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Preface

Inequalities are an essential part of virtually all areas of mathematics. They are one of
the most powerful tools for producing equalities, a means of solving linear programming,
optimization problems, provide a way of expressing the domain of a function, of solv-
ing limits etc. Inequalities have important and useful applications in many other areas of
science and engineering. In the 20th century mathematics recognized the power of math-
ematical inequality which has given rise to a large numbers of new results, problems and
has led to new areas of mathematics. The theory of inequalities is one of the central ar-
eas of mathematical analysis through the last century and it is a fast growing discipline
with increasing applications in different scientific fields. Now there is also a powerful and
useful mathematical concept called majorization which is used for finding some nice and
applicable inequalities. Moreover, the most important inequalities as Jensen’s inequality,
the Hermite-Hadamard inequality, the arithmetic-geometric mean inequality can be easily
derived by using an argument based on the concept of majorization and strongly related
the Schur-convex functions theory.

The concept of majorization was first studied by economists early in the twentieth
century as a means for altering the unevenness of distribution of wealth or income. It
has many connections with matrix theory, exactly with doubly stochastic matrices, i.e.
nonnegative matrices with all rows and columns sums equal to one, which can be strongly

related to graph theory and some network problems. The idea of majorization and Schur-



convexity is very fundamental to many problems in linear algebra and optimization. Many
complicate nonconvex constrained optimization problems involving matrix-valued variables
using majorization theory might be transformed into simple problems with scalar variables
that can be easily solved. The applications of majorization and various notions of stochastic
majorization are extensive in mathematics especially in probability and statistics. Indeed,
it has been reinvented and used in different branches of science which are closely related
to mathematics (economics, information theory, quantum mechanics and entanglement
transformations in quantum computation).

In the space R™, the term majorization is introduced to compare and detect potential
links between vectors. The formal definition of the concept of majorization, that is "y is
majorized by x", in symbol y < x, is given in Definition 2.1.1.. It could be interpreted

intuitively by the following sentence by Marshall, Olkin and Arnold (see [106, p. 3]):

"There is a certain intuitive appeal to the vague notion that the components of
a vector X are “less spread out” or “more nearly equal”’ than are the components

of a vector y."

This intuition is reinforced by noting the following example. Let e = (1,...,1) be the unit
vector. Let us consider three vectors in R™ as follows. For a vector x = (z1,...,2,) the
inner product x - e =Y " | x; is the sum of the components of x. Let X = (%2,...,%2) and
x = (0,...,x - e,...,0) be the vector such that x - e appears in the kth component. Vectors
xX,X and x; have the same total sum of components but the components of X are more
evenly spread out than those of x. In this sense, X is the most evenly spread of this sum of
components and x;, is the most concentrated of this sum. Indeed, we have that X < x < xy,
(k=1,..,n).

The majorization relation is reflexive and transitive but it is not antisymmetric (see
[106, p. 79]) and hence is a preordering but not a partial ordering. The majorization pre-
order on vectors is known as vector majorization or classical majorization. The notation
arises in a variety of contexts. Indeed, many majorization concepts have been reinvented
and used in different research areas, as Lorenz or dominance ordering in economics, opti-

mization and graph theory. Naturally extensions of the majorization concept are possible
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and indeed many of them have been fruitfully introduced.

A mathematical origin of majorization is illustrated by Schur (1923) in his work on
the spectra of positive semidefinite Hermitian operators (see [147]). Many key ideas re-
lated to the concept of majorization are presented in the monograph Inequality (1934)
[60], by Hardy, Littlewood, and Polya, the first monograph on inequalities. However, this
monograph attracted only a relatively small number of researchers in terms of problems
related to the concept of majorization. The publication of monograph Inequalities: Theory
of Majorization and Its Applications (1979) [106], by authors Marshall, Olkin and Arnold,
contributes a great interest in the potential application of the concept of majorization and
Schur convexity in various scientific areas. It provides a systematic overview of past results
from the field of mathematical inequalities with a special emphasis on majorization for the
first time, and has been complemented by many new results. Here we also refer the reader
to the monograph [23] (1997) by Bhatia which contains significant material on majoriza-
tion theory as well. Other textbooks on matrix and multivariate analysis also include a
section on majorization theory, e.g., [63, Sec.4.3|, [15, Sec.8.10] and [138]. In last years, a
lot of papers in journals in a wide variety of fields, was dedicated to majorization theory.

In majorization theory, the well known Majorization inequality

m m

S ) <D fla) (1)
i=1

=1

plays an important role. It holds for every convex function f and real vectors x = (z1, ..., T ),
v = (y1, .., Ym) such that y < x. In literature this inequality is also known as Karamata’s
or the Hardy-Littlewood-Pdlya inequality.

Sherman [149], replacing the classical concept of majorization y < x with the concept
of weighted majorization, in notation (y,b) < (x,a), for two pairs (x,a) and (y,b) which
consist of real vectors x = (z1,...,Zm), ¥ = (Y1,...,yn) and corresponding nonnegative
weights a = (aq,...,am), b = (b1, ..., b,), obtained a useful generalization of Majorization

inequality (1) in the form

n

S 7T0if ) < aif (). 2)
=1

=1

This book is based on some significant papers dealing with Sherman’s type inequalities,

xii



published in the course of the last fifteen years. More precisely, it deals with series of
refinements and generalizations of Sherman’s inequality (2), Majorization inequality (1)
and related results in various spaces for different classes of functions. The book can serve
as a reference and a source of inspiration for researchers working in these and related
areas. The methods presented in the book can be further applied to different concepts of
generalized convexity, which can contribute to the further development of the methods and
provide perspective for further applications.

The book is divided into five chapters. In Chapter 1, we give an overview of defi-
nitions and important basic results necessary for establishing the results that will follow.
We start Chapter 2 with the concept of majorization and Schur-convexity in order to
give some basic results from Theory of majorization that give an important characteriza-
tion of convex functions. We present Sherman’s result with proof of Sherman’s inequality
(2) as well as its converse. We introduce so called Sherman’s functional deduced from (2)
and investigate its essential properties. We explore some generalizations of the well known
inequalities as the Jensen-Steffensen, Mercer’s and Brunk’s for («, )-convex functions as
well as generalization of Fejér’s, the Hermite-Hadamard and related inequalities for con-
vex sequences. We also present the usefulness of Sherman method in deriving variants of
Sherman’s type inequalities for different classes of functions as normalized positive linear
maps, superquadratic and strongly convex functions. In Chapter 3, applying different in-
terpolation methods in combination with Green’s functions, we obtain new generalizations
concerning convex functions of higher order. We also get some related results including
Cebysev functional and as outcome we derive new inequalities of the Griiss and Ostrowski
type. Using so called exp-convex method, established in |77], we obtain new classes of
Cauchy type means and obtained results we interprete in the form of exponentially or in
the special case logarithmically convex functions. In Chapter 4, using different variants
of Sherman’s type inequalities derived by Sherman’s method, we get new estimates and
generalizations for Csiszar f -divergence and in special cases new bounds for Shannon’s
entropy, the Kullback-Leibler divergence and other related divergences. Also, we observe
given results in the context of Zipf’s law [162] and its generalized version so called the

Zipt-Mandelbrot law [105]. In Chapter 5 we deal with the Sherman type inequalities

xiii



for operator convex functions, whose arguments are the bounded self-adjoint operators
from C*-algebra on a Hilbert space and positive linear mappings between C*-algebras.
Using extended idea of convexity to operator functions of several variables, we obtain mul-
tidimensional Sherman’s operator inequality. We consider some applications to operator
inequalities related to connections, solidarities, and multidimensional weighted geometric
means. We also extend the results for Csiszar f-divergence functionals to operator Csiszar
f -divergences and in consequence, we get the Shannon like inequalities for operators. At
the end we investigate vectorial joint majorization with applications to operator Csiszar
f-divergence.

In the end of this preface we want to emphasize that this book integrates the whole va-
riety of results from different papers which were previous published in journals by different

authors. It was practically impossible to quite unify the notation in the book.

Authors

Lahore, Pakistan

March, 2026
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CHAPTER 1.

Basic notation and fundamental results

In this chapter, we give a brief review of some fundamental results on the topics in the

sequel and present several basic motivating ideas.

1.1. Convex and n-convex functions

Definition 1.1.1.: Let I be an real interval. Then ¢ : I — R is said to be convex if for

all z,y € I and every X € [0, 1], we have

¢ (1 =Nz +Xy) < (1= XN)o(x) + Ap(y). (1.1)

If (1.1) is strict for all z,y € I, x # y and every A € (0,1), then ¢ is said to be strictly
convex.
If in (1.1) the reverse inequality holds, then ¢ is said to be concave. If it is strict for all

xz,y € I, x #y and every X € (0, 1), then ¢ is said to be strictly concave.

For convex functions the following propositions are valid which exactly define convex

functions on equivalent ways.
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Remark 1.1.1.: a) Inequality (1.1), for x1,x9,x3 € I, such that x1 < x9 < x3, T1 # 3,

can be written in the form

l.e.

(z3 —22) ¢ (x1) + (21 — 23) P (22) + (T2 — 21) P (23) > 0, (1.3)

by setting x = z1, y = x3, A\ = (w2 — 1)/ (r3 — x1). This inequality is often used as
alternative definition of convexity.

b) Another way of writing (1.3) is

¢ (z2) — ¢ (x1) < ¢ (y2) — ¢ (y1)

T2 — 21 Y2 — Y1

(1.4)

where x1 < y1, 2 < y2, o1 # x2 and Y1 # yo.
The following two theorems concern derivatives of convex functions.

Theorem 1.1.1: (see [138, p. 4]) Let I be an real interval. Let ¢ : I — R be convez.
Then

(i) ¢ is Lipschitz on any closed interval in I;
(i) ¢ and ¢'_ exist and are increasing on I, and ¢ < ¢, (if ¢ is strictly convez, then
these derivatives are strictly increasing);

(111) @' exists, except possibly on a countable set, and on the complement of which it is

continuous.

Remark 1.1.2.: a) If ¢ : I — R is differentiable function, then ¢ is convex iff a function
¢’ is increasing.
b) If ¢ : I — R is twice derivable function, then ¢ is convex iff ¢"(z) > 0 for all z € I. If

¢"(x) > 0, then ¢ is strictly convex.

Theorem 1.1.2: (see [138, p. 5]) Let I be an open interval in R.

(i) ¢ : I — R is convex iff there is at least one line of support for ¢ at each xg € I, i.e.

Chapter 1.. Basic notation and fundamental results
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for all x € I we have

¢ (x) > ¢ (z0) + A (z — 20),

where X\ € R depends on xo and is given by A = ¢ (o) when ¢ (xg) exists, and \ €

(¢ (x0) , ¢y (x0)] when ¢ (20) # ¢\ (20).
(i) ¢: I — R is convex if the function x — ¢ (x) — ¢ (x9) — A (x — x0) , (the difference

between the function and its support) is decreasing for x < xo and increasing for x > xo.

Definition 1.1.2.: Let ¢ : I — R be a convex function. Then the subdifferential of ¢ at

x € I, denoted by d¢(x), is defined by

9p(r) ={a eR:(y) - ¢(x) —a(y—z) 20,y € I}.

There is a connection between a convex function and its subdifferential. It is well-known
that d¢(xz) # 0 for all z € Intl, where IntI is the interior of an interval I. More precisely,

at each point & € Intl we have —oo < ¢'_(z) < ¢/, () < oo and

d¢(x) € [¢" (20),¢s (x0)]

while the set on which ¢ is not differentiable is at most countable. Moreover, each function
¢ : I — R such that ¢(z) € 9¢(x), whenever x € Intl, is increasing on Intl. For any such

function ¢ and arbitrary x € Intl, y € I, we have

¢ (y) — () —p(z) (y —2) >0

and

o) — (@) —p(z) (y —x) = | (y) — ¢(x) —p(z) (y — )|
> ¢ (y) — o(@)| = lp(@)] - [ (y — @)

J. L. W. V. Jensen [78] is considered generally as being the first mathematician who

studied convex functions in a systematic way. He defined the concept of convex functions

1.1. Convex and n-convex functions
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using the inequality (1.5) that are listed in the following definition.

Definition 1.1.3.: A function ¢ : I — R is called Jensen-convex or J-convex if for

all z,y € I we have

¢<w;y> < ¢(x);¢(y). (1.5)

Remark 1.1.3.: It can be easily proved that a convex function is J-convex. If ¢ : I — R

is continuous function, then ¢ is convex iff it is J-convex.

Inequality (1.1) can be extended to the convex combinations of finitely many points in

I by mathematical induction. This extension is known as discrete Jensen’s inequality.

Theorem 1.1.3 (Discrete Jensen’s inequality): Let I be an real interval and ¢ : I —
R be a conver function. If x = (x1,...,xy) is any n-tuple in I" and p = (p1,...,Pn) €

0, 00)™ with P, =Y, p; > 0, then

1 <& 1 <&
¢ (Pn Z;px> < 5 ;pmm). (1.6)

Remark 1.1.4.: If it is satified that

1 n
p1 >0, po,...,ppn <0, P,>0 and PnZ;pixiEI’
1=

then the reverse of Jensen’s inequality

1 O 1 O
(b (Pn ;_1 pzxz> =P, ;_1 pz¢ (xz)
holds (see for example [138]).

Remark 1.1.5.: Closely connected to Jensen’s inequality (1.6) is the Lah-Ribari¢ in-

equality
r—«

08—«

5 Yomo () < S ola) + T2 0(9) (1.7
" i=1

which holds for every convex function ¢ : I - R, o, f € [, a < B, x = (21, ..., xp) € [, B]",

p=(pi,...,pn) € [0,00)" with P, =>"" ;p; >0and Z = P%L S piwi (see [100]). It gives

Chapter 1.. Basic notation and fundamental results
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an upper bound for the term Pi o pi¢ (z;) and is also known as converse Jensen’s

inequality.

The generalization of the notion of a convex function to higher order convexity, i.e. to
notion of n-convexity, was defined in terms of divided differences by T. Popoviciu [141] as

follows.

Definition 1.1.4.: The second order divided difference of a function ¢ : I — R at

mutually different points yo, y1,y2 € I is defined recursively by

[yi; ¢] = ¢(yl)v 1=0,1,2,

P(Yi+1) — d(y:)
Yi+1 — Yi

[yiayi+1; ¢] = ) i = 07 11

[vo, y1, 23 0] = . 92: 0] — bo. 1: 9] (1.8)
Y2 = Yo

The value [yo,y1,y2; @] is independent of the order of the points yg,y1, and y2. By
taking limits this definition may be extended to include the cases in which any two or all

three points coincide as follows: for all yg, y1, y2 € 1

im [yo, y1,y2; 0] = [yo, Yo, y2; 9] = #y2) — ¢lwn) — ¢ (go)(yg — yo)’ Y2 7# Yo,
Y1—Yo (y2 — yo)

provided that ¢’ exists, and furthermore, taking the limits y; — yo, (i = 1,2), in (1.8), we

get

1"

. 0 .
[y07y07y0;¢] = ylgn [yan17y2;¢] = (b(Qy) for i = 172

Yo

provided that ¢ exists.

The previous definition can be generalized as follows.

Definition 1.1.5.: The divided difference of order n, n € N, of a function ¢ : I — R at

1.1. Convex and n-convex functions 5
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mutually different points zg, z1, ..., € I is defined recursively by

[2::¢] = (2;), i=0,..,n, (L.9)
[$07-~-,$n;¢] _ [3317...,an;(i].n—_[.fx(.)o,...,xn_1;¢] .

Divided differences are very important notion by dealing the functions when discussing
degree of smoothness. Since the value [zg, 21, ..., ;@] is independent of the order of the
points xg, ..., Ty, this definition may be extended to include the case in which some or all

the points coincide. Assuming that ¢U—1)(z) exists, we define

o oU=1 ()
[z,...,x; 9] = 70 ) (1.10)

j-times

We follow the definition of n-convexity given by Karlin [84]:

Definition 1.1.6.: A function ¢ : I — R is n-convex, n > 0, if for all choices of (n+ 1)

distinct points x; € I, ¢ =0, ..., n, the nth order divided difference is nonnegative, i.e.
{'1"07 L1y .oy Ty ¢] > 0.

Remark 1.1.6.: (i) From Definition 1.1.6., it follows that 2-convex functions are just
convex functions. Furthermore, 1-convex functions are increasing functions and 0-convex
functions are nonnegative functions.

(ii) An n-convex function ¢ need not be n-times differentiable. However, if #") exists,
then ¢ is n-convex iff (™) > 0. A function ¢ is n-concave if —¢ is n-convex. Also, if ¢ is
n-convex for n > 2, then ¢®) exists and ¢ is (n — k)-convex for 1 < k < n — 2. For more

information see [138].
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1.2. Exponentially convex and logarithmically convex func-
tions

Exponentially convex functions are invented by Bernstein in [22] as a subclass of convex
functions on an open interval. These functions have many nice properties, for example,
they are analytical on their domain. Although we will need only few of these properties we

point here that very good reference on general results about exponential convexity is [14].
Here I denotes an open interval in R.

Definition 1.2.7.: A function ¢ : I — R is exponentially convex if it is continuous

and

> pipjo (zi+ ;) > 0

ij=1
holds for every choice of m € N, p = (p1,...,pm) € R™ and x = (z1,...,2,) € I"™ with

rit+wxjel, 1<i,5<n.
The notation of n-exponential convexity is introduced in [137].

Definition 1.2.8.: For fixed n € N, a function ¢ : I — R is n-exponentially convex

in the Jensen sense if

> pipid (W) >0 (1.11)

i,j=1
holds for all choices p; e Rand z; € I, 1 =1, ...,n.
A function ¢ : I — R is n-exponentially convex if it is n-exponentially convex in the

Jensen sense and continuous.

Remark 1.2.7.: From Definition 1.2.8. it follows that 1-exponentially convex functions in
the Jensen sense are exactly nonnegative functions. Also, n -exponentially convex functions

in the Jensen sense are k-exponentially convex in the Jensen sense for every k € N, k < n.

Using basic calculus and definition of positive semidefinite matrices we can prove the

following proposition.

1.2. Exponentially convex and logarithmically convex functions
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Proposition 1.2.4: If ¢ : I — R is an n-exponentially convex function in the Jensen

x; + l‘]):| k
[¢< 2 ij=1

is positive semi-definite for all k e N, k <nand x; € I, 1 <i < k.

o (5] 2
i,j=1

forallkeN, k<nandxz; € I,1<i<k.

sense, then the matrix

Particularly,

Definition 1.2.9.: A function ¢ : I — R is exponentially convex in the Jensen

sense if it is n-exponentially convex in the Jensen sense for all n € N.

One of the most important properties of exponentially convex functions is their integral

representation (see [14, p. 211]).

Theorem 1.2.5: A function ¢ : I — R is exponentially convez iff

[ee]
o(x) :/ edo(t), (1.12)
—0o0
for some non-decreasing function o : R — R.

We give some examples of exponentially convex functions which we use later in the

book. For more details see [77].

Example 1.: The basic example of exponentially convexr function is the function ¢ : I —

R defined by ¢(x) = ce*™ for every ¢ > 0 and k € R.

The next examples can be deduced using integral representation (1.12) and some results

of the Laplace transform [158].
Example 2.:

(ii) The function ¢ : (0,00) — R, ¢(x) = 27, is exponentially convex for every k > 0 since

00 gt tk—
zF=[Te t%dt (see [146, p. 210]).

8 Chapter 1.. Basic notation and fundamental results
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(iii) The function ¢ : (0, 00) — (0,00), ¢(x) = e *V?  is exponentially convex for every k > 0

. _ _ _ .2
since e FV® = [ ematek Mtﬁdt (see [146, p. 214]) .

Remark 1.2.8.: (i) For n =1, from (1.11) it follows

p%ﬁf? (.131) > 0,

i.e. the exponential convex functions are nonnegative. Also, even derivations of the expo-
nentially convex functions are nonnegative because for every k € N we have the following

expression

d)(zk) (z) = /00 t%emda(t).

(ii) For n =2, from (1.11) it follows

2
it
> pipié (x 2%)

2,j=1

=6 (o) + 210 (P52 ) 4 B0 (a2) 2 0, (1.13)
what is equivalent to
plx1) ¢ (g™ P
{ p1 P2 ] 1 ( ’ ) 1 >0,
¢ (H5%2) b (x2) P2

from which we have

<¢ (xl —;m))? < ¢(x1)9(w2).

From the last inequality we conclude that in case when ¢(x1) = 0 for some z; € I,
then ¢(x) = 0 for every = € I. Moreover, if ¢ is not constant (null function), then it is
positive on whole domain.

(iii) If we take p; = 1 and pa = —1, then from (1.13) we get

5 (961 J2r$2> < ¢($1)-2F¢(1’2)'

So, exponential convexity implies convexity.

1.2. Exponentially convex and logarithmically convex functions 9
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Below we give definition of log convexity.

Definition 1.2.10.: A function ¢ : I — (0,00) is said to be logarithmically convex

or log-convex if the function log ¢ is convex, or equivalently, if

¢ (1= N)s +At) < (6(s)) 7 (6(1) (1.14)
holds for all s,t € I, A € [0,1].

Remark 1.2.9.: If functions ¢ and g are convex and g is increasing, then function go¢ is
convex. Since ¢ = exp olog o¢ we have that logarithmically convex function is also convex,

but the reverse conclusion doesn’t hold.

Definition 1.2.11.: A function ¢ : I — (0,00) is said to be logarithmically convex in

the Jensen sense if

(+(%52)) <o (1.15)

holds for all z,y € I.

Remark 1.2.10.: (i) A function ¢ is log-convex iff for all x1,x9, 23 € I, £1 < x2 < 3,

it holds
(B(a)) " < ()™ (b))

Furthermore, if 21,22, y1,y2 € I, 21 < y1, ®2 < Y2, T1 # T2, Y1 # Y2, then

()™ < ()™

These two inequality are easy consequence of (1.2) and (1.4) for the convex function log ¢.

(i) Inequality (1.15) follows from (1.14) choosing A\ = 3, i.e. log-convexity implies log-
convexity in the Jensen sense. On the other side, if a function is continuous and log-convex
in the Jensen sense then it is also log-convex.

(iii) When ¢ is positive exponentially convex function, then it is also log convex because

10
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from the Definition 1.2.8., for n = 2, we have

(6 (252)) < otwote

for all x1,x9 € I. This inequality defines the log-convexity in the Jensen sense. However an
exponentially convex function is continuous, we conclude that the exponential convexity
implicates log-convexity.

The converse doesn’t hold true what we can see from the example of the function ¢ :

(0,1) = R, ¢(x) = e~ Tt can be easily proved that ¢ is log convex since
(log p(z))" = (2* — a:)// =6z >0 for =€ (0,1).
But, when we calculate ¢(*)(z) we obtain the function
oW (z) = "% (812% — 1082° + 3242° + 542 — 2162° + 16822 + 36z — 23),

which is not nonnegative on whole interval (0, 1).

1.3. Mean value theorems

Definition 1.3.12.: A mean on [, where I C R is an interval, is every function M :
I — R, with properties:

(M) For every choice x = (21, ...,x,) € I,
min{xy, x9, ..., xn} < M(x) < max{zi,z2,...,zn}.

(M) M is symmetric in the sense that for every x = (z1,...,2,) € I",

whenever X =(Z4(1), Zo(2)s -+ To(n)), Where o : {1,2,...,n} — {1,2,...,n} is any permuta-

tion.

1.3. Mean value theorems 11
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(Ms) M is continuous on I".

A natural extension of the previous definition is obtained when some of the components
of x = (21, ..., xy) occur more then once, or when, from the practical reason, some of the
components of x = (x1,...,x,) are considered to be more important then others. In that
case we introduce an n-tuple of weights w = (wyq, ..., w,) and define weighted mean.

The classical weighted generalization is given in the following definition.

Definition 1.3.13.: The weighted power mean of order s € R of x, where x =

(z1,....,2n) and W = (w1, ...,w,) are positive real n-tuples such that Y ;" jw; = 1, is
defined by
( n L
<Z wmf) ,  s§#0
i=1
L .
[T =", s=0

M(x) = My(x,w) := < i=1 . (1.16)

max{zy,...,Tp} S§— 00

In that case, the property (M) is slightly changed. Mean must be symmetric in the
following way:

(My) for x = (21, ..., 2p) and w = (wy, ..., wy)

My(x,w) = Ms(X, W)

whenever X =(Z,(1), T5(2), -+ To(n)) A0d W =(We(1), We(2)s s We(n)), Where o : {1,2,...,n} —

{1,2,...,n} is any permutation.

As a special case of the weighted power mean we get:

e weighted arithmetic mean A(x,w) = Mi(x,w) =) " | w;z;,
w;
i
1
ST

X

.

e weighted geometric mean G(x,w) =My(x,w) =

K2
e weighted harmonic mean H(x,w)=M_;(x,w) =

The classical HGA inequality, between the harmonic, geometric and arithmetic means,

H(x,w) < G(x,w) <A(x,w),

Chapter 1.. Basic notation and fundamental results
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can be extended as follows.

If r < s, then the power mean inequality
M, (x,w) < Ms(x, w),

holds with equality iff x1 = ... = x,,.
As examples, we present classes of means that follows from the well-known mean value

theorems.

Theorem 1.3.6 (Lagrange’s mean value theorem): If a function ¢ : [x,y] — R is
continuous on a closed interval [x,y] and differentiable on the open interval (x,y), then

there is at least one point & € (x,y) such that

ey Py —e()
@(6)—7y_$ :

Under assumption that the function ¢’ is invertible, from Lagrange’s theorem it follows

that there is a unique number

e= ()" (so(y) - @(1’))

y—z
which we call Lagrange’s mean of [z,y].
We can generalize Lagrange’s mean using Cauchy’s mean value theorem.
Theorem 1.3.7(Cauchy’s mean value theorem): Let functions ¢,v : [x,y] — R

be continuous on an interval [z,y] and differentiable on (z,y) and let ¢'(t) # 0 for all

t € (xz,y). Then there is a point £ € (x,y) such that

Under assumption that the function 7% is invertible, from Cauchy’s theorem it follows

1.3. Mean value theorems 13
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that there is a unique number

¢ (d)‘l (@(y) - w(SC))
(4 U(y) — ()
which we call Cauchy’s mean of interval [z, y]. Continuous expansion gives { = zif y = x.

If we take ¢(x) = x, as a special case of Cauchy’s mean we get Lagrange’s mean.
Moreover, many well known means in mathematics are special cases of Cauchy’s mean.
Under assumption that x,y € (0,00) and choosing ¢(z) = z¥ and ¢(x) = 2%, u,v € R,
u # v, u,v # 0, we obtain two-parameter mean

1

Eyu(z,y) = <u(y“—m“)) =

v(y" — a*)

firstly introduced by Stolarsky [152, 153| and in literature known as Stolarsky’s mean.

Stolarsky has also proved that E, ,(x,y) can be extended by continuity as follows:

1

Bute) = (S5=53) L wt e A0a Ay,

y
Eu70(x>y) = EOW(xvy) = (
u(logy —log )

U u !
—

)“,u¢ux¢%

L (T
E“7U($ay) =€ u l’wu ) x;ﬁy’ U#O,
EO,O(:C)y) = VY, < 7& Y,

Eyv(z,x) = 2.

This mean is symmetric, i.e. Ey(z,y) = Ey(x,y) holds for all choice of numbers
u,v € R, z,y € (0,00). It is also monotonic in both parameters, i.e. for r,s,u,v € R, such

that » <s, u < v, we have

Er,u(wa y) < Es,v(xa y)

As special cases of the Stolarsky’s mean, we get basic means:

e arithmetic mean Ejo(z,y) = ‘r ; y;
e geometric mean Eyo(x,y) = /2y;
2
e harmonic mean E_27_1(x,y) _ Y :
r+y

14
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1
T T =
e power mean of order r Ey o (x,y) = (w —;—y ) ;
. . y —_ :1:
e logarithmic mean FEjg(x,y) = ————;
logy —logx 1

. . . 1 (yY\v—=
e identric mean lim, 1 B, ,(z,y) = — = , etc.
e\

Following the ideas of generating new means described after Lagrange’s mean value
theorem and Cauchy’s mean value theorem and using the following extreme value theorem,
in the third chapter we deduce the Lagrange and Cauchy type mean value theorems, and

as consequence we generate new Cauchy’s type means.

Theorem 1.3.8(Extreme value theorem): If ¢ : [xz,y] — R is continuous function
on a closed interval [x,y], then ¢ is bounded and attains a mazimum and minimum value

over that interval, i.e. m < (t) < M for all t € [z,y], where m = minyp, () and

M = maXe(z,y] @(t)

1.4. Spaces of integrable, continuous and absolutely continu-
ous functions

Let [a,b] be a finite interval in R. We denote by Ly[a,b], 1 < p < oo, the space of all

Lebesgue measurable functions f for which

/ﬁquWt<ax

where

nﬂuz(lﬂﬂwwgé,

and by Loola, b] the set of all functions measurable and essentially bounded on [a, b] with

[flloe = esssup{[f(x) : x € [a,b]}.

Theorem 1.4.9 (Integral Holder’s inequality): Letp,q € R be such that1 < p,q < oo

and % +% = 1. Let f,g : [a,b] = R be integrable functions such that f € Lyla,b] and

1.4. Spaces of integrable, continuous and absolutely continuous functions 15
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g € Lgla,b]. Then
[ 15w < 151, 1, (117

The equality in (1.17) holds iff A|f(t)|P = Blg(t)|? almost everywhere, where A and B are

constants.

We denote by C"([a, b]),n € Ny, the space of functions which are n times continuously

differentiable on [a, b], that is
™ ([a,b]) = {f b = R: f® e 0(a, b)),k =0,1, n}

with the norm

£l = Z |9 =32 max |9 @)|.

xe[a b]

In particular, C°([a, b]) = C([a,b]) is the space of continuous functions on [a,b] with the

norm

I£le = menc |£(a)].

Lemma 1.4.1.:  The space C"([a,b]) consists of those and only those functions f which

are represented in the form

(n—1)!

1 T n—1
f@) = oy [ @0 e0d Y e - (1.18)
e k=0

where ¢ € C([a,b]) and ¢ are arbitrary constants (k=0,1,...,n—1).

Moreover,

o(t) = fM), o= f(]:,(a) (k=0,1,..,n—1). (1.19)

The space of absolutely continuous functions on an interval [a, b] is denote by AC(]a, b]).
It is known that AC([a,b]) coincides with the space of primitives of Lebesgue integrable

functions Lia, b] (see [91]:

feacat) & f@=f@+ [ ei pe Lo,
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Therefore, an absolutely continuous function f has an integrable derivatives f'(x) = ¢(x)

almost everywhere on [a, b]. We denote by AC™([a,b]),n € N, the space
AC™ (o, b)) = {f € C"7([a, b)) : /71 € AC([a,B])}.

In particular, AC'([a,b]) = AC([a,b]).

Lemma 1.4.2.: The space AC™([a,b]) consists of those and only those functions which
can be represented in the form (1.18), where ¢ € Li[a,b] and ¢y are arbitrary (k =

0,1,..,n—1). Moreover, (1.19) holds.
The next theorem has numerous applications involving multiple integrals.

Theorem 1.4.10 (Fubini’s theorem): Let (X, M, pn) and (Y,N,v) be o-finite measure
space and [ be u x v-measurable function on X X Y. If f > 0, then the following integrals

are equal

| tewdux e, [ ( / f(ac,y)dy(y)> o),
/y </X ! @’y)dm) du(y).

Remark 1.4.11.: The next equality

[ ([ e [ ([ )

is consequence of the previous theorem.

Theorem 1.4.11 (Integral Jensen’s inequality): Let (2, A, 1) be a measure space with
0 < pu() <oo. Let ¢: Q — R be pu -integrable function and f : I — R be a convex function

such that ¢(Q) C I and f o ¢ be a p -integrable function. Then

1 1
f (M(Q) / cb(ﬂf)du(x)) < [ rhauto) (1.20)

If f is strictly convex, then (1.20) becomes equality iff ¢ is a constant u-almost everywhere

1.4. Spaces of integrable, continuous and absolutely continuous functions 17
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on Q. If f is concave, then (1.20) is reversed.

Remark 1.4.12.: The discrete Jensen inequality (1.6) is obtained by means of the dis-

crete measure p on Q = {1,...,n}, with u({i}) = p; and ¢(i) = x; for i € Q.

At the end of this section, we introduce two recently obtained results involving the

éebyéev functional.

Definition 1.4.14.: For two Lebesgue integrable functions f, g : [, 8] — R, we define

the Cebysev functional as

B B B
1(1,9) = 5 [ f0(0it - 7 [ s = [owar.

o « «

Theorem 1.4.12: [32, Theorem 1] Let f : [o, 8] — R be Lebesque integrable and g :
[, B] = R be absolutely continuous with (- — a)(B —-)(¢')? € Li|a, B]. Then
1

1 1 B / 2 %
.0l < SN ([e-a@-ag@re) . o

The constant % in (1.21) is the best possible.

Theorem 1.4.13: [32, Theorem 2] Let g : [, B] — R be monotonic nondecreasing and

[ i, B] = R be absolutely continuous with f’ € Loo[a, 3]. Then

1 , A
7.9 < 555 17l | o= )8 = a)dg(a). (122

The constant & in (1.22) is the best possible.

1.5. C*-algebras. Operators on a Hilbert space

Dealing with the Jensen-type functionals whose real arguments are substituted with the
bounded self-adjoint operators acting on a Hilbert space, the ones that we are also going
to investigate in the sequel, requires additional overview of some basic notions and results.

These concern C*-algebras and the theory on operators on a Hilbert space. For a more

18
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detailed analysis, the reader is referred to e.g. [14]| and [54].

Recall that a linear space A over the field F, together with the multiplication (z,y) —
xy, x,y € A, constitutes an algebra if the mapping (x,y) — zy possesses the following
properties:

(xy)z = x(y2), x(y +2) = vy + x2, (x +y)z = 22 + ¥z,
(az)y = a(ry) = z(ay),

for all « € F and for all x,y,z € A. If F = R, algebra is called a real algebra and if F = C,
we call it a complex algebra. If there is an element 1 in A such that x-1=1-2 = z, for

all x € A, then we say that A is an algebra with the unit 1.

Mapping x +— ||z|| defined on an algebra A and with the values in R is a norm on A
if the following conditions are satisfied: « — ||z|| is a norm on the linear space of A,
lzy|l < ||lz||lly]l, =,y € A, and, if A has a unit 1, then ||1|| = 1. Ordered pair (A, || - ) is
called a normed algebra. Normed algebra is called a Banach algebra if the normed space of

A is a Banach space, that is a complete normed vector space.

Involution on algebra A is a conjugate linear mapping x — x* on A, such that ** = x
and (zy)* = y*z*, for all x,y € A. Ordered pair (A, *) is called an involutive algebra or
a *-algebra. Now, a *-algebra A equipped with the complete submultiplicative norm such

that ||z*|| = ||z]|, for all z € A constitutes a Banach *-algebra.

Finally, Banach *-algebra is a C*-algebra if for every € A, C*-identity ||z*z| = ||=[/?
holds. We say that a C*-algebra is unital if it contains the unit 1. The element a € A
is called: self-adjoint if @ = a*, normal if a*a = aa* and is called unitary (in the unital
algebra) if a*a = aa* = 1. A standard example of the unital C*-algebra is the scalar field

C, where the involution is represented as the complex conjugation.

The environment that is of an interest for us in the sequel is the one of the bounded linear

operators on a Hilbert space, which we therefore specify here.

A Hilbert space H is a (complex) vector space H that is complete regarding the metric

d(z,y) = ||x —y|| defined by the norm which is induced by an inner product ||z| := (z, x>%

1.5. C*-algebras. Operators on a Hilbert space 19
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In other words, Hilbert space is a complete unitary space.

A linear operator A on a Hilbert space H is bounded if

| Al := sup{||Az|| : [|z|| < 1,2 € H} < 0.

We say that ||A|| is an operator norm of A. The sum and the composition of the bounded
linear operators is again a bounded linear operator. The mapping (x,y) — (Ax,y) is linear
and continuous and according to the Riesz representation theorem (see e.g. [16]), it follows
that

(z,A%y) = (Az,y)

for some uniquely determined vector A*y € H. Thus another bounded linear operator A*
on H is defined and A** = A. Bounded (hence continuous) linear operators on H together
with an operator norm and the corresponding involution constitute a C*-algebra denoted

with B(H). Spectrum of an operator A € B(H) is defined with

o(A):={A e C:A— Algnot invertible in B(H)},

where 1 is a unit operator on H. This set is non-empty and compact for operators in
B(H). A bounded linear operator A on a Hilbert space H is self-adjoint if A = A*. The
following characterization holds: A € B(H) is self-adjoint if and only if (Az,x) € R, for all
x € H.

Bounded self-adjoint operators constitute the real subspace of the C*-algebra of all bounded

linear operators and is denoted with By, (H). We induce the partial ordering in By, (H).

Definition 1.5.15.: Operator A € By (H) is positive semidefinite or positive (4 > 0) if
(Az,x) > 0, for all x € H. Positive semidefinite operator A € Bj,(H) is positive definite
or strictly positive (A > 0) if there is a real number m > 0 such that (Az,xz) > m(x,z),
x € H, that is A > mly. For operators A,B € Bj(H)is B>Aor A< BifB—-A>0,
that is if (Bx,z) > (Ax,x), for all x € H. Such ordering is called an operator ordering. In
particular, for scalars m and M is mly < A < M1y if m < (Az,z) < M, for every unit

vector x € H.
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If for a self-adjoint operator A is o(A) C [m, M], then mly < A < M1y.

The set of all positive operators in Bp(H) is a convex cone in Bp(H) which defines the
order ” < ” on By(H). This convex cone is denoted with BT(H). The set of all strictly

positive (or positive invertible) operators in By (H) is denoted with BT+ (H).

The continuous functional calculus is based on the Gelfand mapping ® which is a *-
isometric isomorphism from the space C(c(A)) of all continuous functions that act on the
spectrum o(A) of a self-adjoint operator A on H, onto the C*-algebra C*(A) generated

with A and the identity. This mapping has the following properties:

(i) ®(af + Bg) = a®(f) + S2(9),

(ii) ®(fg) = (f)@(g) and &(f) = &(f)*,
)
)

(iii

IO = 1IF1 == tESU(P)!f(t)l,
(iv) ®(fo) = 1g and ®(f1) = A, where fo(t) =1 and fi(t) =

f7g€C(U(A)), Ot,,BE(C.

Thus the continuous functional calculus

f(A) =2(f) (1.23)

provides acting of the function f € C(0(A)) on the self-adjoint operator A itself.
In that sense, if A is a positive operator and fi/o(t) = V1, then AY? = fi/2(A).

Furthermore, if A is a self-adjoint operator and f is a real valued continuous function
defined on o(A) such that f(¢) >0, for all t € 0(A), then f(A) >0, ie. f(A) is a positive

operator.

The following order preserving property is a consequence of the continuous functional

calculus.

Lemma 1.5.3.: Let A€ By(H) and let f, g € C(0(A)).

If f(t) > g(t), forallt € o(A), then f(A) > g(A). (1.24)

1.5. C*-algebras. Operators on a Hilbert space
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Additionally, f(A) = g(A) if and only if f(t) = g(t), for all t € o(A).

1.6. Operator monotone and operator convex functions

Denote with C([m, M]) the set of all real valued continuous functions on an interval

[m, M] C R.

Definition 1.6.16.: We say that the function f € C([m, M]) is operator monotone if
it preserves the operator order: if A < B then f(A) < f(B), for all self-adjoint operators

A, B on a Hilbert space H, such that o(A),o(B) C [m, M].

Definition 1.6.17.: We say that the function f € C([m, M]) is operator convex if for
all self-adjoint operators A, B on a Hilbert space H, such that 0(A),o(B) C [m, M] and
for all X € [0,1],

F(L=XNA+AB) < (1-=MNf(A)+ \f(B). (1.25)

We say that the function f € C([m, M]) is operator concave if —f is operator convex,

that is if inequality (1.25) holds with the reverse sign.

Example 3.: Function f: R = R, f(t) = a+ Bt is operator monotone function, for all

a € R and B > 0 and is operator convex for all o, f € R, (see [54]).

Example 4.: Function f: (0,00) — R, f(t) = —1 is operator monotone on (0,00) (sce

t
[541)-
The following characterization holds.

Theorem 1.6.14: Lel f: [0,00) — [0,00) be a continuous function. Then f is operator

monotone if and only if f is operator concave.

The Lowner-Heinz inequality is a very important result which dates from 1934. For

more details and the proof, see [54].

Theorem 1.6.15 (Lowner-Heinz inequality): Let A and B be positive operators on a
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Hilbert space H. If A> B >0, then A” > B", for all v € [0, 1].

In other words, function f: [0,00) — R, f(¢) = ¢" is operator monotone on [0, c0), for all

r € [0,1].

Remark 1.6.13.: If we observe different examples of the operator functions and compare
their monotonicity and convexity on R with their operator monotonicity (convexity), we see
that there are some aberrations. Thus for example, the function f: [0,00) — R, f(t) = t?
isn’t operator monotone, although it is a monotone real valued function when defined on
R. Similarly, the function f: [0,00) — R, f(t) = t3 isn’t operator convex, although it is
convex as a real valued function defined on R. For more examples the reader is referred to

[54].

To introduce Jensen’s type inequalities for operator convex functions, we need the

following definition.

Definition 1.6.18.: A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
ie. DAX +uY) = A0(X) + pu®(Y) for any A, p € R and X,Y € B(H).

A linear map ® : B(H) — B(K) is said to be positive (resp. strictly positive) if ®(A) > 0
(resp. ®(A) > 0) whenever A is positive (resp. strictly positive).

It is unital (normalized) if ® preserves the identity operator, i.e. ®(1p) = 1x.

Remark 1.6.14.: A positive linear map ® : B(H) — B(K) preserves order relation, that
is, A < B implies ®(A) < ®(B), and preserves adjoint operation, that is, ®(A*) = ®(A)*.
If & : B(H) — B(K) is unital, then mly < A < M1y implies mlx < ®(A) < M1g. It

can be easily seen that a positive linear map @ is strictly positive if and only if ®(15) > 0.

The following theorem shows the Davis-Choi-Jensen inequality for operator convex

functions (see [86, Proposition 2.1]).

Theorem 1.6.16: If ® : B(H) — B(K) is a unital positive linear map and f is an

1.6. Operator monotone and operator convex functions
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operator convex function on an interval J, then

f(@(X)) < 2(f(X)) (1.26)

for every self-adjoint operator X with the spectrum in J.
Additionally, if J containing 0 and f(0) = 0, then (1.26) holds for every positive linear

mapping ® : B(H) — B(K) with 0 < ®(1y) < 1k.

Regarding the previous considerations and among many existing variants of operator

Jensen’s inequalities, we also single out the one proved by B. Mond and J. Pecari¢ in [114].

Theorem 1.6.17(Jensen’s operator inequality): Let A; € B(H),i=1,...,n, be self-
adjoint operators with the spectra in an interval J and ®; : B(H) — B(K),1=1,...,n, are
unital positive linear mapping. Let wy, . . ., wy, be non-negative real numbers with y ;" | w; =

1. If f 1is operator convex function on J, then

/ (Zw@i(Ai)) < sz@i (f(A)). (1.27)
=1 =1

1.7. Connections and solidarities. Operator means

The theory of operator means for positive linear operators on a Hilbert space was estab-
lished and for most part developed by T. Ando and F. Kubo, (see [97]). In this process
they used the results from the Léwner’s theory on operator monotone functions. In the

monograph [54] one can find more details on this topic.
Operator means are defined via connections.
Definition 1.7.19.: A binary operation (A, B) € BY(H) x BY(H) =+ AoB € Bt(H) in

the cone of positive operators on a Hilbert space H is called a connection if the following

conditions are satisfied:

(i) monotonicity: A < C and B < D imply Ac B<Co D,

(ii) upper continuity: A,, | A and B,, | B imply A,0 B, | Ao B,
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(iii) transformer inequality: T*(Ao B)T < (T*AT) o (T*BT), for every operator 7.
If the normalized condition
(iv) lgolyg =1g,

is satisfied, then we say that the connection is an operator mean.

A, | A in condition (ii) denotes the convergence of {A,}, A, € Bp(H), A1 > Ay > -+ |

to A € By(H), in the strong operator topology.

If T is an invertible operator, then in (iii) the equality sign holds.

Furthermore, the following homogeneity property holds:
a(Ao B) = (aA)o (aB), forall «>0.
Connections posses the property of joint concavity. More precisely, the inequality
M1+ (1—=XN)B1) 0 (Ma+ (1 —=X)B) > A(A10Az) + (1 — \)(B1 o Bs) (1.28)

holds for A € [0,1] and Ay, Ay, By, By € BY(H).
Let us recall the basic operator means (see [97]).

Definition 1.7.20.: For A,B € B"(H) and p € [0,1], the p-arithmetic means is
defined as
AV,B = (1 - p)A + pB. (1.29)

In particular, for p = % we write AV B in place of AV /,B.

Definition 1.7.21.: For A € BTT(H), B € BT(H) and p € [0,1], the p-geometric
mean is defined by

At,B = AY2(A~YV2BATY2)pP A2, (1.30)

For p = % we use the symbol AfB instead of Af;/,B.

Particularly, as a special class of means deduced from the operator geometric mean, we

1.7. Connections and solidarities. Operator means
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may observe the weighted operator Heinz means defined by

Hy(A, B) — 2P +2Aﬁ1‘7’B . (1.31)

Definition 1.7.22.: Parallel sum of operators A, B € Bt1(H) is defined by
A:B=(At+B ) (1.32)

Definition 1.7.23.: For A, B € BT+ (H) and p € [0, 1], the p-harmonic mean is defined
as

_ -1
Al,B=((1-p) A~ +pB~1) . (1.33)
For p = % we use the symbol A!B instead of Al /;B.

The linear combination of two connections is defined as follows: if o, T are connections

and a, b are nonnegative real numbers, then
A(aoc +b1)B =a(Ao B)+b(AT B). (1.34)

Thus, in particular the class of operator means is a convex set.
Furthermore, respecting the order properties, if ¢ > 7 then Ao B > A7 B, for all
A, B € BY(H). Hence, for A,B € Bt*(H) and p € [0,1] the operator arithmetic-

geometric-harmonic operator inequality (A-G-H operator inequality) holds:
Al,B<A4,B<AV,B. (1.35)

We also present definitions of some relative operator entropies (see |75, p. 3149]).

Definition 1.7.24.: For A, B € BT (H), the relative operator entropy is defined
by
S(A,B) = AY?log(A™Y/2BA™Y/2) A2, (1.36)

Definition 1.7.25.: For A, B € B""(H) and p € R, the generalized relative opera-
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tor entropy is given by
Sp(A, B) = AY2(A~Y2BAY/2)Plog(A~1/2BAY/2) A2, (1.37)
Definition 1.7.26.: For A, B € B**(H) and 0 < p < 1, the Tsallis relative operator

entropy is defined as follows

ApB - A — AL/2 (A"Y2BATV2)p — IAl/Q.

T,(A, B) = .

(1.38)

Definition 1.7.27.: For A,Be Bt**(H)and 0 < s <1, —1 <r < 1, the parametric

Tsallis relative operator entropy is defined by

(1= )T+ (A7 PBAY W Ty

Tsr(A, B) = AY/?
S

(1.39)

The basic result of the theory developed by F. Kubo and T. Ando concerns the iso-

morphism between connections and the nonnegative operator monotone functions.

Theorem 1.7.18 (Kubo-Ando): Let o be a connection. If for a function f: [0,00) — R

andt >0

f)1lg =1y o (tlg), (1.40)

then f is nonnegative and operator monotone function on [0,00) and the following state-
ments are true:
(i) There is an isomorphism between the classes of all connections and all nonnegative

operator monotone functions on [0,00). Furthermore, for all A,B € BT (H) and t > 0 is
Aoy B < Ao B if and only if f1(t) < fa(t),

where o1 — f1, and oo — fo are the isomorphisms.
(ii) If A is an invertible operator, then Ao B = A%f(AféBAfé)A%.
(7i7) The connection o is an operator mean if and only if f is a normalized function,

ie. f(1)=1.
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The operator monotone function f is called a representation function for the connection o.
Since by Theorem 1.6.14 a continuous function f: [0,00) — [0,00) is operator monotone
if and only if f is operator concave, it follows that the representation function f is an

operator concave function.
Hence we have the following representation functions for the arithmetic, harmonic and

geometric mean: fy(t) = L, fi(t) = 1% and f3(t) = /t. Thus inequalities fy(t) >

fe(t) > fi(t) imply the corresponding operator mean inequalities: V > § >!.

Operator means posses two important properties.

Theorem 1.7.19:  Operator mean o possesses the property of subadditivity, that s
AcC+BoD<(A+B)o(C+ D), (1.41)
as well as of the joint concavity:
MAocC)+ (1 =N (BoD)<(AM+(1—-XN)B)o(AC+ (1 —-X)D), (1.42)

where A, B,C,D € BT(H), A € [0,1].

J. Fujii et al. generalized in [50] the results on connections from Kubo-Ando theory. They
investigated the binary operation s = s; for an arbitrary operator monotone function f
defined on [0, 00) :

AsB= A3 f(A"2BA 7)A3,

analogously as in (i7) in Theorem 1.7.18. Domain of sy is the set of all ordered pairs (A, B)

for which A s B is a bounded operator, respecting f.

Definition 1.7.28.: A binary operation (4,B) € Dy C BY(H) x BT (H) — (AsB) €
B, (H) is called a solidarity if it has the following properties:

(i) B<C implies AsB < AsC,

(ii) B, | B implies AsB, | AsB,

(iii) A, — Aimplies A, sly — Asly,
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(iv) T*(As B)T < (T*AT) s (T*BT), for all operators T,

where Dy is the domain of s.

Solidarity s is defined for an arbitrary pair of positive invertible operators, but not for an
arbitrary pair of positive operators. Thus D denotes the maximal subset of B (H)x BT (H)
on which s is a bounded operator. For more details on the domain Dy the reader is referred

to [50].

In [50] the authors also proved that there was an isomorphism between the solidarities
and the operator monotone functions. Furthermore, solidarities posses the joint concavity

property. More precisely,

A1+ (1 =XN)B1) s (Ma+ (1 —=X)Bz) > AM(A15A2) + (1 — N\)(B1 s Ba), (1.43)

where Ay, As, By, By € BTT(H) and A € [0,1] and under the assumption that all of the

operators included exist as the bounded operators.

Relative operator entropy is a common example among solidarities. More on this topic can

be found in [52].

1.7. Connections and solidarities. Operator means
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CHAPTER 2.

Sherman type theorems and applications

2.1. About majorization

In this section, we introduce the concepts of majorization and Schur-convexity in order to

give some bagic results from the Theory of majorization that give an important character-

ization of convex functions.

For fixed n > 2, let x = (1,...,2p), ¥ = (Y1, ---, Yn) denote two real n-tuples. Let
Ty 2 T 2 2 Ty Y] = Y] 2 - 2 Yn)s

Ta) S TR S S Ty Y1) S YR S S Ym)
be their ordered components.

Definition 2.1.1.(Majorization, [138, p. 319]): We say that x majorizes y or y is

majorized by x and write

y <X, (2.1)
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if
m m
Sy <> m, m=1,2.,n—1, (2.2)
i=1 i=1
n n
D v = D w
i=1 i=1
Remark 2.1.1.: Note that (2.2) is equivalent to
Z Yy < Z i, m=1,2,..,n—1L
i=n—m-+1 i=n—m+1

Example 1.: If x = (z1,...,2y,) is an arbitrary vector with x; > 0,i = 1,...,n, and

1 1
(, ey > <x =< (1,0,...,0).

n n

Soixi =1, then

This definition defines relation which is reflexive and transitive but it is not antisymmet-
ric (see [106, p. 13]). However, we can consider the set D = {x € R" : 21 > x93 > ... > x,}
on which the relation ”<” is a partial order. In assertions or proofs, we can assume that
the components of a vector are just arranged in descending order without loss of generality.
It’s important to remember that two vectors may not have any majorization relation-
ship, meaning that there are vectors that can not be compared in the sense of the given

definition.

Example 2.: The vectors x = (0.6,0.6,0.2) and y = (0.5,0.4,0.1) are incomparable in

the sense of the previous definition, i.e. no 'y < x neither x <y are valid.

The notion of majorization is closely related to Schur-convexity which characterizes
functions that preserve preordering < on R™. Exactly, the following notion of Schur-

convexity generalizes the definition of convex function via the notion of majorization.

Definition 2.1.2.: A function F': S CR"™ — R is called Schur-convex on S if

F(y) < F(x) (2.3)
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for every x, y € S such that

y <x.

A function F' is called Schur-concave on S, if —F is Schur-convex on S.

Issai Schur (see [147], [106, p. 79]) first systematically studied functions that preserve
the order of majorization and called them convex functions. Such functions are now called
Schur convex functions and convex functions are often referred to convex functions in the
sense of Jensen. Each function that is convex and symmetric is also Schur-convex. The
opposite implication is not valid. However, all Schur convex functions are symmetric.

The concept of majorization, together with the concept of Schur convexity, provides an
important characterization of convex functions and is a powerful and useful mathematical
tool that has wide application in many applied sciences.

There are several equivalent characterizations of a majorization relation x > y in
addition to the conditions given in definition of majorization. One is actually the answer
of a question posed and answered in [60, 61|, the well-known as Majorization theorem. A
convenient reference for its proof is given by Marshall and Olkin in [106, p.11] (see also

[138, p.320]).

Theorem 2.1.1(Majorization theorem): Let I be an real interval and x,y be two

n-tuples such that x;, y; € I (i=1,...,n). Then
S Fw) <Y f (@) (24)
i=1

i=1

holds for every continuous convex function f: 1 — R iff y < x.

If f is a strictly convex function, then equality in (2.4) is valid iff T =Y, t=1,..,n.

The previous result is known as Majorization inequality. It can rephrase in the form
of the following theorem which gives a relation between one-dimensional convex functions

and n-dimensional Schur-convex functions.

Theorem 2.1.2:  Let I be an real interval and x = (x1,...,%n), Yy = (Y1, .-, Yn) € I"™. Let

2.1. About majorization
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f: I — R be a continuous function. Then a function F : I'"" — R, defined by

n
F(x) =) f(x),
i=1
18 Schur-convex on I™ iff f is convex on I.

The concept of majorization admits an order-free characterization based on the notion

of doubly stochastic matrix. The definition of stochastic matrices is given below.

Definition 2.1.3.: A nxm real matrix A = (a;j) € Mpn(R) is called column stochas-
tic if all of its entries are greater or equal to zero, i.e. a;; > 0 fori=1,...,n,j=1,...,m
and the sum of the entries in each column is equal to 1, i.e. i aj; =1lforj=1,...,m.

On the other hand, a matrix A = (a;;) € Mpn(R) is caZlT;d row stochastic if all of
its entries are greater or equal to zero, i.e. a;; > 0 for i =1,...,n, j = 1,...,m and the sum
of the entries in each row is equal to 1, i.e. i aj; =1lfori=1,..,n.

A square matrix A = (a;;) € My, (R) i;:clalled double stochastic if both A and its
transpose AT = (aj;) are row stochastic. In other words, A = (a;j) € M, (R) is called
double stochastic if all of its entries are greater or equal to zero, i.e. a;; > Ofor¢,j =1,...,m,

m

and the sum of the entries in each column and each row is equal to 1, i.e. > a;; = 1 for
i=1

m
j=1,..,mand > aj=1fori=1,...,m.
j=1

An interesting characterization of the concept of majorization is the well known Rado’s

theorem [106, p. 33]: for x,y € R™ is valid
y=<x iff y=xA

for some double stochastic matrix A.
In fact, the previous characterization implies that the set of vectors y that satisfy y < x
is the convex hull spanned by the n! points formed from the permutations of the elements

of y.
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By Birkhoft’s theorem [106, p. 30], each n x n doubly stochastic matrix A has the form

k

A= Zasz

=1

for some positive integer k, n x n permutation matix P;, ¢ = 1,2,...,k, and «; > 0, with
k
Zi:l Q; = 1.
Taking into account previous observations, Majorization theorem can be summarized

in the form of the following theorem.

Theorem 2.1.3 (Hardy-Littlewood-Pdlya [60, 61]): Let I be an real interval and

X = (21, Zn), Y = (Y1, ..., Yn) € I"™. Then the following statements are equivalent:

(1) y <x;
(ii) There is a doubly stochastic matriz A such that' y = xA ;
(iii) The inequality

S Fw) <3 fa) (2.5)
=1 =1

holds for each continuous conver function f: I — R.

Remark 2.1.2.: For many purposes, the condition y = xA is more convenient than the

partial sums conditions defining majorization.

Majorization theorems on convex functions and standard majorization, due to Hardy,
Littlewood, Polya and Karamata, have numerous applications in many disciplines of math-
ematics and applied sciences (see the monograph [106]). In this chapter, we develop similar
results involving the concept of weighted majorization which we introduce in the sequel.

Material of this chapter is quoted mainly from [17, 64, 65, 72, 124, 128, 130, 132, 133].

2.2. Sherman’s theorem and its converse

Sherman [149] considered the weighted concept of majorization for two pairs (x,a) and
(y,b) which consist of vectors x = (21,...,x) € I, ¥y = (y1,-.., Ym) € I™, where I is a

real interval, and corresponding nonnegative weights a = (aq,...,a,) and b = (by, ..., by,).

2.2. Sherman’s theorem and its converse 35



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

The concept of weighted majorization is defined by assumption of existence of column

stochastic matrix S = (s;;) € Mpm(R) such that
y=xS and a= bST, (2.6)
l.e.
n m
yj :insi‘jy ]: 1,...,m and a; :ijsl,]’ Z: 1’.“771“
i=1 =

For such pairs (y, b) and (x,a), under assumption of existence of column stochastic matrix

S such that (2.6) holds, we use the notation
(y,b) < (x,2) (2.7)

and say that the pair (y,b) is weighted majorized by (x,a). It presents a generalization
of the classical concept of majorization in notation y < x.

Instead the assumptions (2.6), we may assume
y = xST and a = bS (2.8)

for some row stochastic matrix S.
Under the previous assumptions Sherman [149] proved a useful generalization of Ma-
jorization theorem (Theorem 2.1.1, Theorem 2.1.3). We quote Sherman’s result in the

following form.

Theorem 2.2.4(Sherman’s inequality): Let f : I — R be a conver function. Let
x = (x1,22,...,2n) € I", ¥y = (Y1,Y2,---,ym) € I, a = (a1,a2,...,a,) € [0,00)" and

b = (by, b, ..., bw) € [0,00)™. If

y =xS and a=hbST (2.9)
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holds for some n x m column stochastic matriz S = (s;5) € Mum(R), then
STbify) < S aif (). (2.10)
j=1

=1

Proof: Using the assumptions (2.9) and the fact that f is convex function, we have

D bifly) =) bif <Z l‘isij)
j=1 j=1 i=1

b Z sijf (i)

1 =1

ijsij f ($z) = Zazf(xz)v
1 \j=1 i=1

s

J

n

)

what we need to finish the proof. Ol

From now, on the inequality (2.10) we refer as Sherman’s inequality. It is interesting

that a reverse implication is valid too (for details see [25, 149] and also |31, 126]).

Remark 2.2.3.: It is worth emphasizing that if S is doubly stochasticand b = (1,1,...,1) €

R™, then (2.9) implies (2.4), because ST is column stochastic and, in consequence,
a=bST =(1,1,...,1)8T = (1,1,...,1).
In this situation, Sherman’s inequality reduces to the fact that the function

(X1, ymp) Zf(xj) for (z1,...,2,) € I"
j=1

is Schur-convex on I".
Also, choosing n = 1 and b = [1], Sherman’s inequality (2.10) reduces to Jensen’s

inequality (1.6).
Next we present the converse of Sherman’s inequality (2.10).

Theorem 2.2.5(Converse Sherman’s inequality, [17]): Let f: 1 — R be a convex
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function. Let o, € I, a < B, x = (x1,..., ) € [, 8]", y = (Y1, --,Ym) € [a, B]™,
a=(ay,..,ay) €1[0,00)" and b = (b1, ...,by) € [0,00)™ be such that (2.9) holds for some

column stochastic matriz S = (si;) € Mym(R). Then

D bif (4) < ) aif (i) < ijf(a) 6= yjﬁ) ji(ﬁ)(yj ), (2.11)

Proof: Under the assumptions, Sherman’s inequality (2.10) holds. Further, from (1.7),

setting p; = s;;, for i = 1,...,n, we have

7j=1 =1

= Z Z bjsij | f(x:)
i=1 \j=1

=> b <Z Sijf(l'l)>
j=1 i=1
m B = > xisij > xisij — o

< b i=1 i=1

which is what was to be proved. O

Remark 2.2.4.: Choosing n = m and b = e = (1,...,1), the condition (y,b) < (x,a)
implies y = xS with some doubly stochastic matrix S and a = bST=e = (1,...,1), and as

direct consequence of the previous result we get Majorization inequality and its converse

Zf(yj) < Zf(%) Szf(a) (B—y;)+ f(B)(y; — ) (2.12)
i=1 =

i=1 j=1 f-a
7 szjyjf( ) ZJ;_'%Q = 16)
= Do mitiyg) 2B =0y

where 3 = mf and & = ma and because of (2.9) we have DY = Djo1 Dy TiSij =

D i Ti E?:l Sij = D i1 Ti-
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2.3. Sherman’s functional with estimations

In this section, we define Sherman’s functional deduced from Sherman’s inequality (2.10).
We present some of its essential properties. We also establish lower and upper bounds
for it. In proving those results, we use the following interpolating inequalities for Jensen’s
functional proved by J. Pecari¢ (see [111, p. 717]), which we state with proofs due to their

importance. Results from this section are quoted from [72].

Theorem 2.3.6: Let f : I — R be a convex function, *x = (z1,...,x,) € I", p =
(p1,---s0n) and @ = (q1,...,qn) be nonnegative n-tuples such p > q, i.e. p; > q,i =
1,.on,and P, =" 1pi>0,Qn=>11,¢>0. Then

S Gif (50) = Quf <Ql Zqixi> <> pif (w) — Puf (; Zm) S @)
i=1 " i=1 i=1 " oi=1

Proof: In the case p = q, the assertion holds trivially. So, without lost of generality we

n
can assume that p 7 q. Hence > (p; — ¢;) > 0 since p > q.
i=1
Applying Jensen’s inequality we have

Z pi—a)f | > (pi—a)wi (2.14)
= g( —a) =

2.3. Sherman’s functional with estimations
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On the other side, applying the reverse of Jensen’s inequality we get

Z(pz' —q)f 12(}% — Gi) T (2.15)

=1 f:l (pi — Qz) =1
P, <pln z:lpzxz> - Qn < Z QZ$1>

V
v
O
s

VR
v
|
O
3
~
VY
el
(7=
S
= 3
.
|
|
P
)
3
kﬁ
VR
O~
3
()=
R
&
N————
N————

i=1 i=1
= ( szx7,> - an < ZQZ«T2>
@n
Now, combining (2.14) and (2.15), we obtain (2.13). O

As easy consequences of the previous theorem the following lemmas hold.

Lemma 2.3.1.: Let f : I — R be a convex function. Let © = (x1,...,2,) € I" and
p=P1,--Pn), q = (q1,...,qn) be positive n-tuples with P, = > 1" 1 pi, Qn = > 1 Gi

and Tp = P%L Yo piTi, T = é Yo iz Then

0 < lrglgn{} (Z% i) f(zq) ) <sz zi) = Puf (Zp)
< 1@1@%{ }(Z% (z:) — Qnf (2 ))- (2.16)

Proof: Consider n-tuples p = (p1,...,pn) and q = (q1, ..., qn). Note that

p1 DPn
p= (p17"'7pn) = (C]l,- . 7Qn> .
q1 dn

Let us denote d,, = minj<i<yn {%} We define
Qrin = (1, - ., qndy) .

n
We calculate Zg = ﬁ S gidix; = Qi S qiz.
= 7 n =1
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It is obviously q,,;, < p. Applying Theorem 2.5.6 to n-tuples q,,;, and p, we get

0 < D qidef (25) — duQuf (TQ) — cdu Y qi (x; — Tq)’
=1

i=1

> pif(x:) = Pf(zp) —cY_pilxi —2p)°,
=1

i=1

IN

what is equivalent to the second inequality in (2.16).

If we consider p and n- tuple q,,.. = (@d*, ..., q,d"), where d* = maxici<n {%},
then p < @pax- Applying Theorem 2.3.6 to n-tuples p and q,,, we get the third inequality
in (2.16). O

Lemma 2.3.2.: Let f : I — R be a convexr function, x = (x1,...,2,) € I" and

p = (p1,...,pn) be nonnegative n-tuple such that P, =" p; > 0. Then

i 0 [0t (3 30a)| < Sos ) (5 3oma) e
=1 i=1 i=1 no_
1 n
< paniod 3 e =0t (330 |

Proof: Let us consider n-tuple p = (p1,...,pn) and a constant n- tuple pmin = (miny<;<n{pi}, ...,

Then p 2 Prin- Applying Theorem 2.5.6 we have

St 1t (Y

v

n
. 1
erggln{pz}f xi) = Y min {p;}f nizlrglgn{pz}xz
i=1 > min {p;} =1
i= 11<’L<TL

1I<n'L1<n n { } -

= min {pi} 3/ (2;) — n- min {pi}/ e
=1

1<i<n 1<i<n n- 1121?”{ }
n 1 n
i ) |30 s (1325 |.
1= 1=

i.e. we get the first inequality in (2.17). The second inequality can be obtained analogously

by exchanging the roles of min and max . O

2.3. Sherman’s functional with estimations 41
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Remark 2.3.5.: Note that we can get (2.17) directly from (2.16) by choosing n-tuple q

with g ==,i=1,...,n.

n’

Few years later, Dragomir et el. [42], obtained the analogous result as in Theorem 2.3.6
but as a consequence of a quite different approach, via superadditivity. They considered

Jensen’s functional J(f,x, p), deduced from Jensen’s inequality (1.6), defined as follows.

Definition 2.3.4.([42]): For a function f : I — R, x = (z1,22,...,2,) € I" and

p € P°, where

n
Pg:{p:(p17p277pn)€RnplZO’ Pnzzpl>0}’
i=1

the Jensen functional is given by

f X p sz z n (él szxz> . (218)

From (2.18), for p=e=(1,....,1), we get

J(f,x,e)= Zf x;) —nf <:LZJ;Z> (2.19)
=1

Dragomir [39] continued the investigation of the properties for normalized Jensen’s

functional, i.e. functional (2.18) satisfying P, = 1,

f,X p sz xz (ZP%&) . (220)

Using different technique in proving, he obtained analogous results as in Lemma 2.3.1. and
Lemma 2.3.2. in the form of lower and upper bound for the normalized Jensen’s functionals
(2.20) as follows

09 win {24 agx) < dgxm) < pox {2 arxa). @2

1<i<n | g; 1<i<n | g;

and

(0 <) min {p;} J(f,x,e) < J(f,x,p) < max {p;} J(f,x,e). (2.22)

1<isn 1<i<n

42
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We also recommend to the reader the monograph [96], in which results related to the

concept of the Jensen functional are collected.

2.3.1. Sherman’s functional and its properties

In this subsection, we denote with C,,([0,00)) the set of column stochastic matrices of
size n x m. Specially, with Cp,((0,00)) we denote the set of column stochastic matrices
with positive entries.

Motivated by Sherman’s inequality (2.10), i.e

i=1 Jj=1
= Z Z bjs”) f(zi) — Zb]f <Z $131j> )
i=1 \j=1 j=1 i=1

we define Sherman’s functional as follows.
Let F(I) denotes the set of all convex functions defined on /. Under the assumptions
of Sherman’s theorem, we define Sherman’s functional S : F(I) x I" x [0,00)™ X

Cnm(]0,00)) — R by

3

S(f,x,b,8) ZZ i8ii f(x Z <Z 351‘51‘]) (2.23)
=1

b; (Z sijf(xs) — f (Z xisij>> .
j=1 i=1

We study properties of Sherman’s functional.

3

Theorem 2.3.7([72]): Sherman’s functional S satisfies the following properties:

a) S(f,x,b,S) is nonnegative, i.e.

S(f.x,b,8) > 0; (2.24)

2.3. Sherman’s functional with estimations 43
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b) S(f,x,b,-) is concave on the convezr set Cppm([0,00)), i.e. for all X € [0,1]
S(fv X, ba AS + (1 - )‘)T) > AS(f, X, bv S) + (1 - )‘)S(fv X, ba T)v (225)
¢) S(f,x,-,S) is linear mapping, i.e.

S(f,x,b+d,S) =S(f.x,b,S) + S(f,x,d,S), (2.26)

S(f,x,Ab,S) = \S(f,x,b,S);

d) S(f,x,-,S) is increasing on [0,00)™, i.e. if b,c € [0,00)™ such that b > c, i.e.

bj >cj,j=1,..,m, then
S(f,x,b,S) >S(f,x,c,S) > 0. (2.27)

Proof: a) Positivity of functional S follows from Sherman’s inequality ( 2.10).
b) We have

S(f,%,b,AS + (1 — \)T) (2.28)

=3 b sy + (1= Mtyg) fli) = > bif (Z (Asij + (1 = Ntij) :ci)
j=1

=1 j=1 =1

=AY D hsif(r) + (L= N DD bty f(xi) — > bif (Z (Asij + (1 = Mtiy) a:) .
Jj=1

i=1 j=1 i=1 j=1 i=1

Further, by convezity of f we have

M

bif (Z (Asij + (1= N)tyy) x> (2.29)

1 =1

J

< S b7 (S 101 (S|

j=1 i=1

ADbif (Z Sijévi) +(1=N)) bf <Z tij%) :
: s

j=1 i=1 i=1

Combining (2.28) and (2.29), we prove the concavity property b).

c¢) It is obvious.
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d) Case b = c is trivial. Let b > c. Since
b= (b-c)+c,
using the property linearity (2.26) and positivity (2.24), we have

S(f,x,b,8)=8(f,x,(b—c)+c,S)
=S(f,x,b—c,S)+S(f,x,c,S)

ZS(f7X7C7S) 207

as wanted. This ends the proof. O

2.3.2. Lower and upper bounds for Sherman’s functional

In the following theorems we establish lower and upper bounds for Sherman’s functional

(2.23).

Theorem 2.3.8([72]): For b = (by,...,by) € [0,00)™ and S = (si;) € Cphm([0,00)), we
define
Zb 1r<1r111<1r1 {sij} and M—z_:lb ax {sij}-
Then
0 < J(f,x,€) < S(fx,b,S) < I - J(f,%,¢). (2.30)

Proof: The first inequality in (2.80) is consequence of nonnegativity of all entries of b,
S and Jensen’s functional J(f,x,e) given by (2.19).

Now we prove

112112 {sij} - J(f.x,€) Zsmf x;)— f <Z$25w> < lrga<x {sij} - J(f,x,e), (2.31)
i=1

forallj=1,....m

Let us denote 1, = minjcicn{si;} and M; = maxicicn{sij}, j € {1,...,m}. Then

2.3. Sherman’s functional with estimations
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(2.31) can be written as
mj - J(f,x,e) Zs”f x;)— f (szsm> < M- J(f,x,e). (2.32)
i=1

n
Since n-mj+ Y (sij —mj) = 1, applying Jensen’s inequality we have
i=1

() =1 (oo (1) + B
<t <;Z;x> +i§:<szj — ) f (@)
S ()
_ isijﬂwi) ~ iy I(fxe)

which gives the left hand side of (2.52).

n
1 M;  sij _
M; l; ( n n ) nM =1, applying Jensen’s inequality

(i) - <M ~(f‘“) i (B
(

g > sif(zi) = f (Z 395>> ,

i=1 i=1

we have

| A

3\*—‘

J

which gives the right hand side of (2.32).
Therefore, the inequality (2.31) holds. Now, multiplying with b; and summing over

j=1,...m, we get (2.30) what we need to prove. O

Theorem 2.3.9(/72]): For b = (b1,....,by) € [0,00)™ and S = (s45) € Chm([0,00)) and
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) € Crm((0,00)), we define

T = (tij
Bmin = (bl min {SZI}, , by min {Szm}) )
1<i<n | tj1 1<i<n | tim
Dmax = <b1 max {Sﬂ},...,bm max {Sim }) .
1<i<n | ;1 1<i<n | tim
Then
) < ’S(f7 X, b7 S) < 8(f7 X, Bma)u T) (233)

(O S) ’S(f7 X, Bminv T

Proof: According to the notation, we need to prove

nli )

S1 Snij
b = <tljt ]7 .- atnjtnj‘> (51]7 Sny)
J nj
t1; min 2y ,tn min 3y
Qmin 1j1<z<n tij ’ nj1<z<n t;j

2.3. Sherman’s functional with estimations
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It is obviously q,,;, < p. Applying Theorem 2.3.6 to n-tuples q,,;, and p, we get

n n 1 n
D sif (@) =Y siif | Y sijmi
i=1 i=1 > 85 i=1

=1

= sif (@) — f (Z Sz'jl‘i)
=1 =1

[V
()=
~
<8
_
Ié\B
NS
:5
—
<
H/_/
~
0
N

1.e. we get

stf (z2) (Zx> lmg{ }[Z;tf (22) (th)]

Ezchanging the roles of min and mazx, we get the inequality

ti;

stf %) (Zw) max {31 [Ztl]f %) (Zum)].

So, we have

o () o ()

n n
<N sigf () — f (Z Sijl’z)
i=1 i=1
Sin n n
L) . N e
Now multiplying with b; and summing over j = 1,...,m, we get the required result. L]

Remark 2.3.6.: Choosing m = 1 and setting b1 = 1 and s;1 = 5, for i = 1,...,n, Sher-

man’s functional (2.23) reduces to Jensen’s functional that corresponds to (2.18). Therefore,
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applying Theorem 2.3.8, we obtain the bounds of Jensen’s functional in the form (2.18),
i.e.

< i : < < ;
0< min {pi}J(f,x,e) < J(f,x,p) < max {pi}J(f,x.e).

Applying Theorem 2.3.7, the concavity property b), for A = %, withm=1,by =1,s;1 = p;,
tin = ¢, fori=1,...,n, P, = Q, = 1, it implies for Jensen’s functional (2.20) the properties

superadditivity
J(f,x,p+a) > J(f,x,p) + J(f,;x,q), Pp,q€Py, (2.34)

and monotonicity

Further, applying Theorem 2.3.9, with m =1, by =1 and s;1 = p;, ti1 = ¢, fori =1,...,n,

the inequality (2.33) reduces to the inequality (2.21).

2.4. Schur-concavity of some sums generated by the Jensen
and Jensen-Mercer functionals

In this section, we prove Sherman type theorem for <c-convex functions, where <¢ is a
cone preordering on a linear space induced by a convex cone C. As a specification, we obtain
a majorization theorem for such functions. We apply the obtained results to the Jensen
and Jensen-Mercer type functionals and investigate their properties. Thus we get some
extensions of the property of the superadditivity and monotonicity of these functionals. In
order to develop these properties, of the functionals, we introduce a vectorial majorization
ordering for comparing two tuples of vectors of a real linear space. Next, we prove a
Sherman type inequality for a vector-valued <cg-convex function f. In consequence, we
get a Hardy-Littlewood-Pélya-Karamata like inequality. Finally, we prove that some sums
related to the Jensen and Jensen-Mercer functionals are Schur-concave with respect to

their weight vectors. Results of this section are cited mainly from [133].

2.4. Schur-concavity of some sums generated by the Jensen and Jensen-Mercer functionals
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2.4.1. Motivation

We intend to show an extended approach to Sherman type theorems via vectorial ma-
jorization. This is motivated by the natural problem of studying some sums of Jensen

functionals, which requires to use n-tuples of vectorial parameters in place of scalar ones.

Remark 2.4.7.: Equation (2.18) can be rewritten as

—~

P, X)
(p,e)

I, %) = (b, F(x)) — (pye) f ( ) 7 (2.36)

where f(x) = (f(x1), f(x2),..., f(zx)) withe = (1,1,...,1) € R¥ and (,-) is the stan-
dard inner product on R*. The celebrated Jensen’s inequality says that if f: I — R is a

convex function, then

J(f,x,p) > 0.

As in the previous section, the set of the described nonnegative real k-tuples p =

(p1,p2, -, Dk), with P, = Zlepi > 0, will be denoted by 73,8.

Theorem 2.4.10([42]): If f : I — R is a convex function, then the function p

J(f,x,p),p € 77,8, is superadditive for any x € I¥, i.e.

J(f.x,p+a) > J(f,x,p) + J(f.x,q), forp,q€Py. (2.37)

In consequence, the function p — J(f,x,p), p € 73,8, is monotone for any x € I, i.e.

J(f,x,p+a)>J(f,x,p), forp,q€cP.

Remark 2.4.8.: Tt can be shown that property (2.37) is equivalent to the subadditivity

of the function
(P, %)
(p,e)

pH<p,e>f< > for p € Py,

which means

praaf (PE28) < pof () saer (122), orpacnt

20
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We now discuss the Jensen-Mercer functional.

Definition 2.4.5.(/95]): Let f : I — R be a function on an interval I = [a,b] C R.
Let x = (z1,29,...,21) € [a,b]* and p = (p1,p2,...,Pk) € Pp. The Jensen-Mercer

functional is defined by

k k
M(f,x,p) = Pu(f(a)+ f(b)) = Y _pif(x:) — Pif <a+b— ;,}CZM%) :
i=1 =1

It is not hard to verify that

(CL—I— b)<pve> — <p7X>> ,

M(f,x,p) = (f(a) + f(b))(p,e) — (p, f(x)) — (P, €)f ( (p,e)

where f(x) = (f(z1), f(z2),- .-, f(zx)) and e = (1,1,....,1) € RE.
Mercer’s inequality [107], also known as Jensen-Mercer inequality (2.97), states that if

f :]a,b] = R is a convex function, then
M(f,x,p) = 0.

Theorem 2.4.11([95]): If f : I — R is a convex function, where I = [a,b], then the

function p— M(f,x,p), p € 73,8, is superadditive for any x € I, i.e.
M(f.x,p+a) > M(f,x,p) + M(f,x,q), forp,qe7P}. (2.38)
In consequence, the function p — M(f,x,p), p € 77,8, is monotone for any x € I*, i.e.
M(f,x,p+aq) > M(f,x,p), forp,q€ P}

Remark 2.4.9.: The inequality (2.38) is equivalent to the subadditivity of the function

pr el (2Y), forp et
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where y = (a + b)e — x, i.e.

(p+a.e)f (<P+‘1’Y>> < (p.e)f <<p,y>

(p+qe) >+<q’e>f<<q,y>>’ for p,q € P.

In the sequel, for a given ¢ € Py, consider two sum decompositions
c=p1+p2+...+pm and c=q1+q9s+...+qn,

where p1,p2,...,Pm € 77,2 and q1,q2,...,q, € 77,8.
Our goal is to give a condition on the vectorial tuples (p1, P2, - - -, Pm) and (41,92, - - -, dn)

for the following inequalities to hold:

J(f,x,pl)+J(f,x,p2)+...+J(f,x7pm)

< J<f7x7q1)+J(f7X7q2>+"'+J(fvx7qn)7 (239)

and

M(fvxapl)+M(faxvp2)+"'+M(faX7pm)

S M(f7x7q1)+M(f7x’q2)+"'+M(f7x7qn)' (2'40)

So, for the Jensen and Jensen-Mercer functionals, we are interested in inequalities of the
Hardy-Littlewood-Pélya-Karamata and Sherman types.

To do so, in Subsection 2.4.2. we introduce a wvectorial majorization relation for com-
paring tuples of vectors. This develops the classical approach to majorization theory.

In Subsections 2.4.3. and 2.4.4. we provide majorization generalizations of Theorems

2.4.10 and 2.4.11 for the Jensen and Jensen-Mercer functionals, respectively.

2.4.2. Vectorial majorization and Sherman type inequalities

Throughout this subsection V and W are real linear spaces.

Definition 2.4.6.: An n-tuple Y = (y1,y2,...,¥n) € V" is said to be pre-majorized
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by an m-tuple X = (x1,X2,...,%Xpy) € V", written as Y <, X, if there exists an m x n

column stochastic matrix S = (s;;) € Myn(R) such that

(y17y27"‘7Y71):(X17X27"'7XTI’L)S (241)

in the standard sense

Y = S1jX1 + S2jXo + ... + SpiXy, for j=1,2,...,n. (2.42)

(see [35] for a similar notion of matrix majorization).

Definition 2.4.7.: An n-tuple Y = (y1,¥2,...,¥n) € V" is said to be majorized by
an n-tuple X = (x1,X2,...,X,) € V", written as Y < X, if there exists an n x n doubly

stochastic matrix S = (s;;) € My(R) such that

(¥1,¥2,---,¥n) = (X1,X2,...,X%,)S. (2.43)

Remark 2.4.10.: It is obvious that if V = R then < reduces to the standard majorization

ordering for n-tuples in R" (see [106, pp. 8 and 33]).

Definition 2.4.8.: A nonempty subset C of W is said to be a convex cone if:
(i) a,b € C impliesa+ b € C,

(i) aeCand 0 <t e Rimply taeC.

Definition 2.4.9.: If C C W is a convex cone, then the relation < on W defined by

b<ca iff a—be(C, for a,beW,

is called cone preordering (induced by C).

Definition 2.4.10.: For a given convex cone C in a linear space W, a function f : Z — W

is called <¢-convex on a convex set Z C V, if

flax+ (1 —a)y) <c af(x)+ (1 —-a)f(y)
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for x,y € Z and « € [0, 1].

A function f:Z — W is called <¢-concave if —f is <¢-convex.

In Theorem 2.4.12 we present a Sherman type inequality (2.45) for tuples of vectors
(cf. [149], see also [25, 31, 126]). This gives an extension of Theorem 2.2.4 to the vector
case.

In the sequel we denote Ry = [0, 00).

Theorem 2.4.12([133]): Let f : T — W be a <¢-convex function defined on a con-
ver set T C V. Let X = (x1,X2,...,Xp) € ™, Y = (y1,¥2,---,¥n) € Z", a =
(a1,a2,...,am) € R and b= (by,b,...,b,) € RY}.

If
Y =XS and a=bST (2.44)

for some m x n column stochastic matriz S = (s;;) € Mpmn(R), then
> bif(ys) <e D aif(xi). (2.45)
j=1 i=1

If f is <c-concave, then the inequality (2.45) is reversed.

Proof: (Cf. [126].) By (2.44) we can see that

(Y17y27' c 7yn) - (X17X27 .. 7Xm)s

m m
Due to (2.42) we have y; = > si;x; with ) s, =1, 7 =1,2,...,n and s;; > 0. By the
i=1 i=1

<c-convexity of f, we derive

flyj)=1f (Z Sz'sz') <c ZS@'jf(Xi), for j=1,2,...,n.
i=1 =1

Consequently,
D bif(yi) < Dby sif (xi)-
j=1 j=1 1

o4
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This gives
n m n
D bif(ys) <e D> bisiif(xi).
j=1 i=1 j=1
n
Again, by (2.44), a = bST| which forces a; = 3 bjs;j, i =1,2,...,m.
j=1
In summary, we deduce that
n m n m
D biflyi) <e )y bisij | f(xi) =D aif(xi).
j=1 i=1 \j=1 i=1
Thus the inequality (2.45) is proven. O

It is interesting that the statement (2.44) says that the pairs (X,a) and (Y,b) are
weighted magjorized (see [31]).
A corollary to Theorem 2.4.12 is the following majorization theorem for n-tuples of

vectors.

Theorem 2.4.13([133]): Let f : T — W be a <¢-convex function defined on a convex
set T CV. Let X = (x1,%X2,...,%Xp) €Z" and Y = (y1,¥2,---,Yn) €Z".
If Y < X, then

n

Z flyi) <e Z f(x5). (2.46)
i=1

=1

Proof: We apply Theorem 2.4.12 withm =nand b =e = (1,...,1) € R™. The vectorial
majorization Y < X means that Y = XS for some doubly stochastic matrix S (cf. (2.43)).
By putting a = bS” as in (2.44), we get a = eS” = e. Now, it follows from (2.45) that

the required inequality (2.46) is satisfied. O

Remark 2.4.11.: Theorem 2.4.13 reduces to the classical Majorization Theorem (The-

orem 2.1.1), whenever V=W =R and C = [0, 00).

Definition 2.4.11.: A function F' : Z" — W, with a convex set Z C V, is called <c-
Schur-convex on 7" if

F(Y) <¢ F(X)

2.4. Schur-concavity of some sums generated by the Jensen and Jensen-Mercer functionals
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for every X, Y € Z" such that

Y < X.
A function F is called <c-Schur-concave on Z", if —F is <c-Schur-convex on Z™.

According to Theorem 2.4.13 one sees that if f is <¢-convex on Z, then the function

F(x1,...,%Xp) :Zf(xz) for (x1,X2,...,%Xp) €EL"

is <¢-Schur-convex on Z™.

2.4.3. Applications to the Jensen functional

In this subsection V = RF, T = 77,8 and W is a linear space with a convex cone C C W

inducing preordering <¢ on W.

Lemma 2.4.3.([133]): Let f : I — W be a <¢-convex function on an interval I =
[a,b] CR. Let P = (pl,pg, ... ,pl) € Il7 where T = ’Plg

Then for any fized x € I*,

l
<zl:pue>f <%px> <c izl;pue)f( Eei) (2.47)

If [ is <c¢-concave, then the inequality (2.47) is reversed.

Proof: It is not hard to check that

<sz, > Zaz (pi, x (2.48)

<E pi,e > i=1

ai:f"z’i’@ fori=1,2,...,1 (2.49)
> (pje)

j=1

where
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!
Obviously, > a; =1 with a; > 0fori=1,2,...,1.
i=1
By using (2.48)-(2.49) and the <¢-convexity on I of the function f : I — W, we find

) (2.50)

that

] !
=1 Z <pj7e> Z <pj7e> =1
j=1 j=1
It is now seen that (2.50) implies (2.47). O

The forthcoming result is a Sherman like inequality (2.52) for the function p —

(p.e)f (£2),pe Pl

Theorem 2.4.14([133]): Let f : I — W be a <c-convex function on an interval
I = [a,b] € R. Let P = (p1,p2,---sPm) € Z™, Q = (q1,92,...,4Qn) € I", a =
(a1,az,...,am) € RT and b = (b1,bs,...,b,) € R, where T = PY.
If
Q=PS and a=bST (2.51)

for some m x n column stochastic matriz S = (s;;) € Mymn(R), then for any fized x € I¥,

S bylay. ) (<qﬂ'”‘>) <c f;axpi,ev (<p’ﬂ’x>) - (2.52)

st (qj,€) (pi, €)

If [ is <c-concave, then the inequality (2.52) is reversed.

Proof: We prove that g’)’g € I for any fixed x € I*. In fact, x € I*¥ implies z; € I,

e, a < x; <b, for i = 1,2,...,k Equivalently, ae < x < be, where < denotes the
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componentwise ordering on R¥. Thus we get

(p,ae) _ (p,x) _ (p,be)
(p,e) = (p.e) : (p,e)’

and next
o< (P, x) <b
(p,e)
Hence % € 1, as required.
Therefore the function
b el (220). pert, (253)
(p,e)

is well-defined. So, both the sides of the inequality (2.52) are well-defined.

We shall prove the <¢-convexity of the function (2.53) on the convex set Z = PP. To
show this, we apply Lemma 2.4.3. for [ = 2. Namely, for any p,q € 73,8 and a € (0,1), we
have ap, (1 — a)q € PY. By using (2.47) for the vectors ap and (1 — a)q in place of py

and po, we get

o (8202
<Oép, X> —« e <(1 — Oé)q, X>
<c (ap.e)f (<<ap’e> H0 - a)ae)f <<(§ —oa) 2.5
q,x

) F-eeer ({55)

Furthermore, for &« = 0 or a = 1 inequality (2.54) holds trivially.
Now, in light of Theorem 2.4.12 applied to the <¢-convex function (2.53), the inequality
(2.52) is valid. O
As a specialization of Theorem 2.4.14, we obtain a Hardy-Littlewood-Poélya-Karamata

type result.

Theorem 2.4.15([133]): Let f : I — W be a <¢-convex function on a closed interval

I CR. Let P=(p1,p2,---,Pn) €EZ" and Q= (q1,492,---,9n) €Z", whereI:P,g.

28
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If Q < P, then for any fized x € I*,

n

Saor(@)«fmor(82)  es

=1

If [ is <c¢-concave, then the inequality (2.55) is reversed.

Proof: Letm =nandb=e=(1,...,1) € R" Since (q1,92,---,9n) < (P1,P2;---,Pn),
we deduce that (q1,92,-..,49r) = (P1,P2; - - -, Pn)S for some nxn doubly stochastic matrix
S.

For a = bS”, we have a = eST =e.

Now, by employing Theorem 2.4.14, eq. (2.52), we derive the wanted inequality (2.55).

The statement (2.55) states that for any fixed x € I*, the function

F(p1.p2,- - pa) = S (i€} f (<p"’x>) piet

i—1 <p’L7 e>

is <¢-Schur-convex on Z™.

The right-hand side of inequality (2.55) can be thought of as the f-divergence of

(P,x) = ((p1,%X),...,(Pn,x)) and (P, e) = ({(p1,€), ..., (Pn,€)) [38]. A similar observation
holds true for the left-hand side of inequality (2.55).

We now extend the notion of Jensen functional for W-valued functions.

Definition 2.4.12.: TLet f: I — W be a W-valued function. Let p = (p1,p2,...,0x) €

]le_ and x = (z1,22,...,2) € I*. The Jensen functional is defined as follows:
I1x.9) = o 60 = (o) (22, (2.56)
where f(x) = (f(z1), f(z2),..., f(z)), e = (1,1,...,1) € R¥ and (,-) is the standard
k

inner product on R¥, and [p, f(x)] = Z f(zi) e W.

We now illustrate the previous results in terms of the Jensen functional.
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Corollary 2.4.1.([133]): Let f : I — W be a <c¢-convezr function on a closed in-
terval I C R. Let P = (p1,p2,---,Pm) € Z™, Q = (q1,92,...,q,) € I", a =
(a1,az,...,am) € RY and b = (b1, bo,...,b,) € RY, whereI:P,g,
If
Q=PS and a=bsT (2.57)

for some m x n column stochastic matriz S = (s;;) € Mumn(R), then for any fized x € I¥,

Zb J(f,x,q5) >¢ Z:aZ (f,x,pi)- (2.58)

=1

If [ is <c-concave, then the inequality (2.58) is reversed.

Proof: Tt follows from (2.56) that

]Zn;ij(f,x,q] Zb (qj, —{(q;,e)f (igj:i;)) (2.59)
- |Smanseo| - Entar (25)

Also, we have

iad(f,x, p)) = f ([pi, ] = (pie) f (2‘; X;)) (2.60)
= LZl a;pi, f(x ] Zal pi,€ <§pi’;{§>.

By (2.57) it can be shown that

n m
D _bigj =) _aip:
j=1 i=1
Finally, by (2.59) and (2.60) and thanks to Theorem 2.4.14, we obtain inequality (2.58),

completing the proof. O

Corollary 2.4.2.([133]): Let f: I — W be a <c-convez function on a closed interval

I CR. Let P=(p1,p2,---,Pn) €EZ" and Q= (q1,492,---,9n) €Z", whereI:P,g.

60
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If Q < P, then for any fized x € I*,
Z‘](faxv QZ) ZC Zj(fvxa pz) (261)
i=1 i=1

If [ is <c¢-concave, then the inequality (2.61) is reversed.

Proof: We take m = nand b =e = (1,...,1) € R". From Q < P we have Q = PS
for some doubly stochastic matrix S (cf. (2.43)). By letting a = bS” as in (2.57), we get
a = eS” = e. We now apply Corollary 2.4.1.. The desired inequality (2.61) follows from
(2.58). This completes the proof. O

It is interesting in (2.61) that for any fixed x € I*, the function

J(p17p27"'apn):Zj(fvxvpi)v PiEL
=1

is <¢-Schur-concave on Z ™.

2.4.4. Applications to the Jensen-Mercer functional

In this subsection we assume that V = RF, T = 73,8 and W is a linear space with a convex
cone C C W inducing preordering <¢ on W.
Here (-,-) is the standard inner product on RF.
For e = (1,1,...,1) € R¥ and f(x) = (f(x1), f(x2),..., f(zx)), we use notation
k
i=1
(f(@) + f(0))e = (f(a) + f(b). f(a) + f(D),.... fa) + f(b) € W",
k
b, (f(a) + F(b))e] = D _pi(f(a) + f(b)) € W.
i=1

Definition 2.4.13.: Let f: I — W be a W-valued function with an interval I = [a,b] C

R. Let p = (p1,p2,...,px) € T and x = (x1,29,...,2;) € I¥. The Jensen-Mercer

2.4. Schur-concavity of some sums generated by the Jensen and Jensen-Mercer functionals
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functional is defined by

M(f,x.) = [p. (f(a) + F(B))e] — [p, Fx)] — (B ) ((“ *b)p.¢) - <P7X>> |

(p,e)

Remark 2.4.12.: Clearly,

M(fxp) = [p )] - o) (2,

where y = (a+ be —x and f(y) = (f(a) + f(B))e — f(x).

In the next theorem we show a Sherman like inequality (2.64) connected with the

function
(p, (a+b)e —x)
(p,e)

p <p,e)f< ) pePy. (2.62)

Theorem 2.4.16([133]): Let f: 1 — W be a <¢-convex function on an interval I =
[avb]' Let P = (p17p27"'7pm) EIm7 Q = (QI7Q27---aQn) EIn; a= (a17a27"'7am) €
R™ and b = (b1, ba,...,b,) € R, where T =P.

If
Q=PS and a=bST (2.63)

for some m x n column stochastic matriz S = (s;;) € Mumn(R), then for any fized x € I¥,

- (qj, (@ +b)e —x) S (pi; (a + ble — x)
bi(q;,e)f <c > ailpie)f . (264)
; a < (q;,€) ) ¢ ; i ( (pi,e) )

If [ is <c¢-concave, then the inequality (2.64) is reversed.

Proof: It can be easily shown that the vector y = (a + b)e — x lies in I*¥. Thus the
function (2.62) is well-defined, and both the sides of the inequality (2.64) are well-defined,
too.

By making use of Theorem 2.4.14 for the vector y € I*, we find that

> <c iaz’@i,@f (<p¢',y>> :

(pise)

- as e (q;,y)
3 bl i ({2
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This is the desired inequality (2.64). O

Theorem 2.4.17([133]): Let f: 1 — W be a <¢-convex function on an interval I =
[a,b]. Let P = (p1,pP2,---.Pn) €EZ" and Q = (q1,9q2,...,qn) € L", where T = P.

If Q < P, then or any fized x € I¥,

n n

>t (LN <o S ey (P EUEEX  ay

i=1 <qia e> =1 <p2‘, e)

Proof: Because Q = PS for some doubly stochastic matrix S, it follows that e = eS”.
By taking m = n and a = b = e, we also get a = bS”. Finally we infer that the required
inequality (2.65) follows from (2.64) in Theorem 2.4.16. O

We interpret (2.65) by saying that the function

F(p1,p2,---,Pn) = Z<pi,e>f <<pi7 (?;’bg;a —X)

)7 pZGI
=1

is <¢-Schur-convex on Z™.

In the next two corollaries we present inequalities for the Jensen-Mercer functional.

Corollary 2.4.3.([133]): Let f : I — W be a <¢-convez function on an interval I =
[a,b]. Let P = (p1,p2,.--sPm) €Z™, Q= (q1,92,...,4n) €EZ", a= (a1,a2,...,a;) €
R™ and b = (by,ba,...,b,) € R, where T =PY.
If
Q=PS and a=0bST (2.66)

for some m x n column stochastic matriz S = (s;5), then for any fived x € Ik,

m

D b M(f,x,q5) > Y aiM(f,%,pi)- (2.67)

j=1 =1

If f is <c-concave, then the inequality (2.67) is reversed.

Proof: By settingy = (a+b)e —x and f(y) = (f(a) + f(b))e — f(x), we observe from
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(2.64) that

e)

jz:bﬂqjv@f( Y ) <c Zaz pi, e <<pA y>>. (2.68)

We also have

jZ:bjMU,w Zb <qy7 (qj,e>f<<q7’y>>> (2.69)

Likewise,

Zaz (f,x,pi) = iaz ([pz, )] - <pi,e>f<<pi’y>>> (2.70)

2 (pi,e)
- (B ] - (Some) s (22)

Due to (2.66), it can be proven that

n m
> bjdj =) aipi.
j=1 i=1

Now, the desired inequality (2.67) is a consequence of (2.68), (2.69) and (2.70). This com-

pletes the proof. O

Corollary 2.4.4.([133]): Let f : I — W be a <¢-convezx function on an interval I =

la,b]. Let P = (p1,pP2,-..,Pn) €EZ™ and Q= (q1,92,...,qn) €EZ", whereI:P,g.
If Q < P, then for any fized x € I*,

STM(fx ) > > M(f.x,py). (2.71)
=1 i=1

Proof: Tt is enough to appeal to Corollary 2.4.3. with a = b = e, because Q = PS and

a = bST for some doubly stochastic matrix S. This leads to (2.71), as wanted. O
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The statement (2.71) states that the function

n
M(plap27"'7pn):ZM(fz)(?pi)? PiGIa
i=1

is <g-Schur-concave on Z™.

2.5. Jessen’s functional and majorization

It’s well known that Jensen’s inequality can be generalized using positive linear functionals
acting on a linear class of real valued functions. Such version of Jensen’s inequality is called
Jessen’s inequality. In this section, we focus on Sherman’s type inequality related to the
Jessen functional deduced from Jessen’s inequality. We apply a majorization method. We
derive the Hardy-Littlewood-Pélya-Karamata type inequality. It says that some n-sums
induced by the Jessen’s functional are Schur-concave with respect to its n-tuple of weight

vectors. This section is based on [124].

Definition 2.5.14.: Let E be a nonempty set. Assume that £(E,R) is a linear class of
real functions f : ' — R having the following properties:

(L1) f,g € L(E,R) implies af + Bg € L(E,R) for o, f € R;

(L2) 1 € L(E,R), i.e., the constant function f(¢t) =1 for t € FE is in L(E,R).

A real functional A : L(E,R) — R is called:

(A1) linear, if A(af + Bg) = aA(f) + BA(g) for all f,g € L(E,R) and «, B € R;

(A2) positive, if f € L(E,R), f(t) > 0 for all t € E implies A(f) > 0;

(A3) normalized, if A(1) = 1.

We introduce the set
Pha={p€LER):p>0, A(p) > 0}.

B. Jessen [79] proved the following generalization of Jensen’s inequality involving linear

positive normalized functionals (see also [138, p. 47]).
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Theorem 2.5.18 (Jessen’s inequality): Let ® : I — R be a continuous convex function
on interval I C R and A be a normalized positive linear functional on L(E,R). Then, for

all f € L(E,R) such that ®(f) € L(E,R), we have

D(A(S)) < A(2(S))- (2.72)

Remark 2.5.13.: The inequality (2.72) is called Jessen’s inequality. Note that ®(A(f))
in (2.72) is well defined. Namely, if I = [, ], for some «, 8 € R, < 3, then the assump-
tions f € L(E,R) such that ®(f) € L(E,R) implies that a < f(t) < S, for every ¢t € E,
and a = A(a- 1) < A(f) < A(B-1) =5, i.e. A(f) € I. So P(A(f)) is well defined.

In the above theorem the assumption that ® is continuous can not be weakened. There
are counterexamples which show that Jessen’s inequality (2.72) does not hold for some

functionals A if ® is not continuous. For example, if we choose

LBR) = {/: 1] 5 R & lim [0 < ook A() = Jim S0, @)=

then for the identity function idjy 1) on [0, 1] we have
(I)(A(Z'd[()’l])) =1> A(@(id[oﬂ)) =0.

In most common examples the continuity condition can be omitted.

Definition 2.5.15.(/92]): For a function ® : I — R defined on an interval I C R, for a
positive linear functional A on £(E,R) and p € 73%714, the Jessen functional is defined

by

3@ £,.4) = () - Ao (52 .73

From now on it is assumed that the Jessen functional is well-defined, i.e., f,pf,p®(f) €
L(E,R) and f € I*.

Clearly, Jessen’s inequality (2.72) guarantees that for every continuous convex function
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®: ] — R, it holds
J(®, f,p,A) > 0.

Theorem 2.5.19([/92, Theorem 1]): Let ® : I = [a,b] — R be a continuous convex
function, A be a positive linear functional on L(E,R), f € I¥ N L(E,R), and the map
p— J(®, f,p,A), p€E 73%714, be well-defined.

Then the map p — J(®, f,p, A) is superadditive, i.e.
J(®, f,p+q,A) > J(®, f,p, A) + J(®, f,q,A) forp,q e Py . (2.74)
In consequence, the map p— J(®, f,p, A) is monotone, i.e.
J(@, f,p+q,A) > J(®, f,p,A) forp,q€ 73%714.
Remark 2.5.14.: It is not hard to check that inequality (2.74) amounts to the subaddi-

tivity of the function

A(pf)
A(p)

p— A(p)® < > forpGP%A,

i.e.

Alp+q)® (W) < A(p)® (ﬂgj?) + A(q)® <ﬁ(g))> for p,q € Py 4-

In the next subsection, some conditions will be provided for real scalars ai, as, ..., am,
bi,ba,...,b, and for vectors p1,p2,...,Pm € 73% A5 1592, -5 qn € P%A, so that the fol-

lowing Sherman type inequality (2.75) will be fulfilled:

a1 J(®, f,p1,A) + a2 J(®, f,p2, A) + ... + anJ (P, f,pm, A)

< blj(q)v f7 q1, A) + bZJ(q)7 f7 q2, A) +...+ bn‘](¢7 fv qn, A) (275)

In consequence, an inequality of the Hardy-Littlewood-Pélya-Karamata type can be

obtained for the Jessen’s functional, which is a complement of Theorem 2.5.19.
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2.5.1. Sherman inequality for Jessen’s functional

Throughout we use the abbreviations £ = £L(E,R) and P = P%A.

Lemma 2.5.4.([124]): Let ® : I — R be a convez function on an interval I = [a,b] C R.
Let (p1,p2,...,p) € P'. Let A be a positive linear functional on L(E,R), and f € I¥ N
L(E,R).

If the below expressions are well-defined, then

(ZPZ> g i awoe (565 (276)

()72

If @ is concave, then the inequality (2.76) is reversed.
Proof: (See the proof of 92, Theorem 1|.) For the coefficients

A(pi)

o= ———— fori=1,2,...,1, (2.77)
> Alpj)
=1
the following identity holds:
4 <i
pif) I
i=1 Alpif)
— = o . 2.78
N T4 A 27
Al X pi =1
i=1

l
Because > «o; = 1 with a; > 0 for i = 1,2,...,[, the convexity of ® : I — R on I and
i=1
(2.77)-(2.78) imply that

I
A(ZPz’f) Loy I
i=1 _ ' (pif) - Apif
o S| - o (et <y (4

1(xr)
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Thus (2.79) leads to (2.76), as wanted. O

Definition 2.5.16.: An n-tuple Q = (¢1,¢2,-..,qn) € L™ is said to be majorized by
n-tuple P = (p1,p2,...,pn) € L", written as Q < P, if there exists an n X n doubly

stochastic matrix S = (s;;) such that

(qlaq27"'7qn) = (pl,pQ,-n,pn)S (280)

in the sense that

qj = s1;p1 + S2jp2 + ...+ Spjpp for j=1,2,... n. (2.81)

In the forthcoming theorem we provide a Sherman like inequality (2.83) for the func-

tional p — A(p)® (’%fg), p € P. The basic requirement for (2.83) to hold is condition
(2.82) which defines the notion of weighted majorization for pairs (P,a) and (Q,b) (see

[25, 31, 133] for details).

Theorem 2.5.20([124]): Let ® : I — R be a convex function on an interval I = [a,b] C
R. Let P = (p1,p2,---,pm) € P™, Q = (q1,92,---,qn) € P", a = (a1,a2,...,a,) € R
and b = (b1,ba,...,b,) € R, where P = Py, 4 and m,n € N. Let A be a positive linear
functional on L(E,R), and f € I¥ N L(E,R).
If
Q=PS and a=bs’ (2.82)

for some m x n column stochastic matric S = (s;;), and the below expressions are well-

defined, then

D150 (A0)) < > oo (400), )

)

If @ is concave, then the inequality (2.83) is reversed.

Proof: Observe that éx(gf)) € I = [a,b] for f € I” N L(E,R). Indeed, we have f(t) € I,

ie., a < f(t) <bfort e E, which means al < f < bl with < denoting the componentwise

2.5. Jessen’s functional and majorization
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ordering on L(E,R). Next, we find that

Therefore

and further i‘(gj zf;) € I, as claimed.

For this reason the function

p— ¥(p) = A(p)® (ﬂfp?) , PEPHA

is well-defined, and both the sides of the inequality (2.83) are well-defined.

(2.84)

It follows that the function (2.84) is convex on P. To see this, we utilize Lemma 2.5.4.

for | = 2. In fact, for any p,q € P and « € (0,1), by (2.76) applied to the vectors ap € P

and (1 — a)g € P in place of p; and py, we get

Y(ap+ (1 - a)q)

Alap + (1 - a)q)

IN

A(ap)
-on(47) oo (4

= a¥(p) + (1 —a)¥(q).

Ao (5028 a1 - e (G100

(2.85)

)

Additionally, for « = 0 or @ = 1, inequality (2.85) holds trivially. In summary, the function

¥ is convex on P.

m
By (2.81)-(2.82), we have (q1,q2, .. .,qn) = (P1,DP2,--.,Pm)S, and therefore ¢; = > s;;p;
i=1

m
with > si;=1,7=1,2,...,n, and s;; > 0. So, the convexity of ¥ yields
i=1

m m
\I/(Qj) =y (Z Sz‘jpi> S Zsij\ll(pi) for ] = 1,2, ooy n.
i=1 =1
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Since b; > 0, we obtain

n n

biU(g;) <D by Y s U(pi) =YY bisiU(pi).
1 =1 =1

j= i=1 j=1

Moreover, a; = > bjsi; (i =1,2,...,m) by (2.82). So, we find that
j=1

D biU(g) <> ai¥(ps).
j=1 i=1

This together with (2.84) leads to inequality (2.83). O
As a corollary to Theorem 2.5.20 we give the following Hardy-Littlewood-Polya-Karamata

like result.

Theorem 2.5.21([124]): Let ®: I — R be a convex function on a closed interval I C R.
Let P = (p1,p2,...,0n) € P" and Q = (q1,q2,-..,qn) € P", where P = 73%714 and n € N.
Let A be a positive linear functional on L(E,R), and f € I¥ N L(E,R).

If Q < P and the below expressions are well-defined, then

. N [(Algif)
; Ala)® < Ala)

)eSamn(ed) s

If f is concave, then the inequality (2.86) is reversed.

Proof: Withm =nandb=e=(1,...,1) € R", the vector majorization (g1, g2, ..., qn) <
(p1,p2,--.,pn) ensures that (q1,92,.-.,qn) = (p1,P2,...,0n)S for some doubly stochastic
matrix S (see (2.80)).

By putting a = bS7T, it follows that a = eS” = e. So, applying Theorem 2.5.20,

Eq. (2.83), provides the wanted inequality (2.86). O

Definition 2.5.17.: A function F' : P" — R, with a convex set P C L, is called Schur-
convex on P™ if

F(Q) < F(P)
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for all P, Q € P™ such that
Q<P

A function F is called Schur-concave on P", if —F is Schur-convex on P".

Notice that the statement (2.86) says that the function

R _ A(pif) ,
F(p17p27~ .- apn) = ;A(pz)q) ( A(pz) > , pi€P,

is Schur-convex on P".

We now interpret the previous results by using the Jessen’s functional.

Corollary 2.5.5.([124]): Let ® : I — R be a convex function on a closed interval I C R.
Let P = (p1,p2,.--,0m) € P, Q= (q1,¢2,---,qn) € P", a= (a1,a2,...,an,) € RT and
b = (by,ba,...,b,) € R, where P = P%’A and m,n € N. Let A be a positive linear
functional on L(E,R), and f € I¥ N L(E,R).
If
Q=PS and a=hbST (2.87)

for some m x n column stochastic matric S = (s;5), and the below expressions are well-

defined, then
=1

J=1

If f is concave, then the inequality (2.88) is reversed.

Proof: From (2.73) we obtain

S by (@, fogpA) = jzn;bj (A - Ao (520) (2.89)

J=1
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and
S wa(@ g ) = Y or (A - Ape (220)) (2.90)
i=1 i=1 !
= A (Z aiP@(f)) — ) aiAp)® ( A(?p,];)> -
i=1 i=1 !

By a simple computation, from (2.87) we get

n m
> bjgj =) aipi
j=1 i=1

Now, by combining (2.89) and (2.90), and employing Theorem 2.5.20, we conclude that
inequality (2.88) is satisfied, as was to be proved. O
With the help of a doubly stochastic matrix S and a = b = e for the all ones vector e,

we get the following result from Corollary 2.5.5..

Corollary 2.5.6.([124]): Let ®: I — R be a convez function on a closed interval I C R.
Let P = (p1,p2,---,pn) € P" and Q= (q1,42,---,Gn) € P", where P = P}%,A and n € N.
Let A be a positive linear functional on L(E,R), and f € I¥ N L(E,R).

If Q < P and the below expressions are well-defined, then
i=1 i=1

If @ is concave, then the inequality (2.91) is reversed.

Proof: Since Q < P, we obtain Q = PS for some doubly stochastic matrix S (cf. (2.80)).
By setting m = n, b = e = (1,...,1) € R?, and a = bST (see 2.87), we find that
a = eS” = e. By applying inequality (2.88) in Corollary 2.5.5., we get the inequality
(2.91), as required. O

It is worth to mention that the statement (2.91) asserts that the function

J(plap27"'7pn):ZJ(q)af7piaA)a plelv
i=1

2.5. Jessen’s functional and majorization 73



Ptolemy Scientific Research Press https://pisrt.org/

is Schur-concave on P".

Remark 2.5.15.: Corollaries 2.5.5. and 2.5.6. extend similar results proved for the

Jensen’s functional and Jensen-Mercer’s functional (see [42, 95, 127, 133] for details).

2.6. Sherman like inequalities for (o, 5)-convex functions

In this section, a Sherman like inequality is presented for the class of (a, 3)-convex func-
tions. In particular, Sherman’s type results corresponding to the Jensen-Steffensen, the
Mercer-Steffensen and Brunk’s inequalities are established. The results of this section are

cited from [130].

2.6.1. Sherman type results for (o, )-convex functions

In this section we again denote by (-,-) the standard inner product on R™.

Definition 2.6.18.(/130]): For given vectors «, 5 € R™, we say that a function f :
I — R, defined on an interval I C R, is (o, f)-convex on a set S C I if the following
inequality holds

F(l@,%)) < (8, f(x)) for x € 5, (2.92)

where f(x) = (f(z1), f(z2),..., f(xm)) for x = (x1,22,...,2,) € S. A function f is

(a, B)-concave on S C I™ if reversed inequality in (2.92) holds.

Functions satisfying inequality (2.92) (with a = 8 or a # ) can be found among convex
functions, subadditive functions, starshaped functions, Breckner’s s-convex functions [26,
p. 254], Godunova-Levin functions [155], P-functions [136, 155], h-convex functions [155],
Toader’s c-convex functions [89], (k,h)-convex functions [104, 108, 127], etc. For more

details see the following example.

Example 3.: (i) Jensen’s inequality (1.6) says that if f : I — R is a convez function

on an interval I C R, x = (x1,22,...,2ym) € S = I"™ and p; > 0,i = 1,...,m, with

74
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m
= > p; >0, then
i=1

1 « 1 &
f <Pm ;szz> < Pm;pif(xi). (2.93)

Clearly, each convex function is (o, B)-conver for a = (au,..., ) and = (B1,...,Bm)

with a; = B; = Ig;,izl,...,m,
(i1) Jensen-Steffensen inequality (see [5], [138, p. 57] states that if f : I — R is a
convex function on an interval I C R, such that [a,b] C I with a < b, and if a < x1 <

9 <...<zy <band
0<W; <Wpy,, Wy, >0 fori=1,...,m, (2.94)

i
where Wi = Y wj, i =1,...,m, then
Jj=1

e S| < 5 S wif @), 2.99

Inequalities (2.94) are referred to as Steffensen’s condition. Here S = {x = (z1,...,Ty) €

I':a <z <...<axy, <b}. Itis easily seen that each convex function is («, B)-convez
for a = (ay,...,an) and B = (B1,...,0m) with o; = B; = W—m =1,...,m, satisfying
(2.94).

(113) Brunk’s inequality [27] states that if f :[0,21] — R is a convex function on [0, x1]

with f(0) <0, and if 1 > hy >hy>...>hp>0andx1 > 29> ...2> x4y > 0, then

f (Zm:( ) Lh, x) <i Vo b f (). (2.96)

i=1
(iv) Jensen-Mercer inequality [107, Theorem 1.2] states that if f : I — R is a convex

function on an interval I CR, and if x; € I,i=1,...,m, such that 0 < x1 < x5 < ... <

Ty, then

flx — szxl +xm) < flx1) szf i) + f(zm), (2.97)

=1 =1

m
where Y w; =1 with w; > 0,i=1,....m
i=1

2.6. Sherman like inequalities for («, 5)-convex functions
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(v) Mercer-Steffensen inequality [5, Theorem 2] states that if f : I — R is a convex func-
tion on an interval I in R, [a,b] C I with a < b and x = (z1,...,Tm), W= (Wi,...,Wn)

are real m-tuples such that a < x1 <22 < ... <z, < b and
w; #0 and 0<W; < Wy, Wy >0 fori=1,...,m, (2.98)

i
where Wi = > wj, i =1,...,m, then
Jj=1

fa——Zw,xl—Fb ) < f(a ——Zwlfx, )+ f(b). (2.99)

(vi) Generalized Mercer’s type inequality [121, Theorem 2.1] states that if f : [ — R
is a continuous convex function on interval I C R, a = (a1,...,a,) € I" and X = (x;5)

is a real m X n matriz such that x;; € I for all 1,j. If a majorizes each row of X, i.e.,

(Ti1y oy Tin) < (a1,...,an) for each i =1,...,m, then
n n-1 m n n—1 m
> - Z D_wiwy | < flag) =3 Y wif (i), (2.100)
J=1 =114=1 j=1 j=11i=1

m
where Y w; = 1 with w; > 0.
i=1
(vit) Let ¢ € [0,1]. Toader’s c-convez functions are functions f : I =[0,b] — R defined

by
f(tl.’El + ...+ tm1Tme1 + ctmmm) < tlf(CL‘l) + ...+ tmflf(xmfl) + Ctmf(l‘m) (2101)

for (x1,...,xm) € S=1[0,b]"" and t1,...,tm € [0,1] with % t; =1 (see [89]).

As noted in [89], (2.101) provides the standard com;ex;t:ylfor ¢ =1, and the starshaped-
ness for n = 2 and ¢ = 0. It is obvious that Toader’s c-functions are (o, B)-convexr with
a=L0=/(t1,ta,...,cty).

(viii) Let s € (0,1]. Breckner’s s-convex functions are functions f : I — Ry, I C R,
defined by

[tz + ..o+ tmxm) <t f(z1) + ...+ 5, f(xm) (2.102)
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forall (x1,...,2m) €S =1 and ty,... t, € (0,1) with t1+...+t, =1 (see [26, p. 25/],
cf. [155, p. 304]).

Each s-convez function is (a, B)-conver for o = (aq,...,qm) and B = (B1,...,Bm)
with a; =t; and B; =1t5, 1 =1,...,m.

(iz) P-functionsf : I — Ry, where I C R, are characterized by the inequality
ftizr+ ..o+ tmem) < flz1) + ...+ flam) (2.103)

forall (x1,...,2m) € S=1"andty,... ty € (0,1) with > t; =1 (cf. [136],]155, p. 304]).
i=1
Each P-conver function is («, 8)-convex for o = (aq,...,aup) and B = (B1,---,0m)
with o; =1; andﬁizl, z':l,...,m.

(z) Godunova-Levin functionsf : I — Ry, where I C R, are described by the condition

Fhmn + o+ b)) < tllf(xl) PR tif(xm) (2.104)

m

m
for all (x1,...,xm) € S=1" and t1,...,tm € (0,1) with > t; =1 (cf. [155, p. 303]).
i=1
Therefore each Godunova-Levin function is («, B)-conver for a = (aq,...,qy,) and
B=B1,...,0m) with a; =t; and B; = %, 1=1,...,m.
(1) Let h: (0,1) — Ry be a given function. An h-convex function f: 1 — Ry, I CR,

1s defined by the inequality
fltixy + ..o+ tmam) < h(t) f(x1) + ...+ h(tm) f(zm) (2.105)

for all (x1,...,2m) € S=1" and t1,...,tm € (0,1) with > t; =1 (cf. [155, p. 304]).
i=1
It is clear that each h-convez function is (o, f)-conver for a = (aq,...,am) and § =

(B1y. -y Bm) with a; =t; and B; = h(t;), i=1,...,m.

The following theorem provides a result of Sherman type for («, §)-convex functions.

Theorem 2.6.22([130]): Assume that A = (a;;) and B = (b;j) are n x m-matrices

with ith rows o; and B;, i = 1,2,...,n, respectively. Let f : I — R be an (o, 3;)-convez

2.6. Sherman like inequalities for («, 5)-convex functions
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function on non-empty set S C I, where I C R, 1i.e.

flai,x)) < (Bi, f(x)) forxeS, i=1,2,...,n. (2.106)

Let x = ($17$27"'7xm) € S7 y = (y17y27"'7yn) € In} a = (CLl,CLQ,...,am) € Rmi

b:(bl,bg,...,bn) ERi

If
y =xAT and a=bB (2.107)
then
D bif(y) < ajf(xg). (2.108)
i=1 j=1

If f is (au, Bi)-concave, i = 1,2,...,n, then the inequality (2.108) is reversed.

Proof: We have
S 0if (i) = (b, J(¥), (2.109)
i=1

where f(y) = (f(y1), f(y2),-.., f(yn))-

Since y = xA”T | we can write

m
yZ:E Qi T5, i:1,2,...,n
J=1

It follows from (2.106) that

m m
Z%‘%‘ < Z bijf(zj), i=1,2,....,n.
=1 j=1

Therefore,

y) <c Zbljf xj), Zbgj (x5), anjf zj) | = f(x)BT,
where f(x) = (f(z1), f(z2),..., f(xm)) and <c denotes the componentwise preorder on
R™.
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From (2.109) and (2.107) and by the positivity of b € R, we derive

> bif(yi) = (b, f(y)) < (b, f(x)BT)
i=1
= (bB, f(x)) = (a, f(x)) = D> a;f (=),
j=1
which completes the proof. O

Definition 2.6.19.(Cf. [108, Def. 2.1/, [127], [130]): Let k:(0,1) — R be a given
function and m > 2 be a given positive integer. Then a set I C R is said to be (k;m)-
convex if

k(t1)l‘1+...+k(tm)l‘m el
for all z1,...,2y, € I and t1,...,t, € (0,1) with ¢; + ...+ ¢, = 1.

Definition 2.6.20.(Cf. [108, Def. 2.4], [26, p. 254], [127], [130]): Let k,h :

(0,1) — R be two given functions and m > 2 be a given positive integer. A function

f I — R defined on a (k;m)-convex set I C R is said to be (k, h;m)-convex if

fle(t)azr + .+ k(tm)om) < h(t) f(21) + .+ Bltm) f(2m)

for all z1,...,2y € I and t1,...,t, € (0,1) with t; + ...+, = 1.

For a given function g : (0,1) — R, and an n x m matrix T = (t;;) such that ¢;; € (0,1)

for all 4, j, we define g(T) to be the matrix (g(;;)).

Corollary 2.6.7.([130]): Let k,h : (0,1) = R be two given functions and m > 2 be
a given positive integer. Assume that f is a real (k,h;m)-convexr function defined on a
(k;m)-convez set I C R,

If x = (x1,22,...,2m) €I™, y = (y1,92,---,yn) € I", a = (a1,az,...,an) € R,

b= (bl,bg,...,bn) ERZL_, and

y = x(k(T)T and a=b(h(T))
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for some n X m row stochastic matriz T, then

Zbif(yi) <Y aif (). (2.110)

Proof: It is enough to invoke to Theorem 2.6.22 with A = k(T) and B = h( T). O

Example 4.([130]): By taking k(t) = t and h(t) = t°, t,s € (0,1), we use Corol-
lary 2.6.20. to Breckner’s s-convex functions f : (0,00) — Ry defined on I = (0,00),
s € (0,1) (see (2.102)).

If x = (x1,29,...,2m) €I,y = (y1,Y2,---,Yn) € I, a = (a1,a9,...,a;,) € R,

b = (b1,ba,...,b,) €R?, and
y =xT? and a=DbT? (2.111)

for some n x m row stochastic matriz T = (t;;), then (2.110) is met with (2.111).

2.6.2. The case A =B

Our purpose in this subsection is to give some applications of Theorem 2.6.22 when A = B.

Remark 2.6.16.: Theorem 2.1.1 is a special case of Majorization theorem (Theorem 2.6.22)

with A = B related to the classical Jensen’s inequality (2.93).
The forthcoming result is connected with the Jensen-Steffensen inequality (2.95).

Corollary 2.6.8.([130]): Let f: I — R be a real convez function defined on an interval
I = [a,b] C R. Let x = (x1,29,...,Zm) € I™ witha < 21 < 29 < ... < a < b,
y=W1y2---yn) €I, a=(a1,a2,...,a,) €ER™, and b = (by,ba,...,b,) € R}.

If y = xAT and a = bA for some n x m matriz A = (aij) with rows satisfying

Steffensen’s condition

m

k
0<) ay<1=> ay; fori=12...,nk=12,..,m, (2.112)
j=1 j=1
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then (2.108) holds.

Proof: Thanks to the Jensen-Steffensen inequality (2.95) for convex f, we have the

(o, a;)-convexity of f, i.e.,

f((ai>x>) < <Oéi,f(X)>, i=1,2,... ) 1y

where «; is the ith row of A. Now, it suffices to appeal to Theorem 2.6.22 with A = B.
O

We now give an extension of the inequality of Brunk (2.96).

Example 5.([130]): Let f be a real convex function defined on interval I = [0, z1] with
f(0) < 0. Assume that x = (z1,T2,...,%y) € I"™ with x1 > x5 > ... > Ty > 0, and
b = (b1,b2,...,b,) € RY.

If A = (ai;) = (1) 71hyj) is an n x m matriz with rows such that
1 thl Zhlg > ... Zh'm ZO fori:1,2,...,n,

then

sz‘f Z(_l)jilhijxj < Zajf(‘rj):
i=1 j=1 j=1
where a = bA, i.e., a; = (—1)771 Y bihi;.
i=1

In the next example we use Toader’s c-convexity (2.101) with m = 2.

Example 6.([130]): Let f be a real Toader’s c-convez function defined on an interval
I =[0,b) C R. Suppose that x = (x1,12) € I* and b = (b1, ba,...,b,) € RT.

If A is an n X 2 matriz with rows a; = (a;1, ca;z) such that
ai1 +ap =1, aj,a;2>0 fOT”i: 1,2,...,n,

then

Z bif (aj1x1 + caprs) < ayf(x1) + az f(x2),
i1
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n n
where a1 = Y, bia;1 and ag = ¢ ) bja;a.
i=1 i=1

We now present an extension of the Mercer-Steffensen inequality (2.99).
Corollary 2.6.9.(/130]): Let f: 1 — R be a real convez function defined on an interval
I =la,b] CR. Let x = (x1,22,...,Zm) € I™ witha < x1 <2z < ... <z, < b, and
b = (b1,b2,...,b,) € RY.

If A = (ai;) is an n X m matriz with rows satisfying Steffensen’s condition (2.112),

then
sz‘f(a - Zaz‘jxj +b) < Zbif(a) — Zajf(xj) + Zbif(b). (2.113)
=1 Jj=1 i=1 j=1 i=1

n
where aj = ) a;jb;.
i=1

Proof: Thesymbol 1, stands for the (column) n-tuple of ones. By settingy = (y1,¥2,.-.,Yn) =

xAT € I" a=(a1,as,...,a,) =bA € R™ y=all —y +b1L, b=b, and
A= (1,,—-A,1,) and %= (a,x,b) = (a,21,Z2,...,Tm,b) € I

we find that y = XAZ and & = bA.

By the Mercer-Steffensen inequality (2.99) we establish

fla— (o, x) +b) < fa) = (i, f(x)) + f(b), i=12,....m,

where a; denotes the ith row of the matrix A. Thus we get

f({aw, %))

IA
=
=~
X
-~

|
\'I—‘
\’l\D
E

where &; denotes the ith row of the matrix A. Hence f is (s, s )-convex.

Now, by making use of Theorem 2.6.22 we deduce that

n m+2
D bif (@) <Y agf(i). (2.114)
i=1 Jj=1
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n
Consequently, for a; = Y ai;b;,
i=1

n n

S bif @) < O bi)fa) = > aif ;) + O bi)f(b), (2.115)
i=1 j=1

i=1 i=1

because
m

Qi:a—yi—kb:a—Zaijxj—Fb,
j=1

n

n
a) = Gmy2 = E bi, Gj41=— g aijb; = —a;, j=1,2,...,m.
i=1 =1

Therefore inequality (2.113) follows from (2.114)-(2.115). This completes the proof. O

2.7. Sherman like inequalities for convex sequences and non-
decreasing convex functions

Here our aim is to prove Sherman like inequalities for convex sequences and nondecreasing
convex functions. To do so, we develop some results by S. Wu and L. Debnath [159]. We
derive discrete versions of Petrovi¢’ and Giaccardi’s inequalities. We obtain some gener-
alization of Fejér inequality for convex sequences. We also deal with inequalities of the
Hermite-Hadamard type. We extend some recent results of Latreuch and Belaidi [102].

The results of the present section are quoted from [131].

2.7.1. Introduction and preliminaries

In this expository subsection we demonstrate some relevant notation and facts for convex
functions and sequences.
We begin this presentation with Fejér inequality (2.116) for convex functions (see |2,

88, 110]).

Theorem 2.7.23(/2]): Let f : I — R be a convez function, a,b € I,a < b, and let

p: [a,b] = R be a nonnegative integrable weight on I. Assume that p is symmetric about

2.7. Sherman like inequalities for convex sequences and nondecreasing convex functions
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%”b. Then

f<a+b>/ cﬁ</mf ﬁ<jhw;fw)l2ﬁMt (2.116)

Remark 2.7.17.: By letting p(t) = 1 for ¢t € [a,b] into (2.116), we obtain Hermite-

Hadamard inequality (2.117). That is, if f : I — R is a continuous convex function on an

interval I C R, a,b € I with a < b, then

f(“;b)s

For more informations see |26, p. 137], [119, 138].

< )+ 7). (2.117)

In what follows, we are interesting in inequalities for convez sequences (see [120, 139,

159)).

Definition 2.7.21.([159, p. 526]): A sequence z = (z1,...,2,) € R" is said to be

convex sequence if
Zi—1 + Zi+1

z < 5 fori=2,...,n—1.

For convex sequence z = (z1, ..., z,) we consider the function ¢, : [1,2] — R defined by

Zl—‘r(Zg—Zl)(t—l), t e [1,2),
2o + (23 — 22)(t — 2), t e [2,3),
ea(t) = (2.118)
zi + (zix1 — z)(t — 1), teli,i+1),
Zn—1+ (zn — 2n—1)(t—n+1), t€n—1,n,

(see [159]).
Note that

Oa(r) =2, forr=12,....n
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In the following theorem, we can see that

©a2(pj) = zp,, forj=12,...k,

0z(qi) = zq, fori=1,2,...,m,

since the entries of p and q are positive integers from the set {1,2,...,n}.
By employing Majorization inequality (2.4), Wu and Debnath [159] proved the following

result.

Theorem 2.7.24([159, Theorems 1 and 2]): Let (z1,22,...,2n) € I" be a convez
sequence, and ¢ : I — R be a continuous increasing convex function on I.

Then for any (p1,p2;--- k) < (q1,42,---,q) (1 <pi <n, 1 <q <n, p,g €N,
i=1,2,...,k, k>2), the following inequality holds

k k

Do U(z) <D U(zq). (2.119)

i=1 i=1
In particular, if 1 is the identity function ¥(t) =t, t € [ = R, then (2.119) reduces to

k

k
D 2 <z (2.120)
i=1

i=1

Latreuch and Belaidi [102, Theorem 1.4] proved discrete counterpart of Fejér and

Hermite-Hadamard inequalities (2.116)-(2.117), as follows.

Theorem 2.7.25([102, Theorem 1.4}]): Let (z1,22,...,2,) be a convex sequence of
real numbers and b = (b1, by, ..., by,) be a positive sequence symmetric about "+1

Then the following inequalities hold

ZNJFZ”“ Zb <Zb”_zl+z"2n:bi, (2.121)

i=1

where N = [”TH] is the integer part of "TH
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In particular, if b = %(1, 1,...,1) then (2.121) becomes

ZN+2n+1 N ZZ 21 +Zn
-8 1T =

Remark 2.7.18.: For odd n the above inequality means that

1 — 21+ 2
anS*ZZi< 5 n

However, for even n the index t = ”T‘H does not belong to the index set {1,2,...,n}. So,

we must interpolate the symbol z; with t € [1,n] \ {1,2,...,n}. Therefore, by (2.118),
2t = ¢z(t) =2z + (Zi+1 - Zi)(t — i),

whenever ¢ € [i,i+ 1) for some i € {1,2,...,n}.

Thus for even n we obtain zp41 = W (cf. (2.121)).
2

In the forthcoming Subsection 2.7.2., we prove a version of Theorem 2.2.4 for convex
sequences (see Theorem 2.7.26). To this end, we use the method of Wu and Debnath
mentioned above.

Subsequently, by applying Theorem 2.7.26 and Corollary 2.7.10., we generalize Theo-
rem 2.7.25 by relaxing the majorization assumption on sequences p and q. In consequence,
we derive some discrete versions for convex sequences of Petrovi¢ and Giaccardi’s inequal-
ities [137].

Lastly, we give some applications of the obtained results (see Subsection 2.7.3.). In
particular, we show an extension for convex sequences of Fejér and Hermite-Hadamard
inequalities. Thus we develop some recent results by Latreuch and Belaidi (see Theo-
rem 2.7.24).

In our further studies we utilize column stochastic matrices as in Theorem 2.2.4.

Our interest is in double estimations (as in (2.116), (2.117) and (2.121)). However, for

the sake of simplicity, we consider upper and lower bounds separately.
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2.7.2. Sherman theorem for convex sequences

We now present a discrete counterpart of Theorem 2.2.4 for convex sequences.

Theorem 2.7.26([/131]): Let ¢ : I — R be a nondecreasing conver function defined
on an interval I C R. Let z = (21,22,...,2,) € I™ be a convexr sequence. Let pj,q; €
{1,2,...,n}, 5 = 1,2,....k, i = 1,2,...,m. Assume that p = (p1,p2,-.-,DPk), 4 =
(1,925 - -, qm), a=(a1,a2,...,am) € R and b = (by,ba,...,b) ER{T_.
If
=qS and a=bS’ (2.122)

for some m x k column stochastic matriz S, then the following inequality holds
k m
D bjt(z) < Y aih(zy,). (2.123)
Jj=1 i=1

In particular, if (t) =t for t € I =R, then (5.97) takes the form

k m
D bz, <3 aiz,. (2.124)
j=1 i=1

Proof: We shall proceed with this proof by passing from a convexr sequence to a convex
function via a method given in [159]. Subsequently we shall apply Theorem 2.2.4.

Namely, take the sequences x = q and 'y = p. By virtue of (2.122) we find that
Sherman’s conditions (2.9) are satisfied.

We now make use of the continuous convex function ¢, : [1,n] — R generated by the
sequence z via (2.118).

According to Theorem 2.2.4 employed for the convex function f(t) = 1(p4(t)) fort €

[1,n], we establish the inequality

k
Z bji/)(zp] Z bﬂb@z p] Z aﬂ/}‘)@z QZ Z az'l/} qu
j=1

7j=1

as was to be proved. ]
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Remark 2.7.19.: It follows from Theorem 2.2./ that if b = (b1, b2,...,b,) = (1,1,...,1),
and S is doubly stochastic, then Theorem 2.7.26 reduces to Theorem 2.7.25 in Section 2.7.1.
due to Wu and Debnath [159].

Corollary 2.7.10.([181]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I C R. Let z = (21,22,...,2,) € I™ be a convex sequence. Let pj,q; €
{1,2,...,n}, 5 =1,2,...0k, i = 1,2,...,m. Assume that p = (p1,p2,...,pk) and q =
(q1,925 - - qm)-
If
p=4qS (2.125)

for some m X k column stochastic matriz S, then the following inequality holds

k m
Z¢(ij) < Zai¢(zqz‘)v (2'126)
j=1 i=1
where a; is the sum of all entries of the ith row of S, 1 =1,...,m.
Proof: We put
a=(ar,az,...,a,m) €ERT and b= (1,1,...,1) e RY}.

It follows that

(a1, a9,...,am) = (1,1,...,1)ST.
Therefore (2.125) gives (2.122). 1t is now enough to apply Theorem 2.7.26. O

Remark 2.7.20.: If the matrix S is doubly stochastic, then Corollary 2.7.10. becomes
Theorem 2.7.25. The reason is that (2.125) with double stochasticity of S means p < q

anda;=1,7=1,...,n.

In order to illustrate inequalities (2.123)-(2.126) for sequences, we provide the following

example.

Example 7. (Petrovié’ inequality, [26, p. 123], [131]): Let f :[0,00)— R be a convex
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function. Then
Z (zi) < f (Zx) —1)£(0) (2.127)

for all x; € [0,00), 1 =1,2,... k.

This inequality follows from (2.4), because

(.%‘1,1‘2,... E xz, ,...,

k 1 times

To prove a corresponding result for a convex sequence we shall use Corollary 2.7.10..
Namely, assume that ¢ : I — R is a nondecreasing convex function with an interval
I C R. Consider a convex sequence z = (20,21,...,2,) € I"1. Let pj € {0,1,...,n} for

k
J=12,... k with ) p; <n.
j=1

k
We also put p = (p1,p2,...,px) and m =2, q = (q1,q2) with g1 = > p;, g2 = 0.
j=1

k
Because p; € [q2,q1), j =1,2,...,k, for \j =p;/ > p;j €[0,1] we get
=1
pj =N+ (1= Aj)ge. (2.128)
We now introduce the 2 X k column stochastic matriz

)\1 ) )\2 )\k’

T=X , 1=Xy , ..., 1=X

Hence p=qS by (2.128).

On account of Corollary 2.7.10. we obtain the inequality
k
D 0(z,) < artp(zg,) + a2 (zg,), (2.129)

J=1

where a; 1is the sum of all entries of the ith row of S, 1 = 1,2. That is

g
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and
k ko,
GQZZ(l—/\j)Zk—Z kj :k—l.
= =5,
j=1

In summary, we deduce from (2.129) that

k

D w(z,) <v(zi )+ (k=19 ().

J=1 j=1 ’

This is the mentioned discrete counterpart for conver sequences of Petrovi c’s inequality
(2.127).
We shall now present a more general result. To this end, we utilize Theorem 2.7.26 with

b = (b1, by,...,b;) € ]le_. In consequence, we get the inequality

k
S bi(zp,) < @tz )+ azi(z), (2.130)
j=1 j:lpj

where a = (a1, as) is given by a = bST. Equivalently,

k
K 2. bip;
a =Y biAj ="
=1 > Dj
j=1
and
k
k k 21 bjp;
az =) bi(l=Aj) =) bj— "
=1 =1 . D
j=1

Thus we have established a discrete version (2.130) for convex sequences of the Giaccardi

inequality (see [139]).

2.7.3. Inequalities of Fejér and Hermite-Hadamard types

In this subsection we discuss some generalizations of Fejér inequality. In doing so, we invoke

to Theorem 2.7.26 to derive some inequalities with m = 2 terms on their right-hand sides.
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Theorem 2.7.27([131]): Let ¢ : I — R be a nondecreasing conver function defined
on an interval I C R. Let z = (21,292,...,2,) € I™ be a convexr sequence. Assume thal
b = (b1,b2,...,b,) € RY.

Then the following inequality holds

> " bi(z) < arp(z1) + aztp(zn), (2.131)
j=1
where
a = n—l[(n_ 1)b1+(7”L—2)b2+...+1-bn_1+0.bn], (2.132)
1
az = ———=[0-bi+1-by+ ...+ (n=2)bpy + (n = 1)bn]. (2.133)

In particular, if p(t) =t fort € I =R, then (2.131) reduces to

n
ijZj < a121 + ag2zn, (2.134)
j=1
where a1 and ay are given by (2.132)-(2.133).

Proof: Letm =2 and k =n. We denote

p=(p1,p2,--son)=(1,2,...,n) and q=(q1,9)=(1,n).

In addition, we take a = (a1, a2) with a; and as satisfying (2.132)-(2.133).

We shall construct an m x k column stochastic matriz S so that p = S is met as in
(2.122).

It is obvious that for each i € {1,2,...,n}, i can be viewed as a convexr combination of

1 and n, t.e.,

i=a;- 148 n, (2.135)

where
-1 —(i—1 ,— 1
o = (n=D=(=1) and ;= ! .
n—1 n—1

(2.136)

Evidently, a; > 0 and 5; >0 and a; + B; =1 by 1 <i < n.
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To show (2.135) with (2.136), notice that

S —(i—1 1
ai-l—I—Bi-n:(n )= G )-1+Z “n
n—1 n—1
B (’I’L*l)+(i*1)(n*1)_(i*lJrl)(n*l)_Z
N n—1 N n—1 n
It follows from (2.135)-(2.136) that
fori=1,
n—1 0
1= -1
n—1 +n—1 "
fori=2,
n—2 1
2= 1
n—1 Jrn—l "
fori=n-—1,
1 n—2
1= 1
" n—1 +n—1 "
fori=n,
0 1+n—1
n—1 n—1

We define the required 2 X n column stochastic matriz S as follows:

n—11 1, ... n—=2 n-1

It is not hard to check that

that is

0, 1, ... n—2, n—1
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Moreover, according to (2.132)-(2.133) we have

Therefore we find that

a=bs’.

We are now ready to apply Theorem 2.7.26 to m = 2, k =n, p; = j forj =1,...,k,
¢1 =1 and ¢ = n. Then we obtain inequality (2.151), as desired.
Furthermore, by letting ¢¥(t) = t for t € I = R, and using (2.131), we get (2.134)

completing the proof. O

From now on, for any positive integer n we use the following notation.

If n is odd, then

1 1
N=N=N="Tt_|ntl)
2 2
If n is even, then
1
N=N=2= "0 and M="41
2 2
A sequence b = (by,...,b,) is said to be symmetric about 241 if
bl = bn7 b2 = bn—17 ceey le—l = bN2+17 le = bN2~
Additionally, we define
%, when n is odd,
€n =
1, when n is even.
In Theorem 2.7.28 we assume that the sequence b = (by,...,b,) is symmetric about
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241 This allows to simplify the formulas (2.132)-(2.133) to the form
1
a1 = ag = < Zbl (2.137)

Theorem 2.7.28([131]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I C R. Let z = (21,22,...,2n) € I"™ be a convexr sequence. Assume that
= (b1,...,bn) € R is symmetric about 4.

Then the following Fejér type inequality holds

Zbﬂp (z;) < L) T ¥ Zb (2.138)

Proof: It follows from Theorem 2.7.27 that

D biv(z) < arth(z1) + agth(zn), (2.139)

j=1
where a1 and az are given by (2.132)-(2.133).
By the symmetry of b = (by,...,b,) about "L, we deduce that (2.132)-(2.133) can be

rewritten as (2.137).

Indeed, we see that

1
a; = n_l[(nfl)ble(n*Q)bgjLJrlbnflJrObn]
1
= n_1[(n—1)b1—|—...+(n—N1—|—1)bN1_1+(n—N1)enle

+(n — N2)€nbN2 + (TL — Ny — 1)bN2+1 +...40- bn],

because

(n — Nl)enle + (n - NQ)EnbNQ
(n—5)bz +(n—5 —1)bayy for even n

(n— n$1)l bn+1+( _”T“)%bnTH Jor odd n

b

N3

w3

+ (3 = 1bzyy for evenn
1

to=bni for odd n.

2

94 Chapter 2.. Sherman type theorems and applications



Ptolemy Scientific Research Press https://pisrt.org/

Therefore,

a

1
= n_l[(n—1+O)b1+...+(n—N1—|—1—|—n—N2—1)bN1_1—|—(n—N1—|—n—N2)enbN1]

1
= (=1 (b .+ b1+ enbyy)

1 l —
= 2(b1+b2+...+bn1+bn)—2;bi,

as wanted.
In a similar way we obtain from the symmetry of b = (by,...,by) about "T‘H that
1
ay = nil[o'b1+1'b2+"'+(n_2)'bn—1+(n—1>‘bn]
1
= 0 but 1 bt (0 =2) bt (n—1) - bi]
- 1_22‘—1 :

So, by (2.137), we infer that inequality (2.139) gives (2.138). This completes the proof.
O

By making use of Theorem 2.7.28 with the identity function ¥ (t) =t for t € I = R,
we get the following right-hand side of Fejér type inequality for convex sequences due to

Latreuch and Belaidi [102, Theorem 1.4| (cf. Theorem 2.7.24):

n 21 + n

1 n
E ijj S B E bl'.
]:]_ =1

A next specification of Theorem 2.7.28 leads to the Hermite—-Hadamard type inequality

for a convex sequernce.

Corollary 2.7.11.([131]): Let i) : I — R be a nondecreasing convex function defined

on an interval I C R. Let z = (21, 22,...,2y) € I™ be a convez sequence.
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Then the following Hermite-Hadamard type inequality holds

1< 1/}(21) + w(zn)
— )< — .
3wl < TR (2,140
7j=1
Proof: We put
1
b= (by,...,by) = ﬁ(l,...,l) e RY.
It is clear that b is symmetric about nTH
In light of Theorem 2.7.28 we see that
- 1/1(21) + w(zn) S
ijw(zj) < Zbl (2.141)
]:]_ =1
We also have
- 1
Zbi =n-—=1.
; n
=1
So, it follows from (2.141) that (2.140) is fulfilled. O

By Corollary 2.7.11. for the identity function ¢ (t) = ¢t with ¢ € I = R we get the
following right-hand side of Hermite-Hadamard type inequality due to Latreuch and Belaidi

[102, Section 4] (cf. Theorem 2.7.24):

1 & 21+ zn
- < :
J=1

We now focus on some inequalities with & = 2 terms on their left-hand sides. To do so,

we interpret Theorem 2.7.26 in the following way.

Theorem 2.7.29([131]): Let ¢ : I — R be a nondecreasing convex function defined on
an interval I C R. Let z = (21, 22,...,2n) € I™ be a conver sequence. Let by, by > 0 and

p1,p2 € {1,2,...,n}, where
pr=1-AM+2-X+...4+n- A\, (2.142)

pro=1-p1+2 -po+...4n- ly (2.143)
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n n
for some \; >0, 4; >0,i=1,2,....,n, Y N=1=> ;.
i=1 i=1

Then the following inequality holds

bld)(zm) + b2¢(zp2) < Z aﬂ/}(zi)v
=1

where

a; =0by - Nj+ba-p; for i=1,2,... n.

Proof: Under the notation

p=(p,p2) and q=(q1,q2, ..,q)=(1,2,...

it follows from (2.142)-(2.143) that

P =495,

where S is the n X 2 column stochastic matriz given by

AL, p1

A2,  p2
S —

)\ny HUn

Moreover, from (2.145) we also obtain

(2.144)

(2.145)

,’I’l),

a=bS? with a=(aj,as,...,a,) and b= (by,by).

In summary, the usage of Theorem 2.7.26 for m = n and k = 2 yields inequality (2.144)

provided that (2.145) is satisfied.

O]

To give a next result, we now study the case of majorization (p1,p2) < (1,n).

Theorem 2.7.30([131]): Let : I — R be a nondecreasing convex function defined on

an interval I C R. Let z = (21,29,...,2,) € I™ be a conver sequence. Let by, by > 0 and
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p1,p2 € {1,2,...,n}, where

pr=1-M+2-X+...4+n-A\,

n

for some 0 < \; < %, i=1,2,...,n, YA =1.
i=1
If (p1,p2) < (1,n), then
D19(2p,) + bath(2,) <D aith(2:),
i=1

where

2
ai:bl-)\i-l—bg‘(—)\i) for i=1,2,....,n.
n

Proof: We denote

p=(p1,p2) and q=(q1,92,---,qn) = (1,2,...,n).

We have

p1+pr=n-+1,

because the pair (1,n) majorizes the pair (p1,p2).
It is easily seen that

2
n+1:ﬁ(l—|—2+...—|—n).

By virtue of (2.146), (2.149) and (2.150), we have

2 2 2
p2—1~<—/\1>—|—2~<—/\2>—|—...+n-<—)\n>.
n n n

In addition, % —X>20fori=1,2,...,n, and
n n
2 2
Z(n—)\i> —n 2oy a=2o1=1
i=1 i=1
By introducing

2
wi=——X fori=12....n,
n

(2.146)

(2.147)

(2.148)

(2.149)

(2.150)

(2.151)
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we find that (2.151) implies (2.143), and (2.148) implies (2.145).

So, we are permitted to utilize Theorem 2.7.29. Therefore we get (2.144). Further, we
also obtain inequality (2.147) as a consequence of condition (2.148). Thus the proof is
finished. Ol

Corollary 2.7.12.([131]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I C R. Let z = (z1,292,...,2,) € I" be a convexr sequence. Let p1,pa €
{1,2,...,n}, where

pr=1-M+2-X+...4+n-\,

n
for some 0 < \; < %, 1=1,2,...,n, Zl)\i: 1.
1=
Assume that the pair (p1,p2) is magjorized by (1,n).

Then the following inequality holds

S00) + 50(m) < ) (2152)

In particular, if p1 = p2 = "TH (with odd n) then
1 n
6 (en) <3 0a). (2.153)
=1

Ifpr =5 and po = § + 1 (with even n) then
1 1 1 «
5¥ <Z§> oY ('%“) = >_vlz) (2.154)

i=1

Proof: By letting by = by = % we find from Theorem 2.7.30 that
1 1 /2 1
ai:-)\i—l—~<—)\i>: for 1=1,2,...,n
n n

by (2.148).
Therefore inequality (2.147) can be restated as (2.152), which was to be proved.
Inequalities (2.153)-(2.154) are simple consequences of (2.152). O

Remark 2.7.21.: Let py = Ny — c and ps = Ny + ¢, where Ny = Ny = ”TH for odd n,
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and N1 = § and Ny = 5 + 1 for even n.
It is not hard to verify that the majorization (p1,p2) < (1,n) is met. So, inequality

(2.152) can be rewritten in the form

%w(zm,c) + %¢(ZN2+0) < % Z V(z) (2.155)

(see [118, p. 56]).

By taking v (t) =t with t € I = R, we infer from inequalities (2.153)-(2.154) that

n
1 .
Zngl < — E z;, when n is odd,
2 n
i=1
n
1 1 < 1 h .
22% + 22%“ =~ El zi, when n is even,
1=

(see Theorem 2.7.24). This can be though of as the left-hand side of Hermite-Hadamard

inequality for a convex sequence z = (21, 22, ..., 2n) € R (cf. (2.117)).

2.8. Further inequalities for convex sequences and nonde-
creasing convex functions

In this section, we derive inequalities of the Hammer-Bullen type for convex sequences
and nondecreasing convex functions. We demonstrate an extension of a recent Farissi’s in-
equality. We also provide an inequality of Fejér-Hammer-Bullen type for convex sequences.
Finally we give some results related to an Hermite-Hadamard like inequality by Latreuch

and Belaidi. The results of this section are cited from [122].

2.8.1. Introduction and summary

We begin this expository subsection with the Hammer-Bullen inequality [28, 58], which

provides a refinement of the Hermite-Hadamard inequality (2.117).
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Theorem 2.8.31 (Hammer-Bullen inequality, [28, 58]): Assume that f: 1 — R is

a convex function on an interval I = [a,b]. Then we have

1
b—a

a+b> 1 fla) + f(b) (2.156)

b
1 1
[1@as < @+ 5o (50 + oo < T

In [46] Farissi showed the following refinement of (2.117).

Theorem 2.8.32([46]): Assume that f : I — R is a convez function on an interval

I = [a,b]. Then for all pn € [0,1], we have

IN

—a

("5 <t = 52 jfqusum

where

ZWquwa+€_”m>+@_MV<G+NW;@—MM>7

L) i= 5 (ub+ (1= )a) + uf(a) + (1= ) F(D)]

Some discrete inequalities of the Hermite-Hadamard-Fejér type with two terms on their
right-hand sides similarly as (2.116)-(2.117) are presented in [131]. In this section we deal
with discrete inequalities with three terms on their right-hand sides like in Theorems 2.8.31-
2.8.32 (see (2.156)-(2.157)).

In Subsection 2.8.2.; by using Theorem 2.7.26, we establish Hammer-Bullen type in-
equalities for convex sequences and nondecreasing convex functions. A main result of this
type is Theorem 2.8.33. To prove it, we construct a required column stochastic matrix
with the property that the relevant set of the three indices {1,A -1+ (1 — A\)n,n} on

the right-hand side of inequality is sent onto the set {1,2,...,n} on the left-hand side of

inequality.
In particular, Theorem 2.8.33 employed for the uniform distribution b; = %, 1 =
1,2,...,n,leads to Corollary 2.8.13.. Its special case yields an extension of Farissi’s inequal-

ity [46] with convex sequences in place of convex functions (cf. Corollary 2.8.14. and The-

orem 2.8.32).

2.8. Further inequalities for convex sequences and nondecreasing convex functions
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Subsection 2.8.3. is devoted to our problem applied to a symmetric sequence (b1, ba, ..., by).
In this context we derive an inequality of Fejér-Hammer-Bullen type (see Theorem 2.8.34).
As an application, we provide a discrete version of the classical Hammer-Bullen inequality
(cf. Theorem 2.8.31 and Corollary 2.8.15.). Next, for a symmetric probability sequence b;,
we get a discrete Hermite-Hadamard inequality (see Theorem 2.8.35).

In Subsection 2.8.4. we deal with some generalizations of an Hermite-Hadamard like
inequality due to Latreuch and Belaidi [102] (see left-hand side inequality (2.121) and
Theorem 2.8.36). The key of our considerations is a construction of a column stochastic

matrix suitable to indices labeling elements of a convex sequence z involved in inequalities.

2.8.2. Hammer-Bullen type inequalities for convex sequences

In this subsection we are going to establish some generalizations of the right-hand side of
the Latruech-Belaidi inequality (see Theorem 2.7.24). Our results concern a nondecreasing
convex function 1 as well as coefficients b;, ¢ = 1,2,...,n, in place of % As announced
previously, we prefer to study inequalities with m = 3 terms on the right-hand side.

The first inequality (2.160) is of Sherman type with parameters y(i), i = 1,2,...,n,
running over a corresponding set as in (2.159).

We denote

(n—1)—(i—1) i1

and B(i) = i=1,2,...,n. (2.158)

a(i) =

n—1 n—1

Theorem 2.8.33([122]): Let ¢ : I — R be a nondecreasing convezx function defined
on an interval I C R. Let z = (21,22,...,2n) € I" be a convexr sequence. Assume that
b = (b1,b2,...,b,) € RY. Let A € (0,1).

If for eachi=1,2,...,n,

y(i) € [O,min{aii, fﬁ%}] , (2.159)
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then the following inequality holds

ijw(zj) < a1(z1) + agyp (ZA~1+(1—>\)n) + asp(zn), (2.160)
j=1
where
ar =Y bila(i) — My(i)], (2.161)
=1
ay = biyli), (2.162)
i=1
as =Y _ bi[B(i) — py(i)] (2.163)
=1
with pt=1— A\,

In particular, if Y(t) =t, t € I =R, then (2.160) reduces to

n

Z ijj <aiz + 2214 (1-\)n + aszzn. (2.164)
j=1

Proof: We define
P = (p17p27 cee 7p7’L) - (1727 oo 7n) and q-= (QLQ%QS) = (17)\ -1 + (1 - /\)nvn)

We also set a = (a1, az2,a3).
By Theorem 2.7.26 with m = 3 and k = n, it is enough to construct a 3 x n column
stochastic matriz S such that p = qS and a = bS” as in (2.122). That is, we need to find

matriz S satisfying

(L,2,...,n)=(L,A-1+(1—XNn,n)-S, (2.165)
and
(a1,a2,a3) = (b1, ba, ..., by) - ST, (2.166)
where
z(1), =(2), ..., x(n)
S=1 y), y?2), ..., yn) (2.167)
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and (z,y,2)T = (2(i),y(i), 2(i))T is the ith column of S, i =1,2,...,n.
To do so, we shall build and solve a linear system with unknowns (1), y(i), z(i) for
1=1,2,...,n, fulfiling some adequate restrictions.

Namely, it follows from p = qS that
i=pi=z() - 14+y@)[A-14+ (1 —=X)n]+2(i)n, (2.168)
which gives
i=(@+Ay) - 1+[1—-Ny+ zn,

and further

i=a-1+p-n foreachic{l,2,...,n}, (2.169)

with o = (i) and 8 = B(i) given by (2.158). Obviously, « >0, >0 and a+ =1 by
1 <71 <n.

In consequence, we get the linear system

Tz + Ay =« 0<z<1
1-Ny + z =8 subject to 0<y<l1 (2.170)
T + Y + z =1 0<2z2<1
By the column stochasticity of S, it is solved by
T o=a—\y STEy<s
z =—-(1-Ny subject to 0<y<l1 7 (2.171)
-1 B
= SYS 14
where the parameter y runs over the set (2.172).
To prove that the system (2.171) is consistent, we need to show that
a@) =1 a@)] [BGE) -1 B()
1 2.172
piayn |20 20 0 [HOd 0] (2172

foreachi=1,2,... n.
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In fact, by (2.158), for i =1,2,...,n, we have

and
B(i) —1<0<pB(i) <1
Therefore
1 ;
aD=1 g2 i 19 (2.173)
A A
Bi) —1 B(i) .
<0< = RN .
T _0_1_)\ fori=1,2,...,n (2.174)
Hence

0€0,1n [O‘(i){ L aii)] N [BY)__; fﬁil] # 0,

which completes the proof of (2.172).

Furthermore, it follows that

(i) a(i) _ (i)
AN <
NS 1, whenever v ST
and
B(i) a(i) _ B(i)
< —_— > .
1= 1, whenever X 21

To prove the former, suppose not. Then 1 < # Since @ < %, we get 1 < fg\ In

consequence, A < a(i) and 1 — X < B(i). For this reason, 1 = A+ (1 —\) < a(i)+6(i) =1,
which is a contradiction.

To see the latter, use a similar manner of the proof.

Summarizing all of this, we obtain

o< {20, 20y

On the other hand, (2.173) and (2.17}) ensure that

{O’mm{ay)’ 1/8£Z))\}] _[0.1]n [a(i)/\— 17 aii)] ﬂ mz)_;l 1,6’?)@ . (2.175)
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The statement (2.172) guarantees the existence of y = y(i) for i = 1,2,...,n satisfy-
ing (2.171). This implies the existence of matriz S determined by (2.167) with properties
(2.165)-(2.166).

In light of (2.167), (2.171) and (2.175), it holds that

Ct(l) - )‘y(l)v Q(Q) - )‘y(2)7 RS Oé(?l) - /\y(n)
S = y(1), y(2), y(n) , (2.176)
BA) = A =Ny(1), B2)-1-=Ny?2), ..., B(n)—(1-ANyn)
where
y(i) € [O,min{aiz), fﬁzl}] . i=1,2,....n.
In addition, a(i) + B(i) =1 fori=1,2,...,n, so S is column-stochastic, as required.

It follows from equalities (2.161)-(2.163) and (2.176) that the condition (2.166) is sat-
isfied. Moreover, (2.168) is also met by (2.169) and (2.170), so (2.165) holds true.

On account of Theorem 2.7.26, inequality (2.160) is valid, as claimed.

Finally, (2.164) follows from (2.160). O

Corollary 2.8.13.([122]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I CR. Let z = (21, 22,...,2,) € I"™ be a convexr sequence. Let X € (0,1).

If for eachi=1,2,...,n,

then the following inequality holds

1 n
- D h(z) < artp(z1) + ag (21 -nyn) + a3th(zn), (2.177)
j=1
where
=5 LSy and a1
a1—2 ag, (Q—ni—lyz, an a3—2 ag.

Proof. We set

1
b= (brbaeiba) = (L1, 1),
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By virtue of Theorem 2.8.33, inequality (2.177) holds with

= % (Za(i) —AZy(i)), (2.178)
=1

=1

= =3 yl) (2.179)
=1
as = ;(Zﬁ(i)—(l—A)Zy(i)) (2.180)
=1 i

Simultaneously, by (2.158) we get

n

L i—1 n
;B(Z):Zn—IZQ'

=1

Likewise,

o= (1-5) < 5

=1 =1

Thus conditions (2.178)-(2.180) become

1(n LI 1
a; = n<2—>\zy(l)>:2—)\02a

i=1
a2 :% y@)a
i=1
1 n \ . 1 \
az = " 5—(1— );y(z) —5—(1— )az

So, the proof of Corollary 2.8.13. is finished. O
As a corollary to the last result we now demonstrate a discrete version (of right-hand

side) of Farissi’s inequality (see Theorem 2.8.32).

Corollary 2.8.14.([122]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I C R. Let z = (z1,22,...,2,) € I" be a conver sequence. Let X € (0,1).

Then the following inequality holds

% Z ¥(2j) < a19p(21) + gt (2a141-nn) + aztb(2n), (2.181)
=1
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with
1
a; = 5 — AGQ, (2.182)
(M]=D)[M] | (n—[M]—1)(n— [M])
_ 2.183
2 2u(n —1)n * 2\(n —1)n ’ ( )
1
ag = 5 — paz, (2.184)
where p=1—X, M = pu(n — 1)+ 1 and [M] stands for the entire part of M.
Proof: Foreachi=1,2,...,n, we take
y(i) = min {O‘S , fg} : (2.185)
and
1
b= (b1, ba, ... bp) = ~(1,1,...,1).
n
We deduce from Corollary 2.8.13. that (2.181) holds with
1
a = 5 - Aag, (2.186)
I~ .
ay = —» y(i), (2.187)
gt
1
as — 5 — (1 - )\)(ZQ. (2188)

We need to show that under the help of (2.185) condition (2.187) reduces to (2.182).

It is not hard to verify that

ay)<5fj> i a@) <A W BO)>u iff i>pn—1)+1
and
04;2)>5/(j) if al)>Xx iff BG)<p iff i<upln—1)+1.
So, we have
. # for i>pun—1)+1=M,
va =9
; for i<upun—-1)+1= M.
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For this reason ay in (2.187) can be restated as follows:

m el 3 SR B
=1

1<i<M M<i<n

= Y Bty Y al)

pn o £ .
1<i<[M] [M]4+1<i<n

Now, by employing (2.158) we find that

1 71— 1 1 n—1)—(1—1
D D L

pn 1<i<[M] [M]+1<i<n
_ 1 (M- 1 (= [M]-D(n - [M])
un(n —1) 2 An(n —1) 2 )
Thus (2.182) follows, which completes the proof of Corollary 2.8.14.. O

Remark 2.8.22.: In the previous corollary, we have M = p(n — 1)+ 1 and n — M =

A(n — 1). Moreover,

M-1 [M]—1 1
0< - < — 0 when n — oo.
pn=1)  pln—1) 7 pn—1)
Consequently,
M —
[]71%1 when n — oo,
p(n —1)
and
n— [M] n—M 1
< — < h .
0_)\(”_1) )\(n—l)_)\(n—l)%o when n — oo
Hence

n — [M]

m—)l when n — oo.

Therefore for large n we get (see (2.183))
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and
1 1 1
N —— - ==\
BT Ty

This is approximately in accordance with continuous case (see Theorem 2.8.32).

2.8.3. Fejér-Hammer-Bullen inequalities with symmetric sequence b

Throughout this subsection, if n is odd, then we set

N =N; =Ny =

n+1_n+1
2 | 2 |’

and, if n is even, then we set

1
NeN =2 |25 and Ny=2a,
2 2
where the symbol [”TH] stands for the entire part of "TH
A sequence b = (b,...,by,) is said to be symmetric about ”T‘H if
bl = brm b2 = bn—17 cey le—l = bN2+17 le = bNQ'

In order to abbreviate some notation, we also introduce

%, when n is odd,

1, when n is even.

For instance, the following identity is of interest

bici +baca + ... + bpcy
= bl(Cl +Cn)+b2(62+cn_1)+... (2.189)

+bn,—1(cN =1 + eNy41) + €nbn, (e, + cny)

for any real symmetric sequence by, bo, ..., b, and real sequence cy, ca,...,Cp.
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If in addition
c1+c,=2K, co+cp1=2K, ..., CNi—1+ CNyt1 = 2K, CN, +CNy, = 2K,
then the identity (2.189) can be rewritten in the form:

bici +baco + ...+ bpep, = 2K(by + b2+ ... +bn,—1 + €:.0N,)

= K(b1+b2+...+bn).

We also define
~ bl fori:1,2,...,N1—1,

enbn, for ¢ = Njy.

Theorem 2.8.34([122]): Let ¢ : I — R be a nondecreasing conver function defined
on an interval I C R. Let z = (21,22,...,2,) € I" be a convexr sequence. Assume that
b = (b1,ba,...,b,) € R is symmetric about ”TH

Then the following inequality holds

> bt(z) € arv(z) + asw (2nn ) + agih(zn), (2.190)
j=1
where
n/2 A
N i1 ;bi (1 — 2;__11> for even n,
a —a3:Zbi (1—2n_1> =4 oD | (2.191)
i=1 b (1 - 2:;11> for odd n,
i=1
n/2
Moo 4> b; :;11 for even n,
_ A — i=1
a2 =4 b =1 s (2.192)
=1 4 3 bl b% for odd n.
i=1
Proof: Let \ = % and p=1—-X= % For eachi=1,2,...,n, we take
~ ~ 28(i), i=1,2..., Ny,
y(i) = min {ozi\z ﬂl;} ]P0 ' (2.193)

20(i), i=Na,...,n.
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In light of Theorem 2.8.38 one sees that inequality (2.190) holds whenever conditions
(2.161)-(2.163) are satisfied. Therefore, by using (2.193), we shall show that conditions
(2.161)-(2.163) become (2.191)-(2.192).

Namely, it follows from (2.161) that

0 = Zn:bi <a(i)—;y(i)>

i=1
Ni—1
= Z bia(i) + enbn, a(N1) + enbn, o Z bia(i
i=1 i=Na+1
L [
_5 Z bly + 6nbN1y(]Vl) + Enszy N2 Z bzy
i=No+1
N LM
=Y bia@) +an+1-i) =5 > bi(yi) +y(n+1-1i)
i=1 =1
1 N1 i1
_ b _ — (1
(o) = ) = 30 (1- 2027
=1 i=1
So, for even n we have
ib 19l d
ay = i [ 1—
! pt n—1
and, for odd n,
Ni—1 =t
- -1\ =~ Ny —1 = i—1
Zb( >+le(1—2n_1)_;bi<1—2n_1),
completing the proof of (2.191) for a;.
Similarly, condition (2.162) in Theorem 2.8.33 gives
n Ni—1
az = byl Z biy(i) + ebn, y(N1) + ebn,y( Z iy (i)
i=1 i=Na+1
Ni—1
= > bi(y(i) +y(n+1—1)) + ebn, (y(N1) + y(N2))
=1
o, -1
— 25 b (B 1-i) =4 b
; (B(i) + a(n+1 1)) ; —
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For example, for even n,

=1
and for odd n,
Ni—1 ";1
L Ny —1 N i—1
CLQ 1 - Zlbz +bn+1
1=

which proves (2.192).
Thanks to condition (2.163) in Theorem 2.8.33 we infer that

aszzb( —y())

Ni—1
= > biB(i) + enbn, BIN) + nb, B( Z biB(i)
i=1 i=No+1
1 Ni—1
_5 Z bzy + EnbN1y(N1) + Enszy N2 Z bly
i=No+1

:Zb )+ Bn+1—1) ——Zb i) +y(n+1—1i)

_ ;@(a(i)—ﬁ(i)):;a< ;:D -

Thus the proof is completed. ]

Theorem 2.8.35([/122[): Let ¢ : I — R be a nondecreasing convezr function defined

on an interval I C R. Let z = (21,22,...,2n) € I" be a convexr sequence. Assume that

b = (b1,b2,...,b,) € R is a probability sequence symmetric about "+1

Then the following inequality holds

Y1) +9(zn)

2.194
), (2194

D bjib(zg) < argp(z1) + agy) (ZHTH> + asp(zn) <

j=1

where a1 = a3 and ay are given by (2.191)-(2.192).
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Proof: By Theorem 2.8.84 we need to show that

$(z1) + ()

a1¢(zl)4—az¢)(zz%;> + agth(zn) < 5

It is easily seen that

(G (ZnTH) < W

In fact, we have (”—H ntl

So, from Majorization Theorem we obtain

Yy, (n ;_ 1) + Yy (n; 1) < wtpz(l) + MOZ(”),

where @, is given by (2.118). Equivalently,

P(zngr) +P(2nsr) <P(21) + 9 (z0),

which forces (2.196).

In consequence, the vector

- (L o) e

is nonincreasing. Hence the rearrangement inequality ensures that

(d,x) < (d,y),

(2.195)

(2.196)

515 ) =< (1,n), where < denotes the majorization preorder on R?.

(2.197)

whenever x = (11,72), ¥ = (y1,v2) are two vectors in R? such that x <y and y1 > ¥s.

Here the symbol (-,-) denotes the standard inner product on R2.

It remains to prove that

G;) < (2a1,as) < (1,0).

(2.198)
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According to (2.191)-(2.192) and (2.189) (with ¢; =1,i=1,2,...,n), we deduce that

N i1 N N n
201 +az =2 b <1—2n_1>+42bin_1:22@:2@-:1. (2.199)
i=1 =1 i=1 =1

Additionally, 2a1,a2 € [0,1]. Indeed, by N1 < ”T‘H, we get 2(N1 — 1) < n—1. On the

other hand, we have 2(i — 1) < 2(Ny — 1) for i =1,2,..., Ny. By combining the last two

i:l >0

n—1 =

inequalities we derive 2(i — 1) <n—1 fori=1,2,...,N1. Thus we obtain 1 — 2

n—1

fori=1,2,..., Ny, which implies % b: (1 — 2i_1> >0, since [,;Z > 0. Now, on account of
(2.191) we establish that a; > 0. .

Furthermore, we have ag > 0 by (2.192) with b~2 > 0. Simultaneously, 2a1 + as = 1,
s0 2a1 < 2a1 +as =1 and as < 2a1 + a2 = 1. Hence 2a1 < 1 and ay < 1. Therefore
2a1,a2 € [0,1] with 2a1 + ap = 1 and § < max{2ay,a2} < 1. Thus we get (2.198), as
clarmed.

Finally, it is a consequence of (2.197) and (2.198) that

o PN ER) |y (o) <1 B (Y
which implies (2.195), as wanted. O

Remark 2.8.23.: By (2.197)-(2.198), the last inequality in the above proof can be up-
dated in the following manner provided that 2a; > a9 (e.g., see Corollary 2.8.15.):

100+ 50 (2an ) + 0(n) S @w(e1) + (a1 ) + asb(en).

From Theorems 2.8.34-2.8.35 we obtain a discrete version of Hammer-Bullen inequality

(cf. Theorem 2.8.31), as follows.

Corollary 2.8.15.([122]): Let ¢ : I — R be a nondecreasing convex function defined
on an interval I CR. Let z = (21, 22,...,2,) € I" be a convez sequence.

Then the following inequality holds

Y1) +¥(zn)

%Zw(zj) < a1(z1) + agyp (ZnTH) + azy(zn) < 5 ;

Jj=1

(2.200)
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where
1 1 PR
7+ if n 1S even,
ap=ag=2¢ * D / (2.201)
% + ﬁ if n is odd,
n—2 ; ;
if n is even,
ag=¢ Y (2.202)
”2—;1 if n 1s odd.

Proof. With the setting b = %(1, ...,n) in Theorem 2.8.35, we reduce the statements
(2.191)-(2.192) in the following way.

For even n,

=1 i=1
For odd n,
i : agt .
a1:a3:zbi< 2111>:;Z(1_2;__11>:i+41n
i=1 i=1

By utilizing (2.192) with even n, we get

According to (2.192) with odd n, we have

n—1 n—1

ag =

n—l on

3

=1

This finishes the proof of Corollary 2.8.15.. O

2.8.4. Further inequalities for convex sequences
This subsection is devoted to deriving some results related to the left-hand side inequality

(2.121). We emphasize the usage of some indices other than ”TH

Theorem 2.8.36([122]): Let v : I — R be a nondecreasing convex function defined on
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an interval I C R. Let z = (z1,22,...,2,) € I be a convex sequence.

Then for arbitrary nonnegative by, bs, bs,

b1 (2n+1) + bath (22041 ) + b3t (Z3nme1) ) < E a;i(zi), (2.203)
2 3 An+2 1
where
TSI L 6. by fori=1,2 (2.204)
i = — =1,2,...,n. )
@ n ot nn+1) 2 nn+1)(2n+1) 3 ore

Proof. Evidently,

1 1
S(42d. . an) =100 (2.205)
n 2
2 2n+1
— (124224, 40 = 2.206
n(n + 1)( T2 A ) 3 7 ( )
3n(n+1)
PB4+ 4. +nd)="0""" 2.207
n(n+1)(2n+1)( T4 4n 4+ 2 ( )
We set
y - n+1 2n+1 3n(n+1)
P =\P1,P2,P3) = 2 5 3 ) An + 2
and
q: (q17qQ7"‘7Q7’L) - (1727"'7n)'
By virtue of (2.205)-(2.207) we have
1 1 1
prL=—q+—-q¢+...+—qn (2.208)
n n n
2.1 2.2 2.n
= + .o+ —qn. 2.209
612 6 - 22 6 - n?
ps = G+ ..+ n (2.210)

nn+)2n+1)™
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We now define n x 3 matrix S by

1 2-1 6-12
n’ n(n+1)’ n(n+1)(2n+1)
1 2-2 6-22

S — n’ n(n+l)’ n(n+1)(2n+1)
1 2-n 6-n>
n’ n(n+1)’ n(n+1)(2n+1)

It is clear that the matrix S is column-stochastic, and that p = qS (see (2.208)-(2.210)).

So, by Theorem 2.7.26 (for m = 3) we can write

b1t (2p, ) + bath(2p,y) + bsto(zp,) <D aith(z)

where

a=bS” with a= (a1, ag,...

with b; > 0, j = 1,2, 3.
By (2.212) we see that

)

S|=

I

. 3=

((I]_,(IQ, v 7an) = (b17b25b3) .

[—=

=1

,an) and b:(bl,bg,bg)

2-1 6-12
n(n+1)’ n(n+1)(2n+1)
2:2 6-22

n(n'-‘,-l) > n(n+1)(2n+1)

2:n 6-n?
n(n+1)’ n(n+1)(2n+1)

Therefore

1b N 2.1 612

a] = —

P T e+ ) T ntn+ D@n+ 1) Y
1b N 2.2 6 - 22

ap = —

T T A+ D) Y T nn+)@2n+1)
1 2. 6 - n?

an:—bl i n b3.

b
n Jrn(n—l—l) 2

nn+1)(2n+1)

(2.211)

(2.212)

(2.213)

(2.214)

(2.215)

In addition, (2.211) is met under conditions (2.213)-(2.215), and (2.213)-(2.215) amount

to (2.204). So, the proof of (2.203) is completed. O
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2.9. Sherman like inequalities for strongly convex functions

In this section we deal with strongly convex functions, a subclass of convex functions with
stronger versions of analogous properties. We present versions of the Lah-Ribari¢ inequality,
Sherman’s inequality and its converse for strongly convex function. As easy consequences,
we get Jensen’s and Majorization inequality and their conversions for strongly convex
functions. We also extend Sherman’s theorem to the class of strongly convex functions of

higher order. Results of this section are cited from [65].

2.9.1. Strongly convex and n-strongly convex functions

For the purposes of the following results, we give definition of strongly convexity, the
concept introduced by Polyak [140], which has a wide appearance in many different fields
of applications, particular in many branches of mathematics as well as optimization theory,

mathematical economics and approximation theory.

Definition 2.9.22.: A function f : I — R is called strongly convex with modulus
c>0if

FOz+ (1= Ny) < Af(2) + (1= N f(y) = A1 = N)(@ —y)? (2216)

for all z,y € I and A € [0, 1]. A function f is called strongly concave with modulus c if

— f is strongly convex with modulus c.

Remark 2.9.24.: Note that a function f that satisfies (2.216) with ¢ =0, i.e.

fQz+ (1 =Ny) <Af(z) + (1= AN)f(y) (2.217)

for all z,y € I and A € [0,1],is convex in a usual sense. Specially, if the inequality in
(2.217) is strict, then f is called strictly convex.

It is well known that following implications hold:

strongly convex = strictly convex = convex.

2.9. Sherman like inequalities for strongly convex functions
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But the reverse implications are not true, in general. For example, the function f(z) = 2

is strongly convex and also strictly convex and convex on R . The function g(z) = e” is
strictly convex and convex but not strongly convex on R. The function h(x) = x is convex

but neither strictly nor strongly convex on R.
Here are some examples of strongly convex functions.
Example 8.: A square function f(t) = t? is strongly convez on (0,00] with ¢ = 1.

Example 9.: Let consider the functions defined on (0,a] for some a > 0. Then:

— _ 1.
a) f(t) = —Int is strongly convexr with c = 5 7;
b) f(t) = —1Int is strongly convex with ¢ = %
¢) f(t) = tInt is strongly conver with ¢ = 5-;
— ; ; — _1
d) f(t) = (Vt— ) is strongly convex with ¢ = va

Following R. Ger and K. Nikodem [56], we give definition of higher order strongly

convexity in terms of divided differences.

Definition 2.9.23.: A function f : I — Ris strongly convex of order n with modulus

¢ > 0 (or n-strongly convex with modulus ¢ > 0) if

(20, ey 205 f] > € (2.218)

for all zg,...,2n € I.

The concept of strong convexity is a strengthening of the concept of convexity and some
properties of strongly convex functions are just stronger versions of analogous properties
of convex functions.

We quote few useful characterizations through the following remark.

Remark 2.9.25.: a) Note that 2-strongly convex function with modulus ¢ is just strongly

convex function with modulus ¢ as given by (2.216).
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For n = 2, the condition (2.218) is equivalent to

f(20) N f(z1) n f(22)

(20 —21)(20 — 22) (21 — 22)(21 —20) (22 — 21)(22 — 20) =¢

or

zZ9 — 21 21 — 20

f(z1) < f(z0) +

po—— p— ZOf(ZQ) —c(z2 — 2z1)(21 — 20).

b) A function f : I — R is strongly n-convex with modulus c iff the function g(z) =
f(x) — cx™ is n-convex.

¢) A function f : I — R is strongly n-convex with modulus ¢ iff £ > enl.

d) A function f : I — R is strongly convex with modulus ¢ > 0 iff for every x¢ € Intl,

there exists [ € R, such that
f(x) > f(xo) +1(z — z0) + c(x — 20)?, z €1, (2.219)

i.e. f admits a quadratic support at every interior point of its domain.

For more information see [56, 134, 135].
The following Jensen’s type inequality for strongly convex function is valid (see [126]).

n
Theorem 2.9.37: Let x = (x1,...,xy) € I", p = (p1, .., pn) € [0,00)" with Y p; =1
i=1

n

and T = Y piz;. For a function f : I — R strongly conver with modulus ¢ > 0, the
i=1

following inequality holds

f <Zpi37i> < pif(wi) — > pilai —z)%. (2.220)
i=1 i=1 i=1

If we compare (2.220) with the classical Jensen’s inequality (1.6) for a convex function
f, we can see that the inequality (2.220) includes a better upper bound for the term
f <Z pixi> since ¢ Y pi(x; — )% > 0. Specially, for ¢ = 0 the strongly convexity reduces
i=1 ‘

=1
to ordinary convexity, and (2.220) becomes (1.6).
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2.9.2. Sherman’s type inequalities and conversions

We start this subsection with the Lah-Ribari¢ type inequality for strongly convex functions

(see |65, 87]).

Theorem 2.9.38: Let f: I — R be strongly convex with modulus ¢ > 0. Let o, 3 € I,
l
a < B,x = (r1,..,21) € [, B]' and a = (ay,...,q;) € [0,00)" with > a; =1 and T =

! =
> ajxj. Then
j=1
! _ _ !
> af(xy) < g:zf(a) + Z — Zf(ﬁ) — e ai(B - zj)(x; — ). (2.221)
Jj=1 j=1

Proof: Since for strongly convex function we have

22 — 21 21— 20

f(z1) <

f(20) +

22 — 20 22 — 20

f(z2) = c(22 — 21)(21 — 20),

by substituting z1 = x5, 20 = [ and z1 = o, we get

@)+ S )~ el - ) )

flz) <

Now, multiplying with a; and summing over j we have

L !
l 5 - Z:l a;x; ;ajxj —a l
D) < ) + S )= (5wl )
as claimed. .

Now we give Sherman’s type inequality for strongly convex functions.

Theorem 2.9.39: Let f : [, 8] — R be strongly conver with modulus ¢ > 0. Let x =

(z1,....,77) € [, B1Y, y = (W1, 0y ym) € [0, B, a = (a1, ...,q;) € [0,00)}, b = (by,....bp) €

[0,00)™ and A = (ai;) be | x m row stochastic matriz such that

a=bA and y=xAT. (2.222)
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Then
l

m l m
S bif(yi) <D aif(z) —c| Y et = byl | (2.223)
=1 j j=1 i=1

Proof: Since Sherman’s conditions (2.222) hold, i.e. y; = Y xja;y;, 1 = 1,...,m and
j=1

m
a; = > bja;j, j =1,...,1, applying (2.220), we have
i=1

m m l
D bif(y) =D bif | Y wja (2.224)
i=1 i=1 =1

3

S Zawf (L'j _Czau i

:Z]f:c] —chZa” Yi)

j=1 =1 j=1
By an easy calculation, we get
l m l
Z a; f(xj) — CZ bi Z aij(z; — yi)? (2.225)
j=1 i=1  j=1
l m l
=D aif(ag) ey by ai(af — 2wy + )
j=1 i=1  j=1

Now, combining (2.224) and (2.225), we get (2.223). O

Remark 2.9.26.: a) If we compare (2.223) with Sherman’s inequality (2.10) for con-
vex functions, we can see that the inequality (2.223) includes a better upper bound for

Z bi f(y;) since ¢ (Z a,]x - Z bzyl> > 0 because t — t? is convex function and then

by Sherman’s inequality we have Z =1 jxg -y biy? > 0. Moreover, we get the double
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inequality

Zb fly) < Zajf ;) Zajfc —ZblyZ (2.226)
< Zajf(l’j)-
j=1

b) A classical majorization is a special case of the previous consideration. Namely, if

we put m =1 and takea=b =e=(1,...,1) € [0,00)™, then (2.222) becomes
e=eA and y=xAT.

The first condition e = eA implies that A is also column stochastic. Moreover, A is doubly
stochastic matrix. Then, the second condition y = xA” implies a classical majorization

y < x. Moreover, the inequality (2.223) reduces to

S ) < 32 fm) e (zxz . zys)
=1 =1 =1 =1
S Z f(ml)v
=1

which presents Majorization inequality for strongly convex functions. This inequality im-
proves Majorization inequiality for convex functions (2.4).

¢) Specially, for m = 1 and b = (1), the inequality (2.226) becomes

l l

Zajxj <Za]f (x5) ZCL]Z‘2—ZL‘

= Zajf(acj) - cZaj (xj — i‘)2
j=1 j=1
!
<> aif(z),
j=1

where 7 = 3

j=1a;%;, i.e. we get Jensen’s inequality for strongly convex functions (2.220).

Next we give conversion to Sherman’s inequality for strongly convex functions.
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Theorem 2.9.40: Let f : [a, 5] — R be strongly conver with modulus ¢ > 0. Let x =
(x1,....,77) € [, B]', y = (W1, s Ym) € [, B, @ = (a1, ...,a;) € [0,00)!, b = (by,...,bp) €
[0,00)™ and A = (a;j) be | x m row stochastic matriz such that (2.222) holds. Denote
> =1 bj = Bm. Then

! Bn.b — Ty L a;r; — Bpo
Zajf(xj) < Em? ﬁgjal L fla) + Z“B]_]a £(8) (2.227)

Proof: Using (2.222) we have

l l m m l
Zajf ('75]) = Z (Z bjaij> f (.7}]) = ij Zaijf (.1‘]) . (2.228)
Jj=1 = j=1

j=1 \i=1 i=1

Applying (2.221)-(2.222) we get

! —_ lA o ZA o
Zaijf (xj)éﬁ ZB:J_ ;a”xjf(awzflﬁafzj 218 (2.229)

—cZa” —zj)(xj; — ).

Now, combining (2.228) and (2.229), we get (2.227). O

Remark 2.9.27.: a) Specially, if m = 1 and b = (1), then (2.226) and (2.227) gives the

following series of inequalities

l l l

f Zajxj < Zajf(xj) —cZaj (x; — )

J=1 j=1 j=1
!
<Y ajf(=))
=1
B—3"_ ax; S ajz; —
< #f(a) + ]BT‘]C(B)

—cZa] —zj)(zj — ).

2.9. Sherman like inequalities for strongly convex functions
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i.e. we get Jensen’s inequality and its conversion for strongly convex functions.

b) If m=1and b=e=(1,...,1), then (2.226) and (2.227) gives

m l l m
S Hw) <3 fla) e Soa2 -y
=1 j=1 J=1 i=1
l
<> flzy)
j=1
8- lel Ly Zl':l Tj—«Q
S5, J@r=E B
l
- 62(5 — zj)(x; — @),
j=1

where 8 = mfB and @ = ma, i.e. we get Majorization inequality and its conversion for

strongly convex functions. This result improves (2.4) and (2.12).

2.9.3. Generalization of Sherman’s inequality for n-strongly convex func-
tion
In this subsection we present generalization of Sherman’s inequality to the class of strongly

convex functions of higher order. To prove that result we need the following identity, known

as Fink’s identity (see [47]).

Theorem 2.9.41: [{7] Let n € N, n > 1, and f : [a,] — R be such that f("~1 €
AC([ev, B]). Then

O n—w [ D(a)(s— ) — fED(B)(s — )
f(s)_ﬁ—a[lf(t)dt_; — T
1 7 n—1 (n)
ey A e R O (2.230)
where

P(t,s) = n b . (2.231)
t—06, a<s<t<pf

The sum in (2.230) is zero when n = 1.
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Now we prove new identity that involves Sherman’s difference.

Theorem 2.9.42: Let f : [a, 8] — R be such that f* Y € AC(|a,f]). Let x =
(z1,....,77) € [, B]', y = (W1, ey Ym) € [, B, @ = (a1, ...,a;) € [0,00)!, b = (by,...,bp) €
[0,00)™ and A = (a;;) be | x m row stochastic matriz such that (2.222) holds. Then

l m
Y aif(w) =Y bif () (2.232)
j=1 i=1
1 n—1 = l m
_ B_a Z nw'w f(w—l)(ﬂ) Zaj(xj —ﬁ)w_zbz(yz—ﬁ)w
w=2 j=1 i=1
1 n—1 l m
a2 T | sl @) = Y bl — o)
w=2 j=1 i=1
. 1
(n—=1)YB - a)
Bl m
[ [ astes = 0 Pty = 3 bl — 0 Pless) | £ 0,
¢ =t i=1
Proof: Applying (2.230) to the Sherman difference il ajf(arj)—zml bif (i), we get (2.232).
j= i=

O

The following generalization of Sherman’s inequality is valid.

Theorem 2.9.43: Let all the assumptions of Theorem 2.9.42 be satisfied. Additionally,

let f be n-strongly conver with modulus ¢ > 0.

If
l m
> ajla; — )" P(tx) = Y bilyi — )" P(ty) 20, t€ o, 8], (2.233)
j=1 i=1
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then
l m l m
Yoaifla) =D bif () —c | D azaf =y b (2.234)
j=1 i=1 j=1 i=1
1 a_w
2 08—« wZ:l w!
l m
[£70(8) = enfn =)ol = w + 28" 2| | Y aylay = B)" = Y bili — 8)"
j=1 =1
1 a_w
-« wz_:l w!
l m
. [f(wfl)(a) —cen(n—1)...(n —w+ 2)0/‘7‘“*2} Z aj(x; —a)" — Z bi(y; —a)®
j=1 i=1

If the reverse inequality in (2.233) holds, then the reverse inequality in (2.234) holds.
Proof: Let us consider the function g(x) = f(x)— ca™. Since f is strongly n-convex with
modulus c, then g is n-convex. We may assume without loss of generality that f and g are
n-times differentiable and g™ >0 on [a, B] (see [138, p. 16]).

Applying (2.232) to g, we have

l m
> ajg(x) = > big(y:) (2.235)
j=1 i=1

1 n—1 . l m
~3-a > nw,w GG | D ajlay =B = bilyi — B)”
w=2 j=1 i=1
1 Sn- l m
- 8—a Z nw,w 'g(w_l)(a) Zaj(xj—a)w—z:bz(yl—a)w
w=2 Jj=1 =1
+ L X
(n— DB —a)
B ! m
[t =0 Pt = Y it — 6 Pl | o 0
@ Jj=1 i=1
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Moreover, if (2.233) holds, then

l m
> ajg(s) = > big(y) (2.236)
j=1 i=1

n—1

!
> Zn_w'g(w_l)(ﬁ) > ajlzi =B = bilyi — B)"
j=1 =

_ |
I5; o f= w!

=1
1 n—1 n—w 1 m

- B—a Z w! .g(w—l)(a) Zaj(xj—(X)w—Zbi(yi—a)w
w=2 ’ j=1 i=1

which is equivalent to (2.234).
If the reverse inequality in (2.283) holds, then the last term in (2.285) is nonpositive

and then the reverse inequality in (2.236) holds. This ends the proof. O

Remark 2.9.28.: Consider the function o : [, 5] — R defined by

o(z) = (xz—t)" 1P(t,x) =

We have

//( )7 (n—l)(n—2)(:c—t)"—3(t_a)7 a§t§x</@
(n=Dn-2)(-t)">t-p), as<z<t<p

Then for even n, the function o is convex and by Sherman’s theorem, we have

[ m
> ajla; — )" Pt x) — Y biyi — )" Pt ) > 0,
j=1 i=1

i.e. the assumption (2.233) is immediately satisfied. Therefore, by Theorem 2.9.43, the
inequality (2.234) holds.

Specially, for n = 2, the inequality (2.234) reduces to (2.223).
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2.10. Sherman like inequalities for superquadratic functions

In this section we consider superquadratic functions, the class of functions closely con-
necting with the class of convex functions. It is important to emphasize that nonnegative
superquadratic functions have the property that they are also convex. This property enables
us to obtain improvements of inequalities for convex functions. We extend Sherman’s theo-
rem to superquadratic functions. More precisely, for superquadratic functions which are not
convex, we obtain results analog ones for convex functions. For nonnegative superquadratic
functions which are also convex, we get improvements. Also, we present related conversions,
as well as Jensen’s and Majorization type inequalities and their conversions. The results

from this section is cited from [64].

2.10.1. Superquadratic functions

A class of superquadratic functions was introduced and initially studied by S. Abramovich
and G. Jameson [3, 4|. Name "superquadratic functions" is justified by the fact that non-
negative superquadratic functions, which are shown to be convex, grow equally fast or even
faster than the quadratic function (property of superquadratic growth). The role played
by affine function in the case of convex functions, in this class of functions there is ex-
actly a quadratic function, so superquadratic functions are somehow more "convex" than

quadratic functions.

We introduce the definition of superquadratic functions and quote some basic proper-

ties. For more informations see [3, 4].

Definition 2.10.24.: A function ¢ : [0,00) — R is superquadratic provided that for

all z € [0,00), there exists a constant C,, € R such that

) =@ @)+Co(y—a)+o(ly —zf) (2.237)

for all y € [0,00). We say that ¢ is subquadratic if —¢ is a superquadratic function.

The following theorem gives Jensen’s inequality for superquadratic functions (see [4]).
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Theorem 2.10.44: Let x = (x1,...,x) € [0,00) and u = (uy,...,ux) be a nonnegative
k-tuple such that Zle u; =1 and T = Zle u;x;. Then for every superquadratic function

¢ :[0,00) = R, we have

k k
o @)+ i (i — ) < 3w (). (2.238)
i=1 =1

Moreover, if ¢ is subquadratic, then the reverse of (2.238) holds.

Definition 2.10.25.: A function ¢ : [0,00) — R is superadditive if

ex+y) >p@) +ey), (2.239)

holds for all x,y > 0. If the reverse of (2.239) holds, then ¢ is subadditive.
The next lemma, gives sufficient conditions for superquadracity.

Lemma 2.10.5.: [/, Lemma 3.1] Suppose that ¢ : [0,00) — R is a continuously differ-
entiable function and ©(0) < 0 ((0) = 0). If ¢ is superadditive (subadditive) or -2 a(jx) 18

nondecreasing (nonincreasing), then ¢ is superquadratic (subquadratic).
The following lemma gives same basic properties of superquadratic functions.

Lemma 2.10.6.: [/, Lemma 2.2] Let ¢ : [0,00) — R be a superquadratic function with
Cy as in (2.237).

(i) Then ¢(0) <0.
(i) If ©(0) = ' (0) = 0, then C, = ¢ (x) whenever ¢ is differentiable at x > 0.
(iii) If ¢ > 0, then @ is convex and ©(0) = ¢ (0) = 0.
The property (iii) from the previous lemma enables us to obtain improvements of vari-
ous inequalities that apply to convex functions. Thus, nonnegative superquadratic functions
have the property that they are also convex. However, as can be seen from the below ex-

amples, within the class of superquadratic functions we can find negative functions as well

as functions that change sign, then concave functions, as well as those that are neither
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convex nor concave at the considered interval within the domain.

Example 10.:  a) The function o(x) = 2P, is superquadratic for p > 2 and subquadratic
for 0 < p < 2. Further, if ¢ is defined by o(x) = sgn(p — 2)xP, then ¢ is superquadratic
for all p > 0.

b) The function

xefi, z >0
¢ (x) =
0, z=20

is convez on [0,00), but superquadratic only on [0, L], for 0.8955 < L < 1.

c¢) Superquadratic function is

z2Inz, >0
p(x) =
0, =0

d) The functions f(t) =In(1 +t) — t is superquadratic.

e) Any function ¢ : [0,00) — [=2, —1] is superquadratic (satisfies (2.237) for Cy =0).

For more informations see [1, 3, 4, 19].

2.10.2. Improvements of majorization theorems

To prove our main results we need the following technical lemma.

Lemma 2.10.7.([64]): Let ¢ : [0,00) — R be a continuously differentiable and ¢ :

[0,00) = R be a superadditive function. Then the function 1 : [0,00) — R, defined by

V() =e)—ez) = (2)(y—2) —¢(ly—z]) +¢(0),

is nonnegative for all z € [0,00).

If ¢’ is subadditive, then 1) is nonpositive for all z € [0,00).
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Proof: Since ¢’ is superadditive, then for 0 < z < y we have

and for 0 <y < z,

0< / (P2 — 1) — (2 — ) dt

=¢'(2)(z —y) —p(2) + o(y) + ©(0) — p(z — y).

Together these show that for any y, z € [0, 00) the inequality

ey) —w(z)—¢' (2)(y—2) —¢(y—2) +¢(0) >0

holds. So we conclude that the function ¢ is nonnegative on [0, c0) .
The case when ¢’ is subadditive we can prove analogously. O
In the sequel we use the following notation.
Let x = (21, ...,2;) and y = (y1,...,yx) be vectors with nonnegative entries and u =

U, ...,u;) and v = (v, ..., v;) be nonnegative weights. We write
g g

(y,v) < (x,u)

k
if y =xT7 and u = vT, ie. y; = Zé’:l xjtij, i = 1,..,k,and uj = Y vity, j = 1,..,1,
i=1
holds for some row stochastic matrix T = (¢;;) € My (R).
One can write (y,v) <,(x,u) instead (y,v) < (x,u).

Main results of this section contain Sherman’s type inequalities as follows.

Theorem 2.10.45([64]): Leltx = (x1,...,21),y = (y1, ..., yx) be vectors with nonnegative
entries, u = (u1, ...,u;), v = (v1,...,v;) be nonnegative weights and T = (t;;) € My (R) be
row stochastic matriz such that (y,v) <,(x,u).

If ¢ : [0,00) = R is a continuously differentiable and ¢’ : [0,00) — R is a superadditive

2.10. Sherman like inequalities for superquadratic functions 133



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

function, then
l k
Z vip(yi) + Z Z vitijo (Joj — uil) < Z ujp (xj) + Z v;p(0). (2.240)
i=1 j=1 j=1 i=1
a) If in addition ¢ (0) < 0, then ¢ is superquadratic and

k kool I
D i) + D0 it (lzg —yil) <) uje (). (2.241)
i=1

i=1 i=1 j=1
b) If in addition ¢ > 0 and ¢(0) = ¢ (0) = 0, then ¢ is superquadratic and conves
increasing and
k k l
Z’U@QO(%) < Zvi yl + szltz]SO |x] yz < Z (2242)
i=1 =

i=1 i=1 j=1

Proof: By Lemma 2.10.7., choosing y = x; we have

¥ (x5) = ¢ (25) — @ (2) =@ (2) (w5 = 2) = @ (|l = 2]) + ¢ (0) 2 0.

Now, multiplying with ¢;; and summing over j = 1,...,[, we get

!
Z tij ()
j=1
! l !

Z i (@) = (2) =" (2) | Dty —z | =Y tije(Jwj — 2]) + ¢ (0) > 0.

= j=1 j=1
Inserting z = y; = 22:1 tijxj we get

l l
St (@) — o () = O tise (|2 — wil) + 9 (0) > 0,
j=1

Jj=1

i.e.

l
o (i +th]so |25 — i) SZ i () +¢(0), fori=1,..k
Jj=1 J=1
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Multiplying with v; and summing over ¢ = 1, ..., k, we get

k l

k k I
Zw@(yz’)+zviztzjtp(\$j —yil) < ZvZZt”go ;) +Z“Z . (2.243)
=1 =1 j=1 i=1 j=1

Since Zle viti; = u; , then (2.243) is equivalent to (2.240), as required.

a) Since p(0) < 0, then by Lemma 2.10.5. ¢ is superquadratic. The inequality (2.241)
follows from (2.240).

b) Since ¢(0) = 0, then by Lemma 2.10.5. ¢ is superquadratic. Therefore, the convexity
follows from Lemma 2.10.6.. Because of ¢ > 0 and ¢(0) = 0, it follows that ¢ is increasing.

Moreover, since ¢ is nonnegative, then

k l
D vitie (o —yil) > 0. (2.244)

i=1 j=1

Therefore, together with

l
Z'UZSO Yi +szztm@ |$] yl < Z

i=1 j=1

it gives (2.242). This completes the proof. O
Note that our results for convex functions (2.242) improves Sherman’s inequality (2.10).

An analogous inequality to (2.241) obtained by a different approach can be found in [123].

l
Remark 2.10.29.: Choosing k =1, v1 =1, ti; = uj, j = 1,...,1, ;1 = Y ujz; with
j=1

l
Z ujxj, from Theorem 2.10.45 we obtain analogous Jensen’s type inequalities. The

mequahty (2.240) reduces to

! !
( +Zu]g0 (lzj — i) SZ ¢ (z) + ¢(0).
J=1 J=1

a) If in addition ¢ (0) < 0, then ¢ is superquadratic and

l

!
+Zuj<,0 |z; — Z|) SZ

j=1
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b) If in addition ¢ > 0 and (0) = ¢ (0) = 0, then ¢ is superquadratic and convex

increasing and
! I
0 (@) <@ @)+ ujp(lzy— ) <D ujp ()
j=1 J=1

Choosing k =l and v=e = (1,...,1) in Theorem 2.10.45, the condition (y,v) < (x,u)
implies y = xT7T with some doubly stochastic matrix T and u = vIT=e = (1, ...,1), and as
direct consequence of Theorem 2.10.45 we get the following corollary which gives analogous

results for Majorization inequality (2.5).

Corollary 2.10.16.: Let x = (z1,...,2x), Y = (Y1,...,Yr) be vectors with nonnegative
entries and T = (t;;) € Mgr(R) be doubly stochastic matriz such that'y = xT7.
If ¢ : [0,00) = R is a continuously differentiable and ¢’ : [0,00) — R is a superadditive

function, then

=

Z yz JFZZtUSO |x] yz Z l'z +k§0 )

=1 j=1 i=1

a) If in addition ¢ (0) < 0, then ¢ is superquadratic and

k
Z (yi) +ZZWP ;= il SZ

=1 j=1

’

b) If in addition ¢ > 0 and ¢(0) = ¢ (0) = 0, then ¢ is superquadratic and conves

mcreasing and

k
> oy < Z (i) +Zztm0 (Jzj —wil) <D (). (2.245)
=1

=1 =1 j=1

Remark 2.10.30.: Our result (2.245) applied to convex functions improves Majorization

inequality (2.5).

Theorem 2.10.46 (/64]): Letx,y,u,v and T be as in Theorem 2.10.45. If ¢ : [0,00) —
R is a continuously differentiable and ¢' : [0,00) — R is a subadditive function, then the
reverse of (2.240) holds. If in addition ¢ (0) = 0, then ¢ is subquadratic and the reverse of
(2.241) holds.
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Proof: We use the same technique as in the proof of (2.240) and (2.241). We omit the
details. O

2.10.3. Conversions via superquadracity

The next remark, which is direct consequence of Theorem 2.10.44, will be very useful for

us in proving the following conversions of results from the previous subsection.
Remark 2.10.31.: From (2.238), specially for k = 2, u; =t € [0,1], ug = 1 — ¢ and

1 =21 >0, 29 = 29 > 0, we get

p(tzr + (1 =t)z2) + 1o (1 =) |21 — 22) + (1 = ) (t[21 — 22])

< tp(z1) + (1 - t)p(z2) (2.246)

Further, let z, 21,29 > 0 be such that z; < & < z9. Then there exists ¢ € [0, 1] such that

x =tz1 + (1 —t) z9. It follows

t=2"7 and 1-t=——21
20 — 21 22—z
Replacing that in (2.246), we get
zZ9 — X r— 21 29 — X Tr — 21
— )<
e (z) + po—— (@ —21) + p—— (22 — ) < - leo(m) o le@(@),
which is equivalent to
Z9 — T T — 21
¢ (z) < [p(z1) =@ (@ —21)] + [p(22) — ¢ (22 — )] (2.247)
29 — 21 22 — 21

Theorem 2.10.47([64[): Let x = (x1,....,21), y = (y1,...,yx) be vectors with entries
from [m,M] (0 <m < M), u= (uy,...,u;), v=(v1,...,05) be nonnegative weights such

that (y,v) < (x,u).
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If ¢ : [0,00) — R is a superquadratic function, then

k k
M 32 0= 3 viyi
i=1

l
Zujgo(xj)+Q§ =1

k k
> Vil —m )] v
SO( =1 =1
, M—-m
J=1

M—-—m

m) + o(M), (2.248)

where

l

2= M_mZuj (M = zj) ¢ (xj —m) + (z; —m) o (M — ;)] . (2.249)
j=1

If in addition @ > 0, then @ is convex and the following series of inequalities hold

k l
> wip(yi) < uje () (2.250)
i=1 j=1
k k k k
M3 vi— 3 viyi D VY — My v
< =1 i=1 =1 i=1 M) —Q
= e UL ey (M)
k k k k
MY vi— Y vy oY —m oy v
< =l i=1 =1 = .
< P+ M)

Proof: Substituting z1 = m,zp = M and v = x; in (2.247) we get

¢ (z5) <

which is equivalent to

¢ (z;) +

M — x; Tj—m
P — M—x;) < M).

Since (x,u) < (y,v), there exists a row stochastic natriz T = (t;;) € My (R) such that

(x,u) <7(y, V).
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Now, multiplying with t;; and summing over j = 1,...,1, we get

l l
M —x; Tj—m
S tuplas) + Dty (o= m) + G O )
j= J=
l l
M — 3 tijx; 2 tijzj —m
j=1 j=1

< —————¢(m)+

—p(M).
M—-—m M—-—m p(M)

Further, multiplying with v; and summing over i = 1,....k, we get

=1 j=1
1 k l

o D D viti (M = a) @ (wj —m) + (= m) o (M — ;)]

i=1 j=1
k k1 k1 k
M Z V; — Z Z Uitij.%'j E Z vit,-jxj —m Z (o

=1 i=1j5=1 i=1j5=1 =1

< M

which is equivalent to (2.248).
Therefore, if ¢ > 0, then from Lemma 2.10.6. it follows that ¢ is convexr. The first
inequality in (2.250) is Sherman’s inequality which holds under assumptions of theorem.

Others inequalities in (2.250) follow from (2.248) since Q > 0. O

Remark 2.10.32.: In the previous theorem we got series of inequalities that include

Sherman’s inequality and its converse. This result (2.250) improves (2.11).
Remark 2.10.33.: If ¢ is subquadratic, then the reverse inequality in (2.248) holds.
Choosing k =land v =e = (1, ..., 1) in Theorem 2.10.47, we get the following corollary.

Corollary 2.10.17.([64]): Let x = (z1,...,2%), ¥ = (Y1, ...,yr) be vectors with entries
from [m, M] (0 < m < M) such that y < x.

If ¢ : [0,00) — R is a superquadratic function, then

k k
k kM — 3 yi >y —km
< =1 =1
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where
k

e I () + - e (M )
i=1

A

If in addition © > 0, then @ is conver and the following series of inequalities hold

k k
STow) <Y el@) (2.251)
=1 i=1 . .
kM — > yi Yy —km
< o elm) + S (M) — A
kM — i Yi i y; — km
< o p(m) + (M),

Remark 2.10.34.: In the previous corollary we obtained series of inequalities that in-

clude Majorization inequality and its converse.. This result improves (2.12).

140 Chapter 2.. Sherman type theorems and applications



CHAPTER 3.

On Sherman’s inequality for n-Convex Functions

Through this chapter, by using different classes of interpolation polynomials in combina-
tion with nice properties of Green’s functions, which we introduce in the sequel, we obtain
extensions of Sherman’s inequality (2.10) on the class of convex functions of the higher
order which are in special case convex in usual sense (see Definition 1.1.6.). We also ob-
tain extension of Majorization inequality (see Theorem 2.1.1 and Theorem 2.1.3). Using
results for the Cebygev functionals (Theorem 1.4.12 and Theorem 1.4.13) we derive related
generalized inequalities of the Griiss type. We also present generalized Ostrowski type in-
equalities. Obtained generalizations we use for constructing new linear functionals which
enables us to present results in the form of mean value theorems. Applying the exponential
convexity method, established in [77], we present several families of exponentially convex
functions that are an essential ingredient of new Cauchy type means closely related to
Stolarsky means. Constructed exponentially convex functions are added as new non-trivial
examples that sparse examples of exponentially convex functions since invention of expo-
nential convexity back to 1929. Material of this chapter is quoted mainly from [6], [7], [8],
[91, [10], [66], [67], [68], [69], [73], [74]
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3.1. Sherman’s inequality and Taylor’s formula

The techniques that are used in this section are based on the classical real analysis and
an application of Taylor’s formula with the integral remainder which we introduce in the
sequel. The results from this section are quoted from [67].

Through this section we always assume that [«, 5] C R unless otherwise stated.

Theorem 3.1.1: Let n € N, f : [0, 8] = R be such that =D € AC([a, 8]) and
c € [a, B]. Then for all x € [a, B] we have

fx)=Th-1(f;¢,2) + Rp—1(f; ¢, ), (3.1)

where Tp,—1(f; ¢, z) is a Taylor’s polynomial of degree n — 1, i.e.

f(’C )
To-1(f;c,x) = E (x—c¢) (3.2)
and the remainder is given by

Ror(fic,z) / FO @) (@ — £, (3.3)

In literature the previous theorem is known as Taylor’s theorem or Taylor’s formula

with the integral remainder.

Let us consider the real valued function
r—=(r—t); = N . (3.4)

If we apply Taylor’s formula (3.1), i.e

—_

n—

*) (¢ @
Fate=ots oy [ 1006 -0 (35)

k=0
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at the point ¢ = a, we have

=l oek) (o B
10 =X 5 et gy [0 e o
where
/ % (o — 1)) ) )t = / “lo— ) (1) + / ® odt. (3.7)

Similarly, applying Taylor’s formula (3.5) to function f at the point ¢ = 3, we have

n=l \k £(k) _1\n—1 B
f@ﬁ=§j(1>f”Nﬁ—@k—%ﬁfnk/<@—m+w1ﬂm@wu (3.8)

where

/5((t—x)+)”1f(”)(t)dt = /96 0dt + /ﬁ(t—x)”lf(")(t)dt. (3.9)

3.1.1. Generalizations of Sherman’s inequality by Taylor’s formula

Using Taylor’s formula with the previous announcement we introduce new identities re-
lated to Sherman’s inequality (2.10) which will be very helpful to obtain generalizations of

Sherman’s theorem (Theorem 2.2.4) to the class of n-convex functions.

Theorem 3.1.2: Let n € N and f : [o, 5] — R be such that f™1) € AC([a, B]). Let

xc [, B,y €la,p]™ acR and b € R™ be such that
y =xAT and a=DbA (3.10)

holds for some matriz A = (ai;) € My (R) satisfying the condition Zé-:l a;; = 1,1 =

1,2,....,m. Then the following identities hold:

3.1. Sherman’s inequality and Taylor’s formula
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(i)
l m
> aif(z) =Y bif(y:) (3.11)
Jj=1 i=1
n—1 r(k) a ! m
-1 k,( ) [Z aj(z; — ) =" bi(y; — a)k]
k=2 ’ j=1 i=1
gt m
T _1 0! / aj (= ))" = b ((yi — t)+)"1] FP(t)d ;
@ =1 i=1
(ii)
l m
> aif(z) =Y bif(yi) (3.12)
Jj=1 i=1
n—1 k p(k) l m
= ( 1)]{];' (ﬁ) {Z%(ﬁ%)kzbz(ﬁyz)k]
k=2 7=1 i=1
(—1)n-t B ! R ]
T 1) / ai((t—25) )" =D b ((t—yi) )" | fP ()t
Jj=1 i=1
Proof: (i) Using (3.6) in the difference
l m
> aif(as) =Y bif (va), (3.13)
Jj=1 i=1
we get
l m
> agf(as) = > bif (wi)
Jj=1 i=1
-1
B n f(k)(a) 1 8 i
_j;aj Lgo (@ —a)’“+(n_1)!/a (25— t)4)" £ )(t)dt]
m n—1 (k) o 8
_ ; bz [kz_o f k'( )(yl — a)k + (n_ll)'/a ((yl o t)+)n_1n_1f(n)(t)dt] )
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Now, by interchanging the order of summation and integration, we get

| 0 () a
Zlajf(zj beyz :kz X Zaj Z

= j=1 =1
+ / Z% - Em: bi ((yi — t)+)”1] ) (4)dt.
(n—1)! :

Since under the assumption (3.10) we have

l m
Zaj(xj —a)k - Zbl(yl —a)f=0 for k=01,
j=1 i=1

the identity (3.11) immediately follows.
(ii) Similarly, using (3.8) in Sherman’s difference (3.13), with analogous argument as in the
previous case, we obtain (3.12). O
Note that in the previous theorem we assume that weights a, b and matrix A are with
real entries, not necessary nonnegative as in Sherman’s theorem (Theorem 2.2.4).
Using the previous identities we get the following extension of Sherman’s theorem to

n-convex functions.

Theorem 3.1.3:  Suppose that all the assumptions of Theorem 3.1.2 hold.

(i) If f is n-conver and

l m
S o (- 00" =Y bl - 0" 20, tefod,  (314)
j=1 i=1
then
l m n—1 f(k) <a> l m
D aif@) =D bif(y) > I D ajlej—a) = bi(yi— )| (3.15)
Jj=1 i=1 k=2 ' j=1 i=1
(i) If f is n-conver and
l m
Yoai((t—ap) )" =Y bi((t—y))" | <0, telapl,  (3.16)
=1 i=1
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then

Proof: (i) By Theorem 3.1.2 the identity (3.11) holds. Since f is n-convex on [«, (], we
may assume without loss of generality that f is n-times differentiable and f(™ > 0 on
[, ] (see [138, p. 16]). Moreover, if (3.14) holds, it follows that the last term in (3.11) is
nonnegative, i.e. the inequality (3.15) holds.
(ii) Analogous to (i). O
When we take into account Sherman’s condition of nonnegativity, i.e. if we suppose
that weights a, b and matrix A are nonnegative, then the assumption (3.14) is equivalent
to the requirement that the function z +— (x — t)i_l, t € [a, ], must be convex. Notice
that z + ((z —t)4)" !, t € [a, B], is convex for every n € N and then by Theorem 3.1.3,
the inequality (3.15) holds. Specially, for n = 2, the sum on the right hand side of (3.15)

is zero and we get
l m
> aifx;) = bif(wi) >0,
j=1 i=1

i.e. we obtain Sherman’s inequality as direct consequence.

Moreover, the following generalization hold.

Theorem 3.1.4: Suppose that all the assumptions of Theorem 5.1.2 hold. Additionally,

let a, b and A be nonnegative.

(i) If f is n-convex, then the inequality (3.15) holds. Moreover, if the function

ol g,
Fey=S 1@ gy (3.18)
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is convex on [a, 3], then

ajf(z;) — Zbif(yi)' (3.19)

(ii) If n is even and f is n-convex, then the inequality (3.17) holds. Moreover, if the

function

n—1 _1\k £(k)
( 1);; (B)(ﬁ—')k (3.20)

F() =
k=2

is convex on [, (], then

n—1 _1\k £(k) ! m
0< Y (Dkf,(m D a8 =)k = bi(B—y)*
k=2 ' j=1 i=1
l m
< Zajf(iﬂj) - Zbif(yi)- (3.21)
j=1 i=1

Proof: (i) Since the function = — ((x —t)4)" %, t € [, 8], is convex for every n € N,

then by Sherman’s theorem we have
l m
D ai (@ — 1)) =D by — 1)) =0, te gl
j=1

i=1

i.e. the condition (3.14) is satisfied. Moreover, by Theorem 3.1.3 the inequality (3.15) holds.

Further, the right hand side of (3.15) can be written in the form

m

!
Z%’F(%’) - Zbiﬁ(yi)a
=1

=1

where F is defined as in (3.18). If F is convex, then by Sherman’s theorem we have

l m
Y aiF(x) =Y biF(y:) >0,
j=1 i=1

i.e. the right hand side of the inequality (3.15) is nonnegative, so (3.19) holds.

3.1. Sherman’s inequality and Taylor’s formula 147



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

(ii) Since the function

0, t<y
y= (D" ((t—y))" = , e o,

is convex for even n and concave for odd n, then the function y — (—1)""1 ((t — y)4)" !

is concave for even n and applying Sherman’s theorem we have

m

l
1 S st — 2" = S b (=) )"t <0, te o B
j=1

=1

i.e. the condition (3.16) is satisfied. Now, applying Theorem 3.1.3 we get (3.17). Further,

the right hand side of (3.17) can be written in the form

m

ajF(x;) — ZbiF(yi),
j=1 i=1
where F' is defined as in (3.20). The rest of proof is analogous to (i). O

By the previous theorem, under Sherman’s condition of nonnegativity, the inequality

(3.15) holds. Since the function x + (z — a)" is convex on [a, 3], then

l m
> ajlay — ) =) bilyi — o)t > 0.
j=1 i=1
Further, if f*)(a) >0, k = 2,...,n — 1, then the right hand side of (3.15) is nonnegative
and again double inequality (3.19) holds. Notice that (3.19) represents new lower bounds
for Sherman’s difference Zé‘:1 ajf(z;) — >0 bif (vi)-
If n is even, then the inequality (3.17) holds. So, if f*)(3) > 0 for even k and f*)(8) <0

for odd k, then (3.21) holds, i.e. we get the lower bound in another form.

3.1.2. The Ostrowski and Griiss type inequalities

In the previous subsection we get the lower bounds for the difference (3.13) in the forms
(3.19) and (3.21). In this subsection we give upper bounds related to obtained generaliza-

tions.
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To simplify the notation of the following results, we define the functions By, By : [, 5] — R
by

l m
= a; (w5 =) =Y b (i —t))" (3.22)
J=1 i=1
Bsy(t) = Z@J (t =) )" =D bt —y))" |
=1

where x € [o, B]', v € [a, B]™, a € R! and b € R™ are such as in Theorem 3.1.2, i.e. such
that (3.10) holds for some matrix A € M,,;(R) satisfying the condition Zé‘:l a;j =1,i=
1,2,....m.

For such functions, we consider the Cebysev functionals defined by

T(B,, By) /82 dt—( /B dt>, p=1,2.
—Oz —a

Theorem 3.1.5: Let n € N and f : [a,3] = R be such that f™ € AC([o, 8]) with

(—a)(B—)(f"tN2 € Lifa, B]. Let x € [, B), y € [o, B™, a € R! and b € R™ be such
that (3.10) holds for some matriz A € M, (R) satisfying the condition Z;-:l a;j =1,i=
1,2,...,m. Let By and By be defined as in (3.22), respectively.

(i) The remainder L (f;, B), defined by

l m
) = Zajf(ffj)—zbif(yi)

nZl | Z j<mj—a>k—gbi<yi—a>k
_f (n;; (_5()1)_( f (_n_ll)!(o‘) /a ﬁBl(t)dt (3.23)
satisfies the estimation
KL (i 8)] < ﬁ“(if_ol‘) sl ([ (- ) )[f(”+1)(t)]2dt>é~ (3:24)

3.1. Sherman’s inequality and Taylor’s formula 149



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

(i) The remainder k2 (f;a, B), defined by

! m
kn(fia,B) = D agf(zy) =Y bif(vi)
j=1 i=1
B) l m
—Z {Zaj(ﬁxj)kZbi(ﬁyi)k]
=1
_f (";;) (_ —n _" 11) / Bo(t (3.25)

satisfies the estimation

JF—a

G 3
ﬂ(n_l)![T(Bz,Bz)P (/ (t—a)(ﬁ—t)[ﬂ"“)(t)]?dt) . (3.26)

K2(f;0,B)| <

Proof: (i) Comparing (3.11) and (3.23) we have

b (n=1)(g) — #(n—1)(g) [
rias) = [ Biosoea - O [
_ / Bi(t t—Bia/bf(”)(t)dt/blﬁl(t)dt

= a)T (Bl,f( ).

Applying Theorem 1.4.12 on the function B; and f we obtain (3.24).
(i) Similarly, we can prove this part. O

The following Griiss type inequalities can be obtained by using Theorem 1.4.13.

Theorem 3.1.6: Let n € N and f : [o, 5] — R be such that f € AC(|o, 8]) and
f*D) >0 on [a, B]. Let By and By be defined as in (8.22), respectively.

(i) Then the remainder kL (f;a, B) defined by (3.23) satisfies the estimation

|k (f5 00, B)]| (3.27)

p—« HB/ H f(n_l)(ﬁ) + f(n_l)(a) f(n_Q)(ﬂ) - f(n_Q)(a)
p =1 2 08—«
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(i) Then the remainder k2(f;a, B) defined by (3.25) satisfies the estimation

K2 (f; 0, B)] (3.28)
—a , (n—1) (n=1)(q (n=2)(8) — £(n=2)(q
B (5_1)! TN AR Sl B (ﬁﬂ)_(f; ( )]‘

Proof: (i) Since
in(f 0, 8) = (B — )T (By, f™),

applying Theorem 1.4.13 on the function B; and f(™ we obtain (3.27).
(i) Similarly, we can prove this part. O]
As direct consequences of the previous theorems, choosing n = 2, we obtain the follow-

ing two corollaries.

Corollary 3.1.1.: Let f : [a,8] = R be such that f" € AC(|a,]) and (- — a)(8 —
Nf™M? € Li[o, B]. Let x € [o, B]', y € [, B]™, a € Rl and b € R™ be such that (3.10)

holds for some matriz A € M,,;(R) satisfying the condition 2221 a;j =1,i=1,2,...,m.

(i) Then the remainder k' (f; o, B) defined by

l m
RN (i, 8) =) aif(z;) =Y bif (i) (3.29)
j=1 i=1
’ _ o B l m
_f(ﬁ)_f( )/ > ajla; =ty =Y by —t)4 | dt
f-a @ \y=1 i=1

satisfies the estimation

s LB 2
W (s 8)] < /2 [T(B,an(/ (t—a)(ﬁ—t)[f”’(t)]2dt> ,

2
where
1 B l m 2
T(BvB) = ﬁO&/ (Zaj(‘rj t)+zbz(ylt)+) dt
a j=1 i=1
2
1 B l m
- aj(x;i—t)1 — ) bi(yi—1t)4 | dt
(o (B0 o))
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(i) Then the remainder k2(f;a, B) defined by
l m
R (fren B) = 3 aif(ws) = 3 bif (i) (3.30)
j=1 i=1
IO =@ [ (S S oo
o /a (2 bi(t — i)+ — ]z::la](t _ x])+) dt

satisfies the estimation

"o L >
rsa | <\ 5 @R R ([ - ) - ol o)

where

i—1 =1
! /ﬁ S 0 us =S oyt ) | d 2
B—al, - i Yi)+ p J Jj)+ :

Corollary 3.1.2.:  Let f : [, 8] = R be such that f” € AC (e, B]) and f" >0 on [a, B].

Let x € [a, B, y € [, B]™, a € R! and b € R™ be such that (3.10) holds for some matriz
A € M, (R) satisfying the condition Zé’:l a;j =1,1=1,2,...,m.

(i) Then the remainder k' (f; o, B) defined by (3.29) satisfies the estimation

W (fi0.0)| < (3 - o) ] [ A - =)

2 8-« ’
where
l m
B(t) =Y aj(zj—t)y — Y bi(yi — 1)
j=1 i=1

(ii) Then the remainder x*(f; a, B) defined by (3.30) satisfies the estimation

2(fi0,0)| < (3 - o) R, | DO - LELE]
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where

m l
R() =D bilt—yi)y — > aj(t —z;).
=1

i=1

Now we give related inequalities of the Ostrowski type.

Theorem 3.1.7:  Suppose that all the assumptions of Theorem 3.1.2 hold. Let (p,q) be a

pair of conjugate exponents, i.e. 1 <p,q<oo, 1/p+1/qg=1 and f) e Ly[e, B].

Then
(1)
l m n—1 f(k)(a) l i m i
> aif(a) =Y bif(wi) - il DICICIR R STy
j=1 i=1 k=2 ) j=1 i=1
T 631
(1)

l m n=1 ., \k (k) l m
> aif(z) =) bif (i) — (l)k,f,(m D a8 = bi(B - )
7=1 =1 k=2 7=1 =1
< 1
~(n—1)!

e

1Bzl - (3.32)
p

The constants on the right-hand side of (3.31) and (3.82) are sharp for 1 < p < oo and

the best possible for p = 1.

Proof: (i) Applying the well known Hélder inequality to (3.11), we obtain

l m n—1 f(k)(a) l m
> aifx) = bif (i) — u > aj(z—a)* = bilyi — )"
j=1 i=1 k=2 ) j=1 i=1
8 8 g
=| [ sermwa < |5 ([sora)”
where we denote
l m
S(t) = (n_l o7 | 20 (g =0 =3 b (=00 | = m_ll),rsl(t).

T \j=1 i=1 )
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1
For the proof of the sharpness of the constant (ff |S()|* dt) | let us find a function f for

which the equality in (3.31) is obtained.

For 1 < p < oo take f to be such that

F() = sgnS(8)[S(H)|71.

For p = oo take f(")(t) = sgnS(t).
For p =1 we prove that

< max |S(
t€la,f]

/j S(t) ™ (t)dt‘

is the best possible inequality.

t)]

(3.33)

([ |ro)a)

Suppose that |S(t)| attains its maximum at ¢y € [o, S].

First we assume S(tp) > 0. For ¢ small enough we define f.(¢) by

0,
fe(t) = %(t—to)n,
Lt —to)" 1,
Then for & small enough
B8 to+e
[ s =] [ s
« to

Now from the inequality (3.33) we have

1 to+e tote q
E / S()dt < S(to) /
€ Jto to
Since
1 to+e
lim — S(t)dt
e—0 ¢ to

the statement follows.

Oéﬁtﬁto

to<t<t+e

to+e<t<p

1 1 [tote

dt‘ = / S(t)dt.
3 e Ji,

S(to),
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In the case S(tp) < 0, we define f-(¢) by

Lt—to—e)", a<t<t
f()=9 -Lt-to—e)", to<t<to+e ;

en!

Oa t0+5§t§ﬁ

and the rest of the proof is the same as above.
(ii) Similar to the first part. O

The following corollary is direct consequence of the previous theorem for n = 2.

Corollary 3.1.3.: Let f : [o, 8] — R be such that f' € AC([a, B]). Let x € [a, A],
y € [a, B]™, a € R and b € R™ be such that (3.10) holds for some matriz A € M,,;(R)
satisfying the condition 23‘21 a;;j = 1,4 = 1,2,...,m. Let (p,q) be a pair of conjugate

ezponents, i.e. 1 <p,q<oo, 1/p+1/q=1 and f" € L,[a, 5]. Then

(i)

l m A m 4 %
Zajf(xj)_zbif(yi) < Hf"Hp / Zaj(ﬂfj _t)+_zbi(yi_t)+ dt|
j=1 i=1 a =1 i=1
’ ’ (3.34)

(i)

l m B l m d q
Y aif(x) = > bifwo| < ||, / D_ailt =z = D bilt—y)y| dt
j=1 i=1 > |j=1 i=1

(3.35)

The constants on the right-hand side of (3.34) and (3.85) are sharp for 1 < p < oo and

the best possible for p = 1.

3.1.3. Mean value theorems and n-exponential convexity

Motivated by inequalities (3.15) and (3.17), we define some linear functionals as follows.
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Definition 3.1.1.: Under the assumptions of Theorem 3.1.3, we define

l m n—1 f(k)(a) l . m i
AL(f) =) aif(ag) = Y bif (i) [ 2o =)t =D by — )t
j=1 i=1 k=2 j=1 i=1
(3.36)
l m n—1 . _\k (k) l m
() = Y apfey) = Y mefw) - 3 TS (S st
J=1 i=1 k=2 Jj=1 i=1

Remark 3.1.1.: It should be noticed that if f : [, ] — R is n-convex, then by Theorem
3.1.3, it holds
Ap(f)207 p:172

Using given linear functionals we derive mean value theorems of the Lagrange and

Cauchy type.

Theorem 3.1.8: Let f € C"([a, 5]) and Ay, p = 1,2, be the linear functionals defined

as in (3.36). Then there exists &, € (o, B], (p =1,2), such that

A(f) = F™M(E)Ap(po), p=1,2, (3.37)

where po(z) = ™ /n!.

Proof: Since f € C"([e, 8]), then there exist m = n[linB]f(”) (z) and M = In[a%]f(") (z)
TE|o, re|a,

such that m < f(® () < M for each = € [o, f].

We define the functions o1, @9 : [, 8] — R by

n

p1(x) = 5 — f(2) = Mpo(z) = f(2) and  @a(z) = f(2) — " = f(x) — mgo(a).

Then
M) =M~ fM(2)>0 and o (x) = fP(x) —m >0
¢1(z) [ (x) > and @y () = f"(z) —m >0,

so the functions ¢1, 9 are n-convex.
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Hence, A;(p1) > 0 and A;(p2) > 0, i.e. we have
MA;(po) > Ai(f) and mA;(po) < Ai(f), for i=1,2.
Combining the last two inequalities we obtain
mAi(po) < Ai(f) < MAi(po), for i=1,2.

Then there exists & € [, 8] such that A;(f) = f™( &)Ai(go), i = 1,2, holds. O

Theorem 3.1.9:  Let f,g € C"([o, ]) and A,, (p = 1,2), be the linear functionals defined

as in (3.36). Then there exists &, € [, f], p = 1,2, such that

(n)
") Ap(f)7 p=1,2, (3.38)

Q(H) (gp) Ap(g)

assuming that both denominators are non-zero.

Proof: Define the functions h; : [, 8] = R, i = 1,2, by

Then h; € C™([a, 5]) for each i =1, 2.

By the previous theorem, it follows that there exists & € [a, 8] such that
Ai(h) = W™ (&) Ai(po), 0= 1,2,

where ¢g(x) = 2" /nl.

Since

and
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for each 1 = 1,2, it follows that

1.e.

what we need to prove. O

Remark 3.1.2.: If % is an invertible function, then from (3.38) we have

o= (%) (40)

which presents a new mean of Cauchy’s type of the interval [«, 3].

Applying exponential convexity method, established in [77|, we could previous results
interpret in the form of exponentially convex functions or in a special case logarithmically

convex functions. As outcome we define new classes of two-parameter Cauchy-type means.

In order to obtain results regarding the exponential convexity, we define the families

of functions as follows.

Definition 3.1.2.: Let I be an open interval in R. For every choice of ¢t + 1 mutually

different points zg, 21, ..., 2t € [a, §] we define:

o Fi={fy:|o,B] > R:velandvw [z0,21, .., 2; fu] is n-exponentially convex in the
Jensen sense on I}

o Fo={fy:[o,B8] > R:v el and v [z,21,..., 2 fv] s exponentially convex in the
Jensen sense on I}

o Fs={fy:[o,8] > R:veTand v [20,21,..,2t fv] is 2-exponentially convex in the

Jensen sense on I}

Now we present theorem which gives non trivial examples of n-exponentially and ex-

ponentially convex functions including the positive linear functionals A, (p =1, 2).
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Theorem 3.1.10:  Let Ay, (p = 1,2), be the linear functionals defined by (3.36) associated
with the family Fy (resp. Fa).

Then the following statements are valid for each p =1, 2.

(i) The function v — Ay(f,) is n-exponentially convex (resp. exponentially convex) in
the Jensen sense on I.
m

(i) The matriz [Ap <ftj+tl >} s a positive semi-definite. Particularly,
7/ lji=1

det [Ap (fthl )} >0
T2 4 l=1

for allm e Ny m <mn, and ty,..,ty, € I (resp. for allm € N and t1,..,t,, € I).
(111) If the function v — Apy(fy) is continuous on I, then it is n-ezponentially convex
(resp. exponentially convez) on I.

Sj+sk

Proof: (i) Let pj,s; € R, j =1,...,n, and s;, = 5=, 1 < j,k < n. We consider the

function h: [, ] — R defined by

h(zx) = Z pjpkajk(x)a

jk=1

where fs,, € F1. It follows by definition that h € C([a, B]).
Since the function t — [xo,x1, ..., 215 fi] is n-exponentially conver in the Jensen sense on

I, we have

n
[‘TOaxla axlah] = Z PPk [I'Oaxlw-'axl;fsjk} > 0.
]7k:1

Hence, the function h is n-convezr. Therefore, we have

Ai(h) = Z pipeAi (fs;) =0,
k=1

Jor each i = 1,2 and all choices of p;,s; € R.

Now we conclude that the function t — A;(f;) is n-exponentially convex in the Jensen
sense on I what we need to prove.

(i) It follows from (i) and Definition 1.2.8..

(iii ) Since v — Ap(fy) is n-exponentially convex (resp. exponentially convez) in the Jensen
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sense on I and in addition continuous on I, then it is n-exponentially convez (resp. expo-

nentially convex) on I. O

Corollary 3.1.4.: Let Ay, p = 1,2, be the linear functional defined as in (3.36) associated
with the family Fs.

Then the following statements are valid for each p =1, 2.

1) If the function v — A,(f,) is continuous on I, then it is 2-exponentially convex on I.
P
If v = A,(fy) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r,s,t € I, such that r < s < t, it holds

[Ap(fN < [Ap(F)] 7 [Ap(f) "

(it) If the function v — Ap(fy) is positive and differentiable on I, then for all r,s,u,w € I

such that r < wu, s < w, we have

Mr,s (Apaf?)) < Mu,w (Ap7F3) ) (339)
where L
Ap(fr) \r=s
Ap(fs) ’ r#s
My s (Ap, F3) = ( ’ d>(Ap(fr)) ’ (3.40)
exp d”“Ap(fT) ) , r=3s

fO’I‘ fr’fs € F3-

Proof: (i) The first part of statement is an easy consequence of Theorem 3.1.10 and the
second one of Remark 1.2.10..
(ii) From (i) we have that the function ¢t — A,(f;) is log-convex on I, i.e. the function

t — log A,(f:) is convex on I. Applying Remark 1.1.1. b) we get

10gAp(fT) — log Ap(fs:) < log Ap(fU) - IOgAp(fv)

r—s u—"v

(3.41)

for r <w, s <wv, r # u, s # v. Therefore, we have

Mr,s (Apa -7:3) S Mu,v (Ap7 ‘FS) .
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Case r = s, u = v follows from (3.41) as limiting case. O

Remark 3.1.3.: The property (3.39) is monotonicity property over both parameters.

Note that the results from Theorem 3.1.10 and Corollary 3.1.4. still hold when two
of the points zg, z1, ..., 2t € [a, (] coincide, say z9 = z1, for the family of differentiable
functions f, such that the function v +— [29, 21, ..., 2¢; f»] is an n-exponentially convex
in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen
sense), and furthermore, they still hold when all (¢ + 1) points coincide for a family of ¢

differentiable functions with the same property. The proofs are obtained by the formula

e fO-D(x)
Sl o "

and by a suitable characterization of convexity.

Example 1.: Consider the family of functions
Q= {py:]0,00) > R:u>0},

defined by

U

WD (a—nt1)’ u g {1,...,n—1},

29 log
COr =T

u=j€{l,...,n—1},

with 0log0 := 0.

dn(Pu

dx™ (.%’) =z u=n)

:e(

Since logz > 0, it follows that p, is n-convez on [0,00) for every

u > 0. The function u — d;xﬁ“ () is exponentially convex. Therefore, using the same argu-
ments as in proof of Theorem 3.1.10, we conclude that the function u — [z0, 21, ..., 2t; Pu]
is exponentially convezr (and so exponentially convez in the Jensen sense). Also, it follows

that u — Ai(py) is exponentially convex since it is exponentially convex in the Jensen

sense and continuous. If (o, B] C [0,00) and A1(py) > 0, for this family of functions,
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(3.40) becomes

( 1

l r m r —

—1)e(s—nt1) 251 @ =300 biyg \ T
<S(S)(5TL+)]1]J i=19iY; . TS,

r(r—1)...(r—n+1) 22:1 ajxj_z;(il biys

Zé’:l ajar:;- log z;—Y 0", byl logy; n—1 1
P < Z§:1 a;ei—3 % biy; * ];::0 k=r )7
M5 (A1, Q) = r=sé¢{l,.,n—1}, (3.43)

+
2(325-, ajaf loga; =3 ) byl logy;) 2., T

J=1 k=0,i#r

l . 2 .. _Nmop 2, n—1
exp ( et ajz} log® x; Do byl log® y; 1 > ’

| r=se{l,..,n—1}

For a different choice of parameters r,s € R, extensions are obtained by continuity.
To show that M, s (A1,Q) presents a mean of an interval [o, 5], we apply Theorem 3.1.9
to f = ¢ and g = s, where r,s € R, r # s, r,s # 0,1. Setting a = min; j{z;,y;} and

B =max; j{x;,yi}, by Theorem 3.1.9, there exists unique & € [, B] such that

<o (HE]) o

Also, M, s (A1,Q) is obviously symmetric. The monotonicity properties over both parame-
ters follows from (ii)-part of Corollary 3.1.4..

We obtain a new class of two-parameter Cauchy-type means.

Using the linear functional Aa, defined by (3.36), we can on analogous way derive another

class of two-parameter Cauchy-type means with the same properties.

Example 2.: Consider the family of functions
Q= {py:[0,00) > R:u>0},

defined by

‘,Eu

wWu—1)-(u—n+t1)’ u g {l,..,n—1},

2 log x
O 175 (1)

pu(z) =

u=j€{l,..,n—1},
with 0log 0 := 0.

Since d;;‘i“ (z) = g = elv=mlogz > 0 4 € R, it follows that @, is n-convex on [0,00)

d" oy
dz™

for every u € R. The function u (z) is exponentially convex. Therefore, using
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the same arguments as in proof of Theorem 3.1.10, we conclude that the function u —
[20, 21 -y 2t; @u] 15 exponentially convez (and so exponentially convez in the Jensen sense).
It also follows that u — Ai(py) is exponentially convex since it is exponentially convex
in the Jensen sense and continuous. If [a, B] C [0,00) and A1(py) > 0, for this family of

functions, (3.40) becomes

1

v (3= (s = 1) S ey = S byl — s Pkt D) gk Ay \ T
P =1 r—n+ 1) 3 8 mp s n—1s(s=1)..(s=k+1) sk g
D1 G5 = Dty iy — D ks k! @ k

r # s;
M, — exp (Zézl aa‘«l%? logaj — 3 7, biyi logy; — B +”‘1 1 ) |
’ D j—1 a5 = 320 biy] — Bo k-

r=sé¢{l,.,n—1}
>y ajaylog? wj — ST, iy log® yi — By . ”z‘:l 1
2 (Zé’:l ajallogzy — 3 " biyi logy; — B1> My k—r
r=se{l,..,n—1},

M., = exp

)

where

i
L

1 dt
Bl = HA]C%‘.’II 10g$|m:a,
k=2
n—1
r(r—1)..(r—k+1) ,_
py = SOk oy
k=2
n—1
—1)...(r— 1
By - S =Delr—kaD)
k!
k=2
l m
A = ) a4 ($j—@)k—zbi(yi—a)k-
j=1 i=1

For a different choice of parameters r,s € R, extensions are obtained by continuity.

As we explane in the previous example, in an analogous way we can show that we obtain a
new class of two-parameter Cauchy-type means which are monotonic over both parameters.
Using the linear functional Az, defined by (3.36), we can on analog way derive a new class

of two-parameter Cauchy-type means M, s (A2, Q) with the same properties.
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3.2. Sherman’s inequality and Taylor’s formula with Green’s
functions

In this section, by combining Taylor’s formula with Green’s functions, which we define
below, we derive new extensions of Sherman’s inequality (2.10) for convex functions of a
higher order. We obtain new generalized inequalities of the Griiss and Ostrowski type. We
use the obtained generalizations to give results in the form of mean value theorems and
to construct new nontrivial families of exponentially convex functions that enable us to

derive new means of the Cauchy type. The results from this section are quoted from [73].

In the following results we consider the function G : o, 8] X [a, 5] — R defined by

Gi(u, s) = B (3.44)

The function G; is continuous and convex in w, since it is symmetric, i.e. Gi(u,s) =
G1(s,u), then also in s.

We also introduce four other type of Green’s functions defined on [a, 5] X [«, 5] as
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follows:

u—p0, s<u
Ga(u, s) = , (3.45)

G3(u, s) = - (3.46)

Gi(u,s) = - (3.47)

W=Ps=a) =~ o<y
Gs(u,s) = pe B (3.48)
(S—g)(u—a)’ w< s

All Green’s functions are continuous, symmetric and convex with respect to the both
variables u and s. For more details see [157].
Next we present one technical lemma which gives us new identities involving defined

Green’s functions.

Lemma 3.2.1.: Let G.(-,s), s € [a, ], 2 = 1,2,3,4,5 be defined as in (3.44)-(3.48).
Then for every f € C?([a, B]), it holds:

B8
F(u) = £() + (u— ) f'(8) + / Gi (s, 5) " (3)ds, (3.49)
) = FB) + (w—B)f' (@) + | Galu5)f"(s)ds, (3.50)

(07

8
flu) =f(B) = (B—a)f'(B) + (u—a)f'(a) + / Gs(u, s)f"(s)ds, (3.51)

B8

f(u) = F(@) + (8- a)f'(a) — (B—w)f'(B) + / Ga(u,8)f"(s)ds,  (3.52)
. B—u u—p3 A "

Flu) = S @)+ =218 + | ol (5)ds. (3.53)

Proof: Let us consider Green’s function Ga(+, s) defined by (3.45).
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Utilizing integration by parts we have

/a " Gafu, )" (5)ds = /a Gl ) (5)ds + / " Gafu, 1" (5)ds
- /au(u — B)f"(s)ds + /B(S — B)f"(s)ds

b B
= (=B )L+ (s — B ()] - / f'(s)ds

+(B=B)(8) = (w—B)f (u) — f(B) + f(u)
= —(u=p)f'(a) = f(B) + f(u),

from which (3.50) follows immediately. Similarly, we can prove other identities. O

3.2.1. Generalizations of Sherman’s inequality by Taylor’s formula and

Green’s functions

We start this subsection with two equivalent statements that include Sherman’s type in-

equalities for real, not necessary nonnegative values of weights a, b and matrix A.

Theorem 3.2.11:  Let x = (v1,....,77) € [0, ¥y = (W1,.sYm) € [, 8™, a =
(a1,...,a;) €RY, b = (by,...,by) € R™ and

y =xAT and a=bA (3.54)

for some matriz A = (a;;) € Mp(R) such that Zé’:l aj=1,i=1,...,m. Let G,(-,s),s €
[, B, 2 =1,2,3,4,5 be defined as in (3.44)-(5.48). Then the following statement are equiv-

alent:

(1) For every continuous convex function f : [, B] — R we have

l
D bif(yi) < aif()). (3.55)
j=1

=1
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(ii) For all s € [a, 5] we have

m l

D biGa(yiy s Z (x4, ). (3.56)

i=1 j=1

Furthermore, the statements (i) and (i) are also equivalent if we change the sign of

inequality in both (3.55) and (3.56).

Proof: (i)=(ii) Let (i) holds. Since G.(-, s), s € [a, ], is continuous and convex on [«, /3]
for every z € {1,...,5}, then (3.55) also holds, i.e. the inequality (3.56) holds.

(ii)=(i) Let (ii) holds. Let us consider Green’s function G2 defined by (3.45). Applying
(3.50) on the Sherman difference 22:1 ajf(z;) — >0, bif(yi), by an easy calculation we

get

i=1

l m B l m
> aif(a) =Y bif(w) = / Y a;Ga(wj,s) = Y biGalyi,s)| f"(s)ds.
j=1 j=1 i=1

o
If the function f is also convex, then f”(s) > 0 for every s € [«, 8]. Furthermore, if for
every s € |«, 8] the inequality (3.56) holds, the required results follows.

Note that it is not necessary to demand the existence of the second derivative of the
function f. The differentiability condition can be directly eliminated by using fact that it
is possible to approximate uniformly a continuous convex function by convex polynomials
(see [138, p. 172]).

The last part of our theorem can be proved analogously. The same conclusion we have for
other four Green’s functions. O

The next theorem gives two new identities which we use to get new generalizations.

Theorem 3.2.12:  Letx = (x1,...,1) € [, B, y = (Y1, -, Ym) € o, B, a = (a1, ...,a;) €
RY b = (b1, ..., byn) € R™ be such that (3.54) holds for some matriz A = (a;;) € Mu(R)
such that Zé’:1 aij=1,i=1,...,m. Let G,(-,s),s € [o, 8],z = 1,2,3,4,5 be defined as in
(8.44)-(3.48). Let n >3 and f : [o, ] — R be such that f"~Y € AC([a, B]). Then
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(1)
l m
> aif@) =) bif(y) (3.57)
j=1 i=1
n=3 p(k42) (o e m
= f k'( ) / (Z%G’Z(x],s) Zble(y“S)) . (S—Oé)kds
k=0 o j=1 i=1
1 BT B I m
=3 / {/ ( @G0 8) = Z;bi%z» s>) (s t)”ds] fO t,
o t J= 1=
(ii)
l m
D aif(z) =Y bif(yi) (3.58)
j=1 i=1
n—3 f(k+2) (ﬁ) A l m i
= Zk'/ Zasz(xj,s) —ZbiGz(yi,S) '(S—ﬂ) ds
k=0 ’ o \u=l i=1

B

B I N RPN ISP e
(n—3)!/ {/ (;%GZ@’%’S) iZIbsz@us)) (s —1) dS}f (t)dt.

[0}

Proof: (i) Let us consider Green’s function G defined by (3.45). Applying (3.50) on the

difference 22-:1 ajf(xzj) — > bif(yi), by an easy calculation we get

l m B
> afta) = Y bif ) = |
j=1

i=1

l m
Zajag(xj,s)ZbiGQ(yi,s)] f'(s)ds.  (3.59)
j=1 =1

[0}

Now, applying Taylor’s formula (3.1) to the function f” at the point ¢ = @ we have

n—3 (k+2) a s
IHOEDY fk!()(s —a)k+ (n_l?,). / FM @) (s — t)n 3. (3.60)

k=0

Similarly, applying Taylor’s formula (3.1) to the function f” at the point ¢ = 8 we have

n=3 e(k+2)
f”(s) — Z f o (5)

k=0

B
! ! / M@ (s — " Bd (3.61)

s—pB)F - ———
(=8 -3
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Combining (3.59) and (3.60) we have

l m
Z a; f(xj) — Z bif(yi)
j=1 i=1
n—3 f(k+2) !

= / ZCL]GQ xj, s ZbiGg(yi,s) (s —a)kds (3.62)
i=1

=0 7j=1

o

l m
1
+(n_3)./ > a;Ga(xj,s) = > biGa(yi,s) /f”> y=3dt | ds.
' j=1 i=1

«

Applying Fubini’s theorem in the last term of (3.62) we obtain

ﬁ l m S
1 ) . _ . e (n) oy .
(n_3)!a/ ;CLJGQ($],8) i—zlbng(yl, ) a/f (t)( £) 30t |
1 BT B I .
i (”‘3”! / 2oy Galey3) = 2 bGalua) | (s = )" | SO

Now, (3.57) follows from (3.62) and (3.63).
Analogously we can prove identities for other Green’s functions.

(ii) Similarly, combining (3.59) and (3.61) and applying Fubini’s theorem we obtain (3.58).
O

The following generalizations of Sherman’s theorem for n-convex functions hold.

Theorem 3.2.13: Let the assumptions of Theorem 3.2.11 hold.
(i) If f is n-conver and

B/
/ Z a;G;(xj,s Z biG.(yi,s) | (s—=t)"3ds >0, tela,pl, (3.64)
t
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then
l m
> aif(a;) =Y bif (i) (3.65)
j=1 i=1
n—3 f(k+2)(a) 8 m
2 Z ] / Zasz<$va)_ZbG (Yi, ) (S—Oz)kds
k=0 k o j=1 i=1
(1) If f is n-conver and
t m
/ 2(x5,8) — Z biG.(yi,s) | (s—1)"3ds <0, te]a,pl (3.66)
o = i=1

then

Z a; f () Z (3.67)

n l

B
k+2) m
Z / E a;jG,(xj, s g biG(yir5) | (s — B)"ds.
J i=1

k=0

Proof: Since a function f is n-convex, we may assume without loss of generality that f

is n-times differentiable and f(™(t) > 0, t € [, 8] (see [138, p. 16]).

Now, applying Theorem 3.2.11 we obtain (3.65) and (3.67) respectively. O
In the previous theorem we didn’t assume that weights a, b and matrix A are with

nonnegative entries. But if we take into account assumption of nonnegativity, i.e. the

assumptions as in Sherman’s theorem (Theorem 2.2.4), then we get the following general-

izations.

Theorem 3.2.14: Letx = (x1,....77) € [0, 811, ¥y = (1, -+, Ym) € [, BI™, a = (a1,...,a;) €
[0,00)!, b = (b1, ..., bim) € [0,00)™ be such that (3.54) holds for some row stochastic matriz
A € M (R). Let G,(+,),s € [a, 8],z = 1,2,3,4,5 be defined as in (3.44)-(3.48). Let
n>3and f : o, ] = R be such that f™*1) € AC([a, B]).
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(i) If f is n-convex then

m

!
> aif(ay) =Y bif (i) (3.68)
=1

i=1

n=3 e(k+2) A “
> ka'()/ (Zl CLjGZ(.'Ej,S) - Z;bsz(ymS)> ) (5 - a)kds.

k=0 e

_ k+2)
Moreover, if S p—0 1t z (@) (s — )k >0, then

l
D bif (i) <D aif (). (3.69)

l m
D aif(z) = > bif (i) (3.70)
j=1 i=1
n—3 ) B l m
>3 (M,(m / > 4;Gawy,5) = Y biGa(yi,5) | - (s — B)'ds
k=0 w o \u=l i=1

Moreover, if S7—5 f(kij)(ﬁ) (s — B)¥ >0, then (3.69) holds.

(i5i) If n is odd and f is n-convez, then

l m
Z a;jf(z;) — Z bif(yi) (3.71)
=1 i=1
3 ) [ u
= Zk,/ D aiGa(w)8) = Y biGa(yirs) | - (s — B)rds.
k=0 ’ o \u=l i=1

Moreover, if ZZ;S W(s — B)F <0, then the reverse inequality in (3.69) holds.

Proof: (i) Since G.(z;,s),s € [a, ], is continuous and convex on [a, ] for every z €

{1,...,5}, then by Sherman’s theorem it holds

! m
;G (xj,8) = Y biG(yi,s) > 0.
= =1

7j=1
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Also, we have that (s —)"~3 > 0 for s € [t, 3]. Applying Theorem 3.2.13 we get (3.68).

Further, applying Fubini’s theorem we have

n—3 m
f(k+2 FED(a) / Zaﬂ (@7,8) = Y _biGa(yi,s) | - (s — a)kds (3.72)
k=0 « =1
= n=3 ¢(k+2)
/ Z(Z] x], ZbZGZ(th) . (Z ‘fk'(a)(s_a)k> ds.
e’ =1 k=0 :

If in addition Y ;¢ 3 f(H,:,)( )(s — )k > 0, then the identity in (3.72) is nonnegative and
(3.69) immediately follows.

(ii) and (iii) The other parts can be proved similarly. O

3.2.2. Related inequalities of the Ostrowski and Griiss type

We define the functions R, B, : [, ] = R, z =1,2,3,4,5, by

A l m

R0 = [ D 0,G(a305) = 3 0Glyi) | s = 0"
7 \u=1 i=1

B.(t) = / ZajGZ(xj,s) — ZbiGz(yi,s) (s — )" 3ds, (3.73)
o \y=1 i=1

where x = (21,...,27) € [,8]Y, ¥ = W1,y Ym) € [, B]™, a = (ay,...,q;)) € R and
b = (b1,...,bm) € R™ are such that (3.54) holds for some matrix A = (a;;) € My, (R)
with Zé-:l aij =1,i=1,..,m, and G,(-,s),s € [o,0],2 = 1,2,3,4,5 are defined as in

(3.44)-(3.48), respectively. For these functions the CebySev functionals are defined by
1 2
T(R.,R.) = ® 2(t)dt —

= —a/R dt>2’
T(B.,B.) = _a/ B2(t)dt — <5— /B dt).

Using results for the Cebysev functionals (Theorem 1.4.12) in a similar way as in the

proof of Theorem 3.1.5, we can prove the following theorem which gives upper bounds for

identities related to the generalized Sherman inequality.
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Theorem 3.2.15: Let n >3 and f : [, 5] = R be such that £~ is absolutely contin-

uous with (- — a)(8 — ) (f"*)? € Lla, B]. Let the functions R, and B., z = 1,2,3,4,5,
be defined as in (3.73).

(i) Then the remainder k1(f;a, 3), defined by

wa(fronB) =) aif(a;) =D bif (i) (3.74)
j=1 i=1
n—3 l
B f(k:+2 / Z%Gz ;.0 ZbG (is) | - (5 — a)ds
k=0
_f(n—l)( (a) ([P
(ﬁ —Oé « RZ
satisfies the estimation
o |8 3
|KL(fi . B)] < f_i;)[ (R.. R.)] / (t—a)(B =)/ TV (@)Pdt| . (3.75)

(i) Then the remainder k2(f;a, 3), defined by

m l
R2(fr008) = bif(yi) = > ajf(x) (3.76)
=1 7=1
n—3 (k+2 m
T Z ! / (Z a; G (x5, 8) — ZbiGz(yi, S)) (s — B)rds
k=0 =1
FOIB) = fD(a) [P
T a-an-3) / B-(t)dt,

satisfies the estimation

1
/B—a ] P . 2
|k2(f; . B)| < —=——=[T(B., B.))2 / (t—a)(B=0)[f"D@)Pd| . (3.77)
ﬁ(n — 3)' o
Proof: The idea of the proof is the same as the proof of Theorem 3.1.5. O

Using other result for the Cebysev functionals (Theorem 1.4.13) we obtain the Griiss

type inequalities as follows.

Theorem 3.2.16: Letn >3 and f : [, 8] — R be such that ™) 4s absolutely continuous
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and ft) >0 on [a, B]. Let the functions R, and B,, z = 1,2,3,4,5, be defined as in
(3.73).

(i) Then the remainder k1(f;a, 3) defined by (3.74) satisfies the estimation

e (fia8) < g

FOVB) + f V(@) () = f ()
IR oo 5 = 5 a :

(3.78)
(i) Then the remainder k2(f;a, B) defined by (3.76) satisfies the estimation

VB + f () fOB) - [P )
e A ! -0 -
(3.79)
Proof: The idea of the proof is the same as in the proof of Theorem 3.1.6. O

The next we present the Ostrowski type inequalities related to generalized Sherman’s

inequalities (3.65) and (3.67).

Theorem 3.2.17:  Let the assumptions of Theorem 3.2.12 hold. Assume that (p,q) is a

pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q=1. Let f™ ¢ Ly, B]. Then

(i)

Za]f ;) Z i f (i) (3.80)

l

k+2 A m
/ Zaj (xj,s ZbiGZ(yi,s) (s — a)ds
o i=1

1
q B3
B m a

// Zaj C —;biGz(yi,s) (s —t)"3ds| dt

The constant on the right-hand side of (3.80) is sharp for 1 < p < oo and the best

possible for p = 1.
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(i)

l m
Zajf(l’j) _Zbif(yi) (3.81)
j=1 i=1
2 k) 7 .
_Zk,/ > a;Ga(xj, s ZbG (Yi,5) | - (s — B)"ds
k=0 ’ o \J=1
B q %

< (n_l // Zaa (x5, ZbiGz(yuS) (s —t)"3ds| dt
i=1

[0}

The constant on the right-hand side of (3.81) is sharp for 1 < p < oo and the best

possible for p = 1.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.7. Ul

3.2.3. Related mean value theorems and n-exponentially convex functions

In this subsection we present mean value theorems related to the results from the previous
subsectiomn.
To simplify the following results, we introduce the following definition motivated by

inequalities (3.65) and (3.67).

Definition 3.2.3.: Under the assumptions of Theorem 3.2.13, equipped with conditions
(3.64) and (3.66), respectively, we define

! m
Ar(f) = Y aifay) = > bif(w) (3.82)
=1 i=1

(k’+2 m
_Zf / Z% (@j,8) = > biG=(yi,s) | (s — a)ds,
k=0 o i=1
!
Ao(f) = ajf(=)) be (vi)
7j=1

l

B

k+2 m
/ Z% (€j,8) = Y biGa(yirs) | (s— B)fds, (2=1,2,3,4,5).
o i=1
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Remark 3.2.4.: If f: [o, 5] — R is n-convex, then by Theorem 3.2.13, for the linear
functionals A; ,,¢ = 1,2, it holds:
A’L7Z(f) Z 0'

Theorem 3.2.18: Let A; ., (i = 1,2, z = 1,2,3,4,5), be the linear functionals defined

as in (3.82). Let f € C™([e, B]). Then there exists & € |o, 8], (i = 1,2), such that
Aiz(£) = F(&) Aiz(p0),  (i=1,2, 2=1,2,3,4,5),

where po(z) = 2" /nl.
Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.8. O

Theorem 3.2.19: Let A; ., (i = 1,2, z = 1,2,3,4,5), be the linear functionals defined

as in (3.82). Let f,g € C"(|c, B]). Then there exists &; € [a, B], (i = 1,2) such thal

FM(&)
g™ (&)

1,2 (9) ,

A
=3 (i=1,2, z=1,2,3,4,5), (3.83)

assuming neither of the denominators is equal to zero.
Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.9. O

Remark 3.2.5.: If % is an invertible function, then from (3.83) it follows

_ f) -1 Ai(f) o -

which presents a new mean of Cauchy’s type of the interval [«, 3].

Using the families of exponentially convex functions given by Definition 3.1.2. in Sub-
section 3.1.3., we interpret our results in the form of exponentially convex functions or in

the special case logarithmically convex functions as it follows.

Theorem 3.2.20: Let A; ., (1 = 1,2, 2 = 1,2,3,4,5), be the linear functionals defined

as in (3.82) associated with the family Fy (resp. Fo) . Then the following statements hold:
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(i) The function v — A;.(fy), (i =1,2, 2=1,2,3,4,5), is n-ezponentially convez (resp.
exponentially convex) in the Jensen sense on 1.
(it) If the function v — A; .(fy), (i =1,2, 2 =1,2,3,4,5), is continuous on I, then it is

n-exponentially conver (resp. exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 38.1.10. Ol

Corollary 3.2.5.: Let A; ., (i=1,2, 2=1,2,3,4,5), be the linear functional defined as

in (8.82) associated with the family Fs. Then the following statements hold:

(1) If the function v — A; .(fy), (i =1,2, 2 =1,2,3,4,5), is continuous on I, then it is
2-exponentially conver on I. If v — A; .(fy), (i =1,2, 2 =1,2,3,4,5), is additionally
positive, then it is also log-convexr on I.

(it) If the function v — A; .(fy), (1 = 1,2, 2 =1,2,3,4,5), is positive and differentiable

on I, then for all r,s,u,w € I such that r < u, s < w, we have

M'r,s (Ai,z; -7:3) S Mu,w (Ai,27f3) ) (384)
where
Ais(f)\ 75
(3=9) rEs
M, s (A, F3) = 4 (1) , (=12, 2=1,2,3,4,5), (3.85)
exp dTAi:(Zfir)r ) , Tr=3:8
Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4.. O

Remark 3.2.6.: Remark 3.1.3. is also valid for these functionals. In an analogous way

as in Subsection 3.1.3., we could derive new class of two-parameter Cauchy-type means.

3.3. Sherman’s inequality and Fink’s identity

In this section, using Fink’s identity we obtain new extensions and improvements of Sher-
man’s inequality (2.10) for n-convex functions. Also, we get related results which include
the Ostrowski and Griiss type inequalities. At the end of the section, we apply obtained

extensions and improvements to estimate as inequalities between geometric, logarithmic

3.3. Sherman’s inequality and Fink’s identity

177



Ptolemy Scientific Research Press https://pisrt.org/

and arithmetic means. The results from this section are quoted from [68].

3.3.1. Generalizations of Sherman’s inequality by Fink’s identity

Through this subsection, we consider simultaneously two aspect and represent two types
of results. We obtain the first type of results by using only Fink’s identity (2.230). To
obtain another case we use Fink’s identity (2.230) in combination with Green’s functions

(3.44)-(3.48).
First we prove two identities.

Theorem 3.3.21: Letx € [, 8], y € [, 5], a € R! and b € R™ be such that
y =xAT and a=bA (3.86)

holds for some matriz A € M, (R) whose entries satisfy the condition 22:1 a;j =1 for
i=1,...m. Let P(t,-) and G,(-,s), s,t € [a, (], z = 1,2,3,4,5 be defined as in (2.231)
and (3.44)-(3.48), respectively. Let ¢ : [a, 8] — R be such that ¢~V € AC([a, B]).

(i) Forn > 1, the following identity holds:

l m
Y o) = > bid(y:) (3.87)
j=1 i=1
1 n—1 . l m
~B-a > nw'w o (B) > ajlay =B = bilyi — B)”
=2 ’ j=1 i=1
1 n—1 . l m
a2 a9 @) | Yasla @) = Y il — o)
w=2 J=1 i=1
. 1
(n =B —a)
B ! m
[ S astes = 0 Pty = 3 bl 0 Plew) | 900
@ |4=1 i=1
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(ii) For n > 3, the following identity holds:

l m
> ai(a;) = Y bid(yi) (3.88)
j=1 i=1
w2
2o
B m
A DTCAEEE iRt s>) (6 (B)(s — B)” — o+ (@) (s — @)*) ds
« 7=1 i=1
+ 1 X
(n=3)1(6—a)

[0}

B l m
o™ () (/ (Z a;G,(zj,5) — Z bG - (yi, s)) (s — )" 3P(t, s)ds> dt.
@ \j=1 i=1

l m
Proof: (i) Using (2.230) in the difference > a;j¢(z;) — > bid(yi), we get
j=1 i=1

l m
D ajb(x) = bid(y:)
j=1 i=1

n—1 l m
- ﬁia Z n;lw ¢(w_1)(5) (Zaj(xjﬁ)wzbz<yzﬁ)w)
=1 Jj=1 i=1
1 n—1 n—w l m
- 8 _a Z ! (Zﬁ(wil)(a) ( aj(xj —a)? — Z bi(yi — a)w>
w=1 j=1 i=1
. 1
(n—=DB —a)
Bl m
/ {Z aj(zj — )" Pt ;) = D bilyi - t)nlp(tayi)] o™ ().
@ j=1 =1

Since under assumption (3.86) we have

m

l l
D aj(zi—a) =D bilyi— o)=Y ajlz;—B)— Y bi(yi — B) =0, (3.89)
j=1 j=1 ‘

=1

the identity (3.87) immediately follows.

(ii) Let us consider Green’s function Gy defined by (3.45). Using (3.86) and (3.50) in the

3.3. Sherman’s inequality and Fink’s identity 179



Ptolemy Scientific Research Press https://pisrt.org/

l m
difference Y a;op(z;) — > bid(yi), we get
i=1

=1
zl;ajqﬁ(xj) — f; id / Zaj (5,5 zm;biGz(yi, s) | ¢"(s)ds.  (3.90)
p P iz
Applying Fink’s identity (2.230) to ¢ we have
(s = g nowo2, H+D (8)(s - B)Z - z(w“)(a)(s —a)
+ e 3)!1( ) /a ﬁ(s — )" 3P(t, 5)p™ (t)dt. (3.91)

By an easy calculation, using (3.90) and (3.91) we get

[0}

l m B m
Za’j(b('rj) - Zblé(yl) = / Zaj :L'], - szGz(yuS) X
j=1 i=1 i=1

08—«

1 g 1 \n—3 (n)
+(n =) /a (s —=t)"°P(t,s)o (t)dt)] ds.

n—3n_w_2 w+1)IB s—ﬂw— (“"H)a s—a)?
(Z u COMTI(B) (s — B) — o™ () (s — )

w=0

After interchanging the order of summation and integration and applying Fubini’s theorem
we get (3.88). O

The following generalizations of Sherman’s theorem for n-convex functions hold.

Theorem 3.3.22: Let all the assumptions of Theorem 3.3.21 be satisfied. Additionally,

let ¢ be n-convez on |a, ).
(i) If n > 1 and

l
Z — )" P(tay) = > bi(yi — )" P(ty) 20, a<t< B, (3.92)
7=1 =1
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then

l m
> aip(x) = > bid(yi) (3.93)
j=1 i=1

1 n—1 l m

> o > TG | Yasla =8 = Yo~ )"
w=2 j=1 i=1
1 n—1 . l m

- /8 — o Z nw'w : ¢(w—1)(a) Zaj(ifj — Oé)w — Zbl(yl — a)w
w=2 j=1 i=1

If the reverse inequality in (3.92) holds, then the reverse inequality in (3.93) holds.
(i1) If n >3 and

el l m
/ Zasz(xj, s) — ZbiGZ(yi, s) | (s —t)"3P(t,s)ds >0, a<st<p, (3.94)
« j=1 i=1

then
l m
D ajo(z) = > bid(yi) (3.95)
j=1 i=1
w3 n—w-—2
- wz:o (8 — a)w!
N m
[ [ a9 - 3 b6 | (6036 - 5)” - 6t @) (s - a)”) ds
o 7=1 i=1

If the reverse inequality in (3.94) holds, then the reverse inequality in (3.95) holds.

Proof: (i) Since ¢ is n-convex on [«, 5], we may assume without loss of generality that

¢ is n-times differentiable and ¢ (t) > 0, t € [a, ] (see [138, p. 16]).

Using this fact and the assumption (3.92), applying Theorem 3.3.21 we obtain (3.93).

(ii) Analogous to the part (i). O
The following generalizations under Sherman’s assumption of nonnegativity are also

valid.

Theorem 3.3.23: Let all the assumptions of Theorem 3.3.21 be satisfied. Additionally,

let a, b and A be nonnegative and ¢ be n-convex on [, 5]. Let n be even.
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(i) Forn > 1, the inequality (3.93) holds. Moreover, if the function

n—1

PO = ot ST () ) -6 D) —a)] (3.96)

is convex on [, (], then
l m
Zaj(b(ﬂfj) - Zbi¢(yi) > 0. (3.97)
Jj=1 i=1

(1) For n > 3, the inequality (3.95) holds. Moreover, if the function

F() = ”‘“’ 2 / G-(8) [ (B)(s — B)” — 60D (a)(s — )] ds, (3.98)

— Oé U]'
is convex on [, 5], then (3.97) holds.

Proof: (i) Consider the function A : [a, 5] — R defined by

(s—t)" lt—a), a<t<s<p

As)=(s—t)" 'P(t,s) = (3.99)

(s—t)"'(t—p), a<s<t<p

Since

)\//( ) = (n—l)(n—Q)(s—t)"_:z(t—a)’ a<t<s<§f
(n=1)(n=2)(s=t)"3(t-p), a<s<t<p

it follows that for even m > 2, A is convex on [a, §]. Then by Sherman’s theorem, the
inequality (3.92) holds. Therefore, by Theorem 3.3.22, the inequality (3.93) holds.

Changing the order of summation, the right hand side of (3.93) can be written in the form

l m
Zajp(x] Z F(yi),

where F is defined as in (3.96). If F' is convex, then by Sherman’s theorem we have
l m

D aiF(z;) =) biF(yi) =0,

j=1

i=1

i.e. the right hand side of (3.93) is nonnegative, so the inequality (3.97) immediately follows.
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(ii) Further, the function G.(-,s), s € [a, ], is convex on [a, 8] for every z = 1,...,5, and

by Sherman’s theorem we have

a;G;(xj,s) — ZbiGz(yi,s) > 0.
j=1 i=1

It is easy to see that for even n > 3, the inequality

m

8 l
/ > a;Ga(xj,s) = > biGa(yis) | (s—t)"PP(t,s)ds >0, a<s<t, (3.100)
o j=1 i=1

holds, while for every n > 3, we have

B l m )
/ Zasz(a:j,s) — ZbiGz(yi,s) (s —t)" 3P(t,s)ds >0, t<s<p.
@ \j=1 i=1

Now applying Theorem 3.3.23, we get the inequality (3.95).
The rest of proof is analogous to the part (ii), whereby instead of I we consider the function

F defined by (3.98). O

Remark 3.3.7.: Specially, if we consider case (ii) from the previous theorem when n is
odd, since the function A, defined by (3.99), for ¢t < s is convex and for s < ¢ is concave,
then we have conclusion: for ¢ < s, the assumption (3.94) is satisfied and the inequality

(3.95) holds, while for s < ¢, the reverse of (3.94) holds so the reverse of (3.95) holds.

Remark 3.3.8.: Let all the assumptions of the previous theorem be satisfied.

(i) For even n > 2, the inequality (3.93) holds.

Further, the function s — (s — )" is convex on [a, 3] for every w, while s +— (s — )" is
convex on [a, (] for even w and concave for odd w.

If for even w, ¢“~Y(a) < 0 and ¢~V(8) > 0 and for odd w, ¢*~V(a) < 0 and
o= (B) < 0, then the right hand side of (3.93) is nonnegative. Therefore, (3.97) imme-
diately follows.

(ii) For even n > 4, the inequality (3.95) holds.

Further, when oo < s < 3, we have (s — )" > 0 for every w while (s — 3)* > 0 for even w
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and (s — )Y <0 for odd w.
If for even w, ¢tV (a) < 0 and ¢™*tV(3) > 0 and for odd w, ¢ (a) < 0 and
oWt (B) < 0, then the right hand side of (3.95) is nonnegative and the inequality (3.97)

immediately follows.

3.3.2. New Ostrowski and Griiss type inequalities
To avoid many notations, we define the functions B, B, : [a, 8] = R, z =1,...,5, by

l m

B(t) = Za’j(mj - t)nilp(tv (I?j) - sz(yz - t)nilp(tﬂgi)? n>1, (3101)
j=1 i=1

~ B l m
B.(t) = / Zasz(a:j, s) — ZbiGz(yi, s) | (s —t)"3P(t,s)ds, n >3,
o j=1 i=1

where x € [0, 8]', ¥ € [a, 8], a € R! and b € R™ are such that (3.86) holds for some
matrix A € M,;(R) whose entries satisfy the condition Eé’:l a;j =1fori=1,...,m, and
P, G,, z=1,2,3,4,5, are defined as in (2.231) and (3.44)-(3.48), respectively.

For such functions we consider the éebyéev functionals defined by

2

T(B,B):Bia/jlg?(t)dt—(Bia/fb’(t)dt> ,

B B 2
T(Bz,éz)zﬁia/ Bfﬁf(t)dt—(Bia/ Bz(t)dt> , z=1,...,5.

Theorem 3.3.24: Let x € [a, (], y € [o, 5], a € R and b € R™ be such that (3.86)
holds for some matric A € M,;(R) whose entries satisfy the condition Zé-:l a;; = 1 for
i=1,..,m. Let B, B, z =1, ..., 5, be defined as in (8.101). Let ¢ : [a, f] — R be such that
¢t € AC([av, B]) with (- — @)(8 — ) (9" T1)? € Ly, B].
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(i) Forn > 1, the remainder R,(¢;, 3), defined by

l m
o B) =D ajbla;) = Y bid(yi) (3.102)
Jj=1 i=1
n—1 l m
_510[2”;! o (B) (Zaj(%ﬁ)wzbz(yzﬁ)w)
w=2 J=1 =1

=D (B) — ¢ V(a) [P
ey, B

satisfies the estimation

o 1 % g —q) D (1)) :
|Rn(¢; 0, B)| < 2(/3_@)(”_1 (/a (t (t)] dt> .
(3.103)

(ii) Forn >3, the remainder Ry.(¢;a, ), z € {1,...,5}, defined by

Ry-(¢;01, 8 Zw (@) = > bid(wi) (3.104)
=1

n—3 " w— 3
> (B—oz)wz' / Ga(s) (6D (B)(s = B)" = 6V (a)(s — a)") ds

w=0
d)(n 1) _ A(n— 1) /
(n — a

where G,(s) = Zé.:l a;G;(xj,s) — ZZ’;I biG(yi, s) for G.(-,-), z = 1,...,5, defined by
(8.44)-(3.48), satisfies the estimation

1

~ 1 ~ o~ 1 B " 2
R (¢; 5)\ < )3 [T(B.,B.)]> (/a (t—a)(B —t)[¢l +1>(t)]%zt> . |
3.105
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Proof: We prove the case (ii): Comparing (3.104) and (3.88) we have

~ B (n—1) _ a(n—1) o s
e (050.5) = (n—3)!1(,8—a)/ B¢ (1)t — © e _(53))!(5?_ Q)Q( )/ B\t
= ! ? B (0o
3G —a) ), BTt
! ’5 ; g (n)
= —a) ), B0t g | ot
1 R n
= (n_3)!T(BZ’¢( )

Applying Theorem 1.4.12 to By and ¢(™, we obtain (3.105).
Case (i) we can prove on analog way. O
The following theorem gives the Griiss type inequalities related to the identities (3.87)
and (3.88).

Theorem 3.3.25: Let ¢ : [, 8] — R be such that ¢\ € AC([o, 8]) and ¢t > 0 on
[, B]. Let B, B., z=1,...,5, be defined as in (3.101).

(i) Forn > 1, the remainder R, (¢; o, B), defined by (3.102), satisfies the estimation

o V(B + ¢ V()  ¢D(B) — ¢V (a)

2 86—«

1
[Ba(500B) < g7 1B

(37106)
(ii) For n > 3, the remainder Rm(qﬁ;a,/@’), z € {1,...,5}, defined by the representation

(3.104), satisfies the estimation

/
z

=l

(100 8)| < 5

o V(B) + " V() ¢ 2(B) — ¢ (a)
00 2 B —

Proof: We prove the case (ii): We have R,,.(¢;a,f) = ﬁT(B’Z, (™).

Applying Theorem 1.4.13 on the functions B. and ¢ and using the identity

/ B(t —a)(B— )" (t)dt = / ’ 2t — (a + B)] ¢\ (t)dt

a

= (8= a) [6" () + 6"V (a)] —2 | (8) = " D),
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we obtain (3.107).
Case (i) we can prove on analog way. O
In the next theorem we give the Ostrowski type inequalities related to the identities
(3.87) and (3.88). We omit the proof since the technique of proving is same as in the proof
of Theorem 3.1.7.

Theorem 3.3.26: Let the assumptions of Theorem 3.3.21 hold. Furthermore, let B, B.,
z =1,..,5, be defined as in (3.101). Let (p,q) be a pair of conjugate exponents, that is

1<p,g<oo,1/p+1/g=1 and ONS Ly[e, B].

(i) Forn > 1, we have

Zl;ajqﬁ(afj) - f;bi¢(yi) (3.108)
i P

- Biagn;!w ¢t D(B) jzl;aj(%—ﬁ)w—ibi(yi—ﬁ)w

"3 i a :Z;:l n;!w (o) jil aj(zj — ) — :Z:; bi(yi — )"

< = [, 1o dt>; ",

The constant on the right hand side of (3.108) is sharp for 1 < p < oo and the best
possible for p = 1.

(1) Forn > 3, we have

! m
) et (3.109)
J=1 i=1

En—w— B
Y T |9 (6 @) - - o s - ) s

w=0 cJa

Bz(t)‘th>; H¢<n)

=T 3)!1@ ~a) </ﬁ

where G,(s) = 22:1 a;jG.(xj,8) — D biG.(yi, ) for G.(-,-), z = 1,...,5, defined by
(3.44)-(3.48)-

)
p

3.3. Sherman’s inequality and Fink’s identity

187



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

The constant on the right hand side of (3.109) is sharp for 1 < p < oo and the best

possible for p = 1.

3.3.3. Applications to means

Considering the particular cases of results from the previous subsection, we present some
consequences. As applications we obtain extensions and improvements of majorization in-
equalities, discrete Jensen’s inequality as well as inequalities between geometric, logarithmic
and arithmetic means.

As a direct consequence of Theorem 3.3.22 (ii) we get the following corollary.

Corollary 3.3.6.: Letx,y, a, b, A, P(t,s) and Gi(+,s), s,t € [a, 8], k =1,2,3,4,5, be
as in Theorem 3.3.22. Let a function ¢ : [, f] — R be 3-convex such that ¢"" € AC([c, B]).

(i) Ift <s, then

8 l m
/ Zaij(xj, s) — Zbin(yi, s) | P(t,s)ds >0 (3.110)
o j=1 i=1
and

l m l m
o(B) — () [*
Zajgzﬁ(xj) — szqb(yz) > T 5—a i Zaij(xj, s) — Zbin(?Jz’, s) | ds.
j=1 =1 j=1 =1
(3.111)
Moreover, if in addition ¢'(B) > ¢'(«), then the left hand side of (3.111) is nonnegative.
(1) If s < t, then the reverse inequalities in (3.110) and (3.111) hold. Moreover, if in
addition ¢'(B) < ¢/(), then the left hand side of the reversed (3.111) is nonpositive.
Remark 3.3.9.: Note that (3.111) gives a nonnegative lower bound for Sherman’s dif-

l

ference - a;jp(z;) — ilb@(yz) when ¢/(3) > ¢'(a).

7=1
Specially, from (3.111), for m =1, by = 1, y1 = 2221 a;x; = T, we get Jensen’s type

inequality

! ’ _ 8 l
S asita) — o) = =T S 06 (w5) — Gutans) | s
Jj=1 o j=1
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If in addition ¢/(5) > ¢'(«), then we get the following double inequality

’ — (e B
d)(:c)gW/ 3 4;Gi(zj,s) — Gi(@,s) | ds + 6 (2) (3.112)

which improves Jensen’s inequality.

Further, from (3.111), choosing Green’s function Gs, defined by (3.45), and setting

a+ﬂ

l:2,a1:a2:%,x1:a,x2:ﬁ,i , we have

2 —a 2
/a z:: a;Ga(x;,8) — Go(Z, 5) ds:(ﬁll),
and (3.112) reduces to
o(152) < L5y (U UVEID

In the sequel, appying the double inequality (3.113) to some concrete functions, we

derive some new inequalities for means.

Example 3.: Consider the function ¢ : [a, 8] — R defined by ¢(x) = e*. Since ¢ is
3-conver, ¢" € AC ([, B]) and ¢'(B) > ¢'(«) is satisfied, then by (3.113) we have

By substituting x = e, y = P, we get

—1Inx)?

Jij<Y=® (1ny4 +ymg< By +y

T lny—Inx

1.e. we get the inequalities between the geometric mean G = /Ty, the logarithmic mean

L= lnz%fm and the arithmetic mean A = ‘%’y, wn the form
_ 2
G < L<lny41nfﬂ> LG<A
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Example 4.: Let 0 < a < 8 and the function ¢ : [o, 3] — R be defined by ¢(x) = 2",
r > 1. Since ¢ is 3-convez, ¢" € AC ([, B]) and ¢'(B) > ¢'(«) is satisfied, then by (3.113)

we have

r41 1 r+1 r4+1 r—+1
(“57) <Te-aw o () <

The following corollary is direct consequence of Theorem 3.3.26 (ii).

Corollary 3.3.7.:  Assume that (p,q) is a pair of conjugate exponents, i.e. 1 < p,q < oo,
1/p+1/g=1. Let x, y, a, b, A, P(t,s) and Gg(-,s), s,t € [o, 8], k =1,2,3,4,5, be as
in Theorem 3.83.26. Let a function ¢ : [, B] — R be such that ¢" is absolutely continuous

and ¢"" € Ly, B]. Then

l l

3" ajol) zbm YOI (S 0sutess) - 3 nGutuns) |
=1

j=1 j=1
(3.114)
0y

1 B 8 l m
< o / / Zaij(wj, s) — Zbin(yi,s) P(t,s)ds | dt H¢’"Hp.
@ @ \j=1 i=1

The constant on the right hand side is sharp for 1 < p < oo and the best possible for p = 1.

Remark 3.3.10.: Choosing Green’s function Gg, defined by (3.45), and setting [ = 2,
a; = as = %, rn=a,zo=06,andm=1,b;=1,y1 = = O‘—JQFB with ¢ < s, from (3.114)

we get

]¢<a> ro(s) - 20 (43 7) - O 5 )

2
<5—a /ﬁ(t—ath 1H¢WH
= 5
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If we choose ¢ = 1, p = oo, we obtain

o) + 6(8) — 26 ( (8- a)

(,8—04)3 "
<Oy

o+t /3) ~ #1(8) = ¢(a)
2 2

Choosing ¢ = oo, p = 1, we have

o)+ 0(9) - 20 ( “57) - LT 5 g
—a)?
< T2 1)~ ().
If in addition ¢ is 3-convex, then
« — (0% — 2
05 o) +0(8) 20 (23 7) - PO 5 ) < PR (e - (e
i.e. we get the double inequality
o (437) = 2 - B2 o) - o) (3115)
(0% — 2
<o(*57) + U o) - oa

In the following examples, applying the double inequality (3.115) to some concrete

functions, we derive some new inequalities for means.

Example 5.: Let ¢ : [a, 5] — R be defined by ¢(x) = e*. Then

o « B8 B8 _ L« o B8 _
e%ﬂge—;—e e 4e(ﬁ—a)§e%+e e

By substituting © = e, y = €°, we get the inequalities between means G = /zy, L =

_y—r — Tty .
Iny—Inzx and A = 2

B 2
<Ay pny-ne)”
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Example 6.: Let 0 < a < f3, ¢:[a, 8] = R be defined by ¢(x) = 2", r > 1. Then

r+1 r4+1 r+1
(7)) < e -

(“2) "+ gt -

IA

2

Remark 3.3.11.: Choosing other Green’s functions (3.44)-(3.48), we can estimate anal-

ogous related results.

3.4. Sherman’s inequality and Lidstone’s interpolation poly-
nomials with Green’s functions

In 1929, Lidstone [103] introduced a generalization of Taylor’s series that approximates a
given function in the neighborhood of two points instead of one. This series includes the
polynomials, later called Lidstone’s polynomials, which have been studied in the works of
Boas [24], Poritsky [142], Widder [157] and others.

In this section, using Lidstone’s polynomials in combination with Green’s function we

obtain new generalizations of Sherman’s inequality for 2n-convex functions (see [10]).
The following definition and lemma can be found in [11].

Definition 3.4.4.: Let f € C*(]0,1]), then the Lidstone series has the form

i (/A1 = @) + S (1)Ay(a) )

k=0

where Ay is polynomial of degree 2n + 1 defined by the relations
(t) = Ap—1(t), n>1, (3.116)

In [157], Widder proved the following fundamental lemma.
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Lemma 3.4.2.: If f € C*([0,1]), then

[y

n— 1
£ = 3 (790 - 1)+ FEIWAD) + [ Gult, ) (s)ds,
k=0 0
where
(t—1)s, s<t
Gi(t,s) =G(t,s) = , (3.117)
(s—1t, t<s
18 homogeneous Green’s function of the differential operator % on [0,1] and with the
successive iterates of G(t,s)
1
Galts5) = [ Grtp)Gor(p.5)p. =2, (3.115)
0

Remark 3.4.12.: Green’s function G, defined by (3.117), is convex and continuous with

respect to both variables s and t.

The Lidstone polynomial can be expressed in terms of Gy, (¢, s) as

A (t) = /01 Gr(t,s)sds. (3.119)

3.4.1. Generalizations of Sherman’s inequality by Lidstone’s interpola-

tion polynomials and Green’s functions

By using interpolation with Lidstone’s interpolating polynomials we prove the following

identity.

Theorem 3.4.27: Let n € N, ¢ € C?([a,f]) and x = (x1,...,1;) € [a, 5], y =
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(Y15 o0y ym) € [, B]™, a = (a1, ...,a;) € R and b = (by,...,by,) € R™. Then
> ajpl;) szcb yi) (3.120)
) <ﬁ y>]

m
t— i — t—
2 ) = Yo nGa (42
i=1

= (B 2k¢(2k) !2 (LJAk (

+ (8- o) (s {Zaﬂ (5= i

+(8- 2"1/

where A and G, are defined as in (3.116) and (3.117)-(3.118), respectively.

Z% (

Proof: By Widder’s lemma, we can represent every function ¢ € C?"([a, 8]) in the form:

ola) =306 - o™ S (G25) + o (522
+ (8- a) ! /j G (Z:Z ;: Z) $CM (5)ds. (3.121)
Using (3.121), we have
Zi:lajfb(%‘) - gbmm) (3.122)
_ jzl;aj {:Z:(ﬂ _ ) [¢(2k)(a)Ak (%“’Z) + 620 (8)A, (?_zﬂ }

B o —
: (ﬁ _ a)?n—l/ G, (?_ 00:7 ; _Z) ¢(2")<t)dt]

|
B z’”: h {”i(ﬁ o [d)(zm(amk (g:z) + 6@ (A, (% :3)] }

=1 k=0
>on[mar o (422 ) ea
i=1 ' « " IB -« 7 /8 -« '
By an easy calculation, from (3.122) we get (3.120). O

Using the previous identity, we get the following generalizations of Sherman’s theorem
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for (2n)-convex functions.

Theorem 3.4.28: Letn € N, x = (z1,..,7) € [0, y = (1, -, Um) € [, 8™,
a=(ay,..,a;) € R and b = (by,...,b,) € R™. Let Ay and G, be defined as in (3.116) and
(8.117)-(8.118), respectively. If for all t € |« 5], the following assumption

S (hot ) e (P E) o

holds, then for every (2n)-convez function ¢ : [a, ] — R, we have

Zajgb ;) Zblqﬁ ) (3.124)

j=1
= 2k , (2k) l B—x; S B—yi
> 3205 aa) ;ajAk@_a)—;bmk(ﬁ_a)

If the reverse inequality in (3.123) holds, then the reverse inequality in (3.124) holds.

Proof: Since a function ¢ is (2n)-convex, we may assume without loss of generality that
¢ is 2n-times differentiable and ¢(>) (t) > 0, t € [a, B8] (see [138, p. 16]).
Using this fact and the assumption (3.123), applying Theorem 3.4.27 we obtain (3.124).
O

Specially, if we use assumptions as in Sherman’s theorem (Theorem 2.2.4), then we get

the following generalizations.

Theorem 3.4.29: Letn € N, x = (z1,..,7) € [0, y = (Y1, -, Um) € [, 8™,

a=(a,..,a) € [0,00)! and b = (by,...,by,) € [0,00)™ be such that

y =xAT and a=DbA (3.125)

holds for some row stochastic matrizv A = (ai;) € Myy(R). Let Ay, and Gy, be defined as

in (8.116) and (3.117)-(3.118), respectively.
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(i) If n is odd, then for every 2n-convex function ¢ : [a, B] — R, it holds

> ajpl)) Zw vi) (3.126)

j=1
n—1 l . m B yi i
2k: (2k) J\ . I
> 55 a6 ™a) |3 ash < a) ;blAk(ﬁ_a)

(67 “ Y; — ]
) e (5)

Moreover, if ) (a) > 0, 329 (8) > 0 for k =1,3,...,n—2 and $(*F) (a) < 0, ¢(*¥)(3) <

n—1
+ Z(/B 2k¢ 2k:) Z (

0 fork=2,4,....n—1, then

l
Zb@cé yi) < Z (3.127)

(11) If n is even, then for every 2n-convex function ¢ : [a, ] — R, the reverse inequality
in (3.126) holds. Moreover, if ¢ (a) < 0, ¢F)(8) < 0 for k = 1,3,...,n — 1 and
dPR) (o) >0, ¢PF)(B) > 0 for k = 2,4,...,n — 2, then the reverse inequality in (3.127)
holds.

Proof: (i) From (3.117), it follows that Gi(¢,s) <0 for 0 <t¢,s < 1.

From (3.118), it follows that G,,(¢,s) < 0 for odd n and G,,(¢t,s) > 0 for even n.

Now, since G is convex and G,_1 is nonnegative for odd n, using (3.118), we conclude
that G, is convex in first variable if n is odd. Similarly, we have that G, is concave in first
variable if n is even.

Hence, if n is odd, then by Sherman’s theorem we have

ZbG( O‘t_o‘> Za] <$J_O(j‘ ;_O‘) (3.128)

Therefore, in this case, by Theorem 3.4.28, the inequality (3.126) holds.

Using representation (3.119), we also conclude that A, is convex if n is odd and concave
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if n is even. Then by Sherman’s theorem, it holds

m l
3 by, <%’:z> <Y a4 <$BJ__OO;> (3.129)
i=1 j=1

if k is odd and the reverse inequality in (3.129) holds if & is even.

Moreover, if (%) (a) > 0, ¢F)(8) > 0 for k = 1,3,...,n—2 and ¢®¥)(a) < 0, ¢*¥) () <0
for k = 2,4,...,n — 1, then the right hand side in (3.124) is nonnegative and (3.127)
immediately follows .

(ii) Similar to the part (i). O

3.4.2. Bounds for identities related to generalizations of Sherman’s in-

equality

For the sake of simplicity and to avoid many notations, we define two functions as follows.
Let x = (21,..,21) € [0, 8], y = W1,y ym) € [, B, a = (a1,...,q;) € R, b =
(b1,...,bm) € R™ and the function G, be defined as in (3.117)-(3.118). We define the

function R : [, 8] — R by

l m
. ' T —« t—« _ ' Yi — t—«
R(1) —;ajGn (5—a’5—a> > biGh <5—a’ﬁ_a)' (3.130)

=1

Let T(R,R) denotes the Cebysev functional of R.
Using theorem for the Cebysev functional (see Theorem 1.4.12), we obtain an upper

bound for the identity (3.120).

Theorem 3.4.30: Letn € N, ¢ : [, 3] — R be such that ¢ € C?"(|a, 8]) with (- —
)(B — (@ Ht)2 € Lia, B]. Let Ay be defined as in (3.116 and R as in (3.130). Then
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the remainder k,(¢; v, B), defined by

l m
Jj=1 i=1
n—1 M ﬁ_x‘ m 5_y' -
oo [ (422) a2
=0 _]—1 1=1 ]
n—1 [ v m o .
_ kZ:O(B o a)2k¢(2k)<ﬁ) j;aj/\k ( ,Bj— o ) — ;bzl\k (IyB — z)

B
— (5 apn 2 (6 0(8) - o V(@) [ R

«

satisfies the estimation

)2 8 3
entgia )l < =R RE ([ - s - ot I0Pe) . 3132)
Proof: Our proof proceeds similarly to the proof of Theorem 3.1.5. O

The following Griiss type inequality holds.

Theorem 3.4.31: Let ¢ : [o, 3] — R be such that ¢ € C**([a,f]) for n € N and
o) > 0 on [, B]. Let the function R be defined as in (3.130). Then the remainder
Kkl (¢, B), defined by (3.131), satisfies the bound

$I(B) + V() _ () = 6D ()
2 B 08—«

[fn (@i B)] < (B — )[R,
(3.133)

Proof: In the proof, we use a similar technique as the proof of Theorem 3.1.6. O

Next we present related the Ostrowski type inequality.

Theorem 3.4.32: Suppose that oll assumptions of Theorem 8.4.27 hold. Assume that

(p,q) is a pair of conjugate exponents, that is 1 < p,q < oo, 1/p+1/q = 1. Let p(2)
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Ly, 5]. Then

! m

> aidla) =Y bid(yi) (3.134)
j=1 i=1
_nil(ﬂ—a)%qb(zk)(a) _Zl:a'/\ <5_xj> _ib'A (ﬂ_yi>_

k=0 _jzljk f-a izllkﬁ_a_

n—1 [ m ]

_ N2k, (2k) A (mj—a>_ biA <yz‘—Oé

2 (8= o) _;a] = ; (5o

r B 1 m q %
_ n— (2n) Ti—@ t—a ) _ i~ t—a

<-ap o] | [15 26 (35 428) - oncn (s55.5%)| ]

The constant on the right-hand side of (3.134) is sharp for 1 < p < oo and the best possible

forp=1.

Proof: Let us denote

S(t) = (3 inz% (3” ‘(jt ) Zb(}( a;:z)

Using the identity (3.120) and applying well known Hoélder’s inequality, we obtain

l m
> ajb(s) =D bio(y:)
= i=1

(8~ )6 (a)

| |
3
L L
= =
El el
VR VR
|5 | ™
[ ]
Qo o |3
N——— N———
| |
M 1M
& &
= =
Eal ol
N 7 N
SRS | ™
[l [ ]
Sl ORI
N— N—

i
o
<
|
—

3

(B — )¢ (B)

kol

o

5
—

o, ([ sra)

The proof of the sharpness is analogous to one in proof of Theorem 3.1.7. O
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3.4.3. Related mean value theorems with the application of the exp-

convex method

Motivated by the inequality (3.124), we define under the assumptions of Theorem 3.4.28,

equipped with condition (3.123), the linear functional as follows:

l m

A(B) = ajb(z) =Y bip(ys) (3.135)
j=1 i=1

n—1

- -
_ (3 — a)2k¢(2k)(a) Za]’Ak (,BB _xoj> — Zbi/\k <g _Zj>

k=0 _]:1 i=1
> —;biAk <6—a>

Remark 3.4.13.: It should be noticed that if ¢ : [a, 8] — R is 2n-convex, by Theorem

n—1 [
=Y o) | Y e (F 2
k=0 =1 f-a

3.4.28, it holds
A(¢) = 0.

Theorem 3.4.33:  Let A be the linear functional defined as in (3.135). Let ¢ € C?"([a, B]).

Then there exists £ € [, 5] such that

A(9) = ¢ (&) Algo),

where @o(z) = 22" /(2n)!.
Proof: The proof technique is similar to the proof of Theorem 3.1.8. O

Theorem 3.4.34:  Let A be the linear functional defined as in (3.135). Let ¢, € C?" ([, B]).

Then there exists £ € |o, B] such that

eN(E) _ A@) 5,150

assuming neither of the denominators is equal to zero.

Proof: We prove the theorem similarly to the proof of Theorem 3.1.9. O
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Remark 3.4.14.: If % is an invertible function, then from (3.136) we get new mean

of Cauchy’s type of the interval [«, /],

Through the rest of this subsection, I denotes an open interval in R.
In order to obtain results regarding the exponential convexity, we define the families of

functions as follows.

Definition 3.4.5.: Let I be an open interval in R. For every choice of 2] + 1 mutually

different points zg, 21, ..., 291 € [, 8] we define:

o Fi={fi:[a,f] > R:tcIandt+ [2,21,..,2; fi] is n-exponentially convex in the
Jensen sense on [};

e Fo={fr:[a,f] > R:telandtwr [20,21,..,29; ft] is exponentially convex in the
Jensen sense on I};

e Fs={fr:[a,f] > R:t el andtw [20,21,..,29; ft] is 2-exponentially convex in the

Jensen sense on I}.

Theorem 3.4.35:  Let A be the linear functional defined as in (3.135) associated with the

family Fy (resp. Fa). Then the following statements hold:

(i) The function t — A(f:) is n-exponentially convex (resp. exponentially convex) in the
Jensen sense on I.
(i) If the function t — A(fy) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: Our proof proceeds similarly to the proof of Theorem 3.1.10. Ol

Corollary 3.4.8.: Let A be the linear functional defined as in (3.135) associated with the

family Fs. Then the following statements hold:
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(i) If the function t — A(fy) is continuous on I, then it is 2-exponentially conver on I.
If t — A(f:) is additionally positive, then it is also log-convex on I. Furthermore, for

every choice r,s,t € I, such that r < s < t, it holds

LA < [AG) S [AU)I

(1) If the function t — A(f;) is positive and differentiable on I, then for all r,s,u,v € T

such that r < wu, s < v, we have

Mr,s (A7 F?)) < Mu,v (A7 F?)) )

where )
A(fr) \ s
ary) s
M5 (A, F3) = ( B(Aw (3.137)
exp(dTA(fT) ) , T =S&.

Proof: (i) The first part of statement is an easy consequence of Theorem 3.4.35 and the
second one of Remark 1.2.10..
Since the function ¢ — A(f;) is log-convex on [, i.e. the function t — log A(f;) is convex

on I, then applying Lemma 1.1.1. a) we have
(r—t)log A(fi) + (¢t — s)log A(fr) + (s — ) log A(fr) =2 0

for every choice r,s,t € I, such that r < s < t. Therefore, we have

[A(fOT < [AUSO S AL

(ii) Applying Lemma 1.1.1. b) to the convex function ¢ — log A(f;), we get

IOgA(fr) - log A(fs) < log A(fu) B log A(fv)

r—s u—v

(3.138)

for r <w, s <w, r #u, s # v. Therefore, we have

Mr,s (A7 ]:3) < Mu,v (A> ]:3) .
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Case r = s, u = v follows from (3.138) as limiting case. O

Remark 3.4.15.: Note that, with assumption that the functions from Fy, Fo, F3 are
differentiable, the results from Theorem 3.4.35 and Corollary 3.4.8. still hold when two
of the points zo, 21, ..., 29; € [, f] coincide. Further, if the functions from Fi, Fa, F3 are
2[-times differentiable, the results still hold when all points coincide. These can be easily

proved using (3.42) and some fact of the exponential convexity.

3.4.4. New families of exponentially convex functions with applications

to means

Using few families of convex functions which are given below, we construct different exam-
ples of exponentially convex functions. As consequences, applying mean-value theorem of
Cauchy type from the previous section to these special families of functions, we establish
new classes of two-parameter Cauchy-type means that are symmetric and have monotone

properties over both parameters.

Throughout this subsection id denotes the identity function, i.e. id(x) = = for each

z e R.

Example 7.:  Consider the family of functions

Q1 ={pt:(0,00) > R:t R}

defined by
t
e Hvame o ool t¢40,1,....2n — 1},
on(z) = t(tfl)---(tjf12n+1) il }
it t=3j¢€{0,1,...,2n— 1}.

(—1)2n—1-751(2n—1—j)!"

2n

Since dde‘it () = 22" = elt=2m)logz ~ ¢ € R it follows that py is 2n-convezr on (0, 00)

d2n¢t
dx2n

for everyt € R and t —

(x) is exponentially convex (for more explanation see [77]).
Therefore, using the same arguments as in proof of Theorem 8.4.35 we conclude that the

function t — [z0, 21, ..., 2915 ¢ is exponentially convex (and so exponentially convex in the
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Jensen sense). Also, it follows that t — A(py) is exponentially convex in the Jensen sense.
It is easy to verify that the function t — A(p:) is continuous so then also exponentially
convex. In this case we assume that [«, 5] C (0, 00).

For this family of functions, with assumption that t — A(py) is positive, (3.137) becomes

1

A(pr) Y r=s
(A(‘PS)) ’ 7"755,
Algr
M,y (A, Q) ={ P <—(2n 1)14er ) E) r=s¢{0,1,..,2n -1},

5
3

Z._% , r=s€{0,1,....2n — 1}.
1=0,i#r

(3.139)

exp < (2n —1)! Z(Z(Tf‘))) +

Extensions are obtained by continuity for a different choice of parameters r,s € R.
We establish a new class of two-parameter Cauch-type means which is monotonic over both

parameters.

Example 8.: Consider the family of functions

Qo ={¢y :R— [0,00) : t € R}

defined by
e 1H0,
wt(x) - : 2n
@) t=0.

Since Lyt (x) = e® > 0, t € R, it follows that 1y is 2n-conver on R for every t € R

dx2n

and t — Cf;;ﬁt () = e is exponentially convex by definition. Therefore, we have that the
function t — A(1)y) is ezponentially convez.

For this family of functions, with assumption that t — A(1y) is positive, (3.137) becomes

A(py) \ =5
(A(¢s)) ) r 7é 5,
e (A,02) = exp (A8 — ) r =0,
A(idp o
exXp (2n1+1 ,Ex(wo)o)>’ r=s=0
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Applying Theorem 3.4.84 to this family of functions, it follows that

Mr,s (A7 QQ) = log Mr,s (A, Q2) y

which presents a new class of two-parameter Cauchy-type means of interval [, B]. Mono-

tonicity over both parameters follows from (ii)-part of Corollary 3.4.8..

Example 9.: Consider the family of functions

Q3 ={A:(0,00) = (0,00) : t € (0,00)}

defined by
t;rna t 7& ]-a
M) = Cos”
(én)!’ t=1

Since t — ‘iz,;;’}f (x) =t > 0, t € (0,00), it follows that A\ is 2n-conver on (0,00) for

every t € (0,00) and t — ‘i;;;i‘f (x) = t7% is exponentially convex since it is the Laplace

transform of a non-negative function (for more explanation see [77], [146]). Therefore, we
have that the function t — A(N\) is exponentially convex. In this case we assume that
[, ] € (0, 00).

For this family of functions, with assumption that t — A(py) is positive, (3.137) becomes

1
A\ 75
(453)7", r# s,
Mg (4,03) = | exp (-8 — pn), rms1,
1 A(id-A
xp <_2n+1 zgl(m)l))’ r=s=1L

For this family of functions, applying Theorem 3.4.34, we define a new class of two-

parameter Cauchy-type means as follows

Mﬁs (A,Q3) := —L(r,s)log M, s (A,Q3).
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Here L(r, s) presents logarithmic mean which is defined as follows

I TS,

L(T, S) _ logr—log s’
s, r=s.

Monotonicity with respect to the both parameters follows from (ii)-part of Corollary 3.4.8..

Example 10.: Consider the family of functions
Q= {k¢ : (0,00) = (0,00) : t € (0,00)}

defined by
—aVi
e

tn

ke(x) =

Since t — (22:27} (z) = eVt t € (0,00), it follows that k; is 2n-conves on (0,00) for

dZnHt

(1) = eVt g exponentially conver since it is the Laplace

every t € (0,00) and t —

transform of a non-negative function (for more details see [77], [146]). Therefore, using
the same arguments as in the previous example, we have that the function t — A(k;) is
exponentially convex. In this case we assume that [, 5] C (0, 00).

For this family of function, with assumption that t — A(py) is positive, (3.137) becomes

My (A, Q) = (3523)‘ s,
| eXp(—%_%)’ T = S.

For this family of functions, applying Theorem 3.4.34, we define a new class of two-

parameter Cauchy-type means as follows

M,y (A, Q) = — (V7 + V/5) log My, (A, Q3).

Monotonicity with respect to the both parameters follows from (ii)-part of Corollary 3.4.8..
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3.5. Sherman’s inequality and Hermite’s interpolation poly-
nomials

In this section, we give generalizations of Sherman’s inequality obtained by applying in-
terpolation with Hermite interpolating polynomials. We discuss the results for particular
cases. Namely, we consider interpolation for particular cases known as Lagrange interpolat-
ing polynomials, (m,n —m) interpolating polynomials and two-point Taylor interpolating
polynomials. We give bounds for the identities related to new generalizations in the form
of the éebyéev functionals. We also give generalized Griiss and Ostrowski type inequalities
related to obtained generalizations. At the end of the section, applying exp-convex method
we construct new families of exponentially and logarithically convex functions and related

Stolarsky type means. The results from this section are quoted from [6].

We start this section with the following Hermite interpolating polynomial representa-

tions by using notations and terminology from [11].

Let @« < a1 < ag < -+ < ar <f, (r > 2) be the given points. For ¢ € C"([a, 8])
(n > r), a unique polynomial pg(s) of degree (n — 1) exists, fulfilling one of the following

Hermite conditions:

p(a;) =W (a;); 0<i<hj, 1<j<r, Y kj+r=n (H)
j=1

In particular:

a) Lagrange conditions (for » = n, k; = 0 for all j):
prlaj) = ¢(a;), 1<j<n.
b) Type (m,n —m) conditions (r =2, 1<m<n—1, ki =m—1, ks =n—m—1):

® (o) = (b(i)(a), 0<i<m-—1,

3.5. Sherman’s inequality and Hermite’s interpolation polynomials 207



Ptolemy Scientific Research Press https://pisrt.org/

¢) Two-point Taylor conditions (n =2m, r =2, k; = ke =m — 1):

P(a) = 6D (a), P0(B) = D(B), 0<i<m—1.

Theorem 3.5.36: Let —o<a<f<owanda<a <ax<---<a.<pBber (r>2)

distinct points and ¢ € C™([a, f]). Then

¢(t) = pu(t) + Run(9,t), (3.140)

where pg(t) is the Hermite inrepolating polynomial, i.e.
r  kj
> Hij(t)e

j=1 i=0

H;; are fundamental polynomials of the Hermite basis defined by

Hiy(t) = Lt (- ay)t b 3.141
a0 = o @Z o ()| et e
=a;
with
w(t) =[] t—a)t*, (3.142)
j=1
and the remainder is given by
B
Rin(60) = [ Guualt.)0(5)ds,
where Gy p(t,s) is defined by
l kj X n—i—1
X3 g i) s <t
Graltis) =4 77170 o (3.143)
- Z Z (a(jnifzfl)r zy(t)a s>t
j=Il4+11=0
forallap < s < a1, =0,...,r with ag = o and a,+1 = B.

The associated error Ry (¢, t) is represented in the terms of Green’s function Gy (t, s)
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(3.143) for multipoint boundary value problem
20t =0, 20(a;) =0, 0<i<kj, 1<j<r
Remark 3.5.16.: a) For Lagrange conditions, from Theorem 3.5.36 we have
o(t) = pr(t) + Ri(o,1)

where pr,(t) is the Lagrange interpolating polynomial i.e.

0 I e

and the remainder Ry (¢,t) is given by

B
_ / Gt )6 (s)ds

with
l
Y=o T (), s
1 =1
GL(t,s):W . (= . , (3.144)
n-— . . —1 t—ag
k#j

a <s<ap,l=1,2,...,n—1with a; = o and a, = 5.

b) For type (m,n —m) conditions, from Theorem 3.5.36 we have

(b(t) = P(m,n) (t) + R(m,n) (¢7 t),

where p(,, n)(t) is (m,n — m) interpolating polynomial, i.e.

m—1 n—m—1
P(m,n) (t) = Z T’L ¢(Z ‘|’ Z 771
=0 1=0
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with

1 i(t— B\ n—m+p—1\/t—a\p
mi(t) = S (t - ) (a_5> > < ; )(5_@) : (3.145)
1 t—a " mp— 1\ [t — B\P
w0 =59 (5=3)" X (" (L) (3.116)
and the remainder is given by
B

R(m,n) (¢7 t) = / G(m,n) (ta S)¢(n) (S)ds

with
S8 () )x

e ()
G(myn)(tj S) _ Jl(n—j—1)! B—a

n—m—1 rn—m—i—1 4 (3.147)
- 3 { ¥ (m+q71)<gf—;)}x

=0 q=0 1

a<s<t<p

L s

iln—i—1)! f—a a<t<s<f.

¢) For Two-point Taylor conditions, from Theorem 3.5.36 we have

¢(t) = par(t) + Ror(s,1),

where por(t) is the two-point Taylor interpolating polynomial i.e,

,02T(t):4 _Z‘<m+p—1>[(t—.la)i<t—5>m<t_a

il a—p3 B — a)p¢(i) () (3.148)

and the remainder is given by

B
Ror(¢,1t) =/ Gor(t, s)¢™ (s)ds

«
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with
EUm m1,6) S (M (4 — g, s), s <t
(2m 1 'p y q yS), RS
Gor(t,s) = =0 : (3.149)
ié;f)l 1q" (¢, 8) 0 (") (s =ty Ipi(ts), s >t
j:

where p(t, s) = (S_g)_ﬁ, q(t,s) = p(s,t), Vi, s € o, f].

[0}

The following lemma describes the positivity of G ,(t,s) (see [20], [161]).

Lemma 3.5.3.: Let w be given by (3.142). The function Gy n(t,s), defined by (3.143),

has the following properties:

(i) Gal 50,0y <t < ap, a1 < s <apy

(i) Gun(t,s) < W\W(tﬂ;
(111) f Grnl(t,s)ds = w(t).

3.5.1. Generalized Sherman’s inequality by Hermite interpolation poly-

nomials

First we prove new identity by using interpolation with Hermite interpolating polynomials.

Theorem 3.5.37: Let ¢ € C"([a, f]) and let co < a < a1 < ag < -+ < ap < f < 00,

,
(r > 2) be the given points, k; €N, 1< j <7, Y kj+r=n. Let x = (x1, ..., 1) € [, 8],
=1

V=1, Ym) € [a, B, u = (u1,...,u;) € R! and v = (V1 .oy Up) € R™.
Then

. ke m

l
Zuqu ‘Tp qu¢ yq Zng a'L Zup ij -Tp Z z] yq (3150)
p=1

q=1 7=11i=0

<
[y

8 l m
+ / Z UpG o (Tp, $) — Z V4G (Yg, ) ¢(")(s)ds
o p=1 q=1

where Hi; and G, are defined as in (3.141) and (8.143), respectively.

l m
Proof: By an easy calculation, using (3.140) in > upd(xp) — D ve¢(ys) we obtain
p=1 q=1
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(3.150). O
In the following theorem, under Hermite conditions, we obtain new generalization of

Sherman’s inequality.

Theorem 3.5.38: Let ¢ : [a, B] = R be n-convezr and let co < o < a1 < ag < -+ < a, <
T
f < oo, (r>2) be the given points, k; e N, 1 < j <r, > kj+r=n. Letx = (z1,...,21) €
j=1
(o, By = (W1y ooy Ym) € [0, B™, = (uq,...,u;) € R and v = (vy, ..., v) € R™.

If

l m
ZquHm(a:p,s) - quGHm(yq,s) >0, sé€lapl, (3.151)
then
l m
D upd(ay) = Y vgd(yq) (3.152)
p=1 q=1
l rkj m rkj
> upy oy 6P @) Hijlay) =Y vg D ¢ (ai) Hijly),
p=1 7=1 =0 g=1 7j=1 =0

where H;j and Gpp, are defined as in (3.141) and (3.143), respectively.

Proof: Since the function ¢ is n-convex, then without loss of generality we can assume
that ¢ is n-times differentiable and ¢ > 0 (see [138, p. 16 and p. 293]). Hence, we can
apply Theorem 3.5.37 to obtain (3.152). O

Specially, if we assume that weights u,v and matrix A are such that satified Sher-
man’s conditions, i.e. with nonnegative entries and (3.153) holds, then we get the next

generalization.

Theorem 3.5.39: Let ¢ : [a,5] — R be n-convezx and let —oco < a < a1 < ay <

T
- < ap < B < oo, (r > 2) be the given points, kj € N, 1 < j <, Zk +r =n.
j=

Let x = (z1,..,21) € [,B], ¥y = (Y1, .., Um) € [o, 8™, u = (u1,...,u;) € [0,00)! and
Vv = (U1, ..., V) € [0,00)™ be such that

y =xAl and u=vA (3.153)
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holds for some row stochastic matriz A = (a;j) € My (R).

If (3.152) holds and the function
F()y =Y "¢ (a;)H;(-) (3.154)

is convezx on o, (], then

m l
ZUQ¢<yq) < Zup¢($p) (3.155)

qg=1 p=1
Proof: Since the inequality (3.152) holds, the right hand side of (3.152) can be rewriting

in the form
m

l
Z upF () — Z veF (yq),
p=1

q=1

where F is defined by (3.154). If F is convex, then by Sherman’s theorem we have

m

l
Z“pp(xp) - Z'qu(yq) >0,
p=1

q=1

i.e. the right hand side of (3.152) is nonnegative so the inequality (3.155) immediately
follows. O
As a direct consequence of the previous two theorems, by using Lagrange conditions

we get the following generalization of Sherman’s theorem.

Corollary 3.5.9.: Let ¢ : [a, 8] — R be n-convex and let x = (x1,...,2;) € [a, 8],
Y = (Y1, s Ym) € [, B, u = (u,...,u) € [0,00)! and v = (v1,...,um) € [0,00)™ be such

that (8.153) holds for some row stochastic matriz A = (a;j) € My, (R).

(i) If l
ZUPGL(.’L'Z;,S) - quGL(yq>8) > Oa ERS [aaﬁ]a
p=1 q=1

3.5. Sherman’s inequality and Hermite’s interpolation polynomials 213



Ptolemy Scientific Research Press

https://pisrt.org/

then

l m
Z upd(xp) — Z Vg®(Yq)
p=1 q=1

(3.156)
l n n €, — ay m n n Yo — Qi
> S u > o) TT (222 = Su Y otap [T (422).
p=1  j=1 k=1 N9 Ok =1 j=1 =1 N9 Ok
k#j k#j
where G, is defined as in (8.144).
(11) If (3.156) holds and the function
P =3 ota [T (2
- J aj; — O
7j=1 k=1
k#j
is convex on [«, 3], then
m l
qu¢(yq) < Zupgb(mp)
q=1 p=1
By using type (m,n —m) conditions we can give the following result.
Corollary 3.5.10.: Let ¢ : [a, 5] — R be n-conver and let x = (x1,...,2;) € [a, ],

Yy = (Y1, %) € o, B]%, u = (ur,....,u;) € [0,00)! and v = (v1,...,v,) € [0,00)% be such

that (3.158) holds for some row stochastic matriz A = (a;;) € My (R).

(i) If l
ZUPG(m,”)(xpvs) - UqG(m n)(yq’s) >0, s¢€lap,
p=1 q=1
then
l u
> upd(xp) = Y vg(yy) (3.157)
p=1 g=1
l m—1 n—m—1
= Zup ( Ti(zp)¢' () + Z Uz(l‘p)W(ﬁ))
p=1 i=0 i=0
u m—1 ' n—m-—1
—Z”q< Ti(yg)d' (@) + Y nz(yq)¢’(ﬂ)>,
q=1 i=0 i=0
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where 7;, n; and Gy, ) are defined as in (5.145), (3.146) and (3.147), respectively.

(i1) If (3.157) holds and the function

3
L

n—m-—1
F() =) () @)+ > m()e'(B)
: -

]

I
o

is convex on [, (], then
l u
Zup(ls(xp) < qu¢(yq)'
p=1 q=1

By using Two-point Taylor conditions we can give the following result.

Corollary 3.5.11.: Let ¢ : [a, 5] — R be 2m-convex and let x = (21,...,2;) € [a, ],
Yy = (W1, %) € o, B]%, u = (ug,...,u;) € [0,00)! and v = (v1,...,v,) € [0,00)% be such

that (8.153) holds for some row stochastic matriz A = (a;j) € My (R).

(1) If l
Zqu?T(xpas) - quG2T(yqas) >0, sé€lopl
p=1 g=1

then

l u l U
Z up$(p) — Z Vg9 (Yq) = Z uppar (Tp) — Z Vgp2r(Yq), (3.158)
p=1 g=1 p=1 g=1

where por and Gor are defined as in (5.148) and (3.149), respectively.

(1) If (3.158) holds and the function par is convexr on |«, 3], then

u

l
qu¢(yq) < Zupﬁb(‘rp)
p=1

g=1
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3.5.2. The Ostrowski and Griiss type inequalities

For the sake of simplicity and to avoid many notations, we define the function R : [, 5] —

R by

l m
s) = ZMPGH’”(‘TP’ s) — quGH,n(yq, s), (3.159)

where x = (z1,....,77) € [0, B, vy = (Y1, .., ym) € [, B8], u = (u1,....,) € R, v =
(v1,..., ) € R™ and the function Gp,y, is defined by (3.143). We also consider the the
Cebygev functional T(R, R) for the function 9.

The following bounds for identities related to generalization of Sherman’s inequality

holds.

Theorem 3.5.40: Let ¢ : [a, ] — R be such that ¢ € C"([c, B]) with (- — a)(8 —
V(™2 € Lla, B]. Let the function R be defined as in (3.159). Then the remainder

k(95 v, B), defined by

m r kj
k(s a, B) = Zupd) Tp) qud)(yq) - Z Z Gb( (ai) Zup ij(7p) qu i7(Yq)
q=1 j=1i=0 p=1
(n=1)(g8) — p(n—1) B
- ¢ (6; _Z (@) / R(s)ds + 16, B), (3.160)
satisfies the estimation
VB —«
w(9:0,8)) < Y2 (1o, ). (3161)
V2
Proof: The idea of the proof is the same as the proof of Theorem 3.1.5. O

Using Theorem 1.4.13 we obtain the Griiss type inequalities.

Theorem 3.5.41: Let ¢ € C"([a, 8]) such that ™) is monotonic nondecreasing on [, ]
and let R be defined by (3.159). Then remainder k(¢;a, 3), defined by (3.160), satisfies

the estimation

DB+ V(@) ¢ (B) — gD (a)

|K(¢; ct, B)] < 1R [|sw 7 f—a

(3.162)

Proof: The proof is analogous to the proof of Theorem 3.1.6. O
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We present the Ostrowski type inequalities related to generalizations of Sherman’s

inequality.

Theorem 3.5.42: Let the assumptions of Theorem 3.5.37 hold. Assume (p,q) is a pair
of conjugate exponents, that is 1 < p,q < co, 1/p+1/q=1. Let o™ ¢ Lyla, B]. Then we

have:

r kj

l m
Z up¢<xp) - Z vq¢<yq> - Z Z ¢(Z az Z up ij xp Z'Uq ij yq
p=1 q=1 p=1

j=1i=0

<[] eal,. (3.163)

where R is defined in (3.159).
The constant on the right-hand side of (3.163) is sharp for 1 < p < oo and the best

possible for p=1.

Proof: In the proof we proceed similarly as in the proof of Theorem 3.1.7. O

3.5.3. Mean-value theorems and n-exponential convexity

Now, we present the Lagrange and the Cauchy type of mean-value theorems by using results
from the previous subsection. Also, we use exp-convex method in order to interpret our
results in the form of exponentially convex functions or in the special case logarithmically

convex functions.

Motivated by the inequality (3.152), under the assumptions of Theorems 3.5.38 we

define
l m
0) =D upd(zy) = ) vgd(yq) (3.164)
p=1 q=1
r kj m
- ZZ¢ 2 (a;) ZUP ij(xp) — Z”qu (Yq)
7=111=0 q=1

Remark 3.5.17.: Under the assumptions of Theorems 3.5.38, the linear functional (3.164)

satisfies F'(¢) > 0 for all n-convex functions ¢.
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Theorem 3.5.43: Let ¢ € C"[«, (]. If the inequality in (3.151) holds, then there exists
€ € [a, 5] such that

F(¢) = o™ (&)F(p),

where p(x) = % and F is defined by (3.164).
Proof: We proceed analogously to the proof of Theorem 3.1.8. O

Theorem 3.5.44: Let ¢, € C"|«, 5]. If the inequality in (3.151) holds, then there exists

¢ € [a, B] such that
F(¢) _ ¢™(©)

F)  ¢m(g)
provided that the denominators are non-zero and F' is defined by (3.164).
Proof: We use the technique of proving Theorem 3.1.9. O

Remark 3.5.18.: If ﬁii is an invertible function, then from (3.165) we obtain new mean

of Cauchy’s type of the interval [«, /],

(6N (Fle)
f‘(ww) (F7)

In order to obtain results regarding to the exponential convexity, we consider the fami-

lies of exponentially convex functions Fi, Fo, F3 as given in Subsection 3.1.3. in Definition

3.1.2..

Theorem 3.5.45: Let F be the linear functional defined as in (3.164) associated with

the family F1 (resp. Fa). Then the following statements hold:

(i) The function t — F(¢¢) is n-exponentially convez (resp. exponentially convex) in the
Jensen sense on I.
(11) If the function t — F(¢) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.10. O
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Corollary 3.5.12.: Let F be the linear functional defined as in (3.164) associated with

the family Fs. Then the following statements hold:

(i) If the function t — F(¢¢) is continuous on I, then it is 2-exponentially convex on I.
If t — F(¢¢) is additionally positive, then it is also log-conver on I. Furthermore, for

every choice r,s,t € I, such that r < s < t, it holds

[F(6)]"™" < [F(¢n))* [F(60)] "

(1) If the function t — F(¢y) is positive and differentiable on I, then for all r,s,u,v € T

such that r < wu, s < v, we have

MT,S (F7 ]:3) < Mu,v (Fu JT_:S) ; (3166)
where )
For) )= r#s
M, s (F, F3) = <F(¢3)d(F(¢ ) (3.167)
exp W) , T=S58
Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4.. OJ

Remark 3.5.19.: Remark 3.1.3. is also valid for these functionals. Analogous results can

be discussed as given in Section 3.1.3..

3.6. Sherman’s inequality and Hermite interpolation polyno-

mials with Green’s functions

The main aim of this section is to give generalizations of Sherman’s result for n-convex func-
tions by using Hermite interpolating polynomials in combination with Green’s functions
(3.44)-(3.48). We also consider the results for particular cases, namely, (m,n —m) interpo-
lating polynomial, two-point Taylor interpolating polynomial. We give upper bounds for
identity related to generalized Sherman’s result and discusse about some applications. The

results from this section are quoted from [7].
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3.6.1. Generalizations of Sherman’s inequality by Hermite interpolation

polynomials and Green’s functions

Theorem 3.6.46: Lel a < a1 < ag < --- < ar < [ (r > 2) be distinct points and

¢ € C™(Ja, B]) (n>7). Let x € [o, B, y € [a, B]¥, u € R and v € R be such that

y =xAT and u=vA (3.168)

!
holds for some matriz A € My (R) whose entries satisfy the condition ) a;; =1, 1 =
j=1
1,...,k. Then the following identity holds:

B J )
:/ Z“PG(xp’t) —quG(yq,t) ) . Hij ()¢ (a )dt (3.169)

where G, z = 1,2,3,4,5, Hjj and Gy, are defined as in (3.44)-(3.48), (8.141) and
(8.143), respectively.

Proof: Let us consider Green’s function Ga, defined by (3.45). Applying (3.50) on the
! k
difference Y upp(xp) — > ve¢(yq) and using (3.168), we have
p=1 q=1

l B l
Z upd(zp) — Z Vg9 (Yq) = / Z upGa(zp, t) — Z vgGa(yq,t) | ¢"()dt.  (3.170)
p=1 > |p=1

q=1 g=1
By Theorem 3.5.36, the function ¢”(t) can be expressed as

r kj

) B
¢"(t)=> > Hy(t)p"(a;) + / Grin_a(t, )¢ (s)ds. (3.171)
j=1i=0 o
Now, combining (3.170) and (3.171), we get (3.169). O

Using the previous identity we get the following generalizations of Sherman’s theorem.
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Theorem 3.6.47:  Suppose that all the assumptions of Theorem 3.6.46 hold. Additionally,

let ¢ be n-convex on [, 5] and
Zup (zp, 1) qu (Yg,t) =0, te€[a,f] (3.172)
(Tv) If k; is odd for each j =2,..,r, then

1 k
> upd(ap) = > ved(yy) (3.173)
p—1 =1

vk

<

2
H;ij ()" (a;)dt.
7j=11=0

HM»
@
“S

/ E :“p (zp,t)
(07

(T>) If kj is odd for each j = 2,..,r — 1 and k, is even, then the reverse inequality in
(3.173) holds.

Proof: (T}) Since the function ¢ is n-convex, then ¢ is n-times differentiable and ¢ > 0.
If k; is odd for each j = 2,..,r, then w, given by (3.142), satisfies w(t) > 0. Therefore,
by Lemma 3.5.3. (i) it follows G ,—2(t,s) > 0. Hence, we can apply Theorem 3.6.46 to

obtain (3.173).

(T3) This part we can prove similarly. O

Theorem 3.6.48: Suppose that all the assumptions of Theorem 5.6.46 hold. Addition-
ally, let vectors u, v and matriz A be nonnegative and ¢ be n-conver on [a, B]. Then the

statements (T1) and (T3) hold. Moreover, if (3.173) holds and the function

ey [ 0506 @ (3174)

7=1 =0

is convex on [, ], then

l k
D upd(rp) = > vg(yy)- (3.175)
p=1 q=1

Proof: Since the function G,(.,t), t € [a, ], is convex for every z = 1,...,5, then by
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Sherman’s theorem it holds that

l

k
ZUsz(lﬂp,t) - quGZ(ymt) >0, tela,pl
qg=1

p=1

Applying Theorem 3.6.47 and Lemma 3.5.3. (i) we get (3.173). Similarly we can prove the
second statement (7%).

Since (3.173) holds, the right hand side of (3.173) can be rewriting in the form
l ) koo
Z usz(xp) - Z Usz(yq)
p=1 q=1

where F, is defined by (3.174). If F, is convex, then by Sherman’s theorem we have
! k
2 upFx(op) = 3 vaFslya)
p=1 q=1

i.e. the right hand side of (3.173) is nonnegative, so the inequality (3.175) immediately
follows. m
As a direct consequence of the previous results, considering particular case of Hermite

interpolating polynomial with type (m,n —m) conditions, we get the following corollary.

Corollary 3.6.13.: Suppose that all the assumptions of Theorem 8.5.86 hold with type
(m,n—m) conditions. Additionally, let ¢ be n-convezr on |a, f] and x € [a, B!, y € [, B,
u € [0,00)! and v € [0,00)™ be such that (3.153) holds for some row stochastic matriz

A € Mml(R).

(i) If n —m is even, then

l k
> upd(ap) = Y va(yy) (3.176)
p=1 q=1
m—1 n—m—1
/ Zup xp7 qu yq7 (Z Tl(t Z+2) + Z 771 Z+2) )) dt,
=0 =0

where ; and n; are defined as in (8.145) and (3.146), respectively.

(1) If n —m is odd, then the reverse inequality in (3.176) holds.
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(111) If (3.176) holds and the function

B B m—1 ) n—m—1 A
Fz(')Z/ GA-,t)(ZTi(t)df(a)—i— > m(tw(ﬁ)) dt (3.177)
@ i=0 i=0

is convex on [, 3], then (3.175) holds.

Considering a particular case of Hermite interpolating polynomial with two-point Tay-

lor conditions we get the next generalizations.

Corollary 3.6.14.: Suppose that all the assumptions of Theorem 3.5.36 hold with two-
point Taylor conditions. Additionally, let ¢ be n-convex on [a, ] and x € [a, B, y €
[, B]™, u € [0,00)! and v € [0,00)™ be such that (3.168) holds for some row stochastic
matric A € M, (R).
(i) If m is even, then
I k sl 1 k

Zup¢($p) - Zvc@(yq) 2 / ZquZ(xp,t) - quGz(yq7t) F(t)dt, (3.178)
p=1 qg=1 @

p=1 q=1

where

(1) If m is odd, then the reverse inequality in (3.178) holds.
(i11) If (3.178) holds and the function

o= [ e

is convex on [, ], then (3.175) holds.
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3.6.2. The Ostrowski and Griiss type inequalities

To avoid many notations, under the assumptions of Theorem 3.6.46, we define the function

R.:|lo,8] 2 R, z=1,....5, by

/ Zup (xp, 1) qu (g, t) | GHn—2(t, s)dt. (3.179)

Then T(R.,R.) denotes the Cebysev functional

a/ R2(t)dt — < /BRZ(t)dt>2.

Theorem 3.6.49: Let ¢ : [o, f] — R be such that ¢ € AC(|a,]) and (- — a)(B —

T(R:,R:)

N tN2 € Lia, B]. Let R.,z =1,...,5 be defined as in (3.179). Then
l k
Ka(d; . B) = Eup¢($p) - qu¢(yq)
=1 q=1

-

1
(n,) _ 1) 8
A, (55) _z () R.(s)ds (3.180)

k r  kj
Z upG $p, Z veG (yqa t)] Z Hi; (t)¢(i+2) (aj)dt

q= j=1i=0

and k. (¢; a, B) satisfies the estimation

1
2

/B = B
ra(@i e, B)] < 22 (R, R / (s = a)(8 = 8)[6" ) (s) ds (3.181)
V2 o
Proof: The idea of the proof is the same as the proof of Theorem 3.1.5. O

Theorem 3.6.50: Let ¢ : [o, 5] — R be such that &™) is monotonic nondecreasing on
[, B] and R.,z = 1,...,5 be defined as in (3.179). Then (3.180) holds and k,(¢;, )

satisfies the estimation

(n—1) (n—1) (n—2) _ 4(n—2)
k2 (@5, B)] < HR’Z\OO{(b (6);¢ ORIl ) (O‘)}. (3.182)

Proof: The idea of the proof is the same as in the proof of Theorem 3.1.6. O
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Theorem 3.6.47 gives the lower bound for the expression

! k
> wpd(zp) = Y vg(ys) (3.183)
p=1 q=1
r kj
/ Zup (xp,t) qu (Yq, 1) Z ZHH ()62 (aj)dt.
j=11=0

Next result gives an upper bound for (3.183).

Theorem 3.6.51: Let (p,q) be a pair of conjugate exponents, i.e. 1 < p,q < oo and
1/p+1/q = 1. Let ¢ : [, B] — R be such that ‘gb(”)‘p € Lla,f] and R,z = 1,...,5 be
defined as in (3.179). Then

l k
Z up(zp) — Z VP (Yq)
p=1 q=1

r ok

/ Z upG(2p, t) Z vgG(yq, t) Z Z H;j(t) ¢(Z+2 j)dt

j:l 1=0

<[

, IRzl - (3.184)

The constant ||R;||, is sharp for 1 < p < oo and the best possible for p = 1.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.7. Ul

3.6.3. Mean-value theorems and n-exponential convexity

Motivated by the inequality (3.173), under the assumptions of Theorems 3.6.47, we define
the linear functional A : C"([«, 8]) — R by

l k
= Zup(b(xp) - Z VP (Yq)
p=1 q=1
Bl ‘ A
_ / S Gl t) — 304G ) iy (8652 (a)dt. (3.185)
a | p—1 ;

Remark 3.6.20.: By Theorem 3.6.47, for every n-convex functions ¢ : [a, 3] — R we
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have

A(p) > 0.

Using the linearity of this functional we derive mean value theorems of Lagrange and

Cauchy type.

Theorem 3.6.52: Let ¢ € C"(|or, B]) and A : C™(|er, B]) — R be the linear functional
defined by (3.185). Then there exists & € |a, B] such that

"
n!-

where p(x) =
Proof: Similar to the proof of Theorem 3.1.8. O

Theorem 3.6.53: Let ¢,¢ € C"([o, B]) and A : C"([e, f]) — R be the linear functional
defined by (3.185). Then there exists & € |a, B] such that

Ag) _ 6(©)

) (3.186)
A(9) ~ w(e)
provided that the denominators are non-zero.
Proof: Similar to the proof of Theorem 3.1.9. O

Remark 3.6.21.: With assumption that z((z)) is an invertible function, as a consequence

of the previous theorem we get the single number

- (%) (39

which is exactly mean of Chauchy type of the segment [, 3].

Through the rest of this section, I denotes an open interval in R.
Let us consider the families of exponentially convex functions Fi, Fa, F3 as given in

Subsection 3.1.3. in Definition 3.1.2..
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Theorem 3.6.54: Let A be the linear functional defined as in (3.185) associated with the

family Fy (resp. Fa). Then the following statements hold:

(i) The function t — A(¢py) is n-exponentially convex (resp. exponentially convex) in the
Jensen sense on I.
(i) If the function t — A(¢y) is continuous on I, then it is n-exponentially convex (resp.

exponentially convex) on I.

Proof: The idea of the proof is the same as that of the proof of Theorem 3.1.10. O

Corollary 3.6.15.: Let A be the linear functional defined as in (8.185) associated with

the family Fs. Then the following statements hold:

(i) If the function t — A(¢y) is continuous on I, then it is 2-exponentially conver on I.
If t — A(¢y) is additionally positive, then it is also log-conver on I. Furthermore, for

every choice r,s,t € I, such that r < s < t, it holds

[A(ds)] ™" < [A(o)]" ™ [A(6r)]* "

(1) If the function t — A(¢y) is positive and differentiable on I, then for all r,s,u,v € T

such that r < wu, s < v, we have

Mys (A, F3) < My, (A, F3), (3.187)
where .
Algpr)\ 7=
_ (A(¢S)) ; r#s,
My (A, F3) = L A6) (3.188)
exp <MA(¢T)T> , T =S5
Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4.. O

Example 11.: As an example of application of the previous results consider the family

of functions

Q4 ={¢t:(0,00) = (0,00) : t € (0,00)}
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defined by
eVt
)= ———7.
Since Ci;ﬁt (x) = e~V > 0, the function @; is n-convex function for every t > 0. More-

dn Pt

over, the function t — 5 (x) is exponentially convex. Therefore, the function t

[0, @1, ..., x1; @i 18 exponentially convex (and so exponentially convez in the Jensen sense).
Also, the function t — A(p¢) is exponentially convex in the Jensen sense. It is easy to verify
that the function t — A(py) is continuous, so it is exponentially convez.

For this family of functions, with assumption that [, 5] C (0,00) and t — A(py) is positive,
(8.188) becomes

1
n—¢

l k
Cn Zl upe_xp\/ﬁ - Zl ’qu_yq\/ﬁ - Al
b= q=
ot

el k , n# ¢
3 eV — 3 e uvE — B,
k !
Z "quqefyq\/ﬁ — Z Upl'pefmp\/ﬁ + Ay
q=1 =1 .
fny = €Xp 1 k - ; |
2\/ﬁ (Z upe—zp\/ﬁ — Z qu—yq\/ﬁ _ Al)
where
g ! k .k | i
Al - / (Z UpG(eTpvt) - quG(yq,t)) Z Z Hi'(t)(_1)1+2771+567aj\/77dt7
« p=1 g=1 o
g k .k e
Ag = / (Z UpG($pat) - quG(yq,t)) Z Z Hij(t)m(xe_m\/ﬁ)h:ajdt’
g k .k | i
Bl = / (Z UpG(xpvt) - quG(yq,t))) Z ZHi'(t)(_1)1+2C1+5€_Qjﬂdt,
a p=1 g=1 pac e

Using Theorem 3.6.583 it follows that

MTLC (A7 Q4) - - <\/ﬁ+ \/Z) log Hn¢ (A; 94)

satisfies

a < My (A, Q) < B.
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It is obviously symmetric. By Corollary 3.6.15., using (3.187), it follows that this mean is

monotonic.

Remark 3.6.22.: Analogous results can be discussed as given in Section 3.1.3..

3.7. Sherman’s inequality and Montgomery’s identity with
Green’s functions

In this section, we obtain generalized Sherman’s type inequalities for n-convex functions
by using Montgomery identity with Green’s functions. We also give bounds for identities
related to obtained generalizations in the form of the Griiss and Ostrowski type inequalities.
Applying exp-convex method we establish new examples of exponentially convex functions
and related generalized Cauchy type means. The results from this section are quoted from

8, 9].

In our results we use the following generalized Montgomery identities via Taylor’s

formula as given in [12], [13].

Proposition 3.7.55: Let n € N, ¢ : I — R be such that ¢(*~1) € AC(I), where I is an

open interval in R, a,b € I, a < b. Then the following identity holds

Loy S0 (o) (o= )™ RSO (b) (w — 0)*
¢(2) = b—oz/a “b(t)deZ:O Hk+2) b-a  ~—k(ET2) b-a

1 ' (n)

+(n_1)'/a Tn (CC,S)(Z) (S)dS, (3189)
where ( yr
r— S r —
- + (x—s)"', a<s<u,
Ty (2, 5) = %b__s‘)%? g—_ab . (3.190)

Remark 3.7.23.: For n = 1, the sum on the right side of (3.189) is equal to zero, so the

identity (3.189) reduces to the well known Montgomery identity
1 b b
6@ =5 [ oWt [ Pasds)ds

«
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where P (z,s) is the Peano kernel, defined by

s—
T a<s<czx
P(z,s)= 3—% ,
, v<s<b
b—«

(see for instance [112]).

3.7.1. Generalizations of Sherman’s inequality by Montgomery’s identity

First, applying Montgomery identity we establish new identity for Sherman’s difference.

Theorem 3.7.56: Letn € N, ¢ : I — R be such that ¢~V € AC(I), where I is an open
interval in R, o, B € I, a < B. Suppose that x = (x1,....27) € [, B, ¥ = (Y1, .o, Ym) €

(o, B]™, u = (ug,....,u) €RY, v = (vy,...,0m) € R™ be such that
y =xAT and u=vA (3.191)

m
holds for some matriz A= (a;;) € M (R) satisfying the condition ) a;; = 1, i =

j=1
2,...,1. Then
l m
D upd(ry) = > vg(yy) (3.192)
p=1 q=1
12 l m
= (k+1) _Nk+2 _ \k+2
B ﬁ—azk!(k+2) # 0 () | 2 uplep — o) > valtg — @)
k=0 p=1 q=1
k—l—l) Zu k+2 . qu(yq _ 5)k+2
q=1
+ ne 1 / Zup (zp, s qu (g, 8) | &™ (s5)ds.
l m
Proof: Applying (3.189) to the differenece ) up¢(z,) — > v4¢(y4) we obtain (3.192).
p=1 q=1

O

Now we state generalized Sherman’s type inequality by using the above identity.

Theorem 3.7.57:  Let all the assumptions of Theorem 3.7.56 be satisfied. For T, (-,s),s €
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[a, B], defined by (3.190), let

Z (Y 5 <Zup (2p, s (3.193)

If ¢ is n-convex on I, then the following inequality holds:

m

Z upd(p) — > vg0(yg) (3.194)

q=1
n—2

I
1 1
(k+1)( )k +? o)F+2
= 5_azk|k+2) ¢ g“p qu

1

p
m
k+1) w k+2 v k+2
E , p( E a

q=1

Proof: TUnder the assumptions of theorem the identity (3.192) holds. Since ¢ is n-convex,
then ¢(™ > 0 on I. Using this fact in combination with (3.193) we get the required result.

O

Theorem 3.7.58: Let all the assumptions of Theorem 8.7.56 be satisfied. Additionally,

let u, v and A are with nonnegative entries. If ¢ is 2n-convez function, then

l m
> upd(ap) — Y vge(yg) (3.195)
p=1 q=1
> 1 2”232 1 ¢(k+1) (a) iu (:IZ )k+2 iv ( )k+2
T B—a = kl(k+2) P 2 Pa\Ya
=0 p=1 q=1
l m
¢(k+1)(5) Z up () — ByR+2 _ Z va(Ye B)k+2
p=1 q=1

Moreover, if %) (a) > 0 and (=1)*¢®)(8) > 0 for k =1,...,2n — 1, then

l m
Z upgp(zp) > Z Vg9 (Yq)-
p=1 q=1
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Proof: For T),(-,s),s € [a, f], defined by (3.190), we have

—_

3

I/\
IA

d*T,, (z, s)
de?

(x—8)"?+(n—-2)(z—a)(z—s)"3], a<
fall@ ="+ (n=2)(z - Bz — )", a<z<s

S

= Q

B
8

| /\

Q

sy

so T, (+,8),s € [a, ] is continuous for every n > 2 and convex for even n. Hence, by
Sherman’s Theorem the inequality (3.193) holds for even n and by using Theorem 3.7.60
the inequality (3.195) hold if n is replaced by 2n.

To prove the second part, let us consider the function f(z) = (xz—a)**+2, which is continuous

convex function on [, 8]. Again, applying Sherman’s Theorem to f, we get

l m
Zup( k+2 > Z k+2 (3196)
p=1 q=1

Similarly, the function g(x) = (x — 8)**2 is convex on [a, 8] if k is even and concave on

[, 5] if K is odd. So we have

S
>
5
i
=
ol
+
no
vV

> qu B)*T2 if k is even , (3.197)

S
>
2
i
S
ol
+
no
A

< qu B)FF2 if kis odd . (3.198)

Now using (3.196), (3.197), (3.198) and the the assumptions ¢*) (o) > 0 and (—1)¥¢*) () >

0,k=1,2,...,2n — 1, we have

1 pl k+2 - k+2 ¢(k+1)(a)
2n—2 l 1)
1 k:+2 k+2 ¢( + ( )
_B—az {Zupxp qu k'(k+ %) > 0.
k=0 p=1
Hence the result follows. O
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3.7.2. Generalized Sherman’s inequality by Montgomery’s identity and

Green’s functions

In this subsection, using Montgomery identity with Green’s functions we obtain new iden-

tity.

Theorem 3.7.59: Letn € N, n >4, ¢ : I — R be such that ¢"~V € AC(I), where
I C R is an open interval, o, € I, a < B. Suppose that x = (x1,...,71) € [, B!,
Y = W1, Ym) € [, ], u = (ug,..., ;) € R, v = (vy,...,0) € R™ be such that
(3.191) holds for some matriz A = (a;;) € My,(R) satisfying the condition Z a;j = 1,

=1
i=1,2,....1. Let T), and G, be defined as in (3.190) and (3.44)-(3.48), respectwely Then

l k
> upd(ap) — Y vge(yy) (3.199)
=1 =1

Uq(;z yqv

M»

/ E :up (zp,t)
g=1

[ ~a / P dt+ Z ~ oD (o) (- o)t SRt () (0 )2

Kl (k+2) p—a kfok!(k+2) g—a

1 B B
+ up G (zp, 1) veG 2 (Yq, t) o (t,5) '™ (s) dsdt.
st [ [ S

Proof: Let us consider Green’s function Go defined by (3.45). Applying (3.50) on the
l k
difference ) up,o(zp) — > v40(y,) and applying (3.191), we have
p=1 q=1

l k B l k
> upd(ap) = > vgd(yg) = / > upGalwp,t) = > vaGalyg, t)| ¢”(t)dt.
p=1 q=1 @ =1 q=1

(3.200)
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By Proposition 3.7.55, the function ¢”(¢) can be expressed as

v 1 0% (a) (L= a)F? TR oD (8) (t— B)FF
¢ <t)_5—04/a ¢(t)dt+k§0k!(k+2) B —a _k:Ok!(k‘—l—Q) f—a
(3.201)
]
+ (n—ll)' / T2 (ta S) ¢(n) (S) ds.

Now, combining (3.200) and (3.201), we get (3.199) for Green’s function Go. Analogously
we can prove identities for other Green’s functions. O

Now we state generalization of Sherman’s results by using the previous identity.

Theorem 3.7.60: Suppose that all the assumptions of Theorem 3.7.59 hold. Additionally,

if for any even n the function ¢ : I — R is n-convex and

k
Zup (p 1) Z (Y1) >0, tela,fl, (3.202)
then the following inequality holds:
! k
Z up¢(p) — Z VP (Yq) (3.203)

/ Z upG=(p, 1) Z vgG=(Yg, 1)

4 —4
50 (0) (- ) o () (2 - 5
[5— / ¢t dt+zk'(k+2) f-a X WG+ p-a |T

Proof: Since ¢ is n-convex, then ¢(™ > 0. Also it obvious that if n is even then T}, > 0
because

Case I: If « < s <z, then 2 — a > o — s and hence (z — a)(x — 5)" ! > (z — s)" that is

(r —a)(z —s)" ! < (x —s)" S (x —s)"

f—a T B-a TnB-a)

So in this case from (3.190) we have T;, > 0.

Case IL: If 2 < s < 3, then 2 —s < 0 and s—3 < 0. As n is even so we have (z—5)""! <0,
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therefore we have

(x—5)""(s—B) = 0

that is
@5 w—p) (-9 _ (z—9)"
B—a ~ B-a T n(B-a)
So in this case from (3.190) we have T;, > 0.
Now using (3.7.60) and the positivity of T}, and ¢(™ in (3.199) we get (3.203). O

The next theorem gives generalization of Sherman’s theorem under Sherman’s condition

of nonnegative entries weights u, v and matrix A.

Theorem 3.7.61: Suppose that all the assumptions of Theorem 3.7.59 hold. Additionally,

let u,v and A be with nonnegative entries.

(i) If n is even and ¢ is n-convex function, then (3.203) holds.
(i1) If (3.203) holds and the functions L, : [o, B] = R, z =1,...,5, defined by

¢(k+1) k+2 ¢(k+1) (t— 6 k+2
L.() = (ﬁa/¢ dt*z k'k+2) Ba Zk'k+2 )v
(3.204)
where G,z =1,...,5 is defined as in (3.44)-(3.48), are convez on [, 3], then

l k
Z up¢(p) — Z 0gP(yq) = 0. (3.205)
p=1 q=1

Proof: Since the function G, (-, t), t € [«, 5], is convex for every z = 1, ..., 5, by Sherman’s

theorem we have

Zup (xp,t) qu (yq,t) > 0.

Applying Theorem 3.7.60 we get (3.203).
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Since (3.203) holds, the right hand side of (3.203) can be rewritten in the form
l
Z upLy(xp) — Z VgL (Yq),
p=1 q=1
where L, is defined by (3.204). If L, is convex, then by Sherman’s theorem we have
!
ZupLz('Tp) - Z Uqu(?/q) >0,
p=1

q=1

i.e. the right hand side of (3.203) is nonnegative, so the inequality (3.205) immediately
follows. H

3.7.3. The Ostrowski and Griiss type inequalities

To avoid many notations, under the assumptions of Theorem 3.7.60, we define the function

P, f] = R, z=1,...,5, by

B l
P.(s) = / > upGlap,t) = Y veG(Ygt) | Tnz (t, ) dt. (3.206)
« p=1

q=1

Then T(P.,P.) denotes the Cebysev functional

B 8 2
T(P.,P.) = ﬂia/ P2(s)ds — <Bia/ Pz(s)ds> , z=1,...,5.

Using previous two theorems we obtain upper bounds for the identity (3.199) related

to generalizations of Sherman’s inequality.

Theorem 3.7.62: Let ¢ : [a,5] — R be such that (™ € AC([a, B]) with (- — a)(B —
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N2 € Ll B]. Let P,,z =1,...,5, be defined as in (3.206). Then

l k

B
Zupqﬁ (xp) — qu¢ (yq) / Zquz(xp,t) — quGZ(yq,t)

p=1 g=1

2D () (t— a)ftE TR gD (8) (1 - B
[ /¢ d” k:'(k+2) B—a _kzz(]k!(k+2) G—a |

(b(n 1) _(bn 1)
- T / P.( (3.207)

satisfies the estimation

1
2

/B — o 1 B
k=050, B)] < vpme [T(P., P-)]? / (s —a)(B—9)e" ™V (s)ds| . (3.208)
V2(n —1)! a
Proof: The idea of the proof is the same as the proof of Theorem 3.1.5. OJ

Theorem 3.7.63: Let ¢ : [o, 5] — R be such that &™) is monotonic nondecreasing on
[, B] and P,z = 1,...,5, be defined as in (3.206). Then k,(¢;«, 3), defined by (3.207),

satisfies the estimation

1P se [ ¢ D(8) + ¢ D(a) ¢ (3) — ¢ (a)
RO = - . (32
(0, 9) < A 2 )= 3200
Proof: The steps in the proof are similar to the proof of Theorem 3.1.6. O

In the following theorem we present Ostrowski type inequality related to the previous

obtained Sherman’s type inequalities.

Theorem 3.7.64: Let (p,q) be a pair of conjugate exponents, i.e. 1 < p,q < oo and

1/p+1/qg=1. Let ¢ : [a, 5] — R be such that ‘¢(")|p € Lla,f] and P,z = 1,...,5, be
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defined as in (3.206). Then

p=1 q=1
1 B n—4  (k+1) t— a)kt2 n—4  (k+1) +_ B)kt2
s S (@) (=) Ko () - 5]
g—al, El(k+2) B-a E'(k+2) (-«
k=0 k=0
1
(n) . 21

= (n—1)! H¢ 1P, (3.210)
The constant HPqu is sharp for 1 < p < oo and the best possible for p=1.
Proof: See the proof of Theorem 3.1.7. O

3.7.4. Mean value theorems and exponential convexity

Motivated by the inequality (3.203), under the assumptions of Theorems 3.7.60, we define
the linear functionals A, : C"([, 8]) = R, 2 =1, ..., 5, by

Ax( / Zup (@p, 1) qu (4g:1) (3.211)

4 —4
S qb(’” D(a) (t— )" ot (8) (£ - p)FT?
[6— / Pl dH k'(k+2) B—a _kzok!(k+2) B—« dt.

Remark 3.7.24.: By Theorem 3.203, for every n-convex functions ¢ : [a, f] — R we

have

Using the linearity of this functional we derive mean-value theorems of Lagrange and

Cauchy type.

Theorem 3.7.65: Let ¢ € C"([a,5]) and A, : C™(|o, B]) — R, z € {1,...,5}, be the
linear functionals defined by (3.211). Then there exists &, € [a, 8], z € {1,...,5}, such that

Ax(¢) = 6" (E)AL(p),
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Proof: Similar to the proof of Theorem 3.1.8. OJ

Theorem 3.7.66: Let ¢, € C"([a, f]) and A, : C"([e, B]) — R, z € {1,...,5}, be the
linear functionals defined by (3.211). Then there exists &, € [a, (], z € {1, ...,5}, such that

; = (3.212)

provided that the denominators are non-zero

Proof: The method of the proof is the same as in the proof of Theorem 3.1.9. O

Remark 3.7.25.: With assumption that ii:i is an invertible function, as a consequence

of the previous theorem we get

NCCAN (Azw)) -
gz - <¢(n)> Az(w) , R = 1,...,5,

new means of Chauchy type of the segment [«, j].

Let F1, Fs, F3 be the families of exponentially convex functions as given in Subsection

3.1.3. in Definition 3.1.2..

Theorem 3.7.67: Let A,, z = 1,...,5, be the linear functional defined as in (3.211)

associated with the family F1 (resp. F2). Then the following statements hold:

(i) The functionst — A,(¢t), z = 1,...,5, are n-exponentially convex (resp. exponentially
convez) in the Jensen sense on I.
(i) If the functions t — A, (¢¢), z = 1,...,5, are continuous on I, then n-exponentially

convez (resp. exponentially convex) on I.

Proof: The same proof method as for Theorem 3.1.10 is used so we omit it. O

Corollary 3.7.16.: Let A,, z = 1,...,5, be the linear functional defined as in (3.211)

associated with the family Fs. Then the following statements hold:

(i) If the functions t — A,(¢¢), z = 1,...,5, are continuous on I, then they are 2-

3.7. Sherman’s inequality and Montgomery’s identity with Green’s functions
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exponentially convex on I. If t — N, (o), z = 1, ..., 5, are additionally positive, then they
are also log-convex on I. Furthermore, for every choice r,s,t € I, such that r < s < t,

it holds
(A (@)™ < [As(d)]' ™" [Acle)]* "

(i) If the functions t — A, (o), z = 1,...,5, are positive and differentiable on I, then for

all r,s,u,v € I such that r < wu, s < v, we have

M5 (Az, F3) < My (Az, F3) (3.213)
where )
Az () 75
(Az(@;) ; r# s,
Mr,s (Azaf?)) = (AL ($r)) (3.214)
exp <TAZ(Z¢TT> , T =S85.
Proof: The idea of the proof is the same as that of the proof of Corollary 3.1.4.. O

3.8. Sherman’s inequality and the Abel-Gontscharoff inter-

polating polynomials

The techniques that we use in this section are based on application of interpolation by the
Abel-Gontscharoff interpolation polynomials. The Abel-Gontscharoff interpolation prob-
lem in the real case was introduced in 1935 by Whittaker [156] and subsequently by

Gontscharoff [57] and Davis [36]. Here we use notations and terminology from [11].

Let o, € R, a < B, and let a < a1 < as < ... < a, < B be the given points.
For ¢ € C"([a, f]) the Abel-Gontscharoff interpolating polynomial Py¢ of degree

(n — 1) satisfying the Abel-Gontscharoff conditions
P (ai) = ¢9(q; 0<i<n-—1
a6 aiv1) = @' (ait1), <i<n

exists uniquely.
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This conditions in particular include two-point right focal conditions

P (a1) = 6D (ar), 0<i<m,

Pgig;Q(ag) = gb(i)(ag), m+1<i<n-—-1 a<a <as <p.

First, we give representations of the Abel-Gontscharoff interpolating polynomial. For
details and proofs see [11].
Remark 3.8.26.: The Abel-Gontscharoff interpolating polynomial Psg of the function
¢ € C"([a, B]) can be expressed as
n—1
Pag(t) =Y Ti(t)¢' (ait1), (3.215)

1=0

where Ty(t) = 1 and T;, 1 < i < n — 1 is the unique polynomial of degree i satisfying

T (aps1) =0, 0<k<i—1,

1) =1,

and it can be written as

1 a a? ai™! ay
0 1 2 ... (i—1)ah? iay?
1
Ti(t) = w5
P2hewitlg 0 0 L0 (-1 il
1t it t

t  rt1 ti—1
= / / .- / dt;dt;_1---dtq, (to = t). (3.216)
a1 Jag a;
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In particular, we have

Ty(t) = 1
Tl(t) =t— al

1
Tg(t) = 5 [tz — 2a2t + a1(2a2 — al)] .

The associated error eag(t) = ¢(t)— Paq(t) can be represented in terms of Green’s function

G ac(u,t) of the boundary value problem
2 =0, 20(a;41) =0, 0<i<n-—1

and appears as

k—1

T; i
> (n_i(z)m (aiy1 — )", ap, <t<u
i=0
n—1 T (w) ]
Gac(u,t) =4 - 3 (n—liﬁl)!(a“‘l L <t < ape
i=k
E=0,1,...,n (a0 = o, apny1 = P)

(3.217)

Theorem 3.8.68: Let ¢ € C"(|a, B]), and let Pag be its Abel-Gontscharoff interpolating

polynomial given in (3.215). Then

P(t) = Pag(t) +eac(t)

|
—

n

B
= "Ti(t)¢ (ais1) + / Gac(u, )™ (s)ds, (3.218)

%

Il
o

where T; is defined by (3.216) and Gac(u, s) is defined by (3.217).

Remark 3.8.27.: The two-point right focal interpolating polynomial Pyge of the func-
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tion ¢ € C"([a, B]) can be written as

Paca(t) = Y (t_sf‘1)¢<5>(a1) (3.219)
s=0 ’
n—m-—2 m+1+s r—s
(t—a) + (a1 — a2) (mt14r)
* ;0 ; (m+1+s)!(r—s)! o (a2).

The associated error eaga(t) = ¢(t) — Paga(t) can be represented in terms of Green’s

function of the boundary value problem
M =, z(i)(al) =0, 0<i<m, z(i)(a2) =0,m+1<i<n—1,

given by

Gon (11, 8) = (nil)! ig(lg(ul a)® (ay — )" et

S

) (w—a1)*(ag —)" 51, wu<t<p.

s=m+1

Theorem 3.8.69: Letn,meN,n>2 0<m<n-—1and ¢ € C"([or, B]). Let Paga2 be

its two-point right focal Abel-Gontscharoff interpolating polynomial given by (3.219). Then

P(t) = Paca(t) + eaca(t)

B m (t . al) S) n—m-—2 T —a )m+1+5( a; — a2)r s (m14r)
_§ s! (a1) + ; —~  (m+1+s)(r—s) ¢ (a2)
g
+ [ Gl )6 (), (3.221)

where G (u, s) is defined by (3.220).
Remark 3.8.28.: Further, for a; <t,u < as the following inequalities hold

1 PG (u, t)

u
S
t
(—1)"—86%"‘8(1")20, m+1<s<n-L
u
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3.8.1. Generalizations of Sherman’s inequality by the Abel-Gontscharoff

interpolating polynomials

Applying interpolation with the Abel-Gontscharoff polynomials we derive new identity for
Sherman’s difference Zé’:1 ajp(x;) — 2% bip(ys) as follows.

Theorem 3.8.70: Letx € [a, 8], y € [o, B, a € R! and b € R* be such that
y =xAT and a=bA (3.222)

holds for some matriz A € My (R) whose entries satisfy the condition 2321 a;; = 1,
i=1,.,k LetnmeN,n>20<m<n-1,¢ € C"(ea,]) and Gy be defined by
(3.220). Then

> a;o(x;) Z bid(yi) (3.223)
j=1
= 9 (a) R .
= ol Zaj(l‘j—a) =) bilyi — )
5=2 j=1 i=1
n—m—2 r (mA14r)
+ Z (=1 (7(754-1—1)—5 ;l? 3 ZG’J _ m—l—l—i—s Zb _ Oé m+1+s
r=0 s=0
L k
+ / > ;G (w5, t) = > biGran (yir t) | ™ (t)dt.
o \u=1 i=1

Proof: Using Theorem 3.8.69 we can represent every function ¢ € C™([ev, f]) in the form

o) = 3 L= 46 ) (3.224)

n—m=27[ r u— ) HEs (s — o)
+ Z [Z ( ()m +1 :— 8))!(7" Eﬁs)! ) ¢(m+1+r) (8)
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! k
By an easy calculation, using (3.224) in ) ajé(x;) — Y bid(ys), we get
i_

j=1
l k
Z a;d(x;) — Z bigp(yi)
j=1 i=1
m l k
o) (o i .
=) 5!( ) > ajlz;—a) = bi(yi — )
5=0 j=1 i=1
n—-m—2 r
( 1)T S(/B Oé)r S¢(m+1+r m+1—|—s m+1+s
+ Z (m4+1+4s)!(r—s)! ZaJ —Oé Zb _OZ

r=0 s=0

B

of
e

Since (3.222) holds, then

l k
( 0jGrmn(2j,1) = Y 0iGnn (i, ) | ) (1)t
j=1 i=1

¢(s l k
Z Z Zbi(yi—a)s =0, m=0,1L
s=0 =1 i=1
Therefore, it follows (3.223). O

Using the previous identity we obtain the following Sherman’s type inequality for n-

convex functions for real, not necessary nonnegative entries of weights a, b and matrix

A.

Theorem 3.8.71: Let the assumptions of Theorem 3.8.70 hold. Additionally, let ¢ be

n-convex on |o, B] and

> biGonn (yirt Z mn (25,1),  t € [a, . (3.225)
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Then

l k
> b () = > bio (vi) (3.226)
j=1 i=1

mo(s) a l k
>y S!( (Y- = Y bt oy

5=2 j=1 i=1

m
1) 5(6 m+1+'r)(ﬁ 414 14
+ Z (=1 (m—l—l-l)-S)' G=5) Za] o m S Z b - Oé m s

If the reverse inequality in (3.225) holds, then the reverse inequality in (3.226) holds.

Proof: Since ¢ € C™(|a, fA]) is n-convex, then ¢(™ > 0 on [a, ]. Hence, we can apply
Theorem 3.8.70 to get (3.226). O

Notice that when we take into account Sherman’s condition of nonnegativity of weights
a, b and matrix A, the assumption (3.225) is equivalent to the requirement that Gy, (-, ),
t € [a, f], must be convex on [a, 5]. So, for n =2 and 0 < m < 1, the assumption (3.225)
is immediately satisfied and then the inequality (3.226) holds. Moreover, in that case, the

right hand side of (3.226) is equal to zero, so we have

[ k
> o) = > bib(yi) >0,
j=1 i=1

i.e. we get Sherman’s inequality as direct consequence. For an arbitrary n > 3 and 0 <
m < 1, we use Remark 3.8.28., i.e. we consider the following inequality:

e %G n (u, t
(1) 28u2()20'

2
Hence, the convexity of Gy, (+,t) depends of a parity of n. If n is even, then %@W >

0, i.e. Gun(+,t) is convex and assumption (3.225) is satisfied. Moreover, the inequality
(3.226) holds. For odd n we get the reverse inequality. For all other choices, the following

generalization holds.

Theorem 3.8.72:  Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,

let a,b and A be with nonnegative entries and ¢ € C™([a, f]) be n-convex.

246

Chapter 3.. On Sherman’s inequality for n-Convex Functions



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

(1) If n —m is odd, then the inequality (3.226) holds.

(1) If n —m is even, then the reverse inequality in (8.226) holds.

Proof: (i) By Remark 3.8.28., the following inequality holds

2
(~1yr-m-1 LGl ) ng(“’” >0, a<ut<p
u

In case n —m is odd (n —m — 1 is even), we have

82Gmn(u, t)
T Zmnih )
Ou? =0,

ie. Gon (+,t), t € [, 5], is convex on [«, 5]. Then by Sherman’s theorem we have

k l

E biGmn yza g Gmn I'], 5

=1 7j=1

i.e. the assumption (3.225) is satisfied. Hence, applying Theorem 3.8.71 we get (3.226).

(ii) Similarly we can prove this part. O

Theorem 3.8.73:  Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,
let a,b and A be with nonnegative entries and ¢ € C"([a, B]) be n-convez. Let F : [, B] —

R be defined by

zmj ol (t—a)® (3.227)

+ " zm: ‘o )T_S (/8 - OC)T_S ¢(m+1+7") (5) (t o a)m+1+s )
m+1+3) (r—s)!

r= S=

(1) If (3.226) holds and F is convez, then

l k
> ajb(z) = > bid(yi) > 0. (3.228)
j=1 i=1

(1) If the reverse of (8.226) holds and F is concave, then the reverse inequality in (3.228)
holds.
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Proof: (i) Let (3.226) holds. If F' is convex, then by Sherman’s theorem we have
! k
Z%‘F(ﬂfj) - ZbiF (yi) >0,
j=1 i=1

which, changing the order of summation, can be written in form

k

> o D aj(mi—a)® = bilyi—a)® |+
5=2 ’ j=1 i=1
N e T :
1) 8 (B—a) " (M r mt1s mtlts
Z (m+1+s)!(r—s)! ZCLJ (':E] - O[) e Z b; (y’L - Oé) i
r=0 s=0 j=1 i=1
>0

Therefore, the right-hand side of (3.226) is nonnegative and the inequality (3.228) imme-
diately follows.

i1) Similarly we can prove this part. O
(i) y P D

Remark 3.8.29.: Note that the function z — (z — a)P is convex on [a, ] for each

p=2,...,n—1,ie. 2221 aj (z; —a)f — Zle bi (yi — )’ >0, for each p=2,...,n — 1.

(i) If (3.226) holds and in addition ¢(*)(a) > 0 for s = 0,...,m and ¢(™T1T9)(3) > 0 if
r — s is even and ¢(m*T1H9)(8) < 0 if r — s is odd for s = 0, ...,7 and r = 0, ...,n. — m — 2,
then the right hand side of (3.226) is nonnegative, i.e. the inequality (3.228) holds.

(ii) If the reverse of (3.226) holds and in addition ¢{*)(a) < 0 for s = 0,...,m and
pmHIE)(B) < 0 if 7 — 5 is even, and ¢ H1H+9)(8) > 0if r — s is odd for s = 0, ..., r
and r =0,...,n —m — 2, then the right hand side of (3.226) is negative, i.e. the reverse

inequality in (3.228) holds.
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3.8.2. Upper bound for generalized Sherman’s inequality

As we noticed in Remark 3.8.29., under the special conditions, the following estimations

for Sherman’s difference holds:

I k
> b (x) =D bio (vi)
i=1 i=1

mo o (s) l k
>3 TS ) = Db o

s=2 ! j=1 i=1

RN (L) By e (5)

—1)"(Bma)"Pptm AT +1+ +1+

+ Z m+1+8)'(r 3) Zaj _ m S Zb m s

r=0 s=0
> 0.

In this section we present upper bounds for the obtained generalization.

To avoid many notations, we define the function F : [a, 8] — R by
! k
= ;G (25,0) = > biGonn (yir ), (3.229)
J=1 i=1

under assumptions of Theorem 3.8.70. We also consider the éebyéev functional

T(F,F)= Bia/jﬁ(t)dt_ (ﬁia /jf(zt)dt)2

To prove the following estimations we use results related to the Cebyéev functional

on an analogous way as in the previous section. Therefore, we give theorem statements

without proof.

Theorem 3.8.74:  Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,
let (- — )(B — ) (™2 € Li[a, B] and F be defined as in (3.229). Then the following
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identity holds:

l k
> b () =D b (vi) (3.230)
j=1 i=1
m ! k
¢(s) o i )
=y 8,( ) > aj(zp—a)® = bi(yi— o)
s=2 =1 i=1
n—-m—2 r (1) k
1)7—s a r—s 1 (m ™) m s m s
+ — (ﬁlﬁn f 9) Z aj (zj — o) e Z bi (yi — a) i
r=0 s=0 —
(n—1) _ A(n— 1)
+¢ Bﬂ)—z /.7-" )dt + Ry («, B; ),

where the remainder R, (c, B; @) salisfies the estimation

Rate 0 <252 @R ([ -0 [se 0] )

The following Griiss type inequality also holds.

Theorem 3.8.75:  Suppose that all the assumptions of Theorem 3.8.70 hold. Additionally,
let "D > 0 on [a,B] and F be defined as in (3.229). Then the identity (3.230) holds
and the remainder R(¢;a,b) satisfies the bound

6" DB + 6" D) ¢ (B) — " (a)

|Ru(ev, B;9)] < || 7| . 5 B—a

(3.231)

We present an upper bound for generalized Sherman’s inequality which is the Ostrowski

type inequality.

Theorem 3.8.76: Suppose that all the assumptions of Theorem 3.8.70 hold. Let (p,q) be
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a pair of conjugate exponents, that is 1 < p,q < 0o, % + é = 1. Then

k
> b () = bid(y) (3.232)

s=2 j=1 i=1
n—-m—2 r
_ Z (="~ (ngJ)r; S(f(w;+l+r Z“J _ m+1+s Zb :—a) m+1+s
r=0 s=0
sl T\
< HQWL) ) /a Zaj mn (25,1) Zb Gon (yi, t)| dt

=1

The constant on the right-hand side of (3.232) is sharp for 1 < p < oo and the best possible

forp=1.

Proof: Applying the well-known Holder inequality to the identity (3.223) we have

! k
> aid(x;) = ) bib(y:)
j=1 i=1

m (s) a l k
—Z¢ S,( ) doajlzg—a) =Y bilyi— @)
s=2

Jj=1 i=1
"L ) ( ) (m+1+ )( )
—1)78(B—a) 5 p(m (B m+1+s m+1+s
Z (m+T1+8)!(r—s)! Za - Zb
r=0 s=0
B ) i , %
/ 5 0iGna3et) = 3 biGonnlisot) | 61t < o] ([ i),
Jj=1 i=1 D o
(3.233)
where we denote
! k
F(t) = ajGun (2j,8) = D biGrun (yi,t) - (3.234)
j=1 i=1

1

To prove the sharpness of the constant ( i) f | F(t)]? dt) * we proceed analogously as in the
proof of Theorem 3.1.7. O

In the sequel we consider a particular case of Green’s function G,y (u,t) defined by
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(3.220). For n = 2, m = 1, we have

G12 (’U,, t) - - ’ (3235)
0, u<t<p
and
l k
Zaleg(J}j,t) — ZbiGIQ(yiat) (3.236)
j=1 =1

= aj(zy—t) = > bilyi—t), € {jiw; >thie iy >t}
j i

As an easy consequence of Theorem 3.8.76, choosing n = 2 and m = 1, we get the

following corollary.

Corollary 3.8.17.: Let ¢ € C?*([a,]), x € [0, B]', y € [0, B]*, a € Rl and b € R¥ te
such that (3.222) holds for some matriz A € My (R) whose entries satisfy the condition

Zé.:l a;j =1,1=1,....k. Let (p,q) be a pair of conjugate exponents, that is 1 < p,q < oo,

%-F%:l. Then

l k
> aié (@) = > b (vi) (3.237)
j=1 i=1

B l k q
< quNHp / Z ajG12 (l’j, t) — Z b;G12 (yh t) dt
o \y=1 i=1

The constant on the right hand side of (3.237) is sharp for 1 < p < oo and the best possible

forp=1.

Remark 3.8.30.: If additionally suppose that vectors a, b and matrix A are nonnegative

and ¢ is convex, then the difference Zé-:l a;o(xj) — Zle bi¢ (y;) is nonnegative and we

252

Chapter 3.. On Sherman’s inequality for n-Convex Functions



Ptolemy Scientific Research Press https://pisrt.org/

have

l k
0<Y ajé(e)) = > bt (y:) (3.238)
j=1 i=1
5[ 1 k ¢\
< ||¢//Hp / Z aleg (xj, t) — Z b;G12 (yi, t) dt
@ j=1 i=1
In sequel we consider some particular case of this result.
(i) If k=1 and all weights b; and a; are equal, we get the following estimate for weighted

majorization inequality:

k k
0<> aid (i) — > aid (ui) (3.239)
i=1 i=1

e ¢ T\
< H¢ » </ (Z a;G1z (zi,t) — ZaiGw (yz',t)> dt)
o i=1 i=1
(ii) If we denote Ay = Zle a; and put y1 = Yo = ... = yp = A%Q Zle a;x; = T, from

(3.239) as an easy consequence we get estimate for Jensen’s inequality:

k
0< Zai¢ (x5) — Aro ()
i1

B k q %
(/ (Z a;G12 (172‘, t) — AkGlg (ZZ‘, t)) dt) .
P\ \i=1

Specially, setting Ap = 1, we have T = Zle a;x; and

< ¢

k
0< Zai¢(xi) — ¢ (7)
=1

B k q é
(/ (Z aiGlg (l‘i, t) — G12 (.’i’, t)) dt) .
P\ \i=1

1"

¢

<]
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(iii) For k=2, a1 =ag =1, 1 = a and 3 = 3, we have

os¢<a>+¢<m—z¢(“”>

2

p </j <G12 (o, ) + G2 (B, 1) — 2G12 (04‘;5,t>>th>37

< ¢

where

+ t—a, alt< =5
Gz (a,t) + G2 (B, t) — 2G12 ((12/th> = 2
B—t, P <i<p

Specially, for p =1, ¢ = oo, we obtain

0 KOO g (220) <L (60) - ) (35— a)

where the constant % is the best possible in the sense that it cannot be replaced by a

smaller constant.

3.8.3. Applications to means

In this subsection we discuss the application of Corollary 3.8.17., i.e. the inequality (3.238),
to the lower and upper bounds estimations of some relationships between well-known
means.

Let 0 < a < 3, % € [a, B] and a € [0, 00)! whose entries satisfy the condition Z;Zl a; =

1. We consider the weighted power mean of order s € R defined by

1 s
(Z aja:;’f) , s§#0
M(x,a) = j=1

l
Ha:;-LJ, s=0
Jj=1
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The classical weighted means are defined as

o
x.’

My(x,a)=G(x,a) = ;/»  the weighted geometric mean,

—

<
Il
—

M (x,a)=A(x,a) =

MN

ajrj, the weighted arithmetic mean,

<.
I
—

1

M_i(x,a)=H(x,a) = 57—
S

the weighted harmonic mean.

In an analogous way, for y € [a, 8], b € [0,00)* with % b; = 1, we define

(waf)s, s #0
Ms(y,b) = ki:l
I1 v, s=0

and accordingly classical weighted means G(y,b), A(y,b) and H(y,b).

Corollary 3.8.18.: Let s >2and 0 < a < B. Let x € [, B]', y € [a, B]F, a € [0,00)
and b € [0,00)* be such that (3.222) holds for some row stochastic matriz A € My (R)

and entries of a and b satisfy the condition 22:1 a; = Zle b; = 1. Then

1
B8 P
0 < Mi(x,a) — M3(y,b) < s(s — 1) ( / tp“—%t) 191,

M;(x,a) — M(y,b) b o(s-2) v
o< MR ZREOD) o ([ ) g,

1<gg"§§<exp ( (j)dt) Il
v (

[y dt); ol

-~ H(x,a)H

where G(t) denotes the difference (3.256).
The constants on the right-hand side of inequalities are sharp for 1 < p < oo and the best

possible for p = 1.

Proof: Applying (3.238) to the functions ¢(z) = 2%, ¢(z) = s(fijl)v ¢(z) = —Inz and

o(x) = %, respectively, we get required results. O
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Remark 3.8.31.: Particular cases of the previous results for p =1, ¢ = 00

0 < M;(x,a) = M;(y,b) < s(8°" — a7 1) |G,

0< =3 — <(B =) G
G(va) ﬁ—Oé

1< S0 <o (P o).
H(y7b)_H(X7a) /82

0< Hx.a)H(y.b) <( 25 )HQH

Replacing x; — a0 Ui 7 s we have A(x,a) — ﬁ , and the last

x,a)’

A(Ya b) — H()l,,b)

inequality becomes

0 < dtxa) - by < (T2 o]
Whereg(t):Zaj(%j—t)—Zbi( t), _]E{],I > t}, 16{2 - >t}
j i

Corollary 3.8.19.: Let 0 < a < B and x € [a, ]!, y € [, B]F, a € [0,00)! and b €
[0,00)% be such that (3.222) holds for some row stochastic matriz A € My (R) and entries

of a and b satisfy the condition Zé-:l aj = Zle bi = 1. Then

l a;j; B8 P 1
1l ([ (5) @) 191,
[Tz yil ' a \1
l k 8 v
0< Y ajet — Y biet < ( / etpdt> i1l
2 e =2 .

1
[T, (1 + e) ? Y
. < arae) @) 19l )
[T (1 + ev )i o

where G(t) denotes the difference (3.256).

The constants on the right-hand side of inequalities are sharp for 1 < p < oo and the best

possible for p = 1.

3.9. New bounds and identities for Sherman’s difference

In this section we obtain refinement of Sherman’s generalization for convex functions (2-

convex functions). Using Green’s functions we introduce new identities that include Sher-
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man’s difference, deduced from Sherman’s inequality, which enable us to extend Sherman’s
results to the class of convex functions of higher order, i.e. to n-convex functions (n > 3).

The results from this section are quoted from [71].

Denote with Cg; ([0, 00)) the space of all k x [ column stochastic matrices. For pairs of
vectors with weights (y,b) and (x,a), which satisfy Sherman’s conditions (2.6) for some

S € Cy([0,00)), we use notation (y,b) < (x,a).

Theorem 3.9.77: Let x € [0, 8]%, y € [o,8]', a € [0,00)%, b € [0,00)! and S €
Cri([0,00)) be such that (y,b) < (x,a). Then for every convex function f: o, 5] — R,

we have

k
<M (Zf(xi) —kf (3?")> : (3.240)

where m = Zé’:l by minj<;<ip{sij}, M = 23‘21 b; max;<;<{s;;} and T = + Zle ;.
Proof: Since (y,b) < (x,a), i.e. Sherman’s conditions (2.6) hold, we have

k l

2 aif (w) =) bif

i=1 j=1

l
Zb Sz]f (L‘Z Zb f (szszg>

7j=1
k

b; <Z sij f (i) (Z :EZS”>> .
i=1

k k
Applying Lemma 2.3.2. to the difference ) s;; f (z;) — f <E :Uisij> , foreach j =1,...,1,
i i=1

. .
I MN I Mw
(S [

i=1
we get
k
< N kf(z
0 1r£11nk{5”} (2}f (z;) — kf (x))
k k

< . N s | < g 7

—leljf(xz) f (2} xzsl]) _11253%@{8”} (Zf x;) —kf x)) .
Now, multiplying with b; and summing over j =1, ...,1, we get (3.240). O
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Remark 3.9.32.: If we take k = land a=b =e = (1,...,1) € [0,00)¥, then (3.240)

becomes

k

k k
0<rin <Zf (x;) — kf (:c)) <D fla) =D fw)
1=1 i=1 ]
k
<M <Zf(l“z') —kf (@) ;
=1

=1

where m = 22:1 1r<nii£1k{sij}, M = 22‘:1 1121?<xk{sij}, i.e. we get refinement of Majorization

inequality (2.4).

To avoid many notations in further results, motivated by the inequalities (3.240), we

define two functionals as follows.

Definition 3.9.6.: Let x € [, A%, y € [a, 8]!, a € R¥ and b € R! be such that
y=xS and a=bST, (3.241)

holds for some matriz S € My (R) with columns sums equal to 1. Let m = Eé-:l b 1gl'i£k{sij}’
_’L_
M = Zé’:l bj 11232%{8”} and 7 = 1 S| ;. We define the functionals F,, and Fy; on RI*#]

as follows:

k l k
Fn(p) =Y aip(zi) = > bjoly;) —m (Z o(x;) — ko (@) , (3.242)
i=1 j=1 i=1
k !

k
Fu(p) =M (Z p(xi) — ko (fc)> = ap(zi) + ) bie(y;). (3.243)
=1

=1 j=1

Remark 3.9.33.: In Definition 3.9.6. we didn’t assume the nonnegativity of the entries
of a,b and S. But if we take into account nonnegativity, i.e. under the assumptions of

Theorem 3.9.77, then for every convex function f: [, 5] — R, we have
Fu(£)20 and  Eyy(f)20.

Next we introduce two technical lemmas which give us new identities involving Green’s

functions defined in (3.44)-(3.48).
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Lemma 3.9.4.: Let the functionals F,, and Fy; be defined as in Definition 3.9.6.. Let
s € [a, B8] and G,(-,s),z € {1,2,3,4,5}, be defined as in (3.44)-(3.48), respectively. Then
for every f: o, B] = R, f € C?*([a, B]), the following identities hold:
() ,
— [ FulGats s o) (3.244)

(i1) ,
Fu(f) = / Fui(Ga(-, ) f"(s)ds. (3.245)

Proof: By an easy calculation, using representations (3.49)-(3.53) and, because of (3.241),

! k l E o1 ! k
SUED SUED SUED 6 DTED SIS 9L oETENY
j=1 1=1 j=1 i=1 j=1 1=
Zazxz — ijy] ZZZ) Sij; — Zb szsm =0, (3.246)
=1 j=1 1=

we obtain the identities
k

l
D_aif @)= bif (Zf v) —kf f))

i=1

B k
:/ > aiGa(wi,s Zb Ga(y;, s <Z Gz, 8) — kGo (T, s)> £ (s)ds
a |i=1

and
k k !
M (Z f (@) —kf <x>) = aif (@) + Db f (y))
i—1 i=1 j=1
/ {M <ZG2 xi,8) — kGo (T s) Zale Ti, S +Zb Ga(y;, s ] "(s)ds
which are equivalent to (3.244) and (3.245). O

Lemma 3.9.5.: Let the functionals F,, and Fy be defined as in Definition 3.9.6.. Let
s € [a, 5] and G,(-,s),z € {1,2,3,4,5}, be defined as in (3.44)-(3.48), respectively. Let
n>3 and f: [a, 8] = R be such that f™*=1) € AC([o, B]).
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i) For each t € [a, B], such that t < s, the following identities hold

B 8
Fu(f) = W / ( / Fm(GZ(.,s))(s—t)"—3(t—a)ds> £ (t)dt (3.247)

s [ Eal@ o) (00 - 8)° - S @)s — 0 s,

it) For each t € [, 5], such that t > s, the following identities hold

B
Eu(f) = / ( / (-,8))(s —t)"3(t — 5)ds> £ @)dt (3.249)
n—3 a@ ¢
" (G () (fFD(B)(s = B)” = D (a)(s — )" ds,
w=0 @
T — ( [ Bt -0 - pyas) £ 3250
n—3
13w R (aus) (f(“’“)(ﬁ)(s — 8" = f (@) (s~ a)” ) ds
w=0 o

Proof: i) Case a <t < s < (3 : Applying (2.230) to f” and to n — 2 in place of n, we

" 1 /ﬂ n—3 (n)
s) = s—t t—« t)dt 3.251
6 = g /. -0 =@ (3251)
n—3
oW =2 et E)(s—p)Y () (@) (s—a)”
+Z | ’ B—a

w=0
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Using (3.251) in (3.244) and (3.245), we get

. ZZ Y L G B); - £<w+1)<0<><8 - W”)] ds

and

i Z Y RO )Z  — )] "

After interchanging the order of summation and integration and applying Fubini’s theorem,
we obtain (3.247) and (3.248).

ii) Similarly we can prove case a < s <t < f. O

3.10. Sherman type inequalities for n-convex functions

We start this section with Sherman’s type inequalities for n-convex functions (n>3) without

assumption of nonnegativity of weights a, b and matrix S as given in Definition 3.9.6..

Theorem 3.10.78: Let all the assumptions of Lemma 3.9.5. be satisfied.

a) If in addition f is n-convez on [, 5] and
Fin(G=(+,5))=0, (3.252)
then

En(f) (3.253)

n—3 3
> E:O (%_—Tgé)_u%' /Oc Fm(Gz(’ S)) (f(w-‘rl) (ﬁ)(s _ B)w o f(w-H) (Od)(s _ a)w) ds.

If the reverse of (3.252) holds, then the reverse of (3.253) holds.
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b) If in addition f is n-convex on [a, B] and

Fu(G(+,5))20, (3.254)

then

Fu(f) (3.255)

Z_) {=arul / Far(Ga () (F5D(8)(s = B)” = £+ (a) (s — @)") ds.

If the reverse of (3.254) holds, then the reverse of (3.255) holds.

Proof: a) Under the assumptions of theorem, the identities (3.247)-(3.250) hold.

Since f("=1) is absolutely continuous on [a, B], then f (") exists almost everywhere (see
[145]). By assumption, f is n -convex on [a, (], therefore f(>0 on [a, £].

Now, using this fact and the assumption (3.252), from (3.247) and (3.249), we obtain
(3.253).

b) Similarly we can prove this part. O

The next theorem gives Sherman’s type inequalities for n-convex functions with an

additional assumption of nonnegative entries of a, b and S as in Sherman’s result.

Theorem 3.10.79: Let all the assumptions of Lemma 3.9.5. be satisfied. If in addition

f is n-convezr on [o, B] and a, b, S are nonnegative, then (3.253) and (3.255) hold.

Proof: Since additionally a, b, S are nonnegative and G,(-, s) is convex on [«, 3], then

by Remark 3.9.33. we have
Fr(G.(-,8)>0 and Fp(G.(-,s))>0,

i.e. the assumptions (3.252) and (3.254) are satisfied. Then by Theorem 3.10.78 the in-
equalities (3.253) and (3.255) hold. O
We use notation [|-||,, for a standard p-norm and (p,q) denotes a pair of conjugate

exponents, i.e. 1 <p,g< oo, 1/p+1/qg=1.
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Theorem 3.10.80: Let all the assumptions of Lemma 3.9.5. be satisfied. Additionally,
let £ € Lyla, B].

i) For each t € [a, B], such that t < s, then

< s |1, (/j </5Fm(az(-,s))(s B3t B)ds)th>q
and
Fu(f) - 3 3(”1‘;)5. / Fri(Ga(,9)) (S0 (B)(s = 8) = F D a)(s — )" ) ds
w=0

kS
R
T
isS
N\
T~
isS
5|
=
Q
N
-
“CIJ
S~—
=
w
o~
S~—
7
w
=~
)
S~—
QL
V2
~_
=)
QL
~
~
s}

Proof: (i) Under the assumptions of theorem, the identities (3.247) and (3.248) hold.
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Applying Holder’s inequality to (3.247) and (3.248), we get

E:: (ol / Fun(Ga(,9)) (£ (B)(s = ) = £ @) (s — ) ) ds

_ (n—s)lw—a)/a £ () </a Fm(GZ(-,s))(s—t)”_?’(t—a)ds) dt

H </j (/j Fn(Ga () (s = 0" = a)ds) q dt) E

<(n3

1

v </B < : Far(Ga(,8))(s = )" 2 (t = a>d5>th> |

< 1 ‘f(”)

what we need to prove.
(ii) Similarly we can prove this part. O

As direct consequence of the previous two theorems, choosing n = 3, we get the follow-

ing corollary.

Corollary 3.10.20.: Let the functionals F,,, and Fy; be defined as in Definition 3.9.6.
with an additional assumption that a, b, S are nonnegative. Let s € [«, ] and G,(-, ),z €
{1,2,3,4,5}, be defined as in (3.44)-(3.48), respectively. Let f: [o, 3] — R be 3-convex
function such that f": [o, ] = R is absolutely continuous and f" € Ly« f].

i) For each t € [a, B], such that t < s, then

Fon(Ga(-, 5))ds (3.256)
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and

! — o B
Fu(h) - O [y (3257

< 5= I, ( [ ([ o a>ds)th)é;

it) For each t € [, 5], such that t > s, then

0

N

o< Fu() - LOZT | PGl )ds (3.259)

-

5 |, (/j < j (Gl 9)(t — B)ds)th) q

<

and

! — e B
0 < Fu(f) - f(ﬁﬁ)f” | PGt (3.259)

1
q

5 |1, (/j ( j Far(Ga(,9))(t — 5)d5>th> .

<

3.10. Sherman type inequalities for n-convex functions
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CHAPTER 4.

Applications in information theory

4.1. Shannon entropy and Csiszar f-divergence

Shannon ([148], [39, p. 476], [41]) introduced a statistical concept of entropy in the theory of
communication and transmission of information, the measure of information that quantifies

the unevenness in the probability distribution p. It is defined as follows.

Definition 4.1.1.: Let p = (p1, ..., pn) be a positive probability distribution , i.e. p; > 0,
i=1,..,n, with ) 1", p; = 1, for some discrete random variable X. Shannon’s entropyof
p is given by

n 1 n
H(p):Zpiln;:—Zpilnpi. (4.1)
i=1 ! i=1

With the usual agreement 0In0 = 0, we can allow that for some ¢, p; = 0, and (4.1) is
still valid. This situation will not change anything because the value x;, for which p; = 0,

can be freely removed from the set of values of X.

Shannon’s entropy satisfies the following estimate

0< H(p) <Inn. (4.2)
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As a slight modification of the previous formula, we get the Kullback-Leibler divergence,
shorter KL-divergence, a measure of difference between two positive probability distribu-
tions q and p. In statistics, it arises as the expected logarithm of difference between the
probability q of data in the original distribution with the approximating distribution p.
We have the following definition (see [39, p. 477], [98]).

Definition 4.1.2.: Let p = (p1,...,pn) and q = (q1, ..., q,) be two positive probability
distributions, i.e. p;,¢; > 0,4 = 1,...,n, with > 1" p; = >, ¢i = 1. The Kullback-

Leibler divergence or relative entropy of q with respect to p is given by

Dgr(a,p) = Z ¢iIn % (4.3)
i=1 !

The Kullback-Leibler divergence satisfies the following estimates

with equality iff q = p.

Shannon’s entropy and the Kullback-Leibler divergence can be obtained as special
cases of the more general concept known as Csiszar f-divergence (4.5) which is useful
generalization of many well-known divergences widely employed in different scientific fields
specially in mathematical statistics and information theory with deep connections in topics
as diverse as artificial intelligence, statistical physics, and biological evolution (see |29, 40,

80, 81, 82, 83, 98, 99, 144, 148]).

Definition 4.1.3.(/33, 34]): Let p = (p1,...,pn) and @ = (q1,...,¢,) be nonneg-
ative n-tuples. For a convex function f : [0,00) — R, the Csiszar f-divergence or

f-divergence is given by

Dﬂ%p)=é;mf<z>, (4.5)
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with the convention

FO) = lim (1), of (8):0

t—0+
c\ L c\ . ft)
0f (6) - Eg%l+f(5) =clim =2 0> 0. (4.6)
Remark 4.1.1.: a) Choosing the convex function f(t) =In1 = —Int, we have
Df(q,p)=—> piln=—=> p, In - — > piln—.
i=1 b=l b=l !

Specially, if p is positive probability distribution, then
- 1
Dy(q,p) = > _pi In -~ H(p).
i=1 ¢
Further, setting q = e = (1,...,1), we get
Dy(e,p) = —H(p).
b) Choosing the convex function f(t) = tInt, we get
~ 4, 4\ gi
Di(q,p) =) pi—-In= =) gn=.
- P P D

If p and q are two positive probability distributions, then

Dy(q,p) = Dkr(q,p).

Csiszar with Korner [34] proved Jensen’s type inequality for f -divergences, known as

the Csiszar-Korner inequality, in the following form

n Zl qi
> pif | 55— | < Ds(a,p), (4.7)
i=1 lel

n
where p = (p1,...,pn) and q = (q1, ..., ¢,) are nonnegative n-tuples with »_ p; > 0 and
i=1
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> qi > 0. Specially, if f is normalized, i.e. f(1) = 0 and p, q are two positive probability
i=1

distributions, then (4.7) reduces to

0 < D¢(a,p) (4.8)

with

Df(q,p) =0 iff p=gq

provided f is strictly convex.

For suitable choices of the kernel f, Csiszar f-divergence (4.5) can be interpreted as a

series of divergencies for two probability distributions q and p:

e Hellinger divergence
1 n ) 1 )
Dya(a,p) = 5 > (Vo — V@) fH) =5 (Vi-1) (4.9)
i=1
e Variational distance
n
Dyv(q,p) =Y Ipi—al, f(t)=[t—1];
i=1
e Harmonic divergence
& 2p;q; 2t
Dp(q,p) =y ——, t) = ——; 4.10
ap) =30 B 0= 1 (4.10)
e Bhattacharya distance
n
Dp(a,p) =Y vpiGi, [(t)=vt (4.11)
i=1
e Triangular discrimination

n

(i — @) _ (-1
e 10T

Da(q,p) = ; (4.12)

=1
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e Chi square distance

n 2
qi — Pi
Dlap) = > WP ) < -y
i=1 !
e Rényi divergence
Dg,(q,p) Zpl A f) =1, AeR (4.13)

Motivated by various communication and transmission problems, Belis and Guiagu [21]

introduced the concept of weighted Shannon’s entropy (see also [151]).

Definition 4.1.4.: Let p = (p1,...,pn) be a positive probability distribution and r =

(ri,...,r,) nonnegative weight. The weighted Shannon’s entropy is given by
- 1
H(p;r) = Zripi In o (4.14)
i=1 ’

The weighted Shannon’s entropy satisfied estimate [113]

n

n Z i

0< Hipir) <Y rapsln =
i=1 > Tipi

=1

In particular, the minimum H(p;r) = 0 is reached for a constant random variable,
i.e. when p; = 1, for some i. The opposite extreme, the maximal H(p;r) is reached for a

uniform distribution, i.e. when p; = % for all e =1,...,n. In that case we have

0< H(p;r) Zmnn

Specially, if we ignore weights r;, i = 1,...,n, i.e. setting r =e = (1,...,1), then (4.14)
reduces to (4.1), i.e. H(p;e) = H(p) for e = (1,...,1) € R™ and the previous inequality
reduces to (4.2).

The following definition of the weighted Csiszar f-divergence is given in [90].

Definition 4.1.5.: Let p = (p1,...,pn), 4 = (q1,--.,qn) be nonnegative n-tuples and

4.1. Shannon entropy and Csiszar f-divergence
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r = (r1,...,7,) be a nonnegative weight. For a convex function f : [0,00) — R, the

weighted Csiszar f-divergence is given by

n

> ripif (2) . (4.15)

i=1

Dy(q,p;r)

Remark 4.1.2.: It is obvious that D¢(q,p;e) = Ds(q,p) fore = (1,...,1) € R™.

a) Further, for the convex function f(¢) =1

n% = —1Int, we have

n n n
qi 1 1
Di(qpir) ==Y rpiln=-=> ripiln— = rip;ln—.
— b — 4 = bi
=1 =1 =1
If p is positive probability distribution, then
n

1
Df(q,p;r) = anﬂna — H(p;r).

i=1 !
Choosing q =e = (1,...,1), we get
Dy(e,p;r) = —H(p; ).

b) For the convex function f(t) =tlnt, t > 0, we have
Dy(q,p;t) = Y ripi—In <Z> => rigiln (Z> .
D pi D

1=1 i=1

If p and q are two positive probability distributions, then
Dy(a,p;r) = Dkr(q, p;r),

i.e. we get the weighted Kullback-Leibler divergence.

Below we give some weighted versions of distances for two probability distributions p, q

with weights r = (r1,...,7y) :
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e The weighted Hellinger distance

n

1
Dh2 q,p;r 5 ZTZ \/qil)
=1

The weighted Bhattacharya distance

n

Dp(q,p;ir) = Y ri/Dil; (4.16)

i=1

The weighted Chi square distance

~ (pi—q)*
Dy2(q,pir) = ) ri———;

i=1 pi

The weighted variational distance

n

Dy(q,p;r) = > _7ilpi — qil;

=1

The weighted triangular discrimination

n

_QZ
qp, ri———————
’ ; ‘ Di + Gi

In this section, using results from the previous chapters, we give new estimates for
f-divergence functional Ds(q,p) as well as for the generalized f-divergence functional

D¢(p,q;r). As special cases of those estimates, we obtain bounds for some well known

divergences. The results from this chapter are cited from [17, 71, 72].

4.1.1. Converse to the Csiszar-Korner inequality

In this subsection, applying Converse Sherman’s inequality (2.11) to the concept of f-
divergences, we obtain a converse to the Csiszar-Korner inequality (4.7). As easy conse-

quences we derive some inequalities for the well-known divergences (see [17]).

In the sequel, Ry and Ry will denote the sets of nonnegative and positive numbers,

ie. Ry = [0,00) and Ry; = (0,00), respectively. We denote with M,,,,(R) the space
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of n x m matrices with nonnegative entries. We use notation (-,-) for the standard inner

product in R”.

We also use the following notation and assumptions:

(A) Let o, € Ryq, a < B. Let p € R}, q € R}, be such that ;% € [a,8],i=1,..n.
Let R = (rij) € Mum(Ry) and d € R'. We define m-tuples p,q € R, and n-tuple
c € R} such that

p=pR, §=qR and c=dR". (4.17)

We denote jth column of R with r; = (715,...,705), j = 1,...,m.

From (4.17) it follows

n

Bj = Y _pirij = (Pyrj), 5 =1,.0,m, (4.18)
=1
n

G = Y aqri=(ar;), j=1,...,m, (4.19)
=1

m
Cc, = Zdj?“ij, 1= 1, ey N
j=1
For m-tuples p, @ and d, Csiszar f-divergence (4.15) becomes
D@ p;d) = dip; f (p]) :
j=1 J

Specially, if p and q are two probability distributions and a matrix R € M,,,,((0, c0))

is row stochastic, then

m m n n m

Yo=Y b=y piy vy =1, (4.20)
j=1 j=11i=1 i=1  j=1

m m n n m

ZNJZZ qm‘jZZqZZn]—l,

Jj=1 j=11i=1 i=1 j=1

i.e. p and q are also probability distributions.

Applying Theorem 2.2.5 we compare two generalized Csiszar f-divergences.

274 Chapter 4.. Applications in information theory



Ptolemy Scientific Research Press

https://pisrt.org/

Theorem 4.1.1:

Ds(q,p;d) < Dy(q,p;c)

Let (A) holds. Let f : Ry — R be a convex function. Then

(4.21)

IN

> di(p.r))

Jj=1

Proof: According to (4.5), we need to prove the inequality

> dip; f <gj> <> epif (?)
j=1 J i=1 v
fla) (8-

—~

a,ry)
p.rj)

]

m fla) (ﬂ = ggzﬁji) + f(8) (égf«jﬁi
B

+ 1) (

(q,ry)

(p,ry)

a) . (4.22)

@ N

<Y di(p,r))
j=1

Let vectors x = (x1, ...

_q _<q7r'> N
N

The following equality holds

__hnry a
Y i1 PiTij p1

Hence, the following identity is valid

piT11

<p,r1>
{q,r1) <qum>:|:|:ql qn] :
(p,r1)” (P, Tm) p1’ 7 pn

PnTnl

<p,l‘1>

Define n x m column stochastic matrix S = (s;;) with s;; =

1,...,m. Then, condition y = xS is satisfied (see (4.23)).

Consider the weight b; = d;p; = d;(p,r;), j = 1,..,m, and a = (ay, ...

a; = pic;, t=1,...,n.

We have

m m m
ai =pici =pi Y _djrig =Y _dipiriy = Y _b;

,xy) and y = (y1, ..., Ym) be such that x; =

PnTnj  dn
o pirig pr

— 4

PiTim

(p,rm)

PnTnm

(P,rm)

PiTij __ PiTij .
=Y ="t g =1,..
(prj)’ ’

iT'ig
~
Pj

p:,i =1,...,n, and

7

(4.23)

,ap) such that

4.1. Shannon entropy and Csiszar f-divergence
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i.e. a = bS” is satisfied. Moreover, since (2.6) holds, applying Theorem 2.2.5 we obtain

o (32)

j=1 (p, r]> =1 pi
S di(p, ) (8 - 2524 S di(porg) (1258 — o)
< Ty p.rj
< e fla) + . o
what is equivalent to (4.21). O

Corollary 4.1.1.:  Let f : R; — R be a convex function. Let R € My, (Ry), p,q € R},
and P, € R}, be as in (A). Further, letr = (r1,...,m5,) be n-tuple such that r; = 30" rij,

1=1,...,n, i.e. r; is the ith row sum of R. Then

<Q7r'> <q,r'>
i f(a) 5_< rj.) + f(8) { rj.>—04
Dy(a,) < Ds(q,pir) < ) (p,r)) G - g_a (57 ) (4.24)
7j=1
In particular, if R 1s row stochastic matriz, then
(q.rj) (q.ry)
mo f(e) (8- a1 p(p) (85 o
Dy¢(a,p) < Dy(q,p Z (p,1;) ( <p’r]>g — (<p’ 1) ) (4.25)
7j=1

Proof: By taking d = (dy,...,dn) = (1,...,1) in Theorem 4.1.1, we calculate ¢; =
> iy rij = ri for i = 1,...,n. Therefore inequality (4.21) becomes (4.24).

If additionally R is row stochastic, then r = (1,...,1) € R™ and (4.24) reduces to (4.25).

As a special case of the previous result, choosing m = 1, we obtain the following

converse to the Csiszar-Korner inequality (4.7).

Corollary 4.1.2.: Let f : Ry — R be a convex function. Let o, € Ryy, a < B, and

p,q € R% | be such that %ﬁ €la,p],i=1,...,n, and r € R}. Then

fla) (8-

)10 (G5 -a)

s (4.26)

(p,1)f <<q’ r>> < D¢(q,p;r) < (p,r)
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In particular, ifr =e = (1,..,1) and P, =1 pi and Qn =Y ;| Gi, then

8 — «

n

Remark 4.1.3.: We get the improvement of the Csiszar-Korner inequality (4.7). Spe-
cially, if f is normalized function, i.e f(1) = 0, and p, q are two probability distributions,

then (4.27) becomes

f(@) (B=1)+f(B) (1—a)

0<D <
< Dg(q,p) < o

4.1.2. Converse inequalities related to some divergences and Shannon’s

entropy

In the following results we use the following notation and assumptions:

(B) Let o, € Ryq, a < . Let p € R}, q € R, be two probability distributions such
that I € [, ], i = 1,..n. Let R = (rjj) € Mpn(Ry4) be row stochastic matrix and

d € R'. We define m-tuples p,q € R, and n-tuple ¢ € R} such that
p=pR, §=qR and c=dR’, (4.28)

ie. for rj = (r1;,...,mn;), jthe column of R, j =1,...,m, we have (4.18)-(4.19).
Since p and q are two probability distributions and R is row stochastic, then p and q

are also probability distributions (see (4.20)).

Using results from the previous subsection we get converse inequalities related to well

known divergences as speciall cases of Csiszar f-divergences (4.5) and (4.15).

Corollary 4.1.3.:  Let (B) holds. Then:
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a) The weighted Kullback-Leibler divergences satisfy

Dkr(q,p;d) < Dir(q,p;c) (4.29)
m ln l /8 _ <q,I'j> + ln l <q7rj> —
o ( ,1“> ﬂ < J")
Szdj<P,rj) ( pjg_a <p] >;
j=1

b) The weighted Hellinger distances satisfy

Dy2(q,p; d)

IN

Dp2(q, p;ic) (4.30)

S oY) ()
~ ] 2(6—0[) ;

IN

c) The weighted Bhattacharya distances satisfy

Dp(q,p;d) > Dg(q,p;c) (4.31)

Y%
S
i1
:S

@

|
R

d) The weighted Chi square distances satisfy

D,2(q,p;d) < D,2(q, p;c) (4.32)

m (1—a)? (B - 5% ﬁ
< Z p,I‘J ( (p, J)ﬁ_oé :

2
=
)
N—
+
—~
—
|
=)
SN—
[\
/N
T2
==
R N
|
Q
N—

e) The weighted variational distances satisfy

Dv(p,q;d) < Dy(p,q;c) (4.33)

m _ o _ i)
g . |1 a|< <gr;g‘|_‘|a1 5|<q1 a);

~

IN
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f) The weighted triangular discriminations satisfy

Da(@,p;d) < Da(a,psc) (4.34)
m (l_a)2 /8 _ <q,1'j> + (1_5)2 <q7rj> —«
a+1 (p,rj) B+1 (p,r;)
< Y di(p.r)) < pgg_a (p] >
j=1

Proof: We apply Theorem 4.1.1 to the different convex functions as follows:

a) for f(t) = In 1, the inequality (4.29) follows from (4.21);
b) for f(t) =1 ( \/E)Q, the inequality (4.30) follows from (4.21);

f(t) = —+/t, the inequality (4.31) follows from (4.21);
d) for f(t) = (t — 1)?, the inequality (4.32) follows from (4.21);
e) for f(t) = |1 — t|, the inequality (4.34) follows from (4.21). O
By taking d = (di,...,dmn) = (1,...,1) and the fact that then ¢; = >0, ry; = 1,

1 =1,...,n, as easy consequences of the previous corollary we get the next result.

Corollary 4.1.4.: Let R € My,(Ry), p,q € R} and p,q € R, be as in (B). Then

a) The Kullback-Leibler divergences satisfy

m 1 _ Aarj) 1 ({ar;)
Ing (5 <p7rj->> +ng ((pmj') a) _
<Y (p.r)) o ;
j=1

b) Hellinger distances satisfy

DhQ(Eizf)) < DhQ(qa p) (436)
mo (= VR (8- @)+ (- VB2 (5 -
< Z;<P,rj> ( : 7]2>(>ﬁa) <<’]> >;

¢) Bhattacharya distances satisfy

Dp(q,p) > Dgp(q,p) (4.37)

v
s
o
h"ﬁ
=
|
Q
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d) Chi square distances satisfy

D,2(q,p) < D,2(q,p) (4.38)
ey L (O ) 00 (G o)
< > (p.r; —a :
j=1
e) Variational distances satisfy
Dv(q,p) < Dy(a,p) (4.39)
mo Lol (8- @358) + -8l (35 - a
§Z<p7r3> ( pjg_a ( ),
j=1
f) Triangular discriminations satisfy
Da(@,p) < Da(q,p) (4.40)
m (170‘)2 < ,I"> (17ﬁ)2 < ,I")
atl (5 B <g71‘jj)) S ((gmj‘) B a)
< (p,rj) i—a :
7j=1

Next we present converse inequalities related to Shannon’s entropies. We use the fol-

lowing notation and assumptions:

(C) Let o, € Ryq, o < B. Let p € R} | be probability distribution such that p; € [a, 3],
i =1,..n. Let R = (r;;) € Mum(Ryy) be doubly stochastic matrix and d € R7?. We

define m-tuple p € R, and n-tuple ¢ € R”} such that
p=pR and c=dR’. (4.41)
For r; = (r1j,...,7nj), jthe column of R, j =1,...,m, we have

n
ﬁj = szrlj = <p7rj>7 ] = 1’ ceey M
i=1
Since p is probability distribution and R is doubly stochastic, then

m
= Zzpzrw = szzrm =1,

7j=1 =1 =1 =

’Uz
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i.e. p is also probability distribution.

Corollary 4.1.5.:  Let (C) holds. Then

(4.42)

Proof: Setting q = e = (1,...,1) € R™ and using the assumption that R is doubly
stochastic, we have @ = (§1, ..., Gm) With ¢; = > 1| qirij = iy rij = 1, i.e. @ = (1,...,1).
Now applying Theorem 4.1.1 to the convex function f(¢) = In % the inequality (4.42) follows
from (4.21). O

Corollary 4.1.6.: Let R € My, (Ryy), p € R}, and p € R, be as in (C). Then

H(p) 3 (p,1;) ma(ﬁ_ <p}rj>%tzlﬂ(m_a>'
et

Proof: Inequality (4.43) follows directly from (4.42) by taking d = (dy, ..., dm) = (1, ..., 1)

and the fact that then ¢; = 37" ryy =1, fori=1,...,n. O

4.1.3. New bounds for f-divergences

In this section, we present new lower and upper bounds for Csiszar f-divergences and

Shannon’s entropy using estimates for Sherman’s functional (2.23) (see [72]).
As an easy consequence of Theorem 2.3.9 we get the next result.

Corollary 4.1.7.: Let f : [0,00) — R be a convezx function, p = (p1,...,pn) € [0,00)",
a=(q1,-,qn) €[0,00)" and R = (ri;) € Mpm(Ry). Let us define

n
<parj> = Zplrlja q7 r] ZQzT’LJa J = 1,...,’/TL, (444)
Rp(q,p;R) = ) [qujf (’) — (a,1j) f ( Z Z ”)] :
j=1 Li=1 pi (. r5) i=1
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Then

qi
N (6 1 <~
< ; [;pm]f (p) (p,rj) f <<p,rj> ;qlr”)]
< 1@%{3} R¢( q,p;R) (4.45)

Proof: Applying (2.33) to the vector x = (z1,...,z,) with z; = g—?, 1 =1,...,n, weight

b = (bi,...,by) with b; = (p,r;),j = 1,...,m, column stochastic matrices S = (s4;) €

Com(R4) with s;; = ﬁ i=1,.,n,j =1,..,mand T = (t;) € Com(Ry) with

_ QT

tij = lar,)? 1=1,...,n,5=1,...,m, we get
Ty
m <pz/r‘i.7'> n q./)"». q, n qA q./’f’».
oS i B (52 0 () (55
; isicn { Tary ; (a,r;)" \pi ; pi {4, 1;)
m n p.T‘.< q. n q» p,/r"..
<Dt (X B g (B) g (o b
jz_; ’ (; (p,rj)" \pi “— pi (P, 1;)
m e "gire o a L
<> (pry) x4 () - (LA,
jz::l M igicn { sy ) \& lar)” \pi ; pi {q, 1)
what is equivalent to (4.45). O

Specially, for m = 1, the previous result reduces to the next corollary.

Corollary 4.1.8.: Let f : [0,00) — R be a convez function, p = (p1,...,pn) € [0,00)",

a=1(q1,-qn) € [0,00)"and v = (r1,...,r,) € [0,00)". Let us define

n n
(p,r) = me, (q,r) = qu,
i=1 i=1

Ry(aq,pir) = Y _airif (Zf) —la,r) f ( 1 3 @i
i=1 L i

(a,r) = »p

) |
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Then

: Di 1 n
0< 121@-1%1”{ A}Rf(cbp;r) < Df(q,p;r) —(p,r) f ( E;Qirz)

4 (p,r) &
- pi .
< max { " } Rf(q,p;r). (4.46)

If in addition r = e = (1,..., 1), with notations (p,r) = > " pi = Pn, (q,r) => " ¢ =
Qn, then

o [PV (S (4 1 ¢
0< 11%1%1”{%} (;%f( z) —Qnf (QnZ;pz)) (4.47)

< Df(q,p) -P.f (%l)

Di & i 1 ¢
< max {2} (;qu (%) - Quf (Q;p» |

Remark 4.1.4.: Note that (4.47) generalizes and refines the Csiszar-Korner inequality
(4.7). Specially, applying (4.47) to normalized function f, i.e. f(1) = 0, with assumption
that q and p are two probability distributions, we get the lower and upper bound of

D¢(q,p) in the form

e (iHEw () (2)  en

In the following result, using conclusions from Remark 4.1.1. a) and Remark 4.1.2. a),

we obtain new estimate for Shannon’s entropies (4.1) and (4.14).
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Corollary 4.1.9.:  Let p = (p1,...,pn) be a probability distribution, q,r €R’}. Then

(p,r) ( qu> + anz lnfi - max { o }R (q, p;T)

< H(p;r) (4.49)

< — _
=~ <p7 ( ZQZ z) +anz n 4 12(11@”{(] }R ln(cbpa )
< <p> < Z% 1> —1—27“@]9@111*
where
Tq ¥ i
R_n(q,p;r) =(q,1) an) > ami %
iz Pi i=1 bi
If in additionr = e = (1,...,1) with y_;" | ¢ = n, then
pi
Inn+ sz lnfi — max {%} R_1n(a,p) (4.50)
< H(p)
< — _
< lnn+2pz e 121%{%}1% m(a, P)
< lnn—i-Zpiln—,
i=1 ‘
where

R_1u(q,p) —nln< Z%) Zqzln—

Proof: Applying (4.46) to the convex function f(t) = —Int, we get

1 n
0 < min R_y(a,pir) < )y rip; ln + (p,r)In qir;
i ) Z i)+ p)ln | 55 )
<
> 121?3);{(]2 } R_ ln(q p;r )7

which is equivalent to (4.49).
Further, let Y7 ;¢ =n and r = e = (1,...,1). Then (p,r) = > " p; = 1, and from
(4.49) we get (4.50). O
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4.1.4. New bounds of f-divergences for 3-convex functions

We connect the approach from Section 3.9.5. with Csiszar f-divergence and specified di-
vergences as the Kullback-Leibler divergence, Hellinger divergence, Harmonic divergence,
Bhattacharya distance, Triangular discrimination, Renyi divergence and derive new esti-

mates for them. The resuls from this subsection are cited from [71].

In the next results, we use the following notation and assumptions:

(A1) Let p,q be positive k-tuples, R € My;((0,00)) be a matrix with row sums equal to 1
and with columns r; = (ryj,...,7%;), j = 1,...,{. We use notation (-,-) for the standard
inner product, i.e. (p,rj) = Zlepirij and (q,r;) = Zle girij, for j = 1,...,1. We
assume that g—i € [, f],i = .,k and éq rji € [a,p],j=1,...,1, where o, 8] C (0, 00).

For s € [, 8] and G.(-,s),z € {1,2,3,4,5}, given as in (3.44)-(3.48), respectively, we
define

gm<Gz<-,s>>=gpiGz (%05) = St 6. ((22.5) (451)

= <p7r]>
l k 4 1 k gi
- Z llglgk{pzrlj} (Z; GZ <pla S) - kGZ (k Z; 77 5)) )
a i 1 i
g]% Z 112a<xk{p’r”} Z G, ;a s | — kG, % Z — S
i ’ i=14"

=1
_ ipiGz (q s) + zl: (p,r;) G. (égzi , s) . (4.52)

(A2) Specially, if we set [ =1 and ry = e = (1,...,1) with p and q probability distributions,
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from (4.51) and (4.52) we get

k
= ZpiGz <%a 5) -G, (]-a 5) (453)
i=1 pi
: g R
- 1I£1£k{pl (lzl Gz <]9'L"S> - kGZ (k‘ Zzl i,8>> )

Gau (G(-.5)) = max {pi) (ij G, <;s> — kG, (11C Zk: qs>> (4.54)
—sz < )+G< ).

Applying results from Section 3.9.5. we obtain new estimates of Csiszar f-divergence

D¢(q,p) in case when a function f is 3-convex.

Corollary 4.1.10.: Let (A1) holds. Let f: [a, 5] — R be 3-convezx function such that
"€ AC(lo, B]) and f" € Lyla, B].

i) For each t € [a, B], such that t < s, then

0< ;p,rj < ri>> (4.55)

(P, ;)

7 1 k i ’ — B
- Z in {pirs} [Z / (i) —kf (k > ﬁ)] LGS [T g (G s))ds
Jj= i=1 ¢ i—1

: (/5 ([ utc-oonte- a)ds>th);

"

and
!
<q7 r]>>
0< 'L — Dyl(q, 4.56
< ;@ rj) f <<p’rj> s(a,p) (4.56)
+ l max {p;ri; } if(ql)_kf 1iqi f(ﬁ) f / G (G
 1=ick J " \pi kD
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i1) For each t € [a, (], such that t > s, then

!
q,r;
0<Df(q,p)—2<p,rj>f<< 7>> (4.57)
: ~ . (a I~ re-re@ [°
- Zlfililélk{pmj} [;f (Z> —kf (k;z>] = Gm(G2(-,8))ds
1
B B q q
" (/ < gm(Gz(-,s))(t—B)ds> dt> ,
and
l I">
<o) (29) - Dtan (459
i=1 .t
! ¢ 1 k 4 , , B
+Z max {plrw} Zf (1) —kf %Z—Z - f(ﬁﬁ):i(a)/ Gr(GL(+,s))ds
= s —1 Di i Pi o
]‘ " 5 B 7 é
<10, ([ ([ ouGaconte—pias) ar)
Proof: Let us consider vectors x = (z1,...,2%), ¥ = (y1,...,41), such that z; = gi,
. PR <q,1“> s
i=1,....k, and y; = <p7rj>, i=1,..,1L
1
Let a = (a1, ...,a;) and b = (by, ..., b;) be weights with a; = ) b; {;:”> 1=1,...,k and
j=1
l
bj = (p,rj), j=1,..., 1. Note that a; = Z b; (p“"” =p; Z rij = pi, fori=1,... k.
Jj=1 J=1
Also, we consider a matrix S = (s;5) € My(R), with s;; = <’;7;;>,2' =1,..,k,j=1,..,1

Now, applying Corollary 3.10.20., i.e. the inequalities (3.256)-(3.259), we get required
results. O
Specially, for [ = 1 and r; = e = (1,...,1) with p and q probability distributions, the

previous result reduces to the next corollary.

Corollary 4.1.11.: Let (A2) holds. Let f: [a, 5] — R be 3-convex function such that
"€ AC([ov, B]) and f" € Ly[a, B].
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i) For each t € |a, B], such that t <'s, then

0< Dy(q,p) — f(1) (4.59)

—1%{1’}[?? (Z) ( Zq’)]—’m‘é’(“‘) /fg‘m@(-,s))ds

([ (['oom-om)a)

"

and

0< f(1) = D¢(a,p) (4.60)
+ max { Zk:f <q> iy 1zk:%‘ _re-F@ /ﬁg (Go (-, 5))ds
1<i<k pz < i Lk v i B—a N M z\"

"

([ ([ oo ow)'a)

ii) For each t € |a, B], such that t > s, then

0< Df(q,p) — f (1) (4.61)
g BV r@-ra 74
() (18] e L

i </j ( B _m(GZ("S”(t—B)ds)th);,

"

Q

and

0<f(1) - Dy(a,p) (4.62)

k ' B
Z 4\ }:QZ f(ﬁ)f() > -.s))ds
* 1@%{% L:l f (Pz) kf ( )] -« /a gM(GZ( ’ >)d

(/ (/ e mds)th)é-

In the examples below, applying the previous corollaries to suitable choices of a kernel

"

f, we obtain new bounds for some of most commonly used divergences which are special
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cases of Csiszar f-divergence functional (4.5).

Example 1.: The Kullback-Leibler divergence (4.8) of probability distributions q and p
is defined from (4.5) with the kernel function f(t) = tInt, t > 0. Since f"(t) = —t% <0,
then the function g(t) = —f(t) = —tInt satisfies the assumptions of Corollaries 4.1.10.
and 4.1.11.. So for the Kullback-Leibler divergence, inequalities (4.55)-(4.62) hold with the

reversed signs of inequalities and with

RS

Mt - e, |, = ()
Example 2.: Hellinger divergence (4.9) of probability distributions q and p is defined
from (4.5) with the kernel function f(t) = & (vt — 1)2, t > 0. Since f"(t) = —gt_g <0,
then the function g(t) = —f(t) = —% (ﬁ— 1)2 satisfies the assumptions of Corollaries
4.1.10. and 4.1.11.. So for Hellinger divergence, inequalities (4.55)-(4.62) hold with the

reversed signs of inequalities and with

1
POse) | Ba gy 3 (g ieat e
B-a 2VaB(B—a)’ p- 8 3y :

Example 3.: Harmonic divergence (4.10) of probability distributions q and p is defined

from (4.5) with the kernel function f(t) = f—jt, t > 0. Since f"'(t) = ﬁ > 0, then f

satisfies the assumptions of Corollaries 4.1.10. and 4.1.11.. So for Harmonic divergence

inequalities (4.55)-(4.62) hold with

1
/ —f(a _ a 1—4p__ a 1—4 o
! (5/3}754( ) _ (1+2é2);r£j:6§2’ Hf/qu —19 ((Hﬂ) 1”74(pl+ ) P) v

Example 4.: Bhattacharya distance (4.11) of probability distributions q and p is defined
from (4.5) with the kernel function f(t) = —/t, t > 0. Since f"(t) = —%tfg < 0, then the
function g(t) = —f(t) = V/t satisfies the assumptions of Corollaries 4.1.10. and 4.1.11..
So for Bhattacharya distance, inequalities (4.55)-(4.62) hold with the reversed signs of

inequalities and with

1
f'B)=f'(e) _ _Btya Hf///H _ 1 m P
p-a 2vap(a—p)’ P8 1-3p :
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Example 5.:  Triangular discrimination (4.12) of probability distributions q and p is de-

fined from (4.5) with the kernel function f(t) = (t;rll)Q, t > 0. Since f"'(t) = —ﬁ <0,
then the function g(t) = —f(t) = —(t;ll)Q satisfies the assumptions of Corollaries 4.1.10.

and 4.1.11.. So for Triangular discrimination inequalities (4.55)-(4.62) hold with the re-

versed signs of inequalities and with

f’(ﬂﬁ):i’(a) _ 4[(‘1“)2(iiﬁf;;(?;()ngﬁl)_z(;g+20‘—3)]’ Hmep — 9 ((1+a)14f:£;+6)14p); '
Example 6.: Rényi divergence (4.13) of probability distributions q and p is defined from
(4.5) with the kernel function f(t) =t*,t >0, A € R. Since f"(t) = A(A — 1)(A — 2)t* 3,
then f(t) = t* is 3-convex for 0 < X\ < 1 and \>2, and g(t) = —f(t) = —t* is 3-convex for
A<0and 1<\ <2. As regards, for Rényi divergence, inequalities (4.55)-(4.62) hold for
0< A< 1 and A\>2, and for A < 0 and 1 < X\ < 2 the signs of inequalities are reversed,

with

1
I'(B)=f"(a) _ A L-Aa* ! o (A=3)p+1_o(A=3)p+1Y\ p
= i R O e e

4.2. Estimates for the Zipf-Mandelbrot entropy

Zipf’s law [162], also known as the Pareto law, is experimental law for the discrete proba-
bility distribution frequently used in information science, bibliometrics, linguistics, social
sciences, economy, as well as in physics, biology, computer science etc. It was in the first
place established with the frequency of the words in a text in view and as such it revealed
a hyperbolic relation. If words of a language are sorted in the order of decreasing frequency
of usage, a word’s frequency f is inversely proportional to its rank r, or sequence number
in the list and the product of these is a constant: r - f = C (a few occur very often while
many others occur rarely). The term Zipfian distribution is used to describe various types
of distributions of the probability occurrences which approximately follow the mathemat-
ical form of Zipf’s law (see [44], [115], [117], [150]). Benoit Mandelbrot [105] generalized

Zipf’s law and gave its improvement for the count of the low-rank words [115].
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In this section we will consider the results from the previous section involving f-
divergences in the context of Zipf’s law [162] and its generalized version (see [72]), the

Zipt-Mandelbrot law [105], which we define in the sequel.

Definition 4.2.6.: The Zipf-Mandelbrot law is a discrete probability distribution
depending on three parameters N € N, ¢t > 0 and s > 0 with probability mass function

defined with
1

i,WwN,t,s) = —+——, 1=1,2,..., N, 4.63
P (6N 9) = oy (463)
where
N
H = —_— 4.64
N,t,S ; <Z+t)s ( )

As a special case of the Zipf-Mandelbrot law, for ¢t = 0, we get Zipf’s law with probability

mass function

1
i N 1 =1.2....N 4.65
90(17 73) isHN7s’ ? y <y ) ) ( )
where
N o
Hys=) = (4.66)
=1

4.2.1. Bounds for the Zipf-Mandelbrot entropy

If we put p; = Wﬁ in (4.1), then Shannon’s entropy becomes
i (i +t)*Hyys i In(i 4 t)* N ImHyg,
(i+t)SHN7t’s o i1 Z-i-t SHNtS —1 (i+t)SHN7t7s

s o In(i+t)
Hy o = (i+1)°

i.e. we get Shannon’s entropy for the Zipf-Mandelbrot law, so called the Zipf-Mandelbrot

entropy defined as

N .
Ini + ¢
3 ni + S) +ln Hyys. (4.67)
1

4.2. Estimates for the Zipf-Mandelbrot entropy 291



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

Using results for Sherman’s functional from the second chapter we obtain lower and

upper bounds for the Zipf-Mandelbrot entropy Z(H,t,s) as follows.

Corollary 4.2.12.: Let N € N, t > 0,5 > 0 and q = (q1,....,qn) € [0,00)" with

Zi]\il ¢i=N. Let Hyt s and Z(H,t,s) be defined by (4.64) and (4.67), respectively. Then

1N+1i111 1 { ! }S(Nt )
n ) n-- - max T N\s . y 0,8, q
Hygs = (i+1)° @i Hygs1<ish | (i +8)°q;
N
1 1 1 1 1
S 1nN+ ; lni_ mln {}S N7t787
Hy 1.5 ; (i+t)° ¢ Hnys1<isN | (i +t)%g ( Y
N
1 1 1
< InN+ . In —,
Hnt,s ; (+1)° @

where

N N
H S : S : S
S(N7t737q) = Nln (%ﬂ Z(Z+t) %2> _Z% In (qz(l"i‘t) HN,t,S)'

i=1 =1

Proof: Using (4.50) we get

N 1
1 1 (i+t)sHNts
In N SN N G e L gy
n +Zl(i+t)sHNts n— 1%?5\[{ S(N,t,s,q)
1= "

qi qi
< Z(H,t,s)
al 1 1 ( )1
T
< InN + ———————In— — min D HN o S(N,t,s,
; (i+t)*Hyps g ISiSN{ Gi ( v
N
1 1
< InN + ————In—,
; (Z + t)SHN,t,s qi
which is equivalent to (4.68). O

Corollary 4.2.13.: Let NeN,t>0,s>0, Hyvts and Z(H,t,s) be defined by (4.64)
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and (4.67), respectively. Then

S(N,t,s)
InN - ——— < Z(H,t 4.69
WN - S S AU) (4.69)
S(N,t,s)
<InN-—"—"7"—""—
= O T H (N +b)°
< InN,
where
Hypo & N
S(N,t,s) = Nln ]\}’;(z—kt) —;m((zﬂ) Hyypys)

Proof: If we choose q =e = (1,...,1), then (4.68) becomes

1 1
In N — R S o
B Hy s 121%}5\7{(7;4_15)5}5( t,s) < Z(H,t,s)
1

S InN - i S(N,t
= Hyy s 12ieN { (i + t)s} (N,t,s)
< N,

which is equivalent to (4.69). .

4.2.2. On the Zipf—~Mandelbrot entropy and 3-convex functions

In this subsection we connect the approach from Subsection 4.1.4. with the Zipf-Mandelbrot

law and its special form Zipf’s law (see |71]).

We define p and q via (4.63) as the Zipf-Mandelbrot law N-tuples, i.e. we put p; =

1

R 1 . N 7 ~ ~
W and Qi = 75 o - for ¢ = 17...,N, N € N, and t]_,tQEO, S1,89 > 0.

(i+t1)"1Hy 7, 5,

Then by (4.5), Csiszar f-divergence becomes

N AT
D¢(N,t1,t2,51,52) = Z . f G+ t)"Hyp, 5
R i=1 (Z +t2)52HN,52752 (i_'_tl)SlHNflﬁl 7

(i+t2)%2Hy 7, 5,

for f: o, 5] = R, 0 < a < 3, and ()T Hy 7, 5

€la,Bl, i=1,..,N.

If p and q are defined via Zipf’s law (4.65), i.e. for t; = t3 = 0, then Csiszar f-divergence
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functional assumes the following form

D¢(N, 31,52) = Z %f (igz_glj\%) : (4.70)

=1 ’

S (i) 2 Hy g, 5,
Zﬁvzl(i‘*‘gl)ngN,h,él
s € o, f], Gs(+,8),z € {1,2,3,4,5}, given as in (3.44)-(3.44), respectively, we define

In the next results we also suppose that

€ |a, B]. Further, for some

Gm(G=(-s5)) (4.71)

_y 1 o (i+12)2 Hyy, 5, ) - s
- . ~ NG z . T \a b z 9
i=1 (Z + tQ)SQHN,EQ,gg (Z + tl)SI HN,£1,§1

N AT N [, 7\
—mN Z G (7’ + tQ)SQ‘HNﬂ?Z,gQ s o NG i Z (7’ + tQ)SQHN,£2,§2 S
NG+ b)) Hyg s N (i+t)5Hyg s ,

i=1

: 1
where my = mmy<;<N {Ww} ) and
512,82

Gm(G-(-9)) (4.72)
= My i\/: G (it 82)" Hyfo s - NG 1 Z (i +6)" Ay s,
i—1 ('l + tl)sl HNﬂ?l 51 N i1 ('l + tl)sl HN,tl 3

1
where My = maxij<;<y ——=+— /.
== (i+t2)2Hy 7, 5,

Taking into account these remarks, as direct consequence of Corollary 4.1.11., we get

the following result.

Corollary 4.2.14.: Let f: [a, 8] — R be 3-convez function such that f" € AC(|w, S])
and f" € Ly[a, B].
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i) For each t € |a, B], such that t <
0 < Df(N,t1,12,51,52) — f(1)

(i +t2)*Hyy, 5,

N

(i+1t)% Hyj, 3

i

=1
f'(B)—f" ()

B—a

(

/ (G (e ))ds

([ ([ e

"

and

0<

f) -

Df((Na 2?17{27 '§1> 52)
al (i+t2)*Hys, 5,

+ My [Zf ((Z+t1)31HNt1,
/ G (G.(,
(L ([

f(ﬁ

"

ii) For each t € [«

f(1)

0 < Dy(N, 1,12, 51, 32) —
N (i+12)2 Hyy, 5,

—my [Zf<(z+t1)51HNt1 51
f(ﬁ) f /Qm 2(8
L ([ onee

"/

s, then

, B, such that t > s, then

(4.73)
) (A3
t_m)th)é
(4.74)
RS ateeei]
e i) a)
(4.75)
v (3]
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and

0< f(1) - Df((Na t1, 2,31, 39) (4.76)
Ly zf (0 iy ) (1§ G40 g,
(i+ 6 SlHNtl 51 N < (i+t1)§1HN£1,51
_ 1) f(a)/ G (G- (-,

(s )

Remark 4.2.5.: If #;,f; = 0, then we can get analogous results as in (4.73) and (4.74)

"

observed in the context of Zipf’s law.

At the end we give one linguistic example using experimentally obtained values of

coefficients from Zipf’s law assigned to different languages.

Example 7.: Gelbukh and Sidorov [55] were analyzed the coefficients s1 and sy from
Zipf’s law assigned to the Russian and English languages. Calculating coefficients s1 and
so and their difference for each of the 39 literature texts in both languages, with more than
10000 running words inside of each of them, they obtained the average s; = 0.973863 for the
English and so = 0.892869 for the Russian language. In this context, using experimentally
obtained values of s1 and sa, we present the bounds for f-divergence functional (4.70) which
depend only on the parameter N and the value of chosen Green’s function G.

Namely, for p = (p1,...,pn) and q = (q1, ..., qn) probabilities associated to the Russian

and English languages, respectively, and N € N, 1,1y = 0, from (4.73) we have

N H

1<y 1 f (Z-O.080994Nvo-9738&”> — (1)

<) -
“— 0973553 H v 0.973863 Hi 0892869

H 97 1 N H 97
z : 99 N,0.973863 z : 99 N,0.973863

Hy 0.892869 Hy 0.892869

B
f(ﬁ)_a(a)/ G (G2 (-, 5))ds

» (/j ( j im (G (-, 8))(t — a)ds>th>;,

"
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where

N N

I Z 1 I Z 1 _ 1
N,0.973863 - '6.0'973863’ N,0.892869 - 2'0.8928697 mN - N .
i=1 i=1 70-973863 %~ 70073863
=1

and G (G (-,5)) is defined by

N
1 G <i0.080994HN,0.973863 s)
E = B ZLN,0.973863
i=1 i0-973863 Hy 0.973863 HN 0.892869
N, 0973863
N 1 > HNn 0.973863
E ’ a | =t )
_ . . |
— 0973865 H y 0.973863 N g02860
- > i Hn 0.892869
i=1
N N
—my |3 @ <i0.080994HND~973863 s) _ NG lzio.osogmw .
z 5 P , )
i=1 Hi 0.802869 N~ H 0.892869

Analogously, we can apply other results from the Corollary 4.2.14..
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CHAPTER D.

Sherman'’s type inequalities for operators on a Hilbert space with

applications

In this chapter, we give extensions of Sherman’s inequality (2.10) to self-adjoint opera-
tors and positive linear maps. We present general version of Sherman’s operator inequality
and its complement, and as easy consequences we derive Jensen’s operator inequality as
well as majorization operator inequalities and their conversions. We discuss about applica-
tions to some operator inequalities related to connections, solidarities and multidimensional
weighted geometric mean. Further, we extend the results for Csiszar’s f-divergence func-
tional (4.5) to operator Csiszér f-divergence. In consequence, we get the Shannon like
inequality for operators. At the end, we investigate vectorial joint majorization with ap-
plications to operator Csiszar f-divergence. Material of this chapter is quoted mainly from

[70, 125, 128, 132].

5.1. Sherman’s operator inequality

In this section we deal with Sherman’s operator inequality and its complementary in-
equalities with applications. We deal with Sherman’s inequality whose real arguments

are substituted with the bounded self-adjoint operators acting on a Hilbert space. We
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give extensions of Sherman’s inequality (2.10) to self-adjoint operators and positive linear
maps. We also get upper bounds for obtained inequalities, so called converse inequalities.
As easy consequences of obtained results we get Jensen’s operator inequality (5.1) and
the majorization operator inequalities as well as their conversions. We introduce so called
Sherman’s operator, deduced from Sherman’s operator inequality, and study its properties.
Using extended idea of convexity to operator functions of several variables, we obtain mul-
tidimensional Sherman’s operator inequality which reduces to multidimensional Jensen’s
and the majorization operator inequalities. Moreover, we define multidimensional Sher-
man’s operator and study its properties. At the end, we discuss about applications to some
operator inequalities related to connections, solidarities and multidimensional weighted

geometric mean. Results in this section are cited from [70].

First of all, we recall a version of Choi-Davis-Jensen inequality (1.26) for multiple

operators and mappings, which is known as Jensen’s operator inequality.

Theorem 5.1.1:  Let (X1, Xo, ..., X,) be n—tuple of self-adjoint operators in By (H) with
spectra in an interval J, (®1,Po,...,D,) be an n—tuple positive linear mappings ®; :
B(H) —» B(K),i=1,2,...,n, and (a1,az,...,a,) € [0,00)" be a vector of non-negative
numbers. If f € C(J) is an operator convex function and one of the following conditions is

true:

n
(A1) © = > a;P; is a unital mapping,

1=1

=
M=

a; =1 and ®; is a unital mapping (i =1,2,...,n),

s
I
—

N
N
NE

a; =1, J containing 0, f(0) =0 and 0 < ®;(1y) < 1x (i=1,2,...,n),

-
3l
—

—

b
B

~—

a; =1, J containing 0, f(0) =0 and 0 < > ®;(1y) < 1k,
i=1

-
Il
A

o~
=
D
3

n n
i=1 i=1
If f is operator concave, then the reverse inequality is valid in (5.1).

Theorem 5.1.1 follows from [51], [54] and [86]. We present the proof to interested readers.

Proof: We will prove only the operator convex case.
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(A1) Since a; > 0, then ¥; = a;®; is positive linear mapping and >  ¥,;(1y) = 1x. So,
i=1

using the Jensen type operator inequality (see [51, Theorem 8.9]):

f<z ‘Ifi(Xz')) < Z‘Ifi(f(Xi)), (5.2)
=1 i1

we obtain (5.1).

(A2) Let B = (By, Ba,...,B,) be n—tuple of self-adjoint operators with spectra in an
n n

interval J. If Y~ a; =1, then ®(B) = )_ a;B;, is unital positive linear mapping and using

i=1 i=1
(A1) gives the following Jensen operator inequality holds

n

f (Z aiBi> < Z aif(B;). (5.3)
j=1

j=1

Now, applying (5.3) and (1.26), we have

f(Z a@z‘@ﬁ)) < Zaif(q)i(Xi)) < Zai‘I’z’ (f(X3)), (5.4)
i=1 i=1 i=1

which gives the desired inequality (5.1).

(A3) We obtain (5.4) again, if we applying (1.26) to a positive linear mapping ®; such
that 0 < ®;(1x) < 1k.

(A4) Since 0 < i ®,(1y) < 1g imply 0 < ®;(1y) < 1k, i = 1,2,...,n, for positive
mappings, then a;);llying (As3) we obtain (5.1). O

Now we give a general version of Sherman’s operator inequality.

Theorem 5.1.2 (Sherman’s operator inequality): Let (X1, Xo,..., X)) be l—tuple of
self-adjoint operators in By, (H) with spectra in J, (1, ®o, ..., ;) of I—tuple positive linear
mappings ®; : B(H) — B(K), j =1,2,...,1, and (a1,as,...,q) € [0,00)!, (b1, ba...,b,) €
[0,00)", S = (si5) € My (R) be matriz with non negative entries such that a = bS.

If f € C(J) is an operator convex function and one of the following conditions is true:
l
(i) Wy = > 54jP; is unital mapping, i =1,2,...,n,
j=1

(i1) S is row stochastic and ®; is unital, j =1,2,...,1,

(73i) S is row stochastic, 0 € J, f(0) =0 and 0 < ®;(1y) <1k, j=1,2,...,1,

5.1. Sherman’s operator inequality
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!
(tv) S is row stochastic, 0 € J, f(0) =0 and 0 < 'X:I(I)j(lH) < 1k,
j:

then

!
Zb f(Z j>) <2 a® (X)) (5.5)
j=1
If f is operator concave, then the reverse inequality is valid in (5.5).

Proof: We will prove only the operator convex case. Applying Theorem 5.1.1 and since

a = bS we have

=1 j=1

l
(zbsw>q>J X)) = 3 s ().

=1

be(st( ) n@(i:s”@] )

MN

<.
Il
-

Remark 5.1.1.: Setting n =1 and b = (1) in Theorem 5.1.2 we get Theorem 5.1.1, i.e.
Sherman’s operator inequality (5.5) reduces to Jensen’s operator inequality (5.1). Moreover,
setting a = (1,1,...,1) the inequality (5.5) reduces to the form of (5.2). Also, setting

®;(A) = Ain (5.5) we get Jensen’s operator inequality (5.3).

Let X = (X1, X2,...,X;) be [—tuple and Y = (Y1,Y>,...,Y,) be n—tuple of self-
adjoint operators in By, (H), and a = (ay,as, ..., a;) € [0,00)!, b = (by,ba,...,b,) € [0,00)"

be nonnegative weights. Inspired by (2.1) and (2.7), we introduce the following two symbols:
n

— We will use a symbol Y <o X if n=7and Y = XS, ie Y, = > siX; (I =
j=1

1,2,...,n) for some doubly stochastic n x n matrix S = (s;;) € Mp,(R).

l
~ We will use a symbol (a,Y) <, (b,X) if Y =XS" anda=bS,ieV; =3 5;X
j=1

(t=1,2,...,n) and aj = > b;s;; (j =1,2,...,1) for some row stochastic matrix
i=1

S = (Sij) S MHZ(R).

By applying Theorem 5.1.2 on the identity mappings we get the operator version of

Sherman’s inequality and the weighted majorization operator inequality.
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Corollary 5.1.1.: Let X = (X1, Xo,..., X)) be I—tuple and Y = (Y1,Ys,...,Y,) be
n—tuple of self-adjoint operators in By (H) with spectra in J, a = (a1, as,...,a;) € [0,00)!,
b = (b1,ba,...,b,) € [0,00)" be vectors and S = (s;5) € Myi(R) be a row stochastic matriz

such that (a,Y) <o (b,X). If f € C(J) is an operator convez function then

l

Y obif (V) <D aif(X;). (5.6)
=1 i=1

Especially, if | = n and S = (si;) € Mpn(R) is a doubly stochastic matriz, then the

weighted multidimensional majorization inequality holds, so that
n n
Y <. X implies Zaif (Y;) < Zaif(Xi). (5.7)
i=1 i=1

If f is operator concave, then the reverse inequality is valid in (5.6) and (5.7).

Proof: By applying Theorem 5.1.2 on the identity mappings, i.e. ®;(A) = A, for all
AeB(H),j=1,2,...,l, we obtain (5.6). Next, setting n = [ in (5.6) and all weights a;
and b; are equal and nonnegative, the condition a = bS assures stochasticity on columns
of S, so in that case we deal with doubly stochastic matrix and (5.7) holds. O

Setting | = n, b = (1,1,...,1) and if S = (s45) € My,(R) is doubly stochastic, we
obtain that a = (1,1,...,1). By applying Theorem 5.1.2 we get the following versions of

the majorization operator inequality with mappings.

Corollary 5.1.2.: Let X = (X1, Xo,...,Xy), and Y = (Y1,Ya,...,Y,) be n—tuples of
self-adjoint operators in By (H ) with spectra in J, (®1, Po, ..., ®,) of n—tuple positive linear
mappings ®; : B(H) — B(K), j =1,2,...,n, ®(X) = (®1(X1), P2(X2),...,Pn(X,)) and
S = (si5) € Mun(R) be a doubly stochastic matriz such that Y <, ®(X).

If f € C(J) is an operator convex function and one of the following conditions is true:

n
(@) ¥; =3 $i;P; is unital mapping, i =1,2,...,n,
=1

b) ®; is unital, j =1,2,...,n,

)
(0)
() 0eJ, f(0)=0and 0 < ®j(ly) <1k, j=1,2,...,n,
(d) 0€J, f(0) =0 and 0 < fl (1) < Lx,

Z

5.1. Sherman’s operator inequality
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then

n

D F )<Y (f(X0).- (5.8)

i=1

If f is operator concave, then the reverse inequalities are valid in (5.8).

5.1.1. Inequalities complementary to Sherman’s operator inequality

Now we give a general version of complementary to Sherman’s operator inequality (5.5).

Theorem 5.1.3: Let X;, ®;, a, b, S be as in Theorem 5.1.2 and J = [m, M], m < M.

Let my = min {m;}, My = max {M;} , where m; and M;, m; < M;, are the bounds
1<i<n 1<i<n

o
of the self-adjoint operator Y; = > s;;®;(X;) (i = 1,2,...,n). Let f € C([m,M]), g €
j=1
C([my, My]), F:U xV — R be bounded, where f([m,M]) C U, g([my,My]) CV and

one of the conditions (i) or (ii) in Theorem 5.1.2 is true.

If f is convex and F is operator monotone in the first variable, then

F

l n !
> a;®; (f(X5)), D big <Z Sz‘jq)j(Xj))]
j=1 i=1 j=1

M — _
< o PG g + 4500 )bl @b e 59)

< s, P (G ) e FO0) ) bl (0 bl 1,

where || - ||1 denotes l; norm.

If f is concave, then the reverse inequality is valid in (5.9) with min instead of max.

Proof: We only prove the convex case. Since m®;(1y) < ®;(X;) < M ®;(1y) and

l l
> sii®i(1g) = 1g (0 = 1,2,...,n), then mlg < Y 5;P;(X;) < M1lg. Furthermore
j=1 =1

J
l

mle S Z Sijq)j(Xj) § Myl[(, SO [my,My] g [m, M]
7=1
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By using convexity of f and functional calculus, we obtain

z:aj@; (f(X;))

< jzl:laj (M‘I’j(ﬁ)_—fj()fj)f(m) n ‘Pj(Xj])w—_mTSj(lH)f(M))

- jzlzl (g bisz’j) (MQ)j(E)__TSj(Xj)f(m) n ¢j(ij)\4—_m£j(1H)f(M)>
n o Mlg— Zl? sij 05 (X;) é $ij®;(X;) —mlk

= ;b< T Fm) + = f(M)).

Using operator monotonicity of u + F'(u,v) and boundedness of F, it follows

FS e szg@sw )]

(MlK ZSZJ"I) (X5) ZS’LJ 5 (X;)—mlk
£ ))

IN
=
&

Mfm f(m)+ M—m

> big <JX; Sijq’j(Xj)>]

i=1

IA

INE
oV}
"
!

> b (Aﬂj:;f(m) + AZ__Zf(M)> > big(t)] 1x
= i=1

my <t<My 1
M —t t—m
= F| (G )+ 4 00 ) bl 0 IIle] Ik
M —t t—m
<
< mas, P () + 4= 100 ) bl 0 Hb||1] 1.

5.1.2. Difference type complementary inequalities

In this subsection we consider the difference type complements to the inequality (5.5).
For convenience we introduce some abbreviations. Let f : [m,M] — R, m < M,

be a convex or a concave function. We denote a linear function through (m, f(m)) and

(M, f(M) by feho,,, ie.

fehoyy (6) = ——— f(m) +
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and the slope and the intercept by k; and [, respectively, i.e.

and ly =

L SO0~ fm)
! M—-—m

Putting F'(u,v) = u — av, a € R, in Theorem 5.1.3 we obtain the following corollary.

Corollary 5.1.3.: Let X;, ®;, a, b, S, m, M, my, My and g be as in Theorem 5.1.3
and let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f € C(m, M]) is convesz, then

!
> a0 (f(X awa(Z 5i; P > +omax kgt + 1y —ag(t)} bl
=1

(5.10)

If f is concave, then the reverse inequality is valid in (5.9) with min instead of max.

Remark 5.1.2.: Now we give a way of determining the bound

Co:= max {kst+1;—ag(t)}

my <t<My

placed in Corollary 5.1.3. (see [109, Corollary 3.2]). Let f is convex.

If ag is concave, then

Co=max {fiho, (my) = aglmy) , fih%n(My) — ag(My)} .

my <t<My

But, if ag is convex, then

fﬁfﬁoM](mﬂ ag(my) if ag' (t) > ks for every t€ (my, My),

Ca =4 fihon(to) —ag(to) if ag’ (to) < ks < agi(ty) for some to€ (my, My),

f[cn]}LOM]< y)—ag(My) if ag)(t) <k; for every te(my, My).
(5.11)

Putting ¢ = f and a = 1 in Corollary 5.1.3. we obtain the following result.

Corollary 5.1.4.: Let X;, ®;,a, b, S, m, M and my, My be as in Theorem 5.1.5 and
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let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f € C([m, M]) is convez, then

l n l
>t (105) € Y0 (Y 558X + Clbl (512
j=1 i=1 j=1
where the value of the constant C := max {ksgt +1y — f(t)} determined as in (5.11)
my <t<My

with g = f, i.e.

fonovn(my) = f(my) if ~ fL(t) > Ky for every t& (my, My),

Qi
I

ffmh?M](to)—f(tO) if  fl(to) < kg < fi(to) for some toe (my, My),

ffmh?M](MY)—f(MY) if  fL(t) < Ky for every t€ (my, My).
(5.13)

If f is concave, then the reverse inequality is valid in (5.12) with constant

c:= min {kgt+ 1 — f(t)} can be determined as in the right side in (5.13) with reverse
my <t<My

inequality signs.

Remark 5.1.3.: If f is a strictly convex differentiable function on [my, My |, then

l n l
S0 (F(X))) < Zw(Z Sijq’j(Xj)) TGkt + 1y — Flt0)) bl 1k
=1 i=1 1

j=

where tg = my if fl(my) > k’f, to = My if f/(My) < kf and tg = flfl (k‘f) if f/(my) <

ky < f'(My).

Now, applying Corollary 5.1.4. on the identity mappings, we obtain complements to
the inequalities (5.6) and (5.7).

Corollary 5.1.5.: Let X = (X1, Xo,...,X;) be l—tuple and Y = (Y1,Y2,...,Y,) be
n—tuple of self-adjoint operators in By, (H) with spectra of X; in [m, M|, m < M and m;
and M;, m; < M; are the bounds of Y;, a = (ay,as,...,a;) € [0,00)!, b= (by,b,...,b,) €

[0,00)™ be vectors and S = (s;5) € My (R) be a row stochastic matriz such that (a,Y) =<,

5.1. Sherman’s operator inequality
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(b,X). If f € C([m, M]) is convez, then

l n

D aif(X;) < bif (Vi) + Clb|i1k, (5.14)

j=1 i=1

where the constant C is defined by (5.13) with my = 1r<nl£1 {mi} and My = max {M;}.
Especially, if | = n and S = (si5) € Mpn(R) is a doubly stochastic matriz, then the

weighted multidimensional majorization inequality holds, so that
Y <o X implies > aif(Xi) <Y aif (Vi) + Clalilx. (5.15)
i=1 i=1

If f is concave, the reverse inequality is valid in (5.14) and (5.15), with constant ¢ :=
min  {kgt + 1 — f(t)} can be determined as in the right side in (5.13) with reverse
my <t<My
mequality signs.

Finally, setting l =n, b=a=(1,1,...,1) in Corollary 5.1.4., we obtain complements
to (5.8).

Corollary 5.1.6.: Let X = (X1, Xo,...,Xy) and Y = (Y1,Y3,...,Y,) be n—tuples of
self-adjoint operators in Bp(H) with spectra of X; in [m,M], m < M and m; and M;,
m; < M; are the bounds of Y;. Let (®1,®Po,...,P,) of n—tuple positive linear mappings
Q;: B(H) = B(K), ®(X) = (®1(X1), P2(X2),...,Pn(Xp)) and S = (s45) € Mun(R) be a
doubly stochastic matriz such that Y <, ®(X).

If f € C(J) is convex and one of the conditions (a) or (b) in Corollary 5.1.2. is true,

then

D0 (f(Xi) <D f(Vi)+n-Clk (5.16)
=1 =1

where the constant C is defined by (5.13) with my = min {m;} and My = max {M,}.
1<i<n 1<i<n
If f is concave, then the reverse inequalities are valid in (5.16), with constant ¢ =
min  {kgt + 1y — f(t)} can be determined as in the right side in (5.13) with reverse
my <t<My

inequality signs.
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5.1.3. Ratio type complementary inequalities
In this subsection we consider the ratio type complements to the inequality (5.5).
Corollary 5.1.7.: Let X;, ®;, a, b, S, m, M and my, My be as in Theorem 5.1.5 and

let one of the conditions (i) or (ii) in Theorem 5.1.2 be true.

If f € C([m, M]) is convez and g € C([my, My]) is strictly positive, then

l N .
ket + 1y
;aj@j U< mex, { g (t) } D> _big (Z Sijq)j(Xj))- (5.17)

i=1 j=1

If f is concave, then the reverse inequality is valid in (5.17) with min instead of max.

Proof: We only prove the cases when f is convex. We choose a such that § = 0 in

Corollary 5.1.3., where 8 := max {kst+1lf —ag(t)}. Then kst +1y —ag(t) < B =0
my <t<My
kyt+ly

for all t € [my,My]. Since g > 0 it follows o > 0] for all t € [my,My], so a >

. {kf;t(;lf } Because a function ¢ — kst 4+ ly — ag (t) is continuous on [my, My|,

then there is exactly one point ¢y € [my, My] which achieves the global maximum: kto +

. . o k’fto+lf o k‘ft+lf
lf — ag (to) = 0. It follows that o = o) So a = max { P10 } O
Remark 5.1.4.: Now we give a way of determining the bound K := max {kftﬂf}
my <t<My L 9()
placed in Corollary 5.1.7. (see [109, Corollary 4.3]). Let f is convex.
If g is concave, then
h h
K — max fcmf)M] (my) f[in?M}(MY) ‘
gmy) 7 g(My)
But, if g is convex, then
fehonnmy) krg(t
[ éé:gr) it ¢ (t) > kffti(li for every t € (my, My),
_ ) s nto) . krglt
K= % if ¢'(to) < k;t%(-i-ol)f < gi(tg) forsome to€ (my, My), (5.18)

fﬁzfyM](MY)
g(My)

if ¢, (t) < ,ffftﬁi for every te (my, My).

Putting g = f in Corollary 5.1.7. we obtain the following result.

5.1. Sherman’s operator inequality
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Corollary 5.1.8.: Let X;, ®;, a, b, S, m, M and my, My be as in Theorem 5.1.5. Let
f € C(Im, M]) be strictly positive on [my, My] and let one of the conditions (i) or (ii) in

Theorem 5.1.2 be true. If f is convez, then

l n l
St (105) < K Y0 (Y sy (X)) (5.19)
j=1 i=1 j=1
where the value of the constant
7 k’ft-i-lf} . . . _ .
K : myrél%xMy{ Ty [ determined as in (5.18) with g = f, i.e.

f[cmh?lu] (my)

if 10> tO for every te (my, My),

flmy) = kyt+ly
z Fin o (t0)
R = Tl g gy < 008 < i) for some toe (my, My), (5.20)

feho, (My) "
% if fi(t) < k:fftf+z for every t€ (my, My).

But, if f is concave, then the reverse inequality is valid in (5.19) with constant

kE := min {kft+lf} can be determined as in the right side in (5.20) with reverse
my <t<My Ft)

inequality signs.

Remark 5.1.5.: Let X;, ®;, a, b, S, m, M and my, My be as in Theorem 5.1.3. Let
f:[m, M] — R be a continuous function and f(m), f(M) > 0. If f is strictly positive and

strictly convex twice differentiable on [my, My ], then

l
> a;®; (£(X;)) kf tOHf Zb f(Z sij® )
j=1 =1

where ty € (my, My) is defined as the unique solution of k¢ f(t) = (kst+1f) f'(t) provided
(kgmy +1g) f'(my)/f(my) < ky < (kfMy +15) f'(My)/ f(My), otherwise tg is defined as
my or My provided k:f < (kfmy—l-lf)f,(my)/f(my) or kf > (k:fMy-i-lf)f/(My)/f(My),

respectively.

Now, applying Corollary 5.1.8. on the identity mappings, we obtain another comple-
ments to (5.6) and (5.7).

Corollary 5.1.9.: Let X = (X1, Xo,...,X;) be I—tuple and Y = (Y1,Ys,...,Y,) be
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n—tuple of self-adjoint operators in By (H) with spectra of X; in [m, M], m < M and m;
and M;, m; < M; are the bounds of Y;, and my = min {m;}, My = max {M;}. Let a =

1<i<n 1<i<n
(a1,az,...,a;) € [0,00)!, b= (b1, ba,...,b,) € [0,00)" be vectors and S = (s;;) € M (R)
be a row stochastic matriz such that (a,Y) <, (b, X).

If f € C(Im, M]) is convex and strictly positive on [my, My| , then
l o
Do aif(X) <K Y bif (), (5.21)
j=1 i=1

where the constant K is defined by (5.20).
Especially, if | = n and S = (si;) € Mpn(R) is a doubly stochastic matriz, then the

weighted multidimensional majorization inequality holds, so that
n n
Y <. X implies Zaif(Xi) <K Zaif (Y:). (5.22)
i=1 i=1

If f is concave, the reverse inequality is valid in (5.21) and (5.22) with constant k :=

min {kf}t(;lf} can be determined as in the right side in (5.20) with reverse inequality
my <t<My

S1gNS.

Finally, setting [ =n, b=a = (1,1,...,1) in Corollary 5.1.4. we obtain complements

to the inequality (5.8).

Corollary 5.1.10.: Let X = (X1, Xo,...,X,,) and Y = (Y1,Ya,...,Y,) be n—tuples of
self-adjoint operators in By (H) with spectra of X; in [m, M], m < M and m; and M;, m; <
M; are the bounds of Y;, and my = min {m;}, My = max {M;} . Let (®1,Do,...,P,) of
1<i<n 1<i<n
n—tuple positive linear mappings ®; : B(H) — B(K), ®(X) = (®1(X1), P2(X2),..., Pn(Xy))
and S = (si;) € Mun(R) be a doubly stochastic matriz such that Y <, ®(X).
If f € C(J) is convex and strictly positive on [my, My| and if one of the conditions (a)

or (b) in Corollary 5.1.2. is true, then
DO (f(X) <KDY f(V), (5.23)
i=1 =1

where the constant K is defined by is defined by (5.20).
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If f is concave, then the reverse inequalities are valid in (5.23) with constant k :=

min {k ttlf} can be determined as in the right side in (5.20) with reverse inequality
my <i<My L O

S1gNS.

5.1.4. Sherman’s operator and its properties

In this subsection we define Sherman’s operator, deduced from Sherman’s operator in-
equality (5.6).

Let f € C(J) be an operator convex function and let F,(J) denote the set of all operator
convex functions on interval J. Let By (H) denotes the convex set of bounded self-adjoint
operators on the Hilbert space H with spectra in J. The set of all n x [ row stochastic
matrices is denoted by S;;(R).

We define Sherman’s operator S : F,(J) x [B{ (H)]' x [0,00)" x Spy(R) — BT (H) as

l

S(f,X,b,S) = Zstuf be(Zs” ) (5.24)

7j=11i=1

where X = (X1, Xo,...,X;), b= (b1,b2,...,b,) and S = (s;).

Note that operator S is well-defined. Namely, positivity of operator S(f, X, b, S) follows
from Sherman’s operator inequality (5.6).

Now, we state and prove our first result that shows the properties of concavity and

monotonicity of Sherman’s operator.

Theorem 5.1.4:  Suppose S is an operator defined by (5.24). Then it satisfies the follow-

ing properties:

(i) S(f,X,b,-) is concave on Sy (R), that is
S, X,b,AS + (1 - \) T) > AS(f. X,b,8) + (1 - N S(£,X,b,T).  (5.25)
(it) If b,c € [0,00)™ with b > c¢ (i.e. bj > ¢;, i =1,2,...,n), then

S(f.X,b,8) > 8(f, X,¢,S) >0, (5.26)

312 Chapter 5.. Sherman’s type inequalities for operators on a Hilbert space with

applications



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

i.e. S(f,X,-,S) is increasing on [0,00)™.

But, if f € C(J) 1s operator concave, then —S(f,X,b,S) € BT(H), S(f,X,b,-) is
convez on Sy (R) and S(f,X,-,S) is decreasing on [0,00)™.

Proof: (i) We start with Sherman’s operator (5.24) equipped with a AS + (1 — \)T

Clearly, S(f,X,b,AS + (1 — A)T) can be rewritten in the following form:

S(f,X,b,AS+ (1—)\) T)

n

I n l
= Z sz()\sl] + (1 — A)t”)f(X]) — Z b, f (Z )\57,] tij)Xj>

j=1i=1 i=1
I n I n
j=1i=1 j=114=1

l
—Zb f()\ZsUX +(1—A Zt@() (5.27)

On the other hand, operator convexity of the function f and non-negativity of weights

provide inequality

be()\ZSUX +(1-A Zl: )

l
< /\Zbe <Z Sinj> + (1 — )\)Zblf <Ztinj>. (5.28)
=1 7j=1 =1 7j=1

Now, considering (5.27) and (5.28), we get operator concave property (5.25), due to defi-
nition (5.24) .

(73) First, we note that S(f,X, -, S) is linear, that is
S(f,X,ab+ fc,S) =aS(f,X,b,S) + 8S(f,X,c,S) (5.29)

for every a, 5 € R.
If b = c, then relation (5.26) holds trivially. If b > ¢, then b € [0,00)" can be

represented as a sum b = (b — ¢) 4+ ¢, where b — ¢, ¢ € [0,00)". So, from linear property
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(5.29) and positive property S(f,X,-,S) > 0 we get

S(f7X7b7 S) = S(f7X7 (b_c) +c7 S)
= S(f,X,b—c,8)+8(f.X,c,S)
> S(f,X,¢,8) >0,

and consequently (5.26) holds. O

The concavity and monotonic properties of Sherman’s operator are very important,
because of the numerous applications that will follow from them. First, regarding the
monotonicity property (5.26), we give the consequence of Theorem 5.1.4; which includes the
lower and upper bound for Sherman’s operator, which are expressed in terms of associated

non-weighted Jensen’s operator.

Theorem 5.1.5:  Suppose S is an operator defined by (5.24). Then

0< 12113 {blslj} S(fa Xa 1717 (1/l)nl> < S(fa X7 b7 S) < 1111,8'<X {bls’bj} S(fa Xa 1717 (1/l)nl)7
R 1<j<1

(5.30)
where S(f, X, 1,, (1/1)n) is non-weighted Sherman’s operator
!

n l
S(f. X, 1n, (/1)) sz —lZfGZXj) =n- In(f,X),
i=1 j=1

7j=11i=1

and In(f,X) is non-weighted Jensen’s operator

~| =

l l
V(LX) =D (X —lf( ij). (5.31)
7j=1

j=1

Proof:

e First let us prove that

min (b} S(1,X, 1,,8) < S(/,X,b,8) < max (b} S(f,X, 1,,) (5:32)

I n
holds, where 1,, = (1,1, ..., 1) is constant ordered n-tuple, that is S(f, X, 1,,8) = > > s;; f(X;)—
j=1li=1
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n l
Zl f <21 Sinj) .
1= j=

We compare an ordered n-tuple b = (by,bo,...,b,) € [0,00)" with constant ordered n-
tuples byin = (llélilgnn{bz‘}, ce llélilgnn{bz‘}) and bpax = (fgzag);{bi}, ce 121;2;{@}) Clearly,
bmax = b > bpyin. Hence use by the monotonicity property (5.26) of S(f,X,-,S) yields

series of inequalities:
S(f, X, bmin,S) < S(f,X,b,S) < S(f, X, bmax, S).

Finally, considering S(f, X, bmin,S) = 12’121 {b;} S(f,X,1,,S) and S(f, X, bmax,S) =

ax {b;} S(f,X,1,,S) we get the series of inequalities in (5.32).
<i<n

o Next, let us prove that

=1

m; (]ilf(Xj) — lf(} llXj>> < é sij f(X;) — f<]i1 8i5 X

! l l (5.33)
< Mi(z F(X5) = lf(} )Y Xj>>
j=1 j=1
holds for every i = 1,2,...,n, where m; = 121]1% {sij} and M; = 1125% {sij}

l
Since I - m; + > (s;j —m;) = 1, we have
j=1

l I I
f<Z Sz’ij> = f<l : mz(} > Xj> + 2 (sij — mz’)Xj)
j=1 j=1 j=1
l l
< Umif(1 Y Xj> + > (sij —my) f(X5) (by Jensen’s operator inequality)
j=1 1

O

f(Xj)—lf(% i%Xj))’

J

which give the LHS inequality in (5.33).
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Also, since M; >0 (i =1,2,...,n

IA
2
N
~[E
|
Sk
=
e
_|_
=l

which give the RHS inequality in (5.33).

e Finally we prove (5.30).

Multiplying the series of inequalities in (5.33) with b; > 0 and summing over i = 1,....,n

we get
7,; bzmz (]; ( ) lf <% ]gl X]>> < Z; bz ( Sz]f f<j§1 Sinj>
< S hM (if U(}ixj)
=1 j=1 =1
S(f:X,b, (1/Dw) < 8(f,X,b,8) < S(f. X, b, (1/D), (5.34)

where b = (blml, boms, ... ,bnmn), b= (blMl, boMs, . .. ,bnMn) and (1/l)nl € Snl(R) 18
row stochastic matrix with constant entries. By using the LHS and the RHS inequality in

(5.32), we obtain

11%11,21”{5@‘77%} S(f, X, 1, (1/D)n) < S(f, X, b, (1/1)), (5.35)
S(f.X,b, (1/1)u) < max {bym;} S(f, X, 1n, (1/1)n)- (5.36)

Finally, we get (5.30) by combining (5.34), (5.35) and (5.36) and using that

1r<1121£1n{b m;} = m1n11<1]<,l1 {bisij}, Dnax {bim;} = max11<z]<n {bisi;},

(f,X, 1n7(1/l)nl) :nj/\f(fa )
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Remark 5.1.6.: 1) Dragomir et al. in [42] investigated the properties of discrete Jensen’s

functional
!
Ji(f,x,p) sz ;) (Z“fjﬂ Z)>, (5.37)
where f : J C R — R is a convex function, x = (z1,72,...,2;) € J'and p = (p1,p2,...,p1)

is positive [-tuple of real numbers with P = Zizlpi.
Settingn =1, by = P, s1j = % (j =1,2,...,1) in Sherman’s operator (5.24) we obtain

Jensen’s operator that corresponds to (5.37):

Ji(f,X,p) = Zpl X;) (EZZ:]; ) (5.38)

where f € F,(J) and X = (X1, Xa,..., X)) € [B] (H)]".
Applying Theorem 5.1.4, we obtain that J; has the properties of superadditivity and

monotonicity, since putting A = 3 in (5.25) we obtain

Ji(f,X,p+aq) > J(f, X,p) + J(f,X,q).

Also, applying Theorem 5.1.5 we obtain the bounds of 7;, which are expressed in terms of

non-weighted Jensen’s operator (5.31):

0< min {pj} In(f,X) < J(f, X,p) < mmax, {pi} In(f,X). (5.39)

2) Setting [ = 2 and X; = D, X9 = dly in Jensen’s operator J; defined by (5.38), we

obtain Jensen’s operator consider in [93, (14)]:

Jo(f,D,6,p) = p1f(D) + pa(8) 11 — (p1 + p2) f<plmpz<51H>
p1+ p2

where p = (p1,p2), alg < D < bly, a < 6 < b and f € F([a,b]). We remark that
f is not operator convex in this case, because J>(f, D,d,p) we can obtain directly from

Jensen’s functional J(f,x,p) defined by (5.37). We obtain that J> has the properties
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of superadditivity and monotonicity as immediately proved in [93, Theorem 1|. Also, we

obtained that

0 S min{plapQ} jN(f7D75) S j?(f7D757p) S maX{plapQ} j./\/(f7D75)

holds where Ty (f, D,8) = f(D) + f(6)ly — 2 f (%) see [93, Corollary 1.
The obtained results we can applied to operator means. E.g. we can get refinements

and conversions of numerous mean inequalities for Hilbert space operators, see [93, §4].

5.1.5. Multidimensional Sherman’s operator and applications

The main objective of this subsection is to obtain an unified treatment for the examples
of joint concave mappings. With that intention we are going to extend the concept of

Sherman’s operator to several variables.

Let £ € N and H; be the Hilbert space (j = 1,2,...,k). Suppose A; € By(H;)
(7 =1,2,...,k) and let A = (A4, Ag,..., Ag) denotes a k-tuple of self-adjoint operators.
Let D C H§:1 B (Hj) be a convex set. Further, let F' be a mapping that every A € D
assigns the self-adjoint operator on a Hilbert space H’, that is, we suppose the function
F :D — By(H') is well-defined.

With the above assumptions, we can establish the definition of operator convexity in
multiple variables. A function F : D — By(H’) is said to be operator convex in k

variables, if the operator inequality
FOAA+(1-XM)B)<AF(A)+(1-)MNF(B) (5.40)

holds for all A,;B € D and X € [0, 1], with respect to operator order in H'. A function F'
is called operator concave in k variables, if the reverse inequality holds in (5.40) for
all A,B €D and A €[0,1].

Similarly as by the classical Jensen’s inequality, inequality (5.40) can be easily extended
to multidimensional Jensen’s operator inequality (see [94, Proposition 1]) as follows:

If a = (a1,0a2,...,a,) is n-tuple of nonnegative real numbers, > " ;a; = 1, and X; € D
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(i=1,2,...,n) then
F (Z aX) < aF(X)) (5.41)
=1 =1

holds for any operator convex function in k variables, F': D — By (H'). If F is an operator
concave function in k variables, then the reverse inequality is valid in (5.41).

Now we extend Sherman’s operator inequality (5.1.1.) to multidimensional operator
inequality.

In the following, D denoted a convex set D C H§:1 Bn(Hj;).

Proposition 5.1.6 (Multidimensional Sherman’s operator inequality): Let (X, Xo,...

be [—tuple and (Y1,Yo,...,Y,) be n—tuple of operators X; = (X1, Xj2,...,Xjx) € D
(j = 1,2,...1), Y, = (}/;‘1,}/;2,...7}/1‘]9) eD (Z = 1,2,...7’L), let a = (al,ag,...,al) S
[0,00)!, b = (by,ba,...,b,) € [0,00)" be vectors and S = (s;;) € My,(R) be a row stochas-

tic matrix such that
l n
Yi:ZSinj (i:1,2,...,n) and aj:ZbiSij (.]21,2,71)
j=1 =1

If F:D — B(H') is an operator convex function in k variables, then

Zn:biF (Y:) <D a;F(X;). (5.42)
=1

J=1

Especially, if | = n and S = (s;;) € Mp,(R) is a doubly stochastic matrix, then the

weighted multidimensional majorization inequality holds, so that
n n n
Y=Y s;X; (i=1,2,...,n) implies Y aF(Y;) <> aF(X;). (543)
j=1 i=1 i=1

If F is operator concave in k variables, then the reverse inequality is valid in (5.42) and

(5.43).

Proof: Since F' is an operator convex function in k£ variables and S is row stochastic,

5.1. Sherman’s operator inequality
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then

n n l n l
=1 =1 7j=1 =1 7j=1
l

l n
= Z (Z bisij> F(XJ) = ZCL]’F X
7=1 \i=1 Jj=1

which gives (5.42).
Setting n = [ in (5.42) and all weights a; and b; are equal and nonnegative, the condition

a = bS assures stochasticity on columns of S, so in that case we deal with doubly stochastic

matrix. Then (5.43) holds. O

Remark 5.1.7.: a) Setting n =1 and b = (1) the multidimensional Sherman operator
inequality (5.42) reduces to the multidimensional Jensen operator inequality (5.40).
b) Settinga = (1,1,...,1) in the inequality (5.43), we get the multidimensional majoriza-

tion inequality in the form:

n n
Y=Y s;X; (i=1,2,...,n) implies Y F(Y;) <) F(X;),
j=1 i=1 j

where S = (s;;) € My, (R) is a doubly stochastic matrix.
If F is operator concave in k variables, then the reverse inequality is valid in previous

inequalities.

Now, we define multidimensional Sherman’s operator, deduced from multidimensional
Sherman’s operator inequality.

Let F': D — By (H') is an operator convex function in k variables and let Fj (D) denote
the set of all operator convex functions in k variables on D.

Considering relation (5.42), we define multidimensional Sherman’s operator

SMm(F,X,S,b) : Fr(D) x D x [0,00)" x Spy(R) — Bp(H') as

Su(F,X,b,S) ZstU ZbF(Zs” ) (5.44)

j=11i=1 j=1

where X = (X1, Xa,...,X;) is [—tuple of operators X; = (X;1,Xj2,...,Xjx) € D (j =
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1,2,...,[)7 b= (bl,bz,...,bn) and S = (Sij)-
Note that operator Sy is well-defined and positive. Positivity of operator Sy((F, X, b, S)
follows from multidimensional Sherman’s operator inequality (5.42). Now, we prove the

properties of concavity and monotonicity of this operator.

Theorem 5.1.7:  Suppose that Syq is an operator defined by (5.44). Then it satisfies the

following properties:

(i) Sm(F,X,b,-) is concave on Sy (R), that is

Sm(F,X,b,AS + (1 — \)T) > ASu(F, X,b,S) + (1 — \) Su(F, X, b, T). (5.45)

(i) If b,c € [0,00)" with b > c (i.e. b; > ¢;, i =1,2,...,n), then

SM(F7X7b7 S) = SM(F7 X, c, S) > 0, (546)

i.e. Sm(f,X,+,S) is increasing on [0, 00)™.

But, if F is operator concave in k variables, then —Sy((F,X,b,S) € BT (H') , SM(F,X,b,-)

is convex on Sy (R) and Sp(F, X, -, S) is decreasing on [0, 00)™.

Proof: We use the same technique as in the proof of Theorem 5.1.4. We omit the details.
O

The concavity and monotonic properties of multidimensional Sherman’s operator are
very significant properties, considering the numerous applications that will follow from
them. As a first application of Theorem 5.1.7 we establish the lower and upper bounds for
multidimensional operator (5.44), which are expressed in terms of associated non-weighted

Jensen’s operator.

Corollary 5.1.11.:  Suppose that Sy is an operator defined by (5.44). Then

0<n- min {bsi;} In(F,X) < Su(F, X, b,S) <n- max {hisi} In(F,X),  (547)
1<i<l 1<i<l
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where Jn is non-weighted Jensen’s operator defined by (5.31), i.e
! L
INv(F.X) =Y F(X;)-IF (Z ZX]-> .
j=1 j=1
Proof: We use the same technique as in the proof of Theorem 5.1.5. We omit the details.

O]

Remark 5.1.8.: 1) Settingn=1,b; =P, s;; =% (j =1,2,...,1) in (5.44), we obtain

Jensen’s operator consider in (94, (6)]:
Im(F, X, p) ij PF(P;p] ) (5.48)

where p = (p1,p2,...,p). By applying Theorem 5.1.7 and Corollary 5.1.11., we obtain
properties and bounds of operator Jpyq as in [94, Theorem 1, Corolary 1]. We omit the

details.

2) Let D C Byp(Hy) X Br(Hs), F : D — B (H') be an operator function in two variable.

Putting X; = (4, B;) (j =1,2,...,1) in Sherman’s operator (5.44) we obtain

I n n l l
SM(F, A, B7 b7 S) = Z Z bisijF(Aj; B]) - Z sz (Z Sz'jAj, Z Siij> ; (549)
i=1 j=1 7=1

j=1i=1

where A = (Al, Ao .., AZ), B = (Bl, Bo, ..., Bl), b = (bl, ba, ... ,bn) S [0, OO)n and
S = (s45) € Spi(R). Also, Jensen’s operator Jaq (5.48) reduces to (see [94, (12]):

l l l
1 1
J= J= J=

a) Replacing the function F with connection o : BT (H)x BT (H) — B*(H) in the oper-
ator (5.49) and using that every connection is positive homogeneous, i.e. (Ao B) =

(aA)o(aB) for all a > 0 and A, B € BT(H) (see [94]), then we obtain the operator

l !
S-(A,B,a) = a;(A;0B;) (Z a; A ) (Z ajB]), (5.50)
j=1 j=1
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since a = bS. So, applying Theorem 5.1.7 and Corollary 5.1.11., we obtain results as
in [94, §4.1]. Connections are the weighted arithmetic mean AV B, the weighted har-
monic mean Al;B and the weighted geometric mean AfsB (see [54]). In these cases

the connection operator (5.50) reduces to appropriate operators, see [94, Remark 3].

b) Replacing the function F' with the solidarity s : B¥T(H) x B™T(H) — BTT(H) in
the operator (5.49) and using that every solidarity is also positive homogeneous, i.e.
a(AsB) = (aA)s(aB) for all a > 0 and A, B € BT (H) (see [50]), then we obtain

the operator

l l
Si(A,B,a) =) a;(A;sB;) (Z a;A >S<Zaj3j>. (5.51)
j=1 j=1

Applying Theorem 5.1.7 and Corollary 5.1.11., we obtain results as in [94, §4.2].
Examples of solidarity are the well-known relative operator entropy S(A|B) and
the Tsallis relative operator entropy Th(A|B), see [52]. In these cases the solidarity

operator (5.51) reduces to appropriate operators, see [94, Remark 4].

5.1.6. Multidimensional weighted geometric mean

Fujii et.al. in [49] established the weighted geometric mean G[n,t], 0 < t < 1, for an
n-tuple of positive invertible operators Aj, As, ..., A,. Let G[2,t](A1, A2) = At As. For
n > 3, G[n,t] is defined inductively as follows: Define Agl) =A; (i=1,2,---,n) and

T r—1 r—1 r—1
A = G —1,4(ATY AT A

i1 A ,...,Ag”—l)),

inductively for r. Then, there exist the limit lim, AET) in the Thompson metric and
it does not depend on i (see [49]). Thus, the above mentioned weighted geometric mean
is defined as G[n,t](A1, A2,..., An) = lim, o AET). Such defined geometric mean is also

jointly concave, i.e.

=1 =1

5.1. Sherman’s operator inequality
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where \; > 0, 37, X; = 1, and every A; = (A1, Ag, ..., Ay) (1 =1,2,...,n) is an ordered
n-tuple of positive invertible operators on a Hilbert space.
Now, we define a multidimensional geometric operator of Sherman type, deduced from

multidimensional Sherman’s operator (5.44)

Soima(X1, X2, ..., X, b,8) = ZstU [, t]( ZbGnt(ZsU ) (5.53)

Jj=11=1

where G[n, t] is multidimensional weighted geometric mean, (X;, Xs,...,X,,) is n—tuple of
operators X; = (X1, Xj2,...,Xjn) € DC [BTT(H)]" (j =1,2,...,n),b = (b1,b2,...,b,) €
[0,00)" and S = (s;5) € Spn(R).

The operator (5.53) is a generalisation of the multidimensional geometric operator of

Jensen type consider in [94, §4.3]:

jG[n,t}(XhXQv”- nvp Zp] n, t G[n,t] <ijXj>.
j=1

Since the weighted geometric mean is jointly concave, then similarly as in Corol-
lary 5.1.11., we obtain that the operator (5.53) can mutually be bounded by the simpler
operator of the same type. Such estimates can be regarded as both refinement and converse
of inequality (5.52). This result is also a generalisation of the result given in [94, Corollary

4].

Corollary 5.1.12.:  Suppose that Sgn ) s a geometric operator of Sherman type defined
by (5.53). Then

- N
nemin {bisij} Sepng (X1, X2, ..., Xn)
1<j<n

gSG[n,t](Xla Xg, ey Xn, b, S) S 1I£1?<X {b Sz]} SG’nt] (Xl, XQ, N ,Xn),
1<5<n

where SN is non-weighted geometric operator:

Sé/in,t](XhXQM"a ZGTZ t G[n t] <ZX]>

J=1
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Proof: Follows from Corollary 5.1.11.. OJ

5.2. Shannon like inequalities for f-connections of positive

linear maps and operators

In this section, for an operator convex function f, we study maps of the form (T, B) —
TfT~(B), called f-connections (see Definition 5.2.3.), where T' is a positive linear map
between unital C*-algebras A and B of Hilbert space operators, T~ denotes a reflexive gen-
eralized inverse of T" and B € B. We extend the results for Csiszar’s f-divergence functional
(4.5) to the operator Csiszar f-divergence, the general case when py, and gy are replaced by a
positive linear map 7} and a positive operator By, k = 1,2, ..., n, respectively. We provide
conditions under which the inequality f(1)I < i Ty fT, (By) holds, where Ty, : A — B
are positive linear maps and By € Ran(T}) (sgngeﬁnition 5.2.2.). In consequence, the
following Shannon like inequality 0 < zn: Ty fT, (By) is fulfilled, whenever f(1) = 0. The
obtained results are applied to operatokr:ésiszér f-divergence. In particular, recent results

by Isa et al. [75] are recovered. Results in this section are cited from [125] and [128].

5.2.1. Jensen type operator inequalities

By B(H) we denote the C*-algebra of all bounded linear operators on Hilbert space H
with inner product (-, -).

As a special case of Theorem 1.6.17 we get the following theorem with an operator
Jensen’s inequality (see |114], cf. also [59]).

Theorem 5.2.8([114]): If f is an operator convezr function on an interval J , and

n

Ty,...,T, are positive linear maps on B(H) such that > Tx(I) = I, then
k=1

Ty (f(Ar)) (5.54)

-
N
|M:
=
I
=
N———
IN
3

for all self-adjoint operators Ay, € B(H), k =1,2,...,n, with spectra contained in J.
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In the next result we show a refinement of the operator Jensen’s inequality [86].

Theorem 5.2.9(/86]): Let unital C*-algebras A and B be closed *-subalgebras of B(H)

and B(K), respectively, for some Hilbert spaces H and K. Let Ty, ..., T, be strictly positive
n

linear maps from A into B, and let T = > T} be unital.

k=1
If f is an operator convexr function on an interval J, then

F(T(4)) < iTk(I)l/Qf (Tk(I)il/sz(A)Tk(1)71/2) Te(1)'? < T(f(A)) (5.55)
=1

for every self-adjoint operator A € A with spectrum contained in J.
We now present the notion of generalized inverse of a linear operator.

Definition 5.2.1.(see [143], [30, pp. 819-820] ): A generalized inverse(in short,
g.i.) of a linear map 7" : V — W between linear spaces V and W is a linear map 7~ :
W — V satisfying TT~T = T. If in addition T-T7T~ =T~ then T~ is called a reflexive

generalized inverse of T'.

For example, let T be a tripotent linear map (i.e., T = T) with V = W. It is readily
seen that 7~ = T is a reflexive generalized inverse of 7' [125].

On the other hand, if V and W are Hilbert spaces and T is a partial isometry (i.e.
TT*T =T) then T~ = T* is a reflexive generalized inverse of T' [125].

Example 1.(Cf. [125, Example 2.2]): We consider a p x p complex matriz T. By
making use of Singular Value Decomposition, we get T = Us diag s(T')Uy with unitary U;
and Uy and with the vector s(T) = (s1(T'),s2(T),...,sp(T)) of singular values of T' [63,
p. 144]. We now introduce T~ = Uy diag o(T)Us, where o(T) = (01(T), 02(T), ..., 0,(T)),
with o;(T) = ﬁ if 5{(T) #0, and 0;(T) =0 if s;(T) =0,4=1,2,...,p. It is easy to
check that T~ is a reflexive generalized inverse of T'. Furthermore, T is positive iff T~ is

S0.

Unless stated otherwise, in the remaining of this subsection, we assume that A = B(H)

with a Hilbert space H and B is a unital C*-algebra. Additionally, we assume that there
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exists a generalized inverse T'~ of a linear map T, whenever the symbol T~ is used.

In the sequel, the symbol I denotes for the unity in a unital C*-algebra.

Definition 5.2.2.: For a linear map 7' : A — B, by Ran(7T) we denote the rangeof T,
that is

Ran(T) ={TAe€B: Ac A}
In Subsection 5.2.2. we shall explore the following result (see [125], cf. also [129]).

Theorem 5.2.10([/125]): LetT: A— BandTp: A— B, k=1,2,...,n, be positive

linear maps and T~ : B — A be a positive reflexive g.i. of T. Assume that

T(I) = Y _ Ti(I), (5.56)
k=1
Ran(Ty) € Ran(T), k=1,2,...,n, (5.57)

I € Ran(T"). (5.58)

If f is an operator convex function on an interval J then

TfT™ <Z TkAk> <> Tif(Ar) (5.59)
k=1 k=1

for all self-adjoint operators Ay, ..., A, € A with spectra contained in J.

Definition 5.2.3.(cf. [85, p. 637]): The binary map of type
(T,B) — TfT~(B) for T € B(A,B) and B € B, (5.60)

is said to be f-connection.

If f is an (operator) convex function and A = B and T := AY2(-)AY/? with strictly
positive operator A, then (5.60) becomes the generalized perspective function defined as

follows (see [43, 62, 116]).
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Definition 5.2.4.(/85, p. 637]): The map
(A,B) — AYV2f(A7V2BA™Y2) A2 for0< A, Be A=B (5.61)

is called the generalized perspective functionof f.

It is not hard to verify that for the operator concave functions f = (-)/2 and f = log(-),
the specifications of (5.61) yield operator geometric mean |85, 97| and of relative operator
entropy [18, 48], respectively. Furthermore, some sums (integrals) of maps of type (5.61)

lead to operator Csiszdr f-divergence |38, 116] (see also (5.75)).

5.2.2. Shannon like inequalities for operators

In this subsection A = B(H) with a Hilbert space H, and B is a unital C*-algebra.

In Theorem 5.2.11 we extend a result by Csiszar and Koérner [34] given for n-tuples
p = (p1,---,pn) and q = (q1,...,qn) (see (4.7) or [38, Theorem 2 and Corollary 1]).
Namely, the numbers pi and g will be replaced by a positive linear map T} and a positive

operator By, k=1,2,...,n, respectively.

Theorem 5.2.11([128]): Let f be an operator convex function on an interval J with

n

leJ. LetTy: A— B, k=1,2,...,n, be positive linear maps such that > Ty(I) =
k=1

1. Let Ay,..., A, € A be self-adjoint operators with spectra contained in J such that

n

S TpAr=1.

k=1

If there exists a unital positive linear map T : A — B with a positive reflexive g.4. T :

B — A such that

Ran(Ty) C Ran(T), k=1,2,...,n, (5.62)
I € Ran(T"), (5.63)
then
P < S Tef(Ay). (5.64)
k=1
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If in addition f(1) =0, then (5.64) reduces to Shannon like inequality

0<> Tef(Ap). (5.65)

k=1

Proof: It follows from Theorem 5.2.10 that

TfT™ (Z TkAk) <> Thf(Ar), (5.66)
k=1 k=1
because
I=T(I)=> Tu(I). (5.67)
k=1

But > TpAr =1, so (5.66) gives

k=1
TIT(I) < 3 Tif(Ap). (5.68)
k=1
We shall prove that
T-(I)=1. (5.69)

In fact, by (5.62) we have I = T~ (By) for some By € B. It now follows that T-TT~ =T,
since T~ is a reflexive generalized inverse of T'. Next, T-TT~(By) = T~ (Byp) , and further
T~T(I)=1I. In addition, T'(I) = I by (5.67). So, we obtain T~ (I) = I, as desired.
Now, (5.68) and (5.69) yields .

THI) < 3 Tef(Ay). (5.70)

k=1
Simultaneously, f(I) = f(1)I. Therefore Tf(I) = f(1)T(I) = f(1)I by (5.67 ). So, (5.70)

guarantees that

FOT < S T (Ag).
k=1
This finishes the proof of (5.64).
Finally, it is evident that if f(1) = 0 then (5.64) forces (5.65 ). O

Remark 5.2.9.: The conditions (5.62)-(5.63) in Theorem 5.2.11 are present because of

the (potential) non-invertibility of the maps T' and T.
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Theorem 5.2.11 can be rewritten in terms of By = T Ay, as follows.

Corollary 5.2.13.([128]): Let f be an operator convex function on an interval J with

n

ledJ. LetTy: A— B, k=1,2,...,n, be positive linear maps such that > Ty(I) =1
k=1

with positive T, . Let By, € (1), k = 1,2,...,n, be positive operators such that the spectrum

n
of Ty, (By) is contained in J, and ) By = 1I.
k=1
If there exists a unital positive linear map T : A — B with a positive reflexive g.i. T~ :

B — A such that

Ran(T}) C Ran(T), k=1,2,...,n, (5.71)
I € Ran(T7), (5.72)
then
FOT < S T f Ty (B, (5.73)
k=1

If in addition f(1) =0 then (5.73) reduces to Shannon like inequality

n
0< ) TufT, (By). (5.74)
k=1
Proof: Since By € Ran(T}) for k = 1,2,...,n, we have T} T, (By) = Bj. By setting
Ay = T}, (By), we get Tip(Ay) = By. By the positivity of T}~ and By > 0, we also obtain
n
A > 0. Hence Ay is self-adjoint with spectrum contained in J and > Ty A = I. Now,

k=1
due to inequality (5.64) in Theorem 5.2.11, we obtain (5.73), as wanted. O

We now reduce the conditions (5.71)-(5.72) of Corollary 5.2.13. by the invertibility of

T.

Corollary 5.2.14.([128]): Let f be an operator convez function on an interval J with

ledJ. LetTy: A— B, k=1,2,...,n, be positive linear maps such that »_ Ty(I) =1
k=1
with positive T, . Let By, € (T,), k = 1,2,...,n, be positive operators such that the spectrum

n
of Ty, (By) is contained in J, and ) By = 1I.
k=1
If there exists an invertible unital positive linear map T : A — B with positive inverse T~ :

B — A, then inequality (5.73) holds.
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If in addition f(1) = 0 then Shannon like inequality (5.74) holds.

Proof: From T~ = T~ !, we obtain Ran(T) = B and Ran(T~) = A. So, conditions (5.71)
and (5.72) are fulfilled automatically. Now, Corollary 5.2.14. gives (5.73) and ( 5.74), as
claimed. O

In the case A = B, we get the following simplification of Corollary 5.2.14..

Corollary 5.2.15.([128]): Let f be an operator convex function on an interval J with
ledJ. LetTy: A— A, k=1,2,...,n, be positive linear maps such that i T(I) =1
with positive T, . Let By, € (Ty,), k = 1,2,...,n, be positive operators such tha??fie spectrum
of Ty, (By) is contained in J, and kzn:1 By =1.

Then inequality (5.73) holds.

If in addition f(1) = 0 then Shannon like inequality (5.74) holds.

Proof: By taking T to be the identity map id on A, we have that T : A — A is
invertible, unital and positive, and the inverse T~! = id is positive, as well. So, by using

Corollary 5.2.14. we establish (5.73) and (5.74), as desired. O

5.2.3. Applications to operator divergences, means and entropies

It is assumed in this subsection that A =B = B(H) with a Hilbert space H.

For operators 0 < Ay e Aand 0 < By € A, k=1,2,...,n, we put
A:(Al,AQ,...,An) and B:(BI,BQ,...’BTL).

Definition 5.2.5.([33, 116]): For an operator convex function f defined on J = (0, c0),

the operator Csiszar f-divergence of A and B is defined by
Dy(A,B) =Y AP (A B A (5.75)
k=1

Theorem 5.2.12([128]): Let f be an operator conver function on J = (0,00). Let

0<AreAand0< Bre A, k=1,2,...,n, be such that > Ay =1 and Y By =1.
k=1 k=1
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Then

FOI <> AP A2 BA ) A (5.76)
k=1

If in addition f(1) =0, then

n

0< S A1 P Bea AR (5.77)

k=1

Proof: We set T, = A,i/Q(-)Allc/Q, k=1,2,...,n Clearly, T, : A — A, k=1,2,...,n,

are invertible positive linear maps. Moreover T,;l = A,;l/z(-)Alzl/Q is positive.

It is obvious that

ST =" A4 =3 A =1 (5.78)
k=1 k=1 k=1

It is not hard to check that the spectra of Tk_l(Bk) = A,;l/QBkAlzl/Q, k=1,2,...,n, are
contained in the interval J = (0, 00).

On account of Corollary 5.2.15.,
FI <Y TufT, M (By).
k=1

We also have

T ST (Br) = AV F(A 2 BrA )AL,

Summarizing all of this we deduce that
FOI <> AR B A
k=1
and therefore

0< > AP F(A P BeA ) A2, whenever f(1) = 0.
k=1

This finishes the proof of (5.76) and (5.77). O

We extend operator means from Chapter 1 as follows.
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Definition 5.2.6.([75, pp. 8149-3950]): For n-tuples of positive operators

A:(Al,AQ,...,An) and B:(Bl,BQ,...,Bn)

with 0 < A e Aand 0< B € A, k=1,2,...,n, we define

B) =Y (44 By) = ZAl/zlog AP B A AR, (5.79)
=" S,(Ar Br) = Y AH(A P BrA P log (AL P BrA P AR, (5.80)
k=1 k=1

B) =Y T,(Ar Br) = > A/ Iy (A, Bpa ) A2, (5.81)

where p € (0,1] and In, t = &1

Z”: /el = ) 4 s(A 2 BeA Py
k

Ts,r(Aa B) = ZTS,T(Ak:a Bk:) = A,lc/2,

S
k=1 k=1

(5.82)

where s € (0,1] and r € [-1,1].
We now demonstrate some specifications of Theorem 5.2.12.

Corollary 5.2.16.(Furuta [53, Corollary 2.4]): Let 0 < Ay, € A and 0 < By € A,
n n

k=1,2,...,n, be such that > A =1 and > Bp=1.
k=1 k=1

Then

Z (Aw, B). (5.83)
k=1

Proof: It is enough to apply Theorem 5.2.12 to the function operator convex f(t) =

—logt, t > 0, with f(1) = 0. Therefore we get

O>ZA/21 g(A P BLA ) A = ZS (Ag, By,
k=1

completing the proof. O

Corollary 5.2.17.(Yanagi et al. [160, Theorem 1[): Let0< Ay € Aand0 < By €

5.2. Shannon like inequalities for f-connections of positive linear maps and operators
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A, k=1,2,...,n, be such that > Ay =1 and > By = 1.
k=1 k=1
Then for 0 < p <1,
> " T,(Ar, B). (5.84)
k=1

Proof: It follows from [23, Theorem V.1.9] that the function t — t*, 0 < p < 1, is

operator monotone on [0,00). Therefore this function is operator concave on [0,00) (see

[23, Theorem V.2.5]). Consequently, the function ¢(t) = In, ¢t =

p 7

concave on [0, 00). Now, according to Theorem 5.2.12 applied to the function f(t) = —In, ¢,

t > 0, we infer that

0>5" A4 (4, BeA ) A% = ZT (Ag, By),
k=1

as was to be proved. ]

Corollary 5.2.18.(Furuta [53, Corollary 2.4]): Let0 < Ay, € A and 0 < B, € A,
k=1,2,...,n, be such that > A =1 and > By = 1.

k=1 k=1
Then

0< > Si(Ag, By). (5.85)
k=1

Proof: According to Theorem 5.2.12 applied to for the operator convex function f(t) =

tlogt, t > 0, with f(1) = 0, one has

0< > A2 (A, 2 BeA, ) log(A; P BrAL ) A = Z S1(Ag, By,
k=1 k=1
which implies (5.85). O
Corollary 5.2.18. states that a Shannon type inequality is satisfied for the Kullback-
Leibler distance Dk (A,B) = S1(A,B).

Corollary 5.2.19.(Isa et al. [75, Theorems 2.1 and 2.2]): Let 0 < A € A and

n n
0<BreA k=1,2,...,n, be such that > A =1 and > By = 1.
k=1 k=1
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Then for0 <s<land0<r <1,

0> Ter(Ax, Bi). (5.86)
k=1

Proof: The parametric Tsallis relative operator entropy T, (Ax, By) (see (1.39)) is gen-

erated by operator concave function

1 — rl/r_l
fit) = ¢ 3*‘2” >0,

Clearly, here we have f(1) = 0. In light of Theorem 5.2.12, one sees that

n —-1/2 =1/2\r11/r n
1/2[(1 = )T+ s(A, ""BA )T =T g
0>> 4, k - k A7 =D oAk, By).
k=1 k=1
This completes the proof. O

The a-order Rényi entropy is induced by the power function f(t) = t* with o € (0, 1).
It is obvious that f(1) =1 #0.

Corollary 5.2.20.([128]): Let 0 < Ay, € Aand 0 < By € A, k =1,2,...,n, be such

that >, A =1 and Y By =1.
k=1 k=1
Then for a € (0,1),
1> ApfaBy. (5.87)
k=1

Proof: It is well known that the function f(¢) = t* ¢t > 0, 0 < «a < 1, is operator

concave. Due to Theorem 5.2.12 we have
123 42 (472 2) 4 = 3 A, (5:59)
k=1 k=1

as required. O

The operator Csiszar inequalities (5.76)-(5.77) embrace a number of important results.

Example 2.([128]): Inequality (5.87) with o = % is connected with A-G inequality.
n

Namely, let 0 < A, € A and 0 < By € A, k=1,2,...,n, be such that > Ay = I and
k=1
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n
> By =I. Using Theorem 5.2.12 with the operator convex Hellinger distance function
k=1

1
F) =50 -Vi? t>0,
we derive

1/2 ~1/2 ~1/2 2 12
Ak/ (I_(Ak /BkAk / )1/2) Ak/

o
IN
NE

>
Il
—

I
NE

(Ak — AV (AR AT 242 Bk>

b
Il
—

k=1

I
NE

e
Il
—_

Therefore the inequality (5.87) holds with o = %
On the other hand, the above estimation is valid by the following A-G operator inequality:
ApfBr < 3(Ag + Bi), k=1,...,n (see [163]).

Example 3.([128]): Let 0 < Ax € Aand0< Br € A, k=1,2,...,n, with >, Ay =1
k=1

n
and Y. By =1. Then
k=1

I< Z BkA]:;lBk = ZAkﬁQBk- (5.89)
k=1 k=1

To prove inequality (5.89), we utilize Theorem 5.2.12 with the x?*-distance function f(t) =

(t—1)2,te J=(0,00). In fact, f is operator conver and f(1) = 0. Thus we obtain

o
IN

S AV (a7 B - 1) Al
k=1
- zn: AP (A P Bea P =24 PB4 1) A2
k=1
k=1 k=1 k=1 k=1 k=1 k=1
= > BpA;'By—I=) AaBr -1,
k=1 k=1

which gives (5.89).
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The scalar version of (5.89) is

1<y -k (5.90)
k=1

n n
with the assumptions > ax =1= > by and ax, by >0, k=1,2,...,n.
k=1 k=1

TN

n n

In the case ar = £, k=1,2,...,n, (5.90) asserts that if > by =1 then 2 < > b
k=1 k=1

Another way to see this is possible by using the Theorem 2.1.1. Indeed, the function t — t2,

1 1

t >0, is conver, and the vector (,..., ) is majorized by (b, ..., by).

5.3. Generalization of the Csiszar-Korner inequality for f -
divergence

In this section we investigate vectorial joint majorization for comparing m-tuple and n-
tuple of pairs in the Cartesian product of two real linear spaces. We derive a Sherman type
inequality for a vector-valued <c-convex function f, where <¢ is a cone preordering. We
also show the Hardy-Littlewood-Po6lya-Karamata type theorem. As applications, we gen-
eralize the Csiszar-Korner inequality for f-divergence of two n-tuples of positive numbers.
To do so, we apply n-tuples of pairs of positive linear maps and positive operators on a

Hilbert space. Material of this section is cited from [125] and [132].

5.3.1. Motivation

The following Csiszar-Korner operator type inequality is fulfilled [125].

Theorem 5.3.13([125]): LetTy: A— B, k=1,2,... ,n, be positive linear maps, and

" _
T, : B— A be a positive g.i. of T, and <kzl Tk> : B — A be a positive reflexive g.i. of

n

> Ty. Assume that
k=1

I € Ran (ZTk>_ (5.91)

k=1

Ran(7}) C Ran <Z Tk> . k=1,2,....n. (5.92)

k=1
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If f is an operator convex function on [0,00) then

(n)s(n) (Sa) < Snm (599
k=1 k=1 k=1 k=1
for every positive operators 0 < By, € Ran(Ty), k =1,2,...,n.

We are going to develop the above result to majorization form. To do so, in Subsec-
tion 5.3.2. we introduce vectorial joint majorization prepared to comparing m-tuple and
n-tuple of (column) pairs in the Cartesian product of two arbitrary linear spaces (see
[31, 35, 154]). Next we prove a Sherman type inequality for the vectorial joint majoriza-
tion. We also derive a Hardy-Littlewood-P “olya-Karamata like theorem for vector-valued
<c-convex functions.

In Subsection 5.3.3. we deal with applications for Csiszéar operator f-divergence. We em-
ploy the results of Subsection 5.3.2. to n-tuples of pairs of positive linear maps and positive
operators. We show that the Csiszar-Korner inequality corresponds to the simplest joint

majorization ((3),...,(5) < ((5),-... (%)), where T = DitetTu anq B = DitectBa,
Furthermore, we extend the C-K inequality to the case of a general joint majorization
((f}i), e (ﬁ:)) < ((]73111), ey (g’;)) with positive operators A1,...,A,, B1,...,B, in B,
and with positive linear maps R1,..., Ry, T1,...,T, from A to B, where A= B = B(H)

with a Hilbert space H.

5.3.2. Vectorial joint majorization

In the sequel we utilize the Cartesian product space V = Vi x V5 with arbitrary real linear
spaces V7 and V5. For the notational convenience, we write the elements of V = V] x V5 as
column pairs (V’i) with x € V] and w € V5.

Here the symbol e stands for the vector (1,...,1) of all ones of appropriate dimension.

Definition 5.3.7.(/132]): An n-tuple of (column) pairs

(@)= () () o)) st
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is said to be jointly pre-majorized by an m-tuple of (column) pairs

() =((2). () () emxmm

written as G{J) =p (V)\(,), if there exists an m x n column stochastic matrix S = (s;;) such

()G @)= (G ())s oo

in the sense that

that

that is, for j =1,2,...,n,
Y = S1;X1 + 82jX2 + ...+ SmiXm and U = S1;Wi1 + S2jW2 + ... + SmyjWp,.
Definition 5.3.8.([132]): An n-tuple of pairs

(0) = (C0) G Q) ey

is said to be jointly majorizedby n-tuple of pairs

(o) = () () () e

written as (E) < ( )V(V), if there exists an n x n doubly stochastic matrix S = (s;;) such

(GGG = (G () (T))s om

From now on we assume that W is a real linear space endowed with a convex cone

that

C C W inducing a cone preordering <o on W.

Definition 5.3.9.([132]): A function f : J; x J» — W, with convex sets J; C V; and

5.3. Generalization of the Csiszar-Korner inequality for f -divergence 339



Ptolemy Scientific Research Press https://pisrt.org/ PSR Press

Jo C Vo, is called jointly <c-convex on Jy X Jo, if

() - 2)) s (2) ()

for a € [0,1], and z,y € J; and w,u € Jo.
A function f : J; x Jo — W with convex sets J; C V] and Jo C V5, is called jointly

<c¢-concave if —f is jointly <c-convex (see [23, p. 271]).

We are now ready to prove a Sherman type inequality (5.97) for vector-valued function

f defined on a set of pairs of vectors (cf. [149], see also 25, 31]).

Theorem 5.3.14([132]): Let f : J1 x Jo — W be a jointly <c-convex function with

convex sets J1 C Vi and Jo C Va. Suppose that
X = (x1,%X2,...,Xm) € JI" and Y =(y1,¥2,...,¥n) € J7,

W = (wi,wa,...,Wp,) € J3" and U= (uj,uy,...,u,) € Jy,
a:(al,ag,...,am)eRT and b:(bl,bg,...,bn)eﬂyfr.

If
(E) = <V§7) S and a=bST (5.96)

for some m x n column stochastic matriz S = (s;;), then
n y; m X;

b; < i . 5.97

> Jf(uj) c;af<wi> (5.97)

If f is jointly <c-concave, then the inequality (5.97) is reversed.

Proof: It follows from (5.96) that

()G G = (G- G () )

m m m
Hence we get y; = > a;jx; and uj = Y a;;w; with Y a;; =1, j = 1,2,...,n, and
i=1 i=1 i=1
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a;; > 0. By using the joint <c-convexity of f we have

. Z A;5X
(ORI
’ Z Q5 W;
i=1
< X3 Zm X; .
-/ (Z; % <Wz>> = i—1 aijf(Wi) forj=h2....n
Therefore we obtain

ijf(zj) <c ) b Z%f(v):)
j=1 =1 ¢

j=1
This gives
S (32) e 33 bt (3)
7j=1 =1 j=1
n
In addition, from (5.96) we get a = bST, which amounts to a; = 3" bja;;, i =1,2,...,m.
j=1

Consequently, we conclude that

;bﬁ(i) <c Z ijaij ! (:) - Zaif (:))

i=1 \j=1 i=1 v

completing the proof of inequality (5.97). O
We now present the Hardy-Littlewood-Polya-Karamata type result (5.99) for vector-
valued function f and jointly majorized n-tuples of pairs of vectors (cf. [149], see also

25, 31)).

Theorem 5.3.15([132]): Let f : J1 x Jo — W be a jointly <¢ -convez function with

convex sets J1 C Vi and Jo C Va. Suppose that
X = (x1,%X2,...,X,) €J7" and Y = (y1,¥2,---,¥n) € JI,

W = (wi,wo,...,w,) €JY and U= (u,ug,...,u,) € JJ.

2)-(3)
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then
S (V) <o S (K 5.99
Sr(P) e o(3). (5.99)
]:1 =1

If f is jointly <c-concave, then the inequality (5.99) is reversed.

Proof: On account of (5.98) we have

(GG () = (G0 Qi) (30)) 8

for some n x n doubly stochastic matrix S.
It is now enough to utilize Theorem 5.3.14 with a = b =e = (1,...,1) € R", since
requirement (5.96) is satisfied. So, we infer that (5.97) becomes (5.99). This completes the

proof. O

Example 4.([132]): We now illustrate our theory by showing some results connected

with [37, Theorem 3]. To this end we apply Theorem 5.3.14 with the following specification

Vi = V = a linear space over R,

Vo = W=R,

J1 = K = a (nonempty) convex cone in 'V,

Jy = (0,00) = the interval of positive numbers in R,

C = [0,00) = the convex cone of nonnegative numbers in R,

<c s the standard ordering < on R.

For a convex function g defined on K, we introduce

f(;i) :fwg<g) forx e K, w e (0,00)

(see [37, p. 1503]). It is easily seen that f is jointly convex on the set K x (0,00) = {() :

X
w

z e K, we (0,00)}, i.e., it holds that

() a2 () ()
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for a €0,1], z,y € K and w,u € (0,00).
Let

x;,y; € K, and wj,u; € (0,00) and a;,b;j € [0,00)

fori=1,2,....mandj=1,2,...,n.
Denoting

X:(X17X27"'7xm) and YZ(}’I;Y27-"7}’n)7
W = (wi,wa, ..., W) and U= (up,ug,...,u,),
a=(ay,ag,...,am) and b= (b1, ba, ..., by),

and making use of Theorem 5.5.14, we get the following result.

If
Y\ (X _ naTl
(U) = <W) S and a=DbS (5.100)

for some m x n column stochastic matriz S = (s;;), then

n m
. x;
ijujg <Z]> < Zaiwig <wz> ) (5.101)
j=1 J i=1 !

For instance, if m = n, bj = 1 and a; = 1 for i,j = 1,2,...,n, then it follows from

Theorem 5.3.15 that

(E) B <v)§f> = g“iff (Z) < gwig (:}() (5.102)

(cf. [37, Theorem 3]).
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5.3.3. Applications to operator Csiszar f-divergence

It is now assumed that A = B(H) is the C*-algebra of bounded linear operators on a

Hilbert space H, with the following setting

A = B=B(H),

Vi = L(A) = the real linear space of linear maps from A to A,

J1 = P(A) = the convex cone of positive linear maps from A to A,
Vo = A,

Jo = the convex cone of positive linear operators from H to H,

W = A,

C = the convex cone of positive linear operators from H to H,

<¢ s the usual Loewner ordering < on self-adjoint operators in A.

As previously, the symbol (-)~ denotes a generalized inverse operator on positive linear

maps such that if T: A — A is a positive linear map then T~ : A — A is positive.

Example 5.([132]): Let T = Tx = AY2(-)AY2 for positive operators 0 < A € A. Then
T s a positive linear map. We introduce T~ = Ty = (A7)Y2(:)(A7)Y/2, where A~ is a

generalized inverse of A. Clearly, T~ is positive. Moreover, T~ is reflexive iff A~ is so.

Let Ty : A — B be positive linear maps such that 7)," : B — A are positive, and

. _
0 < By € Ran(Ty) be positive operators, k = 1,2,...,n, and let (Z Tk> : B— Abe
k=1

n
a positive reflexive g.i. of > Tj. We denote T = (T4,...,T,) and B = (By,..., By).
k=1
Let f :[0,00) — R be an operator convex function. In light of the operator calculus,
the action of f can be extended to the positive self-adjoint operators of the C*-algebra A.

In this subsection we shall prove that the operator Csiszar f-divergence

Dy(T,B) = TifT, (Bx)
k=1

is a jointly Schur-convex function of two variables T and B.
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To motivate this aim, observe that the Csiszér-Korner type inequality
(Z Tk) f (Z Tk:) (Z Bk) <> ThfT, (Bi) (5.103)
k=1 k=1 k=1 k=1
(see (5.93) in Theorem 5.3.13 can be restated as
N Tf(T) (B) <> TufTy, (Br), (5.104)

where T = DitetTn anq B = BitetBu,

In fact, we have

) (E0)- () (E) (£9)

Notice that (5.104) is connected with the simplest joint majorization relation

() ()« () (),

which is induced by the doubly stochastic matrix S = %E, where

is the n x n matrix of all ones.

The above discussion suggests to try extend the Csiszar-Korner operator type inequality

(5.103) to the form related to a general joint majorization relation

(G () < () (5)
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with positive operators Ay, ..., An, B1,..., By in B, and with positive linear maps Ry, ..., Ry,

Ti,...,T, from Ato B.

Lemma 5.3.1.([132]): Let f : [0,00) — R be an operator convezx function. For a positive

P
integer p and 1 =1,2,...,p, let 0 < oy € R with > a; =1, and
=1
T, = (Tll,TQl,...,Tnl) € J{l and B; = (BllaBQIa'-'aBnl) S J;,

where Ty 1s a positive linear map from A to B, and By is a posilive operator in A,

k=12,....n,1=1,2,... p.

If
By e RanTy;, k=1,2,...,n,01=1,2,...,p, (5.105)
» _
I € Ran <Z alTkl) . k=1,2,....n, (5.106)
=1
P P
Ran <Z alTkl> = Ran(oqTy), k=1,2,...,n, (5.107)
=1 =1
then

p p p
Dy (Z alTl,ZalBl) < ZalDf(Tl,Bl), (5.108)
=1 =1

=1
i.e., the function (T,B) — D¢(T,B) is jointly <-convez on (J1 x Jo)".

If f is operator concave, then the right-hand side inequality in (5.108) is reversed.

Proof: It is evident that

p p p p p
doaTi=> a(Tu, T, Tu) = O T,y aTo,...,»_ aTu),
=1 =1 =1 =1 =1

p p p p p
Y B =Y aiBu, B, ., Bu) = (Y _uBu, Y aBa,..., Y aBu).
=1 =1 =1 =1 =1

Thus we find that

p p n p p - p
Dy (Z OllThZalBl) = ( Oészz> f (Z alTkl> (Z aszl> :
=1 =1 1 I=1 =1

k=1 \l=
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By virtue of Theorem 5.3.13, we infer that

p p - p p
(Z alTkl> f (Z 06sz1> ( 06sz1> < ) (Tw) f(eaTh) ™ (uBi)-
=1 =1 =1 =1

In consequence, we can write

p p n p
Dy (Z ale,Zasz) < T [Ty B
=1 =1 k=1 =1
n P
=Y > TufTyBu =Y _ aDs(T;,By),
=1 k=1 =1
as required. O

p

Remark 5.3.10.: In Lemma 5.3.1., if the positive linear map > «;Tj; is invertible for
=1

any k = 1,2,...,n, then the conditions (5.106) and (5.107) are satisfied automatically. So,

they can be dropped off.

Let p = nl. In the sequel P, = {m : |l = 1,2,...,p} is the permutation group of the
index set {1,2,...,n}. For l =1,2,...,p, the symbol P; stands for the n x n permutation

matrix generated by ;. For this reason, if
T=(T1T,....,T,) € J* and B = (Bi,Bo,...,Bn) € J2,
then
TP, = (Tr,1) Toy2)s - Tos(my) and BPy = (By 1), Bry2)s- - Bryt)):
Theorem 5.3.16([132]): Let f :[0,00) — R be an operator convex function. Lel
T=(T,Ts,...,T,) € J' and R =(Ry,Re,...,R,) € J],

B:(Bl,Bg,...,Bn)EJS and A:(A17A27...,An)€<]2n,

where Ty, and Sy are positive linear maps from A to B, and By and Ay are positive
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operators in A, k=1,2,...,n
If

(i) < (E) (5.109)

p p
F = ZalTPl and A = ZalBPl
= =1

i.e.,

P
for some coefficients 0 < oy € R with >, oy = 1, p = n!, and if in addition,

=1
By €RanT), k=1,2,....n, (5.110)
» _
I € Ran (Z ale(k)> . k=1,2,...,n, (5.111)
=1
P
Ran (Z T, z(k)) = ZRan(ale(k)) , k=1,2,...,n, (5.112)
=1
then
Df(R,A) < D(T,B). (5.113)

If f is operator concave, then inequality (5.113) is reversed.

Proof: It follows that the function (T,B) — D¢( T, B) is jointly permutation-invariant
n (J1 x Jo)", ie.,, Df(TP,BP) = D;(T,B) for any n x n permutation matrix P. In-
deed, we have TP = (Ty1), Tr(2)s- - Tr(n)) and BP = (B, Br2),-- -, Br(n)), Where
7 is the permutation inducing the permutation matrix P, and (7(1),7(2),...,7(n)) =

7(1,2,...,n). Therefore,
Dy(TP,BP) = ZTM fT (B ZkaT (By) = Dy(T, B),

as desired.

For 1 =1,2,...,p with p = n!, we define

= TP[ and Bl = BP[7
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where P; is the n X n permutation matrix induced by .

By setting Ty = T, (x) and By = By, (1), from Lemma 5.3.1. we obtain

p p p
Dy (ZazTuZ@sz) <Y aDs(Ti,By).
=1 =1

=1

Thus we see that

p p p
Di(R,A) <) oyDy(T;,B)) =Y ayDy(TP, BP)) = > D¢(T,B) = Dy(T,B),
=1 =1 =1

and the proof of (5.113) is finished. O
Corollary 5.3.21.(/132]): Let f :[0,00) — R be an operator convez function. Let
T:(Tl,TQ,...,Tn)GJ{L and R:(Rl,RQ,...,Rn)EJ{L,

B:(Bl,BQ,...,Bn)EJQn and A.:(Al,AQ,...7An)EJ£L,

where Ty, and Ry are positive linear maps from A to B, and By and Ay are positive
operators in A, k=1,2,....,n.

If Ry, is invertible and By, € RanTy, for k=1,2,...,n, and
R T
114
(2)=(a) o1

D;(R,A) < Dy(T,B). (5.115)

then

If f is operator concave, then inequality (5.115) is reversed.

Proof: From (5.114) we have

p p
R = Z TP, and A= Z aBP;
=1 =1

p
for some coefficients 0 < oy € R with Y oy =1, p=nl.
=1
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p
It follows that Ry = > Oéle(k), k=1,2,...,n.
=1
However Ry : A — B is invertible for £k =1,2,...,n, So, Ran Ry = B. Therefore,

p p
B = Ranz O‘le(k) C ZRan(ale(k)) cB.
=1 =1

Hence we get

p p
Ran (Z Oéle(k)) = ZRan(ale(k)) , k=1,2,...,n.
=1 =1

In other words, condition (5.112) is met.
Simultaneously, R, : B — A for k = 1,2,...,n. But R, : A — B is invertible for

k=1,2,...,n. So, we find that R, = R,;l and Ran R, = A. In this way, we have
» _
I € A=Ran Rlz = (Z alTﬂ'l(k)> ,
=1

which shows that condition (5.111) is fulfilled.

In conclusion, to complete the proof it is now sufficient to use Theorem 5.3.16. O
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