AV

,.;5@&'@"‘ Engineering and
Applied Science Letters

% PSR Press

Atrticle
Uniformity of dynamic inequalities constituted on time
Scales

Muhammad Jibril Shahab Sahir
Department of Mathematics, University of Sargodha, Sub-Campus Bhakkar, Pakistan.; jibrielshahab@gmail.com
Received: 29 April 2020; Accepted: 16 October 2020; Published: 24 October 2020.

Abstract: In this article, we present extensions of some well-known inequalities such as Young’s inequality
and Qi’s inequality on fractional calculus of time scales. To find generalizations of such types of dynamic
inequalities, we apply the time scale Riemann-Liouville type fractional integrals. We investigate dynamic
inequalities on delta calculus and their symmetric nabla results. The theory of time scales is utilized
to combine versions in one comprehensive form. The calculus of time scales unifies and extends some
continuous forms and their discrete and quantum inequalities. By applying the calculus of time scales,
results can be generated in more general form. This hybrid theory is also extensively practiced on dynamic
inequalities.
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1. Introduction

T he calculus of time scales was initially developed by Stefan Hilger (see [1]). A time scale is an arbitrary
nonempty closed subset of the real numbers. The three commonly known examples of calculus on

time scales are differential calculus, difference calculus, and quantum calculus, i.e., when T = R, T = N and
T = g™ = {g* : t € Ny} where g > 1. The time scales calculus is divided into delta calculus, nabla calculus and
diamond-alpha calculus. During the last two decades, many researchers have established several dynamic
inequalities (see [2-10]). The fundamental work on dynamic inequalities is done by Ravi Agarwal, George
Anastassiou, Martin Bohner, Allan Peterson, Donal O’'Regan, Samir Saker and many other researchers.

There have been recent developments and refinements of the theory and applications of dynamic
inequalities on time scales. From the theoretical perspective, the work provides a coalition and amplification
of conventional differential, difference and quantum equations. Moreover, it is a key mechanism in many
mathematical, computational, biological, economical and numerical applications.

In this research article, it is accepted that all considerable integrals exist and are finite and T denotes as
usual the time scale, a,b € T with a < b and an interval [a, b]T means the intersection of a real interval with
the given time scale.

2. Preliminaries

We need here basic concepts of delta calculus. The results of delta calculus are adopted from monographs
[6,11]. For t € T, the forward jump operator ¢ : T — T is defined by

o(t):=inf{s € T:s > t}.

The mapping # : T — RI = [0, +0c0) such that u(t) := o(t) — t is called the forward graininess function.
The backward jump operator p : T — T is defined by

p(t) :=sup{s € T:s < t}.

The mapping v : T — R = [0, +00) such that v(t) := t — p(t) is called the backward graininess function.
If o(t) > t, we say that t is right-scattered, while if p(t) < t, we say that t is left-scattered. Also, if t < sup T
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and o(t) = t, then t is called right-dense, and if t+ > inf T and p(f) = ¢, then ¢ is called left-dense. If T has a
left-scattered maximum M, then TX = T — { M}, otherwise T* = T.

For a function f : T — R, the delta derivative f2 is defined as follows; Let t € T*. If there exists f2(t) € R
such that for all € > 0, there is a neighborhood U of ¢, such that

fe(t)) = f(s) = fAD (o (t) —5)| < elo(t) —s],

for all s € U, then f is said to be delta differentiable at ¢, and f*(t) is called the delta derivative of f at t. A
function f : T — Ris said to be right-dense continuous (rd—continuous), if it is continuous at each right-dense
point and there exists a finite left-sided limit at every left-dense point. The set of all rd-continuous functions
is denoted by C,;(T,R).

The next definition is given in [6,11].

Definition 1. A function F : T — R is called a delta antiderivative of f : T — R, provided that FA(t) = f(t)
holds for all t € T. Then the delta integral of f is defined by

/abf(t)At — F(b) — F(a).

The following results of nabla calculus are taken from [6,11,12]. If T has a right-scattered minimum m,
then Ty = T — {m}, otherwise Ty = T. A function f : Ty — R is called nabla differentiable at t € Ty, with
nabla derivative fV (t), if there exists fV (t) € R such that given any € > 0, there is a neighborhood V of ¢, such
that

Fe(D) = £(s) = FY (1) (p(t) = 5)| < elp(t) —s|,

foralls € V.

A function f : T — R is said to be left-dense continuous (Id-continuous), provided it is continuous at
all left-dense points in T and its right-sided limits exist (finite) at all right-dense points in T. The set of all
ld—continuous functions is denoted by C;;(T, R). The next definition is given in [6,11,12].

Definition 2. A function G : T — R is called a nabla antiderivative of ¢ : T — R, provided that GV (t) = g(t)
holds for all t € Ty. Then the nabla integral of g is defined by

The following definition is taken from [3,5].

Definition 3. For « > 1, the time scale A-Riemann-Liouville type fractional integral for a function f € C,; is
defined by

t
T3/ (1) = [ haa(to(0)f (0T, )
which is an integral on [a,t)T, see [13] and h, : T x T — R, & > 0 are the coordinate wise rd—continuous

functions, such that hy(t,s) =1,
t
hasn (t,5) = / ha(T,5)AT, Vs, t € T. @)

S

Notice that

() = [ foar,

which is absolutely continuous in t € [a, b], see [13].

The following definition is taken from [4,5].
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Definition 4. For & > 1, the time scale V-Riemann-Liouville type fractional integral for a function f € Cy; is
defined by

T = [ haaltp(0)f (09T, ®

which is an integral on (g, t|1, see [13] and iy : TxT — R, & > 0 are the coordinate wise ld—continuous
functions, such that ﬁo(t, s)=1,

A b
hyi1(t,s) = / ha(T,8)VT, ¥s,t € T. 4)

S

Notice that

7w = [ fov

which is absolutely continuous in t € [a, b]T, see [13].

3. Dynamic Young’s inequality

In order to present our main results, first we give a straightforward proof for an extension of dynamic
Young’s inequalities by using the time scale A-Riemann-Liouville type fractional integral.

Theorem 5. Let w, f, g € Cyy([a, b1, R) be A~integrable functions and hy_1(.,.), hg_1(.,.) > 0. If p,q > 1 with
% + % =1, then the following inequalities hold true for a, f > 1:

¢ (ko ()l £ () 18P~ ZE (Fe(o)llf (x)l1g(x)11~") < ;zg ([ ()| £ (1) ZE (ox) [3(x)17)
+ ;zg (o (0)l1g(0)[") ZE ()l [f (1), (5)

T8 (Jw(x)||f (x)g(x)]) ZE (IW(x)IIf(X)I”’llg(X)Iq’l) < ;IE‘ ([w)IF(x)P) ZE (o (x)Ig(x)17)

+ ;IZ‘ (Jw(x)[1g(x)|7) Z8 (Jeo(x)]||f(x)1P) (6)
and
8 (Jw(2) || f ()8 (x)) Z8 (|w(x)[[f(x)g(x)]) < ;Iﬁi‘ (Jw(x)[|£(x)[7) ZF (lwo(x) I3 (x)[7)
+ ;Iﬁ‘ (Jw(x)l1g(x)| M) Z8 (Jw(x)[|f(x)]7). @)
Proof. For the proof of inequality (5), we set p = % and w = Egg‘l, lsw)],18(z)] # 0, y,z € [a,x]T,
Vx € [a,b]T, in the classical Young's inequality pw < 1/;7;’ + %q, P, w > 0, we obtain
W] TP 1)) ®)
18§(w)g(2)] ~ plgW)IP ~ qlg(z)|e

Multiplying inequality (8) by hy—1(x,0(y))hs—1(x,0(2))|w(y)w(z)|, y,z € [a,x)1, Vx € [a,b]r on both
sides and double integrating over y and z, respectively, from a to x, we get

[ hea o) ) F s )Py [ s 1z o)) )]s sz
< ([ matsowleeifmry) ([ matoEeiis@ras:)
2 ([ hate ) owlisePay ) ([ i o E s Rs:). o)

Inequality (5) follows from inequality (9).
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For the proof of inequality (6), we set ¢ =

Ll andw = BWL |£(2)], 3(2)] # 03,2 € [a,x]r, ¥x € [a, ],
wq

q

in the classical Young's inequality pw < ll; +
inequality (5), we obtain the desired result.

Now, for the proof of inequality (7), we set ¢ = |f(y)g(z)| and w = |f(2)g(y)|, .z € [a,x]T, VX € [a,]]T,
in the classical Young’s inequality pw < l/}% + %q, P, w > 0 and following the same steps used in the proof of
inequality (5), we obtain the desired result. This completes the proof of Theorem 5. [

,P,w >0 and following the same steps used in the proof of

Next, we give a straightforward proof for an extension of dynamic Young's inequalities by using the time
scale V-Riemann-Liouville type fractional integral.

Theorem 6. Let w, f,g € Ciy ([a,b]r, R) be V—integrable functions and h,_1(.,.), fzﬁ_l(., ) > 0. Ifp,g > 1 with
% + % = 1, then the following inequalities hold true for a, f > 1:

7z (@ Ilsr ) 77 (Rl f @) Is@I7) < 278 (w1 IF (w051
4272 (w18 TE (@I, (10)
72 () f @80 I (@ lgl) < 578 (@I )1) 7 () 32) 1)
4272 (R@ls)1) TF () F 1) an
and
¢ () f () TP (w@ @) < 277 (wIF ) T ()81
+ 278 (@) 181 T () F()1). (12)
Proof. Similar to the proof of Theorem 5. [J

Remark 1. Leta = =1,T=Z,a=1,x=b=n+1,w=1, f(k) = x, € [0,+00) and g(k) = yx € [0, +0c0)
fork =1,2,...,n. Then inequalities (5), (6) and (7) become

n p—l n q—l 1 n n 1 n n
Yoy ) ) S*Zx Zy oYY v (13)
k=1 k=1 P31 k=1 U
n n 1 1 n n
Yoxyk Y xp oyl <Y x Yyl (14)
k=1 k=1 k=1 k=1

and
n 2 1 n p n p 1 n l] n q
Yok S} Y vt )y Y Y (15)
k=1 Pi=n k= L Ry

We give an extension of more dynamic Young’s inequalities by using the time scale A-Riemann-Liouville
type fractional integral.

Theorem 7. Let w, f,g € Cyy([a,b]r,R) be A~integrable functions and hy_1(.,.), hg_1(.,.) > 0. If p,q > 1 with
% + % =1, then the following inequalities hold true for o, p > 1:

Z¢ (Jo ()| f(x)g () ) ZF (ol >r|f<x>|?|g<x>5)s;Is<|w<x>||f<x>|p>zf(|w<x>||g<x>|2)
- ACCINOREACOIIER (16)
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73 ([l F (017 8(0)17) T8 (Jw)llf ()P gl ) < ;zg (lo()l1f(x)2) ZF (fw(x)lIg()]7)
+ ;Iz‘ (I0(0) 180 ) Z8 (o)1 (x)[7) (17)
and
A w(x x%x B w(x x%x 1‘wa X)[2) ZP (Jw(x x
Z (@I @1 lg@)1) 28 (@I @171200)1) < T8 (e @IIF0)P) 72 (@)]26)17)
+ jlzs (o()lg(x)|) 28 (Jeo(x)lIf(x)I) (18)

2 2
Proof. For the proof of inequality (16), we set ¢ = |f(y)||g(z)|? and w = |f(2)|7|8(y)|, v,z € [a, x|, Vx €
[a,b]T, in the classical Young's inequality pw < 1/)7;’ + ‘*’7{1, P, w > 0, we obtain

FWIPIg(2)I* + ;If(Z)Izg(y)Iq- (19)

=N

FsWIIf()]7]3(2)]

<

< |-

Multiplying (19) by hy—1(x,0(y))hg-1(x,0(2))|w(y)w(z)|, y,z € [a,x)T, Vx € [a,b]T on both sides and
double integrating over y and z, respectively, from a to x, we get

| (e o ) I FWIBY [ s (v o @@ £ I3 ) 742
<= ([ et owleeliferey) ([ i) seRs)
o ([ heatr o) wwllsmiray ) ([ hpat o)l fe)R:). 0

Inequality (16) follows from inequality (20).

2 2
For the proof of inequality (17), we set ¢ = |{}%r and w = ‘igz))“q L f(2)),18(z)] # 0, y,z € [a,x]r,

Vx € [a,b]r, in the classical Young's inequality pw < lp% + %q, Y, w > 0 and following the same steps used in
the proof of inequality (16), we obtain the desired result.

2 2
Now, for the proof of inequality (18), we set ¢ = [f(y)|7|g(z)| and w = |f(z)|7|g(y)|, v,z € [a,x|T,
Vx € [a,b]r, in the classical Young's inequality pw < IIJ% + %q, P, w > 0 and following the same steps used in
the proof of inequality (16), we obtain the desired result. This completes the proof of Theorem 7. [

Next, we give an extension of more dynamic Young’s inequalities by using the time scale
V-Riemann-Liouville type fractional integral.

Theorem 8. Let w, f,g € Cyy ([a,b]r, R) be V—integrable functions and hy,_1(.,.), fzﬁ_l(., ) > 0. If p,qg > 1 with
% + % = 1, then the following inequalities hold true for o, f > 1:

T ([0l f(0)()) T ([ @)l [f(0)]TIg(x)]7) < :,J;* ((llf(0)17) T (o (x)]1g(x)1)

+ ;Jf (o))" TF (loG)llf(x)7), 1)
& w(x x%x%ﬁwx x) [P g(x)]97 1 1“wx ) [2) TP (lw(x)||g(x

i (@I @I lg@)17) I (@I P 2@1) < 278 (@IIFP) F (v @)ligl)

+ ;J;* (lo(0)llg(x)2) 7 (Jw()[[f(x)1P) 22)
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and

e (Je@)1F ()17 1g01) 7 (lo@f 01 I3()]) < ;J (lo()l1f)2) T (J(x)]3(x)]P)

+ ;Jf (o()lig)") IF (e@)lIf)?2). (23)
Proof. Similar to the proof of Theorem 7. [

Remark 2. Leta =f=1,T=Za=1x=b=n+1w=1, f(k) = x € [0,4+00) and g(k) = yx € [0, +0)
fork =1,2,...,n. Then inequalities (16), (17) and (18) become

Y Y vl (24)

n 2 2 n 1 g-1 1 2 ) n 12 n )
PRI I S A D D W D I (25)
k=1 k=1 P31 k=1 Te=1 k=1
and
NN o (v
Yoty iy < }oap )y | T (26)
k=1 k=1 =1 k= \P 1

4. Dynamic Qi’s inequality

In this section, we give an extension of dynamic Qi’s inequalities by using the time scale
A-Riemann-Liouville type fractional integral.

Theorem 9. Let w, f,g,h € Cpy([a,b]T, R — {0}) be A—integrable functions with 0 < m < % < M < coon

[a,x]|T, Vx € [a,b]r satisfying |f (y)|%| <y )\ |h(y )\r = ¢, where c is a positive real number. Assume further that
%—l—%%—% =0,hy1(,.) >0and a > 1.

(i) Ifp>0,q>0,7r <0, then

{Z5 (@)D} (T3 ()]} T3 (@) h(x))}7 > ¢ (WI ) : 27)

) -

= 1. Applying

(ii)) If p < 0,9 <0,r >0, then

(T3 (@)1 ()37 (T3 (@)D} T8 () h(x))}7 < (

Proof. Case (i). The given condition 1 + + = = 0 can be rearranged to yield C p) + (_

\i\&
~—|

dynamic Rogers-Holder’s inequality [2] for —E>1and -1 >1, weget

[ Rl s oy < ([ ewiois) | ([ ewisos) e

From (29), we have that

QH

_r
q

[ rwisw s oy < ([ IW(y>IIf(y)I;|f(y>|5Ay); < ([ s Flso1Fay)
(30)
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From the given condition, we obtain

r

FWI7 < MIgW)) 7, 1) T < mi|f(y)| 7,

on the set [, x|, Vx € [a, b]1. From the above inequality, it follows that

i # ([ ewllsw)l sy

| lwlIF @) 13| Ay < Mr
([ Rwlsw w1 ay) @

‘E\ﬁ

Therefore

r

[ s sy < MEnF [ ow)llst)l )l oy (32)

Again, applying dynamic Rogers-Hoélder’s inequality on the right-hand side of inequality (32), we obtain

r

[ Rl s oy < ([ awliswisy) T ([ eoiioms) e

1
r

Using the condition that |f(y)|%|g(y)|%|h(y)|
Vx € [a, b]T, the inequality (33) becomes

[ e etlinw)iay < (/ wliswisy) ([ wlsmisy) o

Taking power —1 > 0 on both sides of inequality (34) and replacing |w(y)| by h,—1(x, c(y))|w(y)|, y €
[a,x)T, Vx € [a,b]T, we obtain the desired inequality (27).
The proof of Case (ii) is similar to that of Case (i). This completes the proof of Theorem 9. [

= ¢, where c is a positive real number and y € [a, x|,

Next, we give an extension of dynamic Qi’s inequalities by using the time scale V-Riemann-Liouville
type fractional integral.

Theorem 10. Let w, f,g,h € Cyy ([a, b1, R — {0}) be V—integrable functions with 0 < m < Wl < M < o0 on

TsWl
[ﬂ X]T, Vx € [a,bly satisfying |f(y)|7|g()]7 h(y)|

7 = wherecisa positive real number. Assume further that
Sttt E=004 () >0anda>1.

(i) Ifp>0,9>0,r <O, then

(T8 (I FED} T ()8} {TF ()l [h(x))}F > ¢

o
Z |3
'EN‘H *‘N\H

SN——

i
—~~
W
Q1
N

(ii) Ifp <0, <0, >0, then

(T (@D ATE (w)lIgD}? (T2 (w()[B(x))} < e (mqj ) ' (36)

Proof. Similar to the proof of Theorem 9. [



Eng. Appl. Sci. Lett. 2020, 3(4), 19-27 26

Remark 3. Leta = 1, T =R, x =b,r = —1,c =1, w = 1and f(y),¢(y) € (0,4), Yy € [a,b]. Then
inequality (27) reduces to

isltar < ™7 ([ ) ([ sto)” @)

The inequality (37) can be found in [14].

Remark 4. Leta =1, x=b,r=—1,c=1,w=1and f(y),g(y) € (0, +0c0), Vy € [a,b]7. Then inequality (27)

reduces to
[ isoniay < M ([ swar) ([ sta)" e8)

ma?

The inequality (38) may be found in [10].

11 9
Corollary 1. Let xi, Yy, zx € (0,+00) with0 < m < % <M < oofork € {1,2,...,n} satisfying x[ y/z[ = c,
where c is a positive real number. Assume further that % + % + % =0,p,q9reR—-{0}.

()
(£ (£)

Proof. Puttinga =1, T=7,a=1,x =b =n+1and w = 1 in Theorem 9, we obtain the inequalities (39) and
(40). O

(i) Ifp>0,9>0,r <O, then

S

(i%) >c mi . (39)

k=1

=
e
L=
<
=
N———
==

(ii) Ifp <0, < 0,7 >0, then

—r

(izk> <c mi . (40)

S|
—

N
==

k=1

5. Conclusion

Young’s inequalities on fractional calculus by means of generalized fractional integrals can be found
in [15]. Such inequalities on fractional calculus by Hadamard fractional integral operator can be found in
[16]. Motivated by the work, we have obtained dynamic Young’s inequalities on fractional calculus of time
scales, which has become a significant way in pure and applied mathematics. We have also developed several
versions of dynamic Qi’s inequalities on fractional calculus of time scales.
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