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Abstract: This work presents a nonlinear dynamic analysis and delayed proportional–derivative (PD)
control of piles subjected to prescribed lateral excitations. The model incorporates geometric nonlinearity,
nonlinear Winkler-type soil reactions, and modal coupling within a Lagrangian framework. The nonlinear
partial differential equation is examined through modal projection and through a separate semi-discretized
finite-difference formulation integrated with a Runge–Kutta scheme. The reported numerical results exhibit
approximately periodic, amplitude-modulated, dissipative, bursting-like, and irregular finite-time responses
as the excitation frequency, load amplitude, and soil stiffness are varied. Harmonic excitation is treated as
additive forcing, whereas constant-load responses are interpreted as transients rather than as evidence of
sustained chaotic motion. The PDE simulations illustrate mixed oscillations, convergence toward a steady
displacement under constant loading, and asymmetric bending distributions along the pile depth. A delayed
PD controller is examined in modal space, and residual forced oscillations remain visible in the reported
controlled response. The stability analysis concerns the unforced linearized modes and therefore does not
establish nonlinear robustness or exact disturbance rejection. The contribution is an application-oriented
study based on established modeling and control techniques. The three-oscillator approximation and
the clamped–free PDE calculations employ different boundary idealizations; consequently, matched-model
validation, physical calibration, and complete reproducible simulation details remain necessary before
predictive engineering use.

Keywords: nonlinear pile dynamics, prescribed lateral excitation, bursting and irregular oscillations, delayed
PD control, soil–structure interaction

1. Introduction

P iles are fundamental components of civil and geotechnical engineering systems because they transfer
superstructure loads to deeper soil layers. Their dynamic response to lateral excitations, including

seismic, wind, hydrodynamic, and machine-induced actions, is therefore important for structural safety and
serviceability [1,2]. Conventional pile models frequently rely on linear structural behavior and simplified soil
reactions; such assumptions may become inadequate when deformations are moderate to large or when the
surrounding soil exhibits nonlinear response [1]. More generally, nonlinear effects can strongly influence the
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prediction of deflections, internal forces, and stresses in civil engineering systems, although the magnitude
and direction of the resulting deviation from linear predictions depend on loading conditions and the adopted
constitutive model. Kenmogne et al. [3,4] investigated nonlinear beams resting on elastic foundations, while
related work examined nonlinear oscillations in mechanically coupled sieve systems [5]. These studies
reported complex responses including chaotic oscillations, bursting-like vibrations, and regular or irregular
impulse patterns associated with nonlinear stiffness, dissipation, and delayed feedback. Such observations
emphasize that nonlinear dynamics are not confined to pile–soil systems, but arise in a broad class of structural
and mechanical systems whose effective stiffness and energy dissipation depend on response amplitude and
excitation conditions.

Nonlinear control is relevant across civil, aerospace, mechanical, and electrical engineering because
nonlinear systems may exhibit bifurcation, hysteresis, internal resonance, or chaotic behavior that cannot
be inferred reliably from a purely linear description. In civil engineering, nonlinearities may arise from
large deformations, material inelasticity, contact and separation, and complex soil–structure interaction;
each of these mechanisms can alter the structural response under dynamic loading [6]. Associated effects
may include stiffness degradation, amplitude-dependent response, and large strains, thereby motivating
the use of nonlinear analytical or numerical models, including finite-element formulations. Appropriate
control strategies are consequently important when the objective is to limit vibration and maintain acceptable
structural performance, particularly for structures founded on compliant soils or exposed to transient and
sustained dynamic actions.

In aerospace applications, nonlinear control techniques such as backstepping, sliding-mode control,
and nonlinear formation control are used to manage coupled flight dynamics and preserve stability under
changing operating conditions [7]. In robotics, adaptive and nonlinear control approaches are likewise
employed to accommodate parameter uncertainty and nonlinear manipulator dynamics, thereby improving
trajectory-tracking performance [8]. These examples illustrate the broader role of nonlinear control in
engineering systems for which conventional linear controllers may provide only limited validity outside a
restricted operating region.

The motivation for this study is the need for models that can represent, within a common analytical
setting, the geometric nonlinearity of the pile, nonlinear soil reaction, and modal coupling. Classical analytical
approaches remain valuable for physical interpretation but can become restrictive when applied to complex
geometries, heterogeneous soils, and nonlinear lateral response [9]. Numerical procedures based on modal
reduction, spatial semi-discretization, and Runge–Kutta time integration provide complementary means of
examining nonlinear response and assessing control concepts [10]. Accordingly, the present work offers an
exploratory application of Lagrangian modeling, a pairwise-coupled three-oscillator approximation, separate
nonlinear PDE simulations, and delayed modal PD control to depth-dependent lateral pile loading. These
techniques are established in structural dynamics and control; related beam–foundation studies have already
combined nonlinear modeling with delayed feedback [3,4]. The present investigation is therefore positioned
as an application-level synthesis rather than as a new numerical solver or a fundamentally new control law,
and no claim of superiority over the cited methods is made.

The scientific problem addressed in this study concerns the prediction and control of transverse pile
displacements under non-uniform harmonic and constant lateral loading while accounting for geometric and
soil nonlinearities. Three research questions are considered: (1) How do geometric nonlinearity and nonlinear
soil reaction influence the modal dynamics of the idealized pile? (2) To what extent can delayed PD feedback
applied in the modal domain attenuate transverse vibration under the stated assumptions? and (3) How can
modal reduction and direct numerical treatment of the governing PDE be used as complementary descriptions
of responses under prescribed lateral excitation?

The overall objective is to examine an analytical and numerical framework for simulating and controlling
the response of an idealized nonlinear pile subjected to lateral excitation. The specific objectives are: (1) to
formulate a Lagrangian model incorporating flexural deformation, nonlinear axial stretching, and nonlinear
soil reaction; (2) to apply modal projection to reduce the transverse PDE to a finite system of coupled
modal equations; and (3) to formulate and assess delayed PD feedback for attenuation of the retained modal
responses. The principal assumptions are that: (i) the pile is homogeneous and has uniform linear mass
and flexural properties; (ii) the foundation reaction is represented by a nonlinear Winkler-type law; and (iii)
energy dissipation is represented by local viscous damping. These assumptions define an idealized analytical
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model and are not independently validated by the reported numerical examples. In addition, no matched
experimental benchmark or systematic modal–PDE convergence study is provided, so the calculations should
be interpreted as exploratory rather than predictive.

The remainder of the paper is organized as follows. §2 presents the modeling assumptions, Lagrangian
formulation, governing equations, and modal reduction. §3 describes the numerical simulations, including
modal calculations and a separate spatial semi-discretization of the nonlinear PDE integrated by a fourth-order
Runge–Kutta scheme. §4 develops the delayed PD controller for the retained modes and discusses the
associated linearized stability conditions. Finally, §5 summarizes the main findings, limitations, and
perspectives for future investigation.

2. Methodology, materials, and methods

2.1. Hypotheses and notation

The study considers a single pile of length L, as illustrated in Figure 1. The pile axis is described by the
coordinate x, with the head located at x = 0 and the tip at x = L. The pile head may be connected to a
superstructure or platform. To obtain a tractable planar model, the transverse displacement w(x, t) is assumed
to occur in a single lateral direction.

Figure 1. Pile supporting a superstructure of mass Ms under a transverse load q(x, t)

The pile is characterized by the mass per unit length m = ρA, the area moment of inertia I, and the
bending stiffness EI. Interaction between the pile and the surrounding soil is represented by a distributed
reactive foundation law. Nonlinear Winkler and p–y formulations are widely used for idealized lateral
pile response [11,12], while related continuum-to-Winkler representations provide additional background on
lateral soil–foundation interaction [13]. The adopted soil reaction may be written as:

ps(w, x) = k1(x)w + k3(x)w3 + · · · , (1)

or, more generally, as a nonlinear constitutive law ps(w, x) = F(w, x). An additional axial load P0(t),
either compressive or tensile, could interact with the lateral displacement and modify the global stability
characteristics. Such a load is not included in the equations or simulations reported below; hence, P0 = 0
throughout the present calculations. The time dependence of q(x, t) represents prescribed external forcing
rather than parametric excitation. Geometric nonlinearity is introduced through the axial extension associated
with moderate transverse rotations. The corresponding approximate axial strain is εax ≈ 1

2 (∂xw)2. Under
the axial-restraint assumption adopted here, the induced axial force N(w) is nonlocal and depends on the
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integral of the squared displacement gradient. A standard reduced expression consistent with nonlinear beam
mechanics is [14]:

N(w) =
EA
2L

∫ L

0
(∂xw)2 dx. (2)

Eq. (2) requires axial end restraint, zero net change in the end separation, and negligible axial inertia; it
therefore does not describe an axially free cantilever. The lateral boundary conditions introduced below are
independent of this axial-restraint assumption. The Euler–Bernoulli representation further assumes a slender,
linearly elastic pile and neglects shear deformation and rotary inertia. Finally, distributed viscous damping
is represented by a local coefficient c(x), which provides an idealized description of energy dissipation in the
pile–soil system.

2.2. Governing model

This subsection presents the Lagrangian formulation adopted for the pile–soil–superstructure idealization
and derives the nonlinear governing equation from the kinetic energy, potential energies, external work, and
dissipation terms. The formulation is consistent with established dynamic pile modeling approaches and
soil–pile interaction representations [15,16].

2.2.1. Pile and superstructure definition

The pile is modeled as an Euler–Bernoulli beam of length L, flexural rigidity EI, and linear mass density
ρA. A lumped mass Ms, representing the superstructure, may be attached at the pile head x = 0 and assigned
the lateral displacement Ws(t). The surrounding soil exerts the nonlinear distributed reaction ps(w, x) [11,17].
For a rigid lateral connection between the pile head and the superstructure, Ws(t) = w(0, t). However,
the fixed-head idealizations used in the simulations impose Ws = 0; consequently, the head mass and
the generalized head force Qs do not contribute to the simulated lateral response. Dynamic motion of the
superstructure itself is therefore outside the scope of the reported calculations.

2.2.2. Kinetic energy

The total kinetic energy includes the contributions of the distributed pile mass and the lumped head mass:

T(w) =
1
2

∫ L

0
mẇ2(x, t) dx +

1
2

MsẆ2
s (t), (3)

where w(x, t) denotes the lateral displacement field along the pile and the overdot denotes differentiation with
respect to time [14].

2.2.3. Bending potential energy

The bending strain energy of the Euler–Bernoulli pile is:

Vb(w) =
1
2

∫ L

0
EI (∂xxw(x, t))2 dx, (4)

which represents the classical Euler–Bernoulli flexural response [18].

2.2.4. Nonlinear foundation potential energy

The soil reaction is represented by a nonlinear distributed foundation potential. For the polynomial law
adopted in the illustrative calculations, the corresponding potential energy is:

Vf (w) =
∫ L

0

(
1
2

k1(x)w2 +
1
4

k3(x)w4 + · · ·
)

dx, (5)

More generally, one may write Vf =
∫ L

0 Vs(w, x) dx, with ∂Vs/∂w = ps(w, x), where ps(w, x) denotes the
nonlinear soil reaction [16]. The cubic law used here is an idealized reversible approximation; no calibrated
p–y curve, interface-separation law, or cyclic degradation model is supplied.
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2.2.5. Nonlinear axial stretching energy

The restrained axial stretching induced by lateral displacement contributes the additional potential
energy:

Vnl(w) =
1
4

N(w)
∫ L

0
(∂xw)2 dx, (6)

2.2.6. Work of external loads

The prescribed distributed lateral load q(x, t) and the generalized head force Qs(t) perform the external
work:

Wext[w] =
∫ L

0
q(x, t)w(x, t)dx + Qs(t)w(0, t), (7)

where q(x, t) denotes the prescribed lateral loading. Dynamic lateral pile loading and experimentally observed
soil–pile response are discussed, for example, in the field study of Dezi et al. [19].

2.2.7. Dissipation function

Distributed viscous damping is introduced through the Rayleigh dissipation function:

D[w] =
1
2

∫ L

0
c(x)ẇ2(x, t)dx, (8)

where c(x) ≥ 0 is the local viscous damping coefficient [20]. Eq. (8) contains only linear distributed viscous
damping; no nonlinear or concentrated head-damping term is included.

2.2.8. Lagrangian and variational principle

The Lagrangian functional is then written as:

L[w] = T[w]− (Vb[w] + Vf [w] + Vnl [w]). (9)

Applying the Euler–Lagrange principle, with ẇ = wt, together with the functional derivatives of the
external work and Rayleigh dissipation, gives the governing equation in variational form:

d
dt

(
δL
δwt

)
− δL

δw
=

δWext

δw
− δD

δwt
. (10)

Here, δL/δw contains the variations associated with bending, the foundation potential, and nonlocal axial
stretching. In the beam interior, δWext/δw = q(x, t), whereas the concentrated head force contributes through
the boundary work.

2.2.9. Nonlinear governing equation

The corresponding strong form of the governing PDE obtained from Eq. (10) is:

mẅ(x, t) + c(x)ẇ(x, t) + EI∂4
xw(x, t)− ∂x (N[w]∂xw(x, t)) + ps(w(x, t), x) = q(x, t). (11)

For the cubic soil law in Eqs. (1) and (5), and for spatially uniform m, EI, c, k1, and k3, Eq. (11) reduces to:

mwtt + c wt + EIwxxxx − γwxx + k1w + k3w3 = q(x, t). (12)

where

γ =

(
EA
2L

∫ L

0
(wx)

2dx
)

, (13)

2.2.10. Boundary and initial conditions

Boundary conditions.

• Pile head (x=0):
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{
w(0, t) = 0, wx(0, t) = 0 (clamped kinematic conditions),

EIwxx(0, t) = Mhead(t), −EIwxxx(0, t) + N[w]wx(0, t) = Qhead(t) (head reactions).
(14)

For the clamped-head case, Mhead and Qhead are reaction quantities rather than additional prescribed
boundary conditions. A moving or elastically restrained head would require a separate connection law and
force balance, neither of which is simulated in the present study.

• Pile tip (x = L): the distributed soil reaction ps(w, L) does not replace the end boundary conditions.
§2.3.3 employs simply supported lateral ends, w = wxx = 0 at x = 0, L, for the modal approximation.
§3.3 instead uses a laterally clamped head and an unloaded lateral tip, requiring wxx(L, t) = 0 and
−EIwxxx(L, t) + N[w]wx(L, t) = 0. These are distinct boundary-value problems and should not be
interpreted as interchangeable representations of the same numerical model.

Initial conditions.
w(x, 0) = w0(x), ẇ(x, 0) = v0(x). (15)

2.3. Modal analysis and governing equations

2.3.1. Linearized spatial eigenproblem

To determine the linear reference modes, the cubic term k3w3 and the geometric nonlinearity γwxx =(
EA
2L

∫ L
0 (wx)2dx

)
wxx are neglected, and the prescribed lateral excitation q(x, t) is set to zero. For weak

damping, the undamped spatial problem is solved first and damping is introduced subsequently in the modal
equations [18,20,21]. The corresponding linearized reference equation is:

mwtt + c wt + EIwxxxx + k1w = 0. . (16)

Setting c = 0 in Eq. (16) and assuming separable solutions w(x, t) = ϕ(x) T(t), T(t) = eiωt, we obtain the
spatial eigenvalue problem:

EIϕ′′′′(x) + (k1 − mω2)ϕ(x) = 0. . (17)

Seeking spatial solutions of the form ϕ ∝ erx gives the characteristic equation:

EIr4 + (k1 − mω2) = 0, r1,2 = ±β, r3,4 = ±iβ, β =

(
mω2 − k1

EI

)1/4

. (18)

The corresponding eigenfunctions ϕ(x) depend on the selected boundary conditions, for example
cantilever, simply supported, or clamped–clamped conditions. For a cantilever:

ϕ(x) =
[

sinh(βL) + sin(βL)
cosh(βL) + cos(βL)

(
cos(βx)− cosh(βx)

)
+ sinh(βx)− sin(βx)

]
, (19)

with characteristic equation cosh(βL) cos(βL) = −1. The first roots satisfy β1L ≈ 1.8751 and β2L ≈ 4.6941.
For simply supported ends, βnL = nπ and ϕn(x) = sin(nπx/L).

2.3.2. Modal expansion and galerkin projection

A complete set of orthogonal eigenfunctions {ϕn(x)}n≥1 satisfying the selected linear boundary
conditions is used as the spatial basis. These functions satisfy:

EIϕ′′′′
n + k1ϕn = λnmϕn,

∫ L

0
mϕnϕp dx = δnpmn. (20)

The lateral displacement is expanded as:

w(x, t) =
∞

∑
n=1

qn(t) φn(x), (21)
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where qn(t) are the generalized modal coordinates, φn = ϕn, and mn = Mn. Substitution into the governing
PDE followed by Galerkin projection gives the modal coefficients:

Mn =
∫ L

0
mφ2

ndx,

Cn = c
∫ L

0
φ2

ndx,

Knj = EI
∫ L

0
φ′′′′

j (x)φn(x)dx + k1

∫ L

0
φj(x)φn(x)dx,

Gnj =
∫ L

0
φ′′

j (x)φn(x)dx,

Tnjpr =
∫ L

0
φj(x)φp(x)φr(x)φn(x)dx,

Ajp =
∫ L

0
φ′

j(x)φ′
p(x)dx. (22)

The geometric nonlinear coefficient becomes:

γ(t) =
EA
2L

N

∑
j=1

N

∑
p=1

qj(t) qp(t) Ajp. (23)

The resulting N-mode equations can therefore be written as:

Mn q̈n + Cn q̇n +
N

∑
j=1

Knjqj − γ(t)
N

∑
j=1

Gnjqj + k3

N

∑
j=1

N

∑
p=1

N

∑
r=1

Tnjprqjqpqr = Qn(t), (24)

where the generalized modal forces are:

Qn(t) =
∫ L

0
q(x, t)φn(x)dx. (25)

Eqs. (22)–(25) are used below with the simply supported basis and without a moving head mass. For
a nonlinear clamped–free modal reduction, the effective-shear boundary contribution must also be included;
merely inserting linear cantilever modes into this strong-form projection is not sufficient to obtain a consistent
nonlinear clamped–free reduction.

2.3.3. Single-mode and multi-mode cases

◆ Single-mode case (N = 1). If w(x, t) = q(t)φ(x),
∫ L

0 φ2(x) dx = 1, and [φφ′]L0 = 0, as for the simply

supported basis adopted below, then γ(t) = EA
2L Aq2, where A =

∫ L
0 (φ′(x))2dx and D =

∫ L
0 φ4(x) dx. The

reduced equation is

Mq̈ + Cq̇ + Kq +
(

k3D +
EA
2L

A2
)

q3 = Q(t). (26)

Eq. (26) has the form of a forced Duffing oscillator, a classical nonlinear system that has been studied
extensively in the literature [20]. Because the purpose of the present work is to retain modal interaction, this
single-mode limit is not examined further.

◆ Three-mode case (N = 3). Consider the normalized sinusoidal basis φn(x) =
√

2
L sin(nκx), with

κ = π/L. Direct integration over 0 ≤ x ≤ L gives:

Mn = m, Cn = c, EI
∫ L

0
φ′′′′

j φn dx = EI(n4κ4)δnj,

Gnj =
∫ L

0
φ′′

j φn dx = −(j2κ2)δnj, Ajp =
∫ L

0
φ′

j φ
′
p dx = j2κ2δjp.

 (27)
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The cubic projection coefficients include the diagonal terms Tnnnn = 3/(2L) for n = 1, 2, 3 and the
pairwise terms Tnnmm = 1/L for n ̸= m. However, coefficients such as T1113 = −1/(2L) and T1223 = 1/(2L),
together with their permutations, are also nonzero. Eq. (29) omits the corresponding mixed cubic terms and
should therefore be interpreted as a pairwise-coupled three-oscillator approximation rather than the exact
three-mode Galerkin truncation of Eq. (24). Because no averaging or asymptotic smallness argument is
introduced to eliminate these terms, this approximation constitutes a modeling limitation. For the linearly
varying load q(x, t) = q0(t)x, the retained modal forces are:

Qn(t) = −S
(−1)nq0(t)

n
, S =

L
√

2L
π

. (28)

Here, q0(t) denotes a load gradient. The schematic in Figure 1, by contrast, labels the tip intensity by
q0(t) when q = (x/L)q0(t); that tip intensity is equal to L times the gradient used in Eq. (28). These two
conventions therefore require an explicit factor-of-L conversion. Defining ζ = c/m, ω2

n = (k1 + EIn4κ4)/m,
α1 = 3k3/(2mL), α2 = EAπ4/(2mL5), and F0(t) = F(t) = (S/m)q0(t), the pairwise-coupled three-mode
approximation becomes:

q̈1 + ζ q̇1 + ω2
1q1 + (α1 + α2)q3

1 + 2(α1 + 2α2)q1q2
2 + (2α1 + 9α2)q1q2

3 = F0(t),

q̈2 + ζ q̇2 + ω2
2q2 + (α1 + 16α2)q3

2 + 2(α1 + 2α2)q2q2
1 + 2(α1 + 18α2)q2q2

3 = − F0(t)
2

,

q̈3 + ζ q̇3 + ω2
3q3 + (α1 + 81α2)q3

3 + (2α1 + 9α2)q3q2
1 + 2(α1 + 18α2)q3q2

2 =
F0(t)

3
.

(29)

2.3.4. Equilibrium points of Eq. (29) and their stability

For F0(t) = 0, the system in Eq. (29) always admits the trivial equilibrium (0, 0, 0). Algebraic candidates
with all three components nonzero may be written as (±q10,±q20,±q30), where

q2
10 =

[(76α2 − 2α1)ω
2
2 + (3α1 + 47α2)ω

2
1 + (−39α2 − 2α1)ω

2
3 ]

(5α1 − 98α2)α1
,

q2
20 =

[(76α2 − 2α1)ω
2
1 + (−46α2 + 3α1)ω

2
2 + (−2α1 + 12α2)ω

2
3 ]

(5α1 − 98α2)α1
,

q2
30 =

[(−39α2 − 2α1)ω
2
1 + (−2α1 + 12α2)ω

2
2 + (3α1 − α2)ω

2
3 ]

(5α1 − 98α2)α1
.

(30)

These expressions follow by introducing the first-order variables qip = q̇i, setting all time derivatives to
zero, and assuming α1(5α1 − 98α2) ̸= 0. Eight real nonzero candidates exist only if all three right-hand sides
of Eq. (30) are positive; equilibrium branches containing one or more zero components, as well as singular
parameter combinations, require separate treatment. For the positive values of α1, α2, and ω2

i used in the
simulations, each restoring bracket in the unforced version of Eq. (29) is positive, so the origin is the only real
unforced equilibrium. A nonzero constant force shifts the equilibrium, whereas harmonic forcing precludes
a time-independent forced equilibrium. To examine local stability of an admissible unforced equilibrium, the
perturbation qi(t) = qi0 + Qiest is introduced, where Qi is infinitesimal and s is the complex growth rate [22].
Linearization then yields

(s2 + ζs + Ω2
1)Q1 + 4q10q20αr1Q2 + 2q10q30αr2Q3 = 0,

(s2 + ζs + Ω2
2)Q2 + 4q10q20αr1Q1 + 4q20q30αr3Q3 = 0,

(s2 + ζs + Ω2
3)Q3 + 2q10q30αr2Q1 + 4q20q30αr3Q2 = 0,

. (31)
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with 

α12 = α1 + α2, αr1 = α1 + 2α2, αr2 = 2α1 + 9α2, αr3 = α1 + 18α2,

Ω2
1 = ω2

1 + 3α12q2
10 + 2αr1q2

20 + αr2q2
30,

Ω2
2 = ω2

2 + 2αr1q2
10 + 3(16α2 + α1)q2

20 + 2αr3q2
30,

Ω2
3 = ω2

3 + αr2q2
10 + 2αr3q2

20 + 3(α1 + 81α2)q2
30,

T11 = Ω2
1(Ω

2
3 + Ω2

2) + Ω2
3Ω2

2 − (4α2
r2q2

30 + 16α2
r1q2

20)q
2
10 − 16q2

20q2
30α2

r3.

(32)

Eq. (31) admits a nontrivial perturbation vector if and only if the following characteristic equation is
satisfied:

s6 + 3ζs5 + [Ω2
2 + 3ζ2 + Ω2

3 + Ω2
1]s

4 + ζ[ζ2 + 2Ω2
3 + 2Ω2

2 + 2Ω2
1]s

3 + [(Ω2
3 + Ω2

2 + Ω2
1)ζ

2 + T11]s2 + ζT11s

+ 64q2
10q2

20q2
30αr1αr2αr3 + Ω2

3Ω2
2Ω2

1 − 4(4q2
20q2

30α2
r3Ω2

1 + 4q2
10q2

20α2
r1Ω2

3 + q2
10q2

30α2
r2Ω2

2) = 0.
(33)

At the trivial equilibrium (0, 0, 0), Eq. (33) factorizes into three modal quadratic factors, with roots si± =
1
2

(
−ζ ± i

√
4ω2

i − ζ2
)

. When ζ = 0 and ω2
i > 0, the linearized unforced modes are neutrally oscillatory;

this local property does not imply that every nonlinear multimode trajectory is periodic. When ζ > 0 and
ζ2 < 4ω2

i , each linearized mode is a damped stable focus.

3. Results of numerical simulations

The pairwise-coupled system in Eq. (29) was examined numerically under two prescribed excitation
scenarios: harmonic time-varying forcing and constant forcing. Unless otherwise stated, the simulations used
the following nondimensional or normalized oscillator parameters:

ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω1 = ω2/2 = ω3/3. (34)

The frequencies in Eq. (34) are prescribed oscillator parameters rather than values generated from the
spectrum ω2

n = (k1 + EIn4κ4)/m: no single set of constant k1, EI, m, and L produces the stated nonzero 1:2:3
frequency ratios. With the adopted spatial normalization, qn carries units of length3/2, while ζ = c/m has
dimensions of inverse time and is therefore a damping coefficient rather than a conventional dimensionless
damping ratio. A physical calibration linking these modal parameters to a specific pile geometry and soil
profile is not provided.

The reported figures are interpreted using the parameter values stated in the manuscript. However, the
value of S/m, the modal initial conditions, time-integration settings, transient-exclusion rule, and any spectral
normalization are not reported, which limits quantitative reproducibility. In addition, the modal and PDE
calculations use different boundary idealizations and parameterizations and should therefore be regarded
as separate numerical illustrations rather than a matched-model validation. In the discussion below, the
terms “bursting-like” and “noisy-like” refer only to the appearance of the finite-time waveforms; no slow–fast
classification, stochastic forcing model, Lyapunov exponent, or other chaos diagnostic is used to assign a
dynamical regime.

3.1. Case of time-varying excitation

For the time-varying case, the prescribed load gradient is q0(t) = A0 cos(ωt) with A0 = 5 × 10−2.
Figure 2 presents the maximum modal amplitudes reported for the parameter set in Eq. (34). Each

generalized coordinate qi exhibits a peak in the vicinity of its prescribed modal frequency ωi. Because
the frequency-sweep increment, integration duration, transient-removal procedure, and amplitude-extraction
window are not specified, these curves are best interpreted qualitatively rather than as a reproducible
frequency-response function.

Figures 3–7 illustrate representative modal responses for several excitation frequencies. At ω = 0.2
(Figure 3), mode 1 exhibits a comparatively regular bursting-like pattern, mode 2 shows intermittent amplitude
packets, and mode 3 displays a sequence of pulse-like envelopes. At the lower excitation frequency ω = 0.02
(Figure 4), modes 1 and 3 retain bursting-like features, whereas mode 2 appears more irregular over the plotted
interval. At ω = 1.7 (Figure 5), the traces exhibit amplitude modulation on a noticeably different time and



Eng. Appl. Sci. Lett. 2026, 9(3), 93-115 102

amplitude scale. These descriptions refer to finite-time waveform morphology and do not, by themselves,
establish bifurcation, chaos, or stochastic dynamics.

Figure 2. Maximum amplitudes found numerically for the parameters chosen as in Eq. (34)

Figure 3. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 0.2, A0 = 5 × 10−2, ω1 = ω2/2 = ω3/3 =

5 × 10−2. Mode 1 exhibits a regular bursting-like response, mode 2 shows intermittent amplitude packets, and
mode 3 generates a sequence of pulse-like envelopes. The figure illustrates organized finite-time amplitude
modulation under the stated excitation frequency

Comparison of Figures 3–5 shows that, although all three cases use the same prescribed relation ω1 =

ω2/2 = ω3/3 = 5 × 10−2, the finite-time response changes appreciably with excitation frequency. The
low-frequency case ω = 0.02 contains a more irregular mode-2 waveform, the intermediate case ω = 0.2
contains more organized amplitude packets, and the higher-frequency case ω = 1.7 exhibits a different
modulation pattern. Because no scalar complexity measure, bifurcation diagram, or spectral criterion is
reported for this sweep, the comparison should not be interpreted as a quantified monotonic change in
dynamical complexity.

When the prescribed modal relation is changed to ω1 = ω2/2 = ω3/3 = 1, the responses in Figures 6
and 7 differ from those obtained with the lower modal frequencies. Mode 1 remains bounded over the
displayed interval and develops repeated amplitude packets, whereas modes 2 and 3 remain smaller but show
gradual changes in amplitude. Figures 3 and 7 share the same reported excitation frequency but use different
prescribed natural frequencies; the same is true of Figures 4 and 6. These paired comparisons demonstrate
sensitivity to the prescribed modal frequencies, but they do not constitute an asymptotic stability analysis or a
quantitative measurement of intermodal energy transfer.
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Figure 4. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 0.02, A0 = 5 × 10−2, ω1 = ω2/2 = ω3/3 =

5 × 10−2. Modes 1 and 3 exhibit bursting-like patterns, whereas mode 2 displays a more irregular finite-time
response. The figure illustrates the sensitivity of the modal waveforms to the lower excitation frequency

Figure 5. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 1.7, A0 = 5 × 10−2, ω1 = ω2/2 = ω3/3 =

5 × 10−2. The system displays amplitude-modulated oscillations on a different scale from those in Figures 3
and 4; the plots do not by themselves quantify a change in dynamical complexity

Figure 6. Modal response for ζ = 7.5× 10−4, α1 = α2 = 10−3, ω = 0.02, A0 = 5× 10−2, ω1 = ω2/2 = ω3/3 = 1.
Mode 1 remains bounded over the displayed interval and produces bursting trains, while modes 2 and 3 show
weak responses with amplitudes that gradually increase over time
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Figure 7. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 0.2, A0 = 5 × 10−2, ω1 = ω2/2 = ω3/3 = 1.
As in Figure 6, mode 1 dominates the displayed response and exhibits structured amplitude packets

3.2. Case of constant excitation

For constant excitation, the prescribed load gradient is q0(t) = A0. Figures 8 and 9 compare two forcing
amplitudes while maintaining ω1 = ω2/2 = ω3/3 = 5 × 10−2. For A0 = 5 × 10−2 (Figure 8), mode 1
shows a damped oscillatory transient, while modes 2 and 3 exhibit amplitude-packet or bursting-like behavior
over the plotted interval. Increasing the load amplitude by one order of magnitude to A0 = 5 × 10−1

(Figure 9) produces larger and more irregular finite-time oscillations. This waveform irregularity does not
establish chaos. Under constant forcing, the symmetric restoring terms in Eq. (29) admit a mechanical potential
that includes the constant-load work, and for ζ > 0 the mechanical energy decreases at the rate −ζ ∑i q̇2

i .
Consequently, a sustained nonstationary chaotic attractor is not consistent with this autonomous dissipative
formulation. The irregular response in Figure 9 should therefore be interpreted as a transient response, or
potentially as a consequence of numerical settings that cannot be assessed from the reported information,
rather than as evidence of a transition to sustained chaos.

Figure 8. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 0, A0 = 5 × 10−2, ω1 = ω2/2 = ω3/3 =

5 × 10−2. Under constant excitation of small amplitude, mode 1 behaves as a dissipative sinusoidal response,
while modes 2 and 3 produce bursting oscillations. This illustrates regular and bursting-like oscillations over
the displayed transient
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Figure 9. Modal response for ζ = 7.5 × 10−4, α1 = α2 = 10−3, ω = 0, A0 = 5 × 10−1, ω1 = ω2/2 = ω3/3 =

5 × 10−2. Increasing the excitation amplitude by one order of magnitude produces larger irregular finite-time
oscillations; sustained chaos is not established

3.3. Numerical solution of the nonlinear partial differential equation

To examine the distributed nonlinear response directly, we return to Eq. (12) and introduce the following
nondimensional variables:

x = Lξ, t = Tτ, w = W0u(ξ, τ), ω0 =
√

EI/(mL4), T = 1/ω0, (35)

where L is the pile length, W0 is a characteristic transverse displacement, and T = 1/ω0 is the bending
time scale associated with the Euler–Bernoulli operator. The resulting dimensionless coefficients and forcing
function are defined by:{

δ = cL2/
√

mEI, α = k1L4/EI, β = k3W2
0 L4/EI, f (ξ, τ) = q(Lξ, Tτ)L4/

(EIW0), µ = EAW2
0 /(2EI),

(36)

The nondimensional governing equation is therefore:

uττ + δuτ + uξξξξ − µI(u)uξξ + αu + βu3 = f (ξ, τ), I(τ) =
∫ 1

0

(
uξ(ξ, τ)

)2 dξ; (37)

Here, I(τ) denotes the dimensionless slope integral I(u(·, τ)) and should not be confused with the dimensional
area moment of inertia I used in the beam stiffness. The spatial and temporal domains are ξ ∈ (0, 1) and τ > 0.
For a prescribed lateral load that increases linearly with depth, the dimensionless excitation is taken as:

f (ξ, τ) = Q(τ)ξ, Q(τ) = q0(Tτ)L5/(EIW0). (38)

3.3.1. Discrete numerical scheme

Eq. (37) is treated by the method of lines: the spatial derivatives are approximated by finite differences and
the resulting system of ordinary differential equations is integrated in time using a fourth-order Runge–Kutta
method. For convenience, the dimensionless curvature variable M = uξξ is introduced.

For the clamped–free boundary-value problem, the head conditions are u(0, τ) = 0 and uξ(0, τ) = 0.
At the free lateral tip, the bending-moment condition is M(1, τ) = uξξ(1, τ) = 0, while the effective-shear
condition is Mξ(1, τ) − µI(u)uξ(1, τ) = 0. The latter follows from the same stretching energy and is not, in
general, equivalent to imposing only uξξξ = 0. The retained numerical figures do not document the endpoint
closure that was actually used; consequently, this aspect of the implementation cannot be independently
reproduced from the manuscript alone.
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The spatial grid is defined by ξi = ih, h = 1/Nx, and i = 0, . . . , Nx. Ghost points may be introduced to
impose the derivative boundary conditions, including u−1 for the clamped-slope condition at ξ = 0 and an
endpoint extension near ξ = 1 for the moment and effective-shear conditions. At interior nodes, the centered
approximations are

M(ξi) ≈
ui−1 − 2ui + ui+1

h2 , Mξξ(ξi) ≈
Mi−1 − 2Mi + Mi+1

h2 . (39)

The centered interior differences in Eq. (39) are second-order accurate in space. A consistent Runge–Kutta
implementation must enforce the complete boundary conditions and reevaluate both the forcing and the
nonlocal quantity I(u) at every Runge–Kutta stage. The grid size, time step, endpoint stencils, numerical
stability restrictions, and spatial or temporal refinement tests used to generate the retained plots are
not reported. Accordingly, the numerical results are interpreted as qualitative illustrations and not as a
documented convergence study.

3.3.2. Transformation into a first-order system

For time integration, define the auxiliary velocity variable v = uτ . The semi-discrete formulation is based
on the following first-order-in-time system:{

uτ = v ;

vτ = f (ξ, τ)− δv − Mξξ + µI(u)M − αu − βu3.
(40)

The initial conditions are u(ξ, 0) = u0(ξ) and v(ξ, 0) = 0. The nonlocal functional I(u) may be
approximated numerically by the composite trapezoidal rule:

I(u) ≈ h

[
1
2

(
uξ(0)2 + uξ(1)2

)
+

Nx−1

∑
i=1

(
uξ(ξi)

)2
]

. (41)

3.3.3. Numerical simulation results

The PDE calculations use the representative dimensionless parameters δ = 0.05, µ = 1, and A0 = 1, while
α, β, and the excitation frequency are varied between cases. The prescribed forcing is f (ξ, τ) = A0ξ cos(Ωτ),
and the initial displacement is taken as u0(ξ) = 0. This formulation retains both the nonlocal stretching
contribution through I(u) and the cubic foundation term. The selected values are illustrative dimensionless
parameters rather than a calibration to a specific pile, soil profile, or field test. In Figures 10–16, the caption
symbol ω denotes the dimensionless excitation frequency Ω = ωdimT, while A0 denotes the dimensionless
amplitude of Q and is distinct from the modal load-gradient amplitude used in §3. The variable M is
dimensionless curvature; the corresponding dimensional bending-moment scale is EIW0/L2. Image labels
written as ξ = L/2 and ξ = 2L/3 should be interpreted as the physical locations x = L/2 and x = 2L/3,
equivalently ξ = 1/2 and 2/3. The snapshot label T appearing in Figures 11 and 16 is not defined
independently of the reference time scale and therefore cannot be interpreted quantitatively without the
original plotting convention.

Case of time-varying excitation (ω ̸= 0)
Figure 10 shows the temporal evolution of displacement and curvature-related moment for α = 0.25,

β = 0.125, and ω = 0.2. The calculated response is amplitude modulated and is qualitatively reminiscent
of the finite-time waveform in Figure 4; however, the two simulations use different boundary conditions,
coefficients, and scalings, so this similarity cannot be treated as a modal–PDE validation. Figure 11 presents the
corresponding spatial profiles at selected instants. The displayed profiles describe the spatial distribution of
the computed state but do not determine a propagation velocity or demonstrate negligible wave propagation.
They may be compared qualitatively with dynamic pile studies such as [23,24], although no matched geometry,
constitutive model, or loading case is available for a quantitative benchmark.

Figure 12, obtained for α = 0.05, β = 5.125, and ω = 1, exhibits a different modulation pattern and
response scale. Because α, β, and the excitation frequency all differ from the values used for Figure 10, the
comparison does not isolate the effect of any single parameter, including the cubic foundation coefficient β.
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The response may be placed in the broader context of nonlinear foundation dynamics [25,26], but the cited
studies do not constitute matched benchmarks for the present dimensionless calculation.

Figure 10. Temporal evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.25, β = 0.125, ω = 0.2,
A0 = 1, showing an amplitude-modulated mixed oscillatory response

Figure 11. Spatial evolution of displacement and moment for the same parameters as in Figure 10

Figure 12. Temporal evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.05, β = 5.125, ω = 1,
A0 = 1
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Figures 13 and 14 provide a more direct comparison because they retain α = 0.02 and ω = 0.2 while
changing β from 0.125 to 5.125. This is a 41-fold increase in the cubic foundation coefficient and therefore
represents a substantial, rather than incremental, parameter change. The traces display different finite-time
modulation patterns and amplitudes, but neither spectral bandwidth nor a localization index is evaluated. The
results can be compared qualitatively with nonlinear beam–soil interaction analyses [26] and with numerical
or experimental pile-dynamics studies [23,27]; they should not be interpreted as a quantitative validation of
those studies.

Figure 13. Temporal evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.02, β = 0.125, ω = 0.2,
A0 = 1, showing an irregular mixed finite-time oscillatory response

Figure 14. Temporal evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.02, β = 5.125, ω = 0.2,
A0 = 1, showing an irregular bursting-like finite-time pattern

Case of constant excitation (ω = 0)
Figure 15 illustrates the temporal evolution of the displacement and curvature-related moment under

constant excitation. Over the displayed interval, the response approaches a steady level, as expected for
a damped autonomous system subjected to a constant load. Figure 16 shows the corresponding spatial
evolution: the plotted displacement vanishes at the clamped end ξ = 0 and reaches its largest displayed
value near ξ = 1, whereas the bending response is greatest near the clamped end and approaches zero at
the free tip. These trends are consistent with the stated finite-length clamped–free lateral idealization, but
they do not represent a semi-infinite soil medium and do not independently verify the unreported numerical
implementation of the effective-shear boundary condition.
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Figure 15. Temporal evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.02, β = 5.125, ω = 0,
A0 = 1

Figure 16. Spatial evolution of displacement and moment for δ = 0.05, µ = 1, α = 0.02, β = 5.125, ω = 0,
A0 = 1

The trends in Figures 10–16 may be compared qualitatively with established theoretical work on nonlinear
pile or beam–foundation dynamics [25,26]. Nevertheless, the present manuscript does not provide a common
geometry, constitutive parameter set, loading history, or error metric for a quantitative comparison. Likewise,
the calculations are not directly validated against field or experimentally anchored pile studies such as [19,
27]. This distinction is important because visual agreement in waveform shape or deformation pattern is not
equivalent to validation of the governing model or numerical implementation.

4. Vibration control for three modes

4.1. Formulation of the delayed modal controller

We now reconsider the retained temporal dynamics in modal form. Let qi(t) denote the generalized
coordinate of mode i = 1, 2, 3. A delayed proportional–derivative (PD) controller is applied independently to
each retained mode, following the general framework of time-delay feedback control [28]. Eq. (42) is based on
the pairwise approximation in Eq. (29); ideal modal-state measurement and independent modal actuation are
therefore assumed.

q̈i + ζ q̇i + ω2
i qi + Ni(q1, q2, q3) = Fi + ui(t), (42)

With 
ζ =

c
m

, ω2
i =

k1 + EIκ4i4

m
, Fi = − S

im
q0(t)(−1)i,

Ni =
1
m

(
3

k3

2L
+ EA

π4

2L5 i4
)

q3
i +

qi
m

3

∑
j ̸=i

(
3

k3

L
+ EA

π4

2L5 i2 j2
)

q2
j .

(43)
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The delayed control input applied to each modal equation is defined by:

ui(t) = −kp,iqi(t − τ)− kd,i q̇i(t − τ), τ > 0, (44)

In dimensional time, kp,i has units of inverse time squared, kd,i has units of inverse time, and ui is a
mass-normalized generalized control force. The delay τ used in this section is measured in the time units of
t and is distinct from the dimensionless time coordinate introduced in §3.3. Linearization about the unforced
origin, where the derivatives of the cubic restoring terms vanish, gives the delayed second-order modal
equation [28,29]:

q̈i + ζ q̇i + ω2
i qi = Fi − kp,iqi(t − τ)− kd,i q̇i(t − τ), (45)

At the distributed beam/pile level, a formal feedback term can be expressed as:

uc(x, t) = −gact(x)
(
kpw(x, t − τd) + kdwt(x, t − τd)

)
. (46)

Here, gact(x) represents both the actuator’s spatial distribution and the dimensional conversion required
for uc to have the same units as the distributed load q(x, t). Because neither the actuator/sensor projection
nor a specific form of gact(x) is supplied, Eq. (46) and the arrangement in Figure 17 are conceptual rather than
a demonstrated physical implementation of independent modal feedback. Possible spillover into unmodeled
modes, measurement noise, actuator saturation, finite bandwidth, and uncertainty in the time delay are not
evaluated.

Figure 17. Conceptual pile–controller connection for vibration mitigation; the components are described in the
Appendix, and no hardware experiment is reported

4.2. Analytical study

4.2.1. Characteristic equation for the unforced linearized system

For the unforced linearized equation, assume a modal perturbation of the form qi(t) ∝ est. The resulting
characteristic equation is transcendental because of the delay term [28,29]. For compactness, the mode index
is suppressed below, so ω = ωi denotes a natural frequency rather than the external excitation frequency:

s2 + ζs + ω2 + (kds + kp)e−sτ = 0. (47)
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4.2.2. Frequency-domain method for delay margins

At an imaginary-axis stability crossing, set s = jΩ and separate the real and imaginary parts of the
characteristic equation, as commonly done in frequency-domain analyses of delayed feedback systems [28,29]:

−Ω2 + jζΩ + ω2 + (kp + jkdΩ)e−jΩτ = 0. (48)

The corresponding real and imaginary equations are:

−Ω2 + ω2 + kp cos(Ωτ) + kdΩ sin(Ωτ) = 0,

ζΩ − kp sin(Ωτ) + kdΩ cos(Ωτ) = 0.
(49)

For each positive crossing frequency Ω satisfying (Ω2 − ω2)2 + ζ2Ω2 = k2
p + k2

dΩ2, the corresponding
candidate delays are

τn =
1
Ω

[
atan2

(
Ω[kd(Ω

2 − ω2) + ζkp], kp(Ω2 − ω2)− ζkdΩ2)+ 2πn
]
, n ∈ Z, τn > 0, (50)

Here, atan2(y, x) selects the appropriate phase quadrant. A valid delay margin additionally requires
stability at zero delay, enumeration of all positive crossing frequencies, and identification of the first crossing
that causes loss of stability. Consequently, Eq. (50) provides candidate delays and does not, by itself, constitute
a nonlinear or global stability guarantee.

4.2.3. Small-delay approximation [28]

For sufficiently small delay, the first-order expansion e−sτ ≈ 1 − sτ may be introduced. Substitution into
Eq. (47) gives

(1 − kdτ)s2 + (ζ + kd − kpτ)s + ω2 + kp = 0. (51)

For a positive leading coefficient, Routh–Hurwitz stability of this truncated quadratic requires:

1 − kdτ > 0, ζ + kd − kpτ > 0, ω2 + kp > 0. (52)

The third condition requires kp > −ω2, while the first two yield the screening bounds

kd < 1/τ, kp < (ζ + kd)/τ. (53)

These inequalities constitute only a small-delay screening rule for the truncated quadratic and are
meaningful when |sτ| ≪ 1 for the roots of interest. They do not constrain every root of the exact
transcendental characteristic equation and therefore cannot certify robust tuning or nonlinear stability of the
original controlled system.

4.3. Numerical simulation

The reported controlled simulation uses Eq. (42) together with the delayed controller in Eq. (44), with
kp = [3; 12; 27], kd = [4; 8; 12], and τ = 0.1. The retained source description is inconsistent concerning
the uncontrolled baseline: the surrounding text points to Figure 3, whereas the original caption points
to Figure 4; because those figures use different excitation frequencies, a strictly matched before-and-after
comparison cannot be reconstructed. The controlled response shown in Figure 18 retains a mode-1 oscillation.
Under persistent nonzero forcing, the origin is not itself a solution of Eq. (42), so delayed PD feedback
should be interpreted as vibration attenuation rather than as a mechanism that necessarily enforces exact zero
displacement.

For mode 3, 1 − kd,3τ = 1 − 12(0.1) = −0.2, so the stated gains do not satisfy the first small-delay
screening condition in Eq. (52). Failure of this approximate condition does not prove instability of the exact
delay differential equation; determining stability for all retained modes requires an exact characteristic-root
computation or a complete crossing analysis. Such a numerical delay-margin calculation is not reported.
Moreover, the history functions on [−τ, 0], interpolation of delayed states, integration step, controller
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activation protocol, and actuator effort are unspecified. Figure 18 therefore demonstrates a controlled response
under one reported parameter set but does not establish robustness, optimality, energetic efficiency, or a
quantified improvement relative to a consistently matched uncontrolled baseline.

Figure 18. Modal response with the controller characterized by kp = [3; 12; 27], kd = [4; 8; 12], and τ =

0.1. A residual mode-1 oscillation remains visible, and exact zero regulation is not demonstrated; the source
description does not provide a consistently matched uncontrolled baseline

5. Conclusion

This study examined an analytical and numerical framework for the nonlinear dynamic response and
delayed feedback control of piles subjected to prescribed lateral excitation. The Lagrangian formulation
incorporates geometric nonlinearity, nonlinear Winkler-type soil reaction, and modal coupling under the stated
axial-restraint assumption. Two complementary numerical descriptions were considered: a pairwise-coupled
three-oscillator approximation based on simply supported sinusoidal modes and a separate clamped–free PDE
calculation. Because these descriptions employ different boundary idealizations and parameter conventions,
they should be regarded as distinct numerical investigations rather than as a validated unified simulation of a
single soil–pile–superstructure system.

The reported modal and PDE plots exhibit approximately periodic, dissipative, amplitude-modulated,
bursting-like, mixed, and irregular finite-time responses. The waveform patterns vary as the excitation
frequency, forcing amplitude, and dimensionless foundation coefficients are changed. Nevertheless, no
systematic bifurcation analysis, Lyapunov-exponent calculation, spectral-complexity metric, or slow–fast
classification is reported, so the simulations do not establish a formal sequence of dynamical regimes or a
monotonic increase in complexity. Under constant modal excitation, the larger-load response is irregular over
the displayed interval; because the underlying constant-force system is autonomous and dissipative, the figure
should be interpreted as a transient response rather than as evidence of a sustained chaotic attractor.

The relative modal amplitudes and phases demonstrate sensitivity to modal coupling, although energy
exchange among modes is not quantified explicitly. In the PDE calculations, the plotted spatial distributions are
consistent with the stated clamped–free lateral idealization: the largest displayed bending response occurs near
the pile head, whereas the largest displacement occurs near the tip. These qualitative features are physically
interpretable, but the manuscript does not provide a matched analytical solution, experimental benchmark,
convergence study, or fully documented endpoint stencil with which to verify the numerical boundary closure
quantitatively.

A delayed proportional–derivative controller was also examined in the modal domain as a means of
attenuating the retained vibration coordinates. The analytical treatment identifies candidate imaginary-axis
crossings and derives a first-order small-delay screening rule for the unforced linearized modes. These results
do not determine optimal gains and do not constitute a proof of global nonlinear stability. The controlled trace
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retains forced oscillations, while the absence of a consistently matched uncontrolled baseline and complete
delay-integration details prevents a reliable quantitative estimate of attenuation. Robustness to parameter
uncertainty, actuator limitations, unmodeled modes, and delay variation therefore remains an open issue.

Overall, the contribution is an exploratory application of established nonlinear beam modeling and
delayed PD control to prescribed depth-dependent lateral pile loading. The value of the study lies in bringing
the Lagrangian formulation, modal coupling, direct PDE calculations, and delayed feedback discussion
into a common application context rather than in introducing a fundamentally new numerical algorithm
or controller. Before the framework can be used predictively in engineering design, physical calibration,
complete numerical specifications, systematic verification of the retained simulations, and matched validation
against field or laboratory data are required. In particular, the present forcing functions are idealized;
seismic, hydrodynamic, wind-specific, and machine-induced loading cases have not been validated within
the proposed framework.

Beyond the verification needs identified above, several research perspectives are envisioned:

• Extension to pile groups and layered soils:

Future investigations should extend the model to pile groups and stratified or heterogeneous soils, for
which pile–pile interaction, layering, and spatial stiffness variation can substantially modify the overall
dynamic response.

• Coupled vertical–lateral and torsional dynamics:

Extending the formulation to coupled axial, lateral, and torsional motion would provide a more complete
representation of pile foundations subjected to multidirectional dynamic loading.

• Energy harvesting and sustainability:

Future work may also examine whether vibration energy can be recovered or exploited in semi-active
damping concepts. Such developments would require explicit transducer, actuator, and energy-balance
models before claims regarding sustainable or energy-efficient foundation systems can be assessed.
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Appendix: Components and roles in the controller (Figure 17)

The components below describe a conceptual arrangement, not an experimental setup. The numerical
hardware ranges are illustrative, not selected or tested specifications. Here fc is the filter cutoff, fs the sampling
frequency, and fmax the highest frequency to be retained.

• Actuator: Converts electrical control signals into mechanical action (force or displacement) on the
pile. Common types include piezoelectric patches, electrodynamic shakers, and electromagnetic
actuators. Ensure actuator bandwidth covers relevant vibration frequencies and verify voltage-to-force
characteristics and supply requirements. Placement: bonded at position xax (not specified).

• Anti-Aliasing Filter (AAF): Analog low-pass filter before ADC to prevent aliasing. Illustrative cut-off
fc ≲ 0.45 fs/2, order 2–8 (Butterworth/Bessel/Chebyshev). Consider group delay if derivatives are
computed.
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• Data Acquisition (DAQ): Converts analog signals to digital and interfaces with the real-time controller.
Key specs: ADC resolution 16–24 bits, sampling rate fs≥10–20×fmax. Low-latency real-time DAQ
recommended (e.g., dSPACE, NI cRIO).

• Device Under Test (DUT) / Enclosure: Either the instrumented pile + superstructure or the hardware hub
(enclosure for DAQ, drivers, power modules) managing signal and power flow.

• Real-Time Controller: Executes control algorithm (e.g., delayed PD, predictor-based), computes
commands, and communicates with DAQ. Requires deterministic low-latency operation, reliable
derivative estimation (filters or observers), and fast interface (EtherCAT, PCIe).

• Delay Module: Implements signal delays. Analog options: BBD (attenuation, noise) or all-pass network
(phase shift). Digital options: ADC → FIFO → DAC → OpAmp, offering precise, configurable delays
with quantization and latency limitations.

• Operational Amplifier (Op-Amp): Serves as buffer, reconstruction filter, or final amplification stage. Use
low-noise, high-impedance buffers; include low-pass filter after DAC if needed.

• Anti-Vibration / Noise Filter: Reduces high-frequency mechanical/electronic disturbances. Includes
mechanical damping or electronic low-pass filters. Avoid over-filtering that suppresses relevant modes.

• Emergency Stop: Provides immediate power cut-off in hazardous conditions, implemented via hard-wired
relay or accessible button.

• Bucket-Brigade Device (BBD): Short analog delay line based on switched capacitors; limited by noise and
frequency dependence.

• All-Pass Network: Alters signal phase while preserving amplitude; used for phase compensation and
fine-tuning delay.
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