n−1

)
for odd n,

(2.191)

a2 = 4

N1∑
i=1

b̃i
i− 1

n− 1
=


4
n/2∑
i=1

bi
i−1
n−1 for even n,

4
(n−1)/2∑
i=1

bi
i−1
n−1 + bn+1

2
for odd n.

(2.192)

Proof: Let λ = 1
2 and µ = 1− λ = 1

2 . For each i = 1, 2, . . . , n, we take

y(i) = min

{
α(i)

λ
,
β(i)

1− λ

}
=

 2β(i), i = 1, 2 . . . , N1,

2α(i), i = N2, . . . , n.
(2.193)
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In light of Theorem 2.8.33 one sees that inequality (2.190) holds whenever conditions

(2.161)-(2.163) are satis�ed. Therefore, by using (2.193), we shall show that conditions

(2.161)-(2.163) become (2.191)-(2.192).

Namely, it follows from (2.161) that

a1 =
n∑
i=1

bi

(
α(i)− 1

2
y(i)

)

=

N1−1∑
i=1

biα(i) + ϵnbN1α(N1) + ϵnbN2α(N2) +
n∑

i=N2+1

biα(i)

−1

2

N1−1∑
i=1

biy(i) + ϵnbN1y(N1) + ϵnbN2y(N2) +
n∑

i=N2+1

biy(i)


=

N1∑
i=1

b̃i (α(i) + α(n+ 1− i))− 1

2

N1∑
i=1

b̃i (y(i) + y(n+ 1− i))

=

N1∑
i=1

b̃i (α(i)− β(i)) =

N1∑
i=1

b̃i

(
1− 2

i− 1

n− 1

)
.

So, for even n we have

a1 =

n
2∑
i=1

bi

(
1− 2

i− 1

n− 1

)
and, for odd n,

a1 =

N1−1∑
i=1

b̃i

(
1− 2

i− 1

n− 1

)
+ b̃N1

(
1− 2

N1 − 1

n− 1

)
=

n−1
2∑
i=1

bi

(
1− 2

i− 1

n− 1

)
,

completing the proof of (2.191) for a1.

Similarly, condition (2.162) in Theorem 2.8.33 gives

a2 =

n∑
i=1

biy(i) =

N1−1∑
i=1

biy(i) + ϵbN1y(N1) + ϵbN2y(N2) +

n∑
i=N2+1

biy(i)

=

N1−1∑
i=1

bi (y(i) + y(n+ 1− i)) + ϵbN1 (y(N1) + y(N2))

= 2

N1∑
i=1

b̃i (β(i) + α(n+ 1− i)) = 4

N1∑
i=1

b̃i
i− 1

n− 1
.
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For example, for even n,

a2 = 4

n
2∑
i=1

bi
i− 1

n− 1
,

and for odd n,

a2 = 4

N1−1∑
i=1

bi
i− 1

n− 1
+ 2bN1

N1 − 1

n− 1
= 4

n−1
2∑
i=1

bi
i− 1

n− 1
+ bn+1

2
,

which proves (2.192).

Thanks to condition (2.163) in Theorem 2.8.33 we infer that

a3 =

n∑
i=1

bi

(
β(i)− 1

2
y(i)

)

=

N1−1∑
i=1

biβ(i) + ϵnbN1β(N1) + ϵnbN2β(N2) +

n∑
i=N2+1

biβ(i)

−1

2

N1−1∑
i=1

biy(i) + ϵnbN1y(N1) + ϵnbN2y(N2) +

n∑
i=N2+1

biy(i)


=

N1∑
i=1

b̃i (β(i) + β(n+ 1− i))− 1

2

N1∑
i=1

b̃i (y(i) + y(n+ 1− i))

=

N1∑
i=1

b̃i (α(i)− β(i)) =

N1∑
i=1

b̃i

(
1− 2

i− 1

n− 1

)
= a1.

Thus the proof is completed.

Theorem 2.8.35([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence. Assume that

b = (b1, b2, . . . , bn) ∈ Rn+ is a probability sequence symmetric about n+1
2 .

Then the following inequality holds

n∑
j=1

bjψ(zj) ≤ a1ψ(z1) + a2ψ
(
zn+1

2

)
+ a3ψ(zn) ≤

ψ(z1) + ψ(zn)

2
, (2.194)

where a1 = a3 and a2 are given by (2.191)-(2.192).
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Proof: By Theorem 2.8.34 we need to show that

a1ψ(z1) + a2ψ
(
zn+1

2

)
+ a3ψ(zn) ≤

ψ(z1) + ψ(zn)

2
. (2.195)

It is easily seen that

ψ
(
zn+1

2

)
≤ ψ(z1) + ψ(zn)

2
. (2.196)

In fact, we have
(
n+1
2 , n+1

2

)
≺ (1, n), where ≺ denotes the majorization preorder on R2.

So, from Majorization Theorem we obtain

ψφz

(
n+ 1

2

)
+ ψφz

(
n+ 1

2

)
≤ ψφz(1) + ψφz(n),

where φz is given by (2.118). Equivalently,

ψ(zn+1
2
) + ψ(zn+1

2
) ≤ ψ(z1) + ψ(zn),

which forces (2.196).

In consequence, the vector

d =

(
ψ(z1) + ψ(zn)

2
, ψ
(
zn+1

2

))
∈ R2

is nonincreasing. Hence the rearrangement inequality ensures that

⟨d,x⟩ ≤ ⟨d,y⟩, (2.197)

whenever x = (x1, x2), y = (y1, y2) are two vectors in R2 such that x ≺ y and y1 ≥ y2.

Here the symbol ⟨·, ·⟩ denotes the standard inner product on R2.

It remains to prove that

(
1

2
,
1

2

)
≺ (2a1, a2) ≺ (1, 0). (2.198)
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According to (2.191)-(2.192) and (2.189) (with ci = 1, i = 1, 2, . . . , n), we deduce that

2a1 + a2 = 2

N1∑
i=1

b̃i

(
1− 2

i− 1

n− 1

)
+ 4

N1∑
i=1

b̃i
i− 1

n− 1
= 2

N1∑
i=1

b̃i =

n∑
i=1

bi = 1. (2.199)

Additionally, 2a1, a2 ∈ [0, 1]. Indeed, by N1 ≤ n+1
2 , we get 2(N1 − 1) ≤ n − 1. On the

other hand, we have 2(i − 1) ≤ 2(N1 − 1) for i = 1, 2, . . . , N1. By combining the last two

inequalities we derive 2(i − 1) ≤ n − 1 for i = 1, 2, . . . , N1. Thus we obtain 1 − 2 i−1
n−1 ≥ 0

for i = 1, 2, . . . , N1, which implies
N1∑
i=1

b̃i

(
1− 2 i−1

n−1

)
≥ 0, since b̃i ≥ 0. Now, on account of

(2.191) we establish that a1 ≥ 0.

Furthermore, we have a2 ≥ 0 by (2.192) with b̃i ≥ 0. Simultaneously, 2a1 + a2 = 1,

so 2a1 ≤ 2a1 + a2 = 1 and a2 ≤ 2a1 + a2 = 1. Hence 2a1 ≤ 1 and a2 ≤ 1. Therefore

2a1, a2 ∈ [0, 1] with 2a1 + a2 = 1 and 1
2 ≤ max{2a1, a2} ≤ 1. Thus we get (2.198), as

claimed.

Finally, it is a consequence of (2.197) and (2.198) that

2a1
ψ(z1) + ψ(zn)

2
+ a2ψ

(
zn+1

2

)
≤ 1 · ψ(z1) + ψ(zn)

2
+ 0 · ψ

(
zn+1

2

)
,

which implies (2.195), as wanted.

Remark 2.8.23.: By (2.197)-(2.198), the last inequality in the above proof can be up-

dated in the following manner provided that 2a1 ≥ a2 (e.g., see Corollary 2.8.15.):

1

4
ψ(z1) +

1

2
ψ
(
zn+1

2

)
+

1

4
ψ(zn) ≤ a1ψ(z1) + a2ψ

(
zn+1

2

)
+ a3ψ(zn).

From Theorems 2.8.34-2.8.35 we obtain a discrete version of Hammer-Bullen inequality

(cf. Theorem 2.8.31), as follows.

Corollary 2.8.15.([122]): Let ψ : I → R be a nondecreasing convex function de�ned

on an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence.

Then the following inequality holds

1

n

n∑
j=1

ψ(zj) ≤ a1ψ(z1) + a2ψ
(
zn+1

2

)
+ a3ψ(zn) ≤

ψ(z1) + ψ(zn)

2
, (2.200)
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where

a1 = a3 =


1
4 + 1

4(n−1) if n is even,

1
4 + 1

4n if n is odd,
(2.201)

a2 =


n−2

2(n−1) if n is even,

n−1
2n if n is odd.

(2.202)

Proof. With the setting b = 1
n(1, . . . , n) in Theorem 2.8.35, we reduce the statements

(2.191)-(2.192) in the following way.

For even n,

a1 = a3 =

n
2∑
i=1

bi

(
1− 2

i− 1

n− 1

)
=

1

n

n
2∑
i=1

(
1− 2

i− 1

n− 1

)
=

1

4
+

1

4(n− 1)
.

For odd n,

a1 = a3 =

n−1
2∑
i=1

bi

(
1− 2

i− 1

n− 1

)
=

1

n

n−1
2∑
i=1

(
1− 2

i− 1

n− 1

)
=

1

4
+

1

4n
.

By utilizing (2.192) with even n, we get

a2 = 4

n
2∑
i=1

bi
i− 1

n− 1
= 4

1

n

n
2∑
i=1

i− 1

n− 1
=

n− 2

2(n− 1)
.

According to (2.192) with odd n, we have

a2 = 4

n−1
2∑
i=1

bi
i− 1

n− 1
+ bn+1

2
= 4

1

n

n−1
2∑
i=1

i− 1

n− 1
+

1

n
=
n− 1

2n
.

This �nishes the proof of Corollary 2.8.15.. 2

2.8.4. Further inequalities for convex sequences

This subsection is devoted to deriving some results related to the left-hand side inequality

(2.121). We emphasize the usage of some indices other than n+1
2 .

Theorem 2.8.36([122]): Let ψ : I → R be a nondecreasing convex function de�ned on
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an interval I ⊂ R. Let z = (z1, z2, . . . , zn) ∈ In be a convex sequence.

Then for arbitrary nonnegative b1, b2, b3,

b1ψ(zn+1
2
) + b2ψ(z 2n+1

3
) + b3ψ(z 3n(n+1)

4n+2

) ≤
n∑
i=1

aiψ(zi), (2.203)

where

ai =
1

n
b1 +

2 · i
n(n+ 1)

b2 +
6 · i2

n(n+ 1)(2n+ 1)
b3 for i = 1, 2, . . . , n. (2.204)

Proof. Evidently,
1

n
(1 + 2 + . . .+ n) =

n+ 1

2
, (2.205)

2

n(n+ 1)
(12 + 22 + . . .+ n2) =

2n+ 1

3
, (2.206)

6

n(n+ 1)(2n+ 1)
(13 + 23 + . . .+ n3) =

3n(n+ 1)

4n+ 2
. (2.207)

We set

p = (p1, p2, p3) =

(
n+ 1

2
,
2n+ 1

3
,
3n(n+ 1)

4n+ 2

)
and

q = (q1, q2, . . . , qn) = (1, 2, . . . , n).

By virtue of (2.205)-(2.207) we have

p1 =
1

n
q1 +

1

n
q2 + . . .+

1

n
qn. (2.208)

p2 =
2 · 1

n(n+ 1)
q1 +

2 · 2
n(n+ 1)

q2 + . . .+
2 · n

n(n+ 1)
qn. (2.209)

p3 =
6 · 12

n(n+ 1)(2n+ 1)
q1 +

6 · 22

n(n+ 1)(2n+ 1)
q2 + . . .+

6 · n2

n(n+ 1)(2n+ 1)
qn. (2.210)
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We now de�ne n× 3 matrix S by

S =



1
n ,

2·1
n(n+1) ,

6·12
n(n+1)(2n+1)

1
n ,

2·2
n(n+1) ,

6·22
n(n+1)(2n+1)

...
...

...

1
n ,

2·n
n(n+1) ,

6·n2

n(n+1)(2n+1)


.

It is clear that the matrix S is column-stochastic, and that p = qS (see (2.208)-(2.210)).

So, by Theorem 2.7.26 (for m = 3) we can write

b1ψ(zp1) + b2ψ(zp2) + b3ψ(zp3) ≤
n∑
i=1

aiψ(zi) (2.211)

where

a = bST with a = (a1, a2, . . . , an) and b = (b1, b2, b3) (2.212)

with bj ≥ 0, j = 1, 2, 3.

By (2.212) we see that

(a1, a2, . . . , an) = (b1, b2, b3) ·



1
n ,

2·1
n(n+1) ,

6·12
n(n+1)(2n+1)

1
n ,

2·2
n(n+1) ,

6·22
n(n+1)(2n+1)

...
...

...

1
n ,

2·n
n(n+1) ,

6·n2

n(n+1)(2n+1)



T

.

Therefore

a1 =
1

n
b1 +

2 · 1
n(n+ 1)

b2 +
6 · 12

n(n+ 1)(2n+ 1)
b3, (2.213)

a2 =
1

n
b1 +

2 · 2
n(n+ 1)

b2 +
6 · 22

n(n+ 1)(2n+ 1)
b3, (2.214)

...

an =
1

n
b1 +

2 · n
n(n+ 1)

b2 +
6 · n2

n(n+ 1)(2n+ 1)
b3. (2.215)

In addition, (2.211) is met under conditions (2.213)-(2.215), and (2.213)-(2.215) amount

to (2.204). So, the proof of (2.203) is completed. 2
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2.9. Sherman like inequalities for strongly convex functions

In this section we deal with strongly convex functions, a subclass of convex functions with

stronger versions of analogous properties. We present versions of the Lah-Ribari£ inequality,

Sherman's inequality and its converse for strongly convex function. As easy consequences,

we get Jensen's and Majorization inequality and their conversions for strongly convex

functions. We also extend Sherman's theorem to the class of strongly convex functions of

higher order. Results of this section are cited from [65].

2.9.1. Strongly convex and n-strongly convex functions

For the purposes of the following results, we give de�nition of strongly convexity, the

concept introduced by Polyak [140], which has a wide appearance in many di�erent �elds

of applications, particular in many branches of mathematics as well as optimization theory,

mathematical economics and approximation theory.

De�nition 2.9.22.: A function f : I → R is called strongly convex with modulus

c > 0 if

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)− cλ(1− λ)(x− y)2 (2.216)

for all x, y ∈ I and λ ∈ [0, 1]. A function f is called strongly concave with modulus c if

−f is strongly convex with modulus c.

Remark 2.9.24.: Note that a function f that satis�es (2.216) with c = 0, i.e.

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y) (2.217)

for all x, y ∈ I and λ ∈ [0, 1], is convex in a usual sense. Specially, if the inequality in

(2.217) is strict, then f is called strictly convex.

It is well known that following implications hold:

strongly convex ⇒ strictly convex ⇒ convex.
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But the reverse implications are not true, in general. For example, the function f(x) = x2

is strongly convex and also strictly convex and convex on R . The function g(x) = ex is

strictly convex and convex but not strongly convex on R. The function h(x) = x is convex

but neither strictly nor strongly convex on R.

Here are some examples of strongly convex functions.

Example 8.: A square function f(t) = t2 is strongly convex on (0,∞] with c = 1.

Example 9.: Let consider the functions de�ned on (0, a] for some a > 0. Then:

a) f(t) = − ln t is strongly convex with c = 1
2a2

;

b) f(t) = − ln t is strongly convex with c = 1
2a2

;

c) f(t) = t ln t is strongly convex with c = 1
2a ;

d) f(t) =
(√
t− 1

)2
is strongly convex with c = 1

4
√
a3
.

Following R. Ger and K. Nikodem [56], we give de�nition of higher order strongly

convexity in terms of divided di�erences.

De�nition 2.9.23.: A function f : I → R is strongly convex of order n with modulus

c > 0 (or n-strongly convex with modulus c > 0) if

[z0, ..., zn; f ] ≥ c (2.218)

for all z0, ..., zn ∈ I.

The concept of strong convexity is a strengthening of the concept of convexity and some

properties of strongly convex functions are just stronger versions of analogous properties

of convex functions.

We quote few useful characterizations through the following remark.

Remark 2.9.25.: a) Note that 2-strongly convex function with modulus c is just strongly

convex function with modulus c as given by (2.216).
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For n = 2, the condition (2.218) is equivalent to

f(z0)

(z0 − z1)(z0 − z2)
+

f(z1)

(z1 − z2)(z1 − z0)
+

f(z2)

(z2 − z1)(z2 − z0)
≥ c

or

f(z1) ≤
z2 − z1
z2 − z0

f(z0) +
z1 − z0
z2 − z0

f(z2)− c(z2 − z1)(z1 − z0).

b) A function f : I → R is strongly n-convex with modulus c i� the function g(x) =

f(x)− cxn is n-convex.

c) A function f : I → R is strongly n-convex with modulus c i� f (n) ≥ cn!.

d) A function f : I → R is strongly convex with modulus c > 0 i� for every x0 ∈ IntI,

there exists l ∈ R, such that

f(x) ≥ f(x0) + l(x− x0) + c(x− x0)
2, x ∈ I, (2.219)

i.e. f admits a quadratic support at every interior point of its domain.

For more information see [56, 134, 135].

The following Jensen's type inequality for strongly convex function is valid (see [126]).

Theorem 2.9.37: Let x = (x1, ..., xn) ∈ In, p = (p1, ..., pn) ∈ [0,∞)n with
n∑
i=1

pi = 1

and x̄ =
n∑
i=1

pixi. For a function f : I → R strongly convex with modulus c > 0, the

following inequality holds

f

(
n∑
i=1

pixi

)
≤

n∑
i=1

pif(xi)− c

n∑
i=1

pi(xi − x̄)2. (2.220)

If we compare (2.220) with the classical Jensen's inequality (1.6) for a convex function

f , we can see that the inequality (2.220) includes a better upper bound for the term

f

(
n∑
i=1

pixi

)
since c

n∑
i=1

pi(xi − x̄)2 ≥ 0. Specially, for c = 0 the strongly convexity reduces

to ordinary convexity, and (2.220) becomes (1.6).
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2.9.2. Sherman's type inequalities and conversions

We start this subsection with the Lah-Ribari£ type inequality for strongly convex functions

(see [65, 87]).

Theorem 2.9.38: Let f : I → R be strongly convex with modulus c > 0. Let α, β ∈ I,

α < β, x = (x1, ..., xl) ∈ [α, β]l and a = (a1, ..., al) ∈ [0,∞)l with
l∑

j=1
aj = 1 and x̄ =

l∑
j=1

ajxj . Then

l∑
j=1

ajf(xj) ≤
β − x̄

β − α
f(α) +

x̄− α

β − α
f(β)− c

l∑
j=1

aj(β − xj)(xj − α). (2.221)

Proof: Since for strongly convex function we have

f(z1) ≤
z2 − z1
z2 − z0

f(z0) +
z1 − z0
z2 − z0

f(z2)− c(z2 − z1)(z1 − z0),

by substituting z1 = xj , z2 = β and z1 = α, we get

f(xj) ≤
β − xj
β − α

f(α) +
xj − α

β − α
f(β)− c(β − xj)(xj − α).

Now, multiplying with aj and summing over j we have

l∑
j=1

ajf(xj) ≤
β −

l∑
j=1

ajxj

β − α
f(α) +

l∑
j=1

ajxj − α

β − α
f(β)− c

l∑
j=1

aj(β − xj)(xj − α),

as claimed.

Now we give Sherman's type inequality for strongly convex functions.

Theorem 2.9.39: Let f : [α, β] → R be strongly convex with modulus c > 0. Let x =

(x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ [0,∞)l, b = (b1, ..., bm) ∈

[0,∞)m and A = (aij) be l ×m row stochastic matrix such that

a = bA and y = xAT . (2.222)
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Then
m∑
i=1

bif(yi) ≤
l∑

j=1

ajf(xj)− c

 l∑
j=1

ajx
2
j −

m∑
i=1

biy
2
i

 . (2.223)

Proof: Since Sherman's conditions (2.222) hold, i.e. yi =
l∑

j=1
xjaij , i = 1, ...,m and

aj =
m∑
i=1

biaij , j = 1, ..., l, applying (2.220), we have

m∑
i=1

bif(yi) =

m∑
i=1

bif

 l∑
j=1

xjaij

 (2.224)

≤
m∑
i=1

bi

 l∑
j=1

aijf(xj)− c

l∑
j=1

aij(xj − yi)
2


=

l∑
j=1

ajf(xj)− c
m∑
i=1

bi

l∑
j=1

aij(xj − yi)
2.

By an easy calculation, we get

l∑
j=1

ajf(xj)− c

m∑
i=1

bi

l∑
j=1

aij(xj − yi)
2 (2.225)

=

l∑
j=1

ajf(xj)− c

m∑
i=1

bi

l∑
j=1

aij(x
2
j − 2xjyi + y2i )

=
l∑

j=1

ajf(xj)− c

 l∑
j=1

ajx
2
j −

m∑
i=1

biy
2
i

 .

Now, combining (2.224) and (2.225), we get (2.223).

Remark 2.9.26.: a) If we compare (2.223) with Sherman's inequality (2.10) for con-

vex functions, we can see that the inequality (2.223) includes a better upper bound for
m∑
i=1

bif(yi) since c

(
l∑

j=1
ajx

2
j −

m∑
i=1

biy
2
i

)
≥ 0 because t 7→ t2 is convex function and then

by Sherman's inequality we have
∑l

j=1 ajx
2
j −
∑m

i=1 biy
2
i ≥ 0. Moreover, we get the double
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inequality

m∑
i=1

bif(yi) ≤
l∑

j=1

ajf(xj)− c

 l∑
j=1

ajx
2
j −

m∑
i=1

biy
2
i

 (2.226)

≤
l∑

j=1

ajf(xj).

b) A classical majorization is a special case of the previous consideration. Namely, if

we put m = l and take a = b = e = (1, ..., 1) ∈ [0,∞)m, then (2.222) becomes

e = eA and y = xAT .

The �rst condition e = eA implies that A is also column stochastic. Moreover, A is doubly

stochastic matrix. Then, the second condition y = xAT implies a classical majorization

y ≺ x. Moreover, the inequality (2.223) reduces to

m∑
i=1

f(yi) ≤
m∑
i=1

f(xi)− c

(
m∑
i=1

x2i −
m∑
i=1

y2i

)

≤
m∑
i=1

f(xi),

which presents Majorization inequality for strongly convex functions. This inequality im-

proves Majorization inequiality for convex functions (2.4).

c) Specially, for m = 1 and b = (1), the inequality (2.226) becomes

f

 l∑
j=1

ajxj

 ≤
l∑

j=1

ajf(xj)− c

 l∑
j=1

ajx
2
j − x̄2


=

l∑
j=1

ajf(xj)− c
l∑

j=1

aj (xj − x̄)2

≤
l∑

j=1

ajf(xj),

where x̄ =
∑l

j=1 ajxj , i.e. we get Jensen's inequality for strongly convex functions (2.220).

Next we give conversion to Sherman's inequality for strongly convex functions.
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Theorem 2.9.40: Let f : [α, β] → R be strongly convex with modulus c > 0. Let x =

(x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ [0,∞)l, b = (b1, ..., bm) ∈

[0,∞)m and A = (aij) be l × m row stochastic matrix such that (2.222) holds. Denote∑m
j=1 bj = Bm. Then

l∑
j=1

ajf (xj) ≤
Bmβ −

∑l
j=1 ajxj

β − α
f(α) +

∑l
j=1 ajxj −Bmα

β − α
f(β) (2.227)

− c
l∑

j=1

aj(β − xj)(xj − α).

Proof: Using (2.222) we have

l∑
j=1

ajf (xj) =

l∑
j=1

(
m∑
i=1

bjaij

)
f (xj) =

m∑
i=1

bj

 l∑
j=1

aijf (xj)

 . (2.228)

Applying (2.221)-(2.222) we get

l∑
j=1

aijf (xj) ≤
β −

∑l
j=1 aijxj

β − α
f(α) +

∑l
j=1 aijxj − α

β − α
f(β) (2.229)

− c
l∑

j=1

aij(β − xj)(xj − α).

Now, combining (2.228) and (2.229), we get (2.227).

Remark 2.9.27.: a) Specially, if m = 1 and b = (1), then (2.226) and (2.227) gives the

following series of inequalities

f

 l∑
j=1

ajxj

 ≤
l∑

j=1

ajf(xj)− c

l∑
j=1

aj (xj − x̄)2

≤
l∑

j=1

ajf(xj)

≤
β −

∑l
j=1 ajxj

β − α
f(α) +

∑l
j=1 ajxj − α

β − α
f(β)

− c
l∑

j=1

aj(β − xj)(xj − α).
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i.e. we get Jensen's inequality and its conversion for strongly convex functions.

b) If m = l and b = e = (1, ..., 1), then (2.226) and (2.227) gives

m∑
i=1

f(yi) ≤
l∑

j=1

f(xj)− c

 l∑
j=1

x2j −
m∑
i=1

y2i


≤

l∑
j=1

f(xj)

≤
β̄ −

∑l
j=1 xj

β − α
f(α) +

∑l
j=1 xj − ᾱ

β − α
f(β)

− c
l∑

j=1

(β − xj)(xj − α),

where β̄ = mβ and ᾱ = mα, i.e. we get Majorization inequality and its conversion for

strongly convex functions. This result improves (2.4) and (2.12).

2.9.3. Generalization of Sherman's inequality for n-strongly convex func-

tion

In this subsection we present generalization of Sherman's inequality to the class of strongly

convex functions of higher order. To prove that result we need the following identity, known

as Fink's identity (see [47]).

Theorem 2.9.41: [47] Let n ∈ N, n ≥ 1, and f : [α, β] → R be such that f (n−1) ∈

AC([α, β]). Then

f(s) =
n

β − α

∫ β

α
f(t)dt−

n−1∑
w=1

n− w

w!
· f

(w−1)(α)(s− α)w − f (w−1)(β)(s− β)w

β − α

+
1

(n− 1)!(β − α)

∫ β

α
(s− t)n−1P (t, s)f (n)(t)dt, (2.230)

where

P (t, s) =

 t− α, α ≤ t ≤ s ≤ β

t− β, α ≤ s < t ≤ β
. (2.231)

The sum in (2.230) is zero when n = 1.
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Now we prove new identity that involves Sherman's di�erence.

Theorem 2.9.42: Let f : [α, β] → R be such that f (n−1) ∈ AC([α, β]). Let x =

(x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ [0,∞)l, b = (b1, ..., bm) ∈

[0,∞)m and A = (aij) be l ×m row stochastic matrix such that (2.222) holds. Then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (2.232)

=
1

β − α

n−1∑
w=2

n− w

w!
· f (w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=2

n− w

w!
· f (w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


+

1

(n− 1)!(β − α)
×

∫ β

α

 l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi)

 f (n)(t)dt.

Proof: Applying (2.230) to the Sherman di�erence
l∑

j=1
ajf(xj)−

m∑
i=1

bif(yi), we get (2.232).

The following generalization of Sherman's inequality is valid.

Theorem 2.9.43: Let all the assumptions of Theorem 2.9.42 be satis�ed. Additionally,

let f be n-strongly convex with modulus c > 0.

If

l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi) ≥ 0, t ∈ [α, β], (2.233)
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then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)− c

 l∑
j=1

ajx
n
j −

m∑
i=1

biy
n
i

 (2.234)

≥ 1

β − α

n−1∑
w=1

n− w

w!

·
[
f (w−1)(β)− cn(n− 1)...(n− w + 2)βn−w+2

] l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=1

n− w

w!

·
[
f (w−1)(α)− cn(n− 1)...(n− w + 2)αn−w+2

] l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w

 .

If the reverse inequality in (2.233) holds, then the reverse inequality in (2.234) holds.

Proof: Let us consider the function g(x) = f(x)− cxn. Since f is strongly n-convex with

modulus c, then g is n-convex. We may assume without loss of generality that f and g are

n-times di�erentiable and g(n) ≥ 0 on [α, β] (see [138, p. 16]).

Applying (2.232) to g, we have

l∑
j=1

ajg(xj)−
m∑
i=1

big(yi) (2.235)

=
1

β − α

n−1∑
w=2

n− w

w!
· g(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=2

n− w

w!
· g(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


+

1

(n− 1)!(β − α)
×

∫ β

α

 l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi)

 g(n)(t)dt.
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Moreover, if (2.233) holds, then

l∑
j=1

ajg(xj)−
m∑
i=1

big(yi) (2.236)

≥ 1

β − α

n−1∑
w=2

n− w

w!
· g(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=2

n− w

w!
· g(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


which is equivalent to (2.234).

If the reverse inequality in (2.233) holds, then the last term in (2.235) is nonpositive

and then the reverse inequality in (2.236) holds. This ends the proof.

Remark 2.9.28.: Consider the function σ : [α, β] → R de�ned by

σ(x) = (x− t)n−1P (t, x) =

 (x− t)n−1(t− α), α ≤ t ≤ x ≤ β

(x− t)n−1(t− β), α ≤ x < t ≤ β
.

We have

σ′′(x) =

 (n− 1)(n− 2)(x− t)n−3(t− α), α ≤ t ≤ x ≤ β

(n− 1)(n− 2)(x− t)n−3(t− β), α ≤ x < t ≤ β
.

Then for even n, the function σ is convex and by Sherman's theorem, we have

l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi) ≥ 0,

i.e. the assumption (2.233) is immediately satis�ed. Therefore, by Theorem 2.9.43, the

inequality (2.234) holds.

Specially, for n = 2, the inequality (2.234) reduces to (2.223).
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2.10. Sherman like inequalities for superquadratic functions

In this section we consider superquadratic functions, the class of functions closely con-

necting with the class of convex functions. It is important to emphasize that nonnegative

superquadratic functions have the property that they are also convex. This property enables

us to obtain improvements of inequalities for convex functions. We extend Sherman's theo-

rem to superquadratic functions. More precisely, for superquadratic functions which are not

convex, we obtain results analog ones for convex functions. For nonnegative superquadratic

functions which are also convex, we get improvements. Also, we present related conversions,

as well as Jensen's and Majorization type inequalities and their conversions. The results

from this section is cited from [64].

2.10.1. Superquadratic functions

A class of superquadratic functions was introduced and initially studied by S. Abramovich

and G. Jameson [3, 4]. Name "superquadratic functions" is justi�ed by the fact that non-

negative superquadratic functions, which are shown to be convex, grow equally fast or even

faster than the quadratic function (property of superquadratic growth). The role played

by a�ne function in the case of convex functions, in this class of functions there is ex-

actly a quadratic function, so superquadratic functions are somehow more "convex" than

quadratic functions.

We introduce the de�nition of superquadratic functions and quote some basic proper-

ties. For more informations see [3, 4].

De�nition 2.10.24.: A function φ : [0,∞) → R is superquadratic provided that for

all x ∈ [0,∞), there exists a constant Cx ∈ R such that

φ (y) ≥ φ (x) + Cx (y − x) + φ (|y − x|) (2.237)

for all y ∈ [0,∞). We say that φ is subquadratic if −φ is a superquadratic function.

The following theorem gives Jensen's inequality for superquadratic functions (see [4]).
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Theorem 2.10.44: Let x = (x1, . . . , xk) ∈ [0,∞) and u = (u1, . . . , uk) be a nonnegative

k-tuple such that
∑k

i=1 ui = 1 and x =
∑k

i=1 uixi. Then for every superquadratic function

φ : [0,∞) → R, we have

φ (x) +

k∑
i=1

uiφ (|xi − x|) ≤
k∑
i=1

uiφ (xi) . (2.238)

Moreover, if φ is subquadratic, then the reverse of (2.238) holds.

De�nition 2.10.25.: A function φ : [0,∞) → R is superadditive if

φ (x+ y) ≥ φ (x) + φ (y) , (2.239)

holds for all x, y ≥ 0. If the reverse of (2.239) holds, then φ is subadditive.

The next lemma gives su�cient conditions for superquadracity.

Lemma 2.10.5.: [4, Lemma 3.1] Suppose that φ : [0,∞) → R is a continuously di�er-

entiable function and φ(0) ≤ 0 (φ(0) = 0). If φ
′
is superadditive (subadditive) or φ

′
(x)
x is

nondecreasing (nonincreasing), then φ is superquadratic (subquadratic).

The following lemma gives same basic properties of superquadratic functions.

Lemma 2.10.6.: [4, Lemma 2.2] Let φ : [0,∞) → R be a superquadratic function with

Cx as in (2.237).

(i) Then φ(0) ≤ 0.

(ii) If φ(0) = φ
′
(0) = 0, then Cx = φ

′
(x) whenever φ is di�erentiable at x > 0.

(iii) If φ ≥ 0, then φ is convex and φ(0) = φ
′
(0) = 0.

The property (iii) from the previous lemma enables us to obtain improvements of vari-

ous inequalities that apply to convex functions. Thus, nonnegative superquadratic functions

have the property that they are also convex. However, as can be seen from the below ex-

amples, within the class of superquadratic functions we can �nd negative functions as well

as functions that change sign, then concave functions, as well as those that are neither
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convex nor concave at the considered interval within the domain.

Example 10.: a) The function φ(x) = xp, is superquadratic for p ≥ 2 and subquadratic

for 0 < p ≤ 2. Further, if φ is de�ned by φ(x) = sgn(p− 2)xp, then φ is superquadratic

for all p > 0.

b) The function

φ (x) =

 xe−
1
x , x > 0

0, x = 0

is convex on [0,∞) , but superquadratic only on [0, L] , for 0.8955 ≤ L ≤ 1.

c) Superquadratic function is

φ(x) =

 x2 lnx, x > 0

0, x = 0
.

d) The functions f(t) = ln(1 + t)− t is superquadratic.

e) Any function φ : [0,∞) → [−2,−1] is superquadratic (satis�es (2.237) for Cx = 0).

For more informations see [1, 3, 4, 19].

2.10.2. Improvements of majorization theorems

To prove our main results we need the following technical lemma.

Lemma 2.10.7.([64]): Let φ : [0,∞) → R be a continuously di�erentiable and φ′ :

[0,∞) → R be a superadditive function. Then the function ψ : [0,∞) → R, de�ned by

ψ (y) = φ (y)− φ (z)− φ′ (z) (y − z)− φ (|y − z|) + φ (0) ,

is nonnegative for all z ∈ [0,∞).

If φ′ is subadditive, then ψ is nonpositive for all z ∈ [0,∞).
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Proof: Since φ′ is superadditive, then for 0 ≤ z ≤ y we have

0 ≤
∫ y

z

(
φ′(t)− φ′(z)− φ′(t− z)

)
dt

= φ(y)− φ(z)− φ′(z)(y − z)− φ(y − z) + φ(0)

and for 0 ≤ y ≤ z,

0 ≤
∫ z

y

(
φ′(z)− φ′(t)− φ′(z − t)

)
dt

= φ′(z)(z − y)− φ(z) + φ(y) + φ(0)− φ(z − y).

Together these show that for any y, z ∈ [0,∞) the inequality

φ (y)− φ (z)− φ′ (z) (y − z)− φ (|y − z|) + φ (0) ≥ 0

holds. So we conclude that the function ψ is nonnegative on [0,∞) .

The case when φ′ is subadditive we can prove analogously.

In the sequel we use the following notation.

Let x = (x1, ..., xl) and y = (y1, ..., yk) be vectors with nonnegative entries and u =

(u1, ..., ul) and v = (v1, ..., vk) be nonnegative weights. We write

(y,v) ≺ (x,u)

if y = xTT and u = vT, i.e. yi =
∑l

j=1 xjtij , i = 1, ..., k, and uj =
k∑
i=1

vitij , j = 1, ..., l,

holds for some row stochastic matrix T = (tij) ∈ Mkl(R).

One can write (y,v) ≺T (x,u) instead (y,v) ≺ (x,u).

Main results of this section contain Sherman's type inequalities as follows.

Theorem 2.10.45([64]): Let x = (x1, ..., xl), y = (y1, ..., yk) be vectors with nonnegative

entries, u = (u1, ..., ul), v = (v1, ..., vk) be nonnegative weights and T = (tij) ∈ Mkl(R) be

row stochastic matrix such that (y,v) ≺T (x,u).

If φ : [0,∞) → R is a continuously di�erentiable and φ′ : [0,∞) → R is a superadditive
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function, then

k∑
i=1

viφ(yi) +
k∑
i=1

l∑
j=1

vitijφ (|xj − yi|) ≤
l∑

j=1

ujφ (xj) +
k∑
i=1

viφ(0). (2.240)

a) If in addition φ (0) ≤ 0, then φ is superquadratic and

k∑
i=1

viφ(yi) +
k∑
i=1

l∑
j=1

vitijφ (|xj − yi|) ≤
l∑

j=1

ujφ (xj) . (2.241)

b) If in addition φ ≥ 0 and φ(0) = φ
′
(0) = 0, then φ is superquadratic and convex

increasing and

k∑
i=1

viφ(yi) ≤
k∑
i=1

viφ(yi) +

k∑
i=1

l∑
j=1

vitijφ (|xj − yi|) ≤
l∑

j=1

ujφ (xj) . (2.242)

Proof: By Lemma 2.10.7., choosing y = xj we have

ψ (xj) = φ (xj)− φ (z)− φ′ (z) (xj − z)− φ (|xj − z|) + φ (0) ≥ 0.

Now, multiplying with tij and summing over j = 1, ..., l, we get

l∑
j=1

tijψ (xj)

=
l∑

j=1

tijφ (xj)− φ (z)− φ′ (z)

 l∑
j=1

tijxj − z

−
l∑

j=1

tijφ (|xj − z|) + φ (0) ≥ 0.

Inserting z = yi =
∑l

j=1 tijxj we get

l∑
j=1

tijφ (xj)− φ (yi)−
l∑

j=1

tijφ (|xj − yi|) + φ (0) ≥ 0,

i.e.

φ (yi) +

l∑
j=1

tijφ (|xj − yi|) ≤
l∑

j=1

tijφ (xj) + φ (0) , for i = 1, ..., k.
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Multiplying with vi and summing over i = 1, ..., k, we get

k∑
i=1

viφ (yi) +

k∑
i=1

vi

l∑
j=1

tijφ (|xj − yi|) ≤
k∑
i=1

vi

l∑
j=1

tijφ (xj) +

k∑
i=1

viφ (0) . (2.243)

Since
∑k

i=1 vitij = uj , then (2.243) is equivalent to (2.240), as required.

a) Since φ(0) ≤ 0, then by Lemma 2.10.5. φ is superquadratic. The inequality (2.241)

follows from (2.240).

b) Since φ(0) = 0, then by Lemma 2.10.5. φ is superquadratic. Therefore, the convexity

follows from Lemma 2.10.6.. Because of φ ≥ 0 and φ(0) = 0, it follows that φ is increasing.

Moreover, since φ is nonnegative, then

k∑
i=1

l∑
j=1

vitijφ (|xj − yi|) ≥ 0. (2.244)

Therefore, together with

k∑
i=1

viφ(yi) +
k∑
i=1

l∑
j=1

vitijφ (|xj − yi|) ≤
l∑

j=1

ujφ (xj) ,

it gives (2.242). This completes the proof.

Note that our results for convex functions (2.242) improves Sherman's inequality (2.10).

An analogous inequality to (2.241) obtained by a di�erent approach can be found in [123].

Remark 2.10.29.: Choosing k = 1, v1 = 1, t1j = uj , j = 1, ..., l, y1 =
l∑

j=1
ujxj with

x̄ =
l∑

j=1
ujxj , from Theorem 2.10.45 we obtain analogous Jensen's type inequalities. The

inequality (2.240) reduces to

φ (x̄) +
l∑

j=1

ujφ (|xj − yi|) ≤
l∑

j=1

ujφ (xj) + φ(0).

a) If in addition φ (0) ≤ 0, then φ is superquadratic and

φ (x̄) +

l∑
j=1

ujφ (|xj − x̄|) ≤
l∑

j=1

ujφ (xj) .
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b) If in addition φ ≥ 0 and φ(0) = φ
′
(0) = 0, then φ is superquadratic and convex

increasing and

φ (x̄) ≤ φ (x̄) +
l∑

j=1

ujφ (|xj − x̄|) ≤
l∑

j=1

ujφ (xj) .

Choosing k = l and v = e = (1, ..., 1) in Theorem 2.10.45, the condition (y,v) ≺ (x,u)

implies y = xTT with some doubly stochastic matrix T and u = vT=e = (1, ..., 1), and as

direct consequence of Theorem 2.10.45 we get the following corollary which gives analogous

results for Majorization inequality (2.5).

Corollary 2.10.16.: Let x = (x1, ..., xk), y = (y1, ..., yk) be vectors with nonnegative

entries and T = (tij) ∈ Mkk(R) be doubly stochastic matrix such that y = xT⊤.

If φ : [0,∞) → R is a continuously di�erentiable and φ′ : [0,∞) → R is a superadditive

function, then

k∑
i=1

φ(yi) +

k∑
i=1

k∑
j=1

tijφ (|xj − yi|) ≤
k∑
i=1

φ (xi) + kφ(0).

a) If in addition φ (0) ≤ 0, then φ is superquadratic and

k∑
i=1

φ(yi) +
k∑
i=1

k∑
j=1

tijφ (|xj − yi|) ≤
k∑
i=1

φ (xi) .

b) If in addition φ ≥ 0 and φ(0) = φ
′
(0) = 0, then φ is superquadratic and convex

increasing and

k∑
i=1

φ(yi) ≤
k∑
i=1

φ(yi) +
k∑
i=1

k∑
j=1

tijφ (|xj − yi|) ≤
k∑
i=1

φ (xi) . (2.245)

Remark 2.10.30.: Our result (2.245) applied to convex functions improves Majorization

inequality (2.5).

Theorem 2.10.46([64]): Let x,y,u,v and T be as in Theorem 2.10.45. If φ : [0,∞) →

R is a continuously di�erentiable and φ′ : [0,∞) → R is a subadditive function, then the

reverse of (2.240) holds. If in addition φ (0) = 0, then φ is subquadratic and the reverse of

(2.241) holds.
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Proof: We use the same technique as in the proof of (2.240) and (2.241). We omit the

details.

2.10.3. Conversions via superquadracity

The next remark, which is direct consequence of Theorem 2.10.44, will be very useful for

us in proving the following conversions of results from the previous subsection.

Remark 2.10.31.: From (2.238), specially for k = 2, u1 = t ∈ [0, 1] , u2 = 1 − t and

x1 = z1 ≥ 0, x2 = z2 ≥ 0, we get

φ (tz1 + (1− t)z2) + tφ ((1− t) |z1 − z2|) + (1− t)φ (t |z1 − z2|)

≤ tφ(z1) + (1− t)φ(z2) (2.246)

Further, let x, z1, z2 ≥ 0 be such that z1 < x < z2. Then there exists t ∈ [0, 1] such that

x = tz1 + (1− t) z2. It follows

t =
z2 − x

z2 − z1
and 1− t =

x− z1
z2 − z1

.

Replacing that in (2.246), we get

φ (x) +
z2 − x

z2 − z1
φ (x− z1) +

x− z1
z2 − z1

φ (z2 − x) ≤ z2 − x

z2 − z1
φ(z1) +

x− z1
z2 − z1

φ(z2),

which is equivalent to

φ (x) ≤ z2 − x

z2 − z1
[φ(z1)− φ (x− z1)] +

x− z1
z2 − z1

[φ(z2)− φ (z2 − x)] . (2.247)

Theorem 2.10.47([64]): Let x = (x1, ..., xl), y = (y1, ..., yk) be vectors with entries

from [m,M ] (0 ≤ m < M), u = (u1, ..., ul), v = (v1, ..., vk) be nonnegative weights such

that (y,v) ≺ (x,u).
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If φ : [0,∞) → R is a superquadratic function, then

l∑
j=1

ujφ (xj) + Ω ≤
M

k∑
i=1

vi −
k∑
i=1

viyi

M −m
φ(m) +

k∑
i=1

viyi −m
k∑
i=1

vi

M −m
φ(M), (2.248)

where

Ω =
1

M −m

l∑
j=1

uj [(M − xj)φ (xj −m) + (xj −m)φ (M − xj)] . (2.249)

If in addition φ ≥ 0, then φ is convex and the following series of inequalities hold

k∑
i=1

viφ(yi) ≤
l∑

j=1

ujφ (xj) (2.250)

≤
M

k∑
i=1

vi −
k∑
i=1

viyi

M −m
φ(m) +

k∑
i=1

viyi −m
k∑
i=1

vi

M −m
φ(M)− Ω

≤
M

k∑
i=1

vi −
k∑
i=1

viyi

M −m
φ(m) +

k∑
i=1

viyi −m
k∑
i=1

vi

M −m
φ(M).

Proof: Substituting z1 = m, z2 =M and x = xj in (2.247) we get

φ (xj) ≤
M − xj
M −m

[φ(m)− φ (xj −m)] +
xj −m

M −m
[φ(M)− φ (M − xj)] ,

which is equivalent to

φ (xj) +
M − xj
M −m

φ (xj −m) +
xj −m

M −m
φ (M − xj) ≤

M − xj
M −m

φ(m) +
xj −m

M −m
φ(M).

Since (x,u) ≺ (y,v), there exists a row stochastic natrix T = (tij) ∈ Mkl(R) such that

(x,u) ≺T (y,v).
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Now, multiplying with tij and summing over j = 1, ..., l, we get

l∑
j=1

tijφ (xj) +
l∑

j=1

tij

(
M − xj
M −m

φ (xj −m) +
xj −m

M −m
φ (M − xj)

)

≤
M −

l∑
j=1

tijxj

M −m
φ(m) +

l∑
j=1

tijxj −m

M −m
φ(M).

Further, multiplying with vi and summing over i = 1, ..., k, we get

k∑
i=1

l∑
j=1

vitijφ (xj)

+
1

M −m

k∑
i=1

l∑
j=1

vitij [(M − xj)φ (xj −m) + (xj −m)φ (M − xj)]

≤
M

k∑
i=1

vi −
k∑
i=1

l∑
j=1

vitijxj

M −m
φ(m) +

k∑
i=1

l∑
j=1

vitijxj −m
k∑
i=1

vi

M −m
φ(M),

which is equivalent to (2.248).

Therefore, if φ ≥ 0, then from Lemma 2.10.6. it follows that φ is convex. The �rst

inequality in (2.250) is Sherman's inequality which holds under assumptions of theorem.

Others inequalities in (2.250) follow from (2.248) since Ω ≥ 0.

Remark 2.10.32.: In the previous theorem we got series of inequalities that include

Sherman's inequality and its converse. This result (2.250) improves (2.11).

Remark 2.10.33.: If φ is subquadratic, then the reverse inequality in (2.248) holds.

Choosing k = l and v = e = (1, ..., 1) in Theorem 2.10.47, we get the following corollary.

Corollary 2.10.17.([64]): Let x = (x1, ..., xk), y = (y1, ..., yk) be vectors with entries

from [m,M ] (0 ≤ m < M) such that y ≺ x.

If φ : [0,∞) → R is a superquadratic function, then

k∑
i=1

φ (xi) + Λ ≤
kM −

k∑
i=1

yi

M −m
φ(m) +

k∑
i=1

yi − km

M −m
φ(M)
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where

Λ =
1

M −m

k∑
i=1

[(M − xi)φ (xi −m) + (xi −m)φ (M − xi)] .

If in addition φ ≥ 0, then φ is convex and the following series of inequalities hold

k∑
i=1

φ (yi) ≤
k∑
i=1

φ (xi) (2.251)

≤
kM −

k∑
i=1

yi

M −m
φ(m) +

k∑
i=1

yi − km

M −m
φ(M)− Λ

≤
kM −

k∑
i=1

yi

M −m
φ(m) +

k∑
i=1

yi − km

M −m
φ(M).

Remark 2.10.34.: In the previous corollary we obtained series of inequalities that in-

clude Majorization inequality and its converse.. This result improves (2.12).
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CHAPTER 3.

On Sherman's inequality for n-Convex Functions

Through this chapter, by using di�erent classes of interpolation polynomials in combina-

tion with nice properties of Green's functions, which we introduce in the sequel, we obtain

extensions of Sherman's inequality (2.10) on the class of convex functions of the higher

order which are in special case convex in usual sense (see De�nition 1.1.6.). We also ob-

tain extension of Majorization inequality (see Theorem 2.1.1 and Theorem 2.1.3). Using

results for the �eby²ev functionals (Theorem 1.4.12 and Theorem 1.4.13) we derive related

generalized inequalities of the Grüss type. We also present generalized Ostrowski type in-

equalities. Obtained generalizations we use for constructing new linear functionals which

enables us to present results in the form of mean value theorems. Applying the exponential

convexity method, established in [77], we present several families of exponentially convex

functions that are an essential ingredient of new Cauchy type means closely related to

Stolarsky means. Constructed exponentially convex functions are added as new non-trivial

examples that sparse examples of exponentially convex functions since invention of expo-

nential convexity back to 1929. Material of this chapter is quoted mainly from [6], [7], [8],

[9], [10], [66], [67], [68], [69], [73], [74].
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3.1. Sherman's inequality and Taylor's formula

The techniques that are used in this section are based on the classical real analysis and

an application of Taylor's formula with the integral remainder which we introduce in the

sequel. The results from this section are quoted from [67].

Through this section we always assume that [α, β] ⊂ R unless otherwise stated.

Theorem 3.1.1: Let n ∈ N, f : [α, β] → R be such that f (n−1) ∈ AC([α, β]) and

c ∈ [α, β]. Then for all x ∈ [α, β] we have

f(x) = Tn−1(f ; c, x) +Rn−1(f ; c, x), (3.1)

where Tn−1(f ; c, x) is a Taylor's polynomial of degree n− 1, i.e.

Tn−1(f ; c, x) =

n−1∑
k=0

f (k)(c)

k!
(x− c)k (3.2)

and the remainder is given by

Rn−1(f ; c, x) =
1

(n− 1)!

∫ x

c
f (n)(t)(x− t)n−1dt. (3.3)

In literature the previous theorem is known asTaylor's theorem orTaylor's formula

with the integral remainder.

Let us consider the real valued function

x 7→ (x− t)+ =

 x− t, t ≤ x

0, t > x
. (3.4)

If we apply Taylor's formula (3.1), i.e.

f(x) =
n−1∑
k=0

f (k)(c)

k!
(x− c)k +

1

(n− 1)!

∫ x

c
f (n)(t)(x− t)n−1dt (3.5)
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at the point c = α, we have

f(x) =

n−1∑
k=0

f (k)(α)

k!
(x− α)k +

1

(n− 1)!

∫ β

α
((x− t)+)

n−1f (n)(t)dt, (3.6)

where ∫ β

α
((x− t)+)

n−1 f (n)(t)dt =

∫ x

α
(x− t)n−1f (n)(t)dt+

∫ β

x
0dt. (3.7)

Similarly, applying Taylor's formula (3.5) to function f at the point c = β, we have

f(x) =
n−1∑
k=0

(−1)kf (k)(β)

k!
(β − x)k − (−1)n−1

(n− 1)!

∫ β

α
((t− x)+)

n−1f (n)(t)dt, (3.8)

where ∫ β

α
((t− x)+)

n−1f (n)(t)dt =

∫ x

α
0dt+

∫ β

x
(t− x)n−1f (n)(t)dt. (3.9)

3.1.1. Generalizations of Sherman's inequality by Taylor's formula

Using Taylor's formula with the previous announcement we introduce new identities re-

lated to Sherman's inequality (2.10) which will be very helpful to obtain generalizations of

Sherman's theorem (Theorem 2.2.4) to the class of n-convex functions.

Theorem 3.1.2: Let n ∈ N and f : [α, β] → R be such that f (n−1) ∈ AC([α, β]). Let

x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that

y = xAT and a = bA (3.10)

holds for some matrix A = (aij) ∈ Mml(R) satisfying the condition
∑l

j=1 aij = 1, i =

1, 2, ...,m. Then the following identities hold:
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(i)

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.11)

=

n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


+

1

(n− 1)!

∫ β

α

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

 f (n)(t)d ;

(ii)

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.12)

=

n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k


− (−1)n−1

(n− 1)!

∫ β

α

 l∑
j=1

aj((t− xj)+)
n−1 −

m∑
i=1

bi ((t− yi)+)
n−1

 f (n)(t)dt.
Proof: (i) Using (3.6) in the di�erence

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi), (3.13)

we get

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)

=

l∑
j=1

aj

[
n−1∑
k=0

f (k)(α)

k!
(xj − α)k +

1

(n− 1)!

∫ β

α
((xj − t)+)

n−1f (n)(t)dt

]

−
m∑
i=1

bi

[
n−1∑
k=0

f (k)(α)

k!
(yi − α)k +

1

(n− 1)!

∫ β

α
((yi − t)+)

n−1n−1f (n)(t)dt

]
.
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Now, by interchanging the order of summation and integration, we get

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) =

n−1∑
k=0

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


+

1

(n− 1)!

∫ β

α

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1

 f (n)(t)dt.
Since under the assumption (3.10) we have

l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k = 0 for k = 0, 1,

the identity (3.11) immediately follows.

(ii) Similarly, using (3.8) in Sherman's di�erence (3.13), with analogous argument as in the

previous case, we obtain (3.12).

Note that in the previous theorem we assume that weights a, b and matrix A are with

real entries, not necessary nonnegative as in Sherman's theorem (Theorem 2.2.4).

Using the previous identities we get the following extension of Sherman's theorem to

n-convex functions.

Theorem 3.1.3: Suppose that all the assumptions of Theorem 3.1.2 hold.

(i) If f is n-convex and

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 ≥ 0, t ∈ [α, β], (3.14)

then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) ≥
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

 . (3.15)

(ii) If f is n-convex and

(−1)n−1

 l∑
j=1

aj((t− xj)+)
n−1 −

m∑
i=1

bi ((t− yi)+)
n−1

 ≤ 0, t ∈ [α, β], (3.16)
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then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) ≥
n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k

 .
(3.17)

Proof: (i) By Theorem 3.1.2 the identity (3.11) holds. Since f is n-convex on [α, β], we

may assume without loss of generality that f is n-times di�erentiable and f (n) ≥ 0 on

[α, β] (see [138, p. 16]). Moreover, if (3.14) holds, it follows that the last term in (3.11) is

nonnegative, i.e. the inequality (3.15) holds.

(ii) Analogous to (i).

When we take into account Sherman's condition of nonnegativity, i.e. if we suppose

that weights a, b and matrix A are nonnegative, then the assumption (3.14) is equivalent

to the requirement that the function x 7→ (x − t)n−1
+ , t ∈ [α, β], must be convex. Notice

that x 7→ ((x− t)+)
n−1, t ∈ [α, β], is convex for every n ∈ N and then by Theorem 3.1.3,

the inequality (3.15) holds. Specially, for n = 2, the sum on the right hand side of (3.15)

is zero and we get
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi) ≥ 0,

i.e. we obtain Sherman's inequality as direct consequence.

Moreover, the following generalization hold.

Theorem 3.1.4: Suppose that all the assumptions of Theorem 3.1.2 hold. Additionally,

let a, b and A be nonnegative.

(i) If f is n-convex, then the inequality (3.15) holds. Moreover, if the function

F̃ (·) =
n−1∑
k=2

f (k)(α)

k!
(· − α)k (3.18)
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is convex on [α, β], then

0 ≤
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


≤

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi). (3.19)

(ii) If n is even and f is n-convex, then the inequality (3.17) holds. Moreover, if the

function

F̄ (·) =
n−1∑
k=2

(−1)kf (k)(β)

k!
(β − ·)k (3.20)

is convex on [α, β], then

0 ≤
n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k


≤

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi). (3.21)

Proof: (i) Since the function x 7→ ((x − t)+)
n−1, t ∈ [α, β], is convex for every n ∈ N,

then by Sherman's theorem we have

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 ≥ 0, t ∈ [α, β],

i.e. the condition (3.14) is satis�ed. Moreover, by Theorem 3.1.3 the inequality (3.15) holds.

Further, the right hand side of (3.15) can be written in the form

l∑
j=1

ajF̃ (xj)−
m∑
i=1

biF̃ (yi),

where F̃ is de�ned as in (3.18). If F̃ is convex, then by Sherman's theorem we have

l∑
j=1

ajF̃ (xj)−
m∑
i=1

biF̃ (yi) ≥ 0,

i.e. the right hand side of the inequality (3.15) is nonnegative, so (3.19) holds.
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(ii) Since the function

y 7→ (−1)n ((t− y)+)
n =

 0, t < y

(y − t)n, t ≥ y
, t ∈ [α, β],

is convex for even n and concave for odd n, then the function y 7→ (−1)n−1 ((t− y)+)
n−1

is concave for even n and applying Sherman's theorem we have

(−1)n−1

 l∑
j=1

aj((t− xj)+)
n−1 −

m∑
i=1

bi ((t− yi)+)
n−1

 ≤ 0, t ∈ [α, β],

i.e. the condition (3.16) is satis�ed. Now, applying Theorem 3.1.3 we get (3.17). Further,

the right hand side of (3.17) can be written in the form

l∑
j=1

ajF̄ (xj)−
m∑
i=1

biF̄ (yi),

where F̄ is de�ned as in (3.20). The rest of proof is analogous to (i).

By the previous theorem, under Sherman's condition of nonnegativity, the inequality

(3.15) holds. Since the function x 7→ (x− α)k is convex on [α, β], then

l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k ≥ 0.

Further, if f (k)(α) ≥ 0, k = 2, ..., n − 1, then the right hand side of (3.15) is nonnegative

and again double inequality (3.19) holds. Notice that (3.19) represents new lower bounds

for Sherman's di�erence
∑l

j=1 ajf(xj)−
∑m

i=1 bif(yi).

If n is even, then the inequality (3.17) holds. So, if f (k)(β) ≥ 0 for even k and f (k)(β) ≤ 0

for odd k, then (3.21) holds, i.e. we get the lower bound in another form.

3.1.2. The Ostrowski and Grüss type inequalities

In the previous subsection we get the lower bounds for the di�erence (3.13) in the forms

(3.19) and (3.21). In this subsection we give upper bounds related to obtained generaliza-

tions.
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To simplify the notation of the following results, we de�ne the functions B1,B2 : [α, β] → R

by

B1(t) =

l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 , (3.22)

B2(t) = (−1)n−1

 l∑
j=1

aj((t− xj)+)
n−1 −

m∑
i=1

bi ((t− yi)+)
n−1

 ,
where x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm are such as in Theorem 3.1.2, i.e. such

that (3.10) holds for some matrix A ∈ Mml(R) satisfying the condition
∑l

j=1 aij = 1, i =

1, 2, ...,m.

For such functions, we consider the �eby²ev functionals de�ned by

T (Bp,Bp) =
1

β − α

∫ β

α
B2
p(t)dt−

(
1

β − α

∫ β

α
Bp(t)dt

)2

, p = 1, 2.

Theorem 3.1.5: Let n ∈ N and f : [α, β] → R be such that f (n) ∈ AC([α, β]) with

(· − α)(β − ·)(f (n+1))2 ∈ L1[α, β]. Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such

that (3.10) holds for some matrix A ∈ Mml(R) satisfying the condition
∑l

j=1 aij = 1, i =

1, 2, ...,m. Let B1 and B2 be de�ned as in (3.22), respectively.

(i) The remainder κ1n(f ;α, β), de�ned by

κ1n(f ;α, β) =
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)

−
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k


−f

(n−1)(β)− f (n−1)(α)

(β − α)(n− 1)!

∫ β

α
B1(t)dt (3.23)

satis�es the estimation

∣∣κ1n(f ;α, β)∣∣ ≤ √
β − α√

2(n− 1)!
[T (B1,B1)]

1
2

(∫ β

α
(t− α)(β − t)[f (n+1)(t)]2dt

) 1
2

. (3.24)
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(ii) The remainder κ2n(f ;α, β), de�ned by

κ2n(f ;α, β) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)

−
n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k


−f

(n−1)(β)− f (n−1)(α)

(α− β)(n− 1)!

∫ β

α
B2(t)dt (3.25)

satis�es the estimation

∣∣κ2n(f ;α, β)∣∣ ≤ √
β − α√

2(n− 1)!
[T (B2,B2)]

1
2

(∫ β

α
(t− α)(β − t)[f (n+1)(t)]2dt

) 1
2

. (3.26)

Proof: (i) Comparing (3.11) and (3.23) we have

κ1n(f ;α, β) =

∫ b

a
B1(t)f

(n)(t)dt− f (n−1)(β)− f (n−1)(α)

β − α

∫ b

a
B1(t)dt

=

∫ b

a
B1(t)f

(n)(t)dt− 1

β − α

∫ b

a
f (n)(t)dt

∫ b

a
B1(t)dt

= (β − α)T (B1, f
(n)).

Applying Theorem 1.4.12 on the function B1 and f (n) we obtain (3.24).

(ii) Similarly, we can prove this part.

The following Grüss type inequalities can be obtained by using Theorem 1.4.13.

Theorem 3.1.6: Let n ∈ N and f : [α, β] → R be such that f (n) ∈ AC([α, β]) and

f (n+1) ≥ 0 on [α, β]. Let B1 and B2 be de�ned as in (3.22), respectively.

(i) Then the remainder κ1n(f ;α, β) de�ned by (3.23) satis�es the estimation

∣∣κ1n(f ;α, β)∣∣ (3.27)

≤ β − α

(n− 1)!

∥∥B′
1

∥∥
∞

[
f (n−1)(β) + f (n−1)(α)

2
− f (n−2)(β)− f (n−2)(α)

β − α

]
.
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(ii) Then the remainder κ2n(f ;α, β) de�ned by (3.25) satis�es the estimation

∣∣κ2n(f ;α, β)∣∣ (3.28)

≤ β − α

(n− 1)!

∥∥B′
2

∥∥
∞

[
f (n−1)(β) + f (n−1)(α)

2
− f (n−2)(β)− f (n−2)(α)

β − α

]
.

Proof: (i) Since

κ1n(f ;α, β) = (β − α)T (B1, f
(n)),

applying Theorem 1.4.13 on the function B1 and f (n) we obtain (3.27).

(ii) Similarly, we can prove this part.

As direct consequences of the previous theorems, choosing n = 2, we obtain the follow-

ing two corollaries.

Corollary 3.1.1.: Let f : [α, β] → R be such that f ′′ ∈ AC([α, β]) and (· − α)(β −

·)(f ′′′)2 ∈ L1[α, β]. Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that (3.10)

holds for some matrix A ∈Mml(R) satisfying the condition
∑l

j=1 aij = 1, i = 1, 2, ...,m.

(i) Then the remainder κ1(f ;α, β) de�ned by

κ1(f ;α, β) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.29)

− f ′(β)− f ′(α)

β − α

∫ β

α

 l∑
j=1

aj(xj − t)+ −
m∑
i=1

bi(yi − t)+

 dt

satis�es the estimation

∣∣κ1(f ;α, β)∣∣ ≤√β − α

2
[T (B,B)]

1
2

(∫ β

α
(t− α)(β − t)[f ′′′(t)]2dt

) 1
2

,

where

T (B,B) = 1

β − α

∫ β

α

 l∑
j=1

aj(xj − t)+ −
m∑
i=1

bi(yi − t)+

2

dt

−

 1

β − α

∫ β

α

 l∑
j=1

aj(xj − t)+ −
m∑
i=1

bi(yi − t)+

 dt

2

.
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(ii) Then the remainder κ2(f ;α, β) de�ned by

κ2(f ;α, β) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.30)

− f ′(β)− f ′(α)

α− β

∫ β

α

 m∑
i=1

bi(t− yi)+ −
l∑

j=1

aj(t− xj)+

 dt

satis�es the estimation

∣∣κ2(f ;α, β)∣∣ ≤√β − α

2
[T (R,R)]

1
2

(∫ β

α
(t− α)(β − t)[f ′′′(t)]2dt

) 1
2

,

where

T (R,R) =
1

β − α

∫ β

α

 m∑
i=1

bi(t− yi)+ −
l∑

j=1

aj(t− xj)+

2

dt

−

 1

β − α

∫ β

α

 m∑
i=1

bi(t− yi)+ −
l∑

j=1

aj(t− xj)+

 dt

2

.

Corollary 3.1.2.: Let f : [α, β] → R be such that f ′′ ∈ AC([α, β]) and f ′′′ ≥ 0 on [α, β].

Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that (3.10) holds for some matrix

A ∈Mml(R) satisfying the condition
∑l

j=1 aij = 1, i = 1, 2, ...,m.

(i) Then the remainder κ1(f ;α, β) de�ned by (3.29) satis�es the estimation

∣∣κ1(f ;α, β)∣∣ ≤ (β − α)
∥∥B′∥∥

∞

[
f ′(β) + f ′(α)

2
− f(β)− f(α)

β − α

]
,

where

B(t) =
l∑

j=1

aj(xj − t)+ −
m∑
i=1

bi(yi − t)+.

(ii) Then the remainder κ2(f ;α, β) de�ned by (3.30) satis�es the estimation

∣∣κ2(f ;α, β)∣∣ ≤ (β − α)
∥∥R′∥∥

∞

[
f ′(β) + f ′(α)

2
− f(β)− f(α)

β − α

]
,
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where

R(t) =
m∑
i=1

bi(t− yi)+ −
l∑

j=1

aj(t− xj)+.

Now we give related inequalities of the Ostrowski type.

Theorem 3.1.7: Suppose that all the assumptions of Theorem 3.1.2 hold. Let (p, q) be a

pair of conjugate exponents, i.e. 1 ≤ p, q ≤ ∞, 1/p+ 1/q = 1 and f (n) ∈ Lp[α, β].

Then

(i)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)−
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

∣∣∣∣∣∣
≤ 1

(n− 1)!

∥∥∥f (n)∥∥∥
p
∥B1∥q ; (3.31)

(ii)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)−
n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k

∣∣∣∣∣∣
≤ 1

(n− 1)!

∥∥∥f (n)∥∥∥
p
∥B2∥q . (3.32)

The constants on the right-hand side of (3.31) and (3.32) are sharp for 1 < p ≤ ∞ and

the best possible for p = 1.

Proof: (i) Applying the well known Hölder inequality to (3.11), we obtain

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)−
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

∣∣∣∣∣∣
=

∣∣∣∣∫ β

α
S(t)f (n)(t)dt

∣∣∣∣ ≤ ∥∥∥f (n)∥∥∥p
(∫ β

α
|S(t)|q dt

) 1
q

,

where we denote

S(t) = 1

(n− 1)!

 l∑
j=1

aj ((xj − t)+)
n−1 −

m∑
i=1

bi ((yi − t)+)
n−1 dt

 =
1

(n− 1)!
B1(t).
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For the proof of the sharpness of the constant
(∫ β

α |S(t)|q dt
) 1

q
, let us �nd a function f for

which the equality in (3.31) is obtained.

For 1 < p <∞ take f to be such that

f (n)(t) = sgnS(t)|S(t)|
1

p−1 .

For p = ∞ take f (n)(t) = sgnS(t).

For p = 1 we prove that

∣∣∣∣∫ β

α
S(t)f (n)(t)dt

∣∣∣∣ ≤ max
t∈[α,β]

|S(t)|
(∫ β

α

∣∣∣f (n)(t)∣∣∣ dt) (3.33)

is the best possible inequality.

Suppose that |S(t)| attains its maximum at t0 ∈ [α, β].

First we assume S(t0) > 0. For ε small enough we de�ne fε(t) by

fε(t) =


0, α ≤ t ≤ t0

1
εn!(t− t0)

n, t0 ≤ t ≤ t0 + ε

1
n!(t− t0)

n−1, t0 + ε ≤ t ≤ β

.

Then for ε small enough

∣∣∣∣∫ β

α
S(t)f (n)(t)dt

∣∣∣∣ = ∣∣∣∣∫ t0+ε

t0

S(t)1
ε
dt

∣∣∣∣ = 1

ε

∫ t0+ε

t0

S(t)dt.

Now from the inequality (3.33) we have

1

ε

∫ t0+ε

t0

S(t)dt ≤ S(t0)
∫ t0+ε

t0

1

ε
dt = S(t0).

Since

lim
ε→0

1

ε

∫ t0+ε

t0

S(t)dt = S(t0),

the statement follows.
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In the case S(t0) < 0, we de�ne fε(t) by

fε(t) =


1
n!(t− t0 − ε)n−1, α ≤ t ≤ t

− 1
εn!(t− t0 − ε)n, t0 ≤ t ≤ t0 + ε

0, t0 + ε ≤ t ≤ β

,

and the rest of the proof is the same as above.

(ii) Similar to the �rst part.

The following corollary is direct consequence of the previous theorem for n = 2.

Corollary 3.1.3.: Let f : [α, β] → R be such that f ′ ∈ AC([α, β]). Let x ∈ [α, β]l,

y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that (3.10) holds for some matrix A ∈ Mml(R)

satisfying the condition
∑l

j=1 aij = 1, i = 1, 2, ...,m. Let (p, q) be a pair of conjugate

exponents, i.e. 1 ≤ p, q ≤ ∞, 1/p+ 1/q = 1 and f ′′ ∈ Lp[α, β]. Then

(i)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥p
∫ β

α

∣∣∣∣∣∣
l∑

j=1

aj(xj − t)+ −
m∑
i=1

bi(yi − t)+

∣∣∣∣∣∣
q

dt


1
q

;

(3.34)

(ii)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi)

∣∣∣∣∣∣ ≤ ∥∥f ′′∥∥p
∫ β

α

∣∣∣∣∣∣
l∑

j=1

aj(t− xj)+ −
m∑
i=1

bi(t− yi)+

∣∣∣∣∣∣
q

dt


1
q

.

(3.35)

The constants on the right-hand side of (3.34) and (3.35) are sharp for 1 < p ≤ ∞ and

the best possible for p = 1.

3.1.3. Mean value theorems and n-exponential convexity

Motivated by inequalities (3.15) and (3.17), we de�ne some linear functionals as follows.
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De�nition 3.1.1.: Under the assumptions of Theorem 3.1.3, we de�ne

A1(f) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)−
n−1∑
k=2

f (k)(α)

k!

 l∑
j=1

aj(xj − α)k −
m∑
i=1

bi(yi − α)k

 ,
(3.36)

A2(f) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)−
n−1∑
k=2

(−1)kf (k)(β)

k!

 l∑
j=1

aj(β − xj)
k −

m∑
i=1

bi(β − yi)
k

 .
Remark 3.1.1.: It should be noticed that if f : [α, β] → R is n-convex, then by Theorem

3.1.3, it holds

Ap(f) ≥ 0, p = 1, 2.

Using given linear functionals we derive mean value theorems of the Lagrange and

Cauchy type.

Theorem 3.1.8: Let f ∈ Cn([α, β]) and Ap, p = 1, 2, be the linear functionals de�ned

as in (3.36). Then there exists ξp ∈ [α, β], (p = 1, 2), such that

Ap(f) = f (n)(ξp)Ap(φ0), p = 1, 2, (3.37)

where φ0(x) = xn/n!.

Proof: Since f ∈ Cn([α, β]), then there exist m = min
x∈[α,β]

f (n)(x) and M = max
x∈[α,β]

f (n)(x)

such that m ≤ f (n)(x) ≤M for each x ∈ [α, β].

We de�ne the functions φ1, φ2 : [α, β] → R by

φ1(x) =
Mxn

n! − f(x) =Mφ0(x)− f(x) and φ2(x) = f(x)− mxn

n! = f(x)−mφ0(x).

Then

φ
(n)
1 (x) =M − f (n)(x) ≥ 0 and φ

(n)
2 (x) = f (n)(x)−m ≥ 0,

so the functions φ1, φ2 are n-convex.
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Hence, Ai(φ1) ≥ 0 and Ai(φ2) ≥ 0, i.e. we have

MAi(φ0) ≥ Ai(f) and mAi(φ0) ≤ Ai(f), for i = 1, 2.

Combining the last two inequalities we obtain

mAi(φ0) ≤ Ai(f) ≤MAi(φ0), for i = 1, 2.

Then there exists ξi ∈ [α, β] such that Ai(f) = f (n)( ξi)Ai(φ0), i = 1, 2, holds.

Theorem 3.1.9: Let f, g ∈ Cn([α, β]) and Ap, (p = 1, 2), be the linear functionals de�ned

as in (3.36). Then there exists ξp ∈ [α, β], p = 1, 2, such that

f (n)(ξp)

g(n)(ξp)
=
Ap(f)

Ap(g)
, p = 1, 2, (3.38)

assuming that both denominators are non-zero.

Proof: De�ne the functions hi : [α, β] → R, i = 1, 2, by

hi(x) = Ai(g)f(x)−Ai(f)g(x).

Then hi ∈ Cn([α, β]) for each i = 1, 2.

By the previous theorem, it follows that there exists ξi ∈ [α, β] such that

Ai(hi) = h
(n)
i (ξi)Ai(φ0), i = 1, 2,

where φ0(x) = xn/n!.

Since

Ai(hi) = Ai(g)Ai(f)−Ai(f)Ai(g) = 0

and

h
(n)
i (ξi)Ai(φ0) =

[
Ai(g)f

(n)(ξi)−Ai(f)g
(n)(ξi)

]
Ai(φ0)
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for each i = 1, 2, it follows that

Ai(g)f
(n)(ξi)−Ai(f)g

(n)(ξi) = 0,

i.e.
f (n)(ξi)

g(n)(ξi)
=
Ai(f)

Ai(g)
, i = 1, 2,

what we need to prove.

Remark 3.1.2.: If f
(n)

g(n) is an invertible function, then from (3.38) we have

ξp =

(
f (n)

g(n)

)−1(
Ap(f)

Ap(g)

)

which presents a new mean of Cauchy's type of the interval [α, β].

Applying exponential convexity method, established in [77], we could previous results

interpret in the form of exponentially convex functions or in a special case logarithmically

convex functions. As outcome we de�ne new classes of two-parameter Cauchy-type means.

In order to obtain results regarding the exponential convexity, we de�ne the families

of functions as follows.

De�nition 3.1.2.: Let I be an open interval in R. For every choice of t + 1 mutually

di�erent points z0, z1, ..., zt ∈ [α, β] we de�ne:

� F1 = {fv : [α, β] → R : v ∈ I and v 7→ [z0, z1, ..., zt; fv] is n-exponentially convex in the

Jensen sense on I}

� F2 = {fv : [α, β] → R : v ∈ I and v 7→ [z0, z1, ..., zt; fv] is exponentially convex in the

Jensen sense on I}

� F3 = {fv : [α, β] → R : v ∈ I and v 7→ [z0, z1, ..., zt; fv] is 2-exponentially convex in the

Jensen sense on I}

Now we present theorem which gives non trivial examples of n-exponentially and ex-

ponentially convex functions including the positive linear functionals Ap (p = 1, 2).
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Theorem 3.1.10: Let Ap, (p = 1, 2), be the linear functionals de�ned by (3.36) associated

with the family F1 (resp. F2).

Then the following statements are valid for each p = 1, 2.

(i) The function v 7→ Ap(fv) is n-exponentially convex (resp. exponentially convex) in

the Jensen sense on I.

(ii) The matrix

[
Ap

(
f tj+tl

2

)]m
j,l=1

is a positive semi-de�nite. Particularly,

det

[
Ap

(
f tj+tl

2

)]m
j,l=1

≥ 0

for all m ∈ N, m ≤ n, and t1, .., tm ∈ I (resp. for all m ∈ N and t1, .., tm ∈ I).

(iii) If the function v 7→ Ap(fv) is continuous on I, then it is n-exponentially convex

(resp. exponentially convex) on I.

Proof: (i) Let pj , sj ∈ R, j = 1, ..., n, and sjk =
sj+sk

2 , 1 ≤ j, k ≤ n. We consider the

function h : [α, β] → R de�ned by

h(x) =
n∑

j,k=1

pjpkfsjk(x),

where fsjk ∈ F1. It follows by de�nition that h ∈ C([α, β]).

Since the function t 7→ [x0, x1, ..., xl; ft] is n-exponentially convex in the Jensen sense on

I, we have

[x0, x1, ..., xl;h] =
n∑

j,k=1

pjpk
[
x0, x1, ..., xl; fsjk

]
≥ 0.

Hence, the function h is n-convex. Therefore, we have

Ai(h) =

n∑
j,k=1

pjpkAi
(
fsjk

)
≥ 0,

for each i = 1, 2 and all choices of pj , sj ∈ R.

Now we conclude that the function t 7→ Ai(ft) is n-exponentially convex in the Jensen

sense on I what we need to prove.

(ii) It follows from (i) and De�nition 1.2.8..

(iii ) Since v 7→ Ap(fv) is n-exponentially convex (resp. exponentially convex) in the Jensen
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sense on I and in addition continuous on I, then it is n-exponentially convex (resp. expo-

nentially convex) on I.

Corollary 3.1.4.: Let Ap, p = 1, 2, be the linear functional de�ned as in (3.36) associated

with the family F3.

Then the following statements are valid for each p = 1, 2.

(i) If the function v 7→ Ap(fv) is continuous on I, then it is 2-exponentially convex on I.

If v 7→ Ap(fv) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r, s, t ∈ I, such that r < s < t, it holds

[Ap(fs)]
t−r ≤ [Ap(fr)]

t−s [Ap(ft)]
s−r .

(ii) If the function v 7→ Ap(fv) is positive and di�erentiable on I, then for all r, s, u, w ∈ I

such that r ≤ u, s ≤ w, we have

Mr,s (Ap,F3) ≤Mu,w (Ap,F3) , (3.39)

where

Mr,s (Ap,F3) =


(
Ap(fr)
Ap(fs)

) 1
r−s

, r ̸= s

exp

(
d
dr

(Ap(fr))

Ap(fr)

)
, r = s

, (3.40)

for fr, fs ∈ F3.

Proof: (i) The �rst part of statement is an easy consequence of Theorem 3.1.10 and the

second one of Remark 1.2.10..

(ii) From (i) we have that the function t 7→ Ap(ft) is log-convex on I, i.e. the function

t 7→ logAp(ft) is convex on I. Applying Remark 1.1.1. b) we get

logAp(fr)− logAp(fs)

r − s
≤ logAp(fu)− logAp(fv)

u− v
(3.41)

for r ≤ u, s ≤ v, r ̸= u, s ̸= v. Therefore, we have

Mr,s (Ap,F3) ≤Mu,v (Ap,F3) .
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Case r = s, u = v follows from (3.41) as limiting case.

Remark 3.1.3.: The property (3.39) ismonotonicity property over both parameters.

Note that the results from Theorem 3.1.10 and Corollary 3.1.4. still hold when two

of the points z0, z1, ..., zt ∈ [α, β] coincide, say z0 = z1, for the family of di�erentiable

functions fv such that the function v 7→ [z0, z1, ..., zt; fv] is an n-exponentially convex

in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen

sense), and furthermore, they still hold when all (t + 1) points coincide for a family of t

di�erentiable functions with the same property. The proofs are obtained by the formula

[x, ..., x︸ ︷︷ ︸
j-times

; f ] =
f (j−1)(x)

(j − 1)!
(3.42)

and by a suitable characterization of convexity.

Example 1.: Consider the family of functions

Ω = {φu : [0,∞) → R : u > 0},

de�ned by

φu(x) =


xu

u(u−1)···(u−n+1) , u /∈ {1, ..., n− 1},
xj log x

(−1)n−1−jj!(n−1−j)! , u = j ∈ {1, ..., n− 1},

with 0 log 0 := 0.

Since dnφu

dxn (x) = xu−n = e(u−n) log x > 0, it follows that φu is n-convex on [0,∞) for every

u > 0. The function u 7→ dnφu

dxn (x) is exponentially convex. Therefore, using the same argu-

ments as in proof of Theorem 3.1.10, we conclude that the function u 7→ [z0, z1, ..., zt;φu]

is exponentially convex (and so exponentially convex in the Jensen sense). Also, it follows

that u 7→ A1(φu) is exponentially convex since it is exponentially convex in the Jensen

sense and continuous. If [α, β] ⊂ [0,∞) and A1(φu) > 0, for this family of functions,
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(3.40) becomes

Mr,s (A1,Ω) =



(
s(s−1)...(s−n+1)
r(r−1)...(r−n+1)

∑l
j=1 ajx

r
j−

∑m
i=1 biy

r
i∑l

j=1 ajx
s
j−

∑m
i=1 biy

s
i

) 1
r−s

, r ̸= s,

exp

(∑l
j=1 ajx

r
j log xj−

∑m
i=1 biy

r
i log yi∑l

j=1 ajx
r
j−

∑m
i=1 biy

r
i

+
n−1∑
k=0

1
k−r

)
,

r = s /∈ {1, ..., n− 1},

exp

( ∑l
j=1 ajx

r
j log

2 xj−
∑m

i=1 biy
r
i log2 yi

2(
∑l

j=1 ajx
r
j log xj−

∑m
i=1 biy

r
i log yi)

+
n−1∑

k=0,i̸=r

1
k−r

)
,

r = s ∈ {1, ..., n− 1}.

(3.43)

For a di�erent choice of parameters r, s ∈ R, extensions are obtained by continuity.

To show that Mr,s (A1,Ω) presents a mean of an interval [α, β], we apply Theorem 3.1.9

to f = φr and g = φs, where r, s ∈ R, r ̸= s, r, s ̸= 0, 1. Setting α = mini,j{xj , yi} and

β = maxi,j{xj , yi}, by Theorem 3.1.9, there exists unique ξ ∈ [α, β] such that

α ≤ ξ =

(
A1(φr)

A1(φs)

) 1
r−s

≤ β.

Also, Mr,s (A1,Ω) is obviously symmetric. The monotonicity properties over both parame-

ters follows from (ii)-part of Corollary 3.1.4..

We obtain a new class of two-parameter Cauchy-type means.

Using the linear functional A2, de�ned by (3.36), we can on analogous way derive another

class of two-parameter Cauchy-type means with the same properties.

Example 2.: Consider the family of functions

Ω = {φu : [0,∞) → R : u > 0},

de�ned by

φu(x) =


xu

u(u−1)···(u−n+1) , u /∈ {1, ..., n− 1},
xj log x

(−1)n−1−jj!(n−1−j)! , u = j ∈ {1, ..., n− 1},

with 0 log 0 := 0.

Since dnφu

dxn (x) = xu−n = e(u−n) log x > 0, u ∈ R, it follows that φu is n-convex on [0,∞)

for every u ∈ R. The function u 7→ dnφu

dxn (x) is exponentially convex. Therefore, using
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the same arguments as in proof of Theorem 3.1.10, we conclude that the function u 7→

[z0, z1, ..., zt;φu] is exponentially convex (and so exponentially convex in the Jensen sense).

It also follows that u 7→ A1(φu) is exponentially convex since it is exponentially convex

in the Jensen sense and continuous. If [α, β] ⊂ [0,∞) and A1(φu) > 0, for this family of

functions, (3.40) becomes

Mr,s =

(
s(s− 1)...(s− n+ 1)

r(r − 1)...(r − n+ 1)

∑l
j=1 ajx

r
j −

∑m
i=1 biy

r
i −

∑n−1
k=2

r(r−1)...(r−k+1)
k! αr−kAk∑l

j=1 ajx
s
j −

∑m
i=1 biy

s
i −

∑n−1
k=2

s(s−1)...(s−k+1)
k! αs−kAk

) 1
r−s

,

r ̸= s;

Mr,r = exp

(∑l
j=1 ajx

r
j log xj −

∑m
i=1 biy

r
i log yi −B1∑l

j=1 ajx
r
j −

∑m
i=1 biy

r
i −B2

+
n−1∑
k=0

1

k − r

)
,

r = s /∈ {1, ..., n− 1};

Mr,r = exp

 ∑l
j=1 ajx

r
j log

2 xj −
∑m

i=1 biy
r
i log

2 yi −B3

2
(∑l

j=1 ajx
r
j log xj −

∑m
i=1 biy

r
i log yi −B1

) +
n−1∑

k=0,k ̸=r

1

k − r

 ,

r = s ∈ {1, ..., n− 1},

where

B1 =

n−1∑
k=2

1

k!
Ak

dk

dxk
|xr log x|x=α,

B2 =
n−1∑
k=2

r(r − 1)...(r − k + 1)

k!
αr−kAk,

B2 =
n−1∑
k=2

r(r − 1)...(r − k + 1)

k!
αr−kAk,

Ak =
l∑

j=1

aj (xj − α)k −
m∑
i=1

bi (yi − α)k .

For a di�erent choice of parameters r, s ∈ R, extensions are obtained by continuity.

As we explane in the previous example, in an analogous way we can show that we obtain a

new class of two-parameter Cauchy-type means which are monotonic over both parameters.

Using the linear functional A2, de�ned by (3.36), we can on analog way derive a new class

of two-parameter Cauchy-type means Mr,s (A2,Ω) with the same properties.
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3.2. Sherman's inequality and Taylor's formula with Green's

functions

In this section, by combining Taylor's formula with Green's functions, which we de�ne

below, we derive new extensions of Sherman's inequality (2.10) for convex functions of a

higher order. We obtain new generalized inequalities of the Grüss and Ostrowski type. We

use the obtained generalizations to give results in the form of mean value theorems and

to construct new nontrivial families of exponentially convex functions that enable us to

derive new means of the Cauchy type. The results from this section are quoted from [73].

In the following results we consider the function G1 : [α, β]× [α, β] → R de�ned by

G1(u, s) =


α− s, s ≤ u,

α− u, u ≤ s.

(3.44)

It is Green's function of the boundary value problem

z′′ = 0, z(α) = z′(β) = 0.

The function G1 is continuous and convex in u, since it is symmetric, i.e. G1(u, s) =

G1(s, u), then also in s.

We also introduce four other type of Green's functions de�ned on [α, β] × [α, β] as
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follows:

G2(u, s) =


u− β, s ≤ u

s− β, u ≤ s

, (3.45)

G3(u, s) =


u− α, s ≤ u

s− α, u ≤ s

, (3.46)

G4(u, s) =


β − s, s ≤ u

β − u, u ≤ s

, (3.47)

G5(u, s) =


(u−β)(s−α)

β−α , s ≤ u,

(s−β)(u−α)
β−α , u ≤ s.

(3.48)

All Green's functions are continuous, symmetric and convex with respect to the both

variables u and s. For more details see [157].

Next we present one technical lemma which gives us new identities involving de�ned

Green's functions.

Lemma 3.2.1.: Let Gz(·, s), s ∈ [α, β], z = 1, 2, 3, 4, 5 be de�ned as in (3.44)-(3.48).

Then for every f ∈ C2([α, β]), it holds:

f(u) = f(α) + (u− α)f ′(β) +

∫ β

α
G1(u, s)f

′′(s)ds, (3.49)

f(u) = f(β) + (u− β)f ′(α) +

∫ β

α
G2(u, s)f

′′(s)ds, (3.50)

f(u) = f(β)− (β − α)f ′(β) + (u− α)f ′(α) +

∫ β

α
G3(u, s)f

′′(s)ds, (3.51)

f(u) = f(α) + (β − α)f ′(α)− (β − u)f ′(β) +

∫ β

α
G4(u, s)f

′′(s)ds, (3.52)

f(u) =
β − u

β − α
f(α) +

u− β

β − α
f(β) +

∫ β

α
G5(u, s)f

′′(s)ds. (3.53)

Proof: Let us consider Green's function G2(·, s) de�ned by (3.45).
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Utilizing integration by parts we have

∫ β

α
G2(u, s)f

′′(s)ds =

∫ u

α
G2(u, s)f

′′(s)ds+

∫ β

u
G2(u, s)f

′′(s)ds

=

∫ u

α
(u− β)f ′′(s)ds+

∫ β

u
(s− β)f ′′(s)ds

= (u− β)f ′(s)|uα + (s− β)f ′(s)|βu −
∫ β

u
f ′(s)ds

= (u− β)f ′(u)− (u− β)f ′(α)

+ (β − β)f ′(β)− (u− β)f ′(u)− f(β) + f(u)

= −(u− β)f ′(α)− f(β) + f(u),

from which (3.50) follows immediately. Similarly, we can prove other identities.

3.2.1. Generalizations of Sherman's inequality by Taylor's formula and

Green's functions

We start this subsection with two equivalent statements that include Sherman's type in-

equalities for real, not necessary nonnegative values of weights a, b and matrix A.

Theorem 3.2.11: Let x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a =

(a1, ..., al) ∈ Rl, b = (b1, ..., bm) ∈ Rm and

y = xAT and a = bA (3.54)

for some matrix A = (aij) ∈ Mml(R) such that
∑l

j=1 aij = 1, i = 1, ...,m. Let Gz(·, s), s ∈

[α, β], z = 1, 2, 3, 4, 5 be de�ned as in (3.44)-(3.48). Then the following statement are equiv-

alent:

(i) For every continuous convex function f : [α, β] → R we have

m∑
i=1

bif(yi) ≤
l∑

j=1

ajf(xj). (3.55)
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(ii) For all s ∈ [α, β] we have

m∑
i=1

biGz(yi, s) ≤
l∑

j=1

ajGz(xj , s). (3.56)

Furthermore, the statements (i) and (ii) are also equivalent if we change the sign of

inequality in both (3.55) and (3.56).

Proof: (i)⇒(ii) Let (i) holds. Since Gz(·, s), s ∈ [α, β], is continuous and convex on [α, β]

for every z ∈ {1, ..., 5}, then (3.55) also holds, i.e. the inequality (3.56) holds.

(ii)⇒(i) Let (ii) holds. Let us consider Green's function G2 de�ned by (3.45). Applying

(3.50) on the Sherman di�erence
∑l

j=1 ajf(xj)−
∑m

i=1 bif(yi), by an easy calculation we

get
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi) =

β∫
α

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 f ′′(s)ds.
If the function f is also convex, then f ′′(s) ≥ 0 for every s ∈ [α, β]. Furthermore, if for

every s ∈ [α, β] the inequality (3.56) holds, the required results follows.

Note that it is not necessary to demand the existence of the second derivative of the

function f. The di�erentiability condition can be directly eliminated by using fact that it

is possible to approximate uniformly a continuous convex function by convex polynomials

(see [138, p. 172]).

The last part of our theorem can be proved analogously. The same conclusion we have for

other four Green's functions.

The next theorem gives two new identities which we use to get new generalizations.

Theorem 3.2.12: Let x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈

Rl, b = (b1, ..., bm) ∈ Rm be such that (3.54) holds for some matrix A = (aij) ∈ Mml(R)

such that
∑l

j=1 aij = 1, i = 1, ...,m. Let Gz(·, s), s ∈ [α, β], z = 1, 2, 3, 4, 5 be de�ned as in

(3.44)-(3.48). Let n ≥ 3 and f : [α, β] → R be such that f (n−1) ∈ AC([α, β]). Then
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(i)

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.57)

=
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGk(yi, s)

 · (s− α)kds

+
1

(n− 3)!

β∫
α

 β∫
t

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds

 f (n)(t)dt,
(ii)

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.58)

=
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− β)kds

− 1

(n− 3)!

β∫
α

 t∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds

 f (n)(t)dt.
Proof: (i) Let us consider Green's function G2 de�ned by (3.45). Applying (3.50) on the

di�erence
∑l

j=1 ajf(xj)−
∑m

i=1 bif(yi), by an easy calculation we get

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) =

β∫
α

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 f ′′(s)ds. (3.59)

Now, applying Taylor's formula (3.1) to the function f ′′ at the point c = α we have

f ′′(s) =
n−3∑
k=0

f (k+2)(α)

k!
(s− α)k +

1

(n− 3)!

∫ s

α
f (n)(t)(s− t)n−3dt. (3.60)

Similarly, applying Taylor's formula (3.1) to the function f ′′ at the point c = β we have

f ′′(s) =

n−3∑
k=0

f (k+2)(β)

k!
(s− β)k − 1

(n− 3)!

∫ β

s
f (n)(t)(s− t)n−3dt. (3.61)
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Combining (3.59) and (3.60) we have

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)

=
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 · (s− α)kds (3.62)

+
1

(n− 3)!

β∫
α

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 s∫
α

f (n)(t)(s− t)n−3dt

 ds.

Applying Fubini's theorem in the last term of (3.62) we obtain

1

(n− 3)!

β∫
α

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 s∫
α

f (n)(t)(s− t)n−3dt

 ds

=
1

(n− 3)!

β∫
α

 β∫
t

 l∑
j=1

ajG2(xj , s)−
m∑
i=1

biG2(yi, s)

 (s− t)n−3ds

 f (n)(t)dt.
(3.63)

Now, (3.57) follows from (3.62) and (3.63).

Analogously we can prove identities for other Green's functions.

(ii) Similarly, combining (3.59) and (3.61) and applying Fubini's theorem we obtain (3.58).

The following generalizations of Sherman's theorem for n-convex functions hold.

Theorem 3.2.13: Let the assumptions of Theorem 3.2.11 hold.

(i) If f is n-convex and

β∫
t

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds ≥ 0, t ∈ [α, β], (3.64)
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then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.65)

≥
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− α)kds.

(ii) If f is n-convex and

t∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds ≤ 0, t ∈ [α, β], (3.66)

then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.67)

≥
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− β)kds.

Proof: Since a function f is n-convex, we may assume without loss of generality that f

is n-times di�erentiable and f (n)(t) ≥ 0, t ∈ [α, β] (see [138, p. 16]).

Now, applying Theorem 3.2.11 we obtain (3.65) and (3.67) respectively.

In the previous theorem we didn't assume that weights a, b and matrix A are with

nonnegative entries. But if we take into account assumption of nonnegativity, i.e. the

assumptions as in Sherman's theorem (Theorem 2.2.4), then we get the following general-

izations.

Theorem 3.2.14: Let x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈

[0,∞)l, b = (b1, ..., bm) ∈ [0,∞)m be such that (3.54) holds for some row stochastic matrix

A ∈ Mml(R). Let Gz(·, s), s ∈ [α, β], z = 1, 2, 3, 4, 5 be de�ned as in (3.44)-(3.48). Let

n ≥ 3 and f : [α, β] → R be such that f (n−1) ∈ AC([α, β]).
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(i) If f is n-convex then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.68)

≥
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− α)kds.

Moreover, if
∑n−3

k=0
f (k+2)(α)

k! (s− α)k ≥ 0, then

m∑
i=1

bif(yi) ≤
l∑

j=1

ajf(xj). (3.69)

(ii) If n is even and f is n-convex, then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.70)

≥
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− β)kds.

Moreover, if
∑n−3

k=0
f (k+2)(β)

k! (s− β)k ≥ 0, then (3.69) holds.

(iii) If n is odd and f is n-convex, then

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.71)

≤
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− β)kds.

Moreover, if
∑n−3

k=0
f (k+2)(β)

k! (s− β)k ≤ 0, then the reverse inequality in (3.69) holds.

Proof: (i) Since Gz(xi, s), s ∈ [α, β], is continuous and convex on [α, β] for every z ∈

{1, ..., 5}, then by Sherman's theorem it holds

l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s) ≥ 0.
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Also, we have that (s− t)n−3 ≥ 0 for s ∈ [t, β]. Applying Theorem 3.2.13 we get (3.68).

Further, applying Fubini's theorem we have

n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− α)kds (3.72)

=

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 ·

(
n−3∑
k=0

f (k+2)(α)

k!
(s− α)k

)
ds.

If in addition
∑n−3

k=0
f (k+2)(α)

k! (s − α)k ≥ 0, then the identity in (3.72) is nonnegative and

(3.69) immediately follows.

(ii) and (iii) The other parts can be proved similarly.

3.2.2. Related inequalities of the Ostrowski and Grüss type

We de�ne the functions Rz,Bz : [α, β] → R, z = 1, 2, 3, 4, 5, by

Rz(t) =

β∫
t

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds,

Bz(t) =

t∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3ds, (3.73)

where x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ Rl and

b = (b1, ..., bm) ∈ Rm are such that (3.54) holds for some matrix A = (aij) ∈ Mml(R)

with
∑l

j=1 aij = 1, i = 1, ...,m, and Gz(·, s), s ∈ [α, β], z = 1, 2, 3, 4, 5 are de�ned as in

(3.44)-(3.48), respectively. For these functions the �eby²ev functionals are de�ned by

T (Rz,Rz) =
1

β − α

∫ β

α
R2
z(t)dt−

(
1

β − α

∫ β

α
Rz(t)dt

)2

,

T (Bz,Bz) =
1

β − α

∫ β

α
B2
z(t)dt−

(
1

β − α

∫ β

α
Bz(t)dt

)2

.

Using results for the �eby²ev functionals (Theorem 1.4.12) in a similar way as in the

proof of Theorem 3.1.5, we can prove the following theorem which gives upper bounds for

identities related to the generalized Sherman inequality.
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Theorem 3.2.15: Let n ≥ 3 and f : [α, β] → R be such that f (n−1) is absolutely contin-

uous with (· − α)(β − ·)(f (n+1))2 ∈ L[α, β]. Let the functions Rz and Bz, z = 1, 2, 3, 4, 5,

be de�ned as in (3.73).

(i) Then the remainder κ1z(f ;α, β), de�ned by

κ1z(f ;α, β) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.74)

−
n−3∑
k=0

f (k+2)(α)

k!

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− α)kds

−f
(n−1)(β)− f (n−1)(α)

(β − α)(n− 3)!

∫ β

α
Rz(t)dt,

satis�es the estimation

∣∣κ1z(f ;α, β)∣∣ ≤ √
β − α√

2(n− 3)!
[T (Rz,Rz)]

1
2

∣∣∣∣∫ β

α
(t− α)(β − t)[f (n+1)(t)]2dt

∣∣∣∣
1
2

. (3.75)

(ii) Then the remainder κ2z(f ;α, β), de�ned by

κ2z(f ;α, β) =
m∑
i=1

bif(yi)−
l∑

j=1

ajf(xj) (3.76)

+

n−3∑
k=0

f (k+2)(β)

k!

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− β)kds

+
f (n−1)(β)− f (n−1)(α)

(α− β)(n− 3)!

∫ β

α
Bz(t)dt,

satis�es the estimation

∣∣κ2z(f ;α, β)∣∣ ≤ √
β − α√

2(n− 3)!
[T (Bz,Bz)]

1
2

∣∣∣∣∫ β

α
(t− α)(β − t)[f (n+1)(t)]2dt

∣∣∣∣
1
2

. (3.77)

Proof: The idea of the proof is the same as the proof of Theorem 3.1.5.

Using other result for the �eby²ev functionals (Theorem 1.4.13) we obtain the Grüss

type inequalities as follows.

Theorem 3.2.16: Let n ≥ 3 and f : [α, β] → R be such that f (n) is absolutely continuous
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and f (n+1) ≥ 0 on [α, β]. Let the functions Rz and Bz, z = 1, 2, 3, 4, 5, be de�ned as in

(3.73).

(i) Then the remainder κ1z(f ;α, β) de�ned by (3.74) satis�es the estimation

∣∣κ1z(f ;α, β)∣∣ ≤ 1

(n− 3)!

∥∥R′
z

∥∥
∞

[
f (n−1)(β) + f (n−1)(α)

2
− f (n−2)(β)− f (n−2)(α)

β − α

]
.

(3.78)

(ii) Then the remainder κ2z(f ;α, β) de�ned by (3.76) satis�es the estimation

∣∣κ2z(f ;α, β)∣∣ ≤ 1

(n− 3)!

∥∥B′
z

∥∥
∞

[
f (n−1)(β) + f (n−1)(α)

2
− f (n−2)(β)− f (n−2)(α)

β − α

]
.

(3.79)

Proof: The idea of the proof is the same as in the proof of Theorem 3.1.6.

The next we present the Ostrowski type inequalities related to generalized Sherman's

inequalities (3.65) and (3.67).

Theorem 3.2.17: Let the assumptions of Theorem 3.2.12 hold. Assume that (p, q) is a

pair of conjugate exponents, that is 1 ≤ p, q ≤ ∞, 1/p+1/q = 1. Let f (n) ∈ Lp[α, β]. Then

(i)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.80)

−
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− α)kds

∣∣∣∣∣∣
≤ 1

(n− 3)!

∥∥∥f (n)∥∥∥
p

 β∫
α

∣∣∣∣∣∣
β∫
t

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− t)n−3ds

∣∣∣∣∣∣
q

dt


1
q

.

The constant on the right-hand side of (3.80) is sharp for 1 < p ≤ ∞ and the best

possible for p = 1.
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(ii)

∣∣∣∣∣∣
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.81)

−
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− β)kds

∣∣∣∣∣∣
≤ 1

(n− 3)!

∥∥∥f (n)∥∥∥
p

 β∫
α

∣∣∣∣∣∣
t∫

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 · (s− t)n−3ds

∣∣∣∣∣∣
q

dt


1
q

.

The constant on the right-hand side of (3.81) is sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.7.

3.2.3. Related mean value theorems and n-exponentially convex functions

In this subsection we present mean value theorems related to the results from the previous

subsection.

To simplify the following results, we introduce the following de�nition motivated by

inequalities (3.65) and (3.67).

De�nition 3.2.3.: Under the assumptions of Theorem 3.2.13, equipped with conditions

(3.64) and (3.66), respectively, we de�ne

A1,z(f) =
l∑

j=1

ajf(xj)−
m∑
i=1

bif(yi) (3.82)

−
n−3∑
k=0

f (k+2)(α)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− α)kds,

A2,z(f) =

l∑
j=1

ajf(xj)−
m∑
i=1

bif(yi)

−
n−3∑
k=0

f (k+2)(β)

k!

β∫
α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− β)kds, (z = 1, 2, 3, 4, 5).
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Remark 3.2.4.: If f : [α, β] → R is n-convex, then by Theorem 3.2.13, for the linear

functionals Ai,z, i = 1, 2, it holds:

Ai,z(f) ≥ 0.

Theorem 3.2.18: Let Ai,z, (i = 1, 2, z = 1, 2, 3, 4, 5), be the linear functionals de�ned

as in (3.82). Let f ∈ Cn([α, β]). Then there exists ξi ∈ [α, β], (i = 1, 2), such that

Ai,z(f) = f (n)(ξi)Ai,z(φ0), (i = 1, 2, z = 1, 2, 3, 4, 5),

where φ0(x) = xn/n!.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.8.

Theorem 3.2.19: Let Ai,z, (i = 1, 2, z = 1, 2, 3, 4, 5), be the linear functionals de�ned

as in (3.82). Let f, g ∈ Cn([α, β]). Then there exists ξi ∈ [α, β], (i = 1, 2) such that

f (n)(ξi)

g(n)(ξi)
=
Ai,z(f)

Ai,z(g)
, (i = 1, 2, z = 1, 2, 3, 4, 5), (3.83)

assuming neither of the denominators is equal to zero.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.9.

Remark 3.2.5.: If f
(n)

g(n) is an invertible function, then from (3.83) it follows

ξi =

(
f (n)

g(n)

)−1(
Ai,z(f)

Ai,z(g)

)
, (i = 1, 2, z = 1, 2, 3, 4, 5),

which presents a new mean of Cauchy's type of the interval [α, β].

Using the families of exponentially convex functions given by De�nition 3.1.2. in Sub-

section 3.1.3., we interpret our results in the form of exponentially convex functions or in

the special case logarithmically convex functions as it follows.

Theorem 3.2.20: Let Ai,z, (i = 1, 2, z = 1, 2, 3, 4, 5), be the linear functionals de�ned

as in (3.82) associated with the family F1 (resp. F2) . Then the following statements hold:

176 Chapter 3.. On Sherman's inequality for n-Convex Functions



Ptolemy Scienti�c Research Press https://pisrt.org/

(i) The function v 7→ Ai,z(fv), (i = 1, 2, z = 1, 2, 3, 4, 5), is n-exponentially convex (resp.

exponentially convex) in the Jensen sense on I.

(ii) If the function v 7→ Ai,z(fv), (i = 1, 2, z = 1, 2, 3, 4, 5), is continuous on I, then it is

n-exponentially convex (resp. exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.10.

Corollary 3.2.5.: Let Ai,z, (i = 1, 2, z = 1, 2, 3, 4, 5), be the linear functional de�ned as

in (3.82) associated with the family F3. Then the following statements hold:

(i) If the function v 7→ Ai,z(fv), (i = 1, 2, z = 1, 2, 3, 4, 5), is continuous on I, then it is

2-exponentially convex on I. If v 7→ Ai,z(fv), (i = 1, 2, z = 1, 2, 3, 4, 5), is additionally

positive, then it is also log-convex on I.

(ii) If the function v 7→ Ai,z(fv), (i = 1, 2, z = 1, 2, 3, 4, 5), is positive and di�erentiable

on I, then for all r, s, u, w ∈ I such that r ≤ u, s ≤ w, we have

Mr,s (Ai,z,F3) ≤Mu,w (Ai,z,F3) , (3.84)

where

Mr,s (Ai,z,F3) =


(
Ai,z(fr)
Ai,z(fs)

) 1
r−s

, r ̸= s

exp

(
d
dr

(Ai,z(fr))

Ai,z(fr)

)
, r = s

, (i = 1, 2, z = 1, 2, 3, 4, 5), (3.85)

Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4..

Remark 3.2.6.: Remark 3.1.3. is also valid for these functionals. In an analogous way

as in Subsection 3.1.3., we could derive new class of two-parameter Cauchy-type means.

3.3. Sherman's inequality and Fink's identity

In this section, using Fink's identity we obtain new extensions and improvements of Sher-

man's inequality (2.10) for n-convex functions. Also, we get related results which include

the Ostrowski and Grüss type inequalities. At the end of the section, we apply obtained

extensions and improvements to estimate as inequalities between geometric, logarithmic
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and arithmetic means. The results from this section are quoted from [68].

3.3.1. Generalizations of Sherman's inequality by Fink's identity

Through this subsection, we consider simultaneously two aspect and represent two types

of results. We obtain the �rst type of results by using only Fink's identity (2.230). To

obtain another case we use Fink's identity (2.230) in combination with Green's functions

(3.44)-(3.48).

First we prove two identities.

Theorem 3.3.21: Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that

y = xAT and a = bA (3.86)

holds for some matrix A ∈ Mml(R) whose entries satisfy the condition
∑l

j=1 aij = 1 for

i = 1, ...,m. Let P (t, ·) and Gz(·, s), s, t ∈ [α, β], z = 1, 2, 3, 4, 5 be de�ned as in (2.231)

and (3.44)-(3.48), respectively. Let ϕ : [α, β] → R be such that ϕ(n−1) ∈ AC([α, β]).

(i) For n ≥ 1, the following identity holds:

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.87)

=
1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


+

1

(n− 1)!(β − α)
×

∫ β

α

 l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi)

ϕ(n)(t)dt ;
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(ii) For n ≥ 3, the following identity holds:

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.88)

=
n−3∑
w=0

n− w − 2

(β − α)w!
×

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

(ϕ(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w
)
ds

+
1

(n− 3)!(β − α)
×

∫ β

α
ϕ(n)(t)

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3P (t, s)ds

 dt.

Proof: (i) Using (2.230) in the di�erence
l∑

j=1
ajϕ(xj)−

m∑
i=1

biϕ(yi), we get

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi)

=
1

β − α

n−1∑
w=1

n− w

w!
· ϕ(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=1

n− w

w!
· ϕ(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


+

1

(n− 1)!(β − α)
×

∫ β

α

 l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi)

ϕ(n)(t)dt.
Since under assumption (3.86) we have

l∑
j=1

aj(xj − α)−
m∑
i=1

bi(yi − α) =
l∑

j=1

aj(xj − β)−
m∑
i=1

bi(yi − β) = 0, (3.89)

the identity (3.87) immediately follows.

(ii) Let us consider Green's function G2 de�ned by (3.45). Using (3.86) and (3.50) in the
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di�erence
l∑

j=1
ajϕ(xj)−

m∑
i=1

biϕ(yi), we get

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) =

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

ϕ′′(s)ds. (3.90)

Applying Fink's identity (2.230) to ϕ′′ we have

ϕ′′(s) =
n−3∑
w=0

n− w − 2

w!
· ϕ

(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w

β − α

+
1

(n− 3)!(β − α)

∫ β

α
(s− t)n−3P (t, s)ϕ(n)(t)dt. (3.91)

By an easy calculation, using (3.90) and (3.91) we get

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) =

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

×

(
n−3∑
w=0

n− w − 2

w!
· ϕ

(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w

β − α

+
1

(n− 3)!(β − α)

∫ β

α
(s− t)n−3P (t, s)ϕ(n)(t)dt

)]
ds.

After interchanging the order of summation and integration and applying Fubini's theorem

we get (3.88).

The following generalizations of Sherman's theorem for n-convex functions hold.

Theorem 3.3.22: Let all the assumptions of Theorem 3.3.21 be satis�ed. Additionally,

let ϕ be n-convex on [α, β].

(i) If n ≥ 1 and

l∑
j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi) ≥ 0, α ≤ t ≤ β, (3.92)
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then

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.93)

≥ 1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


− 1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w

 .

If the reverse inequality in (3.92) holds, then the reverse inequality in (3.93) holds.

(ii) If n ≥ 3 and

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3P (t, s)ds ≥ 0, α ≤ s, t ≤ β, (3.94)

then

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.95)

≥
n−3∑
w=0

n− w − 2

(β − α)w!
×

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

(ϕ(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w
)
ds.

If the reverse inequality in (3.94) holds, then the reverse inequality in (3.95) holds.

Proof: (i) Since ϕ is n-convex on [α, β], we may assume without loss of generality that

ϕ is n-times di�erentiable and ϕ(n)(t) ≥ 0, t ∈ [α, β] (see [138, p. 16]).

Using this fact and the assumption (3.92), applying Theorem 3.3.21 we obtain (3.93).

(ii) Analogous to the part (i).

The following generalizations under Sherman's assumption of nonnegativity are also

valid.

Theorem 3.3.23: Let all the assumptions of Theorem 3.3.21 be satis�ed. Additionally,

let a, b and A be nonnegative and ϕ be n-convex on [α, β]. Let n be even.
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(i) For n ≥ 1, the inequality (3.93) holds. Moreover, if the function

F̄ (·) = 1

β − α

n−1∑
w=2

n− w

w!
·
[
ϕ(w−1)(β)(· − β)w − ϕ(w−1)(α)(· − α)w

]
(3.96)

is convex on [α, β], then
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) ≥ 0. (3.97)

(ii) For n ≥ 3, the inequality (3.95) holds. Moreover, if the function

F̃ (·) =
n−3∑
w=0

n− w − 2

(β − α)w!

∫ β

α
Gz(·, s)

[
ϕ(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w

]
ds, (3.98)

is convex on [α, β], then (3.97) holds.

Proof: (i) Consider the function λ : [α, β] → R de�ned by

λ(s) = (s− t)n−1P (t, s) =

 (s− t)n−1(t− α), α ≤ t ≤ s ≤ β

(s− t)n−1(t− β), α ≤ s < t ≤ β
. (3.99)

Since

λ′′(s) =

 (n− 1)(n− 2)(s− t)n−3(t− α), α ≤ t ≤ s ≤ β

(n− 1)(n− 2)(s− t)n−3(t− β), α ≤ s < t ≤ β
,

it follows that for even n ≥ 2, λ is convex on [α, β]. Then by Sherman's theorem, the

inequality (3.92) holds. Therefore, by Theorem 3.3.22, the inequality (3.93) holds.

Changing the order of summation, the right hand side of (3.93) can be written in the form

l∑
j=1

ajF̄ (xj)−
m∑
i=1

biF̄ (yi),

where F̄ is de�ned as in (3.96). If F̄ is convex, then by Sherman's theorem we have

l∑
j=1

ajF̄ (xj)−
m∑
i=1

biF̄ (yi) ≥ 0,

i.e. the right hand side of (3.93) is nonnegative, so the inequality (3.97) immediately follows.
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(ii) Further, the function Gz(·, s), s ∈ [α, β], is convex on [α, β] for every z = 1, ..., 5, and

by Sherman's theorem we have

l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s) ≥ 0.

It is easy to see that for even n > 3, the inequality

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3P (t, s)ds ≥ 0, α ≤ s ≤ t, (3.100)

holds, while for every n ≥ 3, we have

∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3P (t, s)ds ≥ 0, t ≤ s ≤ β.

Now applying Theorem 3.3.23, we get the inequality (3.95).

The rest of proof is analogous to the part (ii), whereby instead of F̄ we consider the function

F̃ de�ned by (3.98).

Remark 3.3.7.: Specially, if we consider case (ii) from the previous theorem when n is

odd, since the function λ, de�ned by (3.99), for t ≤ s is convex and for s < t is concave,

then we have conclusion: for t ≤ s, the assumption (3.94) is satis�ed and the inequality

(3.95) holds, while for s ≤ t, the reverse of (3.94) holds so the reverse of (3.95) holds.

Remark 3.3.8.: Let all the assumptions of the previous theorem be satis�ed.

(i) For even n ≥ 2, the inequality (3.93) holds.

Further, the function s 7→ (s− α)w is convex on [α, β] for every w, while s 7→ (s− β)w is

convex on [α, β] for even w and concave for odd w.

If for even w, ϕ(w−1)(α) ≤ 0 and ϕ(w−1)(β) ≥ 0 and for odd w, ϕ(w−1)(α) ≤ 0 and

ϕ(w−1)(β) ≤ 0, then the right hand side of (3.93) is nonnegative. Therefore, (3.97) imme-

diately follows.

(ii) For even n ≥ 4, the inequality (3.95) holds.

Further, when α ≤ s ≤ β, we have (s−α)w ≥ 0 for every w while (s− β)w ≥ 0 for even w
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and (s− β)w ≤ 0 for odd w.

If for even w, ϕ(w+1)(α) ≤ 0 and ϕ(w+1)(β) ≥ 0 and for odd w, ϕ(w+1)(α) ≤ 0 and

ϕ(w+1)(β) ≤ 0, then the right hand side of (3.95) is nonnegative and the inequality (3.97)

immediately follows.

3.3.2. New Ostrowski and Grüss type inequalities

To avoid many notations, we de�ne the functions B, B̃z : [α, β] → R, z = 1, ..., 5, by

B(t) =
l∑

j=1

aj(xj − t)n−1P (t, xj)−
m∑
i=1

bi(yi − t)n−1P (t, yi), n ≥ 1, (3.101)

B̃z(t) =
∫ β

α

 l∑
j=1

ajGz(xj , s)−
m∑
i=1

biGz(yi, s)

 (s− t)n−3P (t, s)ds, n ≥ 3,

where x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm are such that (3.86) holds for some

matrix A ∈ Mml(R) whose entries satisfy the condition
∑l

j=1 aij = 1 for i = 1, ...,m, and

P, Gz, z = 1, 2, 3, 4, 5, are de�ned as in (2.231) and (3.44)-(3.48), respectively.

For such functions we consider the �eby²ev functionals de�ned by

T (B,B) = 1

β − α

∫ β

α
B2(t)dt−

(
1

β − α

∫ β

α
B(t)dt

)2

,

T (B̃z, B̃z) =
1

β − α

∫ β

α
B̃2
z(t)dt−

(
1

β − α

∫ β

α
B̃z(t)dt

)2

, z = 1, ..., 5.

Theorem 3.3.24: Let x ∈ [α, β]l, y ∈ [α, β]m, a ∈ Rl and b ∈ Rm be such that (3.86)

holds for some matrix A ∈ Mml(R) whose entries satisfy the condition
∑l

j=1 aij = 1 for

i = 1, ...,m. Let B, B̃z, z = 1, ..., 5, be de�ned as in (3.101). Let ϕ : [α, β] → R be such that

ϕ(n) ∈ AC([α, β]) with (· − α)(β − ·)(ϕ(n+1))2 ∈ L1[α, β].
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(i) For n ≥ 1, the remainder Rn(ϕ;α, β), de�ned by

Rn(ϕ;α, β) =

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.102)

− 1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


+

1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w


− ϕ(n−1)(β)− ϕ(n−1)(α)

(β − α)2(n− 1)!

∫ β

α
B(t)dt,

satis�es the estimation

|Rn(ϕ;α, β)| ≤
1√

2(β − α)(n− 1)!
[T (B,B)]

1
2

(∫ β

α
(t− α)(β − t)[ϕ(n+1)(t)]2dt

) 1
2

.

(3.103)

(ii) For n ≥ 3, the remainder R̃nz(ϕ;α, β), z ∈ {1, ..., 5}, de�ned by

R̃nz(ϕ;α, β) =
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.104)

−
n−3∑
w=0

n− w − 2

(β − α)w!

∫ β

α
Gz(s)

(
ϕ(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w

)
ds

− ϕ(n−1)(β)− ϕ(n−1)(α)

(n− 3)!(β − α)2

∫ β

α
B̃z(t)dt,

where Gz(s) =
∑l

j=1 ajGz(xj , s) −
∑m

i=1 biGz(yi, s) for Gz(·, ·), z = 1, ..., 5, de�ned by

(3.44)-(3.48), satis�es the estimation

∣∣∣R̃nz(ϕ;α, β)∣∣∣ ≤ 1√
2(β − α)(n− 3)!

[T (B̃z, B̃z)]
1
2

(∫ β

α
(t− α)(β − t)[ϕ(n+1)(t)]2dt

) 1
2

.

(3.105)
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Proof: We prove the case (ii): Comparing (3.104) and (3.88) we have

R̃nz(ϕ;α, β) =
1

(n− 3)!(β − α)

∫ β

α
B̃z(t)ϕ(n)(t)dt−

ϕ(n−1)(β)− ϕ(n−1)(α)

(n− 3)!(β − α)2

∫ β

α
B̃z(t)dt

=
1

(n− 3)!(β − α)

∫ β

α
B̃z(t)ϕ(n)(t)dt

− 1

(n− 3)!(β − α)

∫ β

α
B̃z(t)dt ·

1

β − α

∫ β

α
ϕ(n)(t)dt

=
1

(n− 3)!
T (B̃z, ϕ(n)).

Applying Theorem 1.4.12 to Bk and ϕ(n), we obtain (3.105).

Case (i) we can prove on analog way.

The following theorem gives the Grüss type inequalities related to the identities (3.87)

and (3.88).

Theorem 3.3.25: Let ϕ : [α, β] → R be such that ϕ(n) ∈ AC([α, β]) and ϕ(n+1) ≥ 0 on

[α, β]. Let B, B̃z, z = 1, ..., 5, be de�ned as in (3.101).

(i) For n ≥ 1, the remainder Rn(ϕ;α, β), de�ned by (3.102), satis�es the estimation

|Rn(ϕ;α, β)| ≤
1

(n− 1)!

∥∥B′∥∥
∞

[
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

]
.

(3.106)

(ii) For n ≥ 3, the remainder R̃nz(ϕ;α, β), z ∈ {1, ..., 5}, de�ned by the representation

(3.104), satis�es the estimation

∣∣∣R̃nz(ϕ;α, β)∣∣∣ ≤ 1

(n− 3)!

∥∥∥B̃′
z

∥∥∥
∞

[
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

]
.

(3.107)

Proof: We prove the case (ii): We have R̃nz(ϕ;α, β) = 1
(n−3)!T (B̃z, ϕ

(n)).

Applying Theorem 1.4.13 on the functions B̃z and ϕ(n) and using the identity

∫ β

α
(t− α)(β − t)ϕ(n+1)(t)dt =

∫ β

α
[2t− (α+ β)]ϕ(n)(t)dt

= (β − α)
[
ϕ(n−1)(β) + ϕ(n−1)(α)

]
− 2

[
ϕ(n−2)(β)− ϕ(n−2)(α)

]
,
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we obtain (3.107).

Case (i) we can prove on analog way.

In the next theorem we give the Ostrowski type inequalities related to the identities

(3.87) and (3.88). We omit the proof since the technique of proving is same as in the proof

of Theorem 3.1.7.

Theorem 3.3.26: Let the assumptions of Theorem 3.3.21 hold. Furthermore, let B, B̃z,

z = 1, ..., 5, be de�ned as in (3.101). Let (p, q) be a pair of conjugate exponents, that is

1 ≤ p, q ≤ ∞, 1/p+ 1/q = 1 and ϕ(n) ∈ Lp[α, β].

(i) For n ≥ 1, we have

∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.108)

− 1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(β)

 l∑
j=1

aj(xj − β)w −
m∑
i=1

bi(yi − β)w


+

1

β − α

n−1∑
w=2

n− w

w!
· ϕ(w−1)(α)

 l∑
j=1

aj(xj − α)w −
m∑
i=1

bi(yi − α)w

∣∣∣∣∣∣
≤ 1

(n− 1)!(β − α)

(∫ β

α
|B(t)|q dt

) 1
q ∥∥∥ϕ(n)∥∥∥

p
.

The constant on the right hand side of (3.108) is sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

(ii) For n ≥ 3, we have

∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.109)

−
n−3∑
w=0

n− w − 2

(β − α)w!

∫ β

α
Gz(s)

(
ϕ(w+1)(β)(s− β)w − ϕ(w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
≤ 1

(n− 3)!(β − α)

(∫ β

α

∣∣∣B̃z(t)∣∣∣q dt) 1
q ∥∥∥ϕ(n)∥∥∥

p
,

where Gz(s) =
∑l

j=1 ajGz(xj , s) −
∑m

i=1 biGz(yi, s) for Gz(·, ·), z = 1, ..., 5, de�ned by

(3.44)-(3.48).
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The constant on the right hand side of (3.109) is sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

3.3.3. Applications to means

Considering the particular cases of results from the previous subsection, we present some

consequences. As applications we obtain extensions and improvements of majorization in-

equalities, discrete Jensen's inequality as well as inequalities between geometric, logarithmic

and arithmetic means.

As a direct consequence of Theorem 3.3.22 (ii) we get the following corollary.

Corollary 3.3.6.: Let x, y, a, b, A, P (t, s) and Gk(·, s), s, t ∈ [α, β], k = 1, 2, 3, 4, 5, be

as in Theorem 3.3.22. Let a function ϕ : [α, β] → R be 3-convex such that ϕ′′ ∈ AC([α, β]).

(i) If t ≤ s, then

∫ β

α

 l∑
j=1

ajGk(xj , s)−
m∑
i=1

biGk(yi, s)

P (t, s)ds ≥ 0 (3.110)

and

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) ≥
ϕ′(β)− ϕ′(α)

β − α

∫ β

α

 l∑
j=1

ajGk(xj , s)−
m∑
i=1

biGk(yi, s)

 ds.

(3.111)

Moreover, if in addition ϕ′(β) ≥ ϕ′(α), then the left hand side of (3.111) is nonnegative.

(ii) If s < t, then the reverse inequalities in (3.110) and (3.111) hold. Moreover, if in

addition ϕ′(β) ≤ ϕ′(α), then the left hand side of the reversed (3.111) is nonpositive.

Remark 3.3.9.: Note that (3.111) gives a nonnegative lower bound for Sherman's dif-

ference
l∑

j=1
ajϕ(xj)−

m∑
i=1

biϕ(yi) when ϕ′(β) ≥ ϕ′(α).

Specially, from (3.111), for m = 1, b1 = 1, y1 =
∑l

i=1 aixi = x̄, we get Jensen's type

inequality

l∑
j=1

ajϕ(xj)− ϕ (x̄) ≥ ϕ′(β)− ϕ′(α)

β − α

∫ β

α

 l∑
j=1

ajGk(xj , s)−Gk(x̄, s)

 ds.
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If in addition ϕ′(β) ≥ ϕ′(α), then we get the following double inequality

ϕ (x̄) ≤ ϕ′(β)− ϕ′(α)

β − α

∫ β

α

 l∑
j=1

ajGk(xj , s)−Gk(x̄, s)

 ds+ ϕ (x̄) (3.112)

≤
l∑

j=1

ajϕ(xj)

which improves Jensen's inequality.

Further, from (3.111), choosing Green's function G2, de�ned by (3.45), and setting

l = 2, a1 = a2 =
1
2 , x1 = α, x2 = β, x̄ = α+β

2 , we have

∫ β

α

 2∑
j=1

ajG2(xj , s)−G2(x̄, s)

 ds =
(β − α)2

4
,

and (3.112) reduces to

ϕ

(
α+ β

2

)
≤ ϕ′(β)− ϕ′(α)

4
(β − α) + ϕ

(
α+ β

2

)
≤ ϕ(α) + ϕ(β)

2
. (3.113)

In the sequel, appying the double inequality (3.113) to some concrete functions, we

derive some new inequalities for means.

Example 3.: Consider the function ϕ : [α, β] → R de�ned by ϕ(x) = ex. Since ϕ is

3-convex, ϕ′′ ∈ AC([α, β]) and ϕ′(β) ≥ ϕ′(α) is satis�ed, then by (3.113) we have

e
α+β
2 ≤ eβ − eα

4
(β − α) + e

α+β
2 ≤ eα + eβ

2
.

By substituting x = eα, y = eβ, we get

√
xy ≤ y − x

ln y − lnx

(ln y − lnx)2

4
+
√
xy ≤ x+ y

2
,

i.e. we get the inequalities between the geometric mean G =
√
xy, the logarithmic mean

L = y−x
ln y−lnx and the arithmetic mean A = x+y

2 , in the form

G ≤ L
(ln y − lnx)2

4
+G ≤ A.

3.3. Sherman's inequality and Fink's identity 189



Ptolemy Scienti�c Research Press https://pisrt.org/

Example 4.: Let 0 < α < β and the function ϕ : [α, β] → R be de�ned by ϕ(x) = xr+1,

r ≥ 1. Since ϕ is 3-convex, ϕ′′ ∈ AC([α, β]) and ϕ′(β) ≥ ϕ′(α) is satis�ed, then by (3.113)

we have

(
α+ β

2

)r+1

≤ r + 1

4
(β − α)(βr − αr) +

(
α+ β

2

)r+1

≤ αr+1 + βr+1

2
.

The following corollary is direct consequence of Theorem 3.3.26 (ii).

Corollary 3.3.7.: Assume that (p, q) is a pair of conjugate exponents, i.e. 1 ≤ p, q ≤ ∞,

1/p + 1/q = 1. Let x, y, a, b, A, P (t, s) and Gk(·, s), s, t ∈ [α, β], k = 1, 2, 3, 4, 5, be as

in Theorem 3.3.26. Let a function ϕ : [α, β] → R be such that ϕ′′ is absolutely continuous

and ϕ′′′ ∈ Lp[α, β]. Then∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi)−
ϕ′(β)− ϕ′(α)

β − α

∫ β

α

 l∑
j=1

ajGk(xj , s)−
m∑
i=1

biGk(yi, s)

 ds

∣∣∣∣∣∣
(3.114)

≤ 1

β − α

∫ β

α

∫ β

α

 l∑
j=1

ajGk(xj , s)−
m∑
i=1

biGk(yi, s)

P (t, s)ds

q

dt


1
q ∥∥ϕ′′′∥∥

p
.

The constant on the right hand side is sharp for 1 < p ≤ ∞ and the best possible for p = 1.

Remark 3.3.10.: Choosing Green's function G2, de�ned by (3.45), and setting l = 2,

a1 = a2 = 1
2 , x1 = α, x2 = β, and m = 1, b1 = 1, y1 = x̄ = α+β

2 with t ≤ s, from (3.114)

we get

∣∣∣∣ϕ(α) + ϕ(β)− 2ϕ

(
α+ β

2

)
− ϕ′(β)− ϕ′(α)

2
(β − α)

∣∣∣∣
≤ β − α

2

(∫ β

α
(t− α)qdt

) 1
q ∥∥ϕ′′′∥∥

p
.
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If we choose q = 1, p = ∞, we obtain

∣∣∣∣ϕ(α) + ϕ(β)− 2ϕ

(
α+ β

2

)
− ϕ′(β)− ϕ′(α)

2
(β − α)

∣∣∣∣
≤ (β − α)3

4

∥∥ϕ′′′∥∥∞ .

Choosing q = ∞, p = 1, we have

∣∣∣∣ϕ(α) + ϕ(β)− 2ϕ

(
α+ β

2

)
− ϕ′(β)− ϕ′(α)

2
(β − α)

∣∣∣∣
≤ (β − α)2

2
(ϕ′′(β)− ϕ′′(α)).

If in addition ϕ is 3-convex, then

0 ≤ ϕ(α) + ϕ(β)− 2ϕ

(
α+ β

2

)
− ϕ′(β)− ϕ′(α)

2
(β − α) ≤ (β − α)2

2
(ϕ′′(β)− ϕ′′(α)),

i.e. we get the double inequality

ϕ

(
α+ β

2

)
≤ ϕ(α) + ϕ(β)

2
− β − α

4
(ϕ′(β)− ϕ′(α)) (3.115)

≤ ϕ

(
α+ β

2

)
+

(β − α)2

4
(ϕ′′(β)− ϕ′′(α)).

In the following examples, applying the double inequality (3.115) to some concrete

functions, we derive some new inequalities for means.

Example 5.: Let ϕ : [α, β] → R be de�ned by ϕ(x) = ex. Then

e
α+β
2 ≤ eα + eβ

2
− eβ − eα

4
(β − α) ≤ e

α+β
2 +

eβ − eα

4
(β − α)2.

By substituting x = eα, y = eβ, we get the inequalities between means G =
√
xy, L =

y−x
ln y−lnx and A = x+y

2 :

L ≤ A+ L
(ln y − lnx)2

4
≤ G+ L

(ln y − lnx)3

4
.
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Example 6.: Let 0 < α < β, ϕ : [α, β] → R be de�ned by ϕ(x) = xr+1, r ≥ 1. Then

(
α+ β

2

)r+1

≤ αr+1 + βr+1

2
− r + 1

4
(β − α)(βr − αr)

≤
(
α+ β

2

)r+1

+
r(r + 1)

4
(β − α)2(βr−1 − αr−1).

Remark 3.3.11.: Choosing other Green's functions (3.44)-(3.48), we can estimate anal-

ogous related results.

3.4. Sherman's inequality and Lidstone's interpolation poly-

nomials with Green's functions

In 1929, Lidstone [103] introduced a generalization of Taylor's series that approximates a

given function in the neighborhood of two points instead of one. This series includes the

polynomials, later called Lidstone's polynomials, which have been studied in the works of

Boas [24], Poritsky [142], Widder [157] and others.

In this section, using Lidstone's polynomials in combination with Green's function we

obtain new generalizations of Sherman's inequality for 2n-convex functions (see [10]).

The following de�nition and lemma can be found in [11].

De�nition 3.4.4.: Let f ∈ C∞([0, 1]), then the Lidstone series has the form

∞∑
k=0

(
f (2k)(0)Λk(1− x) + f (2k)(1)Λk(x)

)
,

where Λk is polynomial of degree 2n+ 1 de�ned by the relations

Λ0(t) = t,

Λ′′
n(t) = Λn−1(t), n ≥ 1, (3.116)

Λn(0) = Λn(1) = 0, n ≥ 1.

In [157], Widder proved the following fundamental lemma.

192 Chapter 3.. On Sherman's inequality for n-Convex Functions



Ptolemy Scienti�c Research Press https://pisrt.org/

Lemma 3.4.2.: If f ∈ C2n([0, 1]), then

f(t) =
n−1∑
k=0

(
f (2k)(0)Λk(1− t) + f (2k)(1)Λk(t)

)
+

∫ 1

0
Gn(t, s)f

(2n)(s)ds,

where

G1(t, s) = G(t, s) =

 (t− 1)s, s ≤ t

(s− 1)t, t ≤ s
, (3.117)

is homogeneous Green's function of the di�erential operator d2

ds2
on [0, 1] and with the

successive iterates of G(t, s)

Gn(t, s) =

∫ 1

0
G1(t, p)Gn−1(p, s)dp, n ≥ 2. (3.118)

Remark 3.4.12.: Green's function G, de�ned by (3.117), is convex and continuous with

respect to both variables s and t.

The Lidstone polynomial can be expressed in terms of Gn(t, s) as

Λn(t) =

∫ 1

0
Gn(t, s)sds. (3.119)

3.4.1. Generalizations of Sherman's inequality by Lidstone's interpola-

tion polynomials and Green's functions

By using interpolation with Lidstone's interpolating polynomials we prove the following

identity.

Theorem 3.4.27: Let n ∈ N, ϕ ∈ C2n([α, β]) and x = (x1, ..., xl) ∈ [α, β]l, y =

3.4. Sherman's inequality and Lidstone's interpolation polynomials with Green's functions 193



Ptolemy Scienti�c Research Press https://pisrt.org/

(y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ Rl and b = (b1, ..., bm) ∈ Rm. Then

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.120)

=
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
+
n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

)
+ (β − α)2n−1

∫ β

α

 l∑
j=1

ajGn

(
xj−α
β−α ,

t−α
β−α

)
−

m∑
i=1

biGn

(
yi−α
β−α ,

t−α
β−α

)ϕ(2n)(t)dt,
where Λk and Gn are de�ned as in (3.116) and (3.117)-(3.118), respectively.

Proof: By Widder's lemma, we can represent every function ϕ ∈ C2n([α, β]) in the form:

ϕ(x) =

n−1∑
k=0

(β − α)2k
[
ϕ(2k)(α)Λk

(
β − x

β − α

)
+ ϕ(2k)(β)Λk

(
x− α

β − α

)]

+ (β − α)2n−1

∫ β

α
Gn

(
x− α

β − α
,
s− α

β − α

)
ϕ(2n)(s)ds. (3.121)

Using (3.121), we have

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.122)

=

l∑
j=1

aj

{
n−1∑
k=0

(β − α)2k
[
ϕ(2k)(α)Λk

(
β − xj
β − α

)
+ ϕ(2k)(β)Λk

(
xj − α

β − α

)]}

+
l∑

j=1

aj

[
(β − α)2n−1

∫ β

α
Gn

(
xj − α

β − α
,
t− α

β − α

)
ϕ(2n)(t)dt

]

−
m∑
i=1

bi

{
n−1∑
k=0

(β − α)2k
[
ϕ(2k)(α)Λk

(
β − yi
β − α

)
+ ϕ(2k)(β)Λk

(
yi − α

β − α

)]}

−
m∑
i=1

bi

[
(β − α)2n−1

∫ β

α
Gn

(
yi − α

β − α
,
t− α

β − α

)
ϕ(2n)(t)dt

]
.

By an easy calculation, from (3.122) we get (3.120).

Using the previous identity, we get the following generalizations of Sherman's theorem
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for (2n)-convex functions.

Theorem 3.4.28: Let n ∈ N, x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m,

a = (a1, ..., al) ∈ Rl and b = (b1, ..., bm) ∈ Rm. Let Λk and Gn be de�ned as in (3.116) and

(3.117)-(3.118), respectively. If for all t ∈ [α, β], the following assumption

m∑
i=1

biGn

(
yi − α

β − α
,
t− α

β − α

)
≤

l∑
j=1

ajGn

(
xj − α

β − α
,
t− α

β − α

)
, (3.123)

holds, then for every (2n)-convex function ϕ : [α, β] → R, we have

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.124)

≥
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
+

n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

) .
If the reverse inequality in (3.123) holds, then the reverse inequality in (3.124) holds.

Proof: Since a function ϕ is (2n)-convex, we may assume without loss of generality that

ϕ is 2n-times di�erentiable and ϕ(2n)(t) ≥ 0, t ∈ [α, β] (see [138, p. 16]).

Using this fact and the assumption (3.123), applying Theorem 3.4.27 we obtain (3.124).

Specially, if we use assumptions as in Sherman's theorem (Theorem 2.2.4), then we get

the following generalizations.

Theorem 3.4.29: Let n ∈ N, x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m,

a = (a1, ..., al) ∈ [0,∞)l and b = (b1, ..., bm) ∈ [0,∞)m be such that

y = xAT and a = bA (3.125)

holds for some row stochastic matrix A = (aij) ∈ Mml(R). Let Λk and Gn be de�ned as

in (3.116) and (3.117)-(3.118), respectively.
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(i) If n is odd, then for every 2n-convex function ϕ : [α, β] → R, it holds

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.126)

≥
n−1∑
k=1

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
+
n−1∑
k=1

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

) .
Moreover, if ϕ(2k)(α) ≥ 0, ϕ(2k)(β) ≥ 0 for k = 1, 3, ..., n−2 and ϕ(2k)(α) ≤ 0, ϕ(2k)(β) ≤

0 for k = 2, 4, ..., n− 1, then

m∑
i=1

biϕ(yi) ≤
l∑

j=1

ajϕ(xj). (3.127)

(ii) If n is even, then for every 2n-convex function ϕ : [α, β] → R, the reverse inequality

in (3.126) holds. Moreover, if ϕ(2k)(α) ≤ 0, ϕ(2k)(β) ≤ 0 for k = 1, 3, ..., n − 1 and

ϕ(2k)(α) ≥ 0, ϕ(2k)(β) ≥ 0 for k = 2, 4, ..., n − 2, then the reverse inequality in (3.127)

holds.

Proof: (i) From (3.117), it follows that G1(t, s) ≤ 0 for 0 ≤ t, s ≤ 1.

From (3.118), it follows that Gn(t, s) ≤ 0 for odd n and Gn(t, s) ≥ 0 for even n.

Now, since G1 is convex and Gn−1 is nonnegative for odd n, using (3.118), we conclude

that Gn is convex in �rst variable if n is odd. Similarly, we have that Gn is concave in �rst

variable if n is even.

Hence, if n is odd, then by Sherman's theorem we have

m∑
i=1

biGn

(
yi − α

β − α
,
t− α

β − α

)
≤

l∑
j=1

ajGn

(
xj − α

β − α
,
t− α

β − α

)
. (3.128)

Therefore, in this case, by Theorem 3.4.28, the inequality (3.126) holds.

Using representation (3.119), we also conclude that Λn is convex if n is odd and concave
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if n is even. Then by Sherman's theorem, it holds

m∑
i=1

biΛk

(
yi − α

β − α

)
≤

l∑
j=1

ajΛk

(
xj − α

β − α

)
(3.129)

if k is odd and the reverse inequality in (3.129) holds if k is even.

Moreover, if ϕ(2k)(α) ≥ 0, ϕ(2k)(β) ≥ 0 for k = 1, 3, ..., n−2 and ϕ(2k)(α) ≤ 0, ϕ(2k)(β) ≤ 0

for k = 2, 4, ..., n − 1, then the right hand side in (3.124) is nonnegative and (3.127)

immediately follows .

(ii) Similar to the part (i).

3.4.2. Bounds for identities related to generalizations of Sherman's in-

equality

For the sake of simplicity and to avoid many notations, we de�ne two functions as follows.

Let x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, a = (a1, ..., al) ∈ Rl, b =

(b1, ..., bm) ∈ Rm and the function Gn be de�ned as in (3.117)-(3.118). We de�ne the

function R : [α, β] → R by

R(t) =
l∑

j=1

ajGn

(
xj − α

β − α
,
t− α

β − α

)
−

m∑
i=1

biGn

(
yi − α

β − α
,
t− α

β − α

)
. (3.130)

Let T (R,R) denotes the �eby²ev functional of R.

Using theorem for the �eby²ev functional (see Theorem 1.4.12), we obtain an upper

bound for the identity (3.120).

Theorem 3.4.30: Let n ∈ N, ϕ : [α, β] → R be such that ϕ ∈ C2n([α, β]) with (· −

α)(β − ·)(ϕ(2n+1))2 ∈ L[α, β]. Let Λk be de�ned as in (3.116 and R as in (3.130). Then
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the remainder κn(ϕ;α, β), de�ned by

κn(ϕ;α, β) =

l∑
j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.131)

−
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
−
n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

)
− (β − α)2n−2

[
ϕ(2n−1)(β)− ϕ(2n−1)(α)

] ∫ β

α
R(t)dt,

satis�es the estimation

|κn(ϕ;α, β)| ≤
(β − α)2n−

1
2

√
2

[T (R,R)]
1
2

(∫ β

α
(t− α)(β − t)[ϕ(2n+1)(t)]2dt

) 1
2

. (3.132)

Proof: Our proof proceeds similarly to the proof of Theorem 3.1.5.

The following Grüss type inequality holds.

Theorem 3.4.31: Let ϕ : [α, β] → R be such that ϕ ∈ C2n([α, β]) for n ∈ N and

ϕ(2n+1) ≥ 0 on [α, β]. Let the function R be de�ned as in (3.130). Then the remainder

κ1n(ϕ;α, β), de�ned by (3.131), satis�es the bound

∣∣κ1n(ϕ;α, β)∣∣ ≤ (β − α)2n−1
∥∥R′∥∥

∞

[
ϕ(2n−1)(β) + ϕ(2n−1)(α)

2
− ϕ(2n−2)(β)− ϕ(2n−2)(α)

β − α

]
.

(3.133)

Proof: In the proof, we use a similar technique as the proof of Theorem 3.1.6.

Next we present related the Ostrowski type inequality.

Theorem 3.4.32: Suppose that all assumptions of Theorem 3.4.27 hold. Assume that

(p, q) is a pair of conjugate exponents, that is 1 ≤ p, q ≤ ∞, 1/p + 1/q = 1. Let ϕ(2n) ∈
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Lp[α, β]. Then∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.134)

−
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
−
n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

)∣∣∣∣∣∣
≤ (β − α)2n−1

∥∥∥ϕ(2n)∥∥∥
p

 β∫
α

∣∣∣∣∣∣
l∑

j=1

ajGn

(
xj−α
β−α ,

t−α
β−α

)
−

m∑
i=1

biGn

(
yi−α
β−α ,

t−α
β−α

)∣∣∣∣∣∣
q

dt


1
q

,

The constant on the right-hand side of (3.134) is sharp for 1 < p ≤ ∞ and the best possible

for p = 1.

Proof: Let us denote

S(t) = (β − α)2n−1

 l∑
j=1

ajGn

(
xj − α

β − α
,
t− α

β − α

)
−

m∑
i=1

biGn

(
yi − α

β − α
,
t− α

β − α

) .
Using the identity (3.120) and applying well known Hölder's inequality, we obtain

∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi)

−
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
−
n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

)∣∣∣∣∣∣
=

∣∣∣∣∫ β

α
S(t)ϕ(2n)(t)dt

∣∣∣∣ ≤ ∥∥∥ϕ(2n)∥∥∥p
(∫ β

α
|S(t)|q dt

) 1
q

.

The proof of the sharpness is analogous to one in proof of Theorem 3.1.7.
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3.4.3. Related mean value theorems with the application of the exp-

convex method

Motivated by the inequality (3.124), we de�ne under the assumptions of Theorem 3.4.28,

equipped with condition (3.123), the linear functional as follows:

A(ϕ) =
l∑

j=1

ajϕ(xj)−
m∑
i=1

biϕ(yi) (3.135)

−
n−1∑
k=0

(β − α)2kϕ(2k)(α)

 l∑
j=1

ajΛk

(
β − xj
β − α

)
−

m∑
i=1

biΛk

(
β − yi
β − α

)
−
n−1∑
k=0

(β − α)2kϕ(2k)(β)

 l∑
j=1

ajΛk

(
xj − α

β − α

)
−

m∑
i=1

biΛk

(
yi − α

β − α

) .
Remark 3.4.13.: It should be noticed that if ϕ : [α, β] → R is 2n-convex, by Theorem

3.4.28, it holds

A(ϕ) ≥ 0.

Theorem 3.4.33: Let A be the linear functional de�ned as in (3.135). Let ϕ ∈ C2n([α, β]).

Then there exists ξ ∈ [α, β] such that

A(ϕ) = ϕ(2n)(ξ)A(φ0),

where φ0(x) = x2n/(2n)!.

Proof: The proof technique is similar to the proof of Theorem 3.1.8.

Theorem 3.4.34: Let A be the linear functional de�ned as in (3.135). Let ϕ, ψ ∈ C2n([α, β]).

Then there exists ξ ∈ [α, β] such that

ϕ(2n)(ξ)

ψ(2n)(ξ)
=
A(ϕ)

A(ψ)
, (3.136)

assuming neither of the denominators is equal to zero.

Proof: We prove the theorem similarly to the proof of Theorem 3.1.9.
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Remark 3.4.14.: If ϕ(2n)

ψ(2n) is an invertible function, then from (3.136) we get new mean

of Cauchy's type of the interval [α, β],

ξ =

(
ϕ(2n)

ψ(2n)

)−1(
A(ϕ)

A(ψ)

)
.

Through the rest of this subsection, I denotes an open interval in R.

In order to obtain results regarding the exponential convexity, we de�ne the families of

functions as follows.

De�nition 3.4.5.: Let I be an open interval in R. For every choice of 2l + 1 mutually

di�erent points z0, z1, ..., z2l ∈ [α, β] we de�ne:

� F1 = {ft : [α, β] → R : t ∈ I and t 7→ [z0, z1, ..., z2l; ft] is n-exponentially convex in the

Jensen sense on I};

� F2 = {ft : [α, β] → R : t ∈ I and t 7→ [z0, z1, ..., z2l; ft] is exponentially convex in the

Jensen sense on I};

� F3 = {ft : [α, β] → R : t ∈ I and t 7→ [z0, z1, ..., z2l; ft] is 2-exponentially convex in the

Jensen sense on I}.

Theorem 3.4.35: Let A be the linear functional de�ned as in (3.135) associated with the

family F1 (resp. F2). Then the following statements hold:

(i) The function t 7→ A(ft) is n-exponentially convex (resp. exponentially convex) in the

Jensen sense on I.

(ii) If the function t 7→ A(ft) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: Our proof proceeds similarly to the proof of Theorem 3.1.10.

Corollary 3.4.8.: Let A be the linear functional de�ned as in (3.135) associated with the

family F3. Then the following statements hold:
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(i) If the function t 7→ A(ft) is continuous on I, then it is 2-exponentially convex on I.

If t 7→ A(ft) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r, s, t ∈ I, such that r < s < t, it holds

[A(fs)]
t−r ≤ [A(fr)]

t−s [A(fr)]
s−r .

(ii) If the function t 7→ A(ft) is positive and di�erentiable on I, then for all r, s, u, v ∈ I

such that r ≤ u, s ≤ v, we have

Mr,s (A,F3) ≤Mu,v (A,F3) ,

where

Mr,s (A,F3) =


(
A(fr)
A(fs)

) 1
r−s

, r ̸= s,

exp

(
d
dr

(A(fr))

A(fr)

)
, r = s.

(3.137)

Proof: (i) The �rst part of statement is an easy consequence of Theorem 3.4.35 and the

second one of Remark 1.2.10..

Since the function t 7→ A(ft) is log-convex on I, i.e. the function t 7→ logA(ft) is convex

on I, then applying Lemma 1.1.1. a) we have

(r − t) logA(ft) + (t− s) logA(fr) + (s− r) logA(fr) ≥ 0

for every choice r, s, t ∈ I, such that r < s < t. Therefore, we have

[A(fs)]
t−r ≤ [A(fr)]

t−s [A(fr)]
s−r .

(ii) Applying Lemma 1.1.1. b) to the convex function t 7→ logA(ft), we get

logA(fr)− logA(fs)

r − s
≤ logA(fu)− logA(fv)

u− v
(3.138)

for r ≤ u, s ≤ v, r ̸= u, s ̸= v. Therefore, we have

Mr,s (A,F3) ≤Mu,v (A,F3) .
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Case r = s, u = v follows from (3.138) as limiting case.

Remark 3.4.15.: Note that, with assumption that the functions from F1, F2, F3 are

di�erentiable, the results from Theorem 3.4.35 and Corollary 3.4.8. still hold when two

of the points z0, z1, ..., z2l ∈ [α, β] coincide. Further, if the functions from F1, F2, F3 are

2l-times di�erentiable, the results still hold when all points coincide. These can be easily

proved using (3.42) and some fact of the exponential convexity.

3.4.4. New families of exponentially convex functions with applications

to means

Using few families of convex functions which are given below, we construct di�erent exam-

ples of exponentially convex functions. As consequences, applying mean-value theorem of

Cauchy type from the previous section to these special families of functions, we establish

new classes of two-parameter Cauchy-type means that are symmetric and have monotone

properties over both parameters.

Throughout this subsection id denotes the identity function, i.e. id(x) = x for each

x ∈ R.

Example 7.: Consider the family of functions

Ω1 = {φt : (0,∞) → R : t ∈ R}

de�ned by

φt(x) =


xt

t(t−1)···(t−2n+1) , t /∈ {0, 1, ..., 2n− 1},
xj log x

(−1)2n−1−jj!(2n−1−j)! , t = j ∈ {0, 1, ..., 2n− 1}.

Since d2nφt

dx2n
(x) = xt−2n = e(t−2n) log x > 0, t ∈ R, it follows that φt is 2n-convex on (0,∞)

for every t ∈ R and t 7→ d2nφt

dx2n
(x) is exponentially convex (for more explanation see [77]).

Therefore, using the same arguments as in proof of Theorem 3.4.35 we conclude that the

function t 7→ [z0, z1, ..., z2l;φt] is exponentially convex (and so exponentially convex in the
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Jensen sense). Also, it follows that t 7→ A(φt) is exponentially convex in the Jensen sense.

It is easy to verify that the function t 7→ A(φt) is continuous so then also exponentially

convex. In this case we assume that [α, β] ⊂ (0,∞).

For this family of functions, with assumption that t 7→ A(φt) is positive, (3.137) becomes

Mr,s (A,Ω1) =



(
A(φr)
A(φs)

) 1
r−s

, r ̸= s,

exp

(
−(2n− 1)!A(φr·φ0)

A(φr)
+

2n−1∑
i=0

1
i−r

)
, r = s /∈ {0, 1, ..., 2n− 1},

exp

(
−(2n− 1)!A(φr·φ0)

2A(φr)
+

2n−1∑
i=0,i̸=r

1
i−r

)
, r = s ∈ {0, 1, ..., 2n− 1}.

(3.139)

Extensions are obtained by continuity for a di�erent choice of parameters r, s ∈ R.

We establish a new class of two-parameter Cauch-type means which is monotonic over both

parameters.

Example 8.: Consider the family of functions

Ω2 = {ψt : R → [0,∞) : t ∈ R}

de�ned by

ψt(x) =


etx

t2n
, t ̸= 0,

x2n

(2n)! , t = 0.

Since d2nψt

dx2n
(x) = etx > 0, t ∈ R, it follows that ψt is 2n-convex on R for every t ∈ R

and t 7→ d2nψt

dx2n
(x) = etx is exponentially convex by de�nition. Therefore, we have that the

function t 7→ A(ψt) is exponentially convex.

For this family of functions, with assumption that t 7→ A(ψt) is positive, (3.137) becomes

Mr,s (A,Ω2) =



(
A(ψr)
A(ψs)

) 1
r−s

, r ̸= s,

exp
(
A(id·ψr)
A(ψr)

− 2n
r

)
, r = s ̸= 0,

exp
(

1
2n+1

A(id·ψ0)
A(ψ0)

)
, r = s = 0.
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Applying Theorem 3.4.34 to this family of functions, it follows that

M r,s (A,Ω2) := logMr,s (A,Ω2) ,

which presents a new class of two-parameter Cauchy-type means of interval [α, β]. Mono-

tonicity over both parameters follows from (ii)-part of Corollary 3.4.8..

Example 9.: Consider the family of functions

Ω3 = {λt : (0,∞) → (0,∞) : t ∈ (0,∞)}

de�ned by

λt(x) =


t−x

(log t)2n
, t ̸= 1,

x2n

(2n)! , t = 1.

Since t 7→ d2nλt
dx2n

(x) = t−x > 0, t ∈ (0,∞), it follows that λt is 2n-convex on (0,∞) for

every t ∈ (0,∞) and t 7→ d2nλt
dx2n

(x) = t−x is exponentially convex since it is the Laplace

transform of a non-negative function (for more explanation see [77], [146]). Therefore, we

have that the function t 7→ A(λt) is exponentially convex. In this case we assume that

[α, β] ⊂ (0,∞).

For this family of functions, with assumption that t 7→ A(φt) is positive, (3.137) becomes

Mr,s (A,Ω3) =



(
A(λr)
A(λs)

) 1
r−s

, r ̸= s,

exp
(
−A(id·λr)

rA(λr)
− 2n

r log r

)
, r = s ̸= 1,

exp
(
− 1

2n+1
A(id·λ1)
A(λ1)

)
, r = s = 1.

For this family of functions, applying Theorem 3.4.34, we de�ne a new class of two-

parameter Cauchy-type means as follows

M r,s (A,Ω3) := −L(r, s) logMr,s (A,Ω3) .
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Here L(r, s) presents logarithmic mean which is de�ned as follows

L(r, s) =


r−s

log r−log s , r ̸= s,

s, r = s.

Monotonicity with respect to the both parameters follows from (ii)-part of Corollary 3.4.8..

Example 10.: Consider the family of functions

Ω4 = {κt : (0,∞) → (0,∞) : t ∈ (0,∞)}

de�ned by

κt(x) =
e−x

√
t

tn
.

Since t 7→ d2nκt
dx2n

(x) = e−x
√
t, t ∈ (0,∞), it follows that κt is 2n-convex on (0,∞) for

every t ∈ (0,∞) and t 7→ d2nκt
dx2n

(x) = e−x
√
t is exponentially convex since it is the Laplace

transform of a non-negative function (for more details see [77], [146]). Therefore, using

the same arguments as in the previous example, we have that the function t 7→ A(κt) is

exponentially convex. In this case we assume that [α, β] ⊂ (0,∞).

For this family of function, with assumption that t 7→ A(φt) is positive, (3.137) becomes

Mr,s (A,Ω4) =


(
A(κr)
A(κs)

) 1
r−s

, r ̸= s,

exp
(
− A(id·κr)

2
√
rA(κr)

− n
r

)
, r = s.

For this family of functions, applying Theorem 3.4.34, we de�ne a new class of two-

parameter Cauchy-type means as follows

M r,s (A,Ω4) := −(
√
r +

√
s) logMr,s (A,Ω3) .

Monotonicity with respect to the both parameters follows from (ii)-part of Corollary 3.4.8..
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3.5. Sherman's inequality and Hermite's interpolation poly-

nomials

In this section, we give generalizations of Sherman's inequality obtained by applying in-

terpolation with Hermite interpolating polynomials. We discuss the results for particular

cases. Namely, we consider interpolation for particular cases known as Lagrange interpolat-

ing polynomials, (m,n−m) interpolating polynomials and two-point Taylor interpolating

polynomials. We give bounds for the identities related to new generalizations in the form

of the �eby²ev functionals. We also give generalized Grüss and Ostrowski type inequalities

related to obtained generalizations. At the end of the section, applying exp-convex method

we construct new families of exponentially and logarithically convex functions and related

Stolarsky type means. The results from this section are quoted from [6].

We start this section with the following Hermite interpolating polynomial representa-

tions by using notations and terminology from [11].

Let α ≤ a1 < a2 < · · · < ar ≤ β, (r ≥ 2) be the given points. For ϕ ∈ Cn([α, β])

(n ≥ r), a unique polynomial ρH(s) of degree (n− 1) exists, ful�lling one of the following

Hermite conditions:

ρ
(i)
H (aj) = ϕ(i)(aj); 0 ≤ i ≤ kj , 1 ≤ j ≤ r,

r∑
j=1

kj + r = n. (H)

In particular:

a) Lagrange conditions (for r = n, kj = 0 for all j):

ρL(aj) = ϕ(aj), 1 ≤ j ≤ n.

b) Type (m,n−m) conditions (r = 2, 1 ≤ m ≤ n− 1, k1 = m− 1, k2 = n−m− 1):

ρ
(i)
(m,n)(α) = ϕ(i)(α), 0 ≤ i ≤ m− 1,

ρ
(i)
(m,n)(β) = ϕ(i)(β), 0 ≤ i ≤ n−m− 1.
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c) Two-point Taylor conditions (n = 2m, r = 2, k1 = k2 = m− 1):

ρ
(i)
2T (α) = ϕ(i)(α), ρ

(i)
2T (β) = ϕ(i)(β), 0 ≤ i ≤ m− 1.

Theorem 3.5.36: Let −∞ < α < β < ∞ and α ≤ a1 < a2 < · · · < ar ≤ β be r (r ≥ 2)

distinct points and ϕ ∈ Cn([α, β]). Then

ϕ(t) = ρH(t) +RH,n(ϕ, t), (3.140)

where ρH(t) is the Hermite inrepolating polynomial, i.e.

ρH(t) =
r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i)(aj),

Hij are fundamental polynomials of the Hermite basis de�ned by

Hij(t) =
1

i!

ω(t)

(t− aj)
kj+1−i

kj−i∑
k=0

1

k!

dk

dtk

(
(t− aj)

kj+1

ω(t)

)∣∣∣∣∣
t=aj

(t− aj)
k, (3.141)

with

ω(t) =
r∏
j=1

(t− aj)
kj+1, (3.142)

and the remainder is given by

RH,n(ϕ, t) =

∫ β

α
GH,n(t, s)ϕ

(n)(s)ds,

where GH,n(t, s) is de�ned by

GH,n(t, s) =


l∑

j=1

kj∑
i=0

(aj−s)n−i−1

(n−i−1)! Hij(t); s ≤ t,

−
r∑

j=l+1

kj∑
i=0

(aj−s)n−i−1

(n−i−1)! Hij(t); s ≥ t,

(3.143)

for all al ≤ s ≤ al+1, l = 0, . . . , r with a0 = α and ar+1 = β.

The associated error RH,n(ϕ, t) is represented in the terms of Green's functionGH,n(t, s)
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(3.143) for multipoint boundary value problem

z(n)(t) = 0, z(i)(aj) = 0, 0 ≤ i ≤ kj , 1 ≤ j ≤ r.

Remark 3.5.16.: a) For Lagrange conditions, from Theorem 3.5.36 we have

ϕ(t) = ρL(t) +RL(ϕ, t)

where ρL(t) is the Lagrange interpolating polynomial i.e.

ρL(t) =

n∑
j=1

n∏
k=1
k ̸=j

(
t− ak
aj − ak

)
ϕ(aj)

and the remainder RL(ϕ, t) is given by

RL(ϕ, t) =

∫ β

α
GL(t, s)ϕ

(n)(s)ds

with

GL(t, s) =
1

(n− 1)!



l∑
j=1

(aj − s)n−1
n∏
k=1
k ̸=j

(
t−ak
aj−ak

)
, s ≤ t

−
n∑

j=l+1

(aj − s)n−1
n∏
k=1
k ̸=j

(
t−ak
aj−ak

)
, s ≥ t

, (3.144)

al ≤ s ≤ al+1, l = 1, 2, ..., n− 1 with a1 = α and an = β.

b) For type (m,n−m) conditions, from Theorem 3.5.36 we have

ϕ(t) = ρ(m,n)(t) +R(m,n)(ϕ, t),

where ρ(m,n)(t) is (m,n−m) interpolating polynomial, i.e.

ρ(m,n)(t) =
m−1∑
i=0

τi(t)ϕ
(i)(α) +

n−m−1∑
i=0

ηi(t)ϕ
(i)(β),
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with

τi(t) =
1

i!
(t− α)i

( t− β

α− β

)n−m m−1−i∑
p=0

(
n−m+ p− 1

p

)( t− α

β − α

)p
, (3.145)

ηi(t) =
1

i!
(t− β)i

( t− α

β − α

)m n−m−1−i∑
p=0

(
m+ p− 1

p

)( t− β

α− β

)p
, (3.146)

and the remainder is given by

R(m,n)(ϕ, t) =

∫ β

α
G(m,n)(t, s)ϕ

(n)(s)ds

with

G(m,n)(t, s) =



m−1∑
j=0

[m−1−j∑
p=0

(
n−m+p−1

p

)(
t−α
β−α

)p]
×

(t−α)j(α−s)n−j−1

j!(n−j−1)!

(
β−t
β−α

)n−m
, α ≤ s ≤ t ≤ β

−
n−m−1∑
i=0

[ n−m−i−1∑
q=0

(
m+q−1

q

)( β−t
β−α

)q]
×

(t−β)i(β−s)n−i−1

i!(n−i−1)!

(
t−α
β−α

)m
, α ≤ t ≤ s ≤ β.

(3.147)

c) For Two-point Taylor conditions, from Theorem 3.5.36 we have

ϕ(t) = ρ2T (t) +R2T (ϕ, t),

where ρ2T (t) is the two-point Taylor interpolating polynomial i.e,

ρ2T (t) =
m−1∑
i=0

m−1−i∑
p=0

(
m+ p− 1

p

)[(t− α)i

i!

( t− β

α− β

)m( t− α

β − α

)p
ϕ(i)(α) (3.148)

+
(t− β)i

i!

( t− α

β − α

)m( t− β

α− β

)p
ϕ(i)(β)

]

and the remainder is given by

R2T (ϕ, t) =

∫ β

α
G2T (t, s)ϕ

(n)(s)ds
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with

G2T (t, s) =


(−1)m

(2m−1)!p
m(t, s)

m−1∑
j=0

(
m−1+j

j

)
(t− s)m−1−jqj(t, s), s ≤ t

(−1)m

(2m−1)!q
m(t, s)

m−1∑
j=0

(
m−1+j

j

)
(s− t)m−1−jpj(t, s), s ≥ t

, (3.149)

where p(t, s) = (s−α)(β−t)
β−α , q(t, s) = p(s, t), ∀ t, s ∈ [α, β].

The following lemma describes the positivity of GH,n(t, s) (see [20], [161]).

Lemma 3.5.3.: Let ω be given by (3.142). The function GH,n(t, s), de�ned by (3.143),

has the following properties:

(i)
GH,n(t,s)
ω(t) > 0, a1 ≤ t ≤ ar, a1 < s < ar;

(ii) GH,n(t, s) ≤ 1
(n−1)!(β−α) |ω(t)|;

(iii)
∫ β
α GH,n(t, s)ds =

ω(t)
n! .

3.5.1. Generalized Sherman's inequality by Hermite interpolation poly-

nomials

First we prove new identity by using interpolation with Hermite interpolating polynomials.

Theorem 3.5.37: Let ϕ ∈ Cn([α, β]) and let ∞ < α ≤ a1 < a2 < · · · < ar ≤ β < ∞,

(r ≥ 2) be the given points, kj ∈ N, 1 ≤ j ≤ r,
r∑
j=1

kj + r = n. Let x = (x1, ..., xl) ∈ [α, β]l,

y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ Rl and v = (v1, ..., vm) ∈ Rm.

Then

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) =
r∑
j=1

kj∑
i=0

ϕ(i)(ai)

 l∑
p=1

upHij(xp)−
m∑
q=1

vqHij(yq)

 (3.150)

+

∫ β

α

 l∑
p=1

upGH,n(xp, s)−
m∑
q=1

vqGH,n(yq, s)

ϕ(n)(s)ds,
where Hij and GH,n are de�ned as in (3.141) and (3.143), respectively.

Proof: By an easy calculation, using (3.140) in
l∑

p=1
upϕ(xp) −

m∑
q=1

vqϕ(yq) we obtain
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(3.150).

In the following theorem, under Hermite conditions, we obtain new generalization of

Sherman's inequality.

Theorem 3.5.38: Let ϕ : [α, β] → R be n-convex and let ∞ < α ≤ a1 < a2 < · · · < ar ≤

β <∞, (r ≥ 2) be the given points, kj ∈ N, 1 ≤ j ≤ r,
r∑
j=1

kj+r = n. Let x = (x1, ..., xl) ∈

[α, β]l, y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ Rl and v = (v1, ..., vm) ∈ Rm.

If
l∑

p=1

upGH,n(xp, s)−
m∑
q=1

vqGH,n(yq, s) ≥ 0, s ∈ [α, β], (3.151)

then

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.152)

≥
l∑

p=1

up

r∑
j=1

kj∑
i=0

ϕ(i)(ai)Hij(xp)−
m∑
q=1

vq

r∑
j=1

kj∑
i=0

ϕ(i)(ai)Hij(yq),

where Hij and GH,n are de�ned as in (3.141) and (3.143), respectively.

Proof: Since the function ϕ is n-convex, then without loss of generality we can assume

that ϕ is n-times di�erentiable and ϕ(n) ≥ 0 (see [138, p. 16 and p. 293]). Hence, we can

apply Theorem 3.5.37 to obtain (3.152).

Specially, if we assume that weights u,v and matrix A are such that sati�ed Sher-

man's conditions, i.e. with nonnegative entries and (3.153) holds, then we get the next

generalization.

Theorem 3.5.39: Let ϕ : [α, β] → R be n-convex and let −∞ < α ≤ a1 < a2 <

· · · < ar ≤ β < ∞, (r ≥ 2) be the given points, kj ∈ N, 1 ≤ j ≤ r,
r∑
j=1

kj + r = n.

Let x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ [0,∞)l and

v = (v1, ..., vm) ∈ [0,∞)m be such that

y = xAT and u = vA (3.153)
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holds for some row stochastic matrix A = (aij) ∈ Mml(R).

If (3.152) holds and the function

F̄ (·) =
r∑
j=1

kj∑
i=0

ϕ(i)(ai)Hij(·) (3.154)

is convex on [α, β], then
m∑
q=1

vqϕ(yq) ≤
l∑

p=1

upϕ(xp). (3.155)

Proof: Since the inequality (3.152) holds, the right hand side of (3.152) can be rewriting

in the form
l∑

p=1

upF̄ (xp)−
m∑
q=1

vqF̄ (yq),

where F̄ is de�ned by (3.154). If F̄ is convex, then by Sherman's theorem we have

l∑
p=1

upF̄ (xp)−
m∑
q=1

vqF̄ (yq) ≥ 0,

i.e. the right hand side of (3.152) is nonnegative so the inequality (3.155) immediately

follows.

As a direct consequence of the previous two theorems, by using Lagrange conditions

we get the following generalization of Sherman's theorem.

Corollary 3.5.9.: Let ϕ : [α, β] → R be n-convex and let x = (x1, ..., xl) ∈ [α, β]l,

y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ [0,∞)l and v = (v1, ..., vm) ∈ [0,∞)m be such

that (3.153) holds for some row stochastic matrix A = (aij) ∈ Mml(R).

(i) If
l∑

p=1

upGL(xp, s)−
m∑
q=1

vqGL(yq, s) ≥ 0, s ∈ [α, β],
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then

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.156)

≥
l∑

p=1

up

n∑
j=1

ϕ(aj)

n∏
k=1
k ̸=j

(
xp − ak
aj − ak

)
−

m∑
q=1

vq

n∑
j=1

ϕ(aj)
n∏
k=1
k ̸=j

(
yq − ak
aj − ak

)
,

where GL is de�ned as in (3.144).

(ii) If (3.156) holds and the function

F̃ (·) =
n∑
j=1

ϕ(aj)

n∏
k=1
k ̸=j

(
· − ak
aj − ak

)

is convex on [α, β], then
m∑
q=1

vqϕ(yq) ≤
l∑

p=1

upϕ(xp).

By using type (m,n−m) conditions we can give the following result.

Corollary 3.5.10.: Let ϕ : [α, β] → R be n-convex and let x = (x1, ..., xl) ∈ [α, β]l,

y = (y1, ..., yu) ∈ [α, β]u, u = (u1, ..., ul) ∈ [0,∞)l and v = (v1, ..., vu) ∈ [0,∞)u be such

that (3.153) holds for some row stochastic matrix A = (aij) ∈ Mul(R).

(i) If
l∑

p=1

upG(m,n)(xp, s)−
u∑
q=1

vqG(m,n)(yq, s) ≥ 0, s ∈ [α, β],

then

l∑
p=1

upϕ(xp)−
u∑
q=1

vqϕ(yq) (3.157)

≥
l∑

p=1

up

(
m−1∑
i=0

τi(xp)ϕ
i(α) +

n−m−1∑
i=0

ηi(xp)ϕ
i(β)

)

−
u∑
q=1

vq

(
m−1∑
i=0

τi(yq)ϕ
i(α) +

n−m−1∑
i=0

ηi(yq)ϕ
i(β)

)
,
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where τi, ηi and G(m,n) are de�ned as in (3.145), (3.146) and (3.147), respectively.

(ii) If (3.157) holds and the function

F̂ (·) =
m−1∑
i=0

τi(·)ϕi(α) +
n−m−1∑
i=0

ηi(·)ϕi(β)

is convex on [α, β], then
l∑

p=1

upϕ(xp) ≤
u∑
q=1

vqϕ(yq).

By using Two-point Taylor conditions we can give the following result.

Corollary 3.5.11.: Let ϕ : [α, β] → R be 2m-convex and let x = (x1, ..., xl) ∈ [α, β]l,

y = (y1, ..., yu) ∈ [α, β]u, u = (u1, ..., ul) ∈ [0,∞)l and v = (v1, ..., vu) ∈ [0,∞)u be such

that (3.153) holds for some row stochastic matrix A = (aij) ∈ Mul(R).

(i) If
l∑

p=1

upG2T (xp, s)−
u∑
q=1

vqG2T (yq, s) ≥ 0, s ∈ [α, β],

then
l∑

p=1

upϕ(xp)−
u∑
q=1

vqϕ(yq) ≥
l∑

p=1

upρ2T (xp)−
u∑
q=1

vqρ2T (yq), (3.158)

where ρ2T and G2T are de�ned as in (3.148) and (3.149), respectively.

(ii) If (3.158) holds and the function ρ2T is convex on [α, β], then

u∑
q=1

vqϕ(yq) ≤
l∑

p=1

upϕ(xp).
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3.5.2. The Ostrowski and Grüss type inequalities

For the sake of simplicity and to avoid many notations, we de�ne the function R : [α, β] →

R by

R(s) =
l∑

p=1

upGH,n(xp, s)−
m∑
q=1

vqGH,n(yq, s), (3.159)

where x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ Rl, v =

(v1, ..., vm) ∈ Rm and the function GH,n is de�ned by (3.143). We also consider the the

�eby²ev functional T (R,R) for the function R.

The following bounds for identities related to generalization of Sherman's inequality

holds.

Theorem 3.5.40: Let ϕ : [α, β] → R be such that ϕ ∈ Cn([α, β]) with (· − α)(β −

·)(ϕ(n+1))2 ∈ L[α, β]. Let the function R be de�ned as in (3.159). Then the remainder

κ(ϕ;α, β), de�ned by

κ(ϕ;α, β) =

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq)−
r∑
j=1

kj∑
i=0

ϕ(i)(ai)

 l∑
p=1

upHij(xp)−
m∑
q=1

vqHij(yq)


− ϕ(n−1)(β)− ϕ(n−1)(α)

β − α

∫ β

α
R(s)ds+ κ(ϕ;α, β), (3.160)

satis�es the estimation

|κ(ϕ;α, β)| ≤
√
β − α√
2

[T (R,R)] . (3.161)

Proof: The idea of the proof is the same as the proof of Theorem 3.1.5.

Using Theorem 1.4.13 we obtain the Grüss type inequalities.

Theorem 3.5.41: Let ϕ ∈ Cn([α, β]) such that ϕ(n) is monotonic nondecreasing on [α, β]

and let R be de�ned by (3.159). Then remainder κ(ϕ;α, β), de�ned by (3.160), satis�es

the estimation

|κ(ϕ;α, β)| ≤ ∥R′∥∞

[
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

]
. (3.162)

Proof: The proof is analogous to the proof of Theorem 3.1.6.

216 Chapter 3.. On Sherman's inequality for n-Convex Functions



Ptolemy Scienti�c Research Press https://pisrt.org/

We present the Ostrowski type inequalities related to generalizations of Sherman's

inequality.

Theorem 3.5.42: Let the assumptions of Theorem 3.5.37 hold. Assume (p, q) is a pair

of conjugate exponents, that is 1 ≤ p, q ≤ ∞, 1/p+ 1/q = 1. Let ϕ(n) ∈ Lp[α, β]. Then we

have: ∣∣∣∣∣∣
l∑

p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq)−
r∑
j=1

kj∑
i=0

ϕ(i)(ai)

 l∑
p=1

upHij(xp)−
m∑
q=1

vqHij(yq)

∣∣∣∣∣∣
≤
∥∥∥ϕ(n)∥∥∥

p
∥R∥q , (3.163)

where R is de�ned in (3.159).

The constant on the right-hand side of (3.163) is sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

Proof: In the proof we proceed similarly as in the proof of Theorem 3.1.7.

3.5.3. Mean-value theorems and n-exponential convexity

Now, we present the Lagrange and the Cauchy type of mean-value theorems by using results

from the previous subsection. Also, we use exp-convex method in order to interpret our

results in the form of exponentially convex functions or in the special case logarithmically

convex functions.

Motivated by the inequality (3.152), under the assumptions of Theorems 3.5.38 we

de�ne

F (ϕ) =
l∑

p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.164)

−
r∑
j=1

kj∑
i=0

ϕ(i)(ai)

 l∑
p=1

upHij(xp)−
m∑
q=1

vqHij(yq)

 .
Remark 3.5.17.: Under the assumptions of Theorems 3.5.38, the linear functional (3.164)

satis�es F (ϕ) ≥ 0 for all n-convex functions ϕ.
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Theorem 3.5.43: Let ϕ ∈ Cn[α, β]. If the inequality in (3.151) holds, then there exists

ξ ∈ [α, β] such that

F (ϕ) = ϕ(n)(ξ)F (φ),

where φ(x) = xn

n! and F is de�ned by (3.164).

Proof: We proceed analogously to the proof of Theorem 3.1.8.

Theorem 3.5.44: Let ϕ, ψ ∈ Cn[α, β]. If the inequality in (3.151) holds, then there exists

ξ ∈ [α, β] such that

F (ϕ)

F (ψ)
=
ϕ(n)(ξ)

ψ(n)(ξ)
, (3.165)

provided that the denominators are non-zero and F is de�ned by (3.164).

Proof: We use the technique of proving Theorem 3.1.9.

Remark 3.5.18.: If ϕ
(n)

ψ(n) is an invertible function, then from (3.165) we obtain new mean

of Cauchy's type of the interval [α, β],

ξ =

(
ϕ(n)

ψ(n)

)−1(
F (ϕ)

F (ψ)

)
.

In order to obtain results regarding to the exponential convexity, we consider the fami-

lies of exponentially convex functions F1,F2,F3 as given in Subsection 3.1.3. in De�nition

3.1.2..

Theorem 3.5.45: Let F be the linear functional de�ned as in (3.164) associated with

the family F1 (resp. F2). Then the following statements hold:

(i) The function t 7→ F (ϕt) is n-exponentially convex (resp. exponentially convex) in the

Jensen sense on I.

(ii) If the function t 7→ F (ϕt) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.10.
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Corollary 3.5.12.: Let F be the linear functional de�ned as in (3.164) associated with

the family F3. Then the following statements hold:

(i) If the function t 7→ F (ϕt) is continuous on I, then it is 2-exponentially convex on I.

If t 7→ F (ϕt) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r, s, t ∈ I, such that r < s < t, it holds

[F (ϕs)]
t−r ≤ [F (ϕr)]

t−s [F (ϕr)]
s−r .

(ii) If the function t 7→ F (ϕt) is positive and di�erentiable on I, then for all r, s, u, v ∈ I

such that r ≤ u, s ≤ v, we have

Mr,s (F,F3) ≤Mu,v (F,F3) , (3.166)

where

Mr,s (F,F3) =


(
F (ϕr)
F (ϕs)

) 1
r−s

, r ̸= s,

exp

(
d
dr

(F (ϕr))

F (ϕr)

)
, r = s.

(3.167)

Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4..

Remark 3.5.19.: Remark 3.1.3. is also valid for these functionals. Analogous results can

be discussed as given in Section 3.1.3..

3.6. Sherman's inequality and Hermite interpolation polyno-

mials with Green's functions

The main aim of this section is to give generalizations of Sherman's result for n-convex func-

tions by using Hermite interpolating polynomials in combination with Green's functions

(3.44)-(3.48). We also consider the results for particular cases, namely, (m,n−m) interpo-

lating polynomial, two-point Taylor interpolating polynomial. We give upper bounds for

identity related to generalized Sherman's result and discusse about some applications. The

results from this section are quoted from [7].
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3.6.1. Generalizations of Sherman's inequality by Hermite interpolation

polynomials and Green's functions

Theorem 3.6.46: Let α ≤ a1 < a2 < · · · < ar ≤ β (r ≥ 2) be distinct points and

ϕ ∈ Cn([α, β]) (n ≥ r). Let x ∈ [α, β]l, y ∈ [α, β]k, u ∈ Rl and v ∈ Rk be such that

y = xAT and u = vA (3.168)

holds for some matrix A ∈ Mkl(R) whose entries satisfy the condition
l∑

j=1
aij = 1, i =

1, ..., k. Then the following identity holds:

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq)

=

∫ β

α

 l∑
p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt

+

∫ β

α

∫ β

α

 l∑
p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t)

GH,n−2(t, s)ϕ
(n)(s)dsdt,

(3.169)

where Gz, z = 1, 2, 3, 4, 5, Hij and GH,n are de�ned as in (3.44)-(3.48), (3.141) and

(3.143), respectively.

Proof: Let us consider Green's function G2, de�ned by (3.45). Applying (3.50) on the

di�erence
l∑

p=1
upϕ(xp)−

k∑
q=1

vqϕ(yq) and using (3.168), we have

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) =

∫ β

α

 l∑
p=1

upG2(xp, t)−
k∑
q=1

vqG2(yq, t)

ϕ′′(t)dt. (3.170)

By Theorem 3.5.36, the function ϕ′′(t) can be expressed as

ϕ′′(t) =
r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj) +

∫ β

α
GH,n−2(t, s)ϕ

(n)(s)ds. (3.171)

Now, combining (3.170) and (3.171), we get (3.169).

Using the previous identity we get the following generalizations of Sherman's theorem.
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Theorem 3.6.47: Suppose that all the assumptions of Theorem 3.6.46 hold. Additionally,

let ϕ be n-convex on [α, β] and

l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t) ≥ 0, t ∈ [α, β]. (3.172)

(T1) If kj is odd for each j = 2, .., r, then

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) (3.173)

≥
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt.

(T2) If kj is odd for each j = 2, .., r − 1 and kr is even, then the reverse inequality in

(3.173) holds.

Proof: (T1) Since the function ϕ is n-convex, then ϕ is n-times di�erentiable and ϕ(n) ≥ 0.

If kj is odd for each j = 2, .., r, then ω, given by (3.142), satis�es ω(t) ≥ 0. Therefore,

by Lemma 3.5.3. (i) it follows GH,n−2(t, s) ≥ 0. Hence, we can apply Theorem 3.6.46 to

obtain (3.173).

(T2) This part we can prove similarly.

Theorem 3.6.48: Suppose that all the assumptions of Theorem 3.6.46 hold. Addition-

ally, let vectors u, v and matrix A be nonnegative and ϕ be n-convex on [α, β]. Then the

statements (T1) and (T2) hold. Moreover, if (3.173) holds and the function

F̄z(·) =
r∑
j=1

kj∑
i=0

∫ β

α
Gz(·, t)Hij(t)ϕ

(i+2)(aj)dt (3.174)

is convex on [α, β], then
l∑

p=1

upϕ(xp) ≥
k∑
q=1

vqϕ(yq). (3.175)

Proof: Since the function Gz(., t), t ∈ [α, β], is convex for every z = 1, ..., 5, then by
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Sherman's theorem it holds that

l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t) ≥ 0, t ∈ [α, β].

Applying Theorem 3.6.47 and Lemma 3.5.3. (i) we get (3.173). Similarly we can prove the

second statement (T2).

Since (3.173) holds, the right hand side of (3.173) can be rewriting in the form

l∑
p=1

upF̄z(xp)−
k∑
q=1

vqF̄z(yq),

where F̄z is de�ned by (3.174). If F̄z is convex, then by Sherman's theorem we have

l∑
p=1

upF̄z(xp)−
k∑
q=1

vqF̄z(yq) ≥ 0,

i.e. the right hand side of (3.173) is nonnegative, so the inequality (3.175) immediately

follows.

As a direct consequence of the previous results, considering particular case of Hermite

interpolating polynomial with type (m,n−m) conditions, we get the following corollary.

Corollary 3.6.13.: Suppose that all the assumptions of Theorem 3.5.36 hold with type

(m,n−m) conditions. Additionally, let ϕ be n-convex on [α, β] and x ∈ [α, β]l, y ∈ [α, β]m,

u ∈ [0,∞)l and v ∈ [0,∞)m be such that (3.153) holds for some row stochastic matrix

A ∈ Mml(R).

(i) If n−m is even, then

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) (3.176)

≥
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

(m−1∑
i=0

τi(t)ϕ
(i+2)(α) +

n−m−1∑
i=0

ηi(t)ϕ
(i+2)(β)

)
dt,

where τi and ηi are de�ned as in (3.145) and (3.146), respectively.

(ii) If n−m is odd, then the reverse inequality in (3.176) holds.
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(iii) If (3.176) holds and the function

F̃z(·) =
∫ β

α
Gz(·, t)

(
m−1∑
i=0

τi(t)ϕ
i(α) +

n−m−1∑
i=0

ηi(t)ϕ
i(β)

)
dt (3.177)

is convex on [α, β], then (3.175) holds.

Considering a particular case of Hermite interpolating polynomial with two-point Tay-

lor conditions we get the next generalizations.

Corollary 3.6.14.: Suppose that all the assumptions of Theorem 3.5.36 hold with two-

point Taylor conditions. Additionally, let ϕ be n-convex on [α, β] and x ∈ [α, β]l, y ∈

[α, β]m, u ∈ [0,∞)l and v ∈ [0,∞)m be such that (3.168) holds for some row stochastic

matrix A ∈ Mml(R).

(i) If m is even, then

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) ≥
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

F (t)dt, (3.178)

where

F (t) =
m−1∑
i=0

m−1−i∑
k=0

(
m+ k − 1

k

)
(t− α)i

i!

(
t− β

α− β

)m( t− α

β − α

)k
ϕ(i+2)(α)

+
(t− β)i

i!

(
t− α

β − α

)m( t− β

α− β

)k
ϕ(i+2)(β).

(ii) If m is odd, then the reverse inequality in (3.178) holds.

(iii) If (3.178) holds and the function

F̂z(·) =
∫ β

α
Gz(·, t)F (t)dt

is convex on [α, β], then (3.175) holds.
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3.6.2. The Ostrowski and Grüss type inequalities

To avoid many notations, under the assumptions of Theorem 3.6.46, we de�ne the function

Rz : [α, β] → R, z = 1, ..., 5, by

Rz(s) =

∫ β

α

 l∑
p=1

upGz(xp, t)−
m∑
q=1

vqGz(yq, t)

GH,n−2(t, s)dt. (3.179)

Then T (Rz,Rz) denotes the �eby²ev functional

T (Rz,Rz) =
1

β − α

∫ β

α
R2
z(t)dt−

(
1

β − α

∫ β

α
Rz(t)dt

)2

.

Theorem 3.6.49: Let ϕ : [α, β] → R be such that ϕ(n) ∈ AC([α, β]) and (· − α)(β −

·)(ϕ(n+1))2 ∈ L[α, β]. Let Rz, z = 1, ..., 5 be de�ned as in (3.179). Then

κz(ϕ;α, β) =
l∑

p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq)

−
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt

− ϕ(n−1)(β)− ϕ(n−1)(α)

β − α

∫ β

α
Rz(s)ds (3.180)

and κz(ϕ;α, β) satis�es the estimation

|κz(ϕ;α, β)| ≤
√
β − α√
2

[T (Rz,Rz)]
1
2

∣∣∣∣∫ β

α
(s− α)(β − s)[ϕ(n+1)(s)]2ds

∣∣∣∣
1
2

(3.181)

Proof: The idea of the proof is the same as the proof of Theorem 3.1.5.

Theorem 3.6.50: Let ϕ : [α, β] → R be such that ϕ(n) is monotonic nondecreasing on

[α, β] and Rz, z = 1, ..., 5 be de�ned as in (3.179). Then (3.180) holds and κz(ϕ;α, β)

satis�es the estimation

|κz(ϕ;α, β)| ≤ ∥R′
z∥∞

{
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

}
. (3.182)

Proof: The idea of the proof is the same as in the proof of Theorem 3.1.6.
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Theorem 3.6.47 gives the lower bound for the expression

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) (3.183)

−
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt.

Next result gives an upper bound for (3.183).

Theorem 3.6.51: Let (p, q) be a pair of conjugate exponents, i.e. 1 ≤ p, q ≤ ∞ and

1/p + 1/q = 1. Let ϕ : [α, β] → R be such that
∣∣ϕ(n)∣∣p ∈ L[α, β] and Rz, z = 1, ..., 5 be

de�ned as in (3.179). Then

∣∣∣∣∣∣
l∑

p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq)

−
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt

∣∣∣∣∣∣
≤
∥∥∥ϕ(n)∥∥∥

p
∥Rz∥q . (3.184)

The constant ∥Rz∥q is sharp for 1 < p ≤ ∞ and the best possible for p = 1.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.7.

3.6.3. Mean-value theorems and n-exponential convexity

Motivated by the inequality (3.173), under the assumptions of Theorems 3.6.47, we de�ne

the linear functional Λ : Cn([α, β]) → R by

Λ(ϕ) =

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq)

−
∫ β

α

 l∑
p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t)

 r∑
j=1

kj∑
i=0

Hij(t)ϕ
(i+2)(aj)dt. (3.185)

Remark 3.6.20.: By Theorem 3.6.47, for every n-convex functions ϕ : [α, β] → R we
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have

Λ(ϕ) ≥ 0.

Using the linearity of this functional we derive mean value theorems of Lagrange and

Cauchy type.

Theorem 3.6.52: Let ϕ ∈ Cn([α, β]) and Λ : Cn([α, β]) → R be the linear functional

de�ned by (3.185). Then there exists ξ ∈ [α, β] such that

Λ(ϕ) = ϕ(n)(ξ)Λ(φ),

where φ(x) = xn

n! .

Proof: Similar to the proof of Theorem 3.1.8.

Theorem 3.6.53: Let ϕ, ψ ∈ Cn([α, β]) and Λ : Cn([α, β]) → R be the linear functional

de�ned by (3.185). Then there exists ξ ∈ [α, β] such that

Λ(ϕ)

Λ(ψ)
=
ϕ(n)(ξ)

ψ(n)(ξ)
, (3.186)

provided that the denominators are non-zero.

Proof: Similar to the proof of Theorem 3.1.9.

Remark 3.6.21.: With assumption that ϕ(n)

ψ(n) is an invertible function, as a consequence

of the previous theorem we get the single number

ξ =

(
ϕ(n)

ψ(n)

)−1(
Λ(ϕ)

Λ(ψ)

)

which is exactly mean of Chauchy type of the segment [α, β].

Through the rest of this section, I denotes an open interval in R.

Let us consider the families of exponentially convex functions F1,F2,F3 as given in

Subsection 3.1.3. in De�nition 3.1.2..
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Theorem 3.6.54: Let Λ be the linear functional de�ned as in (3.185) associated with the

family F1 (resp. F2). Then the following statements hold:

(i) The function t 7→ Λ(ϕt) is n-exponentially convex (resp. exponentially convex) in the

Jensen sense on I.

(ii) If the function t 7→ Λ(ϕt) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.10.

Corollary 3.6.15.: Let Λ be the linear functional de�ned as in (3.185) associated with

the family F3. Then the following statements hold:

(i) If the function t 7→ Λ(ϕt) is continuous on I, then it is 2-exponentially convex on I.

If t 7→ Λ(ϕt) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r, s, t ∈ I, such that r < s < t, it holds

[Λ(ϕs)]
t−r ≤ [Λ(ϕr)]

t−s [Λ(ϕr)]
s−r .

(ii) If the function t 7→ Λ(ϕt) is positive and di�erentiable on I, then for all r, s, u, v ∈ I

such that r ≤ u, s ≤ v, we have

Mr,s (Λ,F3) ≤Mu,v (Λ,F3) , (3.187)

where

Mr,s (Λ,F3) =


(
Λ(ϕr)
Λ(ϕs)

) 1
r−s

, r ̸= s,

exp

(
d
dr

(Λ(ϕr))

Λ(ϕr)

)
, r = s.

(3.188)

Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4..

Example 11.: As an example of application of the previous results consider the family

of functions

Ω4 = {φt : (0,∞) → (0,∞) : t ∈ (0,∞)}
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de�ned by

φt(x) =
e−x

√
t(

−
√
t
)n .

Since dnφt

dxn (x) = e−x
√
t > 0, the function φt is n-convex function for every t > 0. More-

over, the function t 7→ dnφt

dxn (x) is exponentially convex. Therefore, the function t 7→

[x0, x1, ..., xl;φt] is exponentially convex (and so exponentially convex in the Jensen sense).

Also, the function t 7→ Λ(φt) is exponentially convex in the Jensen sense. It is easy to verify

that the function t 7→ Λ(φt) is continuous, so it is exponentially convex.

For this family of functions, with assumption that [α, β] ⊂ (0,∞) and t 7→ Λ(φt) is positive,

(3.188) becomes

µη,ζ =

ζnηn .
l∑

p=1
upe

−xp
√
η −

k∑
q=1

vqe
−yq

√
η −A1

l∑
p=1

upe−xp
√
ζ −

k∑
q=1

vqe−yq
√
ζ −B1


1

η−ζ

, η ̸= ζ,

µη,η = exp


k∑
q=1

vqyqe
−yq

√
η −

l∑
p=1

upxpe
−xp

√
η +A2

2
√
η

(
l∑

p=1
upe−xp

√
η −

k∑
q=1

vqe−yq
√
η −A1

) − n

η

 ,

where

A1 =

∫ β

α
(
l∑

p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t))
r∑
j=1

kj∑
i=0

Hij(t)(−1)i+2η1+
i
2 e−aj

√
ηdt,

A2 =

∫ β

α
(

l∑
p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t))

r∑
j=1

kj∑
i=0

Hij(t)
di+2

dxi+2
(xe−x

√
η)|x=ajdt,

B1 =

∫ β

α
(
l∑

p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t)))

r∑
j=1

kj∑
i=0

Hij(t)(−1)i+2ζ1+
i
2 e−aj

√
ζdt.

Using Theorem 3.6.53 it follows that

Mη,ζ (Λ,Ω4) = −
(√

η +
√
ζ
)
log µη,ζ (Λ,Ω4)

satis�es

α ≤Mη,ζ (Λ,Ω4) ≤ β.
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It is obviously symmetric. By Corollary 3.6.15., using (3.187), it follows that this mean is

monotonic.

Remark 3.6.22.: Analogous results can be discussed as given in Section 3.1.3..

3.7. Sherman's inequality and Montgomery's identity with

Green's functions

In this section, we obtain generalized Sherman's type inequalities for n-convex functions

by using Montgomery identity with Green's functions. We also give bounds for identities

related to obtained generalizations in the form of the Grüss and Ostrowski type inequalities.

Applying exp-convex method we establish new examples of exponentially convex functions

and related generalized Cauchy type means. The results from this section are quoted from

[8, 9].

In our results we use the following generalized Montgomery identities via Taylor's

formula as given in [12], [13].

Proposition 3.7.55: Let n ∈ N, ϕ : I → R be such that ϕ(n−1) ∈ AC(I), where I is an

open interval in R, α, b ∈ I, α < b. Then the following identity holds

ϕ (x) =
1

b− α

∫ b

α
ϕ (t) dt+

n−2∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(x− α)k+2

b− α
−
n−2∑
k=0

ϕ(k+1) (b)

k! (k + 2)

(x− b)k+2

b− α

+
1

(n− 1)!

∫ b

α
Tn (x, s)ϕ

(n) (s) ds, (3.189)

where

Tn (x, s) =


− (x− s)n

n (b− α)
+
x− α

b− α
(x− s)n−1 , α ≤ s ≤ x,

− (x− s)n

n (b− α)
+
x− b

b− α
(x− s)n−1 , x < s ≤ b.

(3.190)

Remark 3.7.23.: For n = 1, the sum on the right side of (3.189) is equal to zero, so the

identity (3.189) reduces to the well known Montgomery identity

ϕ (x) =
1

b− α

∫ b

α
ϕ (t) dt+

∫ b

α
P (x, s)ϕ′ (s) ds,
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where P (x, s) is the Peano kernel, de�ned by

P (x, s) =


s− α

b− α
, α ≤ s ≤ x

s− b

b− α
, x < s ≤ b

,

(see for instance [112]).

3.7.1. Generalizations of Sherman's inequality by Montgomery's identity

First, applying Montgomery identity we establish new identity for Sherman's di�erence.

Theorem 3.7.56: Let n ∈ N, ϕ : I → R be such that ϕ(n−1) ∈ AC(I), where I is an open

interval in R, α, β ∈ I, α < β. Suppose that x = (x1, ..., xl) ∈ [α, β]l, y = (y1, ..., ym) ∈

[α, β]m, u = (u1, ..., ul) ∈ Rl, v = (v1, ..., vm) ∈ Rm be such that

y = xAT and u = vA (3.191)

holds for some matrix A= (aij) ∈ Mlm(R) satisfying the condition
m∑
j=1

aij = 1, i =

1, 2, ..., l. Then

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.192)

=
1

β − α

n−2∑
k=0

1

k!(k + 2)

ϕ(k+1)(α)

 l∑
p=1

up(xp − α)k+2 −
m∑
q=1

vq(yq − α)k+2


− ϕ(k+1)(β)

 l∑
p=1

up(xp − β)k+2 −
m∑
q=1

vq(yq − β)k+2


+

1

(n− 1)!

∫ β

α

 l∑
p=1

upTn(xp, s)−
m∑
q=1

vqTn(yq, s)

ϕ(n)(s)ds.

Proof: Applying (3.189) to the di�erenece
l∑

p=1
upϕ(xp) −

m∑
q=1

vqϕ(yq) we obtain (3.192).

Now we state generalized Sherman's type inequality by using the above identity.

Theorem 3.7.57: Let all the assumptions of Theorem 3.7.56 be satis�ed. For Tn(·, s), s ∈
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[α, β], de�ned by (3.190), let

m∑
q=1

vqTn(yp, s) ≤
l∑

p=1

upTn(xp, s). (3.193)

If ϕ is n-convex on I, then the following inequality holds:

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.194)

≥ 1

β − α

n−2∑
k=0

1

k!(k + 2)

ϕ(k+1)(α)

 l∑
p=1

up(xp − α)k+2 −
m∑
q=1

vq(yq − α)k+2


− ϕ(k+1)(β)

 l∑
p=1

up(xp − β)k+2 −
m∑
q=1

vq(yq − β)k+2

 .
Proof: Under the assumptions of theorem the identity (3.192) holds. Since ϕ is n-convex,

then ϕ(n) ≥ 0 on I. Using this fact in combination with (3.193) we get the required result.

Theorem 3.7.58: Let all the assumptions of Theorem 3.7.56 be satis�ed. Additionally,

let u, v and A are with nonnegative entries. If ϕ is 2n-convex function, then

l∑
p=1

upϕ(xp)−
m∑
q=1

vqϕ(yq) (3.195)

≥ 1

β − α

2n−2∑
k=0

1

k!(k + 2)

ϕ(k+1)(α)

 l∑
p=1

up(xp − α)k+2 −
m∑
q=1

vq(yq − α)k+2


− ϕ(k+1)(β)

 l∑
p=1

up(xp − β)k+2 −
m∑
q=1

vq(yq − β)k+2

 .
Moreover, if ϕ(k)(α) ≥ 0 and (−1)kϕ(k)(β) ≥ 0 for k = 1, ..., 2n− 1, then

l∑
p=1

upϕ(xp) ≥
m∑
q=1

vqϕ(yq).
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Proof: For Tn(·, s), s ∈ [α, β], de�ned by (3.190), we have

d2Tn (x, s)

dx2
=


n−1
β−α [(x− s)n−2 + (n− 2)(x− α)(x− s)n−3], α ≤ s ≤ x ≤ β

n−1
β−α [(x− s)n−2 + (n− 2)(x− β)(x− s)n−3], α ≤ x ≤ s ≤ β

,

so Tn (·, s) , s ∈ [α, β] is continuous for every n ≥ 2 and convex for even n. Hence, by

Sherman's Theorem the inequality (3.193) holds for even n and by using Theorem 3.7.60

the inequality (3.195) hold if n is replaced by 2n.

To prove the second part, let us consider the function f(x) = (x−α)k+2, which is continuous

convex function on [α, β]. Again, applying Sherman's Theorem to f, we get

l∑
p=1

up(xp − α)k+2 ≥
m∑
q=1

vq(yq − α)k+2. (3.196)

Similarly, the function g(x) = (x − β)k+2 is convex on [α, β] if k is even and concave on

[α, β] if k is odd. So we have

l∑
p=1

up(xp − β)k+2 ≥
m∑
q=1

vq(yq − β)k+2, if k is even , (3.197)

l∑
p=1

up(xp − β)k+2 ≤
m∑
q=1

vq(yq − β)k+2, if k is odd . (3.198)

Now using (3.196), (3.197), (3.198) and the the assumptions ϕ(k)(α) ≥ 0 and (−1)kϕ(k)(β) ≥

0, k = 1, 2, ..., 2n− 1, we have

1

β − α

2n−2∑
k=0

{ l∑
p=1

up(xp − α)k+2 −
m∑
q=1

vq(yq − α)k+2

}
ϕ(k+1)(α)

k!(k + 2)


− 1

β − α

2n−2∑
k=0

{ l∑
p=1

up(xp − β)k+2 −
m∑
q=1

vq(yq − β)k+2

}
ϕ(k+1)(β)

k!(k + 2)

 ≥ 0.

Hence the result follows.
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3.7.2. Generalized Sherman's inequality by Montgomery's identity and

Green's functions

In this subsection, using Montgomery identity with Green's functions we obtain new iden-

tity.

Theorem 3.7.59: Let n ∈ N, n ≥ 4, ϕ : I → R be such that ϕ(n−1) ∈ AC(I), where

I ⊂ R is an open interval, α, β ∈ I, α < β. Suppose that x = (x1, ..., xl) ∈ [α, β]l,

y = (y1, ..., ym) ∈ [α, β]m, u = (u1, ..., ul) ∈ Rl, v = (v1, ..., vm) ∈ Rm be such that

(3.191) holds for some matrix A = (aij) ∈ Mlm(R) satisfying the condition
m∑
j=1

aij = 1,

i = 1, 2, ..., l. Let Tn and Gz be de�ned as in (3.190) and (3.44)-(3.48), respectively. Then

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) (3.199)

=

∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)


·

[
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

]
dt

+
1

(n− 1)!

∫ β

α

∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

Tn−2 (t, s)ϕ
(n) (s) dsdt.

Proof: Let us consider Green's function G2 de�ned by (3.45). Applying (3.50) on the

di�erence
l∑

p=1
upϕ(xp)−

k∑
q=1

vqϕ(yq) and applying (3.191), we have

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) =

∫ β

α

 l∑
p=1

upG2(xp, t)−
k∑
q=1

vqG2(yq, t)

ϕ′′(t)dt.
(3.200)
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By Proposition 3.7.55, the function ϕ′′(t) can be expressed as

ϕ′′ (t) =
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

(3.201)

+
1

(n− 1)!

∫ β

α
Tn−2 (t, s)ϕ

(n) (s) ds.

Now, combining (3.200) and (3.201), we get (3.199) for Green's function G2. Analogously

we can prove identities for other Green's functions.

Now we state generalization of Sherman's results by using the previous identity.

Theorem 3.7.60: Suppose that all the assumptions of Theorem 3.7.59 hold. Additionally,

if for any even n the function ϕ : I → R is n-convex and

l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t) ≥ 0, t ∈ [α, β], (3.202)

then the following inequality holds:

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) (3.203)

≥
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)


·

[
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

]
dt.

Proof: Since ϕ is n-convex, then ϕ(n) ≥ 0. Also it obvious that if n is even then Tn ≥ 0

because

Case I: If α ≤ s ≤ x, then x− a ≥ x− s and hence (x− α)(x− s)n−1 ≥ (x− s)n that is

(x− α)(x− s)n−1

β − α
≥ (x− s)n

β − α
≥ (x− s)n

n(β − α)
.

So in this case from (3.190) we have Tn ≥ 0.

Case II: If x < s ≤ β, then x−s < 0 and s−β ≤ 0. As n is even so we have (x−s)n−1 < 0,
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therefore we have

(x− s)n−1(s− β) ≥ 0

⇒ (x− s)n−1(x− β + s− x) ≥ 0

⇒ (x− s)n−1(x− β)− (x− s)n ≥ 0

that is
(x− s)n−1(x− β)

β − α
≥ (x− s)n

β − α
≥ (x− s)n

n(β − α)
.

So in this case from (3.190) we have Tn ≥ 0.

Now using (3.7.60) and the positivity of Tn and ϕ(n) in (3.199) we get (3.203).

The next theorem gives generalization of Sherman's theorem under Sherman's condition

of nonnegative entries weights u, v and matrix A.

Theorem 3.7.61: Suppose that all the assumptions of Theorem 3.7.59 hold. Additionally,

let u,v and A be with nonnegative entries.

(i) If n is even and ϕ is n-convex function, then (3.203) holds.

(ii) If (3.203) holds and the functions Lz : [α, β] → R, z = 1, ..., 5, de�ned by

Lz(·) = Gz(·, t)

(
1

β−α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1)(α)
k!(k+2)

(t−α)k+2

β−α −
n−4∑
k=0

ϕ(k+1)(β)
k!(k+2)

(t−β)k+2

β−α

)
,

(3.204)

where Gz, z = 1, ..., 5 is de�ned as in (3.44)-(3.48), are convex on [α, β], then

l∑
p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq) ≥ 0. (3.205)

Proof: Since the function Gz(·, t), t ∈ [α, β], is convex for every z = 1, ..., 5, by Sherman's

theorem we have
l∑

p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t) ≥ 0.

Applying Theorem 3.7.60 we get (3.203).
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Since (3.203) holds, the right hand side of (3.203) can be rewritten in the form

l∑
p=1

upLz(xp)−
k∑
q=1

vqLz(yq),

where Lz is de�ned by (3.204). If Lz is convex, then by Sherman's theorem we have

l∑
p=1

upLz(xp)−
k∑
q=1

vqLz(yq) ≥ 0,

i.e. the right hand side of (3.203) is nonnegative, so the inequality (3.205) immediately

follows.

3.7.3. The Ostrowski and Grüss type inequalities

To avoid many notations, under the assumptions of Theorem 3.7.60, we de�ne the function

Pz : [α, β] → R, z = 1, ..., 5, by

Pz(s) =
∫ β

α

 l∑
p=1

upG(xp, t)−
k∑
q=1

vqG(yq, t)

Tn−2 (t, s) dt. (3.206)

Then T (Pz,Pz) denotes the �eby²ev functional

T (Pz,Pz) =
1

β − α

∫ β

α
P2
z (s)ds−

(
1

β − α

∫ β

α
Pz(s)ds

)2

, z = 1, ..., 5.

Using previous two theorems we obtain upper bounds for the identity (3.199) related

to generalizations of Sherman's inequality.

Theorem 3.7.62: Let ϕ : [α, β] → R be such that ϕ(n) ∈ AC([α, β]) with (· − α)(β −
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·)(ϕ(n+1))2 ∈ L[α, β]. Let Pz, z = 1, ..., 5, be de�ned as in (3.206). Then

κz(ϕ;α, β) =
l∑

p=1

upϕ(xp)−
k∑
q=1

vqϕ(yq)−
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)


·

[
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

]
dt

− ϕ(n−1)(β)− ϕ(n−1)(α)

β − α

∫ β

α
Pz(s)ds (3.207)

satis�es the estimation

|κz(ϕ;α, β)| ≤
√
β − α√

2(n− 1)!
[T (Pz,Pz)]

1
2

∣∣∣∣∫ β

α
(s− α)(β − s)[ϕ(n+1)(s)]2ds

∣∣∣∣
1
2

. (3.208)

Proof: The idea of the proof is the same as the proof of Theorem 3.1.5.

Theorem 3.7.63: Let ϕ : [α, β] → R be such that ϕ(n) is monotonic nondecreasing on

[α, β] and Pz, z = 1, ..., 5, be de�ned as in (3.206). Then κz(ϕ;α, β), de�ned by (3.207),

satis�es the estimation

|κz(ϕ;α, β)| ≤
∥P ′

z∥∞
(n− 1)!

{
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

}
. (3.209)

Proof: The steps in the proof are similar to the proof of Theorem 3.1.6.

In the following theorem we present Ostrowski type inequality related to the previous

obtained Sherman's type inequalities.

Theorem 3.7.64: Let (p, q) be a pair of conjugate exponents, i.e. 1 ≤ p, q ≤ ∞ and

1/p + 1/q = 1. Let ϕ : [α, β] → R be such that
∣∣ϕ(n)∣∣p ∈ L[α, β] and Pz, z = 1, ..., 5, be
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de�ned as in (3.206). Then

−
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)


·

[
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

]
dt

≤ 1

(n− 1)!

∥∥∥ϕ(n)∥∥∥
p
∥Pz∥q . (3.210)

The constant ∥Pz∥q is sharp for 1 < p ≤ ∞ and the best possible for p = 1.

Proof: See the proof of Theorem 3.1.7.

3.7.4. Mean value theorems and exponential convexity

Motivated by the inequality (3.203), under the assumptions of Theorems 3.7.60, we de�ne

the linear functionals Λz : Cn([α, β]) → R, z = 1, ..., 5, by

Λz(ϕ) = −
∫ β

α

 l∑
p=1

upGz(xp, t)−
k∑
q=1

vqGz(yq, t)

 (3.211)

·

[
1

β − α

∫ β

α
ϕ (t) dt+

n−4∑
k=0

ϕ(k+1) (α)

k! (k + 2)

(t− α)k+2

β − α
−
n−4∑
k=0

ϕ(k+1) (β)

k! (k + 2)

(t− β)k+2

β − α

]
dt.

Remark 3.7.24.: By Theorem 3.203, for every n-convex functions ϕ : [α, β] → R we

have

Λz(ϕ) ≥ 0, z = 1, ..., 5.

Using the linearity of this functional we derive mean-value theorems of Lagrange and

Cauchy type.

Theorem 3.7.65: Let ϕ ∈ Cn([α, β]) and Λz : Cn([α, β]) → R, z ∈ {1, ..., 5}, be the

linear functionals de�ned by (3.211). Then there exists ξz ∈ [α, β], z ∈ {1, ..., 5}, such that

Λz(ϕ) = ϕ(n)(ξz)Λz(φ),

where φ(x) = xn

n! ..
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Proof: Similar to the proof of Theorem 3.1.8.

Theorem 3.7.66: Let ϕ, ψ ∈ Cn([α, β]) and Λz : Cn([α, β]) → R, z ∈ {1, ..., 5}, be the

linear functionals de�ned by (3.211). Then there exists ξz ∈ [α, β], z ∈ {1, ..., 5}, such that

Λz(ϕ)

Λz(ψ)
=
ϕ(n)(ξz)

ψ(n)(ξz)
, (3.212)

provided that the denominators are non-zero

Proof: The method of the proof is the same as in the proof of Theorem 3.1.9.

Remark 3.7.25.: With assumption that ϕ(n)

ψ(n) is an invertible function, as a consequence

of the previous theorem we get

ξz =

(
ϕ(n)

ψ(n)

)−1(
Λz(ϕ)

Λz(ψ)

)
, z = 1, ..., 5,

new means of Chauchy type of the segment [α, β].

Let F1,F2,F3 be the families of exponentially convex functions as given in Subsection

3.1.3. in De�nition 3.1.2..

Theorem 3.7.67: Let Λz, z = 1, ..., 5, be the linear functional de�ned as in (3.211)

associated with the family F1 (resp. F2). Then the following statements hold:

(i) The functions t 7→ Λz(ϕt), z = 1, ..., 5, are n-exponentially convex (resp. exponentially

convex) in the Jensen sense on I.

(ii) If the functions t 7→ Λz(ϕt), z = 1, ..., 5, are continuous on I, then n-exponentially

convex (resp. exponentially convex) on I.

Proof: The same proof method as for Theorem 3.1.10 is used so we omit it.

Corollary 3.7.16.: Let Λz, z = 1, ..., 5, be the linear functional de�ned as in (3.211)

associated with the family F3. Then the following statements hold:

(i) If the functions t 7→ Λz(ϕt), z = 1, ..., 5, are continuous on I, then they are 2-
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exponentially convex on I. If t 7→ Λz(ϕt), z = 1, ..., 5, are additionally positive, then they

are also log-convex on I. Furthermore, for every choice r, s, t ∈ I, such that r < s < t,

it holds

[Λz(ϕs)]
t−r ≤ [Λz(ϕr)]

t−s [Λz(ϕr)]
s−r .

(ii) If the functions t 7→ Λz(ϕt), z = 1, ..., 5, are positive and di�erentiable on I, then for

all r, s, u, v ∈ I such that r ≤ u, s ≤ v, we have

Mr,s (Λz,F3) ≤Mu,v (Λz,F3) , (3.213)

where

Mr,s (Λz,F3) =


(
Λz(ϕr)
Λz(ϕs)

) 1
r−s

, r ̸= s,

exp

(
d
dr

(Λz(ϕr))

Λz(ϕr)

)
, r = s.

(3.214)

Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4..

3.8. Sherman's inequality and the Abel-Gontscharo� inter-

polating polynomials

The techniques that we use in this section are based on application of interpolation by the

Abel-Gontscharo� interpolation polynomials. The Abel-Gontscharo� interpolation prob-

lem in the real case was introduced in 1935 by Whittaker [156] and subsequently by

Gontscharo� [57] and Davis [36]. Here we use notations and terminology from [11].

Let α, β ∈ R, α < β, and let α ≤ a1 < a2 < ... < an ≤ β be the given points.

For ϕ ∈ Cn([α, β]) the Abel-Gontscharo� interpolating polynomial PAG of degree

(n− 1) satisfying the Abel-Gontscharo� conditions

P
(i)
AG(ai+1) = ϕ(i)(ai+1), 0 ≤ i ≤ n− 1

exists uniquely.
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This conditions in particular include two-point right focal conditions

P
(i)
AG2(a1) = ϕ(i)(a1), 0 ≤ i ≤ m,

P
(i)
AG2(a2) = ϕ(i)(a2), m+ 1 ≤ i ≤ n− 1, α ≤ a1 < a2 ≤ β.

First, we give representations of the Abel-Gontscharo� interpolating polynomial. For

details and proofs see [11].

Remark 3.8.26.: The Abel-Gontscharo� interpolating polynomial PAG of the function

ϕ ∈ Cn([α, β]) can be expressed as

PAG(t) =
n−1∑
i=0

Ti(t)ϕ
(i)(ai+1), (3.215)

where T0(t) = 1 and Ti, 1 ≤ i ≤ n− 1 is the unique polynomial of degree i satisfying

T
(k)
i (ak+1) = 0, 0 ≤ k ≤ i− 1,

T
(i)
i (ai+1) = 1,

and it can be written as

Ti(t) =
1

1!2! · · · i!

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 a1 a21 . . . ai−1
1 ai1

0 1 2a2 . . . (i− 1)ai−2
2 iai−1

2

...
...

... . . .
...

...

0 0 0 . . . (i− 1)! i!ai

1 t t2 . . . ti−1 ti

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∫ t

a1

∫ t1

a2

· · ·
∫ ti−1

ai

dtidti−1 · · · dt1, (t0 = t). (3.216)
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In particular, we have

T0(t) = 1

T1(t) = t− a1

T2(t) =
1

2

[
t2 − 2a2t+ a1(2a2 − a1)

]
.

The associated error eAG(t) = ϕ(t)−PAG(t) can be represented in terms of Green's function

GAG(u, t) of the boundary value problem

z(n) = 0, z(i)(ai+1) = 0, 0 ≤ i ≤ n− 1

and appears as

GAG(u, t) =



k−1∑
i=0

Ti(u)
(n−i−1)!(ai+1 − t)n−i−1, ak ≤ t ≤ u

−
n−1∑
i=k

Ti(u)
(n−i−1)!(ai+1 − t)n−i−1, u ≤ t ≤ ak+1

k = 0, 1, . . . , n (a0 = α, an+1 = β)

.

(3.217)

Theorem 3.8.68: Let ϕ ∈ Cn([α, β]), and let PAG be its Abel-Gontscharo� interpolating

polynomial given in (3.215). Then

ϕ(t) = PAG(t) + eAG(t)

=
n−1∑
i=0

Ti(t)ϕ
(i)(ai+1) +

β∫
α

GAG(u, s)ϕ
(n)(s)ds, (3.218)

where Ti is de�ned by (3.216) and GAG(u, s) is de�ned by (3.217).

Remark 3.8.27.: The two-point right focal interpolating polynomial PAG2 of the func-
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tion ϕ ∈ Cn([α, β]) can be written as

PAG2(t) =

m∑
s=0

(t− a1)
s

s!
ϕ(s)(a1) (3.219)

+

n−m−2∑
r=0

[
r∑
s=0

(t− a1)
m+1+s (a1 − a2)

r−s

(m+ 1 + s)! (r − s)!

]
ϕ(m+1+r)(a2).

The associated error eAG2(t) = ϕ(t)− PAG2(t) can be represented in terms of Green's

function of the boundary value problem

z(n) = 0, z(i)(a1) = 0, 0 ≤ i ≤ m, z(i)(a2) = 0,m+ 1 ≤ i ≤ n− 1,

given by

Gmn(u, t) =
1

(n− 1)!


m∑
s=0

(
n− 1

s

)
(u− a1)

s (a1 − t)n−s−1 , α ≤ t ≤ u;

−
n−1∑

s=m+1

(
n− 1

s

)
(u− a1)

s (a1 − t)n−s−1 , u ≤ t ≤ β.

(3.220)

Theorem 3.8.69: Let n,m ∈ N, n ≥ 2, 0 ≤ m ≤ n− 1 and ϕ ∈ Cn([α, β]). Let PAG2 be

its two-point right focal Abel-Gontscharo� interpolating polynomial given by (3.219). Then

ϕ(t) = PAG2(t) + eAG2(t)

=

m∑
s=0

(t− a1)
s

s!
ϕ(s)(a1) +

n−m−2∑
r=0

[
r∑
s=0

(t− a1)
m+1+s (a1 − a2)

r−s

(m+ 1 + s)! (r − s)!

]
ϕ(m+1+r)(a2)

+

β∫
α

Gmn(u, s)ϕ
(n)(s)ds, (3.221)

where Gmn(u, s) is de�ned by (3.220).

Remark 3.8.28.: Further, for a1 ≤ t, u ≤ a2 the following inequalities hold

(−1)n−m−1∂
sGmn(u, t)

∂us
≥ 0, 0 ≤ s ≤ m,

(−1)n−s
∂sGmn(u, t)

∂us
≥ 0, m+ 1 ≤ s ≤ n− 1.
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3.8.1. Generalizations of Sherman's inequality by the Abel-Gontscharo�

interpolating polynomials

Applying interpolation with the Abel-Gontscharo� polynomials we derive new identity for

Sherman's di�erence
∑l

j=1 ajϕ(xj)−
∑k

i=1 biϕ(yi) as follows.

Theorem 3.8.70: Let x ∈ [α, β]l, y ∈ [α, β]k, a ∈ Rl and b ∈ Rk be such that

y = xAT and a = bA (3.222)

holds for some matrix A ∈ Mkl(R) whose entries satisfy the condition
∑l

j=1 aij = 1,

i = 1, ..., k. Let n,m ∈ N, n ≥ 2, 0 ≤ m ≤ n − 1, ϕ ∈ Cn([α, β]) and Gmn be de�ned by

(3.220). Then

l∑
j=1

ajϕ(xj)−
k∑
i=1

biϕ(yi) (3.223)

=
m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj(xj − α)s −
k∑
i=1

bi(yi − α)s


+
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj(xj − α)m+1+s −
k∑
i=1

bi(yi − α)m+1+s


+

β∫
α

 l∑
j=1

ajGmn(xj , t)−
k∑
i=1

biGmn(yi, t)

ϕ(n)(t)dt.

Proof: Using Theorem 3.8.69 we can represent every function ϕ ∈ Cn([α, β]) in the form

ϕ(u) =
m∑
s=0

(u− α)s

s!
ϕ(s)(α) (3.224)

+
n−m−2∑
r=0

[
r∑
s=0

(u− α)m+1+s(−1)r−s(β − α)r−s

(m+ 1 + s)!(r − s)!

]
ϕ(m+1+r)(β)

+

β∫
α

Gmn(u, t)ϕ
(n)(t)dt.
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By an easy calculation, using (3.224) in
l∑

j=1
ajϕ(xj)−

k∑
i=1

biϕ(yi), we get

l∑
j=1

ajϕ(xj)−
k∑
i=1

biϕ(yi)

=

m∑
s=0

ϕ(s)(α)

s!

 l∑
j=1

aj(xj − α)s −
k∑
i=1

bi(yi − α)s


+

n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj(xj − α)m+1+s −
k∑
i=1

bi(yi − α)m+1+s


+

β∫
α

 l∑
j=1

ajGmn(xj , t)−
k∑
i=1

biGmn(yi, t)

ϕ(n)(t)dt.

Since (3.222) holds, then

m∑
s=0

ϕ(s)(α)

s!

 l∑
j=1

aj(xj − α)s −
k∑
i=1

bi(yi − α)s

 = 0, m = 0, 1.

Therefore, it follows (3.223).

Using the previous identity we obtain the following Sherman's type inequality for n-

convex functions for real, not necessary nonnegative entries of weights a, b and matrix

A.

Theorem 3.8.71: Let the assumptions of Theorem 3.8.70 hold. Additionally, let ϕ be

n-convex on [α, β] and

k∑
i=1

biGmn (yi, t) ≤
l∑

j=1

ajGmn (xj , t) , t ∈ [α, β]. (3.225)
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Then

l∑
j=1

ajϕ (xj)−
k∑
i=1

biϕ (yi) (3.226)

≥
m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj (xj − α)s −
k∑
i=1

bi (yi − α)s


+
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj (xj − α)m+1+s −
k∑
i=1

bi (yi − α)m+1+s

 .

If the reverse inequality in (3.225) holds, then the reverse inequality in (3.226) holds.

Proof: Since ϕ ∈ Cn([α, β]) is n-convex, then ϕ(n) ≥ 0 on [α, β]. Hence, we can apply

Theorem 3.8.70 to get (3.226).

Notice that when we take into account Sherman's condition of nonnegativity of weights

a, b and matrix A, the assumption (3.225) is equivalent to the requirement that Gmn (·, t) ,

t ∈ [α, β], must be convex on [α, β]. So, for n = 2 and 0 ≤ m ≤ 1, the assumption (3.225)

is immediately satis�ed and then the inequality (3.226) holds. Moreover, in that case, the

right hand side of (3.226) is equal to zero, so we have

l∑
j=1

ajϕ(xj)−
k∑
i=1

biϕ(yi) ≥ 0,

i.e. we get Sherman's inequality as direct consequence. For an arbitrary n ≥ 3 and 0 ≤

m ≤ 1, we use Remark 3.8.28., i.e. we consider the following inequality:

(−1)n−2∂
2Gmn(u, t)

∂u2
≥ 0.

Hence, the convexity of Gmn(·, t) depends of a parity of n. If n is even, then ∂2Gmn(u,t)
∂u2

≥

0, i.e. Gmn(·, t) is convex and assumption (3.225) is satis�ed. Moreover, the inequality

(3.226) holds. For odd n we get the reverse inequality. For all other choices, the following

generalization holds.

Theorem 3.8.72: Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,

let a,b and A be with nonnegative entries and ϕ ∈ Cn([α, β]) be n-convex.
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(i) If n−m is odd, then the inequality (3.226) holds.

(ii) If n−m is even, then the reverse inequality in (3.226) holds.

Proof: (i) By Remark 3.8.28., the following inequality holds

(−1)n−m−1∂
2Gmn(u, t)

∂u2
≥ 0, α ≤ u, t ≤ β.

In case n−m is odd (n−m− 1 is even), we have

∂2Gmn(u, t)

∂u2
≥ 0,

i.e. Gmn (·, t) , t ∈ [α, β], is convex on [α, β]. Then by Sherman's theorem we have

k∑
i=1

biGmn (yi, t) ≤
l∑

j=1

ajGmn (xj , t) ,

i.e. the assumption (3.225) is satis�ed. Hence, applying Theorem 3.8.71 we get (3.226).

(ii) Similarly we can prove this part.

Theorem 3.8.73: Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,

let a,b and A be with nonnegative entries and ϕ ∈ Cn([α, β]) be n-convex. Let F : [α, β] →

R be de�ned by

F (t) =

m∑
s=2

ϕ(s)(α)

s!
(t− α)s (3.227)

+

n−m−2∑
r=0

r∑
s=0

(−1)r−s (β − α)r−s

(m+ 1 + s)! (r − s)!
ϕ(m+1+r)(β) (t− α)m+1+s .

(i) If (3.226) holds and F is convex, then

l∑
j=1

ajϕ(xj)−
k∑
i=1

biϕ(yi) ≥ 0. (3.228)

(ii) If the reverse of (3.226) holds and F is concave, then the reverse inequality in (3.228)

holds.
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Proof: (i) Let (3.226) holds. If F is convex, then by Sherman's theorem we have

l∑
j=1

ajF (xj)−
k∑
i=1

biF (yi) ≥ 0,

which, changing the order of summation, can be written in form

m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj (xj − α)s −
k∑
i=1

bi (yi − α)s

+

n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj (xj − α)m+1+s −
k∑
i=1

bi (yi − α)m+1+s


≥ 0.

Therefore, the right-hand side of (3.226) is nonnegative and the inequality (3.228) imme-

diately follows.

(ii) Similarly we can prove this part.

Remark 3.8.29.: Note that the function x 7→ (x − α)p is convex on [α, β] for each

p = 2, ..., n− 1, i.e.
∑l

j=1 aj (xj − α)p −
∑k

i=1 bi (yi − α)p ≥ 0, for each p = 2, ..., n− 1.

(i) If (3.226) holds and in addition ϕ(s)(α) ≥ 0 for s = 0, ...,m and ϕ(m+1+s)(β) ≥ 0 if

r− s is even and ϕ(m+1+s)(β) ≤ 0 if r− s is odd for s = 0, ..., r and r = 0, ..., n−m− 2,

then the right hand side of (3.226) is nonnegative, i.e. the inequality (3.228) holds.

(ii) If the reverse of (3.226) holds and in addition ϕ(s)(α) ≤ 0 for s = 0, ...,m and

ϕ(m+1+s)(β) ≤ 0 if r − s is even, and ϕ(m+1+s)(β) ≥ 0 if r − s is odd for s = 0, ..., r

and r = 0, ..., n−m− 2, then the right hand side of (3.226) is negative, i.e. the reverse

inequality in (3.228) holds.
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3.8.2. Upper bound for generalized Sherman's inequality

As we noticed in Remark 3.8.29., under the special conditions, the following estimations

for Sherman's di�erence holds:

l∑
j=1

ajϕ (xj)−
k∑
i=1

biϕ (yi)

≥
m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj (xj − α)s −
k∑
i=1

bi (yi − α)s


+
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj (xj − α)m+1+s −
k∑
i=1

bi (yi − α)m+1+s


≥ 0.

In this section we present upper bounds for the obtained generalization.

To avoid many notations, we de�ne the function F : [α, β] → R by

F(t) =

l∑
j=1

ajGmn (xj , t)−
k∑
i=1

biGmn (yi, t) , (3.229)

under assumptions of Theorem 3.8.70. We also consider the �eby²ev functional

T (F ,F) =
1

β − α

∫ β

α
F2(t)dt−

(
1

β − α

∫ β

α
F(t)dt

)2

.

To prove the following estimations we use results related to the �eby²ev functional

on an analogous way as in the previous section. Therefore, we give theorem statements

without proof.

Theorem 3.8.74: Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,

let (· − α)(β − ·)(ϕ(n+1))2 ∈ L1[α, β] and F be de�ned as in (3.229). Then the following
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identity holds:

l∑
j=1

ajϕ (xj)−
k∑
i=1

biϕ (yi) (3.230)

=

m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj (xj − α)s −
k∑
i=1

bi (yi − α)s


+
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(s+1+m)!(r−s)!

 l∑
j=1

aj (xj − α)m+1+s −
k∑
i=1

bi (yi − α)m+1+s


+
ϕ(n−1)(β)− ϕ(n−1)(α)

β − α

∫ β

α
F(t)dt+Rn(α, β;ϕ),

where the remainder Rn(α, β;ϕ) satis�es the estimation

|Rn(α, β;ϕ)| ≤
√
β − α

2
[T (F ,F)]

1
2

(∫ β

α
(t− α)(β − t)

[
ϕ(n+1)(t)

]2
dt

) 1
2

.

The following Grüss type inequality also holds.

Theorem 3.8.75: Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,

let ϕ(n+1) ≥ 0 on [α, β] and F be de�ned as in (3.229). Then the identity (3.230) holds

and the remainder R(ϕ; a, b) satis�es the bound

|Rn(α, β;ϕ)| ≤
∥∥F ′∥∥

∞

[
ϕ(n−1)(β) + ϕ(n−1)(α)

2
− ϕ(n−2)(β)− ϕ(n−2)(α)

β − α

]
. (3.231)

We present an upper bound for generalized Sherman's inequality which is the Ostrowski

type inequality.

Theorem 3.8.76: Suppose that all the assumptions of Theorem 3.8.70 hold. Let (p, q) be
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a pair of conjugate exponents, that is 1 ≤ p, q ≤ ∞, 1
p +

1
q = 1. Then

∣∣∣∣∣∣
l∑

j=1

ajϕ (xj)−
k∑
i=1

bi ϕ (yi) (3.232)

−
m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj (xj − α)s −
k∑
i=1

bi (yi − α)s


−
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj (xj − α)m+1+s −
k∑
i=1

bi (yi − α)m+1+s

∣∣∣∣∣∣
≤
∥∥∥ϕ(n)∥∥∥

p

∫ β

α

∣∣∣∣∣∣
l∑

j=1

ajGmn (xj , t)−
k∑
i=1

biGmn (yi, t)

∣∣∣∣∣∣
q

dt


1
q

.

The constant on the right-hand side of (3.232) is sharp for 1 < p ≤ ∞ and the best possible

for p = 1.

Proof: Applying the well-known Hölder inequality to the identity (3.223) we have

∣∣∣∣∣∣
l∑

j=1

ajϕ(xj)−
k∑
i=1

biϕ(yi)

−
m∑
s=2

ϕ(s)(α)

s!

 l∑
j=1

aj(xj − α)s −
k∑
i=1

bi(yi − α)s


−
n−m−2∑
r=0

r∑
s=0

(−1)r−s(β−α)r−sϕ(m+1+r)(β)
(m+1+s)!(r−s)!

 l∑
j=1

aj(xj − α)m+1+s −
k∑
i=1

bi(yi − α)m+1+s

∣∣∣∣∣∣
=

∣∣∣∣∣∣
β∫
α

 l∑
j=1

ajGmn(xj , t)−
k∑
i=1

biGmn(yi, t)

ϕ(n)(t)dt

∣∣∣∣∣∣ ≤
∥∥∥ϕ(n)∥∥∥

p

(∫ β

α
|F(t)|q dt

) 1
q

,

(3.233)

where we denote

F(t) =

l∑
j=1

ajGmn (xj , t)−
k∑
i=1

biGmn (yi, t) . (3.234)

To prove the sharpness of the constant
(∫ β

α |F(t)|q dt
) 1

q we proceed analogously as in the

proof of Theorem 3.1.7.

In the sequel we consider a particular case of Green's function Gmn(u, t) de�ned by
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(3.220). For n = 2, m = 1, we have

G12(u, t) =


u− t, α ≤ t ≤ u

0, u ≤ t ≤ β

, (3.235)

and

l∑
j=1

ajG12(xj , t)−
k∑
i=1

biG12(yi, t) (3.236)

=
∑
j

aj(xj − t)−
∑
i

bi(yi − t), j ∈ {j;xj ≥ t}, i ∈ {i; yi ≥ t}.

As an easy consequence of Theorem 3.8.76, choosing n = 2 and m = 1, we get the

following corollary.

Corollary 3.8.17.: Let ϕ ∈ C2([α, β]), x ∈ [α, β]l, y ∈ [α, β]k, a ∈ Rl and b ∈ Rk be

such that (3.222) holds for some matrix A ∈ Mkl(R) whose entries satisfy the condition∑l
j=1 aij = 1, i = 1, ..., k. Let (p, q) be a pair of conjugate exponents, that is 1 ≤ p, q ≤ ∞,

1
p +

1
q = 1. Then

∣∣∣∣∣∣
l∑

j=1

ajϕ (xj)−
k∑
i=1

biϕ (yi)

∣∣∣∣∣∣ (3.237)

≤
∥∥ϕ′′∥∥

p

∫ β

α

 l∑
j=1

ajG12 (xj , t)−
k∑
i=1

biG12 (yi, t)

q

dt


1
q

.

The constant on the right hand side of (3.237) is sharp for 1 < p ≤ ∞ and the best possible

for p = 1.

Remark 3.8.30.: If additionally suppose that vectors a, b and matrixA are nonnegative

and ϕ is convex, then the di�erence
∑l

j=1 ajϕ (xj) −
∑k

i=1 biϕ (yi) is nonnegative and we
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have

0 ≤
l∑

j=1

ajϕ (xj)−
k∑
i=1

biϕ (yi) (3.238)

≤
∥∥ϕ′′∥∥

p

∫ β

α

 l∑
j=1

ajG12 (xj , t)−
k∑
i=1

biG12 (yi, t)

q

dt


1
q

.

In sequel we consider some particular case of this result.

(i) If k = l and all weights bi and aj are equal, we get the following estimate for weighted

majorization inequality:

0 ≤
k∑
i=1

aiϕ (xi)−
k∑
i=1

aiϕ (yi) (3.239)

≤
∥∥∥ϕ′′

∥∥∥
p

(∫ β

α

(
k∑
i=1

aiG12 (xi, t)−
k∑
i=1

aiG12 (yi, t)

)q
dt

) 1
q

.

(ii) If we denote Ak =
∑k

i=1 ai and put y1 = y2 = ... = yk = 1
Ak

∑k
i=1 aixi = x̄, from

(3.239) as an easy consequence we get estimate for Jensen's inequality:

0 ≤
k∑
i=1

aiϕ (xi)−Akϕ (x̄)

≤
∥∥∥ϕ′′

∥∥∥
p

(∫ β

α

(
k∑
i=1

aiG12 (xi, t)−AkG12 (x̄, t)

)q
dt

) 1
q

.

Specially, setting Ak = 1, we have x̄ =
∑k

i=1 aixi and

0 ≤
k∑
i=1

aiϕ (xi)− ϕ (x̄)

≤
∥∥∥ϕ′′

∥∥∥
p

(∫ β

α

(
k∑
i=1

aiG12 (xi, t)−G12 (x̄, t)

)q
dt

) 1
q

.
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(iii) For k = 2, a1 = a2 = 1, x1 = α and x2 = β, we have

0 ≤ ϕ (α) + ϕ (β)− 2ϕ

(
α+ β

2

)

≤
∥∥∥ϕ′′

∥∥∥
p

(∫ β

α

(
G12 (α, t) +G12 (β, t)− 2G12

(
α+ β

2
, t

))q
dt

) 1
q

,

where

G12 (α, t) +G12 (β, t)− 2G12

(
α+ β

2
, t

)
=


t− α, α ≤ t ≤ α+β

2

β − t, α+β
2 ≤ t ≤ β

.

Specially, for p = 1, q = ∞, we obtain

0 ≤ ϕ (α) + ϕ (β)

2
− ϕ

(
α+ β

2

)
≤ 1

4

(
ϕ

′
(β)− ϕ

′
(α)
)
(β − α),

where the constant 1
4 is the best possible in the sense that it cannot be replaced by a

smaller constant.

3.8.3. Applications to means

In this subsection we discuss the application of Corollary 3.8.17., i.e. the inequality (3.238),

to the lower and upper bounds estimations of some relationships between well-known

means.

Let 0 < α < β, x ∈ [α, β]l and a ∈ [0,∞)l whose entries satisfy the condition
∑l

j=1 aj =

1. We consider the weighted power mean of order s ∈ R de�ned by

Ms(x,a) =



(
l∑

j=1
ajx

s
j

) 1
s

, s ̸= 0

l∏
j=1

x
aj
j , s = 0

.
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The classical weighted means are de�ned as

M0(x,a)=G(x,a) =
l∏

j=1

x
aj
j , the weighted geometric mean,

M1(x,a)=A(x,a) =
l∑

j=1

ajxj , the weighted arithmetic mean,

M−1(x,a)=H(x,a) =
1∑l

j=1
aj
xj

, the weighted harmonic mean.

In an analogous way, for y ∈ [α, β]k, b ∈ [0,∞)k with
∑k

i=1 bi = 1, we de�ne

Ms(y,b) =


(

k∑
i=1

biy
s
i

) 1
s

, s ̸= 0

k∏
i=1

ybii , s = 0

and accordingly classical weighted means G(y,b), A(y,b) and H(y,b).

Corollary 3.8.18.: Let s ≥ 2 and 0 < α < β. Let x ∈ [α, β]l, y ∈ [α, β]k, a ∈ [0,∞)l

and b ∈ [0,∞)k be such that (3.222) holds for some row stochastic matrix A ∈ Mkl(R)

and entries of a and b satisfy the condition
∑l

j=1 aj =
∑k

i=1 bi = 1. Then

0 ≤M s
s (x,a)−M s

s (y,b) ≤ s(s− 1)

(∫ β

α
tp(s−2)dt

) 1
p

∥G∥q ,

0 ≤ M s
s (x,a)−M s

s (y,b)

s(s− 1)
≤
(∫ β

α
tp(s−2)dt

) 1
p

∥G∥q ,

1 ≤ G(y,b)

G(x,a)
≤ exp

(∫ β

α

(
1

t2

)p
dt

) 1
p

∥G∥q

 ,
0 ≤ H(y,b)−H(y,b)

H(x,a)H(y,b)
≤
(∫ β

α

(
2

t3

)p
dt

) 1
p

∥G∥q ,

where G(t) denotes the di�erence (3.236).

The constants on the right-hand side of inequalities are sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

Proof: Applying (3.238) to the functions ϕ(x) = xs, ϕ(x) = xs

s(s−1) , ϕ(x) = − lnx and

ϕ(x) = 1
x , respectively, we get required results.
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Remark 3.8.31.: Particular cases of the previous results for p = 1, q = ∞ :

0 ≤M s
s (x,a)−M s

s (y,b) ≤ s(βs−1 − αs−1) ∥G∥∞ ,

0 ≤ M s
s (x,a)−M s

s (y,b)

s
≤
(
βs−1 − αs−1

)
∥G∥∞ ,

1 ≤ G(y,b)

G(x,a)
≤ exp

(
β − α

αβ
∥G∥∞

)
,

0 ≤ H(y,b)−H(x,a)

H(x,a)H(y,b)
≤
(
β2 − α2

α2β2

)
∥G∥∞ .

Replacing xj → 1
xj
, yi → 1

yi
, we have A(x,a) → 1

H(x,a) , A(y,b) → 1
H(y,b) , and the last

inequality becomes

0 ≤ A(x,a)−A(y,b) ≤
(
β − α

α2β2

)∥∥∥G̃∥∥∥
∞
,

where G̃(t) =
∑
j

aj(
1
xj

− t)−
∑
i

bi(
1
yi
− t), j ∈ {j; 1

xj
≥ t}, i ∈ {i; 1

yi
≥ t}.

Corollary 3.8.19.: Let 0 < α < β and x ∈ [α, β]l, y ∈ [α, β]k, a ∈ [0,∞)l and b ∈

[0,∞)k be such that (3.222) holds for some row stochastic matrix A ∈ Mkl(R) and entries

of a and b satisfy the condition
∑l

j=1 aj =
∑k

i=1 bi = 1. Then

1 ≤
∏l
j=1 x

ajxj
j∏k

i=1 y
biyi
i

≤ exp

(∫ β

α

(
1

t

)p
dt

) 1
p

∥G∥q

 ,
0 ≤

l∑
j=1

aje
xj −

k∑
i=1

bie
yi ≤

(∫ β

α
etpdt

) 1
p

∥G∥q ,

1 ≤
∏l
j=1(1 + exj )aj∏k
i=1(1 + eyi)bi

≤ exp

(∫ β

α

(
et

(1 + et)2

)p
dt

) 1
p

∥G∥q

 ,

where G(t) denotes the di�erence (3.236).

The constants on the right-hand side of inequalities are sharp for 1 < p ≤ ∞ and the best

possible for p = 1.

3.9. New bounds and identities for Sherman's di�erence

In this section we obtain re�nement of Sherman's generalization for convex functions (2-

convex functions). Using Green's functions we introduce new identities that include Sher-
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man's di�erence, deduced from Sherman's inequality, which enable us to extend Sherman's

results to the class of convex functions of higher order, i.e. to n-convex functions (n ≥ 3).

The results from this section are quoted from [71].

Denote with Ckl([0,∞)) the space of all k × l column stochastic matrices. For pairs of

vectors with weights (y,b) and (x,a), which satisfy Sherman's conditions (2.6) for some

S ∈ Ckl([0,∞)), we use notation (y,b) ≺ (x,a).

Theorem 3.9.77: Let x ∈ [α, β]k, y ∈ [α, β]l, a ∈ [0,∞)k, b ∈ [0,∞)l and S ∈

Ckl([0,∞)) be such that (y,b) ≺ (x,a). Then for every convex function f : [α, β] → R,

we have

0≤m

(
k∑
i=1

f (xi)− kf (x̄)

)
≤

k∑
i=1

aif (xi)−
l∑

j=1

bjf (yj)

≤M

(
k∑
i=1

f (xi)− kf (x̄)

)
, (3.240)

where m =
∑l

j=1 bj min1≤i≤k{sij}, M =
∑l

j=1 bj max1≤i≤k{sij} and x̄ = 1
k

∑k
i=1 xi.

Proof: Since (y,b) ≺ (x,a), i.e. Sherman's conditions (2.6) hold, we have

k∑
i=1

aif (xi)−
l∑

j=1

bjf (yj) =

k∑
i=1

l∑
j=1

bjsijf (xi)−
l∑

j=1

bjf

(
k∑
i=1

xisij

)

=

l∑
j=1

bj

(
k∑
i=1

sijf (xi)− f

(
k∑
i=1

xisij

))
.

Applying Lemma 2.3.2. to the di�erence
k∑
i=1

sijf (xi)− f

(
k∑
i=1

xisij

)
, for each j = 1, ..., l,

we get

0≤ min
1≤i≤k

{sij}

(
k∑
i=1

f (xi)− kf (x̄)

)

≤
k∑
i=1

sijf (xi)− f

(
k∑
i=1

xisij

)
≤ max

1≤i≤k
{sij}

(
k∑
i=1

f (xi)− kf (x̄)

)
.

Now, multiplying with bj and summing over j = 1, ..., l, we get (3.240).
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Remark 3.9.32.: If we take k = l and a = b = e = (1, ..., 1) ∈ [0,∞)k, then (3.240)

becomes

0≤m̃

(
k∑
i=1

f (xi)− kf (x̄)

)
≤

k∑
i=1

f (xi)−
k∑
i=1

f (yi)

≤M̃

(
k∑
i=1

f (xi)− kf (x̄)

)
,

where m̃ =
∑l

j=1 min
1≤i≤k

{sij}, M̃ =
∑l

j=1 max
1≤i≤k

{sij}, i.e. we get re�nement of Majorization

inequality (2.4).

To avoid many notations in further results, motivated by the inequalities (3.240), we

de�ne two functionals as follows.

De�nition 3.9.6.: Let x ∈ [α, β]k, y ∈ [α, β]l, a ∈ Rk and b ∈ Rl be such that

y = xS and a = bST , (3.241)

holds for some matrix S ∈ Mkl(R) with columns sums equal to 1. Letm =
∑l

j=1 bj min
1≤i≤k

{sij},

M =
∑l

j=1 bj max
1≤i≤k

{sij} and x̄ = 1
k

∑k
i=1 xi.We de�ne the functionals Fm and FM on R[α,β]

as follows:

Fm(φ) =

k∑
i=1

aiφ(xi)−
l∑

j=1

bjφ(yj)−m

(
k∑
i=1

φ(xi)− kφ (x̄)

)
, (3.242)

FM (φ) =M

(
k∑
i=1

φ(xi)− kφ (x̄)

)
−

k∑
i=1

aiφ(xi) +

l∑
j=1

bjφ(yj). (3.243)

Remark 3.9.33.: In De�nition 3.9.6. we didn't assume the nonnegativity of the entries

of a,b and S. But if we take into account nonnegativity, i.e. under the assumptions of

Theorem 3.9.77, then for every convex function f : [α, β] → R, we have

Fm(f)≥0 and FM (f)≥0.

Next we introduce two technical lemmas which give us new identities involving Green's

functions de�ned in (3.44)-(3.48).

258 Chapter 3.. On Sherman's inequality for n-Convex Functions



Ptolemy Scienti�c Research Press https://pisrt.org/

Lemma 3.9.4.: Let the functionals Fm and FM be de�ned as in De�nition 3.9.6.. Let

s ∈ [α, β] and Gz(·, s), z ∈ {1, 2, 3, 4, 5}, be de�ned as in (3.44)-(3.48), respectively. Then

for every f : [α, β] → R, f ∈ C2([α, β]), the following identities hold:

(i)

Fm(f) =

∫ β

α
Fm(Gz(·, s))f ′′(s)ds; (3.244)

(ii)

FM (f) =

∫ β

α
FM (Gz(·, s))f ′′(s)ds. (3.245)

Proof: By an easy calculation, using representations (3.49)-(3.53) and, because of (3.241),

l∑
j=1

bj −
k∑
i=1

ai =

l∑
j=1

bj −
k∑
i=1

l∑
j=1

bjsij =

l∑
j=1

bj −
l∑

j=1

bj

k∑
i=1

sij = 0,

k∑
i=1

aixi −
l∑

j=1

bjyj =

k∑
i=1

l∑
j=1

bjsijxi −
l∑

j=1

bj

k∑
i=1

xisij = 0, (3.246)

we obtain the identities

k∑
i=1

aif (xi)−
l∑

j=1

bjf (yj)−m

(
k∑
i=1

f (xi)− kf (x̄)

)

=

∫ β

α

 k∑
i=1

aiG2(xi, s)−
l∑

j=1

bjG2(yj , s)−m

(
k∑
i=1

G2(xi, s)− kG2 (x̄, s)

) f ′′(s)ds
and

M

(
k∑
i=1

f (xi)− kf (x̄)

)
−

k∑
i=1

aif (xi) +

l∑
j=1

bjf (yj)

=

∫ β

α

M (
k∑
i=1

G2(xi, s)− kG2 (x̄, s)

)
−

k∑
i=1

aiG2(xi, s) +

l∑
j=1

bjG2(yj , s)

 f ′′(s)ds
which are equivalent to (3.244) and (3.245).

Lemma 3.9.5.: Let the functionals Fm and FM be de�ned as in De�nition 3.9.6.. Let

s ∈ [α, β] and Gz(·, s), z ∈ {1, 2, 3, 4, 5}, be de�ned as in (3.44)-(3.48), respectively. Let

n≥3 and f : [α, β] → R be such that f (n−1) ∈ AC([α, β]).
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i) For each t ∈ [α, β], such that t ⩽ s, the following identities hold

Fm(f) =
1

(n−3)!(β−α)

∫ β

α

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− α)ds

)
f (n)(t)dt (3.247)

+
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds,

FM (f) = 1
(n−3)!(β−α)

∫ β

α

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− α)ds

)
f (n)(t)dt (3.248)

+

n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds;

ii) For each t ∈ [α, β], such that t > s, the following identities hold

Fm(f) =
1

(n−3)!(β−α)

∫ β

α

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− β)ds

)
f (n)(t)dt (3.249)

+
n−3∑
w=0

n−w−2
w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds,

FM (f) = 1
(n−3)!(β−α)

∫ β

α

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− β)ds

)
f (n)(t)dt (3.250)

+

n−3∑
w=0

n−w−2
w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

Proof: i) Case α ⩽ t ⩽ s ⩽ β : Applying (2.230) to f ′′ and to n − 2 in place of n, we

have

f ′′(s) =
1

(n− 3)!(β − α)

∫ β

α
(s− t)n−3(t− α)f (n)(t)dt (3.251)

+
n−3∑
w=0

n− w − 2

w!
· f

(w+1)(β)(s−β)w−f (w+1)(α)(s−α)w
β−α .
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Using (3.251) in (3.244) and (3.245), we get

Fm(f) =

∫ β

α

[
Fm(Gz(·, s)) ·

(
1

(n−3)!(β−α)

∫ β

α
(s− t)n−3(t− α)f (n)(t)dt

+
n−3∑
w=0

n−w−2
w!

f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

β − α

)]
ds

and

FM (f) =

∫ β

α

[
FM (Gz(·, s)) ·

(
1

(n−3)!(β−α)

∫ β

α
(s− t)n−3(t− α)f (n)(t)dt

+
n−3∑
w=0

n−w−2
w!

f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

β − α

)]
ds

After interchanging the order of summation and integration and applying Fubini's theorem,

we obtain (3.247) and (3.248).

ii) Similarly we can prove case α ⩽ s < t ⩽ β.

3.10. Sherman type inequalities for n-convex functions

We start this section with Sherman's type inequalities for n-convex functions (n≥3) without

assumption of nonnegativity of weights a,b and matrix S as given in De�nition 3.9.6..

Theorem 3.10.78: Let all the assumptions of Lemma 3.9.5. be satis�ed.

a) If in addition f is n-convex on [α, β] and

Fm(Gz(·, s))≥0, (3.252)

then

Fm(f) (3.253)

≥
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds.

If the reverse of (3.252) holds, then the reverse of (3.253) holds.

3.10. Sherman type inequalities for n-convex functions 261



Ptolemy Scienti�c Research Press https://pisrt.org/

b) If in addition f is n-convex on [α, β] and

FM (Gz(·, s))≥0, (3.254)

then

FM (f) (3.255)

≥
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds.

If the reverse of (3.254) holds, then the reverse of (3.255) holds.

Proof: a) Under the assumptions of theorem, the identities (3.247)-(3.250) hold.

Since f (n−1) is absolutely continuous on [α, β], then f (n) exists almost everywhere (see

[145]). By assumption, f is n -convex on [α, β], therefore f (n)≥0 on [α, β].

Now, using this fact and the assumption (3.252), from (3.247) and (3.249), we obtain

(3.253).

b) Similarly we can prove this part.

The next theorem gives Sherman's type inequalities for n-convex functions with an

additional assumption of nonnegative entries of a, b and S as in Sherman's result.

Theorem 3.10.79: Let all the assumptions of Lemma 3.9.5. be satis�ed. If in addition

f is n-convex on [α, β] and a, b, S are nonnegative, then (3.253) and (3.255) hold.

Proof: Since additionally a, b, S are nonnegative and Gz(·, s) is convex on [α, β], then

by Remark 3.9.33. we have

Fm(Gz(·, s))≥0 and FM (Gz(·, s))≥0,

i.e. the assumptions (3.252) and (3.254) are satis�ed. Then by Theorem 3.10.78 the in-

equalities (3.253) and (3.255) hold.

We use notation ∥·∥p for a standard p-norm and (p, q) denotes a pair of conjugate

exponents, i.e. 1 ⩽ p, q ⩽ ∞, 1/p+ 1/q = 1.
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Theorem 3.10.80: Let all the assumptions of Lemma 3.9.5. be satis�ed. Additionally,

let f (n) ∈ Lp[α, β].

i) For each t ∈ [α, β], such that t ⩽ s, then

∣∣∣∣∣Fm(f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− α)ds

)q
dt

) 1
q

and

∣∣∣∣∣FM (f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− α)ds

)q
dt

) 1
q

ii) For each t ∈ [α, β], such that t > s, then

∣∣∣∣∣Fm(f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− β)ds

)q
dt

) 1
q

and

∣∣∣∣∣FM (f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− β)ds

)q
dt

) 1
q

.

Proof: (i) Under the assumptions of theorem, the identities (3.247) and (3.248) hold.
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Applying Hölder's inequality to (3.247) and (3.248), we get

∣∣∣∣∣Fm(f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
Fm(Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
=

∣∣∣∣ 1
(n−3)!(β−α)

∫ β

α
f (n)(t)

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− α)ds

)
dt

∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
Fm(Gz(·, s))(s− t)n−3(t− α)ds

)q
dt

) 1
q

and

∣∣∣∣∣FM (f)−
n−3∑
w=0

n−w−2
(β−α)w!

∫ β

α
FM (Gz(·, s))

(
f (w+1)(β)(s− β)w − f (w+1)(α)(s− α)w

)
ds

∣∣∣∣∣
=

∣∣∣∣ 1
(n−3)!(β−α)

∫ β

α
f (n)(t)

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− α)ds

)
dt

∣∣∣∣
⩽ 1

(n−3)!(β−α)

∥∥∥f (n)∥∥∥
p

(∫ β

α

(∫ β

α
FM (Gz(·, s))(s− t)n−3(t− α)ds

)q
dt

) 1
q

,

what we need to prove.

(ii) Similarly we can prove this part.

As direct consequence of the previous two theorems, choosing n = 3, we get the follow-

ing corollary.

Corollary 3.10.20.: Let the functionals Fm and FM be de�ned as in De�nition 3.9.6.

with an additional assumption that a, b, S are nonnegative. Let s ∈ [α, β] and Gz(·, s), z ∈

{1, 2, 3, 4, 5}, be de�ned as in (3.44)-(3.48), respectively. Let f : [α, β] → R be 3-convex

function such that f ′′ : [α, β] → R is absolutely continuous and f ′′′ ∈ Lp[α, β].

i) For each t ∈ [α, β], such that t ⩽ s, then

0 ⩽ Fm(f)−
f ′(β)− f ′(α)

β − α

∫ β

α
Fm(Gz(·, s))ds (3.256)

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Fm(Gz(·, s))(t− α)ds

)q
dt

) 1
q
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and

0 ⩽ FM (f)− f ′(β)− f ′(α)

β − α

∫ β

α
FM (Gz(·, s))ds (3.257)

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
FM (Gz(·, s))(t− α)ds

)q
dt

) 1
q

;

ii) For each t ∈ [α, β], such that t > s, then

0 ⩽ Fm(f)−
f ′(β)− f ′(α)

β − α

∫ β

α
Fm(Gz(·, s))ds (3.258)

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Fm(Gz(·, s))(t− β)ds

)q
dt

) 1
q

and

0 ⩽ FM (f)− f ′(β)− f ′(α)

β − α

∫ β

α
FM (Gz(·, s))ds (3.259)

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
FM (Gz(·, s))(t− β)ds

)q
dt

) 1
q

.
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CHAPTER 4.

Applications in information theory

4.1. Shannon entropy and Csiszár f-divergence

Shannon ([148], [39, p. 476], [41]) introduced a statistical concept of entropy in the theory of

communication and transmission of information, the measure of information that quanti�es

the unevenness in the probability distribution p. It is de�ned as follows.

De�nition 4.1.1.: Let p = (p1, ..., pn) be a positive probability distribution , i.e. pi > 0,

i = 1, ..., n, with
∑n

i=1 pi = 1, for some discrete random variable X. Shannon's entropyof

p is given by

H(p) =

n∑
i=1

pi ln
1

pi
= −

n∑
i=1

pi ln pi. (4.1)

With the usual agreement 0 ln 0 = 0, we can allow that for some i, pi = 0, and (4.1) is

still valid. This situation will not change anything because the value xi, for which pi = 0,

can be freely removed from the set of values of X.

Shannon's entropy satis�es the following estimate

0 ≤ H(p) ≤ lnn. (4.2)
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As a slight modi�cation of the previous formula, we get the Kullback-Leibler divergence,

shorter KL-divergence, a measure of di�erence between two positive probability distribu-

tions q and p. In statistics, it arises as the expected logarithm of di�erence between the

probability q of data in the original distribution with the approximating distribution p.

We have the following de�nition (see [39, p. 477], [98]).

De�nition 4.1.2.: Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be two positive probability

distributions, i.e. pi, qi > 0, i = 1, ..., n, with
∑n

i=1 pi =
∑n

i=1 qi = 1. The Kullback-

Leibler divergence or relative entropy of q with respect to p is given by

DKL(q,p) =
n∑
i=1

qi ln
qi
pi
. (4.3)

The Kullback-Leibler divergence satis�es the following estimates

0 ≤ DKL(q,p) (4.4)

with equality i� q = p.

Shannon's entropy and the Kullback-Leibler divergence can be obtained as special

cases of the more general concept known as Csiszár f -divergence (4.5) which is useful

generalization of many well-known divergences widely employed in di�erent scienti�c �elds

specially in mathematical statistics and information theory with deep connections in topics

as diverse as arti�cial intelligence, statistical physics, and biological evolution (see [29, 40,

80, 81, 82, 83, 98, 99, 144, 148]).

De�nition 4.1.3.([33, 34]): Let p = (p1, . . . , pn) and q = (q1, . . . , qn) be nonneg-

ative n-tuples. For a convex function f : [0,∞) → R, the Csiszár f-divergence or

f-divergence is given by

Df (q,p) =
n∑
i=1

pif

(
qi
pi

)
, (4.5)
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with the convention

f(0) = lim
t→0+

f(t), 0f

(
0

0

)
= 0

0f
( c
0

)
= lim

ε→0+
f
(c
ε

)
= c lim

t→∞

f(t)

t
, c > 0. (4.6)

Remark 4.1.1.: a) Choosing the convex function f(t) = ln 1
t = − ln t, we have

Df (q,p) = −
n∑
i=1

pi ln
qi
pi

=
n∑
i=1

pi ln
1

qi
−

n∑
i=1

pi ln
1

pi
.

Specially, if p is positive probability distribution, then

Df (q,p) =
n∑
i=1

pi ln
1

qi
−H(p).

Further, setting q = e = (1, ..., 1), we get

Df (e,p) = −H(p).

b) Choosing the convex function f(t) = t ln t, we get

Df (q,p) =
n∑
i=1

pi
qi
pi

ln
qi
pi

=
n∑
i=1

qi ln
qi
pi
.

If p and q are two positive probability distributions, then

Df (q,p) = DKL(q,p).

Csiszár with Körner [34] proved Jensen's type inequality for f -divergences, known as

the Csiszár-Körner inequality, in the following form

n∑
i=1

pif


n∑
i=1

qi

n∑
i=1

pi

 ≤ Df (q,p), (4.7)

where p = (p1, . . . , pn) and q = (q1, . . . , qn) are nonnegative n-tuples with
n∑
i=1

pi > 0 and
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n∑
i=1

qi > 0. Specially, if f is normalized, i.e. f(1) = 0 and p,q are two positive probability

distributions, then (4.7) reduces to

0 ≤ Df (q,p) (4.8)

with

Df (q,p) = 0 i� p = q

provided f is strictly convex.

For suitable choices of the kernel f, Csiszár f -divergence (4.5) can be interpreted as a

series of divergencies for two probability distributions q and p:

� Hellinger divergence

Dh2(q,p) =
1

2

n∑
i=1

(
√
pi −

√
qi)

2, f(t) =
1

2

(√
t− 1

)2
; (4.9)

� Variational distance

DV (q,p) =
n∑
i=1

|pi − qi|, f(t) = |t− 1|;

� Harmonic divergence

Dh(q,p) =
n∑
i=1

2piqi
pi + qi

, f(t) =
2t

1 + t
; (4.10)

� Bhattacharya distance

DB(q,p) =
n∑
i=1

√
piqi, f(t) =

√
t; (4.11)

� Triangular discrimination

D∆(q,p) =
n∑
i=1

(pi − qi)
2

pi + qi
, f(t) =

(t− 1)2

t+ 1
; (4.12)
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� Chi square distance

Dχ2(q,p) =

n∑
i=1

(qi − pi)
2

pi
, f(t) = (t− 1)2;

� Rényi divergence

DRλ
(q,p) =

n∑
i=1

p1−λi qλi , f(t) = tλ, λ ∈ R. (4.13)

Motivated by various communication and transmission problems, Belis and Guia³u [21]

introduced the concept of weighted Shannon's entropy (see also [151]).

De�nition 4.1.4.: Let p = (p1, ..., pn) be a positive probability distribution and r =

(r1, . . . , rn) nonnegative weight. The weighted Shannon's entropy is given by

H(p; r) =
n∑
i=1

ripi ln
1

pi
. (4.14)

The weighted Shannon's entropy satis�ed estimate [113]

0 ≤ H(p; r) ≤
n∑
i=1

ripi ln

n∑
i=1

ri

n∑
i=1

ripi

In particular, the minimum H(p; r) = 0 is reached for a constant random variable,

i.e. when pi = 1, for some i. The opposite extreme, the maximal H(p; r) is reached for a

uniform distribution, i.e. when pi = 1
n for all i = 1, ..., n. In that case we have

0 ≤ H(p; r) ≤ 1

n

n∑
i=1

ri lnn.

Specially, if we ignore weights ri, i = 1, ..., n, i.e. setting r = e = (1, ..., 1), then (4.14)

reduces to (4.1), i.e. H(p;e) = H(p) for e = (1, ..., 1) ∈ Rn and the previous inequality

reduces to (4.2).

The following de�nition of the weighted Csiszár f -divergence is given in [90].

De�nition 4.1.5.: Let p = (p1, . . . , pn), q = (q1, . . . , qn) be nonnegative n-tuples and
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r = (r1, . . . , rn) be a nonnegative weight. For a convex function f : [0,∞) → R , the

weighted Csiszár f-divergence is given by

Df (q,p; r) =
n∑
i=1

ripif

(
qi
pi

)
. (4.15)

Remark 4.1.2.: It is obvious that Df (q,p; e) = Df (q,p) for e = (1, ..., 1) ∈ Rn.

a) Further, for the convex function f(t) = ln 1
t = − ln t, we have

Df (q,p; r) = −
n∑
i=1

ripi ln
qi
pi

=
n∑
i=1

ripi ln
1

qi
−

n∑
i=1

ripi ln
1

pi
.

If p is positive probability distribution, then

Df (q,p; r) =
n∑
i=1

ripi ln
1

qi
−H(p; r).

Choosing q = e = (1, ..., 1), we get

Df (e,p; r) = −H(p; r).

b) For the convex function f(t) = t ln t, t > 0, we have

Df (q,p; r) =
n∑
i=1

ripi
qi
pi

ln

(
qi
pi

)
=

n∑
i=1

riqi ln

(
qi
pi

)
.

If p and q are two positive probability distributions, then

Df (q,p; r) = DKL(q,p; r),

i.e. we get the weighted Kullback-Leibler divergence.

Below we give some weighted versions of distances for two probability distributions p,q

with weights r = (r1, ..., rn) :
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� The weighted Hellinger distance

Dh2(q,p; r) =
1

2

n∑
i=1

ri(
√
pi −

√
qi)

2;

� The weighted Bhattacharya distance

DB(q,p; r) =

n∑
i=1

ri
√
piqi; (4.16)

� The weighted Chi square distance

Dχ2(q,p; r) =

n∑
i=1

ri
(pi − qi)

2

pi
;

� The weighted variational distance

DV (q,p; r) =

n∑
i=1

ri|pi − qi|;

� The weighted triangular discrimination

D∆(q,p; r) =

n∑
i=1

ri
(pi − qi)

2

pi + qi
.

In this section, using results from the previous chapters, we give new estimates for

f -divergence functional Df (q,p) as well as for the generalized f -divergence functional

Df (p,q; r). As special cases of those estimates, we obtain bounds for some well known

divergences. The results from this chapter are cited from [17, 71, 72].

4.1.1. Converse to the Csiszár-Körner inequality

In this subsection, applying Converse Sherman's inequality (2.11) to the concept of f -

divergences, we obtain a converse to the Csiszár-Körner inequality (4.7). As easy conse-

quences we derive some inequalities for the well-known divergences (see [17]).

In the sequel, R+ and R++ will denote the sets of nonnegative and positive numbers,

i.e. R+ = [0,∞) and R++ = (0,∞), respectively. We denote with Mnm(R+) the space
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of n ×m matrices with nonnegative entries. We use notation ⟨·, ·⟩ for the standard inner

product in Rn.

We also use the following notation and assumptions:

(A) Let α, β ∈ R++, α < β. Let p ∈ Rn++, q ∈ Rn++, be such that qi
pi

∈ [α, β], i = 1, ...n.

Let R = (rij) ∈ Mnm(R+) and d ∈ Rm+ . We de�ne m-tuples p̃, q̃ ∈ Rm++ and n-tuple

c ∈ Rn+ such that

p̃ = pR, q̃ = qR and c = dRT . (4.17)

We denote jth column of R with rj = (r1j , ..., rnj), j = 1, ...,m.

From (4.17) it follows

p̃j =
n∑
i=1

pirij = ⟨p, rj⟩, j = 1, ...,m, (4.18)

q̃j =
n∑
i=1

qirij = ⟨q, rj⟩, j = 1, ...,m, (4.19)

ci =
m∑
j=1

djrij , i = 1, ..., n.

For m-tuples p̃, q̃ and d, Csiszár f -divergence (4.15) becomes

Df (q̃, p̃;d) =

m∑
j=1

dj p̃jf

(
q̃j
p̃j

)
.

Specially, if p and q are two probability distributions and a matrix R ∈ Mnm((0,∞))

is row stochastic, then

m∑
j=1

p̃j =

m∑
j=1

n∑
i=1

pirij =

n∑
i=1

pi

m∑
j=1

rij = 1, (4.20)

m∑
j=1

q̃j =
m∑
j=1

n∑
i=1

qirij =
n∑
i=1

qi

m∑
j=1

rij = 1,

i.e. p̃ and q̃ are also probability distributions.

Applying Theorem 2.2.5 we compare two generalized Csiszár f -divergences.
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Theorem 4.1.1: Let (A) holds. Let f : R+ → R be a convex function. Then

Df (q̃, p̃;d) ≤ Df (q,p; c) (4.21)

≤
m∑
j=1

dj⟨p, rj⟩
f(α)

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ f(β)

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

.

Proof: According to (4.5), we need to prove the inequality

m∑
j=1

dj p̃jf

(
q̃j
p̃j

)
≤

n∑
i=1

cipif

(
qi
pi

)

≤
m∑
j=1

dj⟨p, rj⟩
f(α)

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ f(β)

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

. (4.22)

Let vectors x = (x1, ..., xn) and y = (y1, ..., ym) be such that xi =
qi
pi
, i = 1, ..., n, and

yj =
q̃j
p̃j

=
⟨q,rj⟩
⟨p,rj⟩ , j = 1, ...,m.

The following equality holds

⟨q, rj⟩
⟨p, rj⟩

=
p1r1j∑n
i=1 pirij

q1
p1

+ ...+
pnrnj∑n
i=1 pirij

qn
pn
, j = 1, ...,m.

Hence, the following identity is valid

[
⟨q, r1⟩
⟨p, r1⟩

, ...,
⟨q, rm⟩
⟨p, rm⟩

]
=

[
q1
p1
, ...,

qn
pn

]
p1r11
⟨p,r1⟩ . . . p1r1m

⟨p,rm⟩
...

. . .
...

pnrn1

⟨p,r1⟩ . . . pnrnm

⟨p,rm⟩

 . (4.23)

De�ne n×m column stochastic matrix S = (sij) with sij =
pirij
p̃j

=
pirij
⟨p,rj⟩ , i = 1, ..., n, j =

1, ...,m. Then, condition y = xS is satis�ed (see (4.23)).

Consider the weight bj = dj p̃j = dj⟨p, rj⟩, j = 1, ..,m, and a = (a1, ..., an) such that

ai = pici, i = 1, ..., n.

We have

ai = pici = pi

m∑
j=1

djrij =

m∑
j=1

djpirij =

m∑
j=1

bj
pirij
p̃j

,
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i.e. a = bST is satis�ed. Moreover, since (2.6) holds, applying Theorem 2.2.5 we obtain

m∑
j=1

bjf

(
⟨q, rj⟩
⟨p, rj⟩

)

=
m∑
j=1

dj⟨p, rj⟩f
(
⟨q, rj⟩
⟨p, rj⟩

)
≤

n∑
i=1

cipif

(
qi
pi

)

≤

∑m
j=1 dj⟨p, rj⟩

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
β − α

f(α) +

∑m
j=1 dj⟨p, rj⟩

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

f(β),

what is equivalent to (4.21).

Corollary 4.1.1.: Let f : R+ → R be a convex function. Let R ∈ Mnm(R+), p,q ∈ Rn++

and p̃, q̃ ∈ Rm++ be as in (A). Further, let r = (r1, ..., rn) be n-tuple such that ri =
∑m

j=1 rij,

i = 1, ..., n, i.e. ri is the ith row sum of R. Then

Df (q̃, p̃) ≤ Df (q,p; r) ≤
m∑
j=1

⟨p, rj⟩
f(α)

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ f(β)

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

. (4.24)

In particular, if R is row stochastic matrix, then

Df (q̃, p̃) ≤ Df (q,p) ≤
m∑
j=1

⟨p, rj⟩
f(α)

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ f(β)

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

. (4.25)

Proof: By taking d = (d1, ..., dm) = (1, ..., 1) in Theorem 4.1.1, we calculate ci =∑m
j=1 rij = ri for i = 1, ..., n. Therefore inequality (4.21) becomes (4.24).

If additionally R is row stochastic, then r = (1, ..., 1) ∈ Rn and (4.24) reduces to (4.25).

As a special case of the previous result, choosing m = 1, we obtain the following

converse to the Csiszár-Körner inequality (4.7).

Corollary 4.1.2.: Let f : R+ → R be a convex function. Let α, β ∈ R++, α < β, and

p,q ∈ Rn++, be such that qi
pi

∈ [α, β], i = 1, ..., n, and r ∈ Rn+. Then

⟨p, r⟩f
(
⟨q, r⟩
⟨p, r⟩

)
≤ Df (q,p; r) ≤ ⟨p, r⟩

f(α)
(
β − ⟨q,r⟩

⟨p,r⟩

)
+ f(β)

(
⟨q,r⟩
⟨p,r⟩ − α

)
β − α

. (4.26)
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In particular, if r = e = (1, ..., 1) and Pn =
∑n

i=1 pi and Qn =
∑n

i=1 qi, then

Pnf

(
Qn
Pn

)
≤ Df (q,p) ≤ Pn

f(α)

(
β − Qn

Pn

)
+ f(β)

(
Qn
Pn

− α

)
β − α

. (4.27)

Remark 4.1.3.: We get the improvement of the Csiszár-Körner inequality (4.7). Spe-

cially, if f is normalized function, i.e f(1) = 0, and p,q are two probability distributions,

then (4.27) becomes

0 ≤ Df (q,p) ≤
f(α) (β − 1) + f(β) (1− α)

β − α
.

4.1.2. Converse inequalities related to some divergences and Shannon's

entropy

In the following results we use the following notation and assumptions:

(B) Let α, β ∈ R++, α < β. Let p ∈ Rn++, q ∈ Rn++, be two probability distributions such

that qi
pi

∈ [α, β], i = 1, ...n. Let R = (rij) ∈ Mnm(R++) be row stochastic matrix and

d ∈ Rm+ . We de�ne m-tuples p̃, q̃ ∈ Rm++ and n-tuple c ∈ Rn+ such that

p̃ = pR, q̃ = qR and c = dRT , (4.28)

i.e. for rj = (r1j , ..., rnj), jthe column of R, j = 1, ...,m, we have (4.18)-(4.19).

Since p and q are two probability distributions and R is row stochastic, then p̃ and q̃

are also probability distributions (see (4.20)).

Using results from the previous subsection we get converse inequalities related to well

known divergences as speciall cases of Csiszár f -divergences (4.5) and (4.15).

Corollary 4.1.3.: Let (B) holds. Then:
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a) The weighted Kullback-Leibler divergences satisfy

DKL(q̃, p̃;d) ≤ DKL(q,p; c) (4.29)

≤
m∑
j=1

dj⟨p, rj⟩
ln 1

α

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ ln 1

β

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

b) The weighted Hellinger distances satisfy

Dh2(q̃, p̃;d) ≤ Dh2(q,p; c) (4.30)

≤
m∑
j=1

dj⟨p, rj⟩
(1−

√
α)2

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1−

√
β)2

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
2(β − α)

;

c) The weighted Bhattacharya distances satisfy

DB(q̃, p̃;d) ≥ DB(q,p; c) (4.31)

≥
m∑
j=1

dj⟨p, rj⟩

√
α
(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+
√
β
(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

d) The weighted Chi square distances satisfy

Dχ2(q̃, p̃;d) ≤ Dχ2(q,p; c) (4.32)

≤
m∑
j=1

dj⟨p, rj⟩
(1− α)2

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1− β)2

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

e) The weighted variational distances satisfy

DV (p̃, q̃;d) ≤ DV (p,q; c) (4.33)

≤
m∑
j=1

dj⟨p, rj⟩
|1− α|

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ |1− β|

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;
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f) The weighted triangular discriminations satisfy

D∆(q̃, p̃;d) ≤ D∆(q,p; c) (4.34)

≤
m∑
j=1

dj⟨p, rj⟩
(1−α)2
α+1

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1−β)2

β+1

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

.

Proof: We apply Theorem 4.1.1 to the di�erent convex functions as follows:

a) for f(t) = ln 1
t , the inequality (4.29) follows from (4.21);

b) for f(t) = 1
2

(
1−

√
t
)2
, the inequality (4.30) follows from (4.21);

c) for f(t) = −
√
t, the inequality (4.31) follows from (4.21);

d) for f(t) = (t− 1)2, the inequality (4.32) follows from (4.21);

e) for f(t) = |1− t|, the inequality (4.34) follows from (4.21).

By taking d = (d1, ..., dm) = (1, ..., 1) and the fact that then ci =
∑m

j=1 rij = 1,

i = 1, ..., n, as easy consequences of the previous corollary we get the next result.

Corollary 4.1.4.: Let R ∈ Mnm(R++), p,q ∈ Rn++ and p̃, q̃ ∈ Rm++ be as in (B). Then

a) The Kullback-Leibler divergences satisfy

DKL(q̃, p̃) ≤ DKL(q,p) (4.35)

≤
m∑
j=1

⟨p, rj⟩
ln 1

α

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ ln 1

β

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

b) Hellinger distances satisfy

Dh2(q̃, p̃) ≤ Dh2(q,p) (4.36)

≤
m∑
j=1

⟨p, rj⟩
(1−

√
α)2

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1−

√
β)2

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
2(β − α)

;

c) Bhattacharya distances satisfy

DB(q̃, p̃) ≥ DB(q,p) (4.37)

≥
m∑
j=1

⟨p, rj⟩

√
α
(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+
√
β
(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;
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d) Chi square distances satisfy

Dχ2(q̃, p̃) ≤ Dχ2(q,p) (4.38)

≤
m∑
j=1

⟨p, rj⟩
(1− α)2

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1− β)2

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

e) Variational distances satisfy

DV (q̃, p̃) ≤ DV (q,p) (4.39)

≤
m∑
j=1

⟨p, rj⟩
|1− α|

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ |1− β|

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

;

f) Triangular discriminations satisfy

D∆(q̃, p̃) ≤ D∆(q,p) (4.40)

≤
m∑
j=1

⟨p, rj⟩
(1−α)2
α+1

(
β − ⟨q,rj⟩

⟨p,rj⟩

)
+ (1−β)2

β+1

(
⟨q,rj⟩
⟨p,rj⟩ − α

)
β − α

.

Next we present converse inequalities related to Shannon's entropies. We use the fol-

lowing notation and assumptions:

(C) Let α, β ∈ R++, α < β. Let p ∈ Rn++ be probability distribution such that pi ∈ [α, β],

i = 1, ...n. Let R = (rij) ∈ Mnm(R++) be doubly stochastic matrix and d ∈ Rm+ . We

de�ne m-tuple p̃ ∈ Rm++ and n-tuple c ∈ Rn+ such that

p̃ = pR and c = dRT . (4.41)

For rj = (r1j , ..., rnj), jthe column of R, j = 1, ...,m, we have

p̃j =
n∑
i=1

pirij = ⟨p, rj⟩, j = 1, ...,m.

Since p is probability distribution and R is doubly stochastic, then

m∑
j=1

p̃j =
m∑
j=1

n∑
i=1

pirij =
n∑
i=1

pi

m∑
j=1

rij = 1,
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i.e. p̃ is also probability distribution.

Corollary 4.1.5.: Let (C) holds. Then

H(p̃;d) ≥ H(p; c) ≥
m∑
j=1

dj⟨p, rj⟩
lnα

(
β − 1

⟨p,rj⟩

)
+ lnβ

(
1

⟨p,rj⟩ − α
)

β − α
. (4.42)

Proof: Setting q = e = (1, ..., 1) ∈ Rm and using the assumption that R is doubly

stochastic, we have q̃ = (q̃1, ..., q̃m) with q̃j =
∑n

i=1 qirij =
∑n

i=1 rij = 1, i.e. q̃ = (1, ..., 1).

Now applying Theorem 4.1.1 to the convex function f(t) = ln 1
t the inequality (4.42) follows

from (4.21).

Corollary 4.1.6.: Let R ∈ Mnm(R++), p ∈ Rn++ and p̃ ∈ Rm++ be as in (C). Then

H(p̃) ≥ H(p) ≥
m∑
j=1

⟨p, rj⟩
lnα

(
β − 1

⟨p,rj⟩

)
+ lnβ

(
1

⟨p,rj⟩ − α
)

β − α
. (4.43)

Proof: Inequality (4.43) follows directly from (4.42) by taking d = (d1, ..., dm) = (1, ..., 1)

and the fact that then ci =
∑m

j=1 rij = 1, for i = 1, ..., n.

4.1.3. New bounds for f-divergences

In this section, we present new lower and upper bounds for Csiszár f -divergences and

Shannon's entropy using estimates for Sherman's functional (2.23) (see [72]).

As an easy consequence of Theorem 2.3.9 we get the next result.

Corollary 4.1.7.: Let f : [0,∞) → R be a convex function, p = (p1, ..., pn) ∈ [0,∞)n,

q = (q1, ..., qn) ∈ [0,∞)n and R = (rij) ∈ Mnm(R+). Let us de�ne

⟨p, rj⟩ =

n∑
i=1

pirij , ⟨q, rj⟩ =
n∑
i=1

qirij , j = 1, ...,m, (4.44)

Rf (q,p;R) =

m∑
j=1

[
n∑
i=1

qirijf

(
qi
pi

)
− ⟨q, rj⟩ f

(
1

⟨q, rj⟩

n∑
i=1

q2i rij
pi

)]
.
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Then

0 ≤ min
1≤i≤n

{
pi
qi

}
Rf (q,p;R)

≤
m∑
j=1

[
n∑
i=1

pirijf

(
qi
pi

)
− ⟨p, rj⟩ f

(
1

⟨p, rj⟩

n∑
i=1

qirij

)]

≤ max
1≤i≤n

{
pi
qi

}
Rf ( q,p;R) (4.45)

Proof: Applying (2.33) to the vector x = (x1, ..., xn) with xi =
qi
pi
, i = 1, ..., n, weight

b = (b1, ..., bm) with bj = ⟨p, rj⟩ , j = 1, ...,m, column stochastic matrices S = (sij) ∈

Cnm(R+) with sij =
pirij
⟨p,rj⟩ , i = 1, ..., n, j = 1, ...,m and T = (tij) ∈ Cnm(R+) with

tij =
qirij
⟨q,rj⟩ , i = 1, ..., n, j = 1, ...,m, we get

0 ≤
m∑
j=1

⟨p, rj⟩ min
1≤i≤n

{ pirij
⟨p,rj⟩
qirij
⟨q,rj⟩

}(
n∑
i=1

qirij
⟨q, rj⟩

f

(
qi
pi

)
− f

(
n∑
i=1

qi
pi

qirij
⟨q, rj⟩

))

≤
m∑
j=1

⟨p, rj⟩

(
n∑
i=1

pirij
⟨p, rj⟩

f

(
qi
pi

)
− f

(
n∑
i=1

qi
pi

pirij
⟨p, rj⟩

))

≤
m∑
j=1

⟨p, rj⟩ max
1≤i≤n

{ pirij
⟨p,rj⟩
qirij
⟨q,rj⟩

}(
n∑
i=1

qirij
⟨q, rj⟩

f

(
qi
pi

)
− f

(
n∑
i=1

qi
pi

qirij
⟨q, rj⟩

))
.

what is equivalent to (4.45).

Specially, for m = 1, the previous result reduces to the next corollary.

Corollary 4.1.8.: Let f : [0,∞) → R be a convex function, p = (p1, ..., pn) ∈ [0,∞)n,

q = (q1, ..., qn) ∈ [0,∞)nand r = (r1, ..., rn) ∈ [0,∞)n. Let us de�ne

⟨p, r⟩ =
n∑
i=1

piri, ⟨q, r⟩ =
n∑
i=1

qiri,

Rf (q,p; r) =

n∑
i=1

qirif

(
qi
pi

)
− ⟨q, r⟩ f

(
1

⟨q, r⟩

n∑
i=1

q2i ri
pi

)
.
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Then

0 ≤ min
1≤i≤n

{
pi
qi

}
Rf (q,p; r) ≤ Df (q,p; r)− ⟨p, r⟩ f

(
1

⟨p, r⟩

n∑
i=1

qiri

)

≤ max
1≤i≤n

{
pi
qi

}
Rf (q,p; r). (4.46)

If in addition r = e = (1, ..., 1), with notations ⟨p, r⟩ =
∑n

i=1 pi = Pn, ⟨q, r⟩ =
∑n

i=1 qi =

Qn, then

0 ≤ min
1≤i≤n

{
pi
qi

}( n∑
i=1

qif

(
qi
pi

)
−Qnf

(
1

Qn

n∑
i=1

q2i
pi

))
(4.47)

≤ Df (q,p)− Pnf

(
Qn
Pn

)
≤ max

1≤i≤n

{
pi
qi

}( n∑
i=1

qif

(
qi
pi

)
−Qnf

(
1

Qn

n∑
i=1

q2i
pi

))
.

Remark 4.1.4.: Note that (4.47) generalizes and re�nes the Csiszár-Körner inequality

(4.7). Specially, applying (4.47) to normalized function f , i.e. f(1) = 0, with assumption

that q and p are two probability distributions, we get the lower and upper bound of

Df (q,p) in the form

0 ≤ min
1≤i≤n

{
pi
qi

}( n∑
i=1

qif

(
qi
pi

)
− f

(
n∑
i=1

q2i
pi

))
(4.48)

≤ Df (q,p)

≤ max
1≤i≤n

{
pi
qi

}( n∑
i=1

qif

(
qi
pi

)
− f

(
n∑
i=1

q2i
pi

))
.

In the following result, using conclusions from Remark 4.1.1. a) and Remark 4.1.2. a),

we obtain new estimate for Shannon's entropies (4.1) and (4.14).
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Corollary 4.1.9.: Let p = (p1, ..., pn) be a probability distribution, q, r ∈Rn+. Then

⟨p, r⟩ ln

(
1

⟨p, r⟩

n∑
i=1

qiri

)
+

n∑
i=1

ripi ln
1

qi
− max

1≤i≤n

{
pi
qi

}
R− ln(q,p; r)

≤ H(p; r) (4.49)

≤ ⟨p, r⟩ ln

(
1

⟨p, r⟩

n∑
i=1

qiri

)
+

n∑
i=1

ripi ln
1

qi
− min

1≤i≤n

{
pi
qi

}
R− ln(q,p; r)

≤ ⟨p, r⟩ ln

(
1

⟨p, r⟩

n∑
i=1

qiri

)
+

n∑
i=1

ripi ln
1

qi
,

where

R− ln(q,p; r) = ⟨q, r⟩ ln

(
1

⟨q, r⟩

n∑
i=1

q2i ri
pi

)
−

n∑
i=1

qiri ln
qi
pi
.

If in addition r = e = (1, ..., 1) with
∑n

i=1 qi = n, then

lnn+
n∑
i=1

pi ln
1

qi
− max

1≤i≤n

{
pi
qi

}
R− ln(q,p) (4.50)

≤ H(p)

≤ lnn+
n∑
i=1

pi ln
1

qi
− min

1≤i≤n

{
pi
qi

}
R− ln(q,p)

≤ lnn+

n∑
i=1

pi ln
1

qi
,

where

R− ln(q,p) = n ln

(
1

n

n∑
i=1

q2i
pi

)
−

n∑
i=1

qi ln
qi
pi
.

Proof: Applying (4.46) to the convex function f(t) = − ln t, we get

0 ≤ min
1≤i≤n

{
pi
qi

}
R− ln(q,p; r) ≤

n∑
i=1

ripi ln
1

qi
−H(p; r) + ⟨p, r⟩ ln

(
1

⟨p, r⟩

n∑
i=1

qiri

)

≤ max
1≤i≤n

{
pi
qi

}
R− ln(q,p; r),

which is equivalent to (4.49).

Further, let
∑n

i=1 qi = n and r = e = (1, ..., 1). Then ⟨p, r⟩ =
∑n

i=1 pi = 1, and from

(4.49) we get (4.50).

284 Chapter 4.. Applications in information theory



Ptolemy Scienti�c Research Press https://pisrt.org/

4.1.4. New bounds of f-divergences for 3-convex functions

We connect the approach from Section 3.9.5. with Csiszár f -divergence and speci�ed di-

vergences as the Kullback-Leibler divergence, Hellinger divergence, Harmonic divergence,

Bhattacharya distance, Triangular discrimination, Renyi divergence and derive new esti-

mates for them. The resuls from this subsection are cited from [71].

In the next results, we use the following notation and assumptions:

(A1) Let p,q be positive k-tuples, R ∈ Mkl((0,∞)) be a matrix with row sums equal to 1

and with columns rj = (r1j , ..., rkj), j = 1, ..., l. We use notation ⟨·, ·⟩ for the standard

inner product, i.e. ⟨p, rj⟩ =
∑k

i=1 pirij and ⟨q, rj⟩ =
∑k

i=1 qirij , for j = 1, ..., l. We

assume that qi
pi

∈ [α, β], i = 1, ..., k and ⟨q,rj⟩
⟨p,rj⟩ ∈ [α, β], j = 1, ..., l, where [α, β] ⊂ (0,∞).

For s ∈ [α, β] and Gz(·, s), z ∈ {1, 2, 3, 4, 5}, given as in (3.44)-(3.48), respectively, we

de�ne

Gm(Gz(·, s)) =
k∑
i=1

piGz

(
qi
pi
, s

)
−

l∑
j=1

⟨p, rj⟩Gz
(
⟨q, rj⟩
⟨p, rj⟩

, s

)
(4.51)

−
l∑

j=1

min
1≤i≤k

{pirij}

(
k∑
i=1

Gz

(
qi
pi
, s

)
− kGz

(
1

k

k∑
i=1

qi
pi
, s

))
,

GM (Gz(·, s)) =
l∑

j=1

max
1≤i≤k

{pirij}

(
k∑
i=1

Gz

(
qi
pi
, s

)
− kGz

(
1

k

k∑
i=1

qi
pi
, s

))

−
k∑
i=1

piGz

(
qi
pi
, s

)
+

l∑
j=1

⟨p, rj⟩Gz
(
⟨q, rj⟩
⟨p, rj⟩

, s

)
. (4.52)

(A2) Specially, if we set l = 1 and r1 = e = (1, ..., 1) with p and q probability distributions,
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from (4.51) and (4.52) we get

Ḡm(Gz(·, s)) =
k∑
i=1

piGz

(
qi
pi
, s

)
−Gz (1, s) (4.53)

− min
1≤i≤k

{pi}

(
k∑
i=1

Gz

(
qi
pi
, s

)
− kGz

(
1

k

k∑
i=1

qi
pi
, s

))
,

ḠM (Gz(·, s)) = max
1≤i≤k

{pi}

(
k∑
i=1

Gz

(
qi
pi
, s

)
− kGz

(
1

k

k∑
i=1

qi
pi
, s

))
(4.54)

−
k∑
i=1

piGz

(
qi
pi
, s

)
+Gz (1, s) .

Applying results from Section 3.9.5. we obtain new estimates of Csiszár f -divergence

Df (q,p) in case when a function f is 3-convex.

Corollary 4.1.10.: Let (A1) holds. Let f : [α, β] → R be 3-convex function such that

f ′′ ∈ AC([α, β]) and f ′′′ ∈ Lp[α, β].

i) For each t ∈ [α, β], such that t ⩽ s, then

0 ⩽ Df (q,p)−
l∑

j=1

⟨p, rj⟩ f
(
⟨q, rj⟩
⟨p, rj⟩

)
(4.55)

−
l∑

j=1

min
1≤i≤k

{pirij}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
Gm(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Gm(Gz(·, s))(t− α)ds

)q
dt

) 1
q

and

0 ⩽
l∑

j=1

⟨p, rj⟩ f
(
⟨q, rj⟩
⟨p, rj⟩

)
−Df (q,p) (4.56)

+
l∑

j=1

max
1≤i≤k

{pirij}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
GM (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
GM (Gz(·, s))(t− α)ds

)q
dt

) 1
q

;
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ii) For each t ∈ [α, β], such that t > s, then

0 ⩽ Df (q,p)−
l∑

j=1

⟨p, rj⟩ f
(
⟨q, rj⟩
⟨p, rj⟩

)
(4.57)

−
l∑

j=1

min
1≤i≤k

{pirij}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
Gm(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Gm(Gz(·, s))(t− β)ds

)q
dt

) 1
q

,

and

0 ⩽
l∑

j=1

⟨p, rj⟩ f
(
⟨q, rj⟩
⟨p, rj⟩

)
−Df (q,p) (4.58)

+

l∑
j=1

max
1≤i≤k

{pirij}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
GM (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
GM (Gz(·, s))(t− β)ds

)q
dt

) 1
q

.

Proof: Let us consider vectors x = (x1, ..., xk), y = (y1, ..., yl), such that xi = qi
pi
,

i = 1, ..., k, and yj =
⟨q,rj⟩
⟨p,rj⟩ , j = 1, ..., l.

Let a = (a1, ..., ak) and b = (b1, ..., bl) be weights with ai =
l∑

j=1
bj

pirij
⟨p,rj⟩ , i = 1, ..., k and

bj = ⟨p, rj⟩ , j = 1, ..., l. Note that ai =
l∑

j=1
bj

pirij
⟨p,rj⟩ = pi

l∑
j=1

rij = pi, for i = 1, ..., k.

Also, we consider a matrix S = (sij) ∈ Mkl(R), with sij =
pirij
⟨p,rj⟩ , i = 1, ..., k, j = 1, ..., l.

Now, applying Corollary 3.10.20., i.e. the inequalities (3.256)-(3.259), we get required

results.

Specially, for l = 1 and r1 = e = (1, ..., 1) with p and q probability distributions, the

previous result reduces to the next corollary.

Corollary 4.1.11.: Let (A2) holds. Let f : [α, β] → R be 3-convex function such that

f ′′ ∈ AC([α, β]) and f ′′′ ∈ Lp[α, β].
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i) For each t ∈ [α, β], such that t ⩽ s, then

0 ⩽ Df (q,p)− f (1) (4.59)

− min
1≤i≤k

{pi}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
Ḡm(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Ḡm(Gz(·, s))(t− α)ds

)q
dt

) 1
q

,

and

0 ⩽ f (1)−Df (q,p) (4.60)

+ max
1≤i≤k

{pi}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
ḠM (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
ḠM (Gz(·, s))(t− α)ds

)q
dt

) 1
q

;

ii) For each t ∈ [α, β], such that t > s, then

0 ⩽ Df (q,p)− f (1) (4.61)

− min
1≤i≤k

{pi}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
Ḡm(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
Ḡm(Gz(·, s))(t− β)ds

)q
dt

) 1
q

,

and

0 ⩽ f (1)−Df (q,p) (4.62)

+ max
1≤i≤k

{pi}

[
k∑
i=1

f

(
qi
pi

)
− kf

(
1

k

k∑
i=1

qi
pi

)]
− f ′(β)−f ′(α)

β−α

∫ β

α
ḠM (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
ḠM (Gz(·, s))(t− β)ds

)q
dt

) 1
q

.

In the examples below, applying the previous corollaries to suitable choices of a kernel

f , we obtain new bounds for some of most commonly used divergences which are special
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cases of Csiszár f -divergence functional (4.5).

Example 1.: The Kullback-Leibler divergence (4.3) of probability distributions q and p

is de�ned from (4.5) with the kernel function f(t) = t ln t, t > 0. Since f ′′′(t) = − 1
t2
< 0,

then the function g(t) = −f(t) = −t ln t satis�es the assumptions of Corollaries 4.1.10.

and 4.1.11.. So for the Kullback-Leibler divergence, inequalities (4.55)-(4.62) hold with the

reversed signs of inequalities and with

f ′(β)−f ′(α)
β−α = lnβ−lnα

β−α ,
∥∥f ′′′∥∥

p
=
(
β1−2p−α1−2p

1−2p

) 1
p
.

Example 2.: Hellinger divergence (4.9) of probability distributions q and p is de�ned

from (4.5) with the kernel function f(t) = 1
2

(√
t− 1

)2
, t > 0. Since f ′′′(t) = −3

8 t
− 5

2 < 0,

then the function g(t) = −f(t) = −1
2

(√
t− 1

)2
satis�es the assumptions of Corollaries

4.1.10. and 4.1.11.. So for Hellinger divergence, inequalities (4.55)-(4.62) hold with the

reversed signs of inequalities and with

f ′(β)−f ′(α)
β−α =

√
β−

√
α

2
√
αβ(β−α) ,

∥∥f ′′′∥∥
p
= −3

8

(
β1− 5

2 p−α1− 5
2 p

1− 5
2
p

) 1
p

.

Example 3.: Harmonic divergence (4.10) of probability distributions q and p is de�ned

from (4.5) with the kernel function f(t) = 2t
1+t , t > 0. Since f ′′′(t) = 12

(1+t)4
> 0, then f

satis�es the assumptions of Corollaries 4.1.10. and 4.1.11.. So for Harmonic divergence

inequalities (4.55)-(4.62) hold with

f ′(β)−f ′(α)
β−α = −2(2+β+α)

(1+α)2(1+β)2
,

∥∥f ′′′∥∥
p
= 12

(
(1+β)1−4p−(1+α)1−4p

1−4p

) 1
p
.

Example 4.: Bhattacharya distance (4.11) of probability distributions q and p is de�ned

from (4.5) with the kernel function f(t) = −
√
t, t > 0. Since f ′′′(t) = −3

8 t
− 5

2 < 0, then the

function g(t) = −f(t) =
√
t satis�es the assumptions of Corollaries 4.1.10. and 4.1.11..

So for Bhattacharya distance, inequalities (4.55)-(4.62) hold with the reversed signs of

inequalities and with

f ′(β)−f ′(α)
β−α =

√
β+

√
α

2
√
αβ(α−β) ,

∥∥f ′′′∥∥
p
=

1

8

(
α1− 5

2 p−β1− 5
2 p

1− 5
2
p

) 1
p

.
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Example 5.: Triangular discrimination (4.12) of probability distributions q and p is de-

�ned from (4.5) with the kernel function f(t) = (t−1)2

t+1 , t > 0. Since f ′′′(t) = − 24
(1+t)4

< 0,

then the function g(t) = −f(t) = − (t−1)2

t+1 satis�es the assumptions of Corollaries 4.1.10.

and 4.1.11.. So for Triangular discrimination inequalities (4.55)-(4.62) hold with the re-

versed signs of inequalities and with

f ′(β)−f ′(α)
β−α =

4[(α+1)2(β2+2β−3)−(β+1)2(α2+2α−3)]
(α+1)2(β+1)2(β−α) ,

∥∥f ′′′∥∥
p
= 24

(
(1+α)1−4p−(1+β)1−4p

1−4p

) 1
p
.

Example 6.: Rényi divergence (4.13) of probability distributions q and p is de�ned from

(4.5) with the kernel function f(t) = tλ, t > 0, λ ∈ R. Since f ′′′(t) = λ(λ− 1)(λ− 2)tλ−3,

then f(t) = tλ is 3-convex for 0 ⩽ λ ⩽ 1 and λ≥2, and g(t) = −f(t) = −tλ is 3-convex for

λ ⩽ 0 and 1 < λ < 2. As regards, for Rényi divergence, inequalities (4.55)-(4.62) hold for

0 ⩽ λ ⩽ 1 and λ≥2, and for λ ⩽ 0 and 1 < λ < 2 the signs of inequalities are reversed,

with

f ′(β)−f ′(α)
β−α = λβλ−1−λαλ−1

β−α ,
∥∥f ′′′∥∥

p
= λ(λ− 1)(λ− 2)

(
β(λ−3)p+1−α(λ−3)p+1

(λ−3)p+1

) 1
p
.

4.2. Estimates for the Zipf-Mandelbrot entropy

Zipf's law [162], also known as the Pareto law, is experimental law for the discrete proba-

bility distribution frequently used in information science, bibliometrics, linguistics, social

sciences, economy, as well as in physics, biology, computer science etc. It was in the �rst

place established with the frequency of the words in a text in view and as such it revealed

a hyperbolic relation. If words of a language are sorted in the order of decreasing frequency

of usage, a word's frequency f is inversely proportional to its rank r, or sequence number

in the list and the product of these is a constant: r · f = C (a few occur very often while

many others occur rarely). The term Zip�an distribution is used to describe various types

of distributions of the probability occurrences which approximately follow the mathemat-

ical form of Zipf's law (see [44], [115], [117], [150]). Benoit Mandelbrot [105] generalized

Zipf's law and gave its improvement for the count of the low-rank words [115].
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In this section we will consider the results from the previous section involving f -

divergences in the context of Zipf's law [162] and its generalized version (see [72]), the

Zipf-Mandelbrot law [105], which we de�ne in the sequel.

De�nition 4.2.6.: The Zipf-Mandelbrot law is a discrete probability distribution

depending on three parameters N ∈ N, t ≥ 0 and s > 0 with probability mass function

de�ned with

φ (i,N, t, s) =
1

(i+ t)sHN,t,s
, i = 1, 2, ..., N, (4.63)

where

HN,t,s =

N∑
i=1

1

(i+ t)s
. (4.64)

As a special case of the Zipf-Mandelbrot law, for t = 0, we get Zipf's law with probability

mass function

φ (i,N, s) =
1

isHN,s
, i = 1, 2, ..., N, (4.65)

where

HN,s =

N∑
i=1

1

is
. (4.66)

4.2.1. Bounds for the Zipf-Mandelbrot entropy

If we put pi = 1
(i+t)sHN,t,s

in (4.1), then Shannon's entropy becomes

N∑
i=1

ln(i+ t)sHN,t,s

(i+ t)sHN,t,s
=

N∑
i=1

ln(i+ t)s

(i+ t)sHN,t,s
+

N∑
i=1

lnHN,t,s

(i+ t)sHN,t,s

=
s

HN,t,s

N∑
i=1

ln(i+ t)

(i+ t)s
+ lnHN,t,s

=
s

HN,t,s

N∑
i=1

ln(i+ t)

(i+ t)s
+ lnHN,t,s,

i.e. we get Shannon's entropy for the Zipf-Mandelbrot law, so called the Zipf-Mandelbrot

entropy de�ned as

Z(H, t, s) =
s

HN,t,s

N∑
i=1

ln(i+ t)

(i+ t)s
+ lnHN,t,s. (4.67)
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Using results for Sherman's functional from the second chapter we obtain lower and

upper bounds for the Zipf-Mandelbrot entropy Z(H, t, s) as follows.

Corollary 4.2.12.: Let N ∈ N, t ≥ 0, s > 0 and q = (q1, ..., qN ) ∈ [0,∞)N with∑N
i=1 qi = N . Let HN,t,s and Z(H, t, s) be de�ned by (4.64) and (4.67), respectively. Then

lnN +
1

HN,t,s

N∑
i=1

1

(i+ t)s
ln

1

qi
− 1

HN,t,s
max
1≤i≤N

{
1

(i+ t)sqi

}
S(N, t, s,q)

≤ Z(H, t, s) (4.68)

≤ lnN +
1

HN,t,s

N∑
i=1

1

(i+ t)s
ln

1

qi
− 1

HN,t,s
min

1≤i≤N

{
1

(i+ t)sqi

}
S(N, t, s,q)

≤ lnN +
1

HN,t,s

N∑
i=1

1

(i+ t)s
ln

1

qi
,

where

S(N, t, s,q) = N ln

(
HN,t,s

N

N∑
i=1

(i+ t)sq2i

)
−

N∑
i=1

qi ln (qi(i+ t)sHN,t,s) .

Proof: Using (4.50) we get

lnN +
N∑
i=1

1

(i+ t)sHN,t,s
ln

1

qi
− max

1≤i≤N

{ 1
(i+t)sHN,t,s

qi

}
S(N, t, s,q)

≤ Z(H, t, s)

≤ lnN +

N∑
i=1

1

(i+ t)sHN,t,s
ln

1

qi
− min

1≤i≤N

{ 1
(i+t)sHN,t,s

qi

}
S(N, t, s,q)

≤ lnN +

N∑
i=1

1

(i+ t)sHN,t,s
ln

1

qi
,

which is equivalent to (4.68).

Corollary 4.2.13.: Let N ∈ N, t ≥ 0, s > 0, HN,t,s and Z(H, t, s) be de�ned by (4.64)
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and (4.67), respectively. Then

lnN − S(N, t, s)

HN,t,s(1 + t)s
≤ Z(H, t, s) (4.69)

≤ lnN − S(N, t, s)

HN,t,s(N + t)s

≤ lnN,

where

S(N, t, s) = N ln

(
HN,t,s

N

N∑
i=1

(i+ t)s

)
−

N∑
i=1

ln ((i+ t)sHN,t,s) .

Proof: If we choose q = e = (1, ..., 1), then (4.68) becomes

lnN − 1

HN,t,s
max
1≤i≤N

{
1

(i+ t)s

}
S(N, t, s) ≤ Z(H, t, s)

≤ lnN − 1

HN,t,s
min

1≤i≤N

{
1

(i+ t)s

}
S(N, t, s)

≤ lnN,

which is equivalent to (4.69).

4.2.2. On the Zipf�Mandelbrot entropy and 3-convex functions

In this subsection we connect the approach from Subsection 4.1.4. with the Zipf-Mandelbrot

law and its special form Zipf's law (see [71]).

We de�ne p and q via (4.63) as the Zipf-Mandelbrot law N -tuples, i.e. we put pi =

1
(i+t̃2)s̃2HN,t̃2,s̃2

and qi = 1
(i+t̃1)s̃1HN,t̃1,s̃1

, for i = 1, ..., N, N ∈ N, and t̃1, t̃2≥0, s̃1, s̃2 > 0.

Then by (4.5), Csiszár f -divergence becomes

Df (N, t̃1, t̃2, s̃1, s̃2) =

N∑
i=1

1

(i+ t̃2)s̃2HN,t̃2,s̃2

f

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)
,

for f : [α, β] → R, 0 < α < β, and
(i+t̃2)s̃2HN,t̃2,s̃2

(i+t̃1)s̃1HN,t̃1,s̃1

∈ [α, β], i = 1, ..., N.

If p and q are de�ned via Zipf's law (4.65), i.e. for t̃1 = t̃2 = 0, then Csiszár f -divergence
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functional assumes the following form

Df (N, s̃1, s̃2) =
N∑
i=1

1

is̃2HN,s̃2

f

(
is̃2−s̃1

HN,s̃2

HN,s̃1

)
. (4.70)

In the next results we also suppose that
∑N

i=1(i+t̃2)
s̃2HN,t̃2,s̃2∑N

i=1(i+t̃1)
s̃1HN,t̃1,s̃1

∈ [α, β]. Further, for some

s ∈ [α, β], Gz(·, s), z ∈ {1, 2, 3, 4, 5}, given as in (3.44)-(3.44), respectively, we de�ne

G̃m(Gz(·, s)) (4.71)

=
N∑
i=1

1

(i+ t̃2)s̃2HN,t̃2,s̃2

Gz

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)
−Gz (1, s)

−mN

[
N∑
i=1

Gz

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)
−NGz

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)]
,

where mN = min1≤i≤N

{
1

(i+t̃2)s̃2HN,t̃2,s̃2

}
, and

G̃M (Gz(·, s)) (4.72)

=MN

[
N∑
i=1

Gz

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)
−NGz

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)]

−
N∑
i=1

1

(i+ t̃2)s̃2HN,t̃2,s̃2

Gz

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

, s

)
+Gz (1, s)

where MN = max1≤i≤N

{
1

(i+t̃2)s̃2HN,t̃2,s̃2

}
.

Taking into account these remarks, as direct consequence of Corollary 4.1.11., we get

the following result.

Corollary 4.2.14.: Let f : [α, β] → R be 3-convex function such that f ′′ ∈ AC([α, β])

and f ′′′ ∈ Lp[α, β].
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i) For each t ∈ [α, β], such that t ⩽ s, then

0 ⩽ Df (N, t̃1, t̃2, s̃1, s̃2)− f(1) (4.73)

−mN

[
N∑
i=1

f

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)
−Nf

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)]

− f ′(β)−f ′(α)
β−α

∫ β

α
G̃m(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
G̃m(Gz(·, s))(t− α)ds

)q
dt

) 1
q

and

0 ⩽ f(1)−Df ((N, t̃1, t̃2, s̃1, s̃2) (4.74)

+MN

[
N∑
i=1

f

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)
−Nf

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)]

− f ′(β)−f ′(α)
β−α

∫ β

α
G̃M (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
G̃M (Gz(·, s))(t− α)ds

)q
dt

) 1
q

;

ii) For each t ∈ [α, β], such that t > s, then

0 ⩽ Df (N, t̃1, t̃2, s̃1, s̃2)− f(1) (4.75)

−mN

[
N∑
i=1

f

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)
−Nf

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)]

− f ′(β)−f ′(α)
β−α

∫ β

α
G̃m(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
G̃m(Gz(·, s))(t− β)ds

)q
dt

) 1
q
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and

0 ⩽ f(1)−Df ((N, t̃1, t̃2, s̃1, s̃2) (4.76)

+MN

[
N∑
i=1

f

(
(i+ t̃2)

s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)
−Nf

(
1

N

N∑
i=1

(i+ t̃2)
s̃2HN,t̃2,s̃2

(i+ t̃1)s̃1HN,t̃1,s̃1

)]

− f ′(β)−f ′(α)
β−α

∫ β

α
G̃M (Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
G̃M (Gz(·, s))(t− β)ds

)q
dt

) 1
q

.

Remark 4.2.5.: If t̃1, t̃2 = 0, then we can get analogous results as in (4.73) and (4.74)

observed in the context of Zipf's law.

At the end we give one linguistic example using experimentally obtained values of

coe�cients from Zipf's law assigned to di�erent languages.

Example 7.: Gelbukh and Sidorov [55] were analyzed the coe�cients s1 and s2 from

Zipf's law assigned to the Russian and English languages. Calculating coe�cients s1 and

s2 and their di�erence for each of the 39 literature texts in both languages, with more than

10000 running words inside of each of them, they obtained the average s1 = 0.973863 for the

English and s2 = 0.892869 for the Russian language. In this context, using experimentally

obtained values of s1 and s2, we present the bounds for f -divergence functional (4.70) which

depend only on the parameter N and the value of chosen Green's function Gz.

Namely, for p = (p1, ..., pN ) and q = (q1, ..., qN ) probabilities associated to the Russian

and English languages, respectively, and N ∈ N, t̃1, t̃2 = 0, from (4.73) we have

0 ⩽
N∑
i=1

1

i0.973863HN,0.973863
f

(
i0.080994

HN,0.973863

HN,0.892869

)
− f (1)

− m̄N

[
N∑
i=1

f

(
i0.080994

HN,0.973863

HN,0.892869

)
−Nf

(
1

N

N∑
i=1

i0.080994
HN,0.973863

HN,0.892869

)]

− f ′(β)−f ′(α)
β−α

∫ β

α
G̃m(Gz(·, s))ds

⩽
1

β − α

∥∥f ′′′∥∥
p

(∫ β

α

(∫ β

α
G̃m(Gz(·, s))(t− α)ds

)q
dt

) 1
q

,
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where

HN,0.973863 =

N∑
i=1

1

i0.973863
, HN,0.892869 =

N∑
i=1

1

i0.892869
, m̄N =

1

i0.973863
N∑
i=1

1
i0.973863

and G̃m(Gz(·, s)) is de�ned by

N∑
i=1

1

i0.973863HN,0.973863
Gz

(
i0.080994

HN,0.973863

HN,0.892869
, s

)

−
N∑
i=1

1

i0.973863HN,0.973863
Gz


N∑
i=1

i0.973863HN,0.973863

N∑
i=1

i0.892869HN,0.892869

, s


− m̄N

[
N∑
i=1

Gz

(
i0.080994

HN,0.973863

HN,0.892869
, s

)
−NGz

(
1

N

N∑
i=1

i0.080994
HN,0.973863

HN,0.892869
, s

)]
.

Analogously, we can apply other results from the Corollary 4.2.14..
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CHAPTER 5.

Sherman's type inequalities for operators on a Hilbert space with

applications

In this chapter, we give extensions of Sherman's inequality (2.10) to self-adjoint opera-

tors and positive linear maps. We present general version of Sherman's operator inequality

and its complement, and as easy consequences we derive Jensen's operator inequality as

well as majorization operator inequalities and their conversions. We discuss about applica-

tions to some operator inequalities related to connections, solidarities and multidimensional

weighted geometric mean. Further, we extend the results for Csiszár's f -divergence func-

tional (4.5) to operator Csiszár f -divergence. In consequence, we get the Shannon like

inequality for operators. At the end, we investigate vectorial joint majorization with ap-

plications to operator Csiszár f -divergence. Material of this chapter is quoted mainly from

[70, 125, 128, 132].

5.1. Sherman's operator inequality

In this section we deal with Sherman's operator inequality and its complementary in-

equalities with applications. We deal with Sherman's inequality whose real arguments

are substituted with the bounded self-adjoint operators acting on a Hilbert space. We
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give extensions of Sherman's inequality (2.10) to self-adjoint operators and positive linear

maps. We also get upper bounds for obtained inequalities, so called converse inequalities.

As easy consequences of obtained results we get Jensen's operator inequality (5.1) and

the majorization operator inequalities as well as their conversions. We introduce so called

Sherman's operator, deduced from Sherman's operator inequality, and study its properties.

Using extended idea of convexity to operator functions of several variables, we obtain mul-

tidimensional Sherman's operator inequality which reduces to multidimensional Jensen's

and the majorization operator inequalities. Moreover, we de�ne multidimensional Sher-

man's operator and study its properties. At the end, we discuss about applications to some

operator inequalities related to connections, solidarities and multidimensional weighted

geometric mean. Results in this section are cited from [70].

First of all, we recall a version of Choi-Davis-Jensen inequality (1.26) for multiple

operators and mappings, which is known as Jensen's operator inequality.

Theorem 5.1.1: Let (X1, X2, . . . , Xn) be n−tuple of self-adjoint operators in Bh(H) with

spectra in an interval J , (Φ1,Φ2, . . . ,Φn) be an n−tuple positive linear mappings Φi :

B(H) → B( K), i = 1, 2, . . . , n, and (a1, a2, . . . , an) ∈ [0,∞)n be a vector of non-negative

numbers. If f ∈ C(J) is an operator convex function and one of the following conditions is

true:

(A1) Φ =
n∑
i=1

aiΦi is a unital mapping,

(A2)
n∑
i=1

ai = 1 and Φi is a unital mapping (i = 1, 2, . . . , n),

(A3)
n∑
i=1

ai = 1, J containing 0, f(0) = 0 and 0 < Φi(1H) < 1K (i = 1, 2, . . . , n),

(A4)
n∑
i=1

ai = 1, J containing 0, f(0) = 0 and 0 <
n∑
i=1

Φi(1H) ⩽ 1K,

then

f

(
n∑
i=1

aiΦi(Xi)

)
⩽

n∑
i=1

aiΦi
(
f(Xi)

)
. (5.1)

If f is operator concave, then the reverse inequality is valid in (5.1).

Theorem 5.1.1 follows from [51], [54] and [86]. We present the proof to interested readers.

Proof: We will prove only the operator convex case.
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(A1) Since ai ≥ 0, then Ψi = aiΦi is positive linear mapping and
n∑
i=1

Ψi(1H) = 1K . So,

using the Jensen type operator inequality (see [51, Theorem 8.9]):

f

( n∑
i=1

Ψi(Xi)

)
⩽

n∑
i=1

Ψi

(
f(Xi)

)
, (5.2)

we obtain (5.1).

(A2) Let B = (B1, B2, . . . , Bn) be n−tuple of self-adjoint operators with spectra in an

interval J . If
n∑
i=1

ai = 1 , then Φ(B) =
n∑
i=1

aiBi, is unital positive linear mapping and using

(A1) gives the following Jensen operator inequality holds

f

(
n∑
j=1

aiBi

)
⩽

n∑
j=1

aif(Bi). (5.3)

Now, applying (5.3) and (1.26), we have

f

(
n∑
i=1

aiΦi(Xi)

)
⩽

n∑
i=1

aif
(
Φi(Xi)

)
⩽

n∑
i=1

aiΦi
(
f(Xi)

)
, (5.4)

which gives the desired inequality (5.1).

(A3) We obtain (5.4) again, if we applying (1.26) to a positive linear mapping Φi such

that 0 < Φi(1H) ⩽ 1K .

(A4) Since 0 <
n∑
i=1

Φi(1H) ⩽ 1K imply 0 < Φi(1H) ⩽ 1K , i = 1, 2, . . . , n, for positive

mappings, then applying (A3) we obtain (5.1).

Now we give a general version of Sherman's operator inequality.

Theorem 5.1.2(Sherman's operator inequality): Let (X1, X2, . . . , Xl) be l−tuple of

self-adjoint operators in Bh(H) with spectra in J , (Φ1,Φ2, . . . ,Φl) of l−tuple positive linear

mappings Φj : B(H) → B(K), j = 1, 2, . . . , l, and (a1, a2, . . . , al) ∈ [0,∞)l, (b1, b2 . . . , bn) ∈

[0,∞)n, S = (sij) ∈ Mnl(R) be matrix with non negative entries such that a = bS.

If f ∈ C(J) is an operator convex function and one of the following conditions is true:

(i) Ψi =
l∑

j=1
sijΦj is unital mapping, i = 1, 2, . . . , n,

(ii) S is row stochastic and Φj is unital, j = 1, 2, . . . , l,

(iii) S is row stochastic, 0 ∈ J , f(0) = 0 and 0 < Φj(1H) < 1K , j = 1, 2, . . . , l,
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(iv) S is row stochastic, 0 ∈ J , f(0) = 0 and 0 <
l∑

j=1
Φj(1H) ⩽ 1K ,

then
n∑
i=1

bif

(
l∑

j=1

sijΦj(Xj)

)
⩽

l∑
j=1

ajΦj (f(Xj)) . (5.5)

If f is operator concave, then the reverse inequality is valid in (5.5).

Proof: We will prove only the operator convex case. Applying Theorem 5.1.1 and since

a = bS we have

n∑
i=1

bif

(
l∑

j=1

sijΦj(Xj)

)
⩽

n∑
i=1

bi

(
l∑

j=1

sijΦj (f(Xj))

)

=

l∑
j=1

(
n∑
i=1

bisij

)
Φj (f(Xj)) =

l∑
j=1

ajΦj (f(Xj)) .

Remark 5.1.1.: Setting n = 1 and b = (1) in Theorem 5.1.2 we get Theorem 5.1.1, i.e.

Sherman's operator inequality (5.5) reduces to Jensen's operator inequality (5.1). Moreover,

setting a = (1, 1, . . . , 1) the inequality (5.5) reduces to the form of (5.2). Also, setting

Φj(A) = A in (5.5) we get Jensen's operator inequality (5.3).

Let X = (X1, X2, . . . , Xl) be l−tuple and Y = (Y1, Y2, . . . , Yn) be n−tuple of self-

adjoint operators in Bh(H), and a = (a1, a2, . . . , al) ∈ [0,∞)l, b = (b1, b2, . . . , bn) ∈ [0,∞)n

be nonnegative weights. Inspired by (2.1) and (2.7), we introduce the following two symbols:

� We will use a symbol Y ≺◦ X if n = l and Y = XS, i.e. Yi =
n∑
j=1

sijXj (i =

1, 2, . . . , n) for some doubly stochastic n× n matrix S = (sij) ∈ Mnn(R).

� We will use a symbol ⟨a,Y⟩ ≺◦ ⟨b,X⟩ if Y = XST and a = bS, i.e. Yi =
l∑

j=1
sijXj

(i = 1, 2, . . . , n) and aj =
n∑
i=1

bisij (j = 1, 2, . . . , l) for some row stochastic matrix

S = (sij) ∈ Mnl(R).

By applying Theorem 5.1.2 on the identity mappings we get the operator version of

Sherman's inequality and the weighted majorization operator inequality.
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Corollary 5.1.1.: Let X = (X1, X2, . . . , Xl) be l−tuple and Y = (Y1, Y2, . . . , Yn) be

n−tuple of self-adjoint operators in Bh(H) with spectra in J , a = (a1, a2, . . . , al) ∈ [0,∞)l,

b = (b1, b2, . . . , bn) ∈ [0,∞)n be vectors and S = (sij) ∈ Mnl(R) be a row stochastic matrix

such that ⟨a,Y⟩ ≺◦ ⟨b,X⟩ . If f ∈ C(J) is an operator convex function then

n∑
i=1

bif (Yi) ⩽
l∑

j=1

ajf(Xj). (5.6)

Especially, if l = n and S = (sij) ∈ Mnn(R) is a doubly stochastic matrix, then the

weighted multidimensional majorization inequality holds, so that

Y ≺◦ X implies
n∑
i=1

aif (Yi) ⩽
n∑
i=1

aif(Xi). (5.7)

If f is operator concave, then the reverse inequality is valid in (5.6) and (5.7).

Proof: By applying Theorem 5.1.2 on the identity mappings, i.e. Φj(A) = A, for all

A ∈ B(H), j = 1, 2, . . . , l, we obtain (5.6). Next, setting n = l in (5.6) and all weights ai

and bj are equal and nonnegative, the condition a = bS assures stochasticity on columns

of S, so in that case we deal with doubly stochastic matrix and (5.7) holds.

Setting l = n, b = (1, 1, . . . , 1) and if S = (sij) ∈ Mnn(R) is doubly stochastic, we

obtain that a = (1, 1, . . . , 1). By applying Theorem 5.1.2 we get the following versions of

the majorization operator inequality with mappings.

Corollary 5.1.2.: Let X = (X1, X2, . . . , Xn), and Y = (Y1, Y2, . . . , Yn) be n−tuples of

self-adjoint operators in Bh(H) with spectra in J , (Φ1,Φ2, . . . ,Φn) of n−tuple positive linear

mappings Φj : B(H) → B(K), j = 1, 2, . . . , n, Φ(X) = (Φ1(X1),Φ2(X2), . . . ,Φn(Xn)) and

S = (sij) ∈ Mnn(R) be a doubly stochastic matrix such that Y ≺◦ Φ(X).

If f ∈ C(J) is an operator convex function and one of the following conditions is true:

(a) Ψi =
n∑
j=1

sijΦj is unital mapping, i = 1, 2, . . . , n,

(b) Φj is unital, j = 1, 2, . . . , n,

(c) 0 ∈ J , f(0) = 0 and 0 < Φj(1H) < 1K , j = 1, 2, . . . , n,

(d) 0 ∈ J , f(0) = 0 and 0 <
n∑
j=1

Φj(1H) ⩽ 1K ,
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then
n∑
i=1

f (Yi) ⩽
n∑
i=1

Φi (f(Xi)) . (5.8)

If f is operator concave, then the reverse inequalities are valid in (5.8).

5.1.1. Inequalities complementary to Sherman's operator inequality

Now we give a general version of complementary to Sherman's operator inequality (5.5).

Theorem 5.1.3: Let Xj, Φj, a, b, S be as in Theorem 5.1.2 and J = [m,M ], m < M .

Let mY = min
1≤i≤n

{mi}, MY = max
1≤i≤n

{Mi} , where mi and Mi, mi ≤ Mi, are the bounds

of the self-adjoint operator Yi =
l∑

j=1
sijΦj(Xj) (i = 1, 2, . . . , n). Let f ∈ C([m,M ]), g ∈

C([mY ,MY ]), F : U × V → R be bounded, where f([m,M ]) ⊆ U , g([mY ,MY ]) ⊆ V and

one of the conditions (i) or (ii) in Theorem 5.1.2 is true.

If f is convex and F is operator monotone in the �rst variable, then

F

[
l∑

j=1

ajΦj (f(Xj)) ,
n∑
i=1

big

( l∑
j=1

sijΦj(Xj)

)]
⩽ max

mY ≤t≤MY

F

[(
M − t

M −m
f(m) +

t−m

M −m
f(M)

)
∥b∥1, g (t) ∥b∥1

]
1K

⩽ max
m≤t≤M

F

[(
M − t

M −m
f(m) +

t−m

M −m
f(M)

)
∥b∥1, g (t) ∥b∥1

]
1K ,

(5.9)

where ∥ · ∥1 denotes l1 norm.

If f is concave, then the reverse inequality is valid in (5.9) with min instead of max.

Proof: We only prove the convex case. Since mΦj(1H) ≤ Φj(Xj) ≤ M Φj(1H) and
l∑

j=1
sijΦj(1H) = 1K (i = 1, 2, . . . , n), then m1K ≤

l∑
j=1

sijΦj(Xj) ≤ M1K . Furthermore

mY 1K ≤
l∑

j=1
sijΦj(Xj) ≤MY 1K , so [mY ,MY ] ⊆ [m,M ].
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By using convexity of f and functional calculus, we obtain

l∑
j=1

ajΦj (f(Xj))

≤
l∑

j=1

aj

(
MΦj(1H)− Φj(Xj)

M −m
f(m) +

Φj(Xj)−mΦj(1H)

M −m
f(M)

)

=

l∑
j=1

(
n∑
i=1

bisij

)(
MΦj(1H)− Φj(Xj)

M −m
f(m) +

Φj(Xj)−mΦj(1H)

M −m
f(M)

)

=
n∑
i=1

bi

(M1K −
l∑

j=1
sijΦj(Xj)

M −m
f(m) +

l∑
j=1

sijΦj(Xj)−m1K

M −m
f(M)

)
.

Using operator monotonicity of u 7→ F (u, v) and boundedness of F , it follows

F

[
l∑

j=1

ajΦj (f(Xj)) ,

n∑
i=1

big

( l∑
j=1

sijΦj(Xj)

)]

≤ F

[
n∑
i=1

bi

(M1K−
l∑

j=1
sijΦj(Xj)

M−m f(m) +

l∑
j=1

sijΦj(Xj)−m1K

M−m f(M)

)
,
n∑
i=1

big

(
l∑

j=1
sijΦj(Xj)

)]

≤ max
mY ≤t≤MY

F

[
n∑
i=1

bi

(
M − t

M −m
f(m) +

t−m

M −m
f(M)

)
,
n∑
i=1

big(t)

]
1K

= max
mY ≤t≤MY

F

[(
M − t

M −m
f(m) +

t−m

M −m
f(M)

)
∥b∥1, g (t) ∥b∥1

]
1K

≤ max
m≤t≤M

F

[(
M − t

M −m
f(m) +

t−m

M −m
f(M)

)
∥b∥1, g (t) ∥b∥1

]
1K .

5.1.2. Di�erence type complementary inequalities

In this subsection we consider the di�erence type complements to the inequality (5.5).

For convenience we introduce some abbreviations. Let f : [m,M ] → R, m < M ,

be a convex or a concave function. We denote a linear function through (m, f(m)) and

(M,f(M)) by f cho[m,M ], i.e.

f cho[m,M ](t) =
M − t

M −m
f(m) +

t−m

M −m
f(M), t ∈ R
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and the slope and the intercept by kf and lf , respectively, i.e.

kf =
f(M)− f(m)

M −m
and lf =

Mf(m)−mf(M)

M −m
.

Putting F (u, v) = u− αv, α ∈ R, in Theorem 5.1.3 we obtain the following corollary.

Corollary 5.1.3.: Let Xj, Φj, a, b, S , m,M , mY ,MY and g be as in Theorem 5.1.3

and let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f ∈ C([m,M ]) is convex, then

l∑
j=1

ajΦj (f(Xj)) ⩽ α
n∑
i=1

big

( l∑
j=1

sijΦj(Xj)

)
+ max
mY ≤t≤MY

{kf t+ lf − αg (t)} ∥b∥11K .

(5.10)

If f is concave, then the reverse inequality is valid in (5.9) with min instead of max.

Remark 5.1.2.: Now we give a way of determining the bound

Cα := max
mY ≤t≤MY

{kf t+ lf − αg(t)}

placed in Corollary 5.1.3. (see [109, Corollary 3.2]). Let f is convex.

If αg is concave, then

Cα = max
mY ≤t≤MY

{
f cho[m,M ](mY )− αg(mY ) , f

cho
[m,M ](MY )− αg(MY )

}
.

But, if αg is convex, then

Cα =



f cho[m,M ](mY )−αg(mY ) if αg′−(t) ≥ kf for every t∈(mY ,MY ),

f cho[m,M ](t0)−αg(t0) if αg′−(t0) ≤ kf ≤ αg′+(t0) for some t0∈(mY ,MY ),

f cho[m,M ](MY )−αg(MY ) if αg′+(t) ≤ kf for every t∈(mY ,MY ).

(5.11)

Putting g ≡ f and α = 1 in Corollary 5.1.3. we obtain the following result.

Corollary 5.1.4.: Let Xj, Φj, a, b, S , m,M and mY ,MY be as in Theorem 5.1.3 and
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let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f ∈ C([m,M ]) is convex, then

l∑
j=1

ajΦj (f(Xj)) ⩽
n∑
i=1

bif

( l∑
j=1

sijΦj(Xj)

)
+ C̄∥b∥11K , (5.12)

where the value of the constant C̄ := max
mY ≤t≤MY

{kf t+ lf − f(t)} determined as in (5.11)

with g = f , i.e.

C̄ =



f cho[m,M ](mY )−f(mY ) if f ′−(t) ≥ kf for every t∈(mY ,MY ),

f cho[m,M ](t0)−f(t0) if f ′−(t0) ≤ kf ≤ f ′+(t0) for some t0∈(mY ,MY ),

f cho[m,M ](MY )−f(MY ) if f ′+(t) ≤ kf for every t∈(mY ,MY ).

(5.13)

If f is concave, then the reverse inequality is valid in (5.12) with constant

c̄ := min
mY ≤t≤MY

{kf t+ lf − f(t)} can be determined as in the right side in (5.13) with reverse

inequality signs.

Remark 5.1.3.: If f is a strictly convex di�erentiable function on [mY ,MY ], then

l∑
j=1

ajΦj (f(Xj)) ⩽
n∑
i=1

bif

( l∑
j=1

sijΦj(Xj)

)
+ (kf t0 + lf − f(t0)) ∥b∥11K ,

where t0 = mY if f ′(mY ) ≥ kf , t0 = MY if f ′(MY ) ≤ kf and t0 = f ′−1 (kf ) if f ′(mY ) ≤

kf ≤ f ′(MY ).

Now, applying Corollary 5.1.4. on the identity mappings, we obtain complements to

the inequalities (5.6) and (5.7).

Corollary 5.1.5.: Let X = (X1, X2, . . . , Xl) be l−tuple and Y = (Y1, Y2, . . . , Yn) be

n−tuple of self-adjoint operators in Bh(H) with spectra of Xj in [m,M ], m < M and mi

and Mi, mi ≤Mi are the bounds of Yi, a = (a1, a2, . . . , al) ∈ [0,∞)l, b = (b1, b2, . . . , bn) ∈

[0,∞)n be vectors and S = (sij) ∈ Mnl(R) be a row stochastic matrix such that ⟨a,Y⟩ ≺◦
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⟨b,X⟩ . If f ∈ C([m,M ]) is convex, then

l∑
j=1

ajf(Xj) ⩽
n∑
i=1

bif (Yi) + C̄∥b∥11K , (5.14)

where the constant C̄ is de�ned by (5.13) with mY = min
1≤i≤n

{mi} and MY = max
1≤i≤n

{Mi}.

Especially, if l = n and S = (sij) ∈ Mnn(R) is a doubly stochastic matrix, then the

weighted multidimensional majorization inequality holds, so that

Y ≺◦ X implies
n∑
i=1

aif(Xi) ⩽
n∑
i=1

aif (Yi) + C̄∥a∥11K . (5.15)

If f is concave, the reverse inequality is valid in (5.14) and (5.15), with constant c̄ :=

min
mY ≤t≤MY

{kf t+ lf − f(t)} can be determined as in the right side in (5.13) with reverse

inequality signs.

Finally, setting l = n, b = a = (1, 1, . . . , 1) in Corollary 5.1.4., we obtain complements

to (5.8).

Corollary 5.1.6.: Let X = (X1, X2, . . . , Xn) and Y = (Y1, Y2, . . . , Yn) be n−tuples of

self-adjoint operators in Bh(H) with spectra of Xj in [m,M ], m < M and mi and Mi,

mi ≤ Mi are the bounds of Yi. Let (Φ1,Φ2, . . . ,Φn) of n−tuple positive linear mappings

Φj : B(H) → B(K), Φ(X) = (Φ1(X1),Φ2(X2), . . . ,Φn(Xn)) and S = (sij) ∈ Mnn(R) be a

doubly stochastic matrix such that Y ≺◦ Φ(X).

If f ∈ C(J) is convex and one of the conditions (a) or (b) in Corollary 5.1.2. is true,

then
n∑
i=1

Φi (f(Xi)) ⩽
n∑
i=1

f (Yi) + n · C̄ 1K (5.16)

where the constant C̄ is de�ned by (5.13) with mY = min
1≤i≤n

{mi} and MY = max
1≤i≤n

{Mi}.

If f is concave, then the reverse inequalities are valid in (5.16), with constant c̄ :=

min
mY ≤t≤MY

{kf t+ lf − f(t)} can be determined as in the right side in (5.13) with reverse

inequality signs.
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5.1.3. Ratio type complementary inequalities

In this subsection we consider the ratio type complements to the inequality (5.5).

Corollary 5.1.7.: Let Xj, Φj, a, b, S , m,M and mY ,MY be as in Theorem 5.1.3 and

let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f ∈ C([m,M ]) is convex and g ∈ C([mY ,MY ]) is strictly positive, then

l∑
j=1

ajΦj (f(Xj)) ⩽ max
mY ≤t≤MY

{
kf t+ lf
g (t)

} n∑
i=1

big

( l∑
j=1

sijΦj(Xj)

)
. (5.17)

If f is concave, then the reverse inequality is valid in (5.17) with min instead of max.

Proof: We only prove the cases when f is convex. We choose α such that β = 0 in

Corollary 5.1.3., where β := max
mY ≤t≤MY

{kf t+ lf − αg (t)}. Then kf t+ lf − αg (t) ≤ β = 0

for all t ∈ [mY ,MY ]. Since g > 0 it follows α ≥ kf t+lf
g(t) for all t ∈ [mY ,MY ], so α ≥

max
mY ≤t≤MY

{
kf t+lf
g(t)

}
. Because a function t 7→ kf t + lf − αg (t) is continuous on [mY ,MY ],

then there is exactly one point t0 ∈ [mY ,MY ] which achieves the global maximum: kf t0 +

lf − αg (t0) = 0. It follows that α =
kf t0+lf
g(t0)

. So α = max
mY ≤t≤MY

{
kf t+lf
g(t)

}
.

Remark 5.1.4.: Now we give a way of determining the bound K := max
mY ≤t≤MY

{
kf t+lf
g(t)

}
placed in Corollary 5.1.7. (see [109, Corollary 4.3]). Let f is convex.

If g is concave, then

K = max

{
f cho[m,M ](mY )

g(mY )
,
f cho[m,M ](MY )

g(MY )

}
.

But, if g is convex, then

K=



fcho
[m,M ]

(mY )

g(mY ) if g′−(t) ≥
kfg(t)
kf t+lf

for every t∈(mY ,MY ),

fcho
[m,M ]

(t0)

g(t0)
if g′−(t0) ≤

kfg(t0)
kf t0+lf

≤ g′+(t0) for some t0∈(mY ,MY ),

fcho
[m,M ]

(MY )

g(MY ) if g′+(t) ≤
kfg(t)
kf t+lf

for every t∈(mY ,MY ).

(5.18)

Putting g ≡ f in Corollary 5.1.7. we obtain the following result.
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Corollary 5.1.8.: Let Xj, Φj, a, b, S, m,M and mY ,MY be as in Theorem 5.1.3. Let

f ∈ C([m,M ]) be strictly positive on [mY ,MY ] and let one of the conditions (i) or (ii) in

Theorem 5.1.2 be true. If f is convex, then

l∑
j=1

ajΦj (f(Xj)) ⩽ K̄

n∑
i=1

bif

( l∑
j=1

sijΦj(Xj)

)
, (5.19)

where the value of the constant

K̄ := max
mY ≤t≤MY

{
kf t+lf
f(t)

}
determined as in (5.18) with g = f , i.e.

K̄ =



fcho
[m,M ]

(mY )

f(mY ) if f ′−(t) ≥
kff(t)
kf t+lf

for every t∈(mY ,MY ),

fcho
[m,M ]

(t0)

f(t0)
if f ′−(t0) ≤

kff(t0)
kf t0+lf

≤ f ′+(t0) for some t0∈(mY ,MY ),

fcho
[m,M ]

(MY )

f(MY ) if f ′+(t) ≤
kff(t)
kf t+lf

for every t∈(mY ,MY ).

(5.20)

But, if f is concave, then the reverse inequality is valid in (5.19) with constant

k̄ := min
mY ≤t≤MY

{
kf t+lf
f(t)

}
can be determined as in the right side in (5.20) with reverse

inequality signs.

Remark 5.1.5.: Let Xj , Φj , a, b, S, m,M and mY ,MY be as in Theorem 5.1.3. Let

f : [m,M ] → R be a continuous function and f(m), f(M) > 0. If f is strictly positive and

strictly convex twice di�erentiable on [mY ,MY ], then

l∑
j=1

ajΦj (f(Xj)) ⩽
kf t0 + lf
f(t0)

n∑
i=1

bif

( l∑
j=1

sijΦj(Xj)

)
,

where t0 ∈ (mY ,MY ) is de�ned as the unique solution of kff(t) = (kf t+ lf )f
′(t) provided

(kfmY + lf )f
′(mY )/f(mY ) ≤ kf ≤ (kfMY + lf )f

′(MY )/f(MY ), otherwise t0 is de�ned as

mY orMY provided kf ≤ (kfmY + lf )f
′(mY )/f(mY ) or kf ≥ (kfMY + lf )f

′(MY )/f(MY ),

respectively.

Now, applying Corollary 5.1.8. on the identity mappings, we obtain another comple-

ments to (5.6) and (5.7).

Corollary 5.1.9.: Let X = (X1, X2, . . . , Xl) be l−tuple and Y = (Y1, Y2, . . . , Yn) be
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n−tuple of self-adjoint operators in Bh(H) with spectra of Xj in [m,M ], m < M and mi

and Mi, mi ≤Mi are the bounds of Yi, and mY = min
1≤i≤n

{mi}, MY = max
1≤i≤n

{Mi}. Let a =

(a1, a2, . . . , al) ∈ [0,∞)l, b = (b1, b2, . . . , bn) ∈ [0,∞)n be vectors and S = (sij) ∈ Mnl(R)

be a row stochastic matrix such that ⟨a,Y⟩ ≺◦ ⟨b,X⟩ .

If f ∈ C([m,M ]) is convex and strictly positive on [mY ,MY ] , then

l∑
j=1

ajf(Xj) ⩽ K̄

n∑
i=1

bif (Yi) , (5.21)

where the constant K̄ is de�ned by (5.20).

Especially, if l = n and S = (sij) ∈ Mnn(R) is a doubly stochastic matrix, then the

weighted multidimensional majorization inequality holds, so that

Y ≺◦ X implies
n∑
i=1

aif(Xi) ⩽ K̄
n∑
i=1

aif (Yi) . (5.22)

If f is concave, the reverse inequality is valid in (5.21) and (5.22) with constant k̄ :=

min
mY ≤t≤MY

{
kf t+lf
f(t)

}
can be determined as in the right side in (5.20) with reverse inequality

signs.

Finally, setting l = n, b = a = (1, 1, . . . , 1) in Corollary 5.1.4. we obtain complements

to the inequality (5.8).

Corollary 5.1.10.: Let X = (X1, X2, . . . , Xn) and Y = (Y1, Y2, . . . , Yn) be n−tuples of

self-adjoint operators in Bh(H) with spectra of Xj in [m,M ], m < M and mi andMi, mi ≤

Mi are the bounds of Yi, and mY = min
1≤i≤n

{mi}, MY = max
1≤i≤n

{Mi} . Let (Φ1,Φ2, . . . ,Φn) of

n−tuple positive linear mappings Φj : B(H) → B(K), Φ(X) = (Φ1(X1),Φ2(X2), . . . ,Φn(Xn))

and S = (sij) ∈ Mnn(R) be a doubly stochastic matrix such that Y ≺◦ Φ(X).

If f ∈ C(J) is convex and strictly positive on [mY ,MY ] and if one of the conditions (a)

or (b) in Corollary 5.1.2. is true, then

n∑
i=1

Φi (f(Xi)) ⩽ K̄

n∑
i=1

f (Yi) , (5.23)

where the constant K̄ is de�ned by is de�ned by (5.20).
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If f is concave, then the reverse inequalities are valid in (5.23) with constant k̄ :=

min
mY ≤t≤MY

{
kf t+lf
f(t)

}
can be determined as in the right side in (5.20) with reverse inequality

signs.

5.1.4. Sherman's operator and its properties

In this subsection we de�ne Sherman's operator, deduced from Sherman's operator in-

equality (5.6).

Let f ∈ C(J) be an operator convex function and let Fo(J) denote the set of all operator

convex functions on interval J . Let BJh (H) denotes the convex set of bounded self-adjoint

operators on the Hilbert space H with spectra in J . The set of all n × l row stochastic

matrices is denoted by Snl(R).

We de�ne Sherman's operator S : Fo(J)× [BJh (H)]l× [0,∞)n×Snl(R) → B+(H) as

S(f,X,b,S) =
l∑

j=1

n∑
i=1

bisijf(Xj)−
n∑
i=1

bif

(
l∑

j=1

sijXj

)
, (5.24)

where X = (X1, X2, . . . , Xl), b = (b1, b2, . . . , bn) and S = (sij).

Note that operator S is well-de�ned. Namely, positivity of operator S(f,X,b,S) follows

from Sherman's operator inequality (5.6).

Now, we state and prove our �rst result that shows the properties of concavity and

monotonicity of Sherman's operator.

Theorem 5.1.4: Suppose S is an operator de�ned by (5.24). Then it satis�es the follow-

ing properties:

(i) S(f,X,b, ·) is concave on Snl(R), that is

S(f,X,b, λS+ (1− λ) T) ≥ λS(f,X,b,S) + (1− λ)S(f,X,b,T). (5.25)

(ii) If b, c ∈ [0,∞)n with b ≥ c (i.e. bi ≥ ci, i = 1, 2, . . . , n), then

S(f,X,b,S) ≥ S(f, X, c,S) ≥ 0, (5.26)
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i.e. S(f,X, ·,S) is increasing on [0,∞)n.

But, if f ∈ C(J) is operator concave, then −S(f,X,b,S) ∈ B+(H), S(f,X,b, ·) is

convex on Snl(R) and S(f,X, ·,S) is decreasing on [0,∞)n.

Proof: (i) We start with Sherman's operator (5.24) equipped with a λS + (1 − λ)T.

Clearly, S(f,X,b, λS+ (1− λ)T) can be rewritten in the following form:

S(f,X,b, λS+ (1− λ) T)

=

l∑
j=1

n∑
i=1

bi(λsij + (1− λ)tij)f(Xj)−
n∑
i=1

bif

(
l∑

j=1

(λsij + (1− λ)tij)Xj

)

= λ

l∑
j=1

n∑
i=1

bisijf(Xj) + (1− λ)

l∑
j=1

n∑
i=1

bitijf(Xj)

−
n∑
i=1

bif

(
λ

l∑
j=1

sijXj + (1− λ)

l∑
j=1

tijXj

)
. (5.27)

On the other hand, operator convexity of the function f and non-negativity of weights

provide inequality

n∑
i=1

bif

(
λ

l∑
j=1

sijXj + (1− λ)
l∑

j=1

tijXj

)

≤ λ
n∑
i=1

bif

(
l∑

j=1

sijXj

)
+ (1− λ)

n∑
i=1

bif

(
l∑

j=1

tijXj

)
. (5.28)

Now, considering (5.27) and (5.28), we get operator concave property (5.25), due to de�-

nition (5.24) .

(ii) First, we note that S(f,X, ·,S) is linear, that is

S(f,X, αb+ βc,S) = αS(f,X,b,S) + β S(f,X, c,S) (5.29)

for every α, β ∈ R.

If b = c, then relation (5.26) holds trivially. If b > c, then b ∈ [0,∞)n can be

represented as a sum b = (b − c) + c, where b − c, c ∈ [0,∞)n. So, from linear property
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(5.29) and positive property S(f,X, ·,S) ≥ 0 we get

S(f,X,b,S) = S(f,X, (b− c) + c,S)

= S(f,X,b− c,S) + S(f,X, c,S)

≥ S(f,X, c,S) ≥ 0,

and consequently (5.26) holds.

The concavity and monotonic properties of Sherman's operator are very important,

because of the numerous applications that will follow from them. First, regarding the

monotonicity property (5.26), we give the consequence of Theorem 5.1.4, which includes the

lower and upper bound for Sherman's operator, which are expressed in terms of associated

non-weighted Jensen's operator.

Theorem 5.1.5: Suppose S is an operator de�ned by (5.24). Then

0 ≤ min
1≤i≤n
1≤j≤l

{bisij} S(f,X,1n, (1/l)nl) ≤ S(f,X,b,S) ≤ max
1≤i≤n
1≤j≤l

{bisij} S(f,X,1n, (1/l)nl),

(5.30)

where S(f,X,1n, (1/l)nl) is non-weighted Sherman's operator

S(f,X,1n, (1/l)nl) =
l∑

j=1

n∑
i=1

f(Xj)− l
n∑
i=1

f

(
1

l

l∑
j=1

Xj

)
= n · JN (f,X),

and JN (f,X) is non-weighted Jensen's operator

JN (f,X) =

l∑
j=1

f(Xj)− l f

(
1

l

l∑
j=1

Xj

)
. (5.31)

Proof:

• First let us prove that

min
1≤i≤n

{bi} S(f,X, 1n,S) ≤ S(f,X,b,S) ≤ max
1≤i≤n

{bi} S(f,X,1n,S) (5.32)

holds, where 1n = (1, 1, . . . , 1) is constant ordered n-tuple, that is S(f,X,1n,S) =
l∑

j=1

n∑
i=1

sijf(Xj)−
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n∑
i=1

f

(
l∑

j=1
sijXj

)
.

We compare an ordered n-tuple b = (b1, b2, . . . , bn) ∈ [0,∞)n with constant ordered n-

tuples bmin =
(
min
1≤i≤n

{bi}, . . . , min
1≤i≤n

{bi}
)
and bmax =

(
max
1≤i≤n

{bi}, . . . , max
1≤i≤n

{bi}
)
. Clearly,

bmax ≥ b ≥ bmin. Hence use by the monotonicity property (5.26) of S(f,X, ·,S) yields

series of inequalities:

S(f,X,bmin,S) ≤ S(f,X,b,S) ≤ S(f,X,bmax,S).

Finally, considering S(f,X,bmin,S) = min
1≤i≤n

{bi} S(f,X,1n,S) and S(f,X,bmax,S) =

max
1≤i≤n

{bi} S(f,X,1n,S) we get the series of inequalities in (5.32).

• Next, let us prove that

mi

(
l∑

j=1
f(Xj)− l f

(
1
l

l∑
j=1

Xj

))
≤

l∑
j=1

sijf(Xj)− f

(
l∑

j=1
sijXj

)
≤ Mi

(
l∑

j=1
f(Xj)− l f

(
1
l

l∑
j=1

Xj

)) (5.33)

holds for every i = 1, 2, . . . , n, where mi = min
1≤j≤l

{sij} and Mi = max
1≤j≤l

{sij}.

Since l ·mi +
l∑

j=1
(sij −mi) = 1, we have

f

(
l∑

j=1
sijXj

)
= f

(
l ·mi

(
1
l

l∑
j=1

Xj

)
+

l∑
j=1

(sij −mi)Xj

)
≤ l ·mif

(
1
l

l∑
j=1

Xj

)
+

l∑
j=1

(sij −mi) f(Xj) (by Jensen's operator inequality)

=
l∑

j=1
sijf(Xj)−mi

(
l∑

j=1
f(Xj)− l f

(
1
l

l∑
j=1

Xj

))
,

which give the LHS inequality in (5.33).
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Also, since Mi > 0 (i = 1, 2, . . . , n) and 1
Mi

∑l
j=1

(
Mi
l − sij

l

)
+ 1

lMi
= 1, we have

f

(
1
l

l∑
j=1

Xj

)
= f

(
1
Mi

l∑
j=1

(
Mi
l − sij

l

)
Xj +

1
lMi

(
l∑

j=1
sijXj

))
≤ 1

Mi

l∑
j=1

(
Mi
l − sij

l

)
f(Xj) +

1
lMi

f

(
l∑

j=1
sijXj

)
(by Jensen's operator inequality)

= 1
l

l∑
j=1

f(Xj)− 1
lMi

(
l∑

j=1
sijf(Xj)− f

(
l∑

j=1
sijXj

))
,

which give the RHS inequality in (5.33).

• Finally we prove (5.30).

Multiplying the series of inequalities in (5.33) with bi ≥ 0 and summing over i = 1, ..., n,

we get

n∑
i=1

bimi

(
l∑

j=1
f(Xj)− lf

(
1
l

l∑
j=1

Xj

))
≤

n∑
i=1

bi

(
l∑

j=1
sijf(Xj)− f

(
l∑

j=1
sijXj

))

≤
n∑
i=1

biMi

(
l∑

j=1
f(Xj)− lf

(
1
l

l∑
j=1

Xj

))

i.e.

S(f,X,b, (1/l)nl) ≤ S(f,X,b,S) ≤ S(f,X,b, (1/l)nl), (5.34)

where b = (b1m1, b2m2, . . . , bnmn), b = (b1M1, b2M2, . . . , bnMn) and (1/l)nl ∈ Snl(R) is

row stochastic matrix with constant entries. By using the LHS and the RHS inequality in

(5.32), we obtain

min
1≤i≤n

{bimi} S(f,X,1n, (1/l)nl) ≤ S(f,X,b, (1/l)nl), (5.35)

S(f,X,b, (1/l)nl) ≤ max
1≤i≤n

{bimi} S(f,X,1n, (1/l)nl). (5.36)

Finally, we get (5.30) by combining (5.34), (5.35) and (5.36) and using that

min
1≤i≤n

{bimi} = min1≤i≤n
1≤j≤l

{bisij} , max
1≤i≤n

{bimi} = max1≤i≤n
1≤j≤l

{bisij} ,

S(f,X,1n, (1/l)nl) = n · JN (f,X).

316 Chapter 5.. Sherman's type inequalities for operators on a Hilbert space with
applications



Ptolemy Scienti�c Research Press https://pisrt.org/

Remark 5.1.6.: 1) Dragomir et al. in [42] investigated the properties of discrete Jensen's

functional

Jl(f,x,p) =
l∑

i=1

pif(xi)− Pf

(∑l
i=1 pif(xi)

P

)
, (5.37)

where f : J ⊂ R → R is a convex function, x = (x1, x2, . . . , xl) ∈ J l and p = (p1, p2, . . . , pl)

is positive l-tuple of real numbers with P =
∑l

i=1 pi.

Setting n = 1, b1 = P , s1j =
pj
P (j = 1, 2, . . . , l) in Sherman's operator (5.24) we obtain

Jensen's operator that corresponds to (5.37):

Jl(f,X,p) =
l∑

i=1

pif(Xi)− Pf

( l∑
i=1

pi
P
f(Xi)

)
, (5.38)

where f ∈ Fo(J) and X = (X1, X2, . . . , Xl) ∈ [BJh (H)]l.

Applying Theorem 5.1.4, we obtain that Jl has the properties of superadditivity and

monotonicity, since putting λ = 1
2 in (5.25) we obtain

Jl(f,X,p+ q) ≥ Jl(f,X,p) + Jl(f,X,q).

Also, applying Theorem 5.1.5 we obtain the bounds of Jl, which are expressed in terms of

non-weighted Jensen's operator (5.31):

0 ≤ min
1≤j≤l

{pj} JN (f,X) ≤ Jl(f,X,p) ≤ max
1≤j≤l

{pj} JN (f,X). (5.39)

2) Setting l = 2 and X1 = D, X2 = δ1H in Jensen's operator Jl de�ned by (5.38), we

obtain Jensen's operator consider in [93, (14)]:

J2(f,D, δ,p) = p1f(D) + p2(δ)1H − (p1 + p2)f

(
p1D + p2δ1H
p1 + p2

)
,

where p = (p1, p2), a1H ≤ D ≤ b1H , a ≤ δ ≤ b and f ∈ F([a, b]). We remark that

f is not operator convex in this case, because J2(f,D, δ,p) we can obtain directly from

Jensen's functional J2(f,x,p) de�ned by (5.37). We obtain that J2 has the properties
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of superadditivity and monotonicity as immediately proved in [93, Theorem 1]. Also, we

obtained that

0 ≤ min {p1, p2} JN (f,D, δ) ≤ J2(f,D, δ,p) ≤ max {p1, p2} JN (f,D, δ)

holds where JN (f,D, δ) = f(D) + f(δ)1H − 2 · f
(
D+δ1H

2

)
, see [93, Corollary 1].

The obtained results we can applied to operator means. E.g. we can get re�nements

and conversions of numerous mean inequalities for Hilbert space operators, see [93, �4].

5.1.5. Multidimensional Sherman's operator and applications

The main objective of this subsection is to obtain an uni�ed treatment for the examples

of joint concave mappings. With that intention we are going to extend the concept of

Sherman's operator to several variables.

Let k ∈ N and Hj be the Hilbert space (j = 1, 2, . . . , k). Suppose Aj ∈ Bh(Hj)

(j = 1, 2, . . . , k) and let A = (A1, A2, . . . , Ak) denotes a k-tuple of self-adjoint operators.

Let D ⊆
∏k
j=1 Bh(Hj) be a convex set. Further, let F be a mapping that every A ∈ D

assigns the self-adjoint operator on a Hilbert space H ′, that is, we suppose the function

F : D → Bh(H ′) is well-de�ned.

With the above assumptions, we can establish the de�nition of operator convexity in

multiple variables. A function F : D → Bh(H ′) is said to be operator convex in k

variables, if the operator inequality

F (λA+ (1− λ)B) ⩽ λF (A) + (1− λ)F (B) (5.40)

holds for all A,B ∈ D and λ ∈ [0, 1], with respect to operator order in H ′. A function F

is called operator concave in k variables, if the reverse inequality holds in (5.40) for

all A,B ∈ D and λ ∈ [0, 1].

Similarly as by the classical Jensen's inequality, inequality (5.40) can be easily extended

tomultidimensional Jensen's operator inequality (see [94, Proposition 1]) as follows:

If a = (a1, a2, . . . , an) is n-tuple of nonnegative real numbers,
∑n

i=1 ai = 1, and Xi ∈ D
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(i = 1, 2, . . . , n) then

F

(
n∑
i=1

aiXi

)
⩽

n∑
i=1

aiF (Xi) (5.41)

holds for any operator convex function in k variables, F : D → Bh(H ′). If F is an operator

concave function in k variables, then the reverse inequality is valid in (5.41).

Now we extend Sherman's operator inequality (5.1.1.) to multidimensional operator

inequality.

In the following, D denoted a convex set D ⊆
∏k
j=1 Bh(Hj).

Proposition 5.1.6(Multidimensional Sherman's operator inequality): Let (X1,X2, . . . ,Xl)

be l−tuple and (Y1,Y2, . . . ,Yn) be n−tuple of operators Xj = (Xj1, Xj2, . . . , Xjk) ∈ D

(j = 1, 2, . . . l), Yi = (Yi1, Yi2, . . . , Yik) ∈ D (i = 1, 2, . . . n), let a = (a1, a2, . . . , al) ∈

[0,∞)l, b = (b1, b2, . . . , bn) ∈ [0,∞)n be vectors and S = (sij) ∈ Mnl(R) be a row stochas-

tic matrix such that

Yi =

l∑
j=1

sijXj (i = 1, 2, . . . , n) and aj =

n∑
i=1

bisij (j = 1, 2, . . . , l).

If F : D → Bh(H ′) is an operator convex function in k variables, then

n∑
i=1

biF (Yi) ⩽
l∑

j=1

ajF (Xj). (5.42)

Especially, if l = n and S = (sij) ∈ Mnn(R) is a doubly stochastic matrix, then the

weighted multidimensional majorization inequality holds, so that

Yi =
n∑
j=1

sijXj (i = 1, 2, . . . , n) implies
n∑
i=1

aiF (Yi) ⩽
n∑
i=1

aiF (Xi). (5.43)

If F is operator concave in k variables, then the reverse inequality is valid in (5.42) and

(5.43).

Proof: Since F is an operator convex function in k variables and S is row stochastic,
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then

n∑
i=1

biF (Yi) =

n∑
i=1

biF

(
l∑

j=1

sijXj

)
⩽

n∑
i=1

bi

(
l∑

j=1

sijF (Xj)

)

=

l∑
j=1

(
n∑
i=1

bisij

)
F (Xj) =

l∑
j=1

ajF (Xj),

which gives (5.42).

Setting n = l in (5.42) and all weights ai and bj are equal and nonnegative, the condition

a = bS assures stochasticity on columns of S, so in that case we deal with doubly stochastic

matrix. Then (5.43) holds.

Remark 5.1.7.: a) Setting n = 1 and b = (1) the multidimensional Sherman operator

inequality (5.42) reduces to the multidimensional Jensen operator inequality (5.40).

b) Setting a = (1, 1, . . . , 1) in the inequality (5.43), we get the multidimensional majoriza-

tion inequality in the form:

Yi =
n∑
j=1

sijXj (i = 1, 2, . . . , n) implies
n∑
i=1

F (Yi) ⩽
n∑
i=1

F (Xi),

where S = (sij) ∈ Mnn(R) is a doubly stochastic matrix.

If F is operator concave in k variables, then the reverse inequality is valid in previous

inequalities.

Now, we de�ne multidimensional Sherman's operator, deduced from multidimensional

Sherman's operator inequality.

Let F : D → Bh(H ′) is an operator convex function in k variables and let Fk(D) denote

the set of all operator convex functions in k variables on D.

Considering relation (5.42), we de�ne multidimensional Sherman's operator

SM(F,X,S,b) : Fk(D)×D × [0,∞)n × Snl(R) → Bh(H ′) as

SM(F,X,b,S) =

l∑
j=1

n∑
i=1

bisijF (Xj)−
n∑
i=1

biF

(
l∑

j=1

sijXj

)
, (5.44)

where X = (X1,X2, . . . ,Xl) is l−tuple of operators Xj = (Xj1, Xj2, . . . , Xjk) ∈ D (j =
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1, 2, . . . , l), b = (b1, b2, . . . , bn) and S = (sij).

Note that operator SM is well-de�ned and positive. Positivity of operator SM(F,X,b,S)

follows from multidimensional Sherman's operator inequality (5.42). Now, we prove the

properties of concavity and monotonicity of this operator.

Theorem 5.1.7: Suppose that SM is an operator de�ned by (5.44). Then it satis�es the

following properties:

(i) SM(F,X,b, ·) is concave on Snl(R), that is

SM(F,X,b, λS+ (1− λ)T) ≥ λSM(F,X,b,S) + (1− λ)SM(F,X,b,T). (5.45)

(ii) If b, c ∈ [0,∞)n with b ≥ c (i.e. bi ≥ ci, i = 1, 2, . . . , n), then

SM(F,X,b,S) ≥ SM(F,X, c,S) ≥ 0, (5.46)

i.e. SM(f,X, ·,S) is increasing on [0,∞)n.

But, if F is operator concave in k variables, then −SM(F,X,b,S) ∈ B+(H ′) , SM(F,X,b, ·)

is convex on Snl(R) and SM(F,X, ·,S) is decreasing on [0,∞)n.

Proof: We use the same technique as in the proof of Theorem 5.1.4. We omit the details.

The concavity and monotonic properties of multidimensional Sherman's operator are

very signi�cant properties, considering the numerous applications that will follow from

them. As a �rst application of Theorem 5.1.7 we establish the lower and upper bounds for

multidimensional operator (5.44), which are expressed in terms of associated non-weighted

Jensen's operator.

Corollary 5.1.11.: Suppose that SM is an operator de�ned by (5.44). Then

0 ≤ n · min
1≤i≤n
1≤j≤l

{bisij} JN (F,X) ≤ SM(F,X,b,S) ≤ n · max
1≤i≤n
1≤j≤l

{bisij} JN (F,X), (5.47)
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where JN is non-weighted Jensen's operator de�ned by (5.31), i.e.

JN (F,X) =
l∑

j=1

F (Xj)− lF

(
l∑

j=1

1

l
Xj

)
.

Proof: We use the same technique as in the proof of Theorem 5.1.5. We omit the details.

Remark 5.1.8.: 1) Setting n = 1, b1 = P , s1j =
pj
P (j = 1, 2, . . . , l) in (5.44), we obtain

Jensen's operator consider in [94, (6)]:

JM(F,X,p) =
l∑

j=1

pjF (Xj)− PF

(
1

P

l∑
j=1

pjXj

)
, (5.48)

where p = (p1, p2, . . . , pl). By applying Theorem 5.1.7 and Corollary 5.1.11., we obtain

properties and bounds of operator JM as in [94, Theorem 1, Corolary 1]. We omit the

details.

2) Let D ⊆ Bh(H1) × Bh(H2), F : D → Bh(H ′) be an operator function in two variable.

Putting Xj = (Aj , Bj) (j = 1, 2, . . . , l) in Sherman's operator (5.44) we obtain

SM(F,A,B,b,S) =
l∑

j=1

n∑
i=1

bisijF (Aj , Bj)−
n∑
i=1

biF

(
l∑

j=1

sijAj ,
l∑

j=1

sijBj

)
, (5.49)

where A = (A1, A2, . . . , Al), B = (B1, B2, . . . , Bl), b = (b1, b2, . . . , bn) ∈ [0,∞)n and

S = (sij) ∈ Snl(R). Also, Jensen's operator JM (5.48) reduces to (see [94, (12]):

JM2(F,A,B,p) =
l∑

j=1

pjF (Aj , Bj)− P · F

(
1

P

l∑
j=1

pjAj ,
1

P

l∑
j=1

pjBj

)
.

a) Replacing the function F with connection σ : B+(H)×B+(H) → B+(H) in the oper-

ator (5.49) and using that every connection is positive homogeneous, i.e. α(AσB) =

(αA)σ(αB) for all α > 0 and A,B ∈ B+(H) (see [94]), then we obtain the operator

Sσ(A,B,a) =
l∑

j=1

aj(AjσBj)−

(
l∑

j=1

ajAj

)
σ

(
l∑

j=1

ajBj

)
, (5.50)
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since a = bS. So, applying Theorem 5.1.7 and Corollary 5.1.11., we obtain results as

in [94, �4.1]. Connections are the weighted arithmetic mean A∇sB, the weighted har-

monic mean A!sB and the weighted geometric mean A♯sB (see [54]). In these cases

the connection operator (5.50) reduces to appropriate operators, see [94, Remark 3].

b) Replacing the function F with the solidarity s : B++(H) × B++(H) → B++(H) in

the operator (5.49) and using that every solidarity is also positive homogeneous, i.e.

α(AsB) = (αA)s(αB) for all α > 0 and A,B ∈ B++(H) (see [50]), then we obtain

the operator

Ss(A,B,a) =
l∑

j=1

aj(AjsBj)−

(
l∑

j=1

ajAj

)
s

(
l∑

j=1

ajBj

)
. (5.51)

Applying Theorem 5.1.7 and Corollary 5.1.11., we obtain results as in [94, �4.2].

Examples of solidarity are the well-known relative operator entropy S(A|B) and

the Tsallis relative operator entropy Tλ(A|B), see [52]. In these cases the solidarity

operator (5.51) reduces to appropriate operators, see [94, Remark 4].

5.1.6. Multidimensional weighted geometric mean

Fujii et.al. in [49] established the weighted geometric mean G[n, t], 0 ≤ t ≤ 1, for an

n-tuple of positive invertible operators A1, A2, . . . , An. Let G[2, t](A1, A2) = A♯tA2. For

n ≥ 3, G[n, t] is de�ned inductively as follows: De�ne A(1)
i = Ai (i = 1, 2, · · · , n) and

A
(r)
i = G[n− 1, t]

(
A

(r−1)
i , . . . , A

(r−1)
i−1 , A

(r−1)
i+1 , . . . , A(r−1)

n

)
,

inductively for r. Then, there exist the limit limr→∞A
(r)
i in the Thompson metric and

it does not depend on i (see [49]). Thus, the above mentioned weighted geometric mean

is de�ned as G[n, t](A1, A2, . . . , An) = limr→∞A
(r)
i . Such de�ned geometric mean is also

jointly concave, i.e.

G[n, t]

( n∑
i=1

λiAi

)
≥

n∑
i=1

λiG[n, t](Ai), (5.52)
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where λi ≥ 0,
∑n

i=1 λi = 1, and every Ai = (A1, A2, . . . , An) (i = 1, 2, ..., n) is an ordered

n-tuple of positive invertible operators on a Hilbert space.

Now, we de�ne a multidimensional geometric operator of Sherman type, deduced from

multidimensional Sherman's operator (5.44)

SG[n,t](X1,X2, . . . ,Xn,b,S) =
n∑
j=1

n∑
i=1

bisijG[n, t](Xj)−
n∑
i=1

biG[n, t]

( n∑
j=1

sijXj

)
, (5.53)

where G[n, t] is multidimensional weighted geometric mean, (X1,X2, . . . ,Xn) is n−tuple of

operatorsXj = (Xj1, Xj2, . . . , Xjn) ∈ D ⊆ [B++(H)]n (j = 1, 2, . . . , n), b = (b1, b2, . . . , bn) ∈

[0,∞)n and S = (sij) ∈ Snn(R).

The operator (5.53) is a generalisation of the multidimensional geometric operator of

Jensen type consider in [94, �4.3]:

JG[n,t](X1,X2, . . . ,Xn,p) :=

n∑
j=1

pjG[n, t](Xj)−G[n, t]

( n∑
j=1

pjXj

)
.

Since the weighted geometric mean is jointly concave, then similarly as in Corol-

lary 5.1.11., we obtain that the operator (5.53) can mutually be bounded by the simpler

operator of the same type. Such estimates can be regarded as both re�nement and converse

of inequality (5.52). This result is also a generalisation of the result given in [94, Corollary

4].

Corollary 5.1.12.: Suppose that SG[n,t] is a geometric operator of Sherman type de�ned

by (5.53). Then

n · min
1≤i≤n
1≤j≤n

{bisij} SN
G[n,t](X1,X2, . . . ,Xn)

≤SG[n,t](X1,X2, . . . ,Xn,b,S) ≤ n · max
1≤i≤n
1≤j≤n

{bisij} SN
G[n,t](X1,X2, . . . ,Xn),

where SN is non-weighted geometric operator:

SN
G[n,t](X1,X2, . . . ,Xn) =

n∑
j=1

G[n, t](Xj)−G[n, t]

( n∑
j=1

Xj

)
.
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Proof: Follows from Corollary 5.1.11..

5.2. Shannon like inequalities for f-connections of positive

linear maps and operators

In this section, for an operator convex function f , we study maps of the form (T,B) →

TfT−(B), called f -connections (see De�nition 5.2.3.), where T is a positive linear map

between unital C∗-algebras A and B of Hilbert space operators, T− denotes a re�exive gen-

eralized inverse of T and B ∈ B. We extend the results for Csiszár's f -divergence functional

(4.5) to the operator Csiszár f -divergence, the general case when pk and qk are replaced by a

positive linear map Tk and a positive operator Bk, k = 1, 2, . . . , n, respectively. We provide

conditions under which the inequality f(1)I ≤
n∑
k=1

TkfT
−
k (Bk) holds, where Tk : A → B

are positive linear maps and Bk ∈ Ran(Tk) (see De�nition 5.2.2.). In consequence, the

following Shannon like inequality 0 ≤
n∑
k=1

TkfT
−
k (Bk) is ful�lled, whenever f(1) = 0. The

obtained results are applied to operator Csiszár f -divergence. In particular, recent results

by Isa et al. [75] are recovered. Results in this section are cited from [125] and [128].

5.2.1. Jensen type operator inequalities

By B(H) we denote the C∗-algebra of all bounded linear operators on Hilbert space H

with inner product ⟨·, ·⟩.

As a special case of Theorem 1.6.17 we get the following theorem with an operator

Jensen's inequality (see [114], cf. also [59]).

Theorem 5.2.8([114]): If f is an operator convex function on an interval J , and

T1, . . . , Tn are positive linear maps on B(H) such that
n∑
k=1

Tk(I) = I, then

f

(
n∑
k=1

Tk(Ak)

)
≤

n∑
k=1

Tk(f(Ak)) (5.54)

for all self-adjoint operators Ak ∈ B(H), k = 1, 2, . . . , n, with spectra contained in J .
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In the next result we show a re�nement of the operator Jensen's inequality [86].

Theorem 5.2.9([86]): Let unital C∗-algebras A and B be closed ∗-subalgebras of B(H)

and B(K), respectively, for some Hilbert spaces H and K. Let T1, . . . , Tn be strictly positive

linear maps from A into B, and let T =
n∑
k=1

Tk be unital.

If f is an operator convex function on an interval J , then

f(T (A)) ≤
n∑
k=1

Tk(I)
1/2f

(
Tk(I)

−1/2Tk(A)Tk(I)
−1/2

)
Tk(I)

1/2 ≤ T (f(A)) (5.55)

for every self-adjoint operator A ∈ A with spectrum contained in J .

We now present the notion of generalized inverse of a linear operator.

De�nition 5.2.1.(see [143], [30, pp. 819-820] ): A generalized inverse(in short,

g.i.) of a linear map T : V → W between linear spaces V and W is a linear map T− :

W → V satisfying TT−T = T . If in addition T−TT− = T− then T− is called a re�exive

generalized inverse of T .

For example, let T be a tripotent linear map (i.e., T 3 = T ) with V = W . It is readily

seen that T− = T is a re�exive generalized inverse of T [125].

On the other hand, if V and W are Hilbert spaces and T is a partial isometry (i.e.

TT ∗T = T ) then T− = T ∗ is a re�exive generalized inverse of T [125].

Example 1.(Cf. [125, Example 2.2]): We consider a p × p complex matrix T . By

making use of Singular Value Decomposition, we get T = U2 diag s(T )U
∗
1 with unitary U1

and U2 and with the vector s(T ) = (s1(T ), s2(T ), . . . , sp(T )) of singular values of T [63,

p. 144]. We now introduce T− = U1 diag σ(T )U
∗
2 , where σ(T ) = (σ1(T ), σ2(T ), . . . , σp(T )),

with σi(T ) =
1

si(T )
if si(T ) ̸= 0, and σi(T ) = 0 if si(T ) = 0, i = 1, 2, . . . , p. It is easy to

check that T− is a re�exive generalized inverse of T . Furthermore, T is positive i� T− is

so.

Unless stated otherwise, in the remaining of this subsection, we assume that A = B(H)

with a Hilbert space H and B is a unital C∗-algebra. Additionally, we assume that there
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exists a generalized inverse T− of a linear map T , whenever the symbol T− is used.

In the sequel, the symbol I denotes for the unity in a unital C∗-algebra.

De�nition 5.2.2.: For a linear map T : A → B , by Ran(T ) we denote the rangeof T ,

that is

Ran(T ) = {TA ∈ B : A ∈ A}.

In Subsection 5.2.2. we shall explore the following result (see [125], cf. also [129]).

Theorem 5.2.10([125]): Let T : A → B and Tk : A → B, k = 1, 2, . . . , n, be positive

linear maps and T− : B → A be a positive re�exive g.i. of T . Assume that

T (I) =

n∑
k=1

Tk(I), (5.56)

Ran(Tk) ⊂ Ran(T ), k = 1, 2, . . . , n, (5.57)

I ∈ Ran(T−). (5.58)

If f is an operator convex function on an interval J then

TfT−

(
n∑
k=1

TkAk

)
≤

n∑
k=1

Tkf(Ak) (5.59)

for all self-adjoint operators A1, . . . , An ∈ A with spectra contained in J .

De�nition 5.2.3.(cf. [85, p. 637]): The binary map of type

(T,B) → TfT−(B) for T ∈ B(A,B) and B ∈ B, (5.60)

is said to be f-connection.

If f is an (operator) convex function and A = B and T := A1/2(·)A1/2 with strictly

positive operator A, then (5.60) becomes the generalized perspective function de�ned as

follows (see [43, 62, 116]).
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De�nition 5.2.4.([85, p. 637]): The map

(A,B) → A1/2f(A−1/2BA−1/2)A1/2 for 0 < A,B ∈ A = B (5.61)

is called the generalized perspective functionof f .

It is not hard to verify that for the operator concave functions f = (·)1/2 and f = log(·),

the speci�cations of (5.61) yield operator geometric mean [85, 97] and of relative operator

entropy [18, 48], respectively. Furthermore, some sums (integrals) of maps of type (5.61)

lead to operator Csiszár f -divergence [38, 116] (see also (5.75)).

5.2.2. Shannon like inequalities for operators

In this subsection A = B(H) with a Hilbert space H, and B is a unital C∗-algebra.

In Theorem 5.2.11 we extend a result by Csiszár and Körner [34] given for n-tuples

p = (p1, . . . , pn) and q = (q1, . . . , qn) (see (4.7) or [38, Theorem 2 and Corollary 1]).

Namely, the numbers pk and qk will be replaced by a positive linear map Tk and a positive

operator Bk, k = 1, 2, . . . , n, respectively.

Theorem 5.2.11([128]): Let f be an operator convex function on an interval J with

1 ∈ J . Let Tk : A → B, k = 1, 2, . . . , n, be positive linear maps such that
n∑
k=1

Tk(I) =

I. Let A1, . . . , An ∈ A be self-adjoint operators with spectra contained in J such that
n∑
k=1

TkAk = I.

If there exists a unital positive linear map T : A → B with a positive re�exive g.i. T− :

B → A such that

Ran(Tk) ⊂ Ran(T ), k = 1, 2, . . . , n, (5.62)

I ∈ Ran(T−), (5.63)

then

f(1)I ≤
n∑
k=1

Tkf(Ak). (5.64)
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If in addition f(1) = 0, then (5.64) reduces to Shannon like inequality

0 ≤
n∑
k=1

Tkf(Ak). (5.65)

Proof: It follows from Theorem 5.2.10 that

TfT−

(
n∑
k=1

TkAk

)
≤

n∑
k=1

Tkf(Ak), (5.66)

because

I = T (I) =
n∑
k=1

Tk(I). (5.67)

But
n∑
k=1

TkAk = I, so (5.66) gives

TfT−(I) ≤
n∑
k=1

Tkf(Ak). (5.68)

We shall prove that

T−(I) = I. (5.69)

In fact, by (5.62) we have I = T−(B0) for some B0 ∈ B. It now follows that T−TT− = T−,

since T− is a re�exive generalized inverse of T . Next, T−TT−(B0) = T−(B0) , and further

T−T (I) = I. In addition, T (I) = I by (5.67). So, we obtain T−(I) = I, as desired.

Now, (5.68) and (5.69) yields

Tf(I) ≤
n∑
k=1

Tkf(Ak). (5.70)

Simultaneously, f(I) = f(1)I. Therefore Tf(I) = f(1)T (I) = f(1)I by (5.67 ). So, (5.70)

guarantees that

f(1)I ≤
n∑
k=1

Tkf(Ak).

This �nishes the proof of (5.64).

Finally, it is evident that if f(1) = 0 then (5.64) forces (5.65 ).

Remark 5.2.9.: The conditions (5.62)-(5.63) in Theorem 5.2.11 are present because of

the (potential) non-invertibility of the maps T and Tk.
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Theorem 5.2.11 can be rewritten in terms of Bk = TkAk, as follows.

Corollary 5.2.13.([128]): Let f be an operator convex function on an interval J with

1 ∈ J . Let Tk : A → B, k = 1, 2, . . . , n, be positive linear maps such that
n∑
k=1

Tk(I) = I

with positive T−
k . Let Bk ∈ (Tk), k = 1, 2, . . . , n, be positive operators such that the spectrum

of T−
k (Bk) is contained in J , and

n∑
k=1

Bk = I.

If there exists a unital positive linear map T : A → B with a positive re�exive g.i. T− :

B → A such that

Ran(Tk) ⊂ Ran(T ), k = 1, 2, . . . , n, (5.71)

I ∈ Ran(T−), (5.72)

then

f(1)I ≤
n∑
k=1

TkfT
−
k (Bk). (5.73)

If in addition f(1) = 0 then (5.73) reduces to Shannon like inequality

0 ≤
n∑
k=1

TkfT
−
k (Bk). (5.74)

Proof: Since Bk ∈ Ran(Tk) for k = 1, 2, . . . , n, we have TkT−
k (Bk) = Bk. By setting

Ak = T−
k (Bk), we get Tk(Ak) = Bk. By the positivity of T−

k and Bk ≥ 0, we also obtain

Ak ≥ 0. Hence Ak is self-adjoint with spectrum contained in J and
n∑
k=1

TkAk = I. Now,

due to inequality (5.64) in Theorem 5.2.11, we obtain (5.73), as wanted.

We now reduce the conditions (5.71)-(5.72) of Corollary 5.2.13. by the invertibility of

T .

Corollary 5.2.14.([128]): Let f be an operator convex function on an interval J with

1 ∈ J . Let Tk : A → B, k = 1, 2, . . . , n, be positive linear maps such that
n∑
k=1

Tk(I) = I

with positive T−
k . Let Bk ∈ (Tk), k = 1, 2, . . . , n, be positive operators such that the spectrum

of T−
k (Bk) is contained in J , and

n∑
k=1

Bk = I.

If there exists an invertible unital positive linear map T : A → B with positive inverse T−1 :

B → A, then inequality (5.73) holds.
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If in addition f(1) = 0 then Shannon like inequality (5.74) holds.

Proof: From T− = T−1, we obtain Ran(T ) = B and Ran(T−) = A. So, conditions (5.71)

and (5.72) are ful�lled automatically. Now, Corollary 5.2.14. gives (5.73) and ( 5.74), as

claimed.

In the case A = B, we get the following simpli�cation of Corollary 5.2.14..

Corollary 5.2.15.([128]): Let f be an operator convex function on an interval J with

1 ∈ J . Let Tk : A → A, k = 1, 2, . . . , n, be positive linear maps such that
n∑
k=1

Tk(I) = I

with positive T−
k . Let Bk ∈ (Tk), k = 1, 2, . . . , n, be positive operators such that the spectrum

of T−
k (Bk) is contained in J , and

n∑
k=1

Bk = I.

Then inequality (5.73) holds.

If in addition f(1) = 0 then Shannon like inequality (5.74) holds.

Proof: By taking T to be the identity map id on A, we have that T : A → A is

invertible, unital and positive, and the inverse T−1 = id is positive, as well. So, by using

Corollary 5.2.14. we establish (5.73) and (5.74), as desired.

5.2.3. Applications to operator divergences, means and entropies

It is assumed in this subsection that A = B = B(H) with a Hilbert space H.

For operators 0 < Ak ∈ A and 0 < Bk ∈ A, k = 1, 2, . . . , n, we put

A = (A1, A2, . . . , An) and B = (B1, B2, . . . , Bn).

De�nition 5.2.5.([33, 116]): For an operator convex function f de�ned on J = (0,∞),

the operator Csiszár f-divergence of A and B is de�ned by

Df (A,B) =
n∑
k=1

A
1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k . (5.75)

Theorem 5.2.12([128]): Let f be an operator convex function on J = (0,∞). Let

0 < Ak ∈ A and 0 < Bk ∈ A, k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.
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Then

f(1)I ≤
n∑
k=1

A
1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k . (5.76)

If in addition f(1) = 0, then

0 ≤
n∑
k=1

A
1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k . (5.77)

Proof: We set Tk = A
1/2
k (·)A1/2

k , k = 1, 2, . . . , n. Clearly, Tk : A → A, k = 1, 2, . . . , n,

are invertible positive linear maps. Moreover T−1
k = A

−1/2
k (·)A−1/2

k is positive.

It is obvious that
n∑
k=1

Tk(I) =

n∑
k=1

A
1/2
k IA

1/2
k =

n∑
k=1

Ak = I. (5.78)

It is not hard to check that the spectra of T−1
k (Bk) = A

−1/2
k BkA

−1/2
k , k = 1, 2, . . . , n, are

contained in the interval J = (0,∞).

On account of Corollary 5.2.15.,

f(1)I ≤
n∑
k=1

TkfT
−1
k (Bk).

We also have

TkfT
−1
k (Bk) = A

1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k .

Summarizing all of this we deduce that

f(1)I ≤
n∑
k=1

A
1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k ,

and therefore

0 ≤
n∑
k=1

A
1/2
k f(A

−1/2
k BkA

−1/2
k )A

1/2
k , whenever f(1) = 0.

This �nishes the proof of (5.76) and (5.77).

We extend operator means from Chapter 1 as follows.
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De�nition 5.2.6.([75, pp. 3149-3950]): For n-tuples of positive operators

A = (A1, A2, . . . , An) and B = (B1, B2, . . . , Bn)

with 0 < Ak ∈ A and 0 < Bk ∈ A, k = 1, 2, . . . , n, we de�ne

S(A,B) =

n∑
k=1

S(Ak, Bk) =

n∑
k=1

A
1/2
k log(A

−1/2
k BkA

−1/2
k )A

1/2
k , (5.79)

Sp(A,B) =
n∑
k=1

Sp(Ak, Bk) =
n∑
k=1

A
1/2
k (A

−1/2
k BkA

−1/2
k )p log(A

−1/2
k BkA

−1/2
k )A

1/2
k , (5.80)

Tp(A,B) =
n∑
k=1

Tp(Ak, Bk) =
n∑
k=1

A
1/2
k lnp(A

−1/2
k BkA

−1/2
k )A

1/2
k , (5.81)

where p ∈ (0, 1] and lnp t =
tp−1
p , t > 0,

Ts,r(A,B) =

n∑
k=1

Ts,r(Ak, Bk) =

n∑
k=1

A
1/2
k

[(1− s)I + s(A
−1/2
k BkA

−1/2
k )r]1/r − I

s
A

1/2
k ,

(5.82)

where s ∈ (0, 1] and r ∈ [−1, 1].

We now demonstrate some speci�cations of Theorem 5.2.12.

Corollary 5.2.16.(Furuta [53, Corollary 2.4]): Let 0 < Ak ∈ A and 0 < Bk ∈ A,

k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.

Then

0 ≥
n∑
k=1

S(Ak, Bk). (5.83)

Proof: It is enough to apply Theorem 5.2.12 to the function operator convex f(t) =

− log t, t > 0, with f(1) = 0. Therefore we get

0 ≥
n∑
k=1

A
1/2
k log(A

−1/2
k BkA

−1/2
k )A

1/2
k =

n∑
k=1

S(Ak, Bk),

completing the proof.

Corollary 5.2.17.(Yanagi et al. [160, Theorem 1]): Let 0 < Ak ∈ A and 0 < Bk ∈
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A, k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.

Then for 0 < p ≤ 1,

0 ≥
n∑
k=1

Tp(Ak, Bk). (5.84)

Proof: It follows from [23, Theorem V.1.9] that the function t → tp, 0 < p ≤ 1, is

operator monotone on [0,∞). Therefore this function is operator concave on [0,∞) (see

[23, Theorem V.2.5]). Consequently, the function g(t) = lnp t =
tp−1
p , t ≥ 0, is operator

concave on [0,∞). Now, according to Theorem 5.2.12 applied to the function f(t) = − lnp t,

t > 0, we infer that

0 ≥
n∑
k=1

A
1/2
k lnp(A

−1/2
k BkA

−1/2
k )A

1/2
k =

n∑
k=1

Tp(Ak, Bk),

as was to be proved.

Corollary 5.2.18.(Furuta [53, Corollary 2.4]): Let 0 < Ak ∈ A and 0 < Bk ∈ A,

k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.

Then

0 ≤
n∑
k=1

S1(Ak, Bk). (5.85)

Proof: According to Theorem 5.2.12 applied to for the operator convex function f(t) =

t log t, t > 0, with f(1) = 0, one has

0 ≤
n∑
k=1

A
1/2
k (A

−1/2
k BkA

−1/2
k ) log(A

−1/2
k BkA

−1/2
k )A

1/2
k =

n∑
k=1

S1(Ak, Bk),

which implies (5.85).

Corollary 5.2.18. states that a Shannon type inequality is satis�ed for the Kullback-

Leibler distance DKL(A,B) = S1(A,B).

Corollary 5.2.19.(Isa et al. [75, Theorems 2.1 and 2.2]): Let 0 < Ak ∈ A and

0 < Bk ∈ A, k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.
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Then for 0 < s < 1 and 0 < r ≤ 1,

0 ≥
n∑
k=1

Ts,r(Ak, Bk). (5.86)

Proof: The parametric Tsallis relative operator entropy Ts,r(Ak, Bk) (see (1.39)) is gen-

erated by operator concave function

f(t) =
(1− s+ str)1/r − 1

s
, t > 0.

Clearly, here we have f(1) = 0. In light of Theorem 5.2.12, one sees that

0 ≥
n∑
k=1

A
1/2
k

[(1− s)I + s(A
−1/2
k BkA

−1/2
k )r]1/r − I

s
A

1/2
k =

n∑
k=1

Ts,r(Ak, Bk).

This completes the proof.

The α-order Rényi entropy is induced by the power function f(t) = tα with α ∈ (0, 1).

It is obvious that f(1) = 1 ̸= 0.

Corollary 5.2.20.([128]): Let 0 < Ak ∈ A and 0 < Bk ∈ A, k = 1, 2, . . . , n, be such

that
n∑
k=1

Ak = I and
n∑
k=1

Bk = I.

Then for α ∈ (0, 1),

I ≥
n∑
k=1

Ak♯αBk. (5.87)

Proof: It is well known that the function f(t) = tα, t > 0, 0 < α < 1, is operator

concave. Due to Theorem 5.2.12 we have

I ≥
n∑
k=1

A
1/2
k

(
A

−1/2
k BkA

−1/2
k

)α
A

1/2
k =

n∑
k=1

Ak♯αBk, (5.88)

as required.

The operator Csiszár inequalities (5.76)-(5.77) embrace a number of important results.

Example 2.([128]): Inequality (5.87) with α = 1
2 is connected with A-G inequality.

Namely, let 0 < Ak ∈ A and 0 < Bk ∈ A , k = 1, 2, . . . , n, be such that
n∑
k=1

Ak = I and
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n∑
k=1

Bk = I. Using Theorem 5.2.12 with the operator convex Hellinger distance function

f(t) =
1

2
(1−

√
t)2, t > 0,

we derive

0 ≤
n∑
k=1

A
1/2
k

(
I − (A

−1/2
k BkA

−1/2
k )1/2

)2
A

1/2
k

=
n∑
k=1

(
Ak − 2A

1/2
k (A

−1/2
k BkA

−1/2
k )1/2A

1/2
k +Bk

)
=

n∑
k=1

(Ak − 2Ak♯Bk +Bk) = 2I − 2
n∑
k=1

(Ak♯Bk) .

Therefore the inequality (5.87) holds with α = 1
2 .

On the other hand, the above estimation is valid by the following A-G operator inequality:

Ak♯Bk ≤ 1
2(Ak +Bk), k = 1, . . . , n (see [163]).

Example 3.([128]): Let 0 < Ak ∈ A and 0 < Bk ∈ A, k = 1, 2, . . . , n, with
n∑
k=1

Ak = I

and
n∑
k=1

Bk = I. Then

I ≤
n∑
k=1

BkA
−1
k Bk =

n∑
k=1

Ak♯2Bk. (5.89)

To prove inequality (5.89), we utilize Theorem 5.2.12 with the χ2-distance function f(t) =

(t− 1)2, t ∈ J = (0,∞). In fact, f is operator convex and f(1) = 0. Thus we obtain

0 ≤
n∑
k=1

A
1/2
k

(
A

−1/2
k BkA

−1/2
k − I

)2
A

1/2
k

=

n∑
k=1

A
1/2
k

(
(A

−1/2
k BkA

−1/2
k )2 − 2A

−1/2
k BkA

−1/2
k + I

)
A

1/2
k

=
n∑
k=1

BkA
−1
k Bk − 2

n∑
k=1

Bk +
n∑
k=1

Ak =
n∑
k=1

BkA
−1
k Bk − 2

n∑
k=1

Bk +
n∑
k=1

Ak

=
n∑
k=1

BkA
−1
k Bk − I =

n∑
k=1

Ak♯2Bk − I,

which gives (5.89).
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The scalar version of (5.89) is

1 ≤
n∑
k=1

b2k
ak

(5.90)

with the assumptions
n∑
k=1

ak = 1 =
n∑
k=1

bk and ak, bk > 0, k = 1, 2, . . . , n.

In the case ak =
1
n , k = 1, 2, . . . , n, (5.90) asserts that if

n∑
k=1

bk = 1 then 1
n ≤

n∑
k=1

b2k.

Another way to see this is possible by using the Theorem 2.1.1. Indeed, the function t 7→ t2,

t > 0, is convex, and the vector ( 1n , . . . ,
1
n) is majorized by (b1, . . . , bn).

5.3. Generalization of the Csiszár-Körner inequality for f -

divergence

In this section we investigate vectorial joint majorization for comparing m-tuple and n-

tuple of pairs in the Cartesian product of two real linear spaces. We derive a Sherman type

inequality for a vector-valued ≤C-convex function f , where ≤C is a cone preordering. We

also show the Hardy-Littlewood-Pólya-Karamata type theorem. As applications, we gen-

eralize the Csiszár-Körner inequality for f -divergence of two n-tuples of positive numbers.

To do so, we apply n-tuples of pairs of positive linear maps and positive operators on a

Hilbert space. Material of this section is cited from [125] and [132].

5.3.1. Motivation

The following Csiszár-Körner operator type inequality is ful�lled [125].

Theorem 5.3.13([125]): Let Tk : A → B, k = 1, 2, . . . , n, be positive linear maps, and

T−
k : B → A be a positive g.i. of Tk, and

(
n∑
k=1

Tk

)−
: B → A be a positive re�exive g.i. of

n∑
k=1

Tk. Assume that

I ∈ Ran

(
n∑
k=1

Tk

)−

, (5.91)

Ran(Tk) ⊂ Ran

(
n∑
k=1

Tk

)
, k = 1, 2, . . . , n. (5.92)
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If f is an operator convex function on [0,∞) then

(
n∑
k=1

Tk

)
f

(
n∑
k=1

Tk

)−( n∑
k=1

Bk

)
≤

n∑
k=1

TkfT
−
k (Bk) (5.93)

for every positive operators 0 ≤ Bk ∈ Ran(Tk), k = 1, 2, . . . , n.

We are going to develop the above result to majorization form. To do so, in Subsec-

tion 5.3.2. we introduce vectorial joint majorization prepared to comparing m-tuple and

n-tuple of (column) pairs in the Cartesian product of two arbitrary linear spaces (see

[31, 35, 154]). Next we prove a Sherman type inequality for the vectorial joint majoriza-

tion. We also derive a Hardy-Littlewood-P�olya-Karamata like theorem for vector-valued

≤C-convex functions.

In Subsection 5.3.3. we deal with applications for Csiszár operator f -divergence. We em-

ploy the results of Subsection 5.3.2. to n-tuples of pairs of positive linear maps and positive

operators. We show that the Csiszár-Körner inequality corresponds to the simplest joint

majorization (
(
T̄
B̄

)
, . . . ,

(
T̄
B̄

)
) ≺ (

(
T1
B1

)
, . . . ,

(
Tn
Bn

)
), where T̄ = T1+...+Tn

n and B̄ = B1+...+Bn
n .

Furthermore, we extend the C-K inequality to the case of a general joint majorization

(
(
R1

A1

)
, . . . ,

(
Rn

An

)
) ≺ (

(
T1
B1

)
, . . . ,

(
Tn
Bn

)
) with positive operators A1, . . . , An, B1, . . . , Bn in B,

and with positive linear maps R1, . . . , Rn, T1, . . . , Tn from A to B, where A = B = B(H)

with a Hilbert space H.

5.3.2. Vectorial joint majorization

In the sequel we utilize the Cartesian product space V = V1×V2 with arbitrary real linear

spaces V1 and V2. For the notational convenience, we write the elements of V = V1×V2 as

column pairs
(
x
w

)
with x ∈ V1 and w ∈ V2.

Here the symbol e stands for the vector (1, . . . , 1) of all ones of appropriate dimension.

De�nition 5.3.7.([132]): An n-tuple of (column) pairs

(
Y

U

)
=

((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
∈ (V1 × V2)

n
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is said to be jointly pre-majorized by an m-tuple of (column) pairs

(
X

W

)
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xm
wm

))
∈ (V1 × V2)

m,

written as
(
Y
U

)
≺p

(
X
W

)
, if there exists an m × n column stochastic matrix S = (sij) such

that ((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xm
wm

))
S (5.94)

in the sense that

(
yj
uj

)
= s1j

(
x1

w1

)
+ s2j

(
x2

w2

)
+ . . .+ smj

(
xm
wm

)
, for j = 1, 2, . . . , n,

that is, for j = 1, 2, . . . , n,

yj = s1jx1 + s2jx2 + . . .+ smjxm and uj = s1jw1 + s2jw2 + . . .+ smjwm.

De�nition 5.3.8.([132]): An n-tuple of pairs

(
Y

U

)
=

((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
∈ (V1 × V2)

n

is said to be jointly majorizedby n-tuple of pairs

(
X

W

)
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xn
wn

))
∈ (V1 × V2)

n,

written as
(
Y
U

)
≺
(

X
W

)
, if there exists an n × n doubly stochastic matrix S = (sij) such

that ((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xn
wn

))
S. (5.95)

From now on we assume that W is a real linear space endowed with a convex cone

C ⊂W inducing a cone preordering ≤C on W .

De�nition 5.3.9.([132]): A function f : J1 × J2 → W , with convex sets J1 ⊂ V1 and
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J2 ⊂ V2, is called jointly ≤C-convex on J1 × J2, if

f

(
α

(
x

w

)
+ (1− α)

(
y

u

))
≤C αf

(
x

w

)
+ (1− α)f

(
y

u

)

for α ∈ [0, 1], and x, y ∈ J1 and w, u ∈ J2.

A function f : J1 × J2 → W with convex sets J1 ⊂ V1 and J2 ⊂ V2, is called jointly

≤C-concave if −f is jointly ≤C-convex (see [23, p. 271]).

We are now ready to prove a Sherman type inequality (5.97) for vector-valued function

f de�ned on a set of pairs of vectors (cf. [149], see also [25, 31]).

Theorem 5.3.14([132]): Let f : J1 × J2 → W be a jointly ≤C-convex function with

convex sets J1 ⊂ V1 and J2 ⊂ V2. Suppose that

X = (x1,x2, . . . ,xm) ∈ Jm1 and Y = (y1,y2, . . . ,yn) ∈ Jn1 ,

W = (w1,w2, . . . ,wm) ∈ Jm2 and U = (u1,u2, . . . ,un) ∈ Jn2 ,

a = (a1, a2, . . . , am) ∈ Rm+ and b = (b1, b2, . . . , bn) ∈ Rn+.

If (
Y

U

)
=

(
X

W

)
S and a = bST (5.96)

for some m× n column stochastic matrix S = (sij), then

n∑
j=1

bjf

(
yj
uj

)
≤C

m∑
i=1

aif

(
xi
wi

)
. (5.97)

If f is jointly ≤C-concave, then the inequality (5.97) is reversed.

Proof: It follows from (5.96) that

((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xm
wm

))
S.

Hence we get yj =
m∑
i=1

aijxi and uj =
m∑
i=1

aijwi with
m∑
i=1

aij = 1, j = 1, 2, . . . , n, and
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ai,j ≥ 0. By using the joint ≤C-convexity of f we have

f

(
yj
uj

)
= f

( m∑
i=1

aijxi

m∑
i=1

aij wi

)

= f

(
m∑
i=1

aij

(
xi
wi

))
≤C

m∑
i=1

aijf

(
xi
wi

)
for j = 1, 2, . . . , n.

Therefore we obtain
n∑
j=1

bjf

(
yj
uj

)
≤C

n∑
j=1

bj

m∑
i=1

aijf

(
xi
wi

)
.

This gives
n∑
j=1

bjf

(
yj
uj

)
≤C

m∑
i=1

n∑
j=1

bjaijf

(
xi
wi

)
.

In addition, from (5.96) we get a = bST , which amounts to ai =
n∑
j=1

bjaij , i = 1, 2, . . . ,m.

Consequently, we conclude that

n∑
j=1

bjf

(
yj
uj

)
≤C

m∑
i=1

 n∑
j=1

bjaij

 f

(
xi
wi

)
=

m∑
i=1

aif

(
xi
wi

)
,

completing the proof of inequality (5.97).

We now present the Hardy-Littlewood-Pólya-Karamata type result (5.99) for vector-

valued function f and jointly majorized n-tuples of pairs of vectors (cf. [149], see also

[25, 31]).

Theorem 5.3.15([132]): Let f : J1 × J2 → W be a jointly ≤C -convex function with

convex sets J1 ⊂ V1 and J2 ⊂ V2. Suppose that

X = (x1,x2, . . . ,xn) ∈ Jn1 and Y = (y1,y2, . . . ,yn) ∈ Jn1 ,

W = (w1,w2, . . . ,wn) ∈ Jn2 and U = (u1,u2, . . . ,un) ∈ Jn2 .

If (
Y

U

)
≺
(

X

W

)
, (5.98)
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then
n∑
j=1

f

(
yj
uj

)
≤C

n∑
i=1

f

(
xi
wi

)
. (5.99)

If f is jointly ≤C-concave, then the inequality (5.99) is reversed.

Proof: On account of (5.98) we have

((
y1

u1

)
,

(
y2

u2

)
, . . . ,

(
yn
un

))
=

((
x1

w1

)
,

(
x2

w2

)
, . . . ,

(
xn
wn

))
S

for some n× n doubly stochastic matrix S.

It is now enough to utilize Theorem 5.3.14 with a = b = e = (1, . . . , 1) ∈ Rn, since

requirement (5.96) is satis�ed. So, we infer that (5.97) becomes (5.99). This completes the

proof.

Example 4.([132]): We now illustrate our theory by showing some results connected

with [37, Theorem 3]. To this end we apply Theorem 5.3.14 with the following speci�cation

V1 = V = a linear space over R,

V2 = W = R,

J1 = K = a (nonempty) convex cone in V ,

J2 = (0,∞) = the interval of positive numbers in R,

C = [0,∞) = the convex cone of nonnegative numbers in R,

≤C is the standard ordering ≤ on R.

For a convex function g de�ned on K, we introduce

f

(
x

w

)
= wg

(x
w

)
for x ∈ K, w ∈ (0,∞)

(see [37, p. 1503]). It is easily seen that f is jointly convex on the set K × (0,∞) = {
(
x
w

)
:

x ∈ K, w ∈ (0,∞)}, i.e., it holds that

f

(
α

(
x

w

)
+ (1− α)

(
y

u

))
≤ αf

(
x

w

)
+ (1− α)f

(
y

u

)
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for α ∈ [0, 1], x, y ∈ K and w, u ∈ (0,∞).

Let

xi,yj ∈ K, and wi, uj ∈ (0,∞) and ai, bj ∈ [0,∞)

for i = 1, 2, . . . ,m and j = 1, 2, . . . , n.

Denoting

X = (x1,x2, . . . ,xm) and Y = (y1,y2, . . . ,yn),

W = (w1, w2, . . . , wm) and U = (u1, u2, . . . , un),

a = (a1, a2, . . . , am) and b = (b1, b2, . . . , bn),

and making use of Theorem 5.3.14, we get the following result.

If (
Y

U

)
=

(
X

W

)
S and a = bST (5.100)

for some m× n column stochastic matrix S = (sij), then

n∑
j=1

bjujg

(
yj
uj

)
≤

m∑
i=1

aiwig

(
xi
wi

)
. (5.101)

For instance, if m = n, bj = 1 and ai = 1 for i, j = 1, 2, . . . , n, then it follows from

Theorem 5.3.15 that

(
Y

U

)
≺
(
X

W

)
⇒

n∑
i=1

uig

(
yi
ui

)
≤

n∑
i=1

wig

(
xi
wi

)
(5.102)

(cf. [37, Theorem 3]).
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5.3.3. Applications to operator Csiszár f-divergence

It is now assumed that A = B(H) is the C∗-algebra of bounded linear operators on a

Hilbert space H, with the following setting

A = B = B(H),

V1 = L(A) = the real linear space of linear maps from A to A,

J1 = P(A) = the convex cone of positive linear maps from A to A,

V2 = A,

J2 = the convex cone of positive linear operators from H to H,

W = A,

C = the convex cone of positive linear operators from H to H,

≤C is the usual Loewner ordering ≤ on self-adjoint operators in A.

As previously, the symbol (·)− denotes a generalized inverse operator on positive linear

maps such that if T : A → A is a positive linear map then T− : A → A is positive.

Example 5.([132]): Let T = TA = A1/2(·)A1/2 for positive operators 0 ≤ A ∈ A. Then

T is a positive linear map. We introduce T− = T−
A = (A−)1/2(·)(A−)1/2, where A− is a

generalized inverse of A. Clearly, T− is positive. Moreover, T− is re�exive i� A− is so.

Let Tk : A → B be positive linear maps such that T−
k : B → A are positive, and

0 ≤ Bk ∈ Ran(Tk) be positive operators, k = 1, 2, . . . , n, and let
(

n∑
k=1

Tk

)−
: B → A be

a positive re�exive g.i. of
n∑
k=1

Tk. We denote T = (T1, . . . , Tn) and B = (B1, . . . , Bn).

Let f : [0,∞) → R be an operator convex function. In light of the operator calculus,

the action of f can be extended to the positive self-adjoint operators of the C∗-algebra A.

In this subsection we shall prove that the operator Csiszár f -divergence

Df (T,B) =
n∑
k=1

TkfT
−
k (Bk)

is a jointly Schur-convex function of two variables T and B.
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To motivate this aim, observe that the Csiszár-Körner type inequality

(
n∑
k=1

Tk

)
f

(
n∑
k=1

Tk

)−( n∑
k=1

Bk

)
≤

n∑
k=1

TkfT
−
k (Bk) (5.103)

(see (5.93) in Theorem 5.3.13 can be restated as

n∑
k=1

T̄ f
(
T̄
)− (

B̄
)
≤

n∑
k=1

TkfT
−
k (Bk), (5.104)

where T̄ = T1+...+Tn
n and B̄ = B1+...+Bn

n .

In fact, we have

n∑
k=1

T̄ f
(
T̄
)− (

B̄
)
=

n∑
k=1


n∑
k=1

Tk

n

 f


n∑
k=1

Tk

n


−

n∑
k=1

Bk

n



=
n∑
k=1

1

n

(
n∑
k=1

Tk

)
f

(
n∑
k=1

Tk

)−( n∑
k=1

Bk

)
=

(
n∑
k=1

Tk

)
f

(
n∑
k=1

Tk

)−( n∑
k=1

Bk

)
.

Notice that (5.104) is connected with the simplest joint majorization relation

((
T̄

B̄

)
, . . . ,

(
T̄

B̄

))
≺
((

T1
B1

)
, . . . ,

(
Tn
Bn

))
,

which is induced by the doubly stochastic matrix S = 1
nE, where

E =


1 . . . 1

... · · ·
...

1 . . . 1


is the n× n matrix of all ones.

The above discussion suggests to try extend the Csiszár-Körner operator type inequality

(5.103) to the form related to a general joint majorization relation

((
R1

A1

)
, . . . ,

(
Rn
An

))
≺
((

T1
B1

)
, . . . ,

(
Tn
Bn

))
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with positive operatorsA1, . . . , An,B1, . . . , Bn in B, and with positive linear mapsR1, . . . , Rn,

T1, . . . , Tn from A to B.

Lemma 5.3.1.([132]): Let f : [0,∞) → R be an operator convex function. For a positive

integer p and l = 1, 2, . . . , p, let 0 < αl ∈ R with
p∑
l=1

αl = 1, and

Tl = (T1l, T2l, . . . , Tnl) ∈ Jn1 and Bl = (B1l, B2l, . . . , Bnl) ∈ Jn2 ,

where Tkl is a positive linear map from A to B, and Bkl is a positive operator in A,

k = 1, 2, . . . , n , l = 1, 2, . . . , p.

If

Bkl ∈ RanTkl , k = 1, 2, . . . , n, l = 1, 2, . . . , p, (5.105)

I ∈ Ran

(
p∑
l=1

αlTkl

)−

, k = 1, 2, . . . , n, (5.106)

Ran

(
p∑
l=1

αlTkl

)
=

p∑
l=1

Ran(αlTkl) , k = 1, 2, . . . , n, (5.107)

then

Df

(
p∑
l=1

αlTl,

p∑
l=1

αlBl

)
≤

p∑
l=1

αlDf (Tl,Bl), (5.108)

i.e., the function (T,B) 7→ Df (T,B) is jointly ≤-convex on (J1 × J2)
n.

If f is operator concave, then the right-hand side inequality in (5.108) is reversed.

Proof: It is evident that

p∑
l=1

αlTl =

p∑
l=1

αl(T1l, T2l, . . . , Tnl) = (

p∑
l=1

αlT1l,

p∑
l=1

αlT2l, . . . ,

p∑
l=1

αlTnl),

p∑
l=1

αlBl =

p∑
l=1

αl(B1l, B2l, . . . , Bnl) = (

p∑
l=1

αlB1l,

p∑
l=1

αlB2l, . . . ,

p∑
l=1

αlBnl).

Thus we �nd that

Df

(
p∑
l=1

αlTl,

p∑
l=1

αlBl

)
=

n∑
k=1

(
p∑
l=1

αlTkl

)
f

(
p∑
l=1

αlTkl

)−( p∑
l=1

αlBkl

)
.
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By virtue of Theorem 5.3.13, we infer that

(
p∑
l=1

αlTkl

)
f

(
p∑
l=1

αlTkl

)−( p∑
l=1

αlBkl

)
≤

p∑
l=1

(αlTkl)f(αlTkl)
−(αlBkl).

In consequence, we can write

Df

(
p∑
l=1

αlTl,

p∑
l=1

αlBl

)
≤

n∑
k=1

p∑
l=1

αlTklfT
−
klBkl

=

p∑
l=1

αl

n∑
k=1

TklfT
−
klBkl =

p∑
l=1

αlDf (Tl,Bl),

as required.

Remark 5.3.10.: In Lemma 5.3.1., if the positive linear map
p∑
l=1

αlTlk is invertible for

any k = 1, 2, . . . , n, then the conditions (5.106) and (5.107) are satis�ed automatically. So,

they can be dropped o�.

Let p = n!. In the sequel Pn = {πl : l = 1, 2, . . . , p} is the permutation group of the

index set {1, 2, . . . , n}. For l = 1, 2, . . . , p, the symbol Pl stands for the n× n permutation

matrix generated by πl. For this reason, if

T = (T1, T2, . . . , Tn) ∈ Jn1 and B = (B1, B2, . . . , Bn) ∈ Jn2 ,

then

TPl = (Tπl(1), Tπl(2), . . . , Tπl(n)) and BPl = (Bπl(1), Bπl(2), . . . , Bπl(n)).

Theorem 5.3.16([132]): Let f : [0,∞) → R be an operator convex function. Let

T = (T1, T2, . . . , Tn) ∈ Jn1 and R = (R1, R2, . . . , Rn) ∈ Jn1 ,

B = (B1, B2, . . . , Bn) ∈ Jn2 and A = (A1, A2, . . . , An) ∈ Jn2 ,

where Tk and Sk are positive linear maps from A to B, and Bk and Ak are positive
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operators in A, k = 1, 2, . . . , n.

If (
R

A

)
≺
(
T

B

)
, (5.109)

i.e.,

F =

p∑
l=1

αlTPl and A =

p∑
l=1

αlBPl

for some coe�cients 0 ≤ αl ∈ R with
p∑
l=1

αl = 1, p = n!, and if in addition,

Bk ∈ RanTk , k = 1, 2, . . . , n, (5.110)

I ∈ Ran

(
p∑
l=1

αlTπl(k)

)−

, k = 1, 2, . . . , n, (5.111)

Ran

(
p∑
l=1

αlTπl(k)

)
=

p∑
l=1

Ran(αlTπl(k)) , k = 1, 2, . . . , n, (5.112)

then

Df (R,A) ≤ Df (T,B). (5.113)

If f is operator concave, then inequality (5.113) is reversed.

Proof: It follows that the function (T,B) → Df ( T,B) is jointly permutation-invariant

on (J1 × J2)
n, i.e., Df (TP,BP) = Df (T,B) for any n × n permutation matrix P. In-

deed, we have TP = (Tπ(1), Tπ(2), . . . , Tπ(n)) and BP = (Bπ(1), Bπ(2), . . . , Bπ(n)), where

π is the permutation inducing the permutation matrix P, and (π(1), π(2), . . . , π(n)) =

π(1, 2, . . . , n). Therefore,

Df (TP,BP) =
n∑
k=1

Tπ(k)fT
−
π(k)(Bπ(k)) =

n∑
k=1

TkfT
−
k (Bk) = Df (T, B),

as desired.

For l = 1, 2, . . . , p with p = n!, we de�ne

Tl = TPl and Bl = BPl,
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where Pl is the n× n permutation matrix induced by πl.

By setting Tkl = Tπl(k) and Bkl = Bπl(k), from Lemma 5.3.1. we obtain

Df

(
p∑
l=1

αlTl,

p∑
l=1

αlBl

)
≤

p∑
l=1

αlDf (Tl,Bl).

Thus we see that

Df (R,A) ≤
p∑
l=1

αlDf (Tl,Bl) =

p∑
l=1

αlDf (TPl,BPl) =

p∑
l=1

αlDf (T,B) = Df (T,B),

and the proof of (5.113) is �nished.

Corollary 5.3.21.([132]): Let f : [0,∞) → R be an operator convex function. Let

T = (T1, T2, . . . , Tn) ∈ Jn1 and R = (R1, R2, . . . , Rn) ∈ Jn1 ,

B = (B1, B2, . . . , Bn) ∈ Jn2 and A = (A1, A2, . . . , An) ∈ Jn2 ,

where Tk and Rk are positive linear maps from A to B, and Bk and Ak are positive

operators in A, k = 1, 2, . . . , n.

If Rk is invertible and Bk ∈ RanTk for k = 1, 2, . . . , n, and

(
R

A

)
≺
(
T

B

)
, (5.114)

then

Df (R,A) ≤ Df (T,B). (5.115)

If f is operator concave, then inequality (5.115) is reversed.

Proof: From (5.114) we have

R =

p∑
l=1

αlTPl and A =

p∑
l=1

αlBPl

for some coe�cients 0 ≤ αl ∈ R with
p∑
l=1

αl = 1, p = n!.
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It follows that Rk =
p∑
l=1

αlTπl(k), k = 1, 2, . . . , n.

However Rk : A → B is invertible for k = 1, 2, . . . , n, So, RanRk = B. Therefore,

B = Ran

p∑
l=1

αlTπl(k) ⊂
p∑
l=1

Ran(αlTπl(k)) ⊂ B.

Hence we get

Ran

(
p∑
l=1

αlTπl(k)

)
=

p∑
l=1

Ran(αlTπl(k)) , k = 1, 2, . . . , n.

In other words, condition (5.112) is met.

Simultaneously, R−
k : B → A for k = 1, 2, . . . , n. But Rk : A → B is invertible for

k = 1, 2, . . . , n. So, we �nd that R−
k = R−1

k and RanR−
k = A. In this way, we have

I ∈ A = RanR−
k =

(
p∑
l=1

αlTπl(k)

)−

,

which shows that condition (5.111) is ful�lled.

In conclusion, to complete the proof it is now su�cient to use Theorem 5.3.16.
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Slavica Ivelić Bradanović: An esteemed scholar at the University of Split, Croatia, whose research port-
folio encompasses mathematical inequalities, Jensen-type operators, and information theory.

Marek Niezgoda: A prominent mathematician recognized for pioneering contributions to convex analy-
sis, majorization theory, and the structural refinement of functional inequalities.
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