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Abstract: Let0 < p < nand uf, be the Parametrized Marcinkiewicz integrals operator. In this work, the

bondedness of ‘uf) is discussed on Herz spaces K“’7(') (R™), where the two main indices are variable exponent.
The boundedness of the commutators generated by BOM function, Lipschitz function and parametrized
Marcinkiewicz integrals operator is also discussed.
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1. Introduction

S uppose S"~! for n > 2 is the unit sphere in R” equipped with the normalized Lebesgue measure dc.
Further suppose that () is a homogeneous function of degree zero on R” satisfying 0 € L!(S"~!) and

/SH Q(x')do(x') = 0, where ¥’ = x/|x|(x # 0). ()

For 0 < p < n, the parametrized Marcinkiewicz integrals is defined as;

. 1/2
b = ([P )

where Fg,t(h)(x) = f‘ Qlr—y) h(y)dy, t > 0.

x—y|<t |x y[r
For m € N, b € BMO(R"), the higher-order commutator of parametrized Marcinkiewicz integral is
defined as;

’ 1/2
dt

AL ( T T ) = b )y

It is easy to see that when p = 1, and uf (h) = pu'(h), then (2) is the classical Marcinkiewicz integral u(h)
introduced by Stein in [1]. It has been proved in [1] that if O € Lip,(S""!) (0 < ¢ < 1) and Q is continuous,
then the operator i (h) is of the type (g,¢) for 1 < g < 2 and of the weak type (1,1). Benedek et al., [2] proved
that if QO € C'(S"~1), then u(h) it is of type (g,q) forany 1 < g < co. The L? boundedness of the (k) has been
studied in [1,3-5].

In 1960, Hormander [4] introduced the parametrized Marcinkiewicz integral operators proved that if
Q € Lip,(S"71), 0 < 7 < 1, then it is of strong type (g,q) for 1 < g < 2. Sakamoto and Yabuta
[6] proved the boundedness of the operator (k) on L9(R"). Shi and Jiang [7] considered the weighted
Li—boundedness of parametrized Marcinkiewicz integral operator and its higher order commutator. Note
that the Littlewood-paley g-function played very important roles in harmonic analysis and the parameterized
Marcinkiewick integral is a special case of the Littlewood-paley g-function. Many authors studied properties
of yf (h) on different function spaces, for examples [8-14].
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In the last three decade, the generalized Orlicz-Lebesgue spaces and the corresponding generalized
Orlicz-Sobolev spaces have been extensively studied by many researchers. The variable Lebesgue spaces
are special cases of generalized orliz spaces which introduced by Nakano in [15] and developed in [16,17].
In addition, for properties of LP(") spaces we refer to [18-20], and the fundamental paper of Kovacik and
Réakosnik [21] appeared in 1990. By virtue of this works many function spaces appeared [22-25]. Recently, in
2015, Lijuan and Tao established the Herz spaces with two variable exponents p(-), g(-) in the paper [26].

The main purpose of this work is to discuss the boundedness of parameterized Marcinkiewicz integral
and it’s higher order commutators with rough kernels on Herz spaces with two variable exponents. The
boundedness of higher order commutator generated by BOM function and parameterized Marcinkiewicz
integral is also obtained.

Let Y be a measurable set in R” with Y| > 0.

Definition 1. Let p(:) : Y — [1,0) be a measurable function. The Lebesgue space with variable exponent
LPO)(Y) is defined by

0 . h [\
LPY)(Y) = < h is measurable : /Q v dx < oo for some constant 77 > 0

The space Llp(') (Y) is defined by

oc

Lp(')(Y) = {his measurable : h € L) (K) for all compact K C Y}

loc

The Lebesgue spaces LP(')(Y) is a Banach spaces with the norm defined by
. IR
Il p0)yy = inf >0:/<’ > dx <1y, 3
| Hu()(y) n {77 0 1 X = 3)

p— =essinf{p(x):x €Y}, p4 =esssup{p(x):xe€Y},

We denote

then P(Y) consists of all p(-) satisfying p— > 1 and p; < oo.

Let M be the Hardy-Littlewood maximal operator. We denote B(Y) to be the set of all function p(-) €
P(Y) such that M is bounded on LP()(Y).

Now, let us recall the definition of Herz spaces with variable exponents.

Definition 2. [26]Let « € R", g(-), p(-) € P(R"). The homogeneous Herz space with variable exponent

Ki(qg) (R") is defined by

Kg'(‘?g_)(Rn) — (he I’V ®M (o)) : ||h\|Ka,(q§.)(R”) < oo},
)

where

Hh||1‘<zf(7§'>(ﬂz<n> - H{Zkﬂhx"'}’?0Hm<->(m<->):inf{77>0: L

Remark 1. Letv € N, a, >0, 1 < p, < oo, then

) ) P
Z ay < (Z av) ’
v=0 v=0
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where
i <1
- min p, ?EO ay <1,
max py, Y a, > 1.
veN =0
Remark 2. [26]
LI i), q2() € P(R") satisfying (q1)+ < (q2)+, then K310 (R7) € KBU(RY), KU (RY) C
K’Wz(') (R")
p() )

2. Ifq1(¢), g2(-) € P(R") and (q1)+ < (g2)—, then Z?—E; € P(R") and ZT—E; > 1.

By Remark 1, for any h € Kz(§) (R™), we have

00 72(+) o0 a1 () ||Pe 0 q1(-) ||Pr P
ol Ellad : < 3 || (2 1 <oy | (2 1 -1
Pl U] 0T 1 VON e ] IO
=% 1920) =-%® L710) =% L710)
where
92() 25| il
S B
92(-) | fxk
(m('))"" T 1
and
min py, § a, <1,
Py = veN =0
max py, Y ay > 1.
veN

v=0
This implies that K%)(') (R") C K;’{SO (R™). Similarly, we get Kg’(q_)(‘) (R") C Kz’(q.)(') (R™).
Definition 3. For all 0 < y < 1, the Lipschitz space A (R") is defined by

v (oo |[h(x) — h(y)|
AR =< h: ||k i pny = su —_— = 0.
’Y( ) { ” ||A7(R ) x,yeR”I;)xyéy |x —y\V

Definition 4. The BMO function and BMO norm are defined by

BMO(R") = {b € L}, (R") : [[b]lpmoces) < 0},

Ibllmvomn = sup Q1 [ [b(x) ~ boldx.

Q:cube
From here, we suppose that By = {x € R" : |x| < 25}, and C; = B\ Bi_1, xx = X, keZ
2. Preliminary Lemmas

Proposition 1. [27] Let a function p(-) : R" — [1,00). If p(-) € P(R") satisfies

—C
— < ; —y| <1/2, 4
P =PI = =91 [x—y[ <1/ (4)
and c
P& =PW < e oy vl =[x, ®)

then p(-) € B(R").
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Lemma 1. [21] (Generalized Holder Inequality) Let p(-), p1(-), p2(-) € P(R"), then

1. for every h e LMO)(R") and ¢ € LP20)(R™), we have Jrn IR(x)g(x)|dx < C||h||L,,<_>(Rn)||g|\Lp/(,)(R,,), where

Cp=1+4 — 5
- P+’
2. for every h e LnO®R"Y), ¢ € LP20)(R™), when ﬁ = % + —( we have ||h(x)g(x)||L,,<.)(Rn) <
1
Clig () 1oz () 1A | oy ) gy where Cpypy = (14 5= — 517

Lemma 2. [18,19] Let p(-) € B(R™). If there exists a positive constants C, 81, 6, such that 81, dy < 1, then, for all
balls B C R" and all measurable subset R C B, we have

xrllppo @y _ R DxRlro@e (|R|>52 IXRIILp<4>(Rn)<C(R|>5l
Ixellro@ny — 1B NxBlpno@n —  \IBIL) " llxsllo@ey —  \IB|

Lemma 3. [28] Let p(-) € B(R"), then there exists a constant C > 0 such that for any balls B in R", we have

1
15718l oy 18l s ey < €.

Lemma 4. [29] Let p(-) € B(R"), and b € BMO(R"). Ifi,j € Z with i < j, then we have

1. CYbllgmogrn) < sup mﬂ(b = bB)xBll o) (mry < ClIbllBMO®RMY;

2. 16— ba, )08, gy < CGi— i) 1 mnaoen 108 ) o
Lemma 5. [26] Let p(-), q(-) € P(R"). Ifh € LP0)10), then

min(Hh”E(.)q(.)/ HhHZ;(-)q(.)) < |||h|q(.)||m(‘) < max(||hHZ;(,>q(,>, HhHZ;(-)q(.))-

Lemma6. [30]Leta >0,0<d<s, 1§s§ooandw<v<oo,then

1/d
</|y3u|x vrIae=yr dy) < Cle| @20l go)-

Lemma 7. [31] Let the variable exponent §(-) is defined by ﬁ =1+

=9 (x € R™), then we have

1
g
1581l Lpo rery < ClIgl o) 1 Lac) -

Lemma 8. Let p(-) € B(R"), Q € L5(S" 1) and 0 < p < n. If there exists a constant C > 0 independent of h, then
yf) is bounded from LP") to it self.

Lemma 9. Let b € BMO(R") and m € N. Further let that p(-) € B(R"), Q € L5(S" 1) and 0 < p < n. If there
exists a constant C > 0 independent of h, then [b™, yg] is bounded from LP() to itself.

Lemma10. Letb € A (R"), 0 <y <1, m € Nand0 < p < n.Ifq1(-) € P(R") satisfies (4) and (5) in Proposition
1with qf < n/v, 1/q1(x) —=1/q2(x) = v/n, Q € L5(S" 1) (s > q7) with 1 < v' < q,. Then the commutator
[b™, uf)] is bounded from L1O)(R") to L20) (R™).

Lemma 11. [32] Let p(-) € P(Q) abd h : Q x Q — R is a measurable function (with respect to product measure)
such that,y € Q, h(-,y) € LPO)(Q), then we have

h(-,y)d <cC h(- d.
(TRICEL BNty M LC IR
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3. Main Results

Theorem 1. Let 0 < p <n, 0 <o <1 Suppose that p1(-) € B(R"), Q € L(S"71), s > (p})+ and q1(-), q2(-) €
P(R™) with (q2)— > (q1)+. If —néy —v —n/s < «a < ndy —v —n/s with &1, 6, as defined in Lemma 2, then the

operator Y, is bounded from K’ 11(1§ )(R”) to Kzlq(Zg)(R”) and from ( 'qu(lg )(]R”)) ( K q(zg )(R”)>

Proof. Let h(x) € K“’ql(')(R”). Rewrite h(x) = Y2 h(x)xj = 172 _ hj(x). From Definition 2, we have

p1(+)
<2"“H§)(h)7(k>q2(.) < 1}
1 %

Hyg(h) ‘ “WZ()(Rn) lnf{f’] >02]30sz

P1()

Since

(2kw‘;)<h>xk|)q2(‘)
n

o =

q()

2|z () ) 20
Yo i

2 s \ 2O 2k T2l () N e
= 111 P 112 n) 113 i)’
92(+) L920) )
where
L k-2 *©
mr o =|q2" Z () x| /
J== k=—oco|| g2() (LP1())
L k+2 ) o
2 = (|42 Z o (hi) xxl /
j=k=2 k=—oo]| 220 (LP1())
ki - ”
ms =42 X wo () x| /
j=k+2 k=—co|| p120) (LP1())
and
3
n=mna+mz2+mnz= 27711'-
i=1
Thus,
0 oka |0 (4 92()
5 ( o >xk|> e
k= 1 L%
Meanwhile,
||VQ( )H "“72()( ) C;?_Czﬂll
P1(> i=1
To show Theorem 1, we only need to estimate #11,%12 and 713 < C ”hHK“"“(')(Rﬂ)' To do this, denote
r1()
10.= Wl g ) g
p1()
Step 1. For #1,. From Lemma 5, we get
q2(°) (@))x
5 (Zk“lzk AL om) . 2 D o (x|
ey 10 T 10
k= T L%(i k T 1)

2 TR e () xd
10

A
™

(@3)x
) , (6)
()




Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 61

where

(172)7/ H pl(.) = 4y
(q%)k = ||

Zk“\Zk k— QFQ )Xkl)qZ(V)
72()

(q2>+r

p1() > 1

72()

Zk“\Zk k— 2VQ )Xkl)qZ(.)

So, by using the Lemma 6, Remark 2 and h(x) € K“’ql(')(R”), we have Hm

Z1Q) 1710 < land

Lr1()

0 oka |, ql(‘)
Y ‘ (#) n() < 1. Hence
La1()
72(+) 1
> 28| D2 ey () () e (HZZ 24| )Wk
k=—co o g ko \jmk2|| o || 50
(W%)k
0 (@2)k o q1() || )+ o q1(+) T
co 3 || T o5 (zk“|hxk|> el (zkwmm) -c
k=—o0 Mo j7218) k=—o0 7o LZl(i k=—o0 10 L%(:;
@)
1
Which, together with (p1)+ < (p2)- < (g3)x and g, = %11{11 ((q ))+ gives;
< Cn1o < CllA]| Lag: . . 8
2 < Cro < C| ||Kp;q§§)(R’l) ®)

Step 2. Now, let us deal with 7717. Since

N Qlx—y)
W) @) = (/0 o i)y

< ( [ Jo e )y
(17

/| OO (y)dy
=111+ -

1/2
2 at
t2p+1
1/2
Z 4t
t2p+1

1/2
Z ar
t20+1

Now we estimate 77, and 77}. For 177;, note that x € Ay, y € Ajand j < k — 2. Since |x — y| ~ |x| so by
virtue of the Mean Value Theorem, we have

xyl<t [x —y[re

11
[x -yl |xf?

lyl
|x_y|2p+1' (9)

Substituting the inequality (9) into 11, and by virtue of Minkowski’s inequality, we deduced that

1/2 1/2
/ ‘Q( )| |« dt 1 1
i = C\/]Rn ‘x— |’1 P| ]( )| /| Y] 120+1 y< C/ ‘n p ( ) y|2p - ‘x‘zp dy
[Q(x —y)| ly|'/2
< LTy Il rdy < C |n+1/2/ 1Q(x — y)| [15(y)|dy
< 22272 [ a(e—y)) y(y)ldy < cz( - /22*"’</A O(x — y)| |i(y)|dy. (10)
J j

Similarly, we obtain
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, 06 ([~ 2) Pay<c [ 1000 -
111 < C/n |x_ ‘Vl—P |h](y>| Ix| t2p+1 dyg c n |.X |l’l P‘ i | |x|2P dy

|Q( | nk
C/HWW )|dy < C2~ /|Qx— y)IRi(y)ldy. (1)

IN

Combining the inequality (11) with Lemma 1, we get
g () (x)] - < CT"k/A‘ 1Q(x = )l 1)y < C27](Qex =) x5, o 1] or - (12)
j

Now, consider f}(-) > 1and 1/p}(x) = 1/p}(x) +1/s. Since s > (p})+, so by virtue of Lemma 1 and
Lemma 8, we get

1/s
1(Q0x =) &gl ey < 1QC = sl ll oy <277 L WEIQG =y Fdy | sl
LAV ] j Lhv

< 27PN Q| s oy s, | A <27 Jogk(otn/s) ”QHLS(S" lxsll o /IS
< plk= ])(v+”/s)||QHL> sn-1) HXB HL”l (13)
) 20|y
By using (12), (13), Lemmas 1, 2, 3,5 and 77‘10)(1‘ . <1, weget
_ 72() (@)
o || (25 222wy ()il oo (]| 2% 52y () x| ’
D <C )
k=—oo Mo pil) k=—c0 o LP10) (Rn)
L920)
00 (qg)k
<C 2kzx z—knz(k j)(v+n/s) . ‘ »
B k_zoo< ];oo ’710 L) (Rn) HXBk”Lm()(R )HXB’HUH()(R”)
(qz)k
<cy (2 k_Zz (k=) (@+n/s) || X LCLR L)
k——oo j=—o0 710 [l Lr10) (rn) HXBk HLpl (R”)
. / (43)k
<C i kiz (k=j)(v+n/s)g—ja |12/%hx;] ||XB]-HLP1<'>(R”)
k=—c0 j=— o L) (Rn) HXBk”LP’l(')(Rn)
1 )k
0 k=2 |2]1xh | n () ||+
<C Z Z 2 (k—j)(a+v+n/s—ndy) Aj , (14)
T ke | je e 110
LP1(-)¢71(-)(Rn)
where 0
2"“|Z’22wu el \ 2V
(2)-, ‘ ’7100 ) [216) =1
(q%>k - ke | yk—2 72(+) Lt
2 Py 2 o M () Xkl
(92)+, 110 n) > 1
L720)

Which, together with (q1)4 < 1and (p1)+ < (p2)- < (q3)x gives;
. 2k 52t (e 2 2inyg \ 1)
Zk:—oo ( ’ 110 : ) L()) - 2]7700 ( 7710] )

<C, (15)

qx
Yoo 2k arosn/s—niy) }
=]
LP1(ar ()

where g, = min (ql)"
T = MR G0y
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Since a < néy — (v+n/s), soif (q1)+ > 1and (g3)x > (92)— > (q1)+ > 1 then by using Remark 2and
applying the generalized Holder’s inequality, we get

_ 2(-)
5 2k TR (el \
10

k=—c0

r1()
L4920
@)k
o) k—2 |2]ah | ‘11() (91)+
<C Z Z o (k=j)(atv+n/s—nd)(q1)+/2 Aj
ke | jmme 110
P19 ()
@3k
k—2 } O\ Ty
% < Z o (k=j)(ato+n/s=nd)((q1)+)"/2
]’:700
00 i 71(+) 0o =
<cl v 2% x| § k) aon/s-ns) ) /2
N j=—oo Mo k=j+2
() =7
<C, (16)
where g, = min (8 . Hence we have
keN (01)+
M1 < Crip < CHh”chm(-)(R,,)' 17)
p1()
Step 3. Finally, we estimate 7713. For each x € Ajand j > k + 2, we have
1/2
o Q(x —y) 2 dt
(. — .
)21 (/0 oo ]
1/2
vl Q(x —v) Z dt
< ——hi(y)dy| ——
< (0 e B
1/2
o Q(x —y) Z dt
22TV pndyl 2
(e e
=113+ 113,
The estimates of 77}, and 75 can be obtained similarly as that of 71, and 7} in Step 2 and we get
Mo < CUHRT [0ty iy(y)ldy, (18)
4
and
mh < c2 [ Q0= ). (19)
]
Thus, we have
()] < €27 [ 10— ) Iy(w)dy < €27 Ok —)) 0l - 0

i

2% kx|

Substituting (13) into (20), together with Lemmas 1, 2, 3, 5 and <1, we get

1P1()a1()
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o ( - )
i <2ka|2j=k+27/‘€)(hj)?(k|>q2 cc i 2| T2 o 1y () (a3)k
o e L% S o L)
3 - h‘ ()
<C oka o—jng(k=j)(v+n/s) || i . e
B k:z—:oo < j:;—&-z 110 || pa ( HXBk”LP]()(R )HXB]HLpl()(Rn)
(3)k
<c Y (2 5 inglpwenss || 1A B 168,110 ey
k=—co j=k+2 1710 [ L710) (R ||XB]'HL;71<4>(R,1)
(q%)k
<C ) ka Y o(k=j)(v+n/s) % M
(= j=k+2 o llr ) re) ”XB]'HLl’l‘ ) (Rn)
c- o ja s, | (@)
<C Z 2k Z (k=) (vt+n/s)p—ju 2 hXj\ M
k=—o0 j=k+2 o LP10) (R HXjk”LPl(')(Rn)
1 (a3)x
ad il 2% ()| @)+
<C Z Z o (k=j)(atv+n/s+né1z) 1£7Ax;1 , o
k=—co | j=k+2 110 o
LP1Oa 0 (Rm)

where

2yl ()l ) 20
(92) -, ( = no =L
L

(33 = %20)
2y ()l ) 20
(AE[Es o > 1
L920)

From above and by an argument similar to that of Step 2, we conclude

s < Cnip < C||h| o

P1()

22
) @y (22)

The proof is completed. O

Theorem 2. Suppose b € BMO(R"), m € N, 0 < p < n, 0 < v < 1. Further suppose that p1(-) € B(R"), Q €
L5(S" 1), s > (p})+ and q1(-), 92(-) € P(R") with (q2)— > (q1)4. If —ndy —v—n/s < a < néy —v —
n/s with 81, 6 as defined in Lemma 2. Then the operator [b™, uf\] is bounded from gont) (R™) to ko) (R™) and

210! p1(-)
(K5t @) to (K ®").

Proof. Let h(x) € Kz’lq(l_g')(R”), b € BMO(R"). We may write h(x) = Y2 h(x)x; = L2 o hj(x). By

definition of Kz(qg ) (R"), we have

(zk“|[bm,ug]<h>xk|>@“

110" 2 0 ), = inf{n >0: )] ;

p1( k=—c0

Since

10
L920)

H (zkwbm,ummxk)”')
Ui

_ 72(+)
| (2wl |
N Y2 11

L
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H zk“Zﬁ_m[bm,ugJ<h,->xk|>@“

72(-)
(z’mm’f*z [b’",y‘g’)](hj)xkl) ’
L

() -
121 L% 122 %g)
o 72()
| (2 R el i) )\
123 b
L220)
Let
]—700 k=—o00 gﬂz(‘)(LPl('))
L k2 *
22 = ||4 27 Z [0™, w5 (hj) x| ’
j=k—2 k=—oo]| 220 (LP10))
23 = {Zk“| 2 [b™, V?‘)](hj)XH} ’
j=k+2 k=—oo]| 220 (LP1())

where we put
3
=121+ 12 +13= 27721‘-
i=1
Hence,

<C.
0 =
L920)

[ee]
)y
k=—o00

<zka|[bm,ug1<h>xk|>q2(')
n

So, it follows that
3
167, )00 g g < O = C X
P1( ) i=1
Hence, 1721, 7722 and 7723 < Cllbl\*Hh||K:,1¢z<1_§->(Rn)- Denoting that 1719 = Cllhl\K;,lq(l_g»)(Rn)-
Step 1. We estimate 7772. The proof of Theorem 2 is the same to that of Theorem 1 and we use the similar
notation as in the proof 71, of Theorem 1. By Lemma 5 and (LP(')(R”), LP(')(R”))—boundedness of the

operators [b™, ufy] , we directly arrive at

72(+)
e (2"”‘|Ej‘*,§ 2[bm,ug}<hj>xk|) ’

k;oo 110llb]« () =C
L920)
which, implies that
121 < Ol < CIVL om0 g 23)
Step 2. Next we estimate #p;. Since
9 ’ 1/2
7 il )] = ( TN TS ) = b )y W)
1/2
: </ox /xy<tm[b(x) o] t23i1>

(1

/! "
=2+ 2.

/‘ M[b(x) = b(y)]"h;(y)dy

x—y|<t [x —y[" P
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Observe that |x — y| & |x| for each x € Ay, y € Ajand j < k — 2. From (9) and applying the Minkowski’s
and the generalized Holder’s inequality, we get

_ g 1z
w o< o f FEbw -l ([ mw) @

() L
< o f e - b | |

Q(x — )| " ly/>
< C Ly ) by

"
< c|x|2n]+l/2{[b(x)—bgj]MAj|Q(x—y)||h]-(y)|dy +/AJ_|Q(x—y)|[ij—b< I hi(y Idy}
< C2i/2p—k(n+1/2) {[b(x) _ ij]m” (Q(x —-)) _XB]_HLPII(,) thHLpl(-)

IO ) (b5, — b)) () | o il - 4)

Similarly, we consider "5,
<0 f 0Dl i ([ ) ay
R S L o
c2k {[b(x) ~ 05" [, 106wl ywldy + [, 106:=)] b, - b(y)]’”ihjw)dv}

27 L) = by " (x = ) - ) g Il
HOG = (b, = b)) () 5Oy Il - (25)

IN

IN

IN

Therefore,

b, @] () (x)| < CZ_”k{[b(x)—ij]mll (Qx =) Oy Bl o
10 =) (g, = b()™ - x5O g 1l v } . (26)

By (13) and Lemmas 6 and 7, we get

19(x =) (b5, = bC)™ - X O g < Q=) -2 e[| (BB, = ()™ - x '(')||Lﬁ;

< 27PN B Q| gy s | gy o < 25T B2 QU gy s ]y

0 S 0 (27)

From this, we deduced

16", 1) () (%) - xBlpmer < ClO s gomny 2 2D | 11 (B() = )™ - X8l 0 12811 4100
+C||QHLs(Sn—l)z_nkz(k_j)(v+n/s)HbHTth”LP](')HXB]»HLpﬁ(«)”XBkHLm(')' (28)

Applying Lemmas 1, 3, 4 and 5, we have

_ 72(°) _ (a2)k
5 2 2 1o, ) il " s 28] TE22 [, ) (e ||
oo mollbl|7 PO ke 11ollb]|7 _
[ 020 L) (Rn)
) L . Dotnss) |h| 1 (42)k
<C 2 2—knp(k=j)(v+n/s) ‘ b(-)—b )
= k;w ];oo 710 | o ||b||fk” H( ( ) B XBkHLPl ||XB]HLp]



Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 67

k-2
+C 2 <2le Z ]-)mz—knz(k—j)(v+n/s) ‘

k=—o0 j=—o00

1] (@)
% [7210) HXBkHLPl(-)||XBJV||LP/1(,)

10 |l )

(qz)k
sl 0o ) :
e sl

) k-2
E <2kuc z k ]-)mzknz(kj)(zﬂrn/s)‘

]—700

‘hj| (a3)k
L Wl g o )

|27y
710

IN

k-2
C Z <2ko¢ Z (k — ])mz(k Jv+n/s)n—ju

k=—o0 j=—c0

Now, by Lemma 2, we have

110l1b]|«

(2“2‘*;_&[%#&]( Dk |>“

=) k-2
<C Z Z (k _j>m2(k7j)(a+v+n/sfn52)

k=—0c0 j:—oo

, (29)

<12jahxj|>q1(‘) G+
Mo
1

zkﬂm]k,im[bw (]->xk>‘"('>|

where

(92)-, H
(qg)k = ||

o0

(q2)+r

r1(

0

zk“| T AI > 20) |

So, together with (g1)+ <1, (p1)+ < < (43)y, along with Remark 1, gives

72(°)
5 28 22 [0, i) () x|
110llb||«

k=—o00

¢)
o | (it |
<C
a {]'_goo ( 110

<C, (30)

p1()

a2()

[e0]

qx
Z (k _ ]‘)mz(kf]')(lX+U+n/Sfi’l(52) }

Lr1()a1 () k=j+2

(qz)k
where g, = 5{1;1]{]1 s

If (91)+ <1, then by Holder’s inequality and Remark 1, we have

B 2()
§ (zkﬂz;”m[bm,ugﬂhﬂm)”
L

e 11ollb||«

k=—o00 | j=—0c0

" ()

jo . Ui 9+

<C Z { Z o (k=j)(atv+n/s—ndr)(q1)+/2 ('2 h)(]|> }
Lr1()ar()

k—2 ((a1)+)
y ( Y (k— jymalietern/s- ”52)((Q1)+)'/2>

j=—00
i )
o | g "
<C —
o {2 ( 110

]':—oo

qx
y z(kf)(“+v+n/sn52)(fh)+/2} <C, (31)
1O () k=it2



Eng. Appl. Sci. Lett. 2020, 3(1), 56-70 68

(7)k
where g, = n‘él{]l()

. This implies that

< Cnollll < CB Il gy ) g
p1()

(32)

Finally we estimate 7p3. For any x € Aj, j > k + 2, by the same argument as in 7771, we obtain
’ 1/2
o dt
", )] = ( J W)
) Iyl 2 dt 1/2
- /O t20+1
1/2
(I tdt
vl 20+1

=" +"2.
Noticing that j > k + 2. To estimate 775, and 775, we will use same method as that of 775, and 75, in Step 2.
Since

/l QE=Y) 140y — b(y))™h (y)dy

x—y|<t |x —y|"F

/‘ M[b(x) = b(y)]"h;(y)dy

x—y|<t |x —y["—P

/‘ Q=) 14 ) — b))y (y)dy

x—yl<t [x —y["P

'n < Cz("‘f>/22‘f”{[b(x)*bB]vY”H(Q(X*')) e 11l e

HIOG = ) (b, = b)) () 25O o I o (33)
and
"y < €27 {[bx) = by )" || (QCx =) 5Ol Il
00 =) (B, = )™ () 25O Il | - (34)
Thus,

", ub) () ()] < C277" {[b(x) = b "1 (A0 =) - X Ol oy 115l e
+1Q(x =) (0, = b(- )™ - X ()l o 1l o } (35)

From (13), by using Lemma 7 and Lemma 2, we get

100 =) (g, =0 )™ - xi ()l ey < N1 =) llesl1(Ba; = BC))™ - x5 Ol e
< 27PN Q| s gy X - (36)

Hence, we plug the inequality (36) into (35) and obtain

1™, W) () xS ClHR ey 2728 DE by () = )" X8 o 51
+C Qs g1y 2 25D B 21|y I, o Xl s B7)

By Lemma 5 and the above inequality, we have

2
: <2k“z;ﬁk+z[bm,yg1< e |)‘“( co B PRl il
koo 1102 SR 11o/[0]|2 L)
) B i) wsnss) 1] 1 (@)
<C K 2ok vns‘ b(-) — bg )" . , /,)
k;@ ( ; %2 710 || 1710 Hme ||( ( ) B]) XBkHLpl()”XB]HLpl()
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(@)k
o) ) . . |h‘
+C Z 2 N (j—kymarimptenteanss) | =8 1Bl oo ;11 o
k=—o00 j= —k42 110 LPl(')
oo o0 |h| (q%)k
<C zle ik mz—jn2(k—j)(v+n/s) i) _ o
k _2_@( Pl o I CY Bt e e
oo oo i (qz)k
cc 3 (2 5 (o gmatenermey- |20l I e )
T i AT | IR - P8
1 (@)
) 0 |2j“h | 71 () || G+
<C Z Z m2 (k—j)(a+v+n/s+ndiy) ( Aj ) (38)
k=—co | j=k+2 o 1P Om )
where 0
zkm:k 2 0" ) () \ Y
X (112)—, || o > Pli(; S 1/
(72)k = o
? zwzk 2 gl \ 20 .
(92)+, o ne =L
1L920)
Hence, by the similar argument to Theorem 1, we arrive at 173 < Cr10||b||+ < C||b||« ”h”K""‘“(')(R") . This
p1()

completes the proof. [

Theorem 3. Letb € A (R"), 0 <y <1, meN, 0<p<n, 0<o <1 Suppose that qf < n/mvy, 1/q1(x) —
1/q2(x) = my/n, Q € L5(S" 1) (s > g5 ) with 1 <+ < g5, p1(-) € B(R"), Q € L5(S"1), s > (p})+ and
71(+), 92(+) € P(R") with (q2)— > (q1)+. If —ndy —v —n/s < a < ndy —v —n/s with 61, &, as defined in Lemma

2, then the operator [b™, 1f)] is bounded from Kzlq(lg) (R™) to Kzlq(zg) (R" and from ( 6}(1§ )(R”)) ( q(zg )(R")>
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