
Article

Hermite-Hadamard-Fejér type inequalities for
co-ordinated harmonically convex functions via
Katugampola fractional integrals

Naila Mehreen1,∗ and Matloob Anwar1

1 School of Natural Sciences, National University of Sciences and Technology, H-12 Islamabad, Pakistan.
* Correspondence: nailamehreen@gmail.com

Received: 20 November 2020; Accepted: 24 March 2021; Published: 21 April 2021.

Abstract: The aim of this paper is to establish the Hermite-Hadamard-Fejér type inequalities for co-ordinated
harmonically convex functions via Katugampola fractional integral. We provide Hermite-Hadamard-Fejér
inequalities for harmonically convex functions via Katugampola fractional integral in one dimension.
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1. Introduction

A function f : K → R, where K is an interval of real numbers, is called convex if the following inequality
holds:

f (ru1 + (1− r)u2) ≤ r f (u1) + (1− r) f (u2), (1)

for all u1, u2 ∈ K and r ∈ [0, 1]. Function f is called concave if − f is convex.
The Hermite-Hadamard inequality [1] for convex functions f : K → R on an interval of real line is:

f
(

u1 + u2

2

)
≤ 1

u2 − u1

∫ u2

u1

f (x)dx ≤ f (u1) + f (u2)

2
, (2)

where u1, u2 ∈ K with u1 < u2. Then Fejér [2] introduced the weighted generalization of (2) as follows

f
(

u1 + u2

2

) ∫ u2

u1

g(x)dx ≤ 1
u2 − u1

∫ u2

u1

f (x)g(x)dx ≤ f (u1) + f (u2)

2

∫ u2

u1

g(x)dx, (3)

where g : [u1, u2] → R is nonnegative, integrable and symmetric to (u1 + u2)/2. For more results and details
see [3–14].

Definition 1 ([15]). LetK ⊂ R \ {0} be a real interval. A function f : K → R is said to be harmonically convex,
if

f
(

u1u2

ru1 + (1− r)u2

)
≤ r f (u2) + (1− r) f (u1), (4)

for all u1, u2 ∈ K and r ∈ [0, 1]. If the inequality in (4) is reversed, then f is said to be harmonically concave.

Dragomir [16] gave the Hadamard’s inequality for convex functions on the co-ordinate which is defined
as:

Definition 2 ([16]). A function f : ∆ = [u1, u2]× [v1, v2] ⊆ R2 → R is called convex on the co-ordinate with
u1 < u2 and v1 < v2 if the partial functions

fy : [u1, u2]→ R, fy(a) = f (a, y) and fx : [v1, v2]→ R, fx(c) = f (x, c)

are convex for all x ∈ [u1, u2] and y ∈ [v1, v2].
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Definition 3 ([17]). A function f : ∆ = [u1, u2] × [v1, v2] ⊆ R2 → R is called co-ordinate convex on ∆ with
u1 < u2 and v1 < v2, if

f (rx + (1− r)z, τy + (1− τ)w) ≤ rτ f (x, y) + r(1− τ) f (x, w) + (1− r)τ f (z, y) + (1− r)(1− τ) f (z, w),

for all r, τ ∈ [0, 1] and (x, y), (z, w) ∈ ∆. For more results and details see [16–19].

Definition 4 ([20]). A function f : ∆ = [u1, u2] × [v1, v2] ⊆ (0, ∞) × (0, ∞) → R is called co-ordinated
harmonically convex on ∆ with u1 < u2 and v1 < v2, if

f
(

xz
rx + (1− r)z

,
yw

τy + (1− τ)w

)
≤ rτ f (x, y) + r(1− τ) f (x, w) + (1− r)τ f (z, y) + (1− r)(1− τ) f (z, w),

for all r, τ ∈ [0, 1] and (x, y), (z, w) ∈ ∆.

Clearly, a function f : ∆ = [u1, u2]× [v1, v2] ⊆ (0, ∞)× (0, ∞) → R is called harmonically convex on the
co-ordinate with u1 < u2 and v1 < v2 if the partial functions

fy : [u1, u2]→ R, fy(a) = f (a, y) and fx : [v1, v2]→ R, fx(b) = f (x, b)

are harmonically convex for all x ∈ [u1, u2] and y ∈ [v1, v2], see [21] for more details.

Definition 5 ([22]). Let [u1, u2] ⊂ R be a finite interval. The left- and right-side Katugampola fractional
integrals of order α(> 0) of f ∈ Xp

c (u1, u2) are defined by,

ρ Iα
u1+

f (x) =
ρ1−α

Γ(α)

∫ x

u1

(xρ − tρ)α−1tρ−1 f (t)dt,

and
ρ Iα

u2− f (x) =
ρ1−α

Γ(α)

∫ u2

x
(tρ − xρ)α−1tρ−1 f (t)dt,

with u1 < x < u2 and ρ > 0, where Xp
c (u1, u2) (c ∈ R, 1 ≤ p ≤ ∞ ) is the space of those complex valued

Lebesgue measurable functions f on [u1, u2] for which ‖ f ‖Xp
c
< ∞, where the norm is defined by

‖ f ‖Xp
c
=

(∫ u2

u1

|tc f (t)|p dt
t

)1/p
< ∞,

for 1 ≤ p < ∞, c ∈ R and for the case p = ∞,

‖ f ‖X∞
c = ess supu1≤t≤u2 [t

c| f (t)|].

Definition 6 ([23]). Let f ∈ L1([u1, u2] × [v1, v2]). The Katugampola fractional integrals ρ1,ρ2 Iα,β
u1+,v1+

,
ρ1,ρ2 Iα,β

u1+,v2−, ρ1,ρ2 Iα,β
u2−,v1+

and ρ1,ρ2 Iα,β
u2−,v2− of order α, β > 0 with a, c ≥ 0 are defined by

ρ1,ρ2 Iα,β
u1+,v1+

f (x, y) =
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ x

u1

∫ y

v1

(xρ1 − tρ1)α−1(yρ2 − sρ2)β−1tρ1−1sρ2−1 f (t, s)dsdt,

with x > u1, y > v1,

ρ1,ρ2 Iα,β
u1+,v2− f (x, y) =

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ x

u1

∫ v2

y
(xρ1 − tρ1)α−1(sρ2 − yρ2)β−1tρ1−1sρ2−1 f (t, s)dsdt,

with x > u1, y < v2,

ρ1,ρ2 Iα,β
u2−,v1+

f (x, y) =
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ u2

x

∫ y

v1

(tρ1 − xρ1)α−1(yρ2 − sρ2)β−1tρ1−1sρ2−1 f (t, s)dsdt,
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with x < u2, y > v1, and

ρ1,ρ2 Iα,β
u2−,v2− f (x, y) =

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ u2

x

∫ v2

y
(tρ1 − xρ1)α−1(sρ2 − yρ2)β−1tρ1−1sρ2−1 f (t, s)dsdt,

with x < u2, y < v2, respectively, where the Gamma function Γ is defined as Γ(α) =
∫ ∞

0 e−ttα−1dt.

In the next section, we give result for harmonically convex functions in one dimension.

2. Hermite-Hadamard-Fejér type inequalities

In this section, we give Hermite-Hadamard-Fejér type inequalities for harmonically convex functions via
Katugampola fractional integral in one dimension which will play a key role for the results in the next section.
Latif et al., [24] defined following useful definition:

Definition 7 ([24]). A function h : [u1, u2] ⊆ R\{0} → R is said to be harmonically symmetric with respect to
2u1u2/(u1 + u2) if

h(x) = h

(
1

1
u1

+ 1
u2
− 1

x

)
holds for all x ∈ [u1, u2].

Lemma 1. Let ρ > 0. If h : [uρ
1, uρ

2] ⊆ (0, ∞) → R is integrable and harmonically symmetric with respect to
2uρ

1uρ
2/(uρ

1 + uρ
2), then

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1) =

ρ Iα
1/u1−(h ◦ g)(1/uρ

2) =
1
2

[
ρ Iα

1/u2+
(h ◦ g)(1/uρ

1) +
ρ Iα

1/u1−(h ◦ g)(1/uρ
2)
]

, (5)

with α > 0 and g(xρ) = 1/xρ.

Proof. Since h is harmonically symmetric with respect to 2uρ
1uρ

2/(uρ
1 + uρ

2), then by definition we have h( 1
xρ ) =

h

(
1

1
uρ

1
+ 1

uρ
2
−xρ

)
, for all xρ ∈

[
1

uρ
2
, 1

uρ
1

]
. In the following integral, by setting tρ = 1

uρ
1
+ 1

uρ
2
− xρ, we get

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1) =

ρ1−α

Γ(α)

∫ 1
u1

1
u2

(
1

uρ
1
− tρ

)α−1

tρ−1h
(

1
tρ

)
dt

=
ρ1−α

Γ(α)

∫ 1
u1

1
u2

(
xρ − 1

uρ
2

)α−1

xρ−1h

 1
1

uρ
1
+ 1

uρ
2
− xρ

 dx

=
ρ1−α

Γ(α)

∫ 1
u1

1
u2

(
xρ − 1

uρ
2

)α−1

xρ−1h
(

1
xρ

)
dx

= ρ Iα
1/u1−(h ◦ g)(1/uρ

2).

This completes the proof.

Remark 1. In Lemma 1, if we take ρ 7−→ 0, we get Lemma 2 in [25].

Theorem 8. Let ρ > 0. Let f : [uρ
1, uρ

2] ⊆ (0, ∞) → R be a harmonically convex with u1 < u2 and f ∈ L1[u1, u2].
If h : [uρ

1, uρ
2] ⊆ (0, ∞) → R is nonnegative and harmonically symmetric with respect to 2uρ

1uρ
2/(uρ

1 + uρ
2), then the

following inequalities hold:

f

(
2uρ

1uρ
2

uρ
1 + uρ

2

) [
ρ Iα

1/u1−(h ◦ g)(1/uρ
2) +

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1)
]
≤
[

ρ Iα
1/u1−( f h ◦ g)(1/uρ

2) +
ρ Iα

1/u2+
( f h ◦ g)(1/uρ

1)
]
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≤
f (uρ

1) + f (uρ
2)

2

[
ρ Iα

1/u1−(h ◦ g)(1/uρ
2) +

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1)
]

, (6)

with α > 0 and g(xρ) = 1/xρ.

Proof. Since f is harmonically convex on [uρ
1, uρ

2], we have for all r ∈ [0, 1]

f

(
2uρ

1uρ
2

uρ
1 + uρ

2

)
= f

 2uρ
1uρ

2(
rρuρ

1 + (1− rρ)uρ
2

)
+
(

rρuρ
2 + (1− rρ)uρ

1

)


≤
f
(

uρ
1uρ

2
rρuρ

1+(1−rρ)uρ
2

)
+ f

(
uρ

1uρ
2

rρuρ
2+(1−rρ)uρ

1

)
2

. (7)

Multiplying (7) by rαρ−1h
(

uρ
1uρ

2
rρuρ

2+(1−rρ)uρ
1

)
on both sides and integrate with respect to [0, 1], we get

2 f

(
2uρ

1uρ
2

uρ
1 + uρ

2

) ∫ 1

0
rαρ−1h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr

≤
∫ 1

0
rαρ−1 f

(
uρ

1uρ
2

rρuρ
1 + (1− rρ)uρ

2

)
h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr

+
∫ 1

0
rαρ−1 f

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr.

Since h is harmonically symmetric with respect to 2uρ
1uρ

2/(uρ
1 + uρ

2). By setting xρ =
rρuρ

2+(1−rρ)uρ
1

uρ
1uρ

2
, we get

2

(
uρ

1uρ
2

uρ
2 − uρ

1

)α

f

(
2uρ

1uρ
2

uρ
1 + uρ

2

) ∫ 1/u1

1/u2

(
xp − 1

uρ
2

)α−1

h
(

1
xρ

)
dx

≤
(

uρ
1uρ

2

uρ
2 − uρ

1

)α
∫ 1/u1

1/u2

(
xp − 1

uρ
2

)α−1

f

 1
1

uρ
1
+ 1

uρ
2
− xρ

 h
(

1
xρ

)
dx

+
∫ 1/u1

1/u2

(
xp − 1

uρ
2

)α−1

f
(

1
xρ

)
h
(

1
xρ

)
dx


=

(
uρ

1uρ
2

uρ
2 − uρ

1

)α
∫ 1/u1

1/u2

(
1

uρ
1
− xp

)α−1

f
(

1
xρ

)
h

 1
1

uρ
1
+ 1

uρ
2
− xρ

 dx

+
∫ 1/u1

1/u2

(
xp − 1

uρ
2

)α−1

f
(

1
xρ

)
h
(

1
xρ

)
dx

 .

Then by Lemma 1, we have(
uρ

1uρ
2

uρ
2 − uρ

1

)α

ρα−1Γ(α) f

(
2uρ

1uρ
2

uρ
1 + uρ

2

) [
ρ Iα

1/u1−(h ◦ g)(1/uρ
2) +

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1)
]

≤
(

uρ
1uρ

2

uρ
2 − uρ

1

)α

ρα−1Γ(α)
[

ρ Iα
1/u1−( f h ◦ g)(1/uρ

2) +
ρ Iα

1/u2+
( f h ◦ g)(1/uρ

1)
]

. (8)

This completes the first inequality. For second inequality, we first note that if f is harmonically convex function,
then we have

f

(
uρ

1uρ
2

rρuρ
1 + (1− rρ)uρ

2

)
+ f

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
≤ f (uρ

1) + f (uρ
2). (9)
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Multiplying (8) by rαρ−1h
(

uρ
1uρ

2
rρuρ

2+(1−rρ)uρ
1

)
on both sides and integrate with respect to r ∈ [0, 1], we get

∫ 1

0
rαρ−1 f

(
uρ

1uρ
2

rρuρ
1 + (1− rρ)uρ

2

)
h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr

+
∫ 1

0
rαρ−1 f

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr

≤ ( f (uρ
1) + f (uρ

2))
∫ 1

0
rαρ−1h

(
uρ

1uρ
2

rρuρ
2 + (1− rρ)uρ

1

)
dr,

i.e., (
uρ

1uρ
2

uρ
2 − uρ

1

)α

ρα−1Γ(α)
[

ρ Iα
1/u1−( f h ◦ g)(1/uρ

2) +
ρ Iα

1/u2+
( f h ◦ g)(1/uρ

1)
]

≤
(

uρ
1uρ

2

uρ
2 − uρ

1

)α

ρα−1Γ(α)
f (uρ

1) + f (uρ
2)

2

[
ρ Iα

1/u1−(h ◦ g)(1/uρ
2) +

ρ Iα
1/u2+

(h ◦ g)(1/uρ
1)
]

.

This completes the proof.

Remark 2. 1) In Theorem 8, if we take ρ→ 1, we get Theorem 5 in [25].
2) In Theorem 8, if we take ρ→ 1 and α = 1, we get Theorem 8 in [26].

3. Hermite-Hadamard-Fejér type inequalities on co-ordinates

In this section, we established some new results by using Katugampola fractional integrals on
co-ordinates. First we give the following result:

Theorem 9. Let α, β > 0 and ρ1, ρ2 > 0. Let f : ∆ = [uρ1
1 , uρ1

2 ]× [vρ2
1 , vρ2

2 ] ⊆ (0, ∞)× (0, ∞)→ R be a co-ordinated
harmonically convex on ∆, with 0 < u1 < u2, 0 < v1 < v2. If h : ∆ → R is nonnegative and harmonically symmetric

with respect to 2u
ρ1
1 u

ρ1
2

u
ρ1
1 +u

ρ1
2

, 2vρ2
1 vρ2

2
vρ2

1 +vρ2
2

on ∆. Then

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)[
ρ1,ρ2 Iα,β

1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤1
4

[
ρ1,ρ2 Iα,β

1/u1−,1/v1−( f h ◦ g)

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
( f h ◦ g)

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−( f h ◦ g)

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
( f h ◦ g)

(
1

uρ1
1

,
1

vρ2
1

)]

≤
f (uρ1

1 , vρ2
1 ) + f (uρ1

1 , vρ2
2 ) + f (uρ1

2 , vρ2
1 ) + f (uρ1

2 , vρ2
2 )

4

×
[

ρ1,ρ2 Iα,β
1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]
, (10)

holds, where g(xρ1 , yρ2) =
(

1
xρ1 , 1

yρ2

)
.
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Proof. Since f is co-ordinated harmonically convex on ∆, we have

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)
≤1

4

[
f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)

+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)

+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)

+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)]
. (11)

Multiplying (11) by rρ1α−1τρ2β−1h
(

u
ρ1
1 u

ρ1
2

rρ1 u
ρ1
2 +(1−rρ1 )u

ρ1
1

, vρ2
1 vρ2

2
τρ2 vρ2

2 +(1−τρ2 )vρ2
1

)
on both sides and then integrating with

respect to (r, τ) over [0, 1]× [0, 1], we get

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

) ∫ 1

0

∫ 1

0
rρ1α−1τρ2β−1h

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
drdτ

≤1
4

[ ∫ 1

0

∫ 1

0
f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)

× h

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
rρ1α−1τρ2β−1drdτ

+
∫ 1

0

∫ 1

0
f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)

× h

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
rρ1α−1τρ2β−1drdτ

+
∫ 1

0

∫ 1

0
f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)

× h

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
rρ1α−1τρ2β−1drdτ

+
∫ 1

0

∫ 1

0
f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)

× h

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
rρ1α−1τρ2β−1drdτ

]
.

By change of variables xρ1 =
rρ1 u

ρ1
2 +(1−rρ1 )u

ρ1
1

u
ρ1
1 u

ρ1
2

and yρ2 =
τρ2 vρ2

2 +(1−τρ2 )vρ2
1

vρ2
1 vρ2

2
and using the symmetric property of

h, we find (
uρ1

1 uρ1
2

uρ1
2 − uρ1

1

)α (
vρ2

1 vρ2
2

vρ2
2 − vρ2

1

)β

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)

×
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dxdy

≤ 1
4

(
uρ1

1 uρ1
2

uρ1
2 − uρ1

1

)α (
vρ2

1 vρ2
2

vρ2
2 − vρ2

1

)β
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1
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× xρ1−1yρ2−1 f

 1
1

u
ρ1
1
+ 1

u
ρ1
2
− xρ1

,
1

1
vρ2

1
+ 2

vρ2
2
− yρ2

 h
(

1
xρ1

,
1

yρ2

)
dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f

 1
1

u
ρ1
1

+ 1
u

ρ1
2
− xρ1

,
1

yρ2

 h
(

1
xρ1

,
1

yρ2

)
dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f

 1
xρ1

,
1

1
vρ2

1
+ 2

vρ2
1
− yρ2

 h
(

1
xρ1

,
1

yρ2

)
dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dxdy


=

1
4

(
uρ1

1 uρ1
2

uρ1
2 − uρ1

1

)α (
vρ2

1 vρ2
2

vρ2
2 − vρ2

1

)β
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h

 1
1

u
ρ1
1
+ 1

u
ρ1
2
− xρ1

,
1

1
vρ2

1
+ 2

vρ2
2
− yρ2

 dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h

 1
1

u
ρ1
1

+ 1
u

ρ1
2
− xρ1

,
1

yρ2

 dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h

 1
xρ1

,
1

1
vρ2

1
+ 2

vρ2
2
− yρ2

 dxdy

+
∫ 1/v1

1/v2

∫ 1/u1

1/u2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dxdy

 .

Thus, we get

Γ(α)Γ(β)

ρ1−α
1 ρ

1−β
2

(
uρ1

1 uρ1
2

uρ1
2 − uρ1

1

)α (
vρ2

1 vρ2
2

vρ2
2 − vρ2

1

)β

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)

×
[

ρ1,ρ2 Iα,β
1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤ Γ(α)Γ(β)

4ρ1−α
1 ρ

1−β
2

(
uρ1

1 uρ1
2

uρ1
2 − uρ1

1

)α (
vρ2

1 vρ2
2

vρ2
2 − vρ2

1

)β

×
[

ρ1,ρ2 Iα,β
1/u1−,1/v1−( f h ◦ g)

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
( f h ◦ g)

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−( f h ◦ g)

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
( f h ◦ g)

(
1

uρ1
1

,
1

vρ2
1

)]
.

This completes the first inequality of (10). For the second inequality of (10) we use the co-ordinated
harmonically convexity of f as:

f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)
+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
1 + (1− rρ1)uρ1

2
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
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+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
1 + (1− τρ2)vρ2

2

)
+ f

(
uρ1

1 uρ1
2

rρ1 uρ1
2 + (1− rρ1)uρ1

1
,

vρ2
1 vρ2

2

τρ2 vρ2
2 + (1− τρ2)vρ2

1

)
≤ f (uρ1

1 , vρ2
1 ) + f (uρ1

2 , vρ2
1 ) + f (uρ1

1 , vρ2
2 ) + f (uρ1

2 , vρ2
2 ). (12)

Thus multiplying (12) by rρ1α−1τρ2β−1h
(

u
ρ1
1 u

ρ1
2

rρ1 u
ρ1
2 +(1−rρ1 )u

ρ1
1

, vρ2
1 vρ2

2
τρ2 vρ2

2 +(1−τρ2 )vρ2
1

)
and integrating with respect to

(r, τ) over [0, 1]× [0, 1], we get the second inequality of (10). Hence the proof is completed.

Theorem 10. Let α, β > 0 and ρ1, ρ2 > 0. Let f : ∆ = [uρ1
1 , uρ1

2 ] × [vρ2
1 , vρ2

2 ] ⊆ (0, ∞) × (0, ∞) → R be a
co-ordinated harmonically convex on ∆, with 0 < u1 < u2, 0 < v1 < v2 and f ∈ L1[∆]. If h : ∆ → R is nonnegative

and harmonically symmetric with respect to 2u
ρ1
1 u

ρ1
2

u
ρ1
1 +u

ρ1
2

, 2vρ2
1 vρ2

2
vρ2

1 +vρ2
2

on ∆. Then the following inequalities hold:

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)[
ρ1,ρ2 Iα,β

1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
1

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
1

)]

≤2

[
ρ1,ρ2 Iα,β

1/u1−,1/v1− f h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
f h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1− f h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
f h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

, vρ2
1

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

, vρ2
2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

, vρ2
1

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
1

,
1

vρ2
1

)]
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+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

, vρ2
2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
uρ1

1 ,
1

vρ2
2

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
uρ1

2 ,
1

vρ2
2

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
uρ1

1 ,
1

vρ2
1

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
uρ1

2 ,
1

vρ2
1

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
1

)]

≤
f (uρ1

1 , vρ2
1 ) + f (uρ1

1 , vρ2
2 ) + f (uρ1

2 , vρ2
1 ) + f (uρ1

2 , vρ2
2 )

4

×
[

ρ1,ρ2 Iα,β
1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]
, (13)

where g(xρ1 , yρ2) =
(

1
xρ1 , 1

yρ2

)
, g1(xρ1 , yρ2) =

(
1

xρ1 , yρ2
)

and g2(xρ1 , yρ2) =
(

xρ1 , 1
yρ2

)
, respectively.

Proof. Since f is co-ordinated harmonically convex on ∆, then the function f1/xρ1 : [vρ2
1 , vρ2

2 ] → R, defined by

f1/xρ1 (yρ2) = f ( 1
xρ1 , yρ2) is harmonically convex on [vρ2

1 , vρ2
2 ] for all xρ1 ∈

[
1

u
ρ1
2

, 1
u

ρ1
1

]
. Then from (6), we have

ρ
1−β
2

Γ(β)
f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)∫ 1/v1

1/v2

(
yρ2 − 1

vρ2
2

)β−1

yρ2−1h
(

1
xρ1

,
1

yρ2

)
dy

+
∫ 1/v1

1/v2

(
1

vρ2
1
− yρ2

)β−1

yρ2−1h
(

1
xρ1

,
1

yρ2

)
dy


≤

ρ
1−β
2

Γ(β)

∫ 1/v1

1/v2

(
yρ2 − 1

vρ2
2

)β−1

yρ2−1 f h
(

1
xρ1

,
1

yρ2

)
dy

+
∫ 1/v1

1/v2

(
1

vρ2
1
− yρ2

)β−1

yρ2−1 f h
(

1
xρ1

,
1

yρ2

)
dy


≤

f
(

1
xρ1 , vρ2

1

)
+ f

(
1

xρ1 , vρ2
2

)
2

∫ 1/v1

1/v2

(
yρ2 − 1

vρ2
2

)β−1

yρ2−1h
(

1
xρ1

,
1

yρ2

)
dy

+
∫ 1/v1

1/v2

(
1

vρ2
1
− yρ2

)β−1

yρ2−1h
(

1
xρ1

,
1

yρ2

)
dy

 . (14)

Multiplying both sides of (14) by
xρ1−1

(
xρ1− 1

u
ρ1
2

)α−1

ρα−1
1 Γ(α)

and
xρ1−1

(
1

u
ρ1
1
−xρ1

)α−1

ρα−1
1 Γ(α)

, and integrating with respect to x

over
[

1
u2

, 1
u1

]
, respectively, we get
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ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)

× h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1

×
(

yρ2 − 1
vρ2

2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

 , (15)

and

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)

× h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
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≤
ρ1−α

1 ρ
1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1

×
(

yρ2 − 1
vρ2

2

)β−1

xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
. (16)

Using similar arguments for the mapping f 1
yρ2

: [uρ1
1 , uρ1

2 ]→ R, f 1
yρ2

(xρ1) = f (xρ1 , 1
yρ2 ), we have

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1 f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)

× h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

× xρ1−1yρ2−1 f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1

×
(

yρ2 − 1
vρ2

2

)β−1

xρ1−1yρ2−1 f
(

uρ1
2 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

uρ1
2 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
, (17)
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and

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1 f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)

× h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1 f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1

×
(

1
vρ2

1
− yρ2

)β−1

xρ1−1yρ2−1 f
(

bρ1 ,
1

yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1 f
(

uρ1
2 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

 .

(18)

By adding the inequalities (15)∼(18), we get

ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
1

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
1

)]
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+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
1

)]

≤2

[
ρ1,ρ2 Iα,β

1/u1−,1/v1− f h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
f h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1− f h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
f h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

, vρ2
1

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
2

,
1

vρ2
1

)]
+ ρ1 Iα

1/u1−

[
f ◦ g1

(
1

uρ1
2

, vρ2
2

)

×ρ2 Iβ
1/v1−h ◦ g2

(
1

uρ1
2

,
1

vρ2
2

)]
+ ρ1 Iα

1/u2+

[
f ◦ g1

(
1

uρ1
1

, vρ2
1

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
1

,
1

vρ2
1

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

, vρ2
2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
1

,
1

vρ2
2

)]
+ ρ2 Iβ

1/v1−

[
f ◦ g2

(
uρ1

1 ,
1

vρ2
2

)

×ρ1 Iα
1/u2+

h ◦ g1

(
1

uρ1
1

,
1

vρ2
2

)]
+ ρ2 Iβ

1/v1−

[
f ◦ g2

(
uρ1

2 ,
1

vρ2
2

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
uρ1

1 ,
1

vρ2
1

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
1

)]
+ ρ2 Iβ

1/v2+

[
f ◦ g2

(
uρ1

2 ,
1

vρ2
1

)

×ρ1 Iα
1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
1

)]
.

This completes the second and third inequality of (13). Now, using the first inequality of (6), we find

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)
f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1 f

(
1

xρ1
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
. (19)

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)
f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

× xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

× xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

]

≤
ρ1−α

1 ρ
1−β
2

Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1
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× f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

× xρ1−1yρ2−1 f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
. (20)

Adding (19) and (20) and using the fact that h is symmetric, we get

f

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

2vρ2
1 vρ2

2

vρ2
1 + vρ2

2

)[
ρ1,ρ2 Iα,β

1/u1−,1/v1−h ◦ g

(
1

uρ1
2

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u1−,1/v2+
h ◦ g

(
1

uρ1
2

,
1

vρ2
1

)

+ ρ1,ρ2 Iα,β
1/u2+,1/v1−h ◦ g

(
1

uρ1
1

,
1

vρ2
2

)
+ ρ1,ρ2 Iα,β

1/u2+,1/v2+
h ◦ g

(
1

uρ1
1

,
1

vρ2
1

)]

≤ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ1 Iα
1/u1−

[
f ◦ g1

(
1

uρ1
2

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v1−h ◦ g2

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ1 Iα
1/u2+

[
f ◦ g1

(
1

uρ1
1

,
2vρ2

1 vρ2
2

vρ2
1 + vρ2

2

)
ρ2 Iβ

1/v2+
h ◦ g2

(
1

uρ1
1

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v1−

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

2

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
2

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u1−h ◦ g1

(
1

uρ1
2

,
1

vρ2
1

)]

+ ρ2 Iβ
1/v2+

[
f ◦ g2

(
2uρ1

1 uρ1
2

uρ1
1 + uρ1

2
,

1
vρ2

1

)
ρ1 Iα

1/u2+
h ◦ g1

(
1

uρ1
1

,
1

vρ2
1

)]
.

This completes the first inequality of (13). Now, to achieve the last inequality of (13), applying the second
inequality of (6) as:

ρ1−α
1 ρ

1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
≤

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

f (uρ1
1 , vρ2

2 ) + f (uρ1
2 , vρ2

2 )

2

×

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

 , (21)
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ρ1−α
1 ρ

1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1

× f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

1
xρ1

, vρ2
1

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
≤

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

f (uρ1
1 , vρ2

1 ) + f (uρ1
2 , vρ2

1 )

2

×

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

 , (22)

ρ1−α
1 ρ

1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

uρ1
2 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

uρ1
2 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
≤

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

f (uρ1
2 , vρ2

1 ) + f (uρ1
2 , vρ2

2 )

2

×

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
xρ1 − 1

uρ1
2

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

 , (23)

and

ρ1−α
1 ρ

1−β
2

2Γ(α)Γ(β)

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1

× f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx +

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

×xρ1−1yρ2−1 f
(

uρ1
1 ,

1
yρ2

)
h
(

1
xρ1

,
1

yρ2

)
dydx

]
≤

ρ1−α
1 ρ

1−β
2

Γ(α)Γ(β)

f (uρ1
1 , vρ2

1 ) + f (uρ1
1 , vρ2

2 )

2

×

∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
yρ2 − 1

vρ2
2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

+
∫ 1/u1

1/u2

∫ 1/v1

1/v2

(
1

uρ1
1
− xρ1

)α−1(
1

vρ2
1
− yρ2

)β−1

xρ1−1yρ2−1h
(

1
xρ1

,
1

yρ2

)
dydx

 . (24)

By adding the inequalities (21)∼(24), we get the last inequality of (13).
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Remark 3. 1) From Theorems 9 and 10, we can get new Hermite-Hadamard-Fejér type inequalities for
co-ordinated harmonically convex functions via Riemann-Liouville fractional integral by taking ρ1 =

ρ2 = 1.
2) From Theorems 9 and 10, we can get new Hermite-Hadamard-Fejér type inequalities for co-ordinated

harmonically convex functions via classical integral by taking ρ1 = ρ2 = 1 and α = β = 1.

4. Conclusion

In this paper, firstly we established the Hermite-Hadamard-Fejér type inequalities for harmonically
convex function in one dimension which is further used to establish the Hermite-Hadamard-Fejér type
inequalities for harmonically convex function via Katugampola fractional integral. The results provided in
our paper are the generalizations of some earlier results.
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