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1. Introduction and Preliminaries

F or a convex mapping []: I — R on a real interval, for all f1, f, € I and t € [0, 1], the inequality

fitf 1 f2 [1(f1) +T1(f2)
T(225) < i ), Tan < TEHEE, Q

is known as the Hermite-Hadamard inequality [1]. The inequality (1) has been established for several
generalized convex functions [2-9]. Dragomir [10] and Sarikaya [11] calculated Hermite-Hadamard inequality
for co-ordinated convex functions. They define co-ordinated convex function as:

Definition 1. [10] A function ] : A = [f1, f2] % [¢1,$2] € R? — R is called co-ordinate convex on A with
f1 < frand g1 < g, if the partial functions

Hy : [fl/fZ] - R, Hy(”) = H(u/y)r and IL: [glng] - R, Hx(v) = H(x/ Z)),

are convex for all x € [fy, 2] and y € [g1, §2]-
Sarikaya [11] define the co-ordinated convex function as:

Definition 2. [11] A function [T : A = [f1, f2] % [¢1,82] € R* — R is called coordinate convex on A with
f1 < fz and g1 < &2, if

H(tlx + (1 — tl)Z, by + (1 — fz)w)
<tub[[xy) +h(1-)[[(xw) + A -t)L][(zy) + (1 -t)A-0)[](zw),

holds for all t1,t; € [0,1] and (x,y), (z,w) € A.
Every convex function is co-ordinated convex but not conversely [10].

Theorem 3. [10] Let [1: A = [f1, f2] X [g1,82] € R? — R be convex on A with fi < fo and g1 < g». Then
hthf 81+82)<1 1 /’fZ ( 81+82) 1 /’gz (f1+fz )

5, 5 < 5 X, dx + —— == y)d

(252 85) <3| g T (o252 ) avs = [PTT (252 0)

1 2 [
= (fa—f1)(g2—81) /gl /1 [1Gey)dxdy
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1 1 f2 1 f
< 4[f2—f1 /fl l—l(x,gl)dx—i-fiz_f1 /1 H(x,d)dx

1 82 1 o)
Q-5 /81 H(fl/y)d]/ + @ /g1 H(fz,y)d]/‘|

< H(flrgZ) +H(fl/g2> +H(f2/g1) +H(f2'g2) . (2)
- 4

+

Definition 4. [12] A function [T : A = [f1, fo] x [¢1,82] € R?* — R is called harmonically convex on A with
f1 < fz and g1 < &2, if

xz yw B B
I1 <t1x+(1—t1)z’t2y+(1—t2)w> <tub[Joy) +1-t)A-0) [z w),
holds for all t1,t, € [0,1] and (x,vy), (z,w) € A.

Definition 5. [12] A function [T : A = [f1, f2] X [81,§2] € (0,00) x (0,00) — R is called coordinated
harmonically convex on A with f; < f, and g1 < go, if

H( Xz yw )
tx+ (1—t)z by + (1—t)w

<tb[Jy) +u0-0)[[xw)+A-t)L][Ey)+ (1 -n)1-6) [z w),

holds for all t1,t, € [0,1] and (x,vy), (z,w) € A.

Note that, a function [T : A = [f1, f2] % [g1,§2] € (0,00) x (0,00) — R is called coordinated harmonically
convex on A with f; < fp and g1 < g, if the partial functions

Hy : [fl/fZ] — R, Hy(u) = H(u/y)/ Hx : [glrgZ] — R, Hx(v) = H(x,v),

are harmonically convex for all x € [f1, fo] and y € [g1, 2], (for more detail, see [9,12]).

Theorem 6. [12] Let [T : A = [f1, f2] % [81,§2] € (0,00) x (0,00) — R be co-ordinated harmonically convex on A
with f1 < fand g1 < g». Then

2fif2 2818 (fif2)(8182) foor2 T1(xy)
[l (fl + ' &1 +g2> = (fa—fi)(g2—&1) /1 /gl x2y? Aydx

< (1,81 +T1(f1,82) +H(f2/81)+1—[(f2182)_ 3)
- 4

Definition 7. [13] Let [T € L[f1, f2]. The right-hand side and left-hand side Riemann- Liouville fractional
integrals ]J’}‘l LITand ] }‘27 ITof order @ > 0 with f, > f; > 0 are defined by

I3 TI0) = 7 [ =0 T, x> £,

and
]}D(Cz* H(x) = 1-.(10‘) /xfz(t - X)“il H(t)dt, x < fa,

respectively, where I'() is the Gamma function defined by T'(«) = [~ e~'t*~1dt.

Theorem 8. [14] Let []: I C (0,00) — R be a function such that T] € Ly(f1, fo) where f1, f» € Lwith f1 < fo. IfTT
is harmonocally convex function on [f1, f2], then following inequality for fractional integral hold:

L( 2 ) < o) (A2 i (o) (£) + e (o) ()] < MU 10E
4)
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where « > 0 and Q(x) = L.

X

Definition 9. [11] Let [T € L1([f1, f2] X [g1,42]). The Riemann-Liouville integrals ]}‘ﬁ a1t I Frga— ]

—81t
and ]?ﬁ . of order «, B > 0 with f1,g; > 0 are defined by

1 xry » b

S G mnm/LL“‘“ (v = )P [Tt s)dsat, x > fry > gu,
]1+g2 [Ty /1/ s)P~ 1l_Itsalsalt x> f1y< g,
a, f

Iﬁg1+]—[xy /z/gl ﬁlntsdsdtx<f2y>g1,

and

N o1& _ -
]2,/3/82* H(xry) = 1_,@6)11_,(/3)/)( /yg (X— t)a 1(y—S)’B 1H(i’,S)det, x < f2 y < g,

respectively. Here I is the Gamma function.

Theorem 10. [11] Let [T : A = [f1, fo] x [g1,2] € R? — R be convex on A with f; < f, and g1 < o and
I1€ Li(A). Then

A+f &1+ T(a+1)T(B+1)
H( 2 2 )§4%—ﬂw&—&ﬁ
|:]f1+g1+ (f8) + 15 o T1g) + 150 o TR g) +T5F H(flrgl)}

[1(f1,81) +11(f1,82) +H(f2r81)+l—[(f2/82). ®)
4

In this paper, we gave integral results for co-ordinated harmonically convex functions via fractional
integrals.

2. Main Results

In this section, our aim is to prove some Hermite-Hadamard type ineqalities for co-ordinated
harmonically convex functions in fractional integrals.

Theorem 11. Let [T : A = [f1, f2] X [g1,82] € (0,00) x (0,00) — R be harmonically convex on A with f; < f, and
91 < g and ] € L1 (A). Then

M5 8 ) < Hm e (1) ()

f2 _fl &2 — &1
) 11 1 1
X ljl/ﬁ;l—,l/gl—(HOQ) <fZ gZ) +]1/f1—1/82+ H °0) <f2 g1>

. 11

s TTo0) (52 ) + s (TTo0) (£ gl)]
H(fl/gZ) +H(f1/g2) +H(f2/ ) H(fZ/gZ)

— 4 7

(6)
where Q(x,y) = (%,%)forall (x,y) € ([%,%L[g%/é])

Proof. Let (x,y), (z,w) € Aand ty, t; € [0,1]. Since [] is co-ordinated harmonically convex on A, we have
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H( Xz yw >
tx+ (1—t)z bhy+ (1—t)w

< titr H(x,y) + 1 (1 — tz) H(X,ZU) + (1 — tl)tz H(Z,y) + (1 — tl)(l — tz) H(Z, ZU) (7)
By taking x = — 212 5 — hfa = 8132 w= 3132 and t; =t = 3 in (7), we
y & tA+A-t)f2’ hhti-ma’ Y = hat(-h)g’ taga+(1—t2)81 1 272 /

get

H( 2fifs 2818 >

fith g1+

1 fif2 8182 fif2 8182
=1 [H <t1f1 +(1-t)fp g1+ (1 - fz)gz> 11 <f1f1 +(1-t)fp tagr+(1- fz)81>

ff2 8182 ffs 8182
11 <f1f2 +(1-t)fi" g2+ (1~ fz)g1> 11 (flfz T(I-t)fi" g1+ (1 - fz)é’z) ] ®

Multiplying both sides of (8) by t‘i‘_lt’s ! and then integrating with respect to (t1,t,) over [0,1] x [0,1],
we get

1 2f1fa 28182 Lyt fif2 8182
“ﬁn<f1+f2'81+82> : 4[/0 /0 {H<t1f1+(1—f1)f2'f2g1+(1—f2)g2>

fif2 8182 ) } a1,p-1
+ | | , T T dtdt
<t1f1+(1—f1)f2 tago + (1 —t2)g1 1 72 PR

+ /ol /o1 { I <t1f2 +J?1fz— t)fi” g1 +g(11gz— f2)82>

fifa g% ) } 1
+H <t1f2 + (1 — tl)fl’ tago + (1 — tZ)gl tl t2 dtldtz] . 9)

Applying change of variable, we find

(728 2 ) <P (L) (o)

LG ) I () ) T
) () IED ) ) T ]

Then by multiplying and dividing by I'(a)T'(B) on right hand side of inequality (10), we get the first
inequality of (6). For the second inequality of (6) we use the co-ordinated harmonically convexity of [] as:

fif 8182
[l <t1f1 +(1—t)fa" tag1 + (1 — fz)gz>
<t [[(fL81) + (1 =) [[(f,82) + (1 —t) [ [(f281) + (1 = t1)(1 = t2) [ [(f2, £2),

fif 8182
[l <t1f1 +(1—t)fa" taga + (1~ fz)gl>
<t [[(f,82) + (1 —t) [[(fL81) + (1 —t) [ [(f282) + (1 = t1)(1 = t2) [ [(f2, 81),
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fif2 2182
[l (flfz + (1 =t)fi" tag1 + (1 — t2)82>
<t [[(f281) + (1 —t2) [ [(f2.82) + 1 —t)2 [ [(f1,81) + (1 = t1)(1 — t2) [ [(f1, 82).

and

fife 182
Il <f1f2 +(1=t1)fi" taga + (1~ tz)Sl)
<thb[[(fr&) +h(1—0)[[(f281)+ (1 —t)t] [(fi,g2) + (1 —t)(1—t2) [ [(f1,&1)-

Then by adding above inequalities, we get

fife 8182 fif 182
I <t1f1 + (1 -t)f2 g1 +(1— fz)gz) +11 (tlfl +(1—t)f2" taga + (1 — f2)gl>

fif2 8182 fif2 8182
+11 (tlfz +(1-t)fi’ g1+ (11— tz)&) +11 (tle +(1—t)fi" taga+ (1~ f2)81>
<TI(f81) + [ 1(f2.81) + [ [(f1.82) + T [(f2r £2)- (11)

Thus by multiplying (11) by 15’1‘*11,‘2’5 ~! and then integrating with respect to (1, 1) over [0,1] x [0,1], w
get the second inequality of (6). Hence the proof is completed.
O

Remark 1. In Theorem 11, if one takes « = § = 1 and using change of variable # = 1/x and v = 1/y, then one
has Theorem in [12].

Theorem 12. Let ] : A = [f1, f2] % [¢1,£2] C (0,00) x (0,00) — R be harmonically convex on A with f1 < f; and
g1 < gand¥ € Li(A). Then

2fif2 28182 Ta+1) [ fifo \*
H<f1+fz'gl+gz)S 4 (fz—f1>

1 2 1 2
X []i)‘/fﬁ(noﬂl) ( 8182 )+]{¢/C](Ho < 8182 >

&1+ f'g1+8 }
) []f/ngr(HOQZ) <f?ﬁf12[2'811> Il/gl_ ([Te02) (f?fjrfjcz gz)]

e (0 (25 st i)
11

10 () T (£ ) o100 (.2

< F(a;l— D) (fzfl_fzfl> [Ii‘/m(l_loﬂﬂ (;1/82> +]ix/f2+(H001) (}1/81)
+ 15— ([ Tou) (;2/81> +Ji/p— (T To) <;2g1>]

D (5 4, 1o (1) s L ()

82— 81
By (TT008) (i) + Ry (TTo0) (fo )]

[1(f1,81) +T1(f1,&2) +T1(f2,81) +T1(f2, 82)
< I ,

where Q(x,y) = ( ) O1(x,y) = ( y) and Oy (x,y) = ( ,i)forall (x,y) € ([%2,%], [é,é])

/3+1 ( 1% )5
— 81

(12)
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Proof. Since [ is co-ordinated harmonically convex on A then we have [T, : [f1, f2] = R, I (v) =T1(%,y),

is harmonically convex on [g1, 2] for all x € {fl R } Then from inequality (4), we have

1:[( 28182 ) < F(ﬁ;— 1) ( 182 )ﬁ [ff/c(HOQZ) (glz) +]f/g2+(1:[o(22) (1)]

81+ 82 82— &1 1 81
IT1(81) +1T11(82)
< 2 i (13)
2
In other words,
1 2418 ) - ﬁ( 192 )ﬁ /1/g1( 1 )l“ (1 1)
—, el ) < B 28t - = =, 2)d
H(x g1+82 2\&—&1 J1/8, Y Iy Il Xy Y
Vg /1 p-1 11 H(%,gl)JrH(%/gz)
v [ (—) <>d < , 14
1/ \81 Y I1 X'y Y 2 (14)

forall x € |1, L1|. Now by multiplying (14) b a(x-1/f)*7 flfz * and *U/fi-0) flfz a, and then
R H y piyms y 2 i z f-h

271

integrating with respect to x over [1/ f,,1/ f1], respectively, we find
a( fife )“ 1/f1< 1)“‘1 (1 29192 )d <0</5< fifo )a< 8182 )ﬁ
s (705) L (o) MGREE)e =T (725%) (3%
Ufi (U ol 1\l /11
- — dyd
* l/l/fz /1/82 < ) (]/ g2> H(x ]/) Y
1/ p1/s1 a1 rq p-1 11
— =~ ) dyd
+~/l/f2 ~/1/g2 ( ) (gl ]/) H(x 3/) Y X]
ap (_Nfo Va1 OH Vi 1) h (1 )
(fz—f1> [/1/1‘2 ! f2> 'gl +/ T{zs2)de, 09

() () I 2 e (Y (Y
L ) - 2) ) e
L () () T ]
<R[ ()T s [ (5 2) T (L) ] o
Again by similar arguments for [T, : [fy, 2] = B, TT, (x) = T1(x, }), we get
() L () ()
<L) ) o h (- 5) () T () e
L () () T (R e

and
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LG (L0622 6-3) ()] o

and
B ( 818 1/8 2fifs 14
: ((xg,B fl?cz o <8182 yz 1/f<f11/_;f2 > a—1 p-1 11
S4(f2 ) ( ) [/1/f /1/g ( > (1y> H<x y)dydx
a—1 1
R C ) (s
S [ G o) Tl [ (o) (e )] o

By adding inequalities (15)—(18), we have

T(“:l) (fzfl—fzfl)a []{‘/fH(H o) (jzllgzlgj-ggzz) e To) <J}2 gzlg*l‘gé;ﬂ

D () e Toon (25 5) o0 (2252

< Hex DIE+1) (fffjcl)“<gf“’;)ﬁx[f?{’i,m(n O (fa) i 10 (£ 5)
+138 T Te0) (; ;)Hf o (TTe0) (;1;1)]
D (A2 [ o0 () T ()

+ 11— ([ To) ( gl) (o) (;2,@)}
+ F(ﬁ: . (gfl—g;> [Il/gr ([1e00) <f1/812> +]f/g17(n ) <f2,g12>
s (1o (fr )+ (o) (1)

(19)
This completes the second and third inequality of (12). Now again using (4), we have
2f1fa 2g1g2> ( fifa ) /”fl(l )“ (1 2g1gz>
, < - —x x
H(fl ths1tg 2= h 1 \Af ¢ 81+82
1/f1 1\A1 1 291

- (L 2 ] .
v U R Il X' g1+ 20

() <5 (@5 [0 Go) ()

L26-8) n(e]




Eng. Appl. Sci. Lett. 2020, 3(4), 60-74 67

Adding (20) and (21), we get
2f1fo 28182)
H<f1+f2'81+82
1"(“+1)< fif2 >“{a . (1 281g2> « . <1 28182 ﬂ
<= Ao F It/ fye (T T o) P + 11— (T To) 5ot o

PTED (s (e (2, 1) 4t ([To (222, 1)) )

This completes the first inequality of (12). For the last inequality by using (4), we have

(25 (07 o) M) [ () )]

< I1(f1,81) erl—l(fzfgl),

G5 [0 Gl oo [ () ()]

< (f1182>'; (f2:82)

R ) s e (O PR PR s [0 P
(f1/81)42r (f1,82)

§<gf”_g;>ﬁ () T (e [ (o 1) () o]

_H(f2/g1) H(fzfgz)_

Thus by adding all above inequalities, we get the last inequality of (12). Hence the proof is completed. [

Lemma 1. Let [T : A = [f1, f2] X [g1,£2] C (0,00) x (0,00) — R be a partial differentiable mapping on A with
0< fi < frand 0 < g1 < go. If3> ] /019ty € L1(A), then following holds:

[1(f1,81) +I1(f1,82) +I1(f2,81) +I1(f2,82) +r(“+1)r(5+1)< fifo >a< 8182 )ﬁ
4 4 f2o—h 28

1 1 B 11
[]1/f2+ g+ ([ To0) <f1 g1) + 1175 1/ger ([0 (fZIgl)

+]1/fz+1/g1 (ITe )<f g) ]1/f1 s 1e0) (;fgt)] :

_ Nfos182(f2— f1)(g2 — &1) //1 K PT (fife qig dtodt
4 A7 B 9hdty \ Ay, By, 260

[1

/ / 1—f1 f‘B 82 (flfz gng)dt dt / /1 th 1—t2 :B 82 <f1f2 glgz)dtdel

A2 32 ot1ot; \ Ay, " By, A2 32 ototy \ Ay, " By,
(1—t)%(1—t)P 2TT [ fifo 1%
/ / A? B? o109ty \ Ay, " By, dizdty |, (23)

where
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[z

= F(a:l) <ffl_f§1)a {]{‘/m(]‘[onl) (;,gz> + 11— ([ Ton) (;z,gz) + 11 ([ Ton) (131’&)
T (fo) |+ P2 () 0 (5.

82— &

By TTo0) (Fr )+ T ([To0) (fo ) 1[0 () | @)

and Ay, = t1fi + (1 — 1) fo, By, = tac+ (1 — kp)d. Also, g(x,y) = (4, %), s1(xy) = (L,y), and g2(x,y) = (x, %)
forall (x,y) € A.

Proof. By integration by parts and using the change of variable x = % andy = glj%, we find that
: :/1/1 B 2] <f1f2 g1g2>dt2dt
! A2B2 0ty \ A, " By, 1
1
_/1 4 t (flfz g1g2> _ & 7/1 1911 <f1f2 gng)dtl dt,
fifo(fa— f1) afz Ay’ By, o fAf(fa—fi)Jo 1 ot \ Ay " By

= ; LI i o« [ P EA (AR sis
_flfz(fz_fl)/o BZ oty (fz' By, )dtz flfz(fz—f1)/0 g {/0 B2 oty (Aq' By, )dtz}dtl

_ 1 _ p B 1 2182
- fifes182(fa - f1)(g2 — 81) [10282) f1f28182(f2 = f1)(g2 — g1) /0 g <f2' By, ) a2

f1f2g1gz(f2ff1)(gz—81 / i 1H<Jj‘11£2 )

ap w1177 (12 8182
* f1f28182(f2 — f1)(82 — &1) / nn Il < Ar " By > a2
— 1 5182 \F 5 1
T hhsigh- )@ -g) {H(h’gﬁ “TE+D (gz —g1> g+ (T1o0%2) (fz’gl)

~T(a+1) <ff1f2fl)“ It fyr (T T o) (J}l,gz) +T(a+1)I(+1)

(#5) (25) e 0 (7))

(25)
Similarly, we can have
= / / 5 gztiaz i aatjatz (J;llf’géiz) dizdhy
" fifsige(f2 —1f1)(82 - 81) {H(fl'gl) I (8g1—g2 ) ]1/g2+ ([Toe) ( 811>
+T(a+1) (fflfzfl> I35 ([ Tom) (;,@) —T(a+1)T(B+1)
(fzfl—fzf1> (851—%8’1)/5 higasgr 1o (fl gl>} (26)

LE(1—t)P 211 (fifr 218
5 _/ / AZBL 9hdh (Atl’ B;, )dtzdtl
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_ 1 B 2182\’ 5 R 1
- fihg1g(fa— f1)(g2—g1) [ [0z ) +T(E+1) <82 81) Jirg,-(LTo%) (fz' gz)
1+ (L) 1y [T (8 T+ DE(E+D)
frf2 152 \P [ 11
(fz—f1> <82—81> 1176~ (110 (f1 82)] @7
(1—t)%1 —1t)P 3T
ls= / / tjqz B 2 3t10t (ﬁf’ géiz) dizdhy
_ 1 _ 2182 \F 5 o 1
_fhhg@ﬂﬁr—ﬁ)@z—gn{IIULgﬁ Ixﬁ+1)<gz—gd) h@l(rlgb)(ﬁﬂ@)
—rm+4)<ﬁﬁ2> ﬁﬁlq1009<;/&>+rm+nﬁxﬁ+n
fife 2192 \P wp . 11
(fl f1> (82—81) his-1sg- 1o <f2'g2>} @)
Thus from equalities (25)—(28), we have
b ha 1, = O HTug) +11(.81) + 111 82) I(p+1) (gsz
! ST f1f28182(f2 — f1)(82 — 81) fif28182(f2 — f1)(82—81) \&2— &1
[]1/3 ([ Te) (fz) +]1ﬁ/g2+(1_[002) <f1/gll> +If/gl,(l_[ o)) <f2,glz> +If/g1,(n o))
F(D‘"i_l) flfz : « o l « o
S H f1f28182(f2 — f1)(g2 — 81) (fz—fl) [h/fﬁ(n M) (fl'g2>+]l/f1(n M)

N . o (L T+ DT(B+1)
) +1i/ e ([ To) (f /g1> + 115 ([Te) (fz'gl) ] T b — (g —g1)

1 1
[]1/f2+1/gz+H of1) <f1 > ]1/f1 16+ ([T°0) <fz'g1>
1 1
+]1/f2+1/g1 ([T ( ) ]1/f1 16— [T°9) <f2'g2>} (29)

Multiplying both sides of equality (29) by hbaiglf, z;f D&2=81) e get the desired equality (23). [

g
(%

82
X 82

Theorem 13. Let [T : A = [f1, f2] X [81,82] € (0,00) x (0,00) — R be a partial differentiable mapping on A with
0< fi < frand 0 < g < g. If |0*[1/0t10t2| is a harmonically convex on the co-ordinates on A, then following

holds:

[1(f1,81) +I1(f1,82) +I1(f2, 81) + T1(f2, 82) +1"(oc+1)1"([3+1)( fif2 )’X( 8182 )’3
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+h/fz+1/g1— ([To0) (fl 82) Il/fl w1 (;2312)] .
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T4+ 1)(B+1)(a+2)(B+2) ot10t, 1,82

%11
m(fwgz)

[1]

2

- I1
% atlatz(flrgl) + b

2

oI
+ 03 m(f%gl) + 9y

] , (30)
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where

0y = (+1)(B+1)2F, (2,a+2;0c+3;1—fl) JF (2 B+2B+3; i)

f2
+(B+1) 2R (2,2;a+3;1£) o (2 B+2B+3; ;‘;) »F (2 -+ 2a+3; 2)
x 2F <2,2;ﬂ+3;1—§;> + 2k <2,2;Dé+3;1—£> 2F (2,2;54-3;1—;), (31)
% =(B+1)F (2,0(4—1;0(4-3,‘1—?) »F (2,,3—1—2,‘,3—0—3;1—?)
2 2
+(a+1)(B+1)2F (2,1;0c+3; _?) F, (2,ﬁ+2;/5+3; §1)+2F1 (2 a+1a+3; 2)
X oF (2,2;[5—1—3; ;) T LR (2,1;a+3,- —?) LF <2 2B+31— 2) (32)
03 =(a+1)F <2,¢x+2;oc+3; —?) 2F <2 B+1,8+31— ?)
2
+(B+1)F (2,2;0&—0—3;1—?) 2F (2,,8—0—1;/34—3;1—?) +(B+1) 2R <2 a+2;0+3; ?)
2 2 2
x 2F <2,1;ﬁ+3;1§1) +oF (2,2;a+3;1£> 2R (2,1;ﬁ+3;1§;), (33)
8, = HF (2 0+ TLa+3; 1—f> SF (2 B+1;8+3; gl)
f2 0
+(0‘+1)2F1<211;0‘+3;1_;1> 2F1(2/3+1 IB+3 §1>+(,B+1>2F1<206+1 a+31— ;l)
2 2 2
x oF; (2 1,+3; ?) (a+1)(B+1)2F (2,1;zx+3;1—j:1> oF (2,1;/3+3;1—§1). (34)
2 2

Proof. Using Lemma 1, we have

[1(f1,81) +11(f1,82) +T1(f2,81) +T1(f2,82) +F(“+1)F(ﬁ+1)( fifz >“< 8182 )ﬁ
4 4 f2—hA 22— 81

i 1 1 «, 11
" []1/6‘z+,1/g1+(1_[ )<f 81 >+]1/€[1/1/32+(HOQ) (leé’l)

1 1 1 1
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_ fif28182(f> — f1)(g2 — &1) / /1 A PT (fif ag dt,dt
4 A} B oot \ A, By, !

_ a2 K(1— 1)f
(1—t)*t;, 0*T1 (fife 182 / /1t (1—t)f 211 (fifr 512
+/ / A 32 dt19t (Atl' B, )49t A2B? 8t18tz 4y B, )P

_ —t,)B 92
P [ [ OStR ) P (1 ) dtzdh], (35)

&3]

Az B2 dt10ty Ay " By,

. . . . 211
Now using co-ordinated harmonically convexity of ‘ 96005 |7
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[1(f1,81) +I1(f1,82) +T1(f2,81) +I1(f2,82) +F(o¢+1)F([3+1)( fifz )“( 8182 )ﬁ
4 4 f2—h 28

1 1 /3 1 1
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+]1/Ii‘2+,1/g17(1—[ Q) (f 2 ) +]l/f171/g1 (HOQ) (le g2>] —
< N8 — f1)(82— 81) [/1 /1 { A L= b))% L Ha- t)P

! A%1 Btzz A%1 szz A%l B %2
(1—1)%(1 —t)P ﬂ ) ﬂ
82H aZH
thi-n) W(fl’g” +A-t)(1-h) m(fzfgz) didh

[ wu e AR A5

Pea | 11 B (- (1 —h)F (1—1) (1 t)P
< siyat; o) dndez+ [ “‘“)tz{Ag 2T ap T aip T Alp
1 2 1 2 1 2 1 2
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After calculating above integrations, we get the required result. [

Theorem 14. Let []: A = [f1, f2] X [81,§2] € (0,00) x (0,00) — R be a partial differentiable mapping on A with
0< fi< foand0 < g1 < . If |82H 1,4 > 1, is a harmonically convex on the co-ordinates on A, then

following holds:
‘H(fl,g1)+1'[(f1,gz)+H(fz,g1)+H(fz,gz)+T(D¢+1)T(ﬁ+1)( fif2 ) ( 3182 )*‘3

4 4 f2—h 2 -8

1 1 a,
[]1/f2+1/g1 ([T <f1'g1> 1/[}1—1/&* T[T <f2 81>

11 1
+]1/f2+1/g1 HOQ) (flrg2> l/f171/g1 H Q (f2 gz)] o

f181(f2 — f1)(g2 — g1) 1 y y y
= 4faga((pa+1)(pB+1)]1/P [‘P R A P}

02 1 32 q
’atlzla}z(flrgl)‘ +'W§2(f1/gz)‘

[1]

82 q aZ q l/q
Tk gD + |73k (20|

(37)

4

where
fi

Y = 2h <2p,ptx+1 pa +2; 1_f2> 2F <2p,p,3+1;]0,3+2;1—§i>, (38)
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Py = 2F <2p,1;ptx+2;1 — }z) »Fi (2p,pﬁ+ LpB+2;1— ;) , (39)
Y3 = o <2p,p¢x+ Lpa+2;1— 2) LF <2p,1;pﬂ+2;1 - ;) ) (40)
Py = 2F <2P, Lpa+2;1— {%) 2F (ZP, LpB+2;1— ;) (41)

Proof. Applying the Holder’s inequality for double integrals in (35), we get
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1/p
S / / L — 2 dtydt / / S thﬁdt dt
4 0 A2PB2P 281 AZBY 24ty
1/p
1 tp 1—t2 1_tl pa tz)pﬁ
(/ / ZpB2p dt2dt]) (/ / ZPBZP dt2dt1

fife 2182\’ B
1/2 152
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. . . . 217 |7
Using co-ordinated harmonically convexity of ‘ %

, we get
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1/p
1Y (1 — )PP (1—t1)P*(1 — t)PP
/ / 2]9 2P ———————dlydthy / / 2]9 tzp dtydty
2
92 q 92 q 92 q 92 q 1/q
‘7Bt1<’£t12(f1’g1)‘ +‘7at1art12(f1fgz)’ +‘7at1£t[2(f2r81)’ +’73t1(¥2(f2,82)‘

1 (43)

By calculating all integrals, we get the required result (37). O

3. Conclusion

In Theorem 11 and 12, we have proved some new Hermite-Hadamard type inequalities for co-ordinated

harmonically convex on a rectangle via Riemann-Liouville fractional integrals. In Lemma 1, we have

proved a fractional integral identity and then with the help of this Lemma 1 we proved some fractional
Hermite-Hadamard type inequalities on the co-ordinates.
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