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Abstract: Let 0 < ρ < n and µ
ρ
Ω be the Parametrized Marcinkiewicz integrals operator. In this work, the

bondedness of µ
ρ
Ω is discussed on Herz spaces K̇α,q(·)

p(·) (Rn), where the two main indices are variable exponent.
The boundedness of the commutators generated by BOM function, Lipschitz function and parametrized
Marcinkiewicz integrals operator is also discussed.
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1. Introduction

S uppose Sn−1 for n ≥ 2 is the unit sphere in Rn equipped with the normalized Lebesgue measure dσ.
Further suppose that Ω is a homogeneous function of degree zero on Rn satisfying Ω ∈ L1(Sn−1) and∫

Sn−1
Ω(x′)dσ(x′) = 0, where x′ = x/|x|(x 6= 0). (1)

For 0 < ρ < n, the parametrized Marcinkiewicz integrals is defined as;

µ
ρ
Ω(h)(x) =

(∫ ∞

0
|Fρ

Ω,t(h)(x)|2 dt
t2ρ+1

)1/2
,

where Fρ
Ω,t(h)(x) =

∫
|x−y|≤t

Ω(x−y)
|x−y|n−ρ h(y)dy, t > 0.

For m ∈ N, b ∈ BMO(Rn), the higher-order commutator of parametrized Marcinkiewicz integral is
defined as;

[bm, µ
ρ
Ω](h)(x) =

(∫ ∞

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]m h(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

, t > 0. (2)

It is easy to see that when ρ = 1, and µρ(h) = µ1(h), then (2) is the classical Marcinkiewicz integral µ(h)
introduced by Stein in [1]. It has been proved in [1] that if Ω ∈ Lipγ(Sn−1) (0 < γ ≤ 1) and Ω is continuous,
then the operator µ(h) is of the type (q, q) for 1 < q ≤ 2 and of the weak type (1, 1). Benedek et al., [2] proved
that if Ω ∈ C1(Sn−1), then µ(h) it is of type (q, q) for any 1 < q ≤ ∞. The Lp boundedness of the µ(h) has been
studied in [1,3–5].

In 1960, Hörmander [4] introduced the parametrized Marcinkiewicz integral operators proved that if
Ω ∈ Lipγ(Sn−1), 0 < γ ≤ 1, then it is of strong type (q, q) for 1 < q ≤ 2. Sakamoto and Yabuta
[6] proved the boundedness of the operator µρ(h) on Lq(Rn). Shi and Jiang [7] considered the weighted
Lq−boundedness of parametrized Marcinkiewicz integral operator and its higher order commutator. Note
that the Littlewood-paley g-function played very important roles in harmonic analysis and the parameterized
Marcinkiewick integral is a special case of the Littlewood-paley g-function. Many authors studied properties
of µρ(h) on different function spaces, for examples [8–14].

Eng. Appl. Sci. Lett. 2020, 3(1), 56-70; doi:10.30538/psrp-easl2020.0035 https://pisrt.org/psr-press/journals/easl

https://pisrt.org/psr-press/journals/easl/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/easl


Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 57

In the last three decade, the generalized Orlicz-Lebesgue spaces and the corresponding generalized
Orlicz-Sobolev spaces have been extensively studied by many researchers. The variable Lebesgue spaces
are special cases of generalized orliz spaces which introduced by Nakano in [15] and developed in [16,17].
In addition, for properties of Lp(·) spaces we refer to [18–20], and the fundamental paper of Kováčik and
Rákosník [21] appeared in 1990. By virtue of this works many function spaces appeared [22–25]. Recently, in
2015, Lijuan and Tao established the Herz spaces with two variable exponents p(·), q(·) in the paper [26].

The main purpose of this work is to discuss the boundedness of parameterized Marcinkiewicz integral
and it’s higher order commutators with rough kernels on Herz spaces with two variable exponents. The
boundedness of higher order commutator generated by BOM function and parameterized Marcinkiewicz
integral is also obtained.

Let Υ be a measurable set in Rn with |Υ| > 0.

Definition 1. Let p(·) : Υ → [1, ∞) be a measurable function. The Lebesgue space with variable exponent
Lp(·)(Υ) is defined by

Lp(·)(Υ) =

{
h is measurable :

∫
Ω

(
|h(x)|

η

)p(x)
dx < ∞ for some constant η > 0

}

The space Lp(·)
loc (Υ) is defined by

Lp(·)
loc (Υ) = {h is measurable : h ∈ Lp(·)(K) for all compact K ⊂ Υ}

The Lebesgue spaces Lp(·)(Υ) is a Banach spaces with the norm defined by

‖h‖Lp(·)(Υ) = inf

{
η > 0 :

∫
Ω

(
|h(x)|

η

)p(x)
dx ≤ 1

}
, (3)

We denote
p− = essinf{p(x) : x ∈ Υ}, p+ = ess sup{p(x) : x ∈ Υ},

then P(Υ) consists of all p(·) satisfying p− > 1 and p+ < ∞.
Let M be the Hardy-Littlewood maximal operator. We denote B(Υ) to be the set of all function p(·) ∈

P(Υ) such that M is bounded on Lp(·)(Υ).
Now, let us recall the definition of Herz spaces with variable exponents.

Definition 2. [26]Let α ∈ Rn, q(·), p(·) ∈ P(Rn). The homogeneous Herz space with variable exponent
K̇α,q(·)

p(·) (Rn) is defined by

K̇α,q(·)
p(·) (Rn) = {h ∈ Lp(·)

loc (Rn\{0}) : ‖h‖
K̇α,q(·)

p(·) (Rn)
< ∞},

where

‖h‖
K̇α,q(·)

p(·) (Rn)
=

∥∥∥{2kα|hχk|}∞
k=0

∥∥∥
lq(·)(Lp(·))

= inf

η > 0 :
∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η

)q(·)
∥∥∥∥∥∥

L
p(·)
q(·)

≤ 1

 .

Remark 1. Let v ∈ N, av ≥ 0, 1 ≤ pv < ∞, then

∞

∑
v=0

av ≤
(

∞

∑
v=0

av

)p∗

,
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where

p∗ =


min
v∈N

pv,
∞
∑

v=0
av ≤ 1,

max
v∈N

pv,
∞
∑

v=0
av > 1.

Remark 2. [26]

1. If q1(·), q2(·) ∈ P(Rn) satisfying (q1)+ ≤ (q2)+, then Kα,q1(·)
p(·) (Rn) ⊂ Kα,q2(·)

p(·) (Rn), K̇α,q1(·)
p(·) (Rn) ⊂

K̇α,q2(·)
p(·) (Rn).

2. If q1(·), q2(·) ∈ P(Rn) and (q1)+ ≤ (q2)−, then q2(·)
q1(·)
∈ P(Rn) and q2(·)

q1(·)
≥ 1.

By Remark 1, for any h ∈ K̇α,q(·)
p(·) (Rn), we have

∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η

)q2(·)
∥∥∥∥∥∥

L
p(·)

q2(·)

≤
∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η

)q1(·)
∥∥∥∥∥∥

pv

L
p(·)

q1(·)

≤

 ∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η

)q1(·)
∥∥∥∥∥∥

ph

L
p(·)

q1(·)


p∗

≤ 1;

where

pv =

 ( q2(·)
q1(·)

)−, 2kα | f χk |
η ≤ 1,

( q2(·)
q1(·)

)+, 2kα | f χk |
η > 1,

and

p∗ =


min
v∈N

pv,
∞
∑

v=0
av ≤ 1,

max
v∈N

pv,
∞
∑

v=0
av > 1.

This implies that K̇α,q1(·)
p(·) (Rn) ⊂ K̇α,q2(·)

p(·) (Rn). Similarly, we get Kα,q1(·)
p(·) (Rn) ⊂ Kα,q2(·)

p(·) (Rn).

Definition 3. For all 0 < γ ≤ 1, the Lipschitz space Λ̇γ(Rn) is defined by

Λ̇γ(Rn) =

{
h : ‖h‖Λ̇γ(Rn) = sup

x,y∈Rn ; x 6=y

|h(x)− h(y)|
|x− y|γ < ∞

}
.

Definition 4. The BMO function and BMO norm are defined by

BMO(Rn) :=
{

b ∈ L1
loc(R

n) : ‖b‖BMO(Rn) < 0
}

,

‖b‖BMO(Rn) := sup
Q:cube

|Q|−1
∫

Q
|b(x)− bQ|dx.

From here, we suppose that Bk = {x ∈ Rn : |x| ≤ 2k}, and Ck = Bk\Bk−1, χk = χCk , k ∈ Z.

2. Preliminary Lemmas

Proposition 1. [27] Let a function p(·) : Rn → [1, ∞). If p(·) ∈ P(Rn) satisfies

|p(x)− p(y)| ≤ −C
Log(|x− y|) ; |x− y| ≤ 1/2, (4)

and
|p(x)− p(y)| ≤ C

Log(e + |x|) ; |y| ≥ |x|, (5)

then p(·) ∈ B(Rn).
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Lemma 1. [21] (Generalized Hölder Inequality) Let p(·), p1(·), p2(·) ∈ P(Rn), then

1. for every h ∈ Lp1(·)(Rn) and g ∈ Lp2(·)(Rn), we have
∫
Rn |h(x)g(x)|dx ≤ C‖h‖Lp(·)(Rn)‖g‖Lp′(·)(Rn)

, where

Cp = 1 + 1
p− −

1
p+ ;

2. for every h ∈ Lp1(·)(Rn), g ∈ Lp2(·)(Rn), when 1
p(·) = 1

p2(·)
+ 1

p1(·)
, we have ‖h(x)g(x)‖Lp(·)(Rn) ≤

C‖g(x)‖Lp2 (Rn)‖h(x)‖Lp1(·)(Rn)
, where Cp1,p2 = [1 + 1

p1−
− 1

p1+
]

1
p− .

Lemma 2. [18,19] Let p(·) ∈ B(Rn). If there exists a positive constants C, δ1, δ2 such that δ1, δ2 < 1, then, for all
balls B ⊂ Rn and all measurable subset R ⊂ B, we have

‖χR‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C
|R|
|B| ,

‖χR‖Lp′(·)(Rn)

‖χB‖Lp′u(·)(Rn)

≤ C
(
|R|
|B|

)δ2

,
‖χR‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C
(
|R|
|B|

)δ1

.

Lemma 3. [28] Let p(·) ∈ B(Rn), then there exists a constant C > 0 such that for any balls B in Rn, we have

1
|B| ‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn)

≤ C.

Lemma 4. [29] Let p(·) ∈ B(Rn), and b ∈ BMO(Rn). If i, j ∈ Z with i < j, then we have

1. C−1‖b‖BMO(Rn) ≤ sup
B

1
‖χB‖Lp(·)(Rn)

‖(b− bB)χB‖Lp(·)(Rn) ≤ C‖b‖BMO(Rn);

2. ‖(b− bBi )χBj‖Lq(·)(Rn) ≤ C(j− i)‖b‖BMO(Rn)‖χBj‖Lq(·)(Rn).

Lemma 5. [26] Let p(·), q(·) ∈ P(Rn). If h ∈ Lp(·)q(·), then

min(‖h‖q+
Lp(·)q(·) , ‖h‖

q−
Lp(·)q(·)) ≤ ‖|h|q(·)‖Lp(·) ≤ max(‖h‖q+

Lp(·)q(·) , ‖h‖
q−
Lp(·)q(·)).

Lemma 6. [30] Let a > 0, 0 < d ≤ s, 1 ≤ s ≤ ∞ and −sn+(n−1)d
s < v < ∞, then

(∫
|y|≤a|x|

|y|v|Ω(x− y)|d dy
)1/d

≤ C|x|(v+n)/d‖Ω‖Ls(Sn−1).

Lemma 7. [31] Let the variable exponent q̃(·) is defined by 1
p(x) =

1
q̃(x) +

1
q (x ∈ Rn), then we have

‖hg‖Lp(·)(Rn) ≤ C‖g‖Lq(Rn)‖h‖Lq̃(·)(Rn).

Lemma 8. Let p(·) ∈ B(Rn), Ω ∈ Ls(Sn−1) and 0 < ρ < n. If there exists a constant C > 0 independent of h, then
µ

ρ
Ω is bounded from Lp(·) to it self.

Lemma 9. Let b ∈ BMO(Rn) and m ∈ N. Further let that p(·) ∈ B(Rn), Ω ∈ Ls(Sn−1) and 0 < ρ < n. If there
exists a constant C > 0 independent of h, then [bm, µ

ρ
Ω] is bounded from Lp(·) to itself.

Lemma 10. Let b ∈ Λ̇γ(Rn), 0 < γ ≤ 1, m ∈ N and 0 < ρ < n. If q1(·) ∈ P(Rn) satisfies (4) and (5) in Proposition
1 with q+1 < n/γ, 1/q1(x)− 1/q2(x) = γ/n, Ω ∈ Ls(Sn−1)(s > q+2 ) with 1 ≤ r′ < q−2 . Then the commutator
[bm, µ

ρ
Ω] is bounded from Lq1(·)(Rn) to Lq2(·)(Rn).

Lemma 11. [32] Let p(·) ∈ P(Ω) abd h : Ω×Ω → R is a measurable function (with respect to product measure)
such that, y ∈ Ω, h(·, y) ∈ Lp(·)(Ω), then we have∥∥∥∥∫Ω

h(·, y)dy
∥∥∥∥

Lp(·)(Ω)
≤ C

∫
Ω
‖h(·, y)‖Lp(·)(Ω) dy.
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3. Main Results

Theorem 1. Let 0 < ρ < n, 0 < v ≤ 1. Suppose that p1(·) ∈ B(Rn), Ω ∈ Ls(Sn−1), s > (p′1)+ and q1(·), q2(·) ∈
P(Rn) with (q2)− ≥ (q1)+. If −nδ1 − v− n/s < α < nδ2 − v− n/s with δ1, δ2 as defined in Lemma 2, then the
operator µ

ρ
Ω is bounded from K̇α,q1(·)

p1(·)
(Rn) to K̇α,q2(·)

p1(·)
(Rn) and from

(
Kα,q1(·)

p1(·)
(Rn)

)
to
(

Kα,q2(·)
p1(·)

(Rn)
)

.

Proof. Let h(x) ∈ K̇α,q1(·)
p1(·)

(Rn). Rewrite h(x) = ∑∞
j=−∞ h(x)χj = ∑∞

j=−∞ hj(x). From Definition 2, we have

‖µρ
Ω(h)‖

K̇α,q2(·)
p1(·)

(Rn)
= inf

{
η > 0 : ∑∞

k=−∞

∥∥∥∥∥
(

2kα |µρ
Ω(h)χk |
η

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1

}
.

Since∥∥∥∥∥
(

2kα |µρ
Ω(h)χk |
η

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤
∥∥∥∥∥
(

2kα |∑∞
j=−∞ µ

ρ
Ω(hj)χk |

∑3
i=1 η1i

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

≤
∥∥∥∥∥
(

2kα |∑k−2
j=−∞ µ

ρ
Ω(hj)χk |

η11

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

+

∥∥∥∥∥
(

2kα |∑k+2
j=k−2 µ

ρ
Ω(hj)χk |

η12

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

+

∥∥∥∥∥
(

2kα |∑∞
j=k+2 µ

ρ
Ω(hj)χk |

η13

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

,

where

η11 =

∥∥∥∥∥∥
{

2kα|
k−2

∑
j=−∞

µ
ρ
Ω(hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

η12 =

∥∥∥∥∥∥
{

2kα|
k+2

∑
j=k−2

µ
ρ
Ω(hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

η13 =

∥∥∥∥∥∥
{

2kα|
∞

∑
j=k+2

µ
ρ
Ω(hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

and

η = η11 + η12 + η13 =
3

∑
i=1

η1i.

Thus,
∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|µρ
Ω(h)χk|
η

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C.

Meanwhile,

‖µρ
Ω(h)‖

K̇α,q2(·)
p1(·)

(Rn)
≤ Cη = C

3

∑
i=1

η1i.

To show Theorem 1, we only need to estimate η11, η12 and η13 ≤ C‖h‖
K̇

α,q1(·)
p1(·)

(Rn)
. To do this, denote

η10 = ‖h‖
K̇

α,q1(·)
p1(·)

(Rn)
.

Step 1. For η12. From Lemma 5, we get

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k+2

j=k−2 µ
ρ
Ω(hj)χk|

η10

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤
∞

∑
k=−∞

∥∥∥∥∥∥
2kα|∑k+2

j=k−2 µ
ρ
Ω(hj)χk|

η10

∥∥∥∥∥∥
(q1

2)k

Lp1(·)

≤
∞

∑
k=−∞

∥∥∥∥∥∥
2kα|∑k+2

j=k−2 µ
ρ
Ω(hj)χk|

η10

∥∥∥∥∥∥
Lp1(·)

(q1
2)k

, (6)
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where

(q1
2)k =


(q2)−,

∥∥∥∥∥
(

2kα |∑k+2
j=k−2 µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1,

(q2)+,

∥∥∥∥∥
(

2kα |∑k+2
j=k−2 µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

> 1.

So, by using the Lemma 6, Remark 2 and h(x) ∈ K̇α,q1(·)
p1(·)

(Rn), we have
∥∥∥ 2kα |hχk |

η10

∥∥∥
Lp1(·)

≤ 1 and

∑∞
k=−∞

∥∥∥∥( 2kα |hχk |
η10

)q1(·)
∥∥∥∥

L
p1(·)
q1(·)
≤ 1. Hence

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k+2

j=k−2 µ
ρ
Ω(hj)(hj)χk|

η10

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

(
k+2

∑
j=k−2

∥∥∥∥∥2kα|hj|
η10

∥∥∥∥∥
Lp1(·)

)(q1
2)k

≤ C
∞

∑
k=−∞

∥∥∥∥∥2kα|hχk|
η10

∥∥∥∥∥
(q1

2)k

Lp1(·)
≤ C

∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η10

)q1(·)
∥∥∥∥∥∥

(q1
2)k

(q1)+

L
p1(·)
q1(·)

≤ C

 ∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|hχk|
η10

)q1(·)
∥∥∥∥∥∥

L
p1(·)
q1(·)


q∗

≤ C.

(7)

Which, together with (p1)+ ≤ (p2)− ≤ (q1
2)k and q∗ = min

k∈N

(q1
2)k

(q1)+
gives;

η12 ≤ Cη10 ≤ C‖h‖
K̇

α,q1(·)
p1(·)

(Rn)
. (8)

Step 2. Now, let us deal with η11. Since

|µρ
Ω(hj)(x)| :=

(∫ ∞

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

≤
(∫ |x|

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

+

(∫ ∞

|x|

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

:= η′11 + η′′11.

Now we estimate η′11 and η′′11. For η′11, note that x ∈ Ak, y ∈ Aj and j ≤ k− 2. Since |x− y| ∼ |x| so by
virtue of the Mean Value Theorem, we have∣∣∣∣ 1

|x− y|2ρ
− 1
|x|2ρ

∣∣∣∣ ≤ C
|y|

|x− y|2ρ+1 . (9)

Substituting the inequality (9) into η′11 and by virtue of Minkowski’s inequality, we deduced that

η′11 ≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ |hj(y)|

(∫ |x|
|x−y|

dt
t2ρ+1

)1/2

dy ≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ |hj(y)|

∣∣∣∣ 1
|x− y|2ρ

− 1
|x|2ρ

∣∣∣∣1/2
dy

≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ |hj(y)|

|y|1/2

|x− y|ρ+1/2 dy ≤ C
2j/2

|x|n+1/2

∫
Aj

|Ω(x− y)| |hj(y)|dy

≤ C2j/22−k(n+1/2)
∫

Aj

|Ω(x− y)| |hj(y)|dy ≤ C2(j−k)/22−nk
∫

Aj

|Ω(x− y)| |hj(y)|dy. (10)

Similarly, we obtain
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η′′11 ≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ |hj(y)|

(∫ ∞

|x|

dt
t2ρ+1

)1/2
dy ≤ C

∫
Rn

|Ω(x− y)|
|x− y|n−ρ |hj(y)|

(
1
|x|2ρ

)1/2
dy

≤ C
∫
Rn

|Ω(x− y)|
|x− y|n |hj(y)|dy ≤ C2−nk

∫
Aj

|Ω(x− y)| |hj(y)|dy. (11)

Combining the inequality (11) with Lemma 1, we get

|µρ
Ω(hj)(x)| ≤ C2−nk

∫
Aj

|Ω(x− y)| |hj(y)|dy ≤ C2−nk‖ (Ω(x− ·)) .χBj‖Lp′1(·)
‖hj‖Lp1(·) . (12)

Now, consider p̃′1(·) > 1 and 1/p′1(x) = 1/ p̃′1(x) + 1/s. Since s > (p′1)+, so by virtue of Lemma 1 and
Lemma 8, we get

‖ (Ω(x− ·)) .χBj‖Lp′1(·)
≤ ‖Ω(x− ·)‖Ls‖χBj‖L p̃′(·) ≤ 2−jv

(∫
Aj

|y|sv|Ω(x− y)|sdy

)1/s

‖χBj‖L p̃′1(·)

≤ 2−jv2k(v+n/s)‖Ω‖Ls(Sn−1)‖χBj‖L p̃′1(·)
≤ 2−jv2k(v+n/s)‖Ω‖Ls(Sn−1)‖χBj‖Lp′1(·)

/|Bj|1/s

≤ 2(k−j)(v+n/s)‖Ω‖Ls(Sn−1)‖χBj‖Lp′1(·)
. (13)

By using (12), (13), Lemmas 1, 2, 3, 5 and
∥∥∥∥ 2jα |hχj |

η10

∥∥∥∥
Lp1(·)q1

≤ 1, we get

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞ µ
ρ
Ω(hj)χk|

η10

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

∥∥∥∥∥2kα|∑∞
j= µ

ρ
Ω(hj)χk|

η10

∥∥∥∥∥
Lp1(·)(Rn)

(q2
2)k

≤ C
∞

∑
k=−∞

(
2kα

k−2

∑
j=−∞

2−kn2(k−j)(v+n/s)
∥∥∥∥ hj

η10

∥∥∥∥
Lp1(·)(Rn)

‖χBk‖Lp1(·)(Rn)
‖χBj‖Lp′1(·)(Rn)

)(q2
2)k

≤ C
∞

∑
k=−∞

2kα
k−2

∑
j=−∞

2(k−j)(v+n/s)
∥∥∥∥hχj

η10

∥∥∥∥
Lp1(·)(Rn)

‖χBj‖Lp′1(·)(Rn)

‖χBk‖Lp′1(·)(Rn)

(q2
2)k

≤ C
∞

∑
k=−∞

2kα
k−2

∑
j=−∞

2(k−j)(v+n/s)2−jα

∥∥∥∥∥ |2jαhχj|
η10

∥∥∥∥∥
Lp1(·)(Rn)

‖χBj‖Lp′1(·)(Rn)

‖χBk‖Lp′1(·)(Rn)

(q2
2)k

≤ C
∞

∑
k=−∞


k−2

∑
j=−∞

2(k−j)(α+v+n/s−nδ2)

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

1
(q1)+

Lp1(·)q1(·)(Rn)


(q2

2)k

, (14)

where

(q2
2)k =


(q2)−,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1,

(q2)+,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

> 1.

Which, together with (q1)+ < 1 and (p1)+ ≤ (p2)− ≤ (q2
2)k gives;

∑∞
k=−∞

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ C

{
∑∞

j=−∞

∥∥∥∥∥
(
|2jαhχj |

η10

)q1(·)
∥∥∥∥∥

Lp1(·)q1(·)
∑∞

k=j+2 2(k−j)(α+v+n/s−nδ2)

}q∗

≤ C, (15)

where q∗ = min
k∈N

(q1
2)k

(q1)+
.
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Since α < nδ2 − (v + n/s), so if (q1)+ ≥ 1 and (q2
2)k ≥ (q2)− ≥ (q1)+ ≥ 1 then by using Remark 2and

applying the generalized Hölder’s inequality, we get

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞ µ
ρ
Ω(hj)χk|

η10

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

 k−2

∑
j=−∞

2(k−j)(α+v+n/s−nδ2)(q1)+/2

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

Lp1(·)q1(·)


(q2

2)k
(q1)+

×
(

k−2

∑
j=−∞

2(k−j)(α+v+n/s−nδ2)((q1)+)
′/2

) (q2
2)k

((q1)+)′

≤ C

 ∞

∑
j=−∞

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

Lp1(·)q1(·)

∞

∑
k=j+2

2(k−j)(α+v+n/s−nδ2)(q1)+/2


q∗

≤ C, (16)

where q∗ = min
k∈N

(q2
2)k

(q1)+
. Hence we have

η11 ≤ Cη10 ≤ C‖h‖
K̇

α,q1(·)
p1(·)

(Rn)
. (17)

Step 3. Finally, we estimate η13. For each x ∈ Aj and j ≥ k + 2, we have

|µρ
Ω(hj)(x)| :=

(∫ ∞

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

≤
(∫ |y|

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

+

(∫ ∞

|y|

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ hj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

:= η′13 + η′′13.

The estimates of η′13 and η′′13 can be obtained similarly as that of η′11 and η′′11 in Step 2 and we get

η′13 ≤ C2(j−k)/22−jn
∫

Aj

|Ω(x− y)| |hj(y)|dy, (18)

and

η′′13 ≤ C2−jn
∫

Aj

|Ω(x− y)| |hj(y)|dy. (19)

Thus, we have

|µρ
Ω(hj)(x)| ≤ C2−jn

∫
Aj

|Ω(x− y)| |hj(y)|dy ≤ C2−jn‖ (Ω(x− ·)) .χBj‖Lp′(·)‖hj‖Lp(·) . (20)

Substituting (13) into (20), together with Lemmas 1, 2, 3, 5 and
∥∥∥∥ 2jα |hχj |

η10

∥∥∥∥
Lp1(·)q1(·)

≤ 1, we get
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∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|∑∞
j=k+2 µ

ρ
Ω(hj)χk|

η10

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

∥∥∥∥∥2kα|∑∞
j=k+2 µ

ρ
Ω(hj)χk|

η10

∥∥∥∥∥
(q3

2)k

Lp1(·)

≤ C
∞

∑
k=−∞

(
2kα

∞

∑
j=k+2

2−jn2(k−j)(v+n/s) ×
∥∥∥∥ hj

η10

∥∥∥∥
Lp1(·)(Rn)

‖χBk‖Lp1(·)(Rn)
‖χBj‖Lp′1(·)(Rn)

)(q3
2)k

≤ C
∞

∑
k=−∞

2kα
∞

∑
j=k+2

2−jn2(k−j)(v+n/s)
∥∥∥∥hχj

η10

∥∥∥∥
Lp1(·)(Rn)

|Bj|
‖χBj‖Lp′1(·)(Rn)

‖χBj‖Lp1(·)(Rn)

(q3
2)k

≤ C
∞

∑
k=−∞

2kα
∞

∑
j=k+2

2(k−j)(v+n/s)
∥∥∥∥hχj

η10

∥∥∥∥
Lp1(·)(Rn)

‖χBj‖Lp′1(·)(Rn)

‖χBj‖Lp1(·)(Rn)

(q3
2)k

≤ C
∞

∑
k=−∞

2kα
∞

∑
j=k+2

2(k−j)(v+n/s)2−jα

∥∥∥∥∥ |2jαhχj|
η10

∥∥∥∥∥
Lp1(·)(Rn)

‖χBk‖Lp1(·)(Rn)

‖χjk‖Lp1(·)(Rn)

(q3
2)k

≤ C
∞

∑
k=−∞


∞

∑
j=k+2

2(k−j)(α+v+n/s+nδ12)

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

1
(q1)+

Lp1(·)q1(·)(Rn)


(q3

2)k

, (21)

where

(q3
2)k =


(q2)−,

∥∥∥∥∥
(

2kα |∑∞
j=k+2 µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1,

(q2)+,

∥∥∥∥∥
(

2kα |∑∞
j=k+2 µ

ρ
Ω(hj)χk |

η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

> 1.

From above and by an argument similar to that of Step 2, we conclude

η13 ≤ Cη10 ≤ C‖h‖
K̇

α,q1(·)
p1(·)

(Rn)
. (22)

The proof is completed.

Theorem 2. Suppose b ∈ BMO(Rn), m ∈ N, 0 < ρ < n, 0 < v ≤ 1. Further suppose that p1(·) ∈ B(Rn), Ω ∈
Ls(Sn−1), s > (p′1)+ and q1(·), q2(·) ∈ P(Rn) with (q2)− ≥ (q1)+. If −nδ1 − v − n/s < α < nδ2 − v −
n/s with δ1, δ2 as defined in Lemma 2. Then the operator [bm, µ

ρ
Ω] is bounded from K̇α,q1(·)

p1(·)
(Rn) to K̇α,q2(·)

p1(·)
(Rn) and(

Kα,q1(·)
p1(·)

(Rn)
)

to
(

Kα,q2(·)
p1(·)

(Rn)
)

.

Proof. Let h(x) ∈ K̇α,q1(·)
p1(·)

(Rn), b ∈ BMO(Rn). We may write h(x) = ∑∞
j=−∞ h(x)χj = ∑∞

j=−∞ hj(x). By

definition of K̇α,q(·)
p(·) (Rn), we have

‖[bm, µ
ρ
Ω](h)‖

K̇α,q2(·)
p1(·)

(Rn)
= inf

η > 0 :
∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|[bm, µ
ρ
Ω](h)χk|

η

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ 1

 .

Since ∥∥∥∥∥∥
(

2kα|[bm, µ
ρ
Ω](h)χk|

η

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞[bm, µ
ρ
Ω](hj)χk|

∑3
i=1 η2i

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)
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≤

∥∥∥∥∥∥
(

2kα|∑∞
j=−∞[bm, µ

ρ
Ω](hj)χk|

η21

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

+

∥∥∥∥∥∥∥
2kα|∑k+2

j=k−2[b
m, µ

ρ
Ω](hj)χk|

η22

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

+

∥∥∥∥∥∥
(

2kα|∑∞
j=k+2[b

m, µ
ρ
Ω](hj)χk|

η23

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

.

Let

η21 =

∥∥∥∥∥∥
{

2kα|
k−2

∑
j=−∞

[bm, µ
ρ
Ω](hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

η22 =

∥∥∥∥∥∥
{

2kα|
k+2

∑
j=k−2

[bm, µ
ρ
Ω](hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

η23 =

∥∥∥∥∥∥
{

2kα|
∞

∑
j=k+2

[bm, µ
ρ
Ω](hj)χk|

}∞

k=−∞

∥∥∥∥∥∥
`q2(·)(Lp1(·))

,

where we put

η = η21 + η22 + η23 =
3

∑
i=1

η2i.

Hence,
∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|[bm, µ
ρ
Ω](h)χk|

η

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C.

So, it follows that

‖[bm, µ
ρ
Ω](h)‖

K̇α,q2(·)
p1(·)

(Rn)
≤ Cη = C

3

∑
i=1

η1i.

Hence, η21, η22 and η23 ≤ C‖b‖∗‖h‖K̇
α,q1(·)
p1(·)

(Rn)
. Denoting that η10 = C‖h‖

K̇
α,q1(·)
p1(·)

(Rn)
.

Step 1. We estimate η22. The proof of Theorem 2 is the same to that of Theorem 1 and we use the similar
notation as in the proof η12 of Theorem 1. By Lemma 5 and

(
Lp(·)(Rn), Lp(·)(Rn)

)
-boundedness of the

operators [bm, µ
ρ
Ω] , we directly arrive at

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k+2

j=k−2[b
m, µ

ρ
Ω](hj)χk|

η10‖b‖∗

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C,

which, implies that
η21 ≤ Cη10‖b‖∗ ≤ C‖b‖∗‖h‖K̇

α,q1(·)
p1(·)

(Rn)
. (23)

Step 2. Next we estimate η21. Since

|[bm, µ
ρ
Ω](hj)(x)| :=

(∫ ∞

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

≤
(∫ |x|

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

+

(∫ ∞

|x|

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

:= ′22 +
′′

22.



Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 66

Observe that |x− y| ≈ |x| for each x ∈ Ak, y ∈ Aj and j ≤ k− 2. From (9) and applying the Minkowski’s
and the generalized Hölder’s inequality, we get

′
22 ≤ C

∫
Rn

|Ω(x− y)|
|x− y|n−ρ [b(x)− b(y)]m|hj(y)|

(∫ |x|
|x−y|

dt
t2ρ+1

)1/2

dy

≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ [b(x)− b(y)]m|hj(y)|

∣∣∣∣ 1
|x− y|2ρ

− 1
|x|2ρ

∣∣∣∣1/2
dy

≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ [b(x)− b(y)]m|hj(y)|

|y|1/2

|x− y|ρ+1/2 dy

≤ C
2j/2

|x|n+1/2

{
[b(x)− bBj ]

m
∫

Aj

|Ω(x− y)| |hj(y)|dy +
∫

Aj

|Ω(x− y)| [bBj − b(y)]m|hj(y)|dy

}
≤ C2j/22−k(n+1/2)

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) .χBj‖Lp′1(·)
‖hj‖Lp1(·)

+‖Ω(x− ·)(bBj − b(·))m(hj).χBj‖Lp′1(·)
‖hj‖Lp1(·)

}
. (24)

Similarly, we consider ′′22

′′
22 ≤ C

∫
Rn

|Ω(x− y)|
|x− y|n−ρ [b(x)− bBj ]

m|hj(y)|
(∫ ∞

|x|

dt
t2ρ+1

)1/2
dy

≤ C
∫
Rn

|Ω(x− y)|
|x− y|n−ρ [b(x)− bBj ]

m|hj(y)|
(

1
|x|2ρ

)1/2
dy

≤ C2−nk

{
[b(x)− bBj ]

m
∫

Aj

|Ω(x− y)| |hj(y)|dy +
∫

Aj

|Ω(x− y)| [bBj − b(y)]m|hj(y)|dy

}
≤ C2−nk

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) · χj(·)‖Lp′1(·)
‖hj‖Lp1(·)

+‖Ω(x− ·)(bBj − b(·))m(hj) · χj(·)‖Lp′1(·)
‖hj‖Lp1(·)

}
. (25)

Therefore,

|[bm, µ
ρ
Ω](hj)(x)| ≤ C2−nk

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) · χj(·)‖Lp′1(·)
‖hj‖Lp(·)

+‖Ω(x− ·)(bBj − b(·))m · χj(·)‖Lp′1(·)
‖hj‖Lp1(·)

}
. (26)

By (13) and Lemmas 6 and 7, we get

‖Ω(x− ·)(bBj − b(·))m · χj(·)‖Lp′1(·)
≤ ‖Ω(x− ·) · χj(·)‖Ls‖(bBj − b(·))m · χj(·)‖L p̃′1(·)

≤ 2−jv2k(v+n/s)‖b‖m
∗ ‖Ω‖Ls(Sn−1)‖χBj‖L p̃′1(·)

≤ 2(k−j)(v+n/s)‖b‖m
∗ ‖Ω‖Ls(Sn−1)‖χBj‖Lp′1(·)

. (27)

From this, we deduced

‖[bm, µ
ρ
Ω](hj)(x) · χBk‖Lp1(·) ≤ C‖Ω‖Ls(Sn−1)2

−nk2(k−j)(v+n/s)‖hj‖Lp1(·)‖(b(·)− bBj)
m · χBk‖Lp1(·)‖χBj‖Lp′1(·)

+C‖Ω‖Ls(Sn−1)2
−nk2(k−j)(v+n/s)‖b‖m

∗ ‖hj‖Lp1(·)‖χBj‖Lp′1(·)
‖χBk‖Lp1(·) . (28)

Applying Lemmas 1, 3, 4 and 5, we have

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞[bm, µ
ρ
Ω](hj)χk|

η10‖b‖m∗

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

∥∥∥∥∥∥
2kα|∑k−2

j=−∞[bm, µ
ρ
Ω](hj)χk|

η10‖b‖m∗

∥∥∥∥∥∥
(q2

2)k

Lp1(·)(Rn)

≤ C
∞

∑
k=−∞

(
2kα

k−2

∑
j=−∞

2−kn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

1
‖b‖m∗

‖(b(·)− bBj)
mχBk‖Lp1(·)‖χBj‖Lp′1(·)

)(q2
2)k



Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 67

+ C
∞

∑
k=−∞

(
2kα

k−2

∑
j=−∞

(k− j)m2−kn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

‖χBk‖Lp1(·)‖χBj‖Lp′1(·)

)(q2
2)k

≤ C
∞

∑
k=−∞

(
2kα

k−2

∑
j=−∞

(k− j)m2−kn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

‖χBk‖Lp1(·)(Rn)
‖χBj‖Lp′1(·)

)(q2
2)k

≤ C
∞

∑
k=−∞

(
2kα

k−2

∑
j=−∞

(k− j)m2(k−j)(v+n/s)2−jα

∥∥∥∥∥ |2jαhχj|
η10

∥∥∥∥∥
Lp1(·)

‖χBj‖Lp′1(·)

‖χBk‖Lp′1(·)

)(q2
2)k

.

Now, by Lemma 2, we have

∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|∑∞
j=−∞[bm, µ

ρ
Ω](hj)χk|

η10‖b‖∗

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞


k−2

∑
j=−∞

(k− j)m2(k−j)(α+v+n/s−nδ2)

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

1
(q1)+

Lp1(·)q1(·)(Rn)


(q2

2)k

, (29)

where

(q2
2)k =


(q2)−,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ [bm ,µρ

Ω ](hj)χk |
η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1,

(q2)+,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ [bm ,µρ

Ω ](hj)χk |
η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

> 1.

So, together with (q1)+ < 1, (p1)+ ≤ (p2)− ≤ (q2
2)k, along with Remark 1, gives

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞[bm, µ
ρ
Ω](hj)χk|

η10‖b‖∗

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C

 ∞

∑
j=−∞

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

Lp1(·)q1(·)

∞

∑
k=j+2

(k− j)m2(k−j)(α+v+n/s−nδ2)


q∗

≤ C, (30)

where q∗ = min
k∈N

(q2
2)k

(q1)+
.

If (q1)+ ≤ 1, then by Hölder’s inequality and Remark 1, we have

∞

∑
k=−∞

∥∥∥∥∥∥∥
2kα|∑k−2

j=−∞[bm, µ
ρ
Ω](hj)χk|

η10‖b‖∗

q2(·)
∥∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

 k−2

∑
j=−∞

2(k−j)(α+v+n/s−nδ2)(q1)+/2

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

Lp1(·)q1(·)


(q2

2)k
(q1)+

×
(

k−2

∑
j=−∞

(k− j)m2(k−j)(α+v+n/s−nδ2)((q1)+)
′/2

) (q2
2)k

((q1)+)′

≤ C

 ∞

∑
j=−∞

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

Lp1(·)q1(·)

∞

∑
k=j+2

2(k−j)(α+v+n/s−nδ2)(q1)+/2


q∗

≤ C, (31)
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where q∗ = min
k∈N

(q2
2)k

(q1)+
. This implies that

η21 ≤ Cη10‖b‖∗ ≤ C‖b‖∗‖h‖K̇
α,q1(·)
p1(·)

(Rn)
. (32)

Finally we estimate η23. For any x ∈ Aj, j ≥ k + 2, by the same argument as in η21, we obtain

|[bm, µ
ρ
Ω](hj)(x)| :=

(∫ ∞

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

≤
(∫ |y|

0

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

+

(∫ ∞

|y|

∣∣∣∣∫|x−y|≤t

Ω(x− y)
|x− y|n−ρ [b(x)− b(y)]mhj(y)dy

∣∣∣∣2 dt
t2ρ+1

)1/2

:= ′23 +
′′

23.

Noticing that j ≥ k + 2. To estimate η′23 and η′′23 we will use same method as that of η′21 and η′′21 in Step 2.
Since

′
23 ≤ C2(k−j)/22−jn

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) · χj(·)‖Lp′(·)‖hj‖Lp(·)

+‖Ω(x− ·)(bBj − b(·))m(hj) · χj(·)‖Lp′(·)‖hj‖Lp(·)

}
(33)

and

′′
23 ≤ C2−jn

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) · χj(·)‖Lp′(·)‖hj‖Lp(·)

+‖Ω(x− ·)(bBj − b(·))m(hj) · χj(·)‖Lp′(·)‖hj‖Lp(·)

}
. (34)

Thus,

|[bm, µ
ρ
Ω](hj)(x)| ≤ C2−jn

{
[b(x)− bBj ]

m‖ (Ω(x− ·)) · χj(·)‖Lp′(·)‖hj‖Lp(·)

+‖Ω(x− ·)(bBj − b(·))m · χj(·)‖Lp′(·)‖hj‖Lp(·)

}
. (35)

From (13), by using Lemma 7 and Lemma 2, we get

‖Ω(x− ·)(bBj − b(·))m · χj(·)‖Lp′(·) ≤ ‖Ω(x− ·)‖Ls‖(bBj − b(·))m · χj(·)‖L p̃′(·)

≤ 2−jv2k(v+n/s)‖b‖m
∗ ‖Ω‖Ls(Sn−1)‖χBj‖L p̃′(·) . (36)

Hence, we plug the inequality (36) into (35) and obtain

‖[bm, µ
ρ
Ω](hj)(x)χBk‖Lp1(·) ≤ C‖Ω‖Ls(Sn−1)2

−jn2(k−j)(v+n/s)‖hj‖Lp1(·)‖(b(·)− bBj)
mχBk‖Lp1(·)‖χBj‖Lp′1(·)

+C‖Ω‖Ls(Sn−1)2
−jn2(k−j)(v+n/s)‖b‖m

∗ ‖hj‖Lp1(·)‖χBj‖Lp′1(·)
‖χBk‖Lp1(·) . (37)

By Lemma 5 and the above inequality, we have

∞

∑
k=−∞

∥∥∥∥∥∥
(

2kα|∑∞
j=k+2[b

m, µ
ρ
Ω](hj)χk|

η10‖b‖m∗

)q2(·)
∥∥∥∥∥∥

L
p1(·)
q2(·)

≤ C
∞

∑
k=−∞

∥∥∥∥∥2kα|∑∞
j=k+2[b

m, µ
ρ
Ω](hj)χk|

η10‖b‖m∗

∥∥∥∥∥
(q2

2)k

Lp1(·)

≤ C
∞

∑
k=−∞

(
2kα

∞

∑
j=k+2

2−jn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

1
‖b‖m∗

‖(b(·)− bBj)
mχBk‖Lp1(·)‖χBj‖Lp′1(·)

)(q2
2)k
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+ C
∞

∑
k=−∞

(
2kα

∞

∑
j=k+2

(j− k)m2−jn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

‖χBk‖Lp1(·)‖χBj‖Lp′1(·)

)(q2
2)k

≤ C
∞

∑
k=−∞

(
2kα

∞

∑
j=k+2

(j− k)m2−jn2(k−j)(v+n/s)
∥∥∥∥ |hj|

η10

∥∥∥∥
Lp1(·)

‖χBk‖Lp1(·)‖χBj‖Lp′1(·)

)(q2
2)k

≤ C
∞

∑
k=−∞

(
2kα

∞

∑
j=k+2

(j− k)m2(k−j)(v+n/s)2−jα

∥∥∥∥∥ |2jαhχj|
η10

∥∥∥∥∥
Lp1(·)

‖χBk‖Lp1(·)

‖χBj‖Lp1(·)

)(q2
2)k

≤ C
∞

∑
k=−∞


∞

∑
j=k+2

(j− k)m2(k−j)(α+v+n/s+nδ12)

∥∥∥∥∥∥
(
|2jαhχj|

η10

)q1(·)
∥∥∥∥∥∥

1
(q1)+

Lp1(·)q1(·)


(q3

2)k

(38)

where

(q3
2)k =


(q2)−,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ [bm ,µρ

Ω ](hj)χk |
η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)
≤ 1,

(q2)+,

∥∥∥∥∥
(

2kα |∑k−2
j=−∞ [bm ,µρ

Ω ](hj)χk |
η10

)q2(·)
∥∥∥∥∥

L
p1(·)
q2(·)

> 1.

Hence, by the similar argument to Theorem 1, we arrive at η23 ≤ Cη10‖b‖∗ ≤ C‖b‖∗‖h‖K̇
α,q1(·)
p1(·)

(Rn)
. This

completes the proof.

Theorem 3. Let b ∈ Λ̇γ(Rn), 0 < γ ≤ 1, m ∈ N, 0 < ρ < n, 0 < v ≤ 1. Suppose that q+1 < n/mγ, 1/q1(x)−
1/q2(x) = mγ/n, Ω ∈ Ls(Sn−1)(s > q+2 ) with 1 ≤ r′ < q−2 , p1(·) ∈ B(Rn), Ω ∈ Ls(Sn−1), s > (p′1)+ and
q1(·), q2(·) ∈ P(Rn) with (q2)− ≥ (q1)+. If −nδ1 − v− n/s < α < nδ2 − v− n/s with δ1, δ2 as defined in Lemma
2, then the operator [bm, µ

ρ
Ω] is bounded from K̇α,q1(·)

p1(·)
(Rn) to K̇α,q2(·)

p1(·)
(Rn and from

(
Kα,q1(·)

p1(·)
(Rn)

)
to
(

Kα,q2(·)
p1(·)

(Rn)
)

.
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