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O n oscillatory functions of very moderate decrease are quite typical in the class L?(R) and are important
in Physics. The first result presented here improves slightly on a result due to Carlsen, see [1], in that

the convergence is everywhere rather than almost everywhere. This property is useful in verifying certain
differentiability criteria in Physics, arising mainly from Maxwell’s equations, and in showing decay properties
of fields produced in connection with Jefimenko’s equations, see [2] and [3]. At the end of the paper, we
show how the result can be improved to functions of just very moderate decrease, without the non oscillatory
assumption. The proofs rely on some ideas from nonstandard analysis, contained in the papers [4] and [5].

Deﬁnition 1. We say that f € C(R) is of very moderate decrease if there exists a constant C € R~ with
If(x)] < | -, for |x| > 1. We say that f € C(R) is of moderate decrease if there exists a constant C € R+

with [f(x)] < LI for |x| > 1. We say that f € C(R) is non-oscillatory if there exist finitely many points
{yi + 1 < i < n}, for which f](,, . ) is monotone, 1 < i < n—1,and f[(_ey,),
say that f € C(R) is oscillatory if there exists an infinite sequence of points {y; : i € Z}, for which f{(, ,

i € Z,is monotone and there exists § € R~¢, with |y; 11 —y;| > 9, fori € Z.

fl(yy,00) are monotone. We

Lemma 1. Let f € C(R) and % € C(R) be functions of very moderate decrease, with f and % both non-oscillatory.
Define the Fourier transform by

FAK) = ——=Jim [ f)e™dy (k#0),

27'[ 7‘*}00

and

Then F(f)(k) and ]—"(%) (k) are bounded for all |k| > ko > 0. Moreover, there exists a constant G € R~ such

that
G

[F(HR)| < T

for sufficiently large |k|.

Proof. Since f is of very moderate decrease and continuous, it follows that limy|_,« f(x) = 0. Likewise, % is

continuous and lim |, %(x) = 0. Because lim|,|_,, f(x) = 0 and f is non-oscillatory, the integral

lim /j fly)e ™y,

r—oo
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exists for k # 0. Rewriting in terms of sine and cosine,

r—oo r—00

lim /_ S(y)e e ™ dy = lim / :f(y) cos(ky)dy — i lim / rrf(y) sin(ky) dy.

Because f is of very moderate decrease and non-oscillatory, there exists E > 0 such that |f(x)| < % for

|x| > E, and f is monotone on (—oo, E) and (E, o). Using the method of [5] and letting K = max,¢[_g g]|f(¥)],
T r

one obtains explicit bounds on rlgm / f(y) cos(ky) dy and rle / f(y) sin(ky) dy, showing they remain finite.
oS o) _,

A careful estimation yields

r .
lim / fly)e ™ dy| < N,
—r

r—roo

for some constant Ny depending on k. Consequently, F(f)(k) is bounded for |k| > ko > 0. A similar argument
applies to F ( df) (k).
Next, we use integration by parts to relate the Fourier transforms of f and f . Observe that

d 1 . s df .
]:(%)(k) = \/Tinrh%nc}o , ﬁ(y)e " dy.

Integrating by parts gives

1

r—r0o

tim [F()e ]+ ,lgg [ fw ety =i F (o),

N

since limy,| ;o f(y) e~ % = 0. Therefore,

Hence, for |k| > 1,

df
F(H k)] < ’f(jkf“‘)‘ M

Since % is also of very moderate decrease and non-oscillatory, a refinement of the argument in [5, Lemma
0.9] (using “underflow”) shows that for every r > 0, there exist F,, G, € R~ such that for all |k| > F,,

el el <

Moreover, F;, G; can be chosen uniformly in r. From (2), it follows that there exist constants F and G for
which G
\F(E) 0| < [ foral k| > F.

Combining this with (1) implies that for |k| > max(F, 1),

af
\F(F) (k)| < |f(ﬂ|*;|)(k)| < sz

This completes the proof. [

Definition 2. Let f € C3(R), with f, f, f’, and f"" bounded. We define an approximating sequence { fy, :
m € N} by the following properties:

(i) fm € C3(R), forallm € N.
(ii) fm|[7m,m} = f|[7m,m}‘
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(iii) f exhibits uniform moderate decay, meaning there exists a constant C € R, independent of m, such

that
| fn(x)] < < for x € (—oo —m—l)u(m—i-l o)
m = |x|2/ 7 m m/ .
(iv) There exist constants D, E € R~ such that
m D E
[ i< ana [T ol < £,

Lemma 2. Let f € C(R) with % € C(R), and suppose both f and % exhibit very moderate decrease and are
non-oscillatory. Let { fu, : m € N} be an approximating sequence. Let F denote the ordinary Fourier transform, defined
for each fy,. Then, for any ko > 0, the sequence {F(fi) : m € N} converges pointwise and uniformly to F(f) on
R\ {|k| < ko}, where F(f) is defined in Lemma 1. In particular, F(f) € C(R \ {0}).

Proof. For ¢ € C(R) and n € N, define

Fa@)6) = s [ gl vy,

(2m)
Fork € R\ {|k| <ko}, {m,n} CN,m>n,and €, é > 0, we have

[ F ) = F(fm) (k)| < |F(F)(K) = Fun ()R] A [Fon () (k) = Fo (fon) () | Fon (i) (k) = F (fo) (K) |-

Breaking this into terms:

FOE® = Fu D@1+ [ fa)ldx+ [ [l

IO - Ful) 0+ ZEE [ Caes [7 S

By the properties of the approximating sequence and the fact that f is of very moderate decrease and
non-oscillatory, it follows that for |k| > ko and sufficiently large m, we can bound the difference as

C
ﬁ_i_ZC—I—n?—l-E <eis,

m

[F()k) = F(fm) (k)] <

where Cy, is a constant dependent on k.

Since € > 0 and 6 > 0 are arbitrary, the result follows. Additionally, the continuity of each F(fy) is a
consequence of property (iii) in Definition 2 and the Dominated Convergence Theorem. Finally, as kg > 0 is
arbitrary, the uniform limit of continuous functions is continuous, completing the proof. [

Lemma 3. If m € R~ is sufficiently large, {ap, a1,a2} C R, there exists h € R x| of degree 5, with the property that;

h(m) =ay, h'(m)=a;, h'(m)=ay, (3)
Wm0 = H ) = ' (m o+ ) =0, @
|h[m m+ | <C

for some C € R~g, independent of m sufficiently large, and, if h'"(m) > 0, h”’(x)|[mlm+%] > 0, if W' (m) <0,
h”’|[m my 1) <0 In particularly;

m+ ///
[T ) = Jaa).
m
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Proof. If p(x) is any polynomial, we have that i(x) = (x — (m + 1))3p(x) satisfies condition (4). Then;
W () =30 = (mo+ ) Pp(x) + (= (m ) (v),
W() = 6(x— (m+ ) p(x) +6(x — (m+ )P (x) + (x = (m+ - )Pp" (x)

W (x) = 6p(x) +18(x — (m+ - ))p!(x) +9(x — (m+ )

So we can satisfy (3), by requiring that;

m
_ P’; 3) 0,
Sp(m) _ pm) _
) " 1,
6 60’ "
p(m) | 6p (;ﬂ) _p (;ﬂ) — o,
m m m
which has the solution;
p(m) = —agm®, p'(m) = =3agm* —aym3, p"(m) = —12a9m® — 6aym* — aym®

and can be satisfied by the polynomial;

(
(—12u0m5 - 6a1m4 - a2m3) x?
(—m (—12a0m5 — 6aym* — a2m3> =+ (—3a0m4 — a1m3>) X

2
(—12a0m5 — 6a1m4 — a2m3> —m (—3a0m4 — a1m3) — a0m3)

a
4 —2m3> x2

+
= (—6a0m5 —3a1m
+ 4 a1m3) X

(121101116 + 6a1m5 + aym* — 3agm

+ (—6a0m7 —3aym® — %m5 + 3agm® + aym* — a0m3>

= (—6a0m5 — 3a1m4 — %m3> x?

+ (12a0m6 + 6aym° + (ay — 3ag)m* — a1m3) x
az) m® + 3a0m5 + a1m4 — a0m3)

+ (—6a0m7 — 3aym® + (3110 -5

=ax’+bx+ec,

so that;
1 2
m" (x) :6(ax2+bx+c) +18 (x— <m+>> (2ax+b)+9<x— <m+)> 2a
m m

2
:(6Oa)x2—|—<24b—72a <m+1>>x+ (60—18 (m—|—1>b—|—18a <m+1) )
m m m

and, using the computation (5)
W (x) = (60(—6agm’) + O(m*))x* + (24.12agm® — 72m(—6agm®) + O(m>))x

+ (6. — 6agm” — 18m(12agm®) + 18m?(—6agm>) + O(m®))

©)
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= (—360aom° + O(m*))x* + (740agm® + O(m°))x + ( — 360agm” + O(m®))

which, by the quadratic formula, has roots when;

—740agm® — /7402a2m12 — 4(—360a9m®)(—360agm’
0

= 1
x 2~ 360agm> +0(1)
740m  170m
T 720 720 +0(1)
19m 91m
= j +O( ) or ﬁ + O( )

We have that m > 2% and m + L < 22 iff m > /72, and, clearly, we can ignore the O(1) term for
24 m 72 19 )/ g

m sufficiently large. In particularly, for sufficiently large m, h"(x) has no roots in the interval [m,m + 1], so
W |y s 1) > 000 B 1) < 0. We calculate that;

[m,m+ -

s 1) = |6 = 1+ 2P )] < (@)1

[mm+L] =
= % Q(—12a0m5 — 6aym* — aym®) (x — m)* +(=3agm* — aym®) (x — m) — aoms‘[m,er%]
1

1 1 1
— | = —12a0m5 — 6111m4 — a2m3’ -— + ‘—3a0m4 — a1m3’ -—+ ’—aom3‘
m3 |2 m2 m

12|ag|m® + 6|aq|m* + |ax|m3  3l|ag|m* + |aq|m3  |ag|m®
< |lag|m> + 6]a|m* + |ay| +|o| |ay| Jr|o|

md m4 m3
< 12|ag| + 6|ay| + |az| + 3|ag| + |a1| + |ao| (m > 1)
< 16|ag| + 7|a| + [az].

For the final claim, we have, as h'”| 1) > 0 or h"| (1] < 0, that, using the fundamental theorem

[mrm + I
of calculus;

[ e =1 [ s = on ) ) = <) = .
O
Lemmad4. Ifm € R, {ag,a1,a2,a3} C R, there exists h € C3(R), with the property that;
h(m)=ay, h(m)=a;, h'(m)=ay, K (m)=as, (6)
h(m+%):h’(m+%):h”(m+%):h’”(m+%):0, 7)
M pmy1) <G

where C € R~ is independent of m > 1, and, if az > 0, h”’(x)|[
particularly;

1] Z 0, Elg < O, h’”(x)h

m,m+ -

]] SO. Ii’l

m,m+ -

m—+ %
[T ) = Jaa).
m
Proof. Let g(x) be a polynomial. Consider the polynomial

() = (x = (m )"g(x), 0 >4
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which possesses the property (7):
1 1 1 1
h Jial Y=t Sy = 2y —o.
L) = W () = W+ ) = W () = 0
The condition (6) translates into the following system of equations:

- aO/

5 _8&(m)

T
. ng(m) g'(m)
(11) (_1)n71mn71 + (_1)nmn -

., n(n—1)g(m) 2ng' (m) g'(m)
(iii) (1) 2mn2 + (—1)n g1 T (—1)mmn =ay,
, n(n—1)(n—2)g(m) 3n(n—1)g'(m) 3ng" (m) g"(m) _
( ) (_1)n73mn73 + (_1)n72mn72 (_1)n—1mn—1 + (_1)nmn = as.

These equations can be solved by imposing the following requirements:

G gm) = (—1)aon”,
(i) g/ (m) = (—1)"aym" + (1) g,

(ii)”  g"(m) = (=1)"apm™ +2(=1)"naym" 1 + (=1)"n(n + 1)agm"*2,

(iv)” g (=1)"azm™ + 3n(—1)"aym™ ! + (=1)"ayn(n + 3)m™ 2 + n(n + 1) (n +2)(—1)"agm" 3.
®)

~
3
<
—~
~—

Define
g1(x) = ((—1)”u3m” +3n(—1)"aym" !  (=1)"ayn(n +3)m™ 2 4 n(n+1)(n + 2)(—1)”u0m"+3) (x —m)?
+ ((—1)”(12111” +2(=1)"naym™ ™ + (=1)"n(n + 1)aom”+2) (x —m)?

+ ((—1)"a1m” + (—1)"a0nm"+1) (x —m) + (—=1)"agm".

The polynomial g (x) satisfies (8), and any function of the form g»(x) + g1 (x) also satisfies (8), provided
that
g2(m) = g5(m) = g3 (m) = &' (m) =0,

where g, € C3(R).
In this case, if

then h(x) satisfies both (6) and (7).

1 1
o 810 ) < o (1820 ) 181 e 1))

(—1)"azm" + 3n(—1)"aym"** + (=1)"ayn(n + 3)m"*+2

1 1
< o \ 182l 21 5
1
+n(n+1)(n+ 2)(—1)”aomn+3) 3T ((—1)”a2mn +2(—1)"naym"

+(=1)"n(n+ 1)a0m”+2) % + ((—1)”a1m” + (—l)”uonmnﬂ)% + (=1)"agm"

)

= ‘ ((—1)"013111” + 3n(—1)"aym™ ! + (=1)"ain(n + 3)m"*+2

+n(n+1)(n+ 2)(—1)”a0mn+3> # + ((—1)”a2m” +2(=1)"na;m" 1
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1

+(=1)"n(n+ 1)a0m”+2) T ((—1)”a1m” + (—1)”aonm”+1) Tt (—1)”a0‘
< |as| +3nfaz| + n(n +3)[ar] + n(n +1)(n + 2)[ao| + |az| + 2n[a; |
+n(n+1)|ag| + |a1| + n|ag| + |ag|, (m>1)
1
= — (182l 1) + (0 + 1) 0 30+ Dlag| + (14 +5n + Dlar | + Bn+ 1)z +]as|) =, (9)

where F € R~ is independent of m. Using the product rule, the condition that "’/ (x) = 0 in the interval
(m,m + ), is given by; n(n —1)(n — 2)(x — (m + 3))" (g2 + §1) () + 3n(n — 1)(x — (m + 3))" (g2 +
g1) (x) +3n(x — (m+ L))" Vg + g1)"(x) + (x — (m + L))"(g2 + g1)"(x) = 0 which, dividing by (x —
(m + 3))" %, reduces to; n(n — 1) (1 — 2)(g2 + §1) (x) + 3n(n — 1) (x — (m + 3)) (g2 + g1)' (x) + 3n(x — (m +
3i))7 (82 +81)" () + (x — (m + 3;))° (g2 + 81)" (x) = 0 and;

n(n = 1) (1~ 2)g2(x) + 3n(n — 1)(x ~ (m+ ))gh(x)
+3n(x— (4 -))PgH () + (x = (m+ %>>3g§”<x>
= —(n(n—1)(n —2)g1(x) + 3n(n — 1)~ (m+ )gh(x)
+3n(x— ()28 (0) + (x = (m+ )l (). (10)
Without loss of generality, assuming that; —(n(n — 1)(n — 2)g1(x) 4+ 3n(n — 1) (x — (m + %))g} (x) + 3n(x —
(m 4+ 581 () + (x = O+ 5081 (3)) e = = (2(n = 1) = 2)ag — TR 1 32 — b > 0, we can choose
an analytic function ¢(x) on [m, m + L] with;
§(x) < — (n(n —1)(n ~ 2)g2(x) +3n(n —1)(x — (m + -))g(x)
3n(x— (m+ )P () + (- om0Vl () a
¢(m) =0. (12)

The third order differential equation for g»;

n(n = 1)(n ~ 2)ga(x) 4 3n(n — 1)(x — (m + —))gh(x)

+3n(x = (4 )PE() + (r— (m+ )8 (1) = p(x), on [m1-+m), (13)

with the requirement that g, (m) = gh(m) = g4 (m) = 0, has a solution in C3([m, m + 1)) by Peano’s existence
theorem. By the fact (12), we must have that gj’(m) = 0. Writing the power series for ¢ on [m, m + 1], as;

P(x) = Lo bj(x — (m+ 1)/, we can use the method of equating coefficients, to obtain a particular solution,
1. o ] 1\\j S - b; .
with; 82 part (%) = X2 @ part(x — (m + 37))), with; a0 = n(n_l)(n—2)+3n(n_l)/+3nj(j_1)+j(j—1)(]'_z)f (G =3)
_ b _ b _ b . .
Bpart = STy 2) ten (=) an Mpart = T2y Tty A0part = art)pi—z) SO that g2,par is analytic as
lajol < % for j > 0. To solve the homogenous Euler equation;

n(n = 1)(n — 2)ga(x) + 3n(n — 1) (x — (m + ))gh(x) +3n(x — (m + )84 (x)

= (mt )P () =0 on mmt ],

we can make the substitution y = m + % — x, to reduce to the equation;

1
n(n—=1)(1n = 2)g2,m(y) +3n(n = 1)ygs,(y) +31y°g5,,(y) + ¥°g55(y) =0 on [0, ]
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with g2, (y) = g2(m + 1 —y). Making the further substitution y = ¢", and letting 5 (1) = g2, (€"), we have
that;

Tom (1) = &2,m(e")e",
(1) = 82 (") + g5, (e,
Py (1) = 820, () + 3875, (e")e* + g5 1 (e")e",

so that;
n(n—1)(n—2)gom(e") +3n(n —1)e"gh (") + 3ne'gy (") + g5, (e")
= n(n—1)(n = 2)rom(u) +3n(n —1)e" (rh,, ()e ™) + 3ne® (15, () — g5 (e")e" Je ")
+ & ((ry (1) — 385 (€)™ — g5 (e")e)e ")
= n(n—1)(n —2)ram(u) +3n(n — 1)1y, (u) + 3nry , (1) — 3ngs (" )e + 15, (u)
— 385 (") — g5 (e")e"
=n(n—1)(n —2)rom(u) +3n(n —1)ry , (u) + 3nry , (u) +r3’, (1)
— (Bn41)g5 (e")e" — 385, (e")e™
=n(n—1)(n—2)rym(u) +3n(n — 1)1y, () 4+ 3nr3 ,, (1) + 155, (1)
— (B4 1)rh (1) — 3> (1 (1) — g5 (€ )e" e
= n(n—1)(n = 2)rom(u) + (30> — 6n — 1)rh , () + 3nry ,, (u) + 155, (1)
— 37% 1 (1) + 385 (" )e"
= n(n—1)(n = 2)ryu(u) + (3n* — 61 — 1)rh ,, (1) +3(n — 1)r5,, () + 755, (1) + 37 5, (u)
=n(n—1)(n —2)rym(u) + (3n* — 6n +2)15 (1) + (3 = 3)r5 , (u) + 150, (1)
—0. (14)
We have that;

(A3 4+3(n—1)A2+ (Bn® —6n+2)A+n(n—1)(n—2)) =312+ 6(n—1)A + (3n* —6n +2),

which has roots when A = —(n — 1) + \%, so that, for large n, the characteristic polynomial of (14) has exactly

one real root A1 and 2 complex conjugate non-real roots, { Ay +iA3, Ay —iAz}. It follows, the general solution
of (14) is given by;
7’2,m(1«l) — Ale/\m 428A2u+1/\3 + A3e)\2u71/\3’

where {A1, Ay, A3} C C, and, we can obtain a real solution, fitting the corresponding initial conditions, of the
form;
1o m(1t) = BieM¥ 4 Bye’?¥cos(Azu) + Bze'?Vsin(Azu),

where {B1, By, B3} C R. It follows that;

S2.m(y) =r2,m(In(y)),
1 1
82(%) =gam(m + — = X) + 82 part (¥) = rau(In(m + — = x)) + g2 part ()
=By M0 4 By O o (Agln(m + -~ )

By R sin(Asln(m + -~ 2) + g2 pan (¥),

on [m,m+ %] We have that;
MAg +irs|? = —n(n —1)(n —2)

MAAy+ids+ Ay —id3 = A+ 24, = =3(n—1).



Eng. Appl. Sci. Lett. 2024, 7(3), 26-42 34

Computing the highest degree in 7 term of the characteristic polynomial, we obtain that, for A = an;

w3n® + 3n(an)? +3n*(an) +n° = n®(a +3)3 =0,

sothata = =3, A1 = -3n+O(1)and 2A; = -3(n—1) — (-3n+0O(1)) =3 -0(1 ) O(1).
Then, if B; = 0, we can see that g>(x) has at most a ol singularity at (m + 1), which we can achieve
with a 2-parameter family choice for the initial conditions of {4)( ), ¢ (m),¢" (m)}. If

3 -1 3
n(n—1)m n naz

as
m m?2 570

—(n(n —1)(n — 2)ao -

we can clearly achieve this, while satisfying (11),(12). If;

3n(n—1)a 3na a
(n=Da  Bnay _ a3

—(n(n—1)(n—2)ag — - P =0

by requiring the the additional property (14);
#(m) < — (n(n 1) (0~ 2)ga(x) +3n(n — 1) (x — (m+ )5 (x) +3n(x — (m+ ) g (x)
(= (4 D))

we can clearly satisfy (11),(12) as well. Then, as, for sufficiently large #;

. Byx"
91513(1) <xo( 0 sin(AzIn(x)) +

. B x" ng” !
= lim (xo(l) sin(AzIn(x)) + mcos()xg ln(x))>

Bsx™
xg(U cos(A3 ln(x)))

x—0
n "
= lim Box” sin(AzIn(x)) + By cos(AzIn(x))
x—0 xo(l) x(

)
n n "
= lim (Bzx sin(AzIn(x)) + Bgfl) cos(A3 ln(x))> =0,
x x

we obtain that (x — (m + L))"g>(x) extends to a solution in C3([m, m + L]), and (x — (
C3([m, m + %}) By the fact (11), (10) has no solutions in (m, m + %), so that W’ (x) > 0.
We have that;

+ N (g2+81)(x) €

1 1 _ 1
[(x — (m+ E)”gz(x)|[m,m+%] =|(x— (m+ a)”(BzeAzl”(’”J“% x)cos(/\gln(m + o x))

. 1
+ By sin(Agln(m + — = x)) + g part ()]

<[By|m™2 ™" 4 |Ba|m 2" + m " | g2 part (%) .

Noting the right hand side of (11) is bounded by O(m") on [m,m + 1], we can also choose ¢(x) and
§2,part (x) to be of O(m™) on [m,m + L], irrespective of the choice of initial conditions {¢(m), ¢’ (m),¢" (m)}.
We have that ¢'(m) = O(m"*!), in the special case, so that choosing {B, B3} sufficiently small,
noting; (x — (m + %)”(BzeAzl”(’”Jr%*x)cos(/bln(m +1 %) +B36A21”(’”+%*x)sin()\gln(m + L)) =
O(max(Bym" =271, Bsm"~*271)) we can assume that; |(x — (m + %)”gz(x)\[m mr1] < D where D € R is
independent of m, so that; |h(x)|[m’m+%] < |(x— (m+ %)”gl(x)|[m,m+%] + [(x — (m + %)”gz(x)|[m,m+%] <
F + D. For the final claim, we have, as h""’| 1] > 0orh"| 1] < 0, that, using the fundamental theorem
. _ + _ 1 _ —
of calculus, that; [ |h" (x)|dx = | [ " b (x)dx| = |h"(m + L) — h"(m)| = | — b (m)| = |az].
O
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Lemma 5. Let f be a function as specified in Definition 2. Then, there exists a sequence of approximating functions
{fm }men such that for sufficiently large m, the Fourier transform of fy, satisfies

cm

FUn) )] < 5 forall > 1,

where C > 0 is a constant independent of m.
Proof. We construct the approximating sequence { f,, } as follows:

f(x), for x € [—m,m],
ful) = him(x), forx e |—m— %,—m} ,

hom(x), forx e |mm+ %} )

0, otherwise,

where hy by, € C? <[—m — L —m]U[m,m+ %]) are smooth extensions determined by the boundary

conditions:

T (=m) = f(=m), Wy (=m) = f'(=m), W, (=m)=f"(-m),
hom(m) = f(m),  Hyu(m)=f'(m),  hgy(m) = f"(m).
The existence of such extensions is guaranteed by Lemma 3 or Lemma 4.
By construction:
1. fm(x) = f(x) for all x € [—m, m], satisfying the approximation condition in Definition 2.
2. fy smoothly transitions to zero outside the interval [—m — %, m—+ %], ensuring condition (ii) of Definition
2.

3. fm is identically zero on (—co, —m — L] U [m + %, o), thereby satisfying condition (iii) of Definition 2.

Next, we verify condition (iv). From the proof of Lemma 3 or by invoking Lemma 4, we have

max { sl B2l s ] } < 160l + 7UF oo + 1 e

Thus,
[ @)l < (160 flle + 71 oo 7)o =
—m—1 - m m’
'er% !/ /! 1 E
[ @l dx < (16) s+ 7IF oo + 1 M) - o =
Jm

where D = E = 16||f||oc + 7| f'||c0 + ||f”'||co- This verifies condition (iv) of Definition 2.
For the Fourier transform estimate, consider the third derivative of fy;:

" o 1 *© " —ik.
F(fo ) (k) = W/ﬂ)fm (x)e™™ du.
Integrating by parts thrice and assuming sufficient decay at infinity, we obtain
F(fu ) (k) = (i)>F (fur) (K).

Therefore,

F(fu ) (K 1 e
F ()] = ER O < o [ 1ol

Since fy, is equal to f on [—m, m| and smoothly transitions outside this interval, we have

| 1) dx < 20" oo+ 2] o
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Assuming m > || ||, it follows that

|F(fm) (k)] < |k|3(2171)1/2 (2|‘f//|‘oo+2m||f/”||oo) < |Ckn;’

2+42|| "]l

where C = 2

independent of m. This establishes the desired Fourier transform bound for |k| > 1.

Lemma 6 (Fourier Inversion). Let f € C3(R) be a thrice continuously differentiable function on the real line such that
both f and its first derivative f' are non-oscillatory and exhibit very moderate decay at infinity. Additionally, assume
that the set {f, f', f", f""'} is bounded. Then, the Fourier transform JF (f) belongs to L'(IR), and the inversion formula
holds, that is,

where, for ¢ € L' (R), i
FH8)(x) = \/;7 /_oo g(k)e™™ dk.

Proof. By Lemma 1, there exists a constant C > 0 such that

<

FO®I < gz

for sufficiently large |k|. Since f exhibits very moderate decay, there exists a constant D > 0 satisfying

)P < |xD|2 for x| > 1.
Furthermore, since f € C°(R), it follows that f € L?(R). Consequently, the Fourier transform J(f)
also belongs to L2(R), and for any n € N, the restriction JF(f )|[=n,n belongs to L'(R). Combining these
observations, we conclude that F(f) € L}(R).

Let {fmu}men be an approximating sequence as provided by Lemma 5. Since each f,, € L'(R), their
Fourier transforms F(f,;) are continuous functions. Moreover, by Lemma 2, F(f;) converges uniformly to
F(f) on R\ {0}, implying that F(f) € C°(R\ {0}).

Since each f,, € C2(R) and f!} € L!(R), there exist constants D,, > 0 such that

Dy,
[ F(fm) (B)] < k2’

for sufficiently large |k|. Furthermore, since x" f,,(x) € L} (R) for all n € N, it follows that F(fy) € C®(R).
Therefore, by the Fourier inversion theorem (see [4]), we have

fu(x) = FHF (f)) (),

foreachm € N.
By Lemma 2, for any fixed ko > 0, there exists a bound Ej,, such that

FOE = FUn®] < 2, for |k > ko

Since f has very moderate decay, f — fu € L*(R), and ||f — full;2(r) — 0 as m — co. Consequently, || F(f) —

F(fm)llr2(r) — 0as m — oo. In particular, for sufficiently large m, we have || F(f) — F(fm) |l 2r) < 1.
Lete > 0. Then,

IF ) = FFallr(eey < IFU) = FEmlliz(—eepll—ee iz —ee) < V262
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Thus, for m sufficiently large,
1F () = F (I (—eep < V26172

Now, let m = n3/2 for n € N. Using Lemma 5, Lemma 2, and the above estimate, for each x € R, we have
FRAFN@ = FHEG)E)| = |77 F) = F ()]
=L | [ 0 - Fwea
b [ IR - P ) i
< ([ 10 - 2w
s [ FO e [ 0] aK)

1 € 2nE,
<= ([0 - Fr w2

C Cm
+ / L ikt dk>
k|>n [k|2 k|>n k[

1 12, 2nEe | 2C  Cn%?2
§E<\6€ R i
< 261/2,

for sufficiently large 1, where % is the bound from Lemma 2.
Since € > 0 was arbitrary, it follows that for each x € R,

lim F 1 (F(fu))(x) = FH(F(f)(x),

and by Definition 2,
fx) = tim fu(x) = lim F(F(f)(x) = FHF () ).
O

Remark 1. The previous lemma proves an inversion theorem for non-oscillatory functions with very moderate
decrease. Such functions belong to L?(R) and an analogous result for Fourier series can be found in [1], where
convergence is proved almost everywhere rather than everywhere. The corresponding result for transforms is
that;

If fe LP(R), p € (1,2], then;

fx) = limg oo /WR F(f) (k)e™*dk

27T

for almost every x € R.

We can define the function Fi(f)(k), for k € R, using the usual Fourier transform transform method,
when f € L'(R), see [6], and, we can define the function F5(f) (k), for k € R 40, using the limit definition when
f is of very moderate decrease and non-oscillatory, a particular case of f € L?(R). However, the operators
F1 and F, need not commute, so that even if we show that 7, o 1 = Id, it doesn’t necessarily follow that
F1 0 Fp = Id. The first claim is, in a sense, shown in [7];

If fe LY(R)NCYR)and | F(f) (k)| < % forallk # 0,and A € R, then;

1 ix
= /\m F(f) (k)e'**dk

f(x) = limR%oo

forevery x € R.
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Definition 3. We say that f : R — R is analytic at infinity, if f (%) has a convergent power series expansion

for [x[ < €, € > 0. We say that f is eventually monotone, if there exists yo € R~¢ such that f| and

—0,— o)
f1(yo,00) @re monotone.

Remark 2. The class of functions which are analytic at infinity and of very moderate decrease is important
in Physics. The components of the causal field generated by Jefimenko equations can be shown to have this

property if the corresponding charge and current (p, J) are smooth and have compact support.

A criteria for a function being non-oscillatory or eventually monotone is provided by the following
lemma;

Lemma?7. If f : R — R, f # 0is analytic and analytic at infinity, then it has finitely many zeroes. If f : R = R, %
is analytic and analytic at infinity, and f # c, where c € R, then f is non-oscillatory. If f : R — R, f is analytic for
|x| > a, where a € R >0, analytic at infinity, and f||,|~, # O then f has finitely many zeroes in the region [x| > a + 1.
Iff:R =R, % is analytic for [x| > a, analytic at infinity, and f|y~, # c, where c € R, then f is eventually
monotone.

Proof. For the first claim, suppose that f has infinitely many zeroes. Then we can find a sequence {y;;i €
N} with f(y;) = 0. If the sequence is bounded, then by the Bolzano-Weierstrass Theorem, we can find a
subsequence {y; ;k € N}, with f(y; ) = 0, converging to y € R. By continuity, we have that f(y) = 0 and
y is a limit point of zeroes. As f is analytic, by the identity theorem, it must be identically zero, contradicting
the hypothesis. If the sequence is unbounded, then we can find a subsequence {y;,;k € N'}, with f(y;, ) = 0,
such that liny_,.y;, = 0 or limy_,Y;, = —oo. As f is analytic at oo, we can find € > 0, such that f(y) = 0
for |y| > % By the identity theorem again, f is identically zero, contradicting the hypothesis. It follows that
f has finitely many zeroes. For the second claim, as % # 0, by the first part, there exist finitely many points
{y1,--.,yn}, with %bi =0, for1 <i<mn,and withy; < y;;1, for1 <i < n — 1. In particularly, we have that
Fli=eoy1)r fl(ymeo) @nd fl(y,,.,) is monotone for 1 < i < n —1, so that f is non-oscillatory. For the third claim,
suppose that f has infinitely many zeroes in the region |x| > a4 + 1, then we can find a sequence {y;;i € N}
with f(y;) = 0and |y; > a + 1. As above, if the sequence is bounded, we can find a subsequence {y; ;k € N},
with f(y; ) = 0, converging toy € R, with |y| > a+1 > a. As f is analytic for |x| > a, by the identity theorem,
it must be identically zero in the region |x| > a, contradicting the hypothesis. If the sequence is unbounded,
by the same argument as above, f must be identically zero in the region |x| > a, contradicting the hypothesis.
It follows that f has finitely many zeroes in the region |x| > a + 1. For the fourth claim, as % l|x|>a # 0, by the

first part, there exist finitely many points {y, ...,y }, with %\yi =0,and |y;| > a+1, for1 <i < n. Choose

d :
Yo > maxi<i<,(|yi]), then £|\X\>yo # 0, so that f||,|~, is monotone.
O

Lemma 8. Suppose f € CO(R) and f is of very moderate decrease. Define the Fourier transform by

FO0) = —— Jim [ fe ™ ay.

(27.5)7 r—vo0

Then F(f)(k) defines a function in L?(R), satisfying IF 2wy = Ifll2w)- Moreover, there exists a sequence
{rn}nen with v, € Ry such that

n .
lim [ f(y)e ™ dy

(27.[)% n—oo —n

converges almost everywhere.

Proof. By hypothesis, f € L?(R). Let f, = f X(—rr), Where x(_, , is the characteristic function on (—r, 7). Then
fr € LY(R)NL?(R),and | f — frllr2(m) — 0asr — oo. In particular, {f,} is a Cauchy sequence in L*(R).
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By a result in [8], the usual Fourier transform F : L'(R) N L2(R) — L?(R) is an isometry. Hence, { F(f;)}
is also a Cauchy sequence in L?(R). By the completeness of L?(R), there exists ¢ € L?(R) such that ||g —
= || fll2(m)

(fr)HLZ(R) —Qasr —
We now compute:
= lim | F ()l i2ge) = lim [l 2y = | Jim

IF () 2wy = | Jim PO o
Finally, by a result in [9], if we choose r, € R.g such that ||f — f,,[|2m) < 27", then || F(f)
) < 27", which implies that | F(fr,) (k) — F(f)(k)| — 0 almost everywhere. [J

(f 'n ) || L2(R
Remark 3. We will use F(f)(k) to denote this almost-everywhere limit
of moderate decrease.

} C C(R) is of very moderate decrease, wzth

Lemma 9. Let f € C*(R) and assume {f
Then there exists a constant G € R~ such that
G
FO®] < g forlk > 1

of moderate decrease and oscillatory. Then there

In particular, F(f)(k) € L'(R) and is defined for all k # 0.
Moreover, let f € C'(R) be of very moderate decrease, wzth

exists a constant G € R~ such that
G .
| F(f) (k)| < e for sufficiently large |k|
Hence, F(f)(k) € LY(R) and is defined for k # 0
Proof. First, note that ; f € LY(R). Then
a2 f - ‘ 1 /°° d2f _ik ‘ 1 /°° d2f . 1 de
Fl55 = —y)e ™Wdy| < —(y)|dy =
’ (de)( )‘ (27_[)% oo dx2 (J/) Y = (27_[)% oo dx2 (]/)| Y (27_[) dx2 o=
for some G € Ry. Next, applying integration by parts and the Dominated Convergence Theorem (DCT), for
k # 0 we obtain:
&2f _ 1 . r &2f —iky _ af —1ky / —1ky
FEH0 = sy lim [ G ey = o [(Fe )|+ /-
Since % vanishes sufficiently fast at 0o (due to very moderate decrease), the boundary term is zero, thus
de k o lk 1 r df _lkyd lk —lk]/ k _lkyd
()0 = o hm | W ™dy= (Fwe ™) +ix [ foyeivay]
Again, the boundary term vanishes, yielding
FEL I Je M dy) = — K2 F(f)(k
(W0 =—R(rim [ e i) =R F(7)0),
Thus s
f
FEW] _ G
| F(F) (k)] = T;jz < g forlk>1.
( ) € L*(R) C LY(R), and hence F(f)(k) €

Moreover, since F(f)(k) € L?(R), it follows that f(f)|

LY(R).
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For the second statement, let f € C!(R) be of very moderate decrease, with % of moderate decrease and

oscillatory. Since % € L1(R), we similarly have | F(4L) (k)| < H for some H € R. Repeating a similar
integration-by-parts argument shows

F(UY (k) = ik F(f) (k) fork #0,

thus ‘]:(df> (k)|
dx H

By assumptions on the oscillatory nature of % and the moderate decrease for |x| — oo, one can refine this

bound further. Adapting the argument in [5], for sufficiently large |k|,

HEHO] <

for some constant R > 0. Combining these estimates yields

df
F(&h)(k
|F(H)K)] < |(“|“‘k|)()| < Iljz for sufficiently large |k|.

Hence F(f)(k) € L'(R) for k # 0, as required. [

Lemma 10. Let f € C3(R) be such that {f,f'} has very moderate decrease, f" has moderate decrease, and
{f, f', f", f""} is bounded. Then F(f) € LY(R), and

fx) = FHF() (),

where, for ¢ € L}(R),
1

(2m)2

FlUw = —— [ skyerak

Moreover, the same result holds if f € C3(R) with f of very moderate decrease, f' of moderate decrease and oscillatory,
and {f, f', ", f""'} bounded.

Proof. By Lemma 9, there exists a constant E > 0 such that

IF() (k)| < |,f|2

for sufficiently large |k| (this is (x)). Since f is of very moderate decrease, we also have

D
)P < o

for |x| > 1. Because f € C°(R), it follows that f € L?(R). Consequently, F(f) € L?(R). Furthermore, for any
n € N, the restriction F(f)| (nn] € LY(R). Denoting this condition as (%), and combining () and (xx*), we
conclude that F(f) € L1(R).

Next, let { fu } men be the approximating sequence given by Lemma 5. Since each f,, € L!(R), its Fourier
transform J () is continuous. Because f,; € C2(R) and f € L'(R), there exist constants D,, > 0 such that

D
[ F(fu) (k)| < T
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for sufficiently large |k|. Moreover, since x" f,,(x) € L'(R) for any n € N, it follows that F(f,) € C®(R).
Hence, by the standard Fourier Inversion Theorem (see [4] for the proof), we obtain

fu(x) = FHF(fu)) (x). (15)

Since f is of very moderate decrease, we have f — f,, € L?(R), and
Mim (| f = fullzwy = 0, lim [|F(f) = F(fu)ll 2wy = O

For any n € N, m € N, we estimate:

1
[ Fh)®) dk| < @n2 17~ fidlliz < @n)2 1f — fulz
Since || f — fu||;2 is controlled by the very moderate decrease of f, we can bound this by
1 2 2 1 1 3
1 2
(2n)2 </ Dde) = em2(22 =2, (a) (16)
[x|[>m X m2

3
for some constant D > 0. Now, setting m = |n2 | and applying Lemma 5 together with (16), we estimate, for
x € R,

FAFE) &) = FUF(f) ()] = —\/ F(fn) () € ak]

Splitting the integral into regions |k| < n and |k| > n, and using our previous bounds on F(f), F(fm), one
shows that

1
FUFEO)@ - FAFR)@] < — (20" + 24 EF) g,
(2m)2 m2 " "
as n — oo. Hence,
lim FH(F (fu))(x) = FHF(f)) (x). (17)

m—o0

Finally, by Definition 2, together with (15) and (17), we obtain

flx) = lim fu(x) = lim FYF(fm)(x) = FHF() ().

m—o0 m—00

This completes the proof. [
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