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Abstract: In this article we studied and juxtaposed nonparametric Least Square and the
Olanrewaju-Olanrewaju regression-type L(O−O)λγ(|θ|)

kernels for supervised Support Vector Regressor
(SVR) machine learning of hyperplane regression in a bivariate setting. The nonparametric kernels used
to expound the SVR were Bisquare, Gaussian, Triweight, Uniform, Epanechnikov, and Triangular. A
Lagrangian multiplier estimation technique was adopted in estimating the involved SVR hyperplane
regression coefficients as well as other embedded coefficients in each of the stated kernels. In addition, point
estimates of the Euclidean distance (r) and error margin (d) in each of the SVR kernels were carved out. In a
demonstration to the annual birthrate and its percentage change (∆%) of the Nigeria populace from 1950 to
2023, the Olanrewaju-Olanrewaju regression-type kernel for SVR robustly outperformed the nonparametric
and Least Square kernel-based SVRs with a miniature Cross-Validation index of -1205.49. Hyperplane
estimated regression coefficients of 5.9% and 3.2% from the Olanrewaju-Olanrewaju kernel-based SVR were
recorded for the annual birthrate and its percentage change (∆%), respectively. Interpretably, this connotes
that for every one percent increment in the annual birthrate per 1000, the mean rate of the Nigeria populace
from 1950 to 2023 increased by 5.9% while other variables were held constant. Similarly, its percentage
change per 1000 increased by 3.2% while other variables were held constant. In recommendation, the
nonparametric and Olanrewaju-Olanrewaju regression-type SVRs as well as the Least Square SVR were
pinpointed for future consideration of categorical, missing, and zero bivariate observations.

Keywords: Kernels, Lagrangian Multiplier, Least Square, Olanrewaju-Olanrewaju Regression-Type,
Nonparametric Regression, Support Vector Regressor (SVR).

1. Introduction

S upport Vector Machine (SVM) is a Machine Learning (ML) method first proposed by [1] to capture the
scope of statistical theory, structural noise (risk) minimization, forecasting, construction of intelligent

machines, regression estimation problems for classifying classifiers, feature spaces, dependency estimation
problems, and more [1,2]. SVMs represent one of the evolving trends in designing statistical model techniques
for modern, conventional, and operational ML methods [3]. They were designed to extract trends and
deductions from empirical observations, especially dependency observations that typically arise from pattern
recognition, demographic studies, and neural networks [4,5]. When kernels such as Gaussian, Radial Basis
(RB), Gaussian additive, polynomial, sigmoid, and hyperbolic are applied, SVMs are generally regarded as
Kernel Machines (KM) [6].

According to [7], SVMs have enabled the handling of various forms of nonlinear classification and
transformation, marking a new generation of ML techniques. In many ways, the incorporation of kernels
deepens sub-symbolic ML approaches, such as artificial neural networks. However, these sub-symbolic
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learning approaches are often newly formed algorithms that combine common statistical methods rather
than relying solely on classical algorithms [8,9]. This new generation of ML methods facilitates solutions
to challenges peculiar to large-scale SVMs, such as Sequential Minimal Optimization (SMO) for solving the
quadratic programming problems that arise in parallel analogical arrangements of large-scale SVMs [10].

Another unique aspect of SVMs is their suitability for dichotomous classification, which encompasses
components of ML, neural networks, statistical inference, and non-parametric methods [11]. Similar to
mathematical financial stochastic processes, SVMs can classify financial firms as either insolvent or solvent
based on score values. These score values are typically related to financial ratios and indices in a relationship
that is neither parametric nor linear. SVMs are sometimes used to evaluate financial ratios that can
be transformed prior to analysis by classical inference techniques [12]. The introduction of kernels into
SVMs provides flexibility in selecting the discriminant that separates insolvent from solvent companies,
making it possible to accommodate either linearity or non-linearity depending on the data, as kernels are
distribution-free techniques that operate in local optima [13]. Notably, SVMs also enable the estimation of
reliable out-of-sample predictions when trained and untrained data are combined. These predictions become
more reliable when the associated smoothness and penalty parameters in the SVM setting are appropriately
chosen [14,15]. By selecting these parameters carefully, SVMs remain robust even when the training data
is biased, always delivering a unique solution because the optimality problem is convex. This is a distinct
advantage over neural networks, which often have multiple solutions corresponding to local minima, thereby
losing robustness over different samples [16].

[17] have pointed out that ML methods designed for SVMs face challenges in combining vector machine
classifiers, as each SVM model handles a different set of attributes in multiclass classifications. Consequently,
when SVM is used for regression analysis, it is usually referred to as a Support Vector Regressor (SVR) [18].
Elaborately, SVR is a kernel-based regression technique that maps both linearly and nonlinearly separable data
(whether univariate, bivariate, or multivariate) from a real-number space to a higher-dimensional space using
kernels. SVR is governed by two parameters: the regularization parameter (λ) and the gamma parameter (γ)
[19]. The regularization parameter controls the trade-off between bias and variance in SVR; smaller values
tend to lead to underfitting, while larger values may result in overfitting.

In this article, we subject the SVR to a transformable bivariate data framework in a high-dimensional space
using nonparametric kernels—Bisquare, Gaussian, Triweight, Uniform, Epanechnikov, and Triangular—and
juxtapose these with the Least Square and Olanrewaju-Olanrewaju regression-type kernels. A Lagrangian
multiplier estimation technique is adopted to estimate the involved coefficients. Additionally, the Euclidean
distance (r) and error margin (d) for the parallel hyperplane in each of these kernel-based SVRs will be
determined, along with the theoretical asymptotic generalization of the bias-variance trade-off from a kernel
perspective. Demonstratively, this write-up will be applied to the annual birthrate and its percentage change
(∆%) of the Nigerian populace from 1950 to 2023 for deductive inference, planning, and policymaking.

2. Materials and Methods

This section defines some basic notions and symbols needed for transforming and mapping the
nonlinearized Support Vector Regression (SVR) problem to linearized Support Vector Regression (SVR). This
section also provides the necessary formulae for estimating the Euclidean distance between the nearest points
of the hyperplane, as well as the error margin between parallel bounding planes. In addition, the optimality
condition required for Least Square-SVR parameter estimation via the Lagrangian multiplier effect is presented
in this section.

According to [20], SVR performs regression—both linear and nonlinear—on a hyperplane such that
linearized SVR solves any regression problem even when dealing with nonlinearly separable data. It maps the
original vector of observations, denoted by X, into a higher-dimensional feature space via a mapping function,
denoted by Ω, in order to linearize the feature space. Mathematically, let Ω ⊆ Rg,n be a higher-dimensional
feature space and X ∈ Rd be the random covariate vector, which is mapped via a many-to-one mapping

α : Rd → Ω or α : Rd → H,
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where H is a Hilbert space. Here, n represents the sample size and g denotes the Lebesgue Probability Density
Function (PDF). The linear function that generalizes SVR for regression is given by:

GΩ,n =
{

g : g(X) = wTα(X) + θ; α : Rd → Ω; θ ∈ R; w ∈ Rng
}

. (1)

Here, θ and w are the regression coefficients and the mapping observational vector (or matrix)
respectively. Given a trained bivariate dataset

Dn =
{(

X1, Y1
)
,
(
X2, Y2

)
, . . . ,

(
Xn, Yn

)}
,

where X ∈ Rd and Y ∈ R, with the regression model class GΩ,n defined in (1), the Least Square-SVR model
can be mathematically represented as:

θ̂ = min
θ, ε, w

1
2

wTw +
γ

2

n

∑
i=1

ε2
i

subject to: Yi = wTα(Xi) + θ + εi, εi = Yi − wTα(Xi)− θ, i = 1, . . . , n.

(2)

Here, γ is the regularization parameter. For transformed data (e.g., transformation required in
exponentiated and Poisson regression) or kernel-based functions (e.g., Polynomial kernel, Gaussian Radial
Basis Function (Gaussian RBF)), Dn may be transformed into

D∗
n =

{(
α(X1), Y1

)
,
(
α(X2), Y2

)
, . . . ,

(
α(Xn), Yn

)}
.

It is to be noted that
wTw

2
≈ 1

2
∥w∥2.

The Euclidean distance between the nearest point and the hyperplane is defined as:

r =
∣∣∣∣minθ, ε, w(·)

∥w∥

∣∣∣∣ , (3)

such that the error margin between parallel bounding planes, denoted by d, can be defined as

d =
2

∥w∥ = 2r.

The mapping function α is usually unknown and can be estimated using a Lagrangian multiplier setup. The
Lagrangian function corresponding to (2) is:

ML (θ, w, ε : δ) =
1
2

wTw +
γ

2

n

∑
i=1

ε2
i −

n

∑
i=1

δi

{
θ + εi + wTα(Xi)− Yi

}
. (4)

The optimality conditions for the Least Square-SVR, with δi ∈ R as the Lagrangian multipliers, are given
by: 

n

∑
i=1

δi = 0 (from
∂ML

∂θ
= 0),

w =
n

∑
i=1

δi α(Xi) (from
∂ML
∂w

= 0),

θ + wTα(Xi)− Yi + εi = 0, i = 1, . . . , n (from
∂ML
∂δi

= 0),

δi = γ εi, i = 1, . . . , n (from
∂ML
∂εi

= 0).

(5)
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2.1. The Nonparametric Kernels-Based for Support Vector Regressor (SVR)

This section presents the optimality condition needed for parameter estimation of the nonparametric
SVR-kernels of Bisquare, Gaussian, Triweight, Uniform, Epanechnikov, and Triangular via the Lagrangian
multiplier effect. The condition for optimality for Bisquare Kernel-SVR with δi ∈ R as the Lagrangian
multiplier effect is:

ML (θ, ω, ε : δ) =
1
2

ωTω +
γ

2

n

∑
i=1

ε2
i −

n

∑
i=1

δi

{
θ + εi + ωTα

(
K
(

Xi − x
hl

)
I{Fi=l}

)
− Yi

}
(6)

where

K
(

Xi − x
hl

)
I{Fi=l} =

15
16

{
1 − 2∥Xi − Xj∥2 + ∥Xi − Xj∥4 I[−1, 1]∥Xi − Xj∥

}
hl

∀ {i, j} = 1, . . . , n, (7)

and hl is the smoothing parameter, otherwise known as the bandwidth of the individual covariate.
The optimality conditions for the Bisquare Kernel-SVR are given by



n

∑
i=1

δi = 0 ⇐ ∂ML
∂θ

= 0 ∀ i = 1, . . . , n,

ω −
n

∑
i=1

δi α

(
15
16

{
1 − 2∥Xi − Xj∥2 + ∥Xi − Xj∥4 I[−1, 1]∥Xi − Xj∥

})
⇐ ∂ML

∂ω
= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

(
15
16

{
1 − 2∥Xi − Xj∥2 + ∥Xi − Xj∥4 I[−1, 1]∥Xi − Xj∥

})
− Yi + εi = 0

⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n,

δi = εiγ ⇐ ∂ML
∂εi

= 0 ∀ i = 1, . . . , n.

(8)
The condition for optimality for Gaussian Kernel-SVR with δi ∈ R as the Lagrangian multiplier effect is

K
(

Xi − x
hl

)
I{Fi=l} = (2π)−

d
2 exp

(
−
∥Xi − Xj∥2

2

2h2
l

)
(9)

with the corresponding optimality conditions


ω −

n

∑
i=1

δi α

{
(2π)−

d
2 exp

(
−
∥Xi − Xj∥2

2

2h2
l

)}
⇐ ∂ML

∂ω
= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

{
(2π)−

d
2 exp

(
−
∥Xi − Xj∥2

2

2h2
l

)}
− Yi + εi = 0 ⇐ ∂ML

∂δi
= 0 ∀ {i, j} = 1, . . . , n.

(10)

The condition for optimality for Triweight Kernel-SVR with δi ∈ R as the Lagrangian multiplier effect is

K
(

Xi − x
hl

)
I{Fi=l} =

35
36
{

1 − 3∥Xi − Xj∥2 + 3∥Xi − Xj∥4 − ∥Xi − Xj∥6}{
I[−1, 1]∥Xi − Xj∥

} hl (11)

and the associated optimality conditions are
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

ω −
n

∑
i=1

δi α

 35
36
{

1 − 3∥Xi − Xj∥2 + 3∥Xi − Xj∥4 − ∥Xi − Xj∥6}{
I[−1, 1]∥Xi − Xj∥

} hl

 ⇐ ∂ML
∂ω

= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

 35
36
{

1 − 3∥Xi − Xj∥2 + 3∥Xi − Xj∥4 − ∥Xi − Xj∥6}{
I[−1, 1]∥Xi − Xj∥

} hl

− Yi + εi = 0 ⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n.

(12)
The condition for optimality for Uniform Kernel-SVR with δi ∈ R as the Lagrangian multiplier effect is

K
(

Xi − x
hl

)
I{Fi=l} =

1
2

{
I[−1, 1]∥Xi − Xj∥

}
hl

(13)

with the corresponding optimality conditions
ω −

n

∑
i=1

δi α

1
2

{
I[−1, 1]∥Xi − Xj∥

}
hl

⇐ ∂ML
∂ω

= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

1
2

{
I[−1, 1]∥Xi − Xj∥

}
hl

− Yi + εi = 0 ⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n.

(14)

The condition for optimality for Epanechnikov Kernel-SVR with δi ∈ R as the Lagrangian multiplier effect
is

K
(

Xi − x
hl

)
I{Fi=l} =

3
4
{

1 − ∥Xi − Xj∥2}{
I[−1, 1]∥Xi − Xj∥

} hl (15)

and the corresponding optimality conditions are

ω −
n

∑
i=1

δi α

 3
4
{

1 − ∥Xi − Xj∥2}{
I[−1, 1]∥Xi − Xj∥

} hl

 ⇐ ∂ML
∂ω

= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

 3
4
{

1 − ∥Xi − Xj∥2}{
I[−1, 1]∥Xi − Xj∥

} hl

− Yi + εi = 0 ⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n.

(16)

The condition for optimality for Triangular Kernel-SVR with δi ∈ R as the Lagrangian multiplier effect is

K
(

Xi − x
hl

)
I{Fi=l} =

{
1 − ∥Xi − Xj∥

}{
I[−1, 1]∥Xi − Xj∥

} hl (17)

with the associated optimality conditions

ω −
n

∑
i=1

δi α

 {
1 − ∥Xi − Xj∥

}{
I[−1, 1]∥Xi − Xj∥

} hl

 ⇐ ∂ML
∂ω

= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

 {
1 − ∥Xi − Xj∥

}{
I[−1, 1]∥Xi − Xj∥

} hl

− Yi + εi = 0 ⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n.

(18)

Noted: It is to be noted that (7), (9), (11), (13), (15), and (17) are the Bisquare, Gaussian, Triweight, Uniform,
Epanechnikov, and Triangular nonparametric kernels specified for the SVR via the Lagrangian multiplier
effect.
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2.2. The Olanrewaju and Olanrewaju Regressor-Type Kernel for Support Vector Regressor (SVR)

This section presents the fundamental notion of convexity of the Olanrewaju-Olanrewaju regression-type
estimator in its real-valued function and its embedded coefficients. The asymptotic limiting behavior of the
Olanrewaju-Olanrewaju regression-type estimator will also be presented in this section. Additionally, the
optimality condition needed for the Olanrewaju-Olanrewaju-SVR parameter estimation via the Lagrangian
multiplier effect is provided.

Theorem 1 (Olanrewaju-Olanrewaju Regression-Type Estimator). Let f : R → R be a real-valued function that
satisfies the appropriate characterization of the Olanrewaju-Olanrewaju penalized regression-type estimator

f (x) = λ

(
γ +

2
π

)
arctan

|θ|
γ

eλ − e−λ

eλ + e−λ
, (19)

as proposed by [21]. Then the kernel penalty for the convex regression-type estimator of the Olanrewaju-Olanrewaju
Regression-Type Estimator for SVR is

L(O−O)λγ(|θ|)
= K

(
Xi − x

hl

)
Iγ{Fi=l} =

λ
(
γ + 2

π

)
arctan

(
|Xi−x|

γ

)
tanh(λ)

hl
. (20)

This expression can also be written as

L(O−O)λγ(|θ|)
=

λ
(
γ + 2

π

)
arctan

(
|Xi−x|

γ

)
sinh(λ)
cosh(λ)

hl

=
λ
(
γ + 2

π

)
arctan

(
|Xi−x|

γ

) (
eλ−e−λ

eλ+e−λ

)
hl

,

with λ ⩾ 0 (typically λ = 0.005), where “γ” is usually pegged at 3.5 according to [22].
The condition for optimality for the Olanrewaju-Olanrewaju Kernel-SVR with δi ∈ R as the Lagrangian multiplier

effect is given by

ω −
n

∑
i=1

δi α

λ
(
γ + 2

π

)
arctan

(
|Xi−x|

γ

)
sinh(λ)
cosh(λ)

hl

 ⇐ ∂ML
∂ω

= 0 ∀ {i, j} = 1, . . . , n,

θ + ωTα

λ
(
γ + 2

π

)
arctan

(
|Xi−x|

γ

)
sinh(λ)
cosh(λ)

hl

− Yi + εi = 0 ⇐ ∂ML
∂δi

= 0 ∀ {i, j} = 1, . . . , n,

(21)

such that ∑n
i=1 δi = 0 and δi = εiγ for ∂ML

∂θ = 0 and ∂ML
∂εi

= 0 for all i = 1, . . . , n.
Coefficients “θ” and “δ” can be estimated via the following system after elimination of “ω” and “δ” in all the

mentioned kernels: [
0
y

]
=

[
⟨0 | 1T

n ⟩
⟨1n |Ψ+ 1

γ In⟩

] [
θ

δ

]
, (22)

with δ = (δ1, . . . , δn)T , y = (Y1, . . . , Yn)T and 1n = (1, . . . , 1)T .
Using Mercer’s condition, the ij-element of Ψ is given by

Ψij = δ(Xi)
Tδ(Xj) = K(Xi, Xj), i, j = 1, . . . , n. (23)

Here, Ψ is the positive semi-definite matrix with the ijth element Ψij = K(Xi, Xj).

Proof. The proof follows by verifying the convexity of the function f (x) defined in (19) and by showing that
the kernel penalty given in (20) satisfies the conditions required for a convex regression-type estimator. The
optimality conditions in (21) are derived by setting the partial derivatives of the Lagrangian function ML
with respect to ω and δi to zero, which yields the conditions for optimality. Furthermore, by eliminating the
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variables ω and δ from these equations, the system in (22) is obtained. Finally, applying Mercer’s condition
confirms the positive semi-definiteness of the kernel matrix Ψ as expressed in (23). Detailed derivations can be
found in [21] and [22].

2.3. Algorithm

Input: Observations/samples/simulations stored in the trained bivariate dataset machine learning of
either {D1, . . . , Dn} or {D∗

1 , . . . , D∗
n}; outer and inner number of iterations q and T, respectively; a smooth

function from the Hilbert space H; bandwidths {h1, . . . , hn}; and regularization parameter γ (usually γ = 3.5
in magnitude).

Procedure:

1. For each outer iteration g = 1, 2, . . . , q, do:

(a) Initialization:

• If g = 1, then compute the initial estimator based on D or D∗:

θ̃0 = min
θ,ε,ω

{
1
2

ωTω +
γ

2

n

∑
i=1

ε2
i

}
.

• Else, set
θ̃0 = θ̃(g−1).

(b) Inner Iteration: For each inner iteration t = 1, 2, . . . , T, do:

i. Set
θ̃(g,o) = θ̃0.

ii. Map the estimator to the dataset:

θ̃(g,o) ⇒ {D1, . . . , Dn} or θ̃(g,o) ⇒ {D∗
1 , . . . , D∗

n}.

iii. Compute

θ̃ =
1
2

ωTω +
γ

2

n

∑
i=1

ε2
i −

n

∑
i=1

δi

{
θ + εi + ωTα

(
K
(

Xi − x
hl

)
I{Fi=l}

)
− Yi

}
,

and transfer the computed value to the machine.
(c) Central Computation: The central machine computes the optimality conditions:

∂ML
∂θ̃

,
∂ML
∂ω

,
∂ML
∂δi

,
∂ML

∂ε
.

(d) Estimation: Extract estimates of θ̃, ω, δi, and ε based on the kernel

K
(

Xi − x
hl

)
.

2.4. Asymptotic Biasedness and Variance from Kernel Perspective

E [ĝ(x)] =
∫ 1

hl
K
(

Xi − x
hl

)
g(x)∂x, (24)

Var (ĝ(x)) =
1

nhl
2 Var

(
K
(

Xi − x
hl

))
=

1
nhl

2E
[

K
(

Xi − x
hl

)2
]
− 1

nhl
2E
[

K
(

Xi − x
hl

)]

=

[∫ 1
hl

2 K
(

Xi − x
hl

)2
g(x)∂x − 1

n

(∫ 1
hl

K
(

Xi − x
hl

))2
]
× 1

n
. (25)
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So,

Bias(x) =
∫ 1

hl
K
(

Xi − x
hl

)
g(x)∂x − g(x). (26)

Let ρ = (Xi−x)
hl

,

Bias(x) =
∫

K(ρ)g(Xi + hlρ)− g(x) =
∫

K(ρ) (g(Xi + hlρ)− g(x)) ∂ρ. (27)

Assuming a Taylor expansion of “g” and that “g” is sufficiently smooth such that

g(Xi + hlρ) = g(x) + hlρ∂g(x) +
1
2

h2
l ρ2∂2g(x) + . . . . (28)

Inserting (28) into (27), biasedness of (27) could be written as

Bias(x) = hl∂g(x)
∫

ρK(ρ)∂ρ+
1
2

h2
l ∂2g(x)

∫
ρ2K(ρ)∂ρ + . . . (29)∫

ρK(ρ)∂ρ ≈ 0.

This implies that

Bias(x) =
1
2

h2
l ∂2g(x)

∫
ρ2K(ρ)∂ρ + higher order terms of the bandwidth (30)

The variance from (25) becomes

Var (ĝ(x)) =
1
n

∫ 1
hl

2 K
(

Xi − x
hl

)2
g(x)∂x − 1

n
(g(x) + Bias(x))2

=
1

nhl

∫
g(Xi − ρhl)K(ρ)

2∂ρ− (g(x) + Bias(x))2

n

=
1

nhl

∫
g(Xi − hlρ)K(ρ)

2∂ρ + O(n−1),

where, O(n−1) = (g(x)+Bias(x))2

n ,

Var (ĝ(x)) =
1

nhl
g(x)

∫
K(ρ)2+O(n−1)

If “g” is smooth, hence g (Xi − hlρ) → g(Xi) as hln → 0. In fact, hln → 0, as hl → 0 , n → ∞ for sample size
(n). This literally connotes that

Bias(x) = h2
l ∂2g(x)

∫
ρ2K(ρ)∂ρ

2
+ O

(
h2

l

)
;

Var (ĝ(x)) =
g(x)
nhl

∫
K(ρ)2∂ρ + O

(
(nhl)

−1
)

as n → ∞.

3. Result

The dataset used to validate the nonparametric SVRs via its stated kernels, as well as the Least Square and
Olanrewaju-Olanrewaju SVRs is the annual birthrate per 1000 of the Nigeria populace from 1950 to midyear
of 2023 simultaneously with its annual percentage change (∆%) per 1000. The simultaneously merged dataset
was extracted from the National Bureau of Statistics (NBS), from her National Data Archive (NADA) Centre.
Consequently, the annual birthrate per 1000 of the Nigeria populace and its annual percentage change ( ∆%)
will be analyzed as covariates to its dependent annual year of record.

Scatterplot shows the relationship between two continuous (quantitative: interval and ratio scaled
measured) variables. The data points of one of the studied variables appear on the horizontal axis, while the
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data points of the other variable appear on the vertical axis. Each numeracy appears as a point on the graph.
For the annual birthrate per 1000 trend on the left hand side of the mid plot, the trend possessed an overall
pattern that strikes departure from above in a downward decremented manner. Consequently, the annual
birthrate per 1000 trend of the Nigeria populace from 1950 to midyear of 2023 possessed a highly negative
correlation with respect to the annual years of studied. In a similar manner, the annual percentage change
(∆%) of the birthrate per 1000 with respect to the annual years of studied possessed an evenly spread-out in
a decremented downward manner (highly negative correlation with respect to the annual birth rate). It is to
be noted that the closer the annual birthrate per 1000 data points lie together to make a line, the higher the
correlation.

Figure 1. Scatter Plot of the Annual Birthrate and its Percentage Change per ( ∆%) 1000 of the Nigeria Populace

Table 1. Nonparametric, Least Square, and Olanrewaju-Olanrewaju Kernel-Based SVRs

Least Square-SVR Bisquare Kernel-SVR Gaussian Kernel-SVR Triweight Kernel-SVR
hx1 0.273(0.238) 0.283(0.247) 0.273(0.238) 0.273(0.238)
hx2 0.007(0.033) 0.013(0.061) 0.007(0.033) 0.007(0.033)
C.V 10.777 -7.098 10.777 10.777
Bias 0.034(0.0051) 0.0534(0.002) 0.045(0.002) 0.037(0.0089)

Epanechnikov Kernel-SVR Triangular Kernel-SVR Olanrewaju-Olanrewaju–SVR
0.268(0.233) 0.283(0.247) 0.059(0.242)
0.018(0.081) 0.014(0.061) 0.005(0.032)

Keys: C.V. = Cross Validation; hx1= bandwidth of x1; hx1= bandwidth of x2.

Cross-Validation (C.V.) is one of the key indexes for testing ML performance. Alternatively, C.V. is a
resampling procedure used to evaluate ML models on a limited data sample. C.V. at times is sometimes
referred to as rotational estimation of various similar model validation techniques for assessing statistical
analysis of generalized independent data set. It is basically meant for estimating the pragmatic performance
of a predictive model, the stability of the involved parameters as well setting the goals of prediction. Notably,
Bisquare, Uniform, Epanechnikov, Triangular, and Olanrewaju-Olanrewaju Kernel-SVRs gave a negative C.V.’s
of −7.098,−48.779,−30.711,−7.0984, and − 7.0984 respectively for the distributional-free machine-learning
SVR analyzes via the SVM techniques. It is an already established fact that the smaller (a reduced negative
value) the C.V. the betterment and ideal the model that produced the smallest C.V. index, similarly to that of



Eng. Appl. Sci. Lett. 2024, 7(2), 41-52 50

the interpretation of other continuous-type model performance indexes like AIC, BIC, and its variants. The
Olanrewaju-Olanrewaju kernel-based for the SVR produced the miniature C.V. of -1205.49 with bandwidths
0.059 (0.242) and 0.005 (0.032) for the covariates annual birthrate (x1) and percentage change (∆%) per 1000 (x2)
respectively, while in brackets are standard errors of estimates. Interpretably from the estimated coefficients
of the Olanrewaju-Olanrewaju kernel-based SVR, for every one percent increment in the annual birthrate per
1000, the mean rate of the Nigeria populace from 1950 to midyear of 2023 increased by 5.9% such that other
variables were held constant. Its percentage change (∆%) per 1000 increased by 3.2% such that other variables
were held constant.

Another notable point of model performance is the asymptotic kernel’s biasedness and variability. It is
noted that the Bisquare, Uniform, Epanechnikov, Triangular, and the Olanrewaju-Olanrewaju kernel-based
SVRs produced the smallest asymptotic biasedness of 0.0534, 0.0013, 0.0031, 0.0534, and 0.0001 with
corresponding variances as (0.002), (0.0001), (0.0003), (0.0089), and (0.0000) respectively. However, the
Olanrewaju-Olanrewaju kernel-based SVR yielded the smallest combine asymptotic point estimate of
biasedness and variability of 0.0001 and (0.0000) respectively. In other words, the Olanrewaju-Olanrewaju
kernel-based gave a robust account of analyzing SVR higher dimensional hyperplane application wise for
continuous type bivariate.

Figure 2. Joint densities of the nonparametric, least square, and Olanrewaju-Olanrewaju kernel-based SVR.

The joint densities of nonparametric triweight and Epanechnikov kernel-based SVRs yielded near
heavy-flat tail for-all for the jump annual birthrate series and its percentage change (∆%) per 1000 of
the Nigeria Populace from 1950 to midyear of 2023. However, the nonparametric triangular and the
Olanrewaju-Olanrewaju kernel-based SVRs notably yielded a mixture of flat heavy tail, normal “Bell-shape”,
and sided tails for-all density curves for the jump annual birthrate series and its percentage change (∆% ) per
1000. Least Square, Bisquare, Gaussian, and Uniform kernel-based SVRs yielded a fewer mixture of flat heavy
tail, normal “Bell-Shape”, and sided tails for-all density curve compare to other categories initially mentioned.

From Table 2, the Euclidean distance (r) between nearest points and hyperplane of the bivariate kernel
observations was minima for triweight and the Olanrewaju-Olanrewaju kernel-based SVRs with 0.7281 and
0.7008 estimates respectively. In collaboration, their parallel error margins (d) were miniature with 1.4562 and
1.4015 respectively. Consequently, this affirmed the robustness of the Olanrewaju-Olanrewaju kernel-based
SVR for better explanation of the changes and negative changes accrued to the annual birthrate series and
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Table 2. Euclidean Distance & Error Margin of Parallel Hyperplane of the Nonparametric, Least Square, and
Olanrewaju-Olanrewaju Kernel-Based SVRs

Least Square-SVR Bisquare Kernel-SVR Gaussian Kernel-SVR Triweight Kernel-SVR
d 1.6031 1.6545 1.5378 1.4439
r 0.8016 0.8273 0.7689 0.7212

Uniform Kernel –SVR Epanechnikov -SVR Triangular -SVR Olanrewaju-Olanrewaju–SVR
1.4562 1.5756 1.5248 1.4015
0.7281 0.7878 0.7624 0.7008

its percentage change (∆%) per 1000 of the Nigeria populace respectively from 1950 to midyear of 2023 for
deductive inference and economic future plans.

4. Conclusion

This study provides a variety of nonparametric regression kernels; the Least Square and the
Olanrewaju-Olanrewaju regression-type kernels as augmentation for machine learning performance method.
The SVR was used to classify hyperlanes of linearized non-linear regression mapping of high performance
machine-learning kernels in a bivariate setting. The nonparametric SVR kernels treated were Bisquare,
Gaussian, Triweight, Uniform, Epanechnikov, and Triangular and juxtaposed with the Olanrewaju-Olanrewaju
regression-type (L(O−O)λγ(|θ|)

) and Least Square kernels. The Lagrangian multiplier estimation technique was
adopted for estimation of the involved regression coefficients, Euclidean distance (r), error of margin (d)
between nearest points of parallel hyperplane, as well as other coefficients. In demonstration to a real-life
problem, we applied the nonparametric SVR kernels, the Least Square and the Olanrewaju-Olanrewaju kernel
to annual birthrate series and its percentage change (∆%) of the Nigeria populace from 1950 to midyear of
2023. In conclusion, the Olanrewaju-Olanrewaju kernel robustly outperformed the nonparametric and Least
Square kernels for SVR with a miniature Cross-Validation. Interpretably, for the estimated coefficients of the
Olanrewaju-Olanrewaju kernel-based SVR, for every one percent increment in the annual birthrate per 1000,
the mean rate of the Nigeria populace from 1950 to midyear of 2023 increased by 5.9% such that other variables
were held constant. Its percentage change (∆%) per 1000 increased by 3.2% such that other variables were held
constant.

In recommendation, the nonparametric kernels of Bisquare, Gaussian, Triweight, Uniform, Epanechnikov,
and Triangular; and that of the Olanrewaju-Olanrewaju and Least Square kernels for SVR could be fine-tuned
for consideration of categorical data, missing observations and zero bivariate observations.
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