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Abstract: In this study, we define anti complex fuzzy subgroups and normal anti complex fuzzy subgroups
under s-norms and investigate some of characteristics of them. Later we introduce and study the intersection
and composition of them. Next, we define the concept normality between two anti complex fuzzy subgroups
by using s-norms and obtain some properties of them. Finally, we define the image and the inverse image of
them under group homomorphisms.
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1. Introduction

roup theory has applications in physics, chemistry, and computer science, and even puzzles like
G Rubik’s Cube can be represented using group theory. Fuzzy sets, proposed by Zadeh [1], are sets
whose elements have degrees of membership. Rosenfeld [2] introduced fuzzy sets in the realm of group theory
and formulated the concepts of fuzzy subgroups of a group. Many authors have worked on fuzzy group theory
[2—4], especially, some authors considered the fuzzy subgroups with respect to norms [5-7]. Alsarahead and
Ahmad [8] defined the complex fuzzy subgroup and investigate some of its characteristics. The author by

using norms, investigated some properties of fuzzy algebraic structures [9-11].

In this paper, by using s-norms, we define and investigate some properties of anti complex fuzzy
subgroups of group G under s-norm S as ACFS(G). Also we define the composition and intersection of two
H1, fa € ACFS(G) and obtain some of their characteristics. Later, we introduce and investigate the normality
of 4 € ACFS(G) denoted by NACFS(G). Finally, we introduce the normality between two i1, o € ACFS(G)
as pi1 > pp and investigate some important properties of them. By using a group homomorphism f : G — H,
we prove that if # € ACFS(G) and v € ACFS(H), then f(u) € ACFS(H) and f~!(v) € ACFS(G). Also if
# € NACFS(G) and v € NACFS(H), then we prove that f(u) € NACFS(H) and f~!(v) € NACFS(G).
Also we show that if uj,up € ACFS(G) such that pq > pp, then we show that f(u1) > f(y2) and if
#1, M2 € ACFS(H) such that pq > i, then we obtain 1 (p1) > f~1(p2).

2. Preliminaries

The following definitions and preliminaries are required in the sequel of our work and hence presented
in brief. For details we refer readers to [6,12-15].

Definition 1. A group is a non-empty set G, on which there is a binary operation (a,b) — ab such that

if 2 and b belong to G then ab is also in G (closure),

a(bc) = (ab)c foralla,b,c € G (associativity),

there is an element e € G such that aeg = eega = a for all a € G (identity),

if 2 € G, then there is an element 2~ € G such that aa~! = a~la = e (inverse).

One can easily check that this implies the unicity of the identity and of the inverse. A group G is called
abelian if the binary operation is commutative, i.e., ab = ba for all a,b € G.

Remark 1. There are two standard notations for the binary group operation: either the additive notation, that
is (a,b) — a + b in which case the identity is denoted by 0, or the multiplicative notation, that is (a,b) — ab
for which the identity is denoted by e.

Eng. Appl. Sci. Lett. 2020, 3(4), 1-10; doi:10.30538 / psrp-easl2020.0046 https:/ /pisrt.org/psr-press/journals/easl


https://pisrt.org/psr-press/journals/easl/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/easl

Eng. Appl. Sci. Lett. 2020, 3(4), 1-10 2

Definition 2. Let G be an arbitrary group with a multiplicative binary operation and identity e. By a fuzzy
subset of G, we mean a function from G into [0,1]. The set of all fuzzy subsets of G is called the [0, 1]-power
set of G and is denoted [0,1]C.

Definition 3. Let X be a nonempty set. A complex fuzzy set A on X is an object having the form A =
{(x,a(x))|x € X}, where uy denotes the degree of membership function that assigns each element x € X, a
complex number pi4(x)) lies within the unit circle in the complex plane. We shall assume that p14 (x) will be
represented by 74 (x)e™®4(*)  where i = v/—1,and r : X — [0,1] and w : X — [0,277]. Note that by setting
w(x) = 0in the definition above, we return back to the traditional fuzzy subset. Let j; = r1e™! and pp = rpe™2
be two complex numbers lie within the unit circle in the complex plane. By y; < yp, we mean r; < rp and
w1 < wy.

Definition 4. An s-norm S is a function S : [0,1] x [0,1] — [0, 1] having the following four properties:

forall x,y,z € [0,1].
We say that S is idempotent if for all x € [0,1],5(x, x) = x.

Example 1. The basic s-norms are Sy, (x,y) = max{x,y},5(x,y) = min{l,x +y} and Sy(x,y) = x +y — xy
forall x,y € [0,1]. S, is standard union, Sj is bounded sum, S, is algebraic sum.

Lemma 1. Let S be an s-norm. Then

5(5(x,y),S(w,z)) = 5(S(x,w), S(y,2)),

forall x,y,w,z € [0,1].

3. Anti complex fuzzy subgroups under s-norms

Definition 5. Let G be a group and s : G — [0, 1] be a complex fuzzy set on G. Then u = re® is said to be an
anti complex fuzzy subgroup of G under s-norm S if the following conditions hold:

r(xy) < S(r(x),r(y)),
r(x!) <r(x),

w(xy) < max{w(x),w(y)},
w(x™1) < w(x),

forall x,y € G. The set of all anti complex fuzzy subgroups of G under s-norm S is denoted by ACFS(G).

Example 2. Let G = {0,4, b, c} be the Klein’s group. Every element is its own inverse, and the product of any
two distinct non-identity elements is the remaining non-identity element. Thus the Klein 4-group admits the
elegant presentation a?> = b?> = ¢?> = abc = 0. Define r : G — [0,1] by

035 ifx=a,
’(x) = 045 ifx =10,
) 065 ifx=c¢,

0.85 ifx=0,
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andw : G — [0,271] by
04 ifx=a,

w(x) = 04 ifx=0,
- 057 ifx=c,
0.6t ifx =0.

Let S(a,b) = Sp(a,b) =a+b—abforalla,b € [0,1], then pu(x) = r(x)e™¥) € ACFS(G) forall x € G.

Proposition 1. Let y = re'” € ACFS(G) such that C be idempotent s-norm. Then

o u(e) < pu(x)forallx € G,
o u(x") <pu(x)forallx € Gandn > 1,
e u(x) =pu(x1) forallx € G.

Proof. Let i = re'” € ACFS(G) and x € G and n > 1. Then

(Dr(e) = rlxx™) < S(r(x),r(x™1)) < S(r(x), r(x)) = r(x),
w(e) = w(xx ) < max{w(x), w(x 1)} < max{w(x), w(x)} = w(x),
ue) = r(e)e™ <r(x)e™ = p(x),
r(x™) = r(xx..x) < S(r(x),r(x),..r(x)) =r(x),

w(x") = w(xx..x) < max{r(x),r(x),..r(x)} = w(x),

p") = () < r(x)e ) = pu(x),
r(x) = ()T <) <r(x),

r(x) = @),

wix) = w((x 1) <w) <w(),
w(x) = w1,

u(x) = r(x)e®® = r(x et = u(x 1)

O

Proposition 2. Let u = re’™ € ACFS(G) and x € G such that S be idempotent s-norm. Then u(xy) = u(y) Yy € G
ifand only i u(x) = u(e).

Proof. Let u(xy) = u(y) Vy € G. Asy = ¢, so u(x) = u(e). Conversely, let j1(x) = p(e), then r(x) = r(e) and
w(x) = w(e). From Proposition 1, we get r(x) < r(y) and r( ) < r(xy). Also w(x) < w(y) and w(x) < w(xy).
Now r(xy) < S(r(x),r(y)) < S(r(y),r(y)) = r(y) = r(x"'xy) < S(r(x),r(xy)) < S(r(xy),r(xy)) = r(xy).

Also w(xy) < max{w(x),w(y)} < max{w(y)w(y)} = wy) = wlx'xy) < max{w(x) w(xy)} <
max{w(xy), w(xy)} = w(xy). Therefore u(xy) = r(xy)e ’w( V) = r(y)e™¥) = u(y). O

Definition 6. Let G be a set and y; = r1€’™, up = r.e'™2 be two complex fuzzy sets on G. Denote the
composition of y1 and yp as pg o pp = (r1 0 72)el(®1°02) such that 71 o7, : G — [0,1] and wy o wy : G — [0,271]
and define by (1 o u2)(x) = (r1 0 r2)(x)e!®1°@2) (%) (x) such that

(r10m)(x) = { xiilafbs<rl (ﬂ),rz(b)g ii ; ZZ’

and

(wy owp)(x) =

mai{wl (a),wy(b)} ifx=ab,
X=a
0 ifxs#£ab,

thus (p1 0 p2)(x) = infy—gp S(r1(a), r2(b) )ei maxy—gp{w1(a), w2 ()}
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Proposition 3. Let u~! be the inverse of u such that u='(x) = u(x~1). Then u € ACFS(G) if and only if u satisfies
the following conditions:

(1) y<uoy;
2) pl=npn

Proof. Letx,y,z € Gwith x = yzand u € ACFS(G). Then

r(x) = ryz) W), 7(2)) = (ror)(x),

<S(r
w(x) = wlyz) < max{r(y >,r(z}—<wow)(x)
p(x) = r(x)e™® < (ror)(x)e @™ = (pop)(x),

SOp < pop.

Also from Proposition 1, for all x € G, we have that p~!(x) = p(x~!) = p(x) and so y~! = pu. Conversely
let y < popand u=! = p. We prove that u € ACFS(G). As u < popusor(x) < (ror)(x) and w(x) <
(wow)(x). Thus

r(yz) = r(x) < (rer)(x) = inf S(r(y),r(z)) < S(r(y),r(2))

x=yz

and

w(yz) = w(x) = (wow)(x) = max{w(y),w(z)} > {w(y), w(z)}.

X=yz

Since u ! = usor!(x) = r(x) and w1 (x) = w(x). Therefore r(x~!) = r1(x) = r(x) and w(x~!) =
w=1(x) = w(x). Then u € ACFS(G). O

Corollary 1. Let puy, pp € ACFS(G) and G be commutative group. Then pq o pup € ACFS(G) if and only if py o py =
M2 © H1.

Proof. As iy, y2 € CFST(G) and py o pp € ACFS(G), so from Proposition 3, we get ;' = py and p, ' = pp
and (up0 1)~ = ppopr. Then pyopug = it opy " = (popn) ™! = pp o . Conversely, let py o iy = pp 0 py,

then (1 0p2) o (1 opz) = pro(paopr) oy = pro(propa)opr = (p1op1)o (W20 pa) > 10 pa. Also
(mroua) P = (upouy) = ],11_1 o ;42_1 = 1 o p. Then the Proposition 3 gives us that yj o iy € ACFS(G). O

Definition 7. Let y; = r1e®®t € ACFS(G) and pp = e € ACFS(G). Define the intersection p1 Ny as
1 N g = 111 N e = (11 N r2)el(@17%2) such that r; N7y : G — [0,1] and wy Nws : G — [0,277] and for all
x € G, define (r1 Nrp)(x) = S(r1(x), r2(x)) and (wy Nry)(x) = max{w; (x), wp(x)}.

Proposition 4. Let uy = rie™t € ACFS(G) and py = rpe'2 € ACFS(G). Then uy Ny € ACFS(G).
Proof. (1) Letgi, g2 € G. Then

(rmNr)(g182) = S(r(g182),12(8182)) < S(S(r1(81),71(82)), S(r2(g1),72(82)))
= 5(5(r1(g1),72(81)), T(r1(82),72(82)))
= S((riNr2)(g1), (r1Nr2)(g2)),

and thus (r1 N72)(g182) < S((r1N7r2)(g1), (r1 N72)(82))-
(2) If g € G, then

S(r1(g),12(8)) = (r1Nr2)(g)

(r1Nr)(g™) =S(r(g ), r2(g™))
! (r1N7r2)(g)-

(riNm)(g™)

IV IA
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(3) Let g1,82 € G. Then

(w1 Nw2)(g182) = max{wi(8182), w2(g182)}

max{max{w;(g1), w1(82) }, max{w>(g1), w2(g2)}}
= max{max{w;(g1),w2(g1)}, max{w:(g2), w2(g2))}
max{ (w1 Nwz)(g1), (w1 Nw2)(82))

max{ (w1 Nwz)(81), (w1 Nw2)(82))-

IN

IN

(w1 Nwz)(8182)
(4) Letg € Gso
(w1 Nwp)(g™!) = max{wi(g7"), wn
max{wi (g), w2(g)
(w1 Nwy)(g)
(w1 Nwa)(g)-

(™)}
¥

IN

IA

(w1 Nwy) (g7 1)
Thus from (1)-(4) we give that y; N pp € ACFS(G). O
Corollary 2. Let I, = {1,2,..,n}. If {p; | i € I,} € ACFS(G) then u = Niep, 1ti € ACFS(G).

Definition 8. 1 € ACFS(G) is called normal if for all x,y € G we have that u(xyx~!) = u(y). The set of all
normal anti complex fuzzy subgroups of G under s-norm S ia denoted by NACFS(G).

Proposition 5. Let yi; = e’ € NACFS(G) and yo = rpe™2 € NACFS(G). Then py N iy € NACFS(G).

Proof. From Proposition 4 we will have that iy N o € ACFS(G). Let g1,82 € G then

(r1N7r2)(818287") = S(r1(818287 1), 72(818287 ")) = S(r1(82),72(82)) = (r1N12)(82)
(w1 Nwz)(818287 ") = max{wi(g18287 "), w2(818287 )} = max{wy (g2), w2(g2)} = (w1 Nw2)(g2)
(11 N p2) (818287 ") = (r1N12)(g182gy @M@ @188 = (11 M1y (g2)e/ 172 &) = (g M piz) (2)

and therefore u; Ny € NACFS(G). O

Corollary 3. Let I, = {1,2,..,n}. If {y; | i € I,} C NACFS(G), then u = Njej,4i € NACFS(G).

Definition 9. Let y; = r1e“1 € ACFS(G) and up = r2¢'™2 € ACFS(G) such that u; C py. We say that yy is
normal of the iy, written piq > i, if 1 (glgzgfl) < S(r1(g2),12(g1)) and w (glgzgfl) < max{wy(g2), w2(g1)}
forall g1,¢2 € G.

Proposition 6. If S be idempotent s-norm, then every u = re’” € ACFS(G) will be normal of itself.

Proof. Let g1,92 € G and y = re'™ € ACFS(G), then

r(218287") < S(r(g1),7(8287 1)
< S(r(81),S(r(g2),7(87 "))
< 5(r(g1),5(r(g2),7(81)))
= S(r(g2),5(r(g1),7(81)))
= 5(r(82),7(81))
(818287") < S(r(g2),7(81))-
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Also
w(g18287") < max{w(g), w(gag; "))}
< max{w(g1), max{w(g2), w(gy ") }}
< max{w(g1), max{w(g2), w(g1)))
= max{w(g2) max{w(g1) w(g1)}}
= max{w(g2) w(g1)}
w(g1g287") < max{w(gy), w(g1)}-

Therefore p = re® >y = re®. [

Proposition 7. Let y1 = r1e'”1 € NACFS(G) and py = roe'™2 € ACFS(G) such that S be idempotent s-norm, then
# 0 p2 D .

Proof. As Proposition 4 (pq Np2) < pp and (g Npa) € ACFS(G). Let g1,82 € Gand gy Npp = (11 N
rp)el@10%2) then

(nNr)(g1g8r") = S(r(818287"),72(818281 "))
= 5(r1(82),72(818287 ')
< S(r1(82),S(r2(8182),72(81 1))
< S(r1(82),S(r2(8182),2(81)))
< S(r1(82),5(5(r2(81),72(82)),72(81)))
= 5(r1(82),5(5(r2(81),72(81)), 2(82)))
= S(r1(g2),S(r2(81),72(82)))
= 5(5(r1(82),72(82)), 12(81))
= S5((rnN7r2)(82),72(81)),

and thus (11 N72) (818287 1) < S((r1N72)(g2),72(81))-
Also

max{w; (819247 1), wa(818287 1)}

max{w; (g2), w2(818287 ')}

max{w; (g2), max{wy(g182), w2(g7 ") }}

max{w;(82), max{w>(8182), w2(g1) }}

(82), (1), wa(g2)}, wa(g1)}}

max{w1 (g2), max{max{w,(g1), w2(81))}, w2(g2) } }
max{w1 (g2), max{w>(g1), w2(g2) } }

= max{max{wi(g2), w2(82)}, w2(g1)}

= max{(w1 Nwy)(g2), w2(g1)},

(w1 Nw) (18287 ")

INIA A

max{w; (g2), max{max{w,

and then (w; N wz)(glgzgfl) < max{ (w1 Nwy)(g2), w2(g1)}. Therefore u1 Ny = (r1 N rz)ei(wlﬂWZ) > pp. O

Proposition 8. Let iy = r1e“t € ACFS(G) and pp = r2¢™2 € ACFS(G) and uz = r3e'®s € ACFS(G) and S be
idempotent s-norm. If yq > 3 and po > 3, then py N po < y3.

Proof. By Proposition 4, we have u; Ny € ACFS(G) and pu1 Npp < pz. Let g1,92 € G. As py >4 p3, so

r1(18287 ") < S(r1(82),73(81)) and w1 (818287 ") < max{r1(g2),73(g1)} and as pp > p3 s0 r2(g18287 ") <
S(r2(g2),73(21)) and wa(g18287 ") < max{wy(g2), w3(g1)}- Now
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(r1Nr2)(818287") = S(ri(818287 "), 72(18287"))
S(S(r1(82),73(81)),S(r2(82),73(81)))
(S(r1(82),72(82)), S(r3(81),73(81)))
(8(r1(82),r2(82)

( )

o IA
“n

S(r1(82),72(82)),r3(81))
= S((r1Nr)(g2)r3(81)),

and then (r; N rz)(glgzgl_l) < S((r1Nr2)(g2),r3(g1))- Also

max{w; (818281 "), w2(818287 ")}
max{max{w(g2), w3(g1) }, max{w2(g2), ws(81)}}
max{max{w;(g2), w2(82) }, max{ws(g1), w3(g1)}}
max{max{w1(g2), w2(82)}, w3(81)}

= max{(w1 Nw2)(g2), w3(81)},

(w1 Nw)) (818287 )

v

and so (w1 Nwy)(g1928; 1) < max{(w1 Nw,)(g2), w3(g1)}. Thus py Npp = (11 N r2)el(@i1Nw2) g 4y [

Corollary 4. Let I, = {1,2,...,n} and {p; | i € I,} C ACFS(G) such that {p; | i € I,} > . Then y = Njey, i
¢.

4. Group homomorphisms and anti complex fuzzy subgroups under s-norms

Definition 10. Let f : G — H be a mapping such that g = re'”c and uy = rye'™H be two complex fuzzy
sets on G and H, respectively. Define f(ug) : H — [0,1] as f(ug) = f(rges) = f(rg)ef(®c) such that for

all h € H we define f(rg)(h) = inf{rg(g) | ¢ € G, f(g) = h} and f(wG)( ) = inf{wg(g) | g € G, f(g) = h}.
Also define f~'(uy) : G — [0,1] as f~ 1 (rpe™H) = f~1(rg)elf (@) such that for all g € G, we define

f*l (rHei‘”H)(g) — fH(f(g))e’wH(ﬂg)).
Proposition 9. Let ug = rge'e € ACFS(G) and f : G — H be a group homomorphism, then f(ug) € ACFS(H).

Proof. (1) Lethy, hy € Hand g1,92 € G such that iy = f(g1) and hp = f(g2). Then

frg)(hhy) = inf{rg(g182) | 81,82 € G, f(g1) = 1, f(g2) = h2}
inf{S(rc(81),76(82)) | 81,82 € G, f(81) = I, f(82) = h2}
S(inf{rc(g1) | g1 € G, f(g1) = m},inf{rc(g2) | §2 € G, f(g2) = h2})
= S(f(rg)(m), f(rc)(ha)),

and so f(rg)(mh2) < S(f(rc)(m), f(rc)(h2)).
(2) Leth € Hand g € G such thath = f(g). Then

IN

flre)(h™Y) = inf{rg(g7") g1 €G,flg")=hn""}
inf{rg(g) | § € G, f 1 (g) =h"'}
inf{rg(g) | § € G, f(g) = h} = f(rc)(h),

IN

and so f(rg)(h™") < f(rc)(h).
(3) Lethy, hy € Hand g1, € G such that iy = f(g1) and hp = f(g2). Then

flwg)(hhy) = inflwc(8182) | 81,82 € G, f(81) = h1, f(g2) = ha}
inf{max{wg(g1), wc(g2)} | 81,82 € G, f(g1) = h1, f(g2) = ha}
(

max{inf{wg(81) | §1 € G, f(81) = I}, inf{wc(g2) | 82 € G, f(82) = 2} }
max{f(wg)(h1), f(wg)(h2)},

I IA
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and thus f(wg)(hih2) > max{f(wg)(h), f(wc)(h2)}-
(4) Leth € Hand g € Gsuch thath = f(g). Now

flwg) (k) influg(g™") g7 €G,f(g') =h""}
inf{wg(g) |§' €G,f(g)=h""}

inf{wg(g) | g € G, f(8) = h} = f(we)(h),

v

and therefore f(wg)(h™1) > f(wg)(h).
Thus (1) - (4) mean that f(ug) = f(rge™c) = f(r¢)ef(we) € ACFS(H). O

Proposition 10. Let uy = rye™s € ACFS(H) and f : G — H be a group homomorphism, then f~'(upy) €
ACFS(G).

Proof. (1) Let g,82 € G, then f'(ry)(s182) = rul(f(g182)) = ru(f(g1)f(82)
S(r (f(gl)) (f(gz))) S(fHru)(g1), f M ru) (g )) and then f7!(ry)(g1£2)
S(f(ru)(g1), f~ (rH)(gz))

(2) Let g € G, then f1(rg)(g™") = ru(f(g™") = ru(f1(g) < ru(f(g) = f '(ru)(g), and thus
frm) g < fH ( H)(8)-

(3) Let 81,82 €G,s0 f~ (wH)(g $2) = wi(f(g182)) = wu(f(g1)f(g2)) < max{wn(f(g1)) wu(f(g2))} =
max{f(wp)(g )f Y(w )(gz)} and then [~ (wp)(g182) < max{f "(wp)(g1), f~ (wH)(gz))}

4) Letg € G, then fYwp)(g™!) = wu(f 1)) < wu(f(g)) = fHwn)(g) and then f~(wy)(g™?)
fHwy)(g)- ' .
Therefore (1)-(4) give us f~ ! (rpeH)(g) = ru(f(g))e™@Hf®) € ACFS(G). O

IN

Proposition 11. Let g = rge’™c € NACFS(G) and f : G — H be a group homomorphism. Then f(ug) €
NACFS(H).

Proof. From Proposition 9, we have f(ug) € ACFS(H). Let 1,82 € G and hy,hy € H such that f(g1) = Iy
and f(g2) = hp. Now

frg)(mhahit) = inf{fc 818287 ") | f(818281 ") = hahahy '}
= 2) | f(81)f(82)f(81") = ol '}
= mf{rG 82) | f(81)f(g2)f " (81) = mhahy '}
= 82) | f(g2) = ha} = f(rc)(ha).

Also

f(818287") = mhahy '}

($2)f(g1") = hihohi'}

(2)f1(81) = hihahi '}
ho} = f(wg)(ha).

Then f(VG)(hthhfl) = f(rG)(hlhzhfl)eif(wc)(hlhzh; ) = f(rg)(hp)elf@e)2) = £(uc)(hy). and so
f(pc) € NACFS(H). O

flwe)(mhahi) = inf{wg(g19287") |
(82) | f(81)

(82) | f(81)

= inf{wg(g2) | f(g2) =

= inf{wg f
f

= inf{wg

Proposition 12. Let yy = rpe’™s € NACFS(H) and f : G — H be a group homomorphism, then f~'(uy) €
NACFS(G).

Proof. Using Proposition 10, we get f~!(uy) € ACFS(G). Let g1,82 € G, then f~1(
TH(f(glgzgl_l)) = ru(f(gVf(g)f(sr") = ru(f(g)f(g2)f (&1) = ru(f(g2)) = f'(ru)(g2). Also
(wh) (818281 ") = wr(f(8182811)) = w(f(g1)f(82)f(81)) = wH(f(gl)f( 2)fH(g1)) = wn(f(82) =

f- -
F N wr)(g2)- Thus £~ (up)(g18287") = f 1 (rm)(gagegy el @@ = =1(ry) (g2)e zf Nwn)(g2) =
FYun)(g2) and thus f~1(ug) € NACES(G). O

rH ()(818281 ) =
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Proposition 13. Let y; = rie™ € ACFS(G) and yy = rpe'® € ACFS(G) and f : G — H be a group
homomorphism. If py > py, then f(uy) < f(pa).

Proof. We know that f(y;) = f(r1)ef@) and f(up) = f(r2)ef(®2). By Proposition 9, we have f(u;) €
ACFS(H) and f(up) € ACFS(H). Let g1,82 € G and hy,hy € H such that f(g1) = hy and f(g2) = ho.
Since p1 > 2 50 71(g18281 ) < S(r1(82),72(g1)) and w1 (818287 1) < max{wi(g2), w2(g1)}. Now

f(r1)(hhahyh)

inf{r1 (818281 ") | (18287 ") = hhahy '}
inf{S(r1(g2),72(81)) | f(g1)f(82)f(87") = hhahi '}
inf{T(r1(82),72(81)) | f(1)f(82)f " (81) = hihohi'}
S(inf{r1(g2) | f(g2) = h2},inf{ra(g1) | f(g1) = M1})
S(f(r1)(h2), f(r2)(h1)),

and then f(?’l) (hlhzhl_l) < S(f(?’]) (hz),f(?’z)(hl)) Also

f(wi)(hahi') = inf{wi(818287") | f
inf{max{w; (g2), w»

A

18287 ') = hihohi'}

g} | f(g1)f(82)f(87") = mhahy '}
inf{max{wy(g2), w2(81)} | £(g1)f(82)f*(81) = hihohy '}
= max{inf{w;(g2) | f(§2) = ha},inf{w>(g1) | f(g1) =h1}}
= max{f(w)(hp), f(w2)(l)},

and so f(wl)(hlhzhfl) < max{f(wi)(hy), f(wy)(h1)}. Hence f(p1) > f(pz). O

IN

N~ o~

Proposition 14. Let yy = 11t € ACFS(H), pa = rse'™2 € ACFS(H)and f : G — H be a group homomorphism.
If 1 o pua, then =1 (1) o £ ().

Proof. Let f~1(j1) = f1(r1)e/ @) and f~1(jp) = f1(rp)el/ @2 From Proposition 10, we obtain
f~Y(u1) € ACFS(G) and f~'(up) € ACFS(G). Let g1,¢» € G, then

fFH ) (18281") = n(f(g18281") =r(f(g1)f(82)f(&r ") = r(f(s1)f(82)f ' (81))
< S(r1(f(82)),r2(f(81)) = S(f 1 (r1)(82), £ (r2) (81)-

Also

fHw)(818287") = wi(f(18281")) = wi(f(g1)f(82)f(81") = wi(f(81)f(g2)f ' (51))
max{w;(f(g2)), w2(f(81))} = max{f " (w1)(g2), f " (w2)(g1}-

Therefore f~1(pq) < f 1 (pp). O

IN
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