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1. Introduction

O ne of the famous inequalities for the class of convex functions is the so-called Hermite-Hadamard
inequality (see [1,2]), which can be stated as follows: For every convex function f on the interval [a, b]

with a < b, we have ,
() < s [ e L0

Several generalizations and variants of inequality (1), have been obtained see [3-14] and references therein.
In [15], Dragomir and Agarwal gave some results which are in relationship with inequality (1) as follows:
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Pearce and Pecaric [16], gave a variant of the result given in the inequality (3) as follows:
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Noor [17], established the anologue preinvex of inequality (1) as follows:
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In [18], Barani et al., investigated some trapezium type inequalities for differentiable preinvex functions
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and
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Recently, Farid et al. [19], gave the followig Hermite-Hadamard inequality for Caputo fractional
derivatives

o () < 0 (o o 05 ) ) < D0

Also, in the same paper, they established the following result
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Motivated by the results of the paper [19], in this paper, we use a new identity in order to establish some
trapezoidal type inequalities for functions whose modulus of the first derivatives are (s, m)-preinvex in the
second sens via fractional derivatives at Caputo meaning.

2. Preliminaries

This section recalls some known definitions
Definition 1. [20] A function f : I — R is said to be convex, if
Fltx+ (1= 1)y) < tF(x) + (1— D) £(y), (10)
holds forall x,iy € I and all t € [0,1].
Definition 2. [21] A function f : [ = [a,b] C [0, +00) — R is called s-convex, if
Fltx (- 0)y) < EF)+ -0 F(9), (11)
holds for all x,y € Iand all t € [0, 1].
Definition 3. [22] A function f : [0, b] — R s said to be m-convex, where m € (0, 1] if
F(txm (1= £)y) < £ () +m (1= 1) £ (), (12)
holds forall x,iy € I,and t € [0,1].
Definition 4. [23] A function f : [0, b] — R is said to be (s, m)-convex, where s, m € (0,1],if
F (b (1= £)y) < B (1) +m (1— 1) £(y), (13)
holds forall x,y € I,and t € [0,1].

Definition 5. [24] A set K C R" is said an invex with respect to the bi-function # : K x K — R", if for all
x,y € K, we have
x+tn(y,x) € K. (14)

Definition 6. [24] A function f : K — R is said to be preinvex, if

flx+ty(yx) <Q—t)f(x)+tf(y), (15)
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holds forall x,y € Kand all t € [0,1].
Definition 7. [25] A function f : K = [a,a + 1 (b,a)] C [0,4+00) — Ris called s-preinvex, if

£t (0,%) < (1 6 F (1) + £ (1), (16)
holds for all x,y € Kand all t € [0, 1].

Definition 8. [26] A function f : K C [0,b*] — R is said to be m-preinvex with respect to 7, where b* > 0 and
m € (0,1], if

flxtty () < A=) f ) +mif (L), 17)
holds forall x,y € K, and t € [0,1].

Definition 9. [27] A function f : K C [0,b*] — R is said to be (s, m)-preinvex with respect to # for some fixed
s,m € (0,1], where b* > 0, if

f ety (y,x) < (A=) f () +mtf (), (s)
holds forall x,iy € K,and t € [0,1].

Condition C. ( [28]) Let K be an invex set with respect to the bi-function # (.,.) then for any 4,b € K and
t € [0.1], we have

n(a,a+ty(b,a)) = —ty(b,a)and 57 (b,a +ty(b,a)) = (1 —t)n (b,a). (19)
From Condition C, it follows that
1 (a+t(ba),a+tn(ba) = (t2—t)n0a), (20)
holds for any a,b € K and t1,t, € [0.1].

Definition 10. [29] Leta > Oand « ¢ {1,2,3,..} ,n = [a] + 1, f € AC" [a,b] which is the space of functions
having n*" derivatives absolutely continuous. The right-side and left-side Caputo fractional derivatives of
order « are defined as follows:

X

(D5 f) () = gy | =" e >, e
and ,
(°DEf) (x) = F((;l)a) / (t— )" (£) dt, b > . (22)

X

Ifa = n € {1,2,3,..} and usual derivative f(") (x) of order n exists, then Caputo fractional derivative
(°D%, f) (x) coincides with f() (x) whereas (“D¥_ f) (x) coincides with f(") (x) with exactness to a constant
multiplier (—1)".

In particular we have forn =1land a« =0

(‘DY) () = (DY f) () = £ (). (23)
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Definition 11. [30] The incomplete beta function is defined for all complex numbers x and y with Re(x) > 0
and Re(y) > 0and 0 < a < 1 as follows

a

Ba (x,y) = (/'tx—l (1— ) Lar. (24)
0

Lemma 1. [31] Forany0 <a <binRand 0 < a < 1, we have
b* —a* < (b—a)". (25)

3. Main results

Lemma 2. Let f : [a,a+n (b,a)] C [0,b*] — R be the function such that f € C"*1 ([a,a + 1 (b,a)]) withn (b,a) >
0 and b* > 0. Then the following equality for Caputo fractional derivatives holds

) (@) 4 F0) (0 (ba)) (= OT 1= 0) [(Df) @t (b)) + (1" (D, ) @)]
2 2y (b,a))"

1
—1 (g’“)/ (= = (=) ) f (a -ty (b,a)) . (26)
0
Proof. Let )
L= /t”_“f(”+1) (a+ty (b,a))dt, 27)
0
and )
L= /(1 — 1" F0D) (g 4ty (b, a)) dit. (28)
0
Integrating by parts I; we get
1 n—u i
_ (n) o — n—a—1 ¢(n)
b=/ @ () U(b,a){t £ (a+ ty (b,a)) dt,
1 (n) n—uo b u—a n-a-l (n)
= ) - / (fos)
1 —a)I' (n— 1 {ema
Similarly, we have
1
b=y <;,a>f(”> (a) + nn@,% 4 (1=8)""""f0) (a+ by (b,a)) dt,
1 . - a+1(b,a) .
:_n(b,a)f (H_W [ (a+m(ba)—u) fY (u)du,
_ 1 (n) (n_“)r(n_“) cyn
17 (b,d)f ( ) (1’] (b, a))n_“H ( Da+f) ({Il + Ui (b/a)) : (30)

Subtracting (30) from (29), and then multiplying the resulting equality by @ we get the desired result. [
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Theorem 1. Let f : [a,a+ 1 (b,a)] C [0,b*] — R be the function such that f € C"*1 ([a,a +n (b,a)]) with b* > 0
and 1 (b,a) > 0. If ‘ f ("H)‘ is (s, m)-preinvex for some fixed s,m € (0,1], then the following inequality for Caputo
fractional derivatives holds

£ (a) 4 ) (0 y (ba)) (P OT =) [(DLf) @ty b))+ (1" (D ) (@)
2 201 (b,a)""

<z (el G))) (e (- 2)

+ B (s+1,n—vc+1)—B (n—oc—i—l,s—i—l)), (31)

1 1
2 2

where B (.,.) is the incomplete beta function.
2

Proof. From Lemma 2, properties of modulus, and (s, m)-preinvexity of ‘ flntD) ’ we have

FO @)+ £0) @y boa)) (=)L 0= ) [(DRS) (041 (0a) + (21" (D, y-f) )]
2 207 (b))

< Ui (I;/ Cl) 7 ((1 _ t)n—ﬂc B tnfa) ‘f(nJrl) (a +ty (b,a))' dt
0

+ [ (- =) ‘ FOHD (a4 1y (b,a))’ dt

N\H\H

(a)‘ + mt®

£ ()]
s ()]
%
(Z)/ 1—t t”_‘")tsdt
0
1
/ t” & _ ) “) gdt |,
%

7 ((1 L. t”’“) (1—t)°dt + 7 ((1 — t”’“) £t
0 0

% (‘f(m—l) (a)’ +m 'f(n-H) (:1) D
=2 (e ol el () (e (- )

(n—zx—i—l,s—i—l)). (32)

< Ui (Z/a) ] ((1 _ t)n—a - tn—a) ((1 . t)s
0

(tnfuc _ (1 _ t)l’l—t)() <(1 _ t)s

+

(n+1) (Cl) ’ + mt

N\»—‘\r—l

1
_ 77(1;/“) ‘f(n+1 ‘/ 1—t tn—a)( 1)’ dt—i—m‘ (n+1)
0

(t”_‘" —(1- t)”*“) (1—t)°dt+m ’ (n+1) ( )

+ £ (@)

N\H\H

+Bi(s+1,n—a+1)—B

1 1
2 2

The proof is completed. O
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Corollary 1. In Theorem 1, if we choose 1 (b, a) = b — a, we obtain

f (@) + fW (b))  (n—a)T (n—a) cpa A~
2 - z(b_a)nﬂx [( Da*f) (b)+(_1) (Db*f) (a)]

b—a b 1 1
e (n+1) ( 2 - - -
= 2 ( f (m)‘) (n—tx+5+1<1 2”—“+3>

+B%(s—|—1,n—oc+1)—B (n—zx—f—l,s—i—l)). (33)

Jalazy (u)‘ +m

1
2

Corollary 2. In Theorem 1, if we take m = 1, we obtain

F0 (@) 4 £ (a g (b)) (P 0T (1= 0) [(D3f) (atn (b)) + (~1)" (D2, 0 f) (@)
2 . 2(y (b,)"™"

_— 1 1
f( +)(b)D (n—a+s+1 (12”'”5

(n—tx+1,s+1)>. (34)

< ﬂ(l;,a) (

f(n+1) (a)‘ +

+Bi(s+1,n—a+1)—B

1
2

Nl—

Moreover, if we take n (b,a) = b — a, we get

f(n)(a)+f(n)(b) (n_“)r(n_“) cyw n (cryu
2 B 2(b_a)n—zx [( Da*f) (b> + (_1) ( Db*f) (a>]
< (@l [ o) (e (- aees)
+B%(s+1,n—¢x+1)—B%(n—zx—l—l,s—l—l)). (35)

Corollary 3. In Theorem 1, if we take s = 1, we obtain

£ (@) £ (a4 g (b)) = OT 0= ) [(DLS) @47 0m) + (D" (D, 0,-f) )]
2 207 (b))

n(ba) (2" -1 b
< on—a+1 (n —a+1 f(nJrl) m : (36)
Moreover, if we take n (b,a) = b — a, we get
f @)+ f"(b)  (n—a)T(n—
2 2(b—a)"™"
< b—a [2"7% -1
T atl \p—a+1

Corollary 4. In Theorem 1, if we take s = m = 1, we obtain

frt) (a)‘ +m

%) (D%, £) (b) + (—1)" (D) (a)

()

f(n+1) (ﬂ)‘ +m

£ @)+ £ 0 b)) _ BT =) [(DLS) (a+1 (b)) + (1" (D}, ,0-f) )]
2

2(n (ba))" ™"
< 2 (2220

Moreover, if we take 17 (b, a) = b — a, we get Theorem 2.4 from [19].

f(n+1) (z:l) ‘ +

£ ®)]).- (38)
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Theorem 2. Let f : [a,a+1 (b,a)] C [0,b*] — R be the function such that f € C"*1 ([a,a +n (b,a)]) with b* > 0
and 1 (b,a) > 0. If’f(”“) ’q is (s, m)-preinvex for some fixed s, m € (0,1] where ¢ > 1 with p~! + g~ = 1, then the
following inequality for Caputo fractional derivatives holds

£ (a) 4 ) (0t y (o)) (P OT =) [(DLf) @ty b)) + (1" (D) (@)
2 2(y (b,a))""

Sn(b’a)< ! )’1’ ’f(nﬂ)(“)’qum’f(nﬂ)(%)’q nla

2 pn—pa+1 s+1 (39)

Proof. From Lemma 2, properties of modulus, Hélder’s inequality, Lemma 1, and (s,m)-preinvexity of
q
’ f(n+1) ‘

, we have

£ (@) £ (a4 g (b)) O 0= ) [(DLS) @47 00) + (D" (D, 0,-f) ()]
2 207 (b))

1
< 1 (b,a) Pdt) (
(]

(a-p"* —t”*"‘>pdt+

1
q

<=

O\H

t}’l(X an

‘ FOHD) (g 4t (b,a)) ‘q dt)

(tnfoc B (1 o t)ﬂ*ﬂ()pdt % (7 ’f(n+1) (g +ty (b/g))‘q dt) q

0

Il
=
—
NG
AN
N—
O S— =

N\H\H

1
p

IA
=
—
NS
N
N—
O S— =

1

(1—20)P" P g+ / 1)P" P
1
2

F T,
0

1 (b,a) 1 5 ’f(”+1)(a)‘q+m’f(n+1)(%)’q i
2 (P"—ptx—i—l) st 1 )

1

q
(n+1) ({1) ‘q + mt

N———

(40)

The proof is completed. O

Corollary 5. In Theorem 2, if we choose 1 (b,a) = b — a, we obtain

A f(”() (n—a)T'(n—a) @
ST V) (ot ) )+ (- (0f-1) @)

_b-a ( ! >; \f(”“)<a)\q+m\f(”“)(i)\q}'

2 pn—px+1 s+1 1)

Corollary 6. In Theorem 2, if we take m = 1, we obtain

£ (@) £ (a4 g (b)) = OT =) [(DLS) (@47 0) + (D" (D, 0,-f) )]
2 207 (b))
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7 N
7 (ba) 1 b @)+ £ o)
= 2 (pn—pzx—i—l) ( s+1 ' (42)

Moreover, if we take n (b,a) = b — a, we get

f(n)(a)+f(n)(b) (1’[—0()1—'(1/1—0() c« n(cryu
2 - Z(b _a)n—zx [( Da+f> (b> + (_1) ( Db—f) (11)]

1
n q n q q
a1 (@l e @)Y, “
- 2 \pn—pa+1 s+1 '

Corollary 7. In Theorem 2, if we take s = 1, we obtain

£ (@) £ (@4 g () = WT 0= ) [(DLS) @+ 0m) + (D" (D, 0,,-f) )]

2 2(n (b,a))"™"
1 n 1 n YK %
poa) (1 (U@l ()]
- 2 (pn—pzx—i—l) ( 2 ' (“4)
Moreover, if we take n (b,a) = b — a, we get
(n) (n) - -
PO o) B et (D2 ) () + (1) (D5 ) (o)
beaf 1\ [P @ w2
= 2 (pn—ptx+1> ( 2 ' 45

Corollary 8. In Theorem 2, if we take s = m = 1, we obtain

FO @)+ £ @y ba)) (=T 0= 0) [(DLS) (@41 00) + (1" (D y0-f) )]
2 207 (b))

g N
pay (1 \b [ OV @] [ @)
= 2 (pn—pzx—i—l) ( 2 ' (46)

Moreover, if we take n (b,a) = b — a, we get

f(n)(a)+f(n)(b) (n_“)r(n_“) cyw n (cryu
2 - 2(b _a)n—zx [( Da‘*’f) (b> + (_1) ( Db‘f) (ﬂ)]

q

beay 1 N[ @ [ e
= 2 (pn—pa+1> ( 2 ' 47
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Theorem 3. Let f : [a,a+1 (b,a)] C [0,b*] — R be the function such that f € C"*1 ([a,a +n (b,a)]) with b* > 0
and 1 (b,a) > 0. If ‘f(”“) )q is (s, m)-preinvex for some fixed s,m € (0, 1], where q > 1, then the following inequality
for Caputo fractional derivatives holds

£ (a) 4 ) (0t y (ba)) (= OT =) [(DLf) @ty b)) + (1" (D ) (@)
2 2(y (b,a))""

_ 1-1 1
U(b/”) 2t -1 1 (n+1) (n+1) AV
< —
=" <(nuc+1)2”—"‘—1 ’f ‘ tmif m 48
Zn 1x+s_1 %
><<(n_lx+s+1)2nHS—}—B%(s—l—l,n—zx—f—l)—B%(n—uc+1,s+1)) ,

where B (.,.) is the incomplete beta function.

1
2

q
Proof. From Lemma 2, properties of modulus, power mean inequality, and (s, m)-preinvexity of ‘ flrtD) ‘ we
have

£ (@) + £ (a4 g (b)) (= OT 0= 8) [(DLS) @47 0m) + (D" (D, 0,-f) )]
2 207 (ba))" "

)

1 1-;
< Ul (Zra) (/ e (1 _ t)n*lx di’)

1
q

¢ ) L

e — (11—

FOD) (g 4 1y (b,0)) ‘q dt)

f(nJrl) (Cl)’ + mts

) 7 (s ) (- oy o ()
1 (i) (e ()
x 4((1—1&)”"‘—#7 SIED dt+{ (1= =) par

2 (i) (ol el L)

x 7 (1=t —pe) ((1 — 1)
0

(n+1) (a)‘q + mt

=
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1

n—a+s 1 7
X ((n—a+s+1)2’l“+s+8% (s+1,nfoc+1)fB% (nzx+1,s+1)> . (49)

The proof is completed. [

Corollary 9. In Theorem 3, if we choose 1 (b, a) = b — a, we obtain

O @)+ ) ()  (n—a)T (n—a) X
ST (V) () )+ - (08 0]

1
1 q)q

b—a n—a _q 1= b
< ﬂ+1 (ﬂ+1) —
< (amagmzeer) (@l sl (3
1

on a+s 1 q
x( +Bi(s+1,n—a+1)—B (n—a—f—l,s—i—l)) . (50)

(n—a+s+1)2n—ats 5 2

Corollary 10. In Theorem 3, if we take m = 1, we obtain

£ @)+ £ @+ b)) _ BT =) [(DL1) (a+1 (b)) + (<1 (D}, 0 -f) )]
2 2(n (b,a))"""

< (l;,a) ((n _i":‘l)—;laly_q (‘f(n+1) (a)’q+ ’f(n+1) (b)‘@y

on—a+s _q q
X ((n—a+s+1)2”—”‘+5+B% (s—l—l,n—tx—i-l)—B% (n—ac+1,s+1)> . (51)

Moreover, if we take n (b,a) = b — a, we get

f (@) + (k)  (n—a)T (n—a) @
‘ 2 - z(b_a)n—zx [( +f)() ( ) (D f)()}’

b—a o _q -3 " (n41) (0 |7V
=73 <(n—1x+1)2”‘"1) (e @[ e @f)
on &+ 1 %
x((n_a+s+1)2n“+S+B%(s+1,noc+1)B%(nuc+1,s+1)) . (52)

Corollary 11. In Theorem 3, if we take s = 1, we obtain

£ (@) £ (a4 g (b)) (=T 0= 8) [(DLS) @47 0m) + (D" (D, 0,-f) )]
2 207 (b))

n—a f(n-l—l)( )q+ f(n+1) % 1 %
<26 ((n—iﬂ)zi—“—l) ‘ d ;”‘ 2} ' "
Moreover, if we take  (b,a) = b — a, we get
‘f(n) WSRO T (D2 )+ (1) (D) o >]‘
b- o 7))o ()7
= Za((n—oa—i—l)Z”“l) | | z‘ Ql ' G4
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Corollary 12. In Theorem 3, if we take s = m = 1, we obtain

£ (@) + £ (a4 g (b)) (1= WT 0= 8) [(DLS) @+ 0m) + (D" (D, 0,-f) )]

’ 207 (b))
p(ba) (201 0 )[40 )"
< 2 ((n —a+1) Znal) > (55)
Moreover, if we take n (b,a) = b — a, we get
£ (@) £ (8) _ (n—a)T(n—a) o " (e
‘ 7 ap_a WP O+ (D) <a>]‘
b—a e _1 £ @)+ [0 (o) %

=72 ((”_“+1)2”“1> 2 (56)
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