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Abstract: Topological indices are real numbers associated with molecular graphs of compounds that help to
guess properties of compounds. Hex-Derived networks has an assortment of valuable applications in drug
store, hardware, and systems administration. Imran et al. [1] computed the general Randig¢, first Zagreb,

ABC, GA, ABCy, and GAj5 indices for these hex-derived networks. In this article, we extend the work of [1]
and compute some new topological indices of these networks.
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1. Introduction

Q_ graph can be perceived by a polynomial, a numeric number, a matrix or a sequence of numbers. There
are three types of topological indices:

1. degree-based
2. distance-based
3. counted related

Among these types, degree based indices are of incredible significance and assume an indispensable part
in chemistry. The idea of chemical indices originated from Wiener [2]. The hexagonal mesh was put forward
by Chen ef al. [3]. A hexagonal work is made up with an arrangement of triangles as depicted in Figure 1.
A 2-dimensional hexagonal mesh HX(2) is made out of six triangles (see Figure 1(1)). By adding a layer of
triangles around the boundary of HX(2), a 3-dimensional hexagonal mesh HX(3) is obtained (see Figure 1(2)).

In this article, G and H are considered to be Hex-Derived networks of type 1 and type 2, with vertex set
V and edge set E. The notations used in this article are mainly taken from books [4,5].

Let T be a graph. Then the Wiener index of ¥ is defined as

W(T) = ;(2) ds(r,s)

where (7, s) is any ordered pair of vertices in ¥ and d(r, s) is r — s geodesic.

The Zagreb indices discovered many applications in QSAR and QSPR reviews. In the books by Todeschini
and Consonni [6,7], the details on the chemical applications of the two Zagreb indices can be found. If d<(r)
be the degree of a vertex r of a molecular simple connected graph %, the first and second Zagreb indices are
defined as

Mi(T) = ) (ds(r)+dx(s)),
rs€E(T)

My(T) =} (ds(r)-ds(s)).

rs€E(X)

Hamzeh and Réti [8] concentrated on the Zagreb index disparity acquired from graph irregularity measures.
For the essential delineation of a related graphs T with |V (¥)| vertices and |E(T)| edges, two novel graph
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irregularity indices are presented, which are depicted as follows.
Let T be a graph with size ‘m’ and order ‘n’, then the first and second Zagreb irregularity indices are defined
as

2
RMy(5) = My () - P,
3
IRMy(T) = My(T) — 4||1§<§))|2

Another topological index in view of the level of the vertex is the Balaban index [9,10]. This index for a graph
% of order ‘n’/, size ‘m’ is characterized as

" 1
J&) = <m_n+2> rseg(i) m

Ghorbani and Azimi [11] defined the multiple Zagreb topological indices of a graph T based on degree of
vertices of T.
The first and second multiple Zagreb indices are defined as

PMy(T) = [ (ds(r)+d=(s)),
rs€E(T)

PMy(T) = T (dz(r)-ds(s).
rs€E(%T)
Properties of the first and second multiple Zagreb indices may be found in the work by Eliasi et al. [12] and
Gutman [13]. Ranjini et al. [14] reclassified the Zagreb index and redefined Zagreb index as

. _ ds(r) +ds(s)
RezG(z) = ,se%g) ( dz(r) - ds(s) >

Nowadays there is an extensive research activity on several important chemical indices and their variants. For
further study of topological indices of various graph families see, [15-19]. In this paper, we aim to study the
add.

2. Discussion and Main results

In this section, we present our main results. In section 2.1, we study hex derived network of type 1 and in
the section 2.2, we study hex derived network of type 2.

2.1. Hex Derived network of type 1

A planar graph ¥ partitions the rest of the plane into a number of arc wise-connected open sets, which
are called the faces of T [20]. If two faces are adjacent, then they have at least one common edge. Every plane
graph has one and only one unbounded face, called the outer face. Figure 1(3) shows that HX(2) has seven
faces fy, f1, ..., fe where fj is the outer face and f; is adjacent to fy, f» and fs. In planar graph HX (1), suppose
any arbitrary face f is bijective to one vertex f* except the outer face. If f* is located in the face f and we
connect the vertices of f with f*, then we get HDNj (n). Figure 2 demonstrates HDNj (4). In this section, we
calculate certain degree based topological indices of Hex Derived network of type 1. We compute the first and
second Zagreb irregularity indices, Balaban index, multiple Zagreb indices and redefine Zagreb index for hex
derived network of type 1.

Theorem 1. Let (G) = HDNj(n) be the hex derived network of type 1. Then

1. IRM;(G) = 536 — 5101 +162n” + 7620,

_ 2 _ 18(-14n)’(~8+9n)
2. IRM(G) = 6<146 — 1991+ 81n” — =55 e )
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Figure 1. Hexagonal meshes: (1) HX(2) , (2) HX(3), and (3) all faces in HX(2).

Figure 2. Hex Derived network (HDNj (4))

Proof. Let G = HDNj(n) be the hex derived network of type 1, where n > 4. T G(n) has 6n% — 12n + 6 vertices
of degree 3, 6 vertices of degree 5, 6n — 12 vertices of degree 7 and 3n? — 9n + 7 vertices of degree 12. Table 1
shows the different edge partitions of G ().

(1) Now, from the definition of first Zagreb irregularity index, we have

= 4lE(9)

IRMy(G) = My(G) - i
- — 2
- rsGXE%g)(degreeg( )+d€g1’6€g(s)) - 4((3(141-;7:([)_(5"?‘;1’19)”)) )

= E1(8) + E2(10) + E3(15) + E4(12) + E5(17) 4 E¢(14) + E;(19)
4((3(=1+4n)(—8+9n))?)
15 3n(=5 +3n))

+Eg(24) —

= (12)(8) + (18n — 36)(10) + (181 — 541 + 42)(15) + (12)(12)
)
3

+(6)(17) + (6n — 18)(14) + (12n — 24)(19) + (9n? — 33n + 30)(24)
C4(B(=1+n)(=8+9n))?)

1+ 3n(—5+3n))
= 536 —510n + 162n% +

76 — 96n
7+3n(—5+23n)

(2) Now, from the definition of second Zagreb irregularity index, we have

4E@)P°
V(G)P

= ) (dg(r) +dg(r)) -

rs€E(G)

IRMy(G) = My(G) —

4((3(=1+mn)(—8+9n))3)
(14 3n(—5+3n))?
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Table 1. Edge partition of hex derived network HDNj () based on degrees of end vertices of each edge.

H (dy,dy) where uv € E(H) Number of edges H

E; = (3,5) 12
E; = (3,7) 181 — 36
E; = (3,12) 18n% — 54n + 42
Es = (5,7) 12
Es = (5,12) 6
Es = (7,7) 6n — 18
E; = (7,12) 12n — 24
Eg = (12,12) 9n? — 33n + 30

= E;(15) + E2(21) + E3(36) + E4(35) + E5(60) + E¢(49) + E7(84)
4((3(=1+n)(—8+9n))3)

(14 3n(—5+3n))?
= (12)(15) + (18n — 36)(21) + (18n* — 54n +42)(36) + (12)(35) +

(6)(60) + (611 — 18)(49) + (121 — 24)(84) + (9n* — 33n 4 30)(144)

4((3(=1+n)(—8+9n))3)
(14 3n(—5+3n))?
18(—1+n)3(—8 + 9n)3)
(74 3n(—5+3n))2

+Eg(144) —

= 6 <146 — 1991 + 81n% —

Theorem 2. Let (G) = HDNj(n) be the hex derived network of type 1. Then

3(—1+n)(—8+49n)(970 — 280v/2 + 140+/15 — 240+/21 + 48+/35 N 5n(—305 + 28v/2 + 241/21 + 1051))

J(G) = 140(7 + 3n(—5 + 3n)) 140(7 + 3n(—5 + 3n))

Proof. From the edge partition of (G) = HDNj(n) given in Table 1, we have

1) = (mn:z+2> rsg(g) dg(r)l-dg(s)
(3(7_—11-;3|_n12¥5_—?-_gn9)n)) <E1(¢3175) +E2( 31>< 7) +E3< 31>< 12)
+E4<\/51W) +E5< 51>< 12) +Eg 71>< 7) +E7<

= (3(;;%5_1;9)”)) ((12) (115> + (181 — 36) (211>

1

+ (1812 — 54n + 42) <316> +(12) ( + (6) (

NG 60 49
+(12n —24) (\/1874> + (912 — 33n + 30) (@))

3(—1+n)(—8 4 9n)(970 — 280+/2 + 1401/15 — 240+/21 + 48+/35
140(7 + 3n(—5 + 3n))
5n(—305 + 28v/2 + 241/21 + 105n))
140(7 + 3n(—5 + 3n))

Theorem 3. Let (G) = HDNj(n) be the hex derived network of type 1. Then
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1. PM1<g> = 12827693806929 x 518(72+n)76(73+n)1912(72+n)641+4n3618n2754n+42249n2733n+30.
2. PMy(G) = 931322574615478515625 x 46(~3+2n)742(~2+n)709-7+5n3418n" ~54n 421 449n* ~33n+30

Proof. (1) From the edge partition of (G) = HDNj(n) given in Table 1 and definition of multiple first Zagreb
index, we have

PM1(G) =[] (dg(r)+dg(s))

rs€E(G)
= 8F1(9) x 10F2(9) x 15F3(9) 5 12F4(9) 5 1785(9) 5 14F6(9) 5 19F7(9) 5 24Fs(9)
g(12) 4 10(18n=36) 15(18n2—54n+42) +12012) 4 17(6) 4 14(6n-18) | 19(12n-24) +24(9n2—33n+30)

— 12827693806929 X 518(—2+Yl)76(—3+l’l) 1912(—2+n)641+4n3618n2—54n+42
491> —33n+30

(2) Now, the definition of multiple second Zagreb index, we have

PMy(G) = T (dg(r)-dg(s))

rs€E(G)
— 15F1(9) « 21E2(9) « 36Es(9) « 35F4(9) « 60F5(9) « 49E6(9) w 84E7(9)  144Fs(9)
15(12) % 21(181’1—36) X 36(18n2—54n+42) X 35(12) X 60(6) X 49(67’1—18) % 84(127[—24) X 144(9n2—33n+30)

—  931322574615478515625 x 40(—3+21)742(=241) 709~ 7+5n318n% ~54n-+421 4 49n*~33n+30,

Theorem 4. Let (G) = HDNj(n) be the hex derived network of type 1. Then
ReZG(G) = 7+43n(—5+3n).

Proof. From the edge partition of (G) = HDNj(n) given in Table 1, we have

. 15(r) +dg(5)
RezGlo) = 4 (Eoraest)

3+5 347 3+12 547 5+12
B E1<3><5>+E2(3><7)+E3<3><12>+E4(5><7>+E5(5><12)
7+7 7412 12+12
+E6<7><7)+E7<7><12>+E8(12><12>
B 8 10 ) 5 12
- (12)(15> + (18n —36)(21> + (18n —54n+42)(12) + (12)<35>
17

+(6) <6O> + (61— 18) <§) 1 (120 — 24) (;Z) 4 (9n% — 33n + 30 <é)

= 7+3n(-5+3n).

2.2. Hex Derived network of type 2

Assume that f is adjacent to f1, f2,..., fx and f{, f5, ... , f{ are bijective to f1, fo, ..., fx, respectively. If
we join the vertices of f and f7, f5, ..., fi with f*, then we get HDN(n). Clearly, HDN;(n) is a subgraph of
HDN,(n). Figure 3 shows HDN,(4). In this section, we calculate certain degree based topological indices of
Hex Derived network of type 2. We compute the first and second Zagreb irregularity indices, Balaban index,
multiple Zagreb indices and redefine Zagreb index for hex derived network of type 2.

Theorem 5. Let H = HDN,(n) be Hex Derived network of type 2. Then



Open ]. Discret. Appl. Math. 2019, 2(1), 32-40 37

Figure 3. Hex Derived network (HDN,(4))

Table 2. Edge partition of Hex Derived network HDN, (1) based on degrees of end vertices of each edge.

H (dy,dy) where uv € E(H) Number of edges H

E; = (5,5) 18

E; = (5,6) 12n — 24

Ez = (5,7) 12n — 12

Ey = (5,12) 6n

Es = (6,6) 9n? —33n + 30

Es = (6,7) 6n —12

E; = (6,12) 1812 — 60n + 48

Es = (7,7) 6n — 18

Eg = (7,12) 12n — 24
Eqp = (12,12) 9n% — 33n + 30

16(—1+
1. IRMi(H) =12 (7 —13n +6n* — 7+3((5+3)>)

2. IRMy(H) = 6(794 + n(—1261 + 486n) — M)

Proof. Suppose H = HDN,(n) be the Hex Derived network of type 2, where n > 4. H has 6n vertices of
degree 5, 6n> — 18n + 12 vertices of degree 6, 6n — 12 vertices of degree 7 and 3n? — 91 + 7 vertices of degree
12. The edge set of H is divided into ten partitions based on the degree of end vertices. Table 2 shows the
different edge partitions of H. (1) Now from the definition of first Zagreb irregularity index, we have

2
IRMy(H) = MM)‘%

4(36(-1-n?)?)
L)) = SIS

= E1(10) + Ez(ll) + E3(12) + E4(17) + E5(12) + E6(13) + E7(18) + E8(14) + E9(19) + E10(24)
4((36(=1—n)*)?)
(7+3n(—543n))
= (18)(10) + (12n — 24)(11) + (12n — 12)(12) + (6n)(17) + (91 — 33n + 30)(12) + (6n — 12)(13)
+(18n2 — 601 + 48)(18) + (61 — 18)(14) + (121 — 24)(19) + (912 — 33n + 30)(24)
4((36(=1—n)*)?)
(14 3n(=5+3n))

16(—1+n)
— _ 6n2 — )
12(7 13n +6n 3n( 3 )>
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(2) Now, from the definition of second Zagreb irregularity index, we have

_ 4E(H)?
_ 4((36(=1—n)*)*)
- rsegm(d”(r) ) = T S T a2

= Eq1(25) 4 E2(30) + E3(35) + E4(60) + E5(36) + Eg(42) + E7(72) 4 Eg(49) + Eq(84) + E1o(144)
_4((36(=1—n)*))
7+ 3n(—5+3n)?
= (18)(25) + (121 — 24)(30) + (121 — 12)(35) + (61)(60) + (91> — 331 + 30)(36) + (61 — 12)(42)
+(18n% — 60n 4 48)(72) + (61 — 18)(49) + (121 — 24)(84) + (91 — 331 + 30)(144)
_4((36(=1—n)*))
7+ 3n(—5 +3n)2

31104(—1 4 n®
- 6(794+n(—1261+486n)— (z1+n") )

(7+3n(—5+3n))?

Theorem 6. Let H = HDN,(n) be Hex Derived network of type 2. Then

(158+§(—3+n)+2\/3(—2+n)+2\/§(—2+n)) (12(—1+n)\/%+\/§n+2(—2+n)(—5+3n)+“*”)(ﬁ“”"))

J(H) = 36(14n)? +

7+3n(—5+3n) 7+3n(—5+3n)

Proof. From the edge partition given in Table 2 and definition of Balaban index, we have

_ dy(r) -dy(s) \°
) = rseg(m (dH(:’{)"‘dH?ZS)_z)

3 3 3 3
5x5 5x6 5x7 5x12
— - E ——— E3| =———5 Es| /5
E1(5+5—2) + 2(5+6—2) * 3(5+7—2) + 4(5+12—2>
3 3 3 3
6 X6 6x7 6 x12 7x7
+E5(6+6—2> +E6(6+7—2) +E7(6+12—2) +E8<7+7—2)
g 7x12 3+E 12x12 \°
N7112-2 12 +12-2

— (18) (15625> + (120 — 24) (1000> + (120 - 12) <3§3> + (6n)(64) +

512 27
5832 74088 729
2 YOI& . VOO 2 17
(9n 33n+30)< o ) + (6n 12)( — ) + (18n 60n+48)( s )
117649 592704 5 373248

(158 +&(-3+n) +2\/§(72+n) +2\/§(2+n)>
7 +3n(—5+3n)

= 36(1 -I—n)Z[ +

V2

(12(—1 +1)V/35 + [ &+ 3(~2+n)(=5+3n) + (2+n>(4+3n)>
7+ 3n(—5+3n) }

Theorem 7. Let H = HDN,(n) be Hex Derived network of type 2. Then
1. PMl (H) — 38146972656252174+31’l(—65+21n)3144+6n(—29+9n)76(—3+n) 136(—2+n) 176n20912(—2+n) )
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2. PMz(H) — 212(—5+3n)(—4+3n)3156+72(—3+n)n530n742(—2+n)

Proof. (1) From the edge partition given in Table 2 and definition of multiple first Zagreb index, we have

PM;(H)

= I @ulr)+du(s))

rs€E(H)
10E1(H) « 11E2(H)  12E3(H) « 17Es(H)  12Es(H) o 13E6(H) « 18E7(H)
x14E8(M) 5 19E9(H) w 24E10(H)

—  1008)  11(121=24) o 19(12n—12) o 17(6n) o 10(9n2—33n+30) o 13(6n—12)
«18(181°—60n+48) | 14(6n—18) o 19(12n-24)  94(9n>~33n+30)

38146972656252174+3n(—65+21n) 3144+6n(—29+9n) 76(—3+n) 136(—2+n)
176n20912(72+n) )

(2) Now from the definition of multiple second Zagreb index, we have

PM,(H)

= I @ulr)-du(s))

rs€E(H)
25E1(H)  30E2(H) w 35E3(H) » goEs(M) « 36Es(H) 5 g40E6(M)  7pE7(H)
«49E8(H) s g4Eo(H) o 144F10(H)

— o5(18) » 39(121-24) o 35(121-12) o c(61) 5 36(9M2—331+30) o o (6n—12)
72 (181> —60n+48) 49(6n—18) o g4 (12n-24) 144(9n*—331-+30)
212(75+3n)(74+3n)3156+72(73+n)n530n742(72+n)‘

Theorem 8. Let H = HDN,(n) be Hex Derived network of type 2. Then

ReZG(H) = 7+3n(—5+3n).

Proof. From the edge partition given in Table 2, we have

ReZG(H) =

Conclusions

(d?-l(r) +dH(S)>
rs€E(H) dyy(r) - d(s)

5+5 546 547 5412 6+6
El<5><5) +E2<5><6> +E3(5><7) +E4<5><12) +E5<6><6>
6+7 6+12 747 7+12 12412
+E6<6><7> +E7(6><12> +E8(7><7) +E9(7><12> +El°(12><12>
2 11 12 17
(18)<5> —|—(12n—24)(30> + (1271—12)(35) + (671)(60>

+(9n% — 33n + 30) (;) + (6n —12) (}é) + (18n% — 60n + 48) (1)

+(6n—18) (i) + (121 —24) @Z) (9 — 331 4 30) <é>
7 +3n(—=5+3n).

In this paper, we calculated different types of Zagreb and Balaban chemical indices for hex derived
networks. These exact results are helpful in chemical point of view and in pharmaceutical sciences. We are
looking forward in future to compute other chemical indices for hex derived networks.
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