— Open Journal of
N Discrete Applied Mathematics

Article
The smallest sum-connectivity index on trees with »
vertices and k pendant vertices

1 N
PSR Press

Yuedan Yaol*
1 Department of Mathematics, South China Agricultural University, Guangzhou, 510642, P.R. China

*  Correspondence: yaoyuedan12@163.com; Tel.: +8615767973217

Received: 15 April 2019; Accepted: 21 May 2019; Published: 25 June 2019.

Abstract: For a given connected graph G and a real number &, denote by d(u) the degree of vertex u of G,
and denote by x4(G) = Lpep(c) (d(u) +4 (v))a the general sum-connectivity index of G. In the present
note, we determine the smallest general sum-connectivity index of trees (resp., chemical trees) together with

corresponding extremal trees among all trees (resp., chemical trees) with 1 vertices and k pendant vertices for
0<a<l
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1. Introduction

et G = (V,E) be a connected undirected simple graph. If G contains exactly n vertices and n — 1 edges,
L then G is called a tree. For a vertex u of G, denote by N(u) and d(u) the neighborhood set and degree of
u, thatis, d(u) = |[N(u)|. If d(u) = k, then we call u as a k-vertex. Specially, a 1-vertex is called a pendant vertex,
while a k-vertex with k > 2 will be referred as a non-pendant vertex. A pendant edge is an edge incident with a
pendant vertex. Hereafter, 1, defines the number of k-vertices. Denote by A(G) the maximum degree of G. As
usual, S, and P, define the star and path with n vertices, respectively.

Let G — uv be the resultant graph obtained after removing the edge uv from the edge set of G. Let E;(G) =
{uv:uv € E(G) with d(u) = d(v) = 2}. We write A := B to indicate that B is the same as A.

The first Zagreb index My (G) and second Zagreb index M (G) [1] are two famous topological indices among
all the vertex-degree-based graph invariants, where

Mi(G)= Y (d(v))?, and My(G)= Y. d(u)d(v).

veV(G) uveE(G)

In what follows, a denotes a real number. As a generalization of M;(G), Li and Zheng [2] introduced the
notation of zeroth-order general Randi¢ index R%(G) , where

RY(G) = ) (d(v)".

veV(G)

Since Yyuerc) (A(u) +d(v)) = Yoev(g) (d(v))*, as another extension to Mi(G), the general
sum-connectivity index [3] x.(G) of G is constructed as

x(G)= ), (d(u)+d(v))".

uveE(G)

Recently, the extremal problems of general sum-connectivity index among different categories of
graphs have attracted more and more attention. In this field, Cui ef al. [4] obtained the largest general
sum-connectivity indices of trees and chemical trees with their corresponding extremal trees among all tree
and chemical trees with n vertices and k pendant vertices for —1 < a < 0; Tomescu et al. [5] identified
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the smallest general sum-connectivity index of unicyclic graphs with n vertices and pendant vertices for
—1 < a < 0 and charaterized the corresponding extremal graphs; Tomescu et al. [6] determined the smallest
general sum-connectivity index of trees with fixed diameter, n vertices and k pendant vertices for —1 < a <0,
respectively.

In what follows, by following the idea of [4], we will demonstrate the smallest general sum-connectivity
index with its corresponding extremal trees in the class of trees and chemical trees with n vertices and k
pendant vertices for 0 < a < 1, respectively.

2. Preliminaries

This section is dedicated to some lemmas, which will be used to prove our main result in the next section.
For this aim, we need to introduce more notations. It is easily checked that any tree has at least two pendant
vertices and the star is the unique tree with n — 1 pendant vertices and n vertices. For 2 < k < n — 1, denote
by T, x (resp., CT k) the set of trees (resp., chemical trees) with n vertices and k pendant vertices. If T € T, x
and every non-pendant vertex of T is a 3-vertex, then T is called a (k, 3)-tree. It can be straightly checked that
every (k, 3)-tree has 2k — 2 vertices, among which there is exactly k pendant vertices.

Let 7/ = {T : Tis obtained from a (k, 3)-tree H by adding n — 2k 4 2 new 2-vertices to H such that every
pendant edge of H is inserted at least one new 2-vertex }. For every tree T of T 1 from the definition of 7%
we can conclude that |V(T)| = n, A(T) = 3 and each neighbor vertex of a 3-vertex is either a 3-vertex or 2
2-vertex. This implies that n1(T) = k, na(T) = n — 2k + 2 and n3(T) = k — 2. For example, there are exactly
trees in the class of 775 ,, which are shown in Figure 1. Combining with 7,2 = CT 2 = {Pu}, Ton-1 = {Sn}
and CT o1 = {Sn [3<n< 5}, we only take 3 < k < n — 2 into consideration in what follows.

Figure 1. The elements of the set 75 4.

The following three transformations on a tree T with n vertices were firstly constructed by Zhang et al.
[7], they will play an important role in the proof of our main result.

(i) For a fixed edge uv of the tree T with n vertices, denote by T, the tree obtained from T via identifying
the two vertices of T — uv, that is, Ty, is a tree with n — 1 vertices obtained from T by contracting the edge uv
of T. Hereafter, we say that T, is obtained from T by Transformation I.

(ii) Let v € V(T) with N(v) = V' U V" satisfying V' N V" =@, |V'| = g1 > 1and |V"| = g2 > 1. Denote
by Ty (4,,4,) the tree with n +1 vertices constructed from the tree T via splitting the vertex v into two new
vertices v’ and v”, adding one edge between v’ and v”, joining v and all vertices of V/, and then joining v” and
all vertices of V”. In the sequel, Ty (q1,42) Will be referred to be obtained from T by Transformation II.

(iii) Let v be a g-vertex of the tree T, where g > 4. Denote by T,,_,(3_,,) the graph with n + g — 3 vertices
obtained from T via replacing the vertex v of T with a (g, 3)-tree H such that every vertex of N(v) and every
pendant vertex of H are identified individually. In what follows, we say that T, ,(3_,.,) is obtained from T by
Transformation III

Let T be the tree with eight vertices as shown in Figure 2. The readers can refer to Figure 2 for illustrated
examples to the above three transformations, where V' = {u} and V"' = {vq,v5,v3}.

Lemmal. Ifk > 1and 0 < o < 1, then ¢(x) = (x + k)* — x* is a strictly decreasing function for x > 1.

Proof. It is easy to see that ¢/(x) = oc((x +k)x 1 — x“‘1> < 0fork >1and 0 < & < 1. Consequently, the
result holds. 0



Open ]. Discret. Appl. Math. 2019, 2(2), 23-30 25

(%} U1
U2
u v u(v) u v vy V2
V3 U3
T Tuv Tv—>(173)

|
|
S
[\
q
Q* <
*r—g
=
*
(4
y&\

H Tv—)(S—re_z])

Figure 2. The example of three transformations.

Lemma 2. Let T bea tree of T, y and w be a 2-vertex of T. If the two neighbor vertices of w are both non-pendant vertices
and 0 < & < 1, then there is a tree T* of T, ;. such that xo(T) > x«(T*), with equality iff w is adjacent to at least one
2-vertex.

Proof. Suppose that N(w) = {u,v} with d(u) = s > 2 and d(v) = t > 2. Let y be a pendant vertex with
xy € E(G) and d(x) = r > 2. By Transformation I, we can construct Ty, from T. Let T* be the tree obtained
from T}, via adding a new pendant edge adjacent to x. Now, it is easily checked that T* is also a tree of 7, x
such that

Xe(T) = xa(T*) = (s+2)*4+(#+2)"+(r+1D)*=(s+t)*—(r+2)*—3*
- ((s—I—Z)“ +(E+2)" — (s+t)"‘) - ((r+2)"‘ - (r—i—l)"‘) — 3%,

Let ¢(s,t) = (s +2)* + (t +2)* — (s + t)* with s, t > 2. Combining with 0 < & < 1, we have

al”éjt) —a((s+2)* "~ (s+0*") 20, and % —a((t+2 "~ (s+01) 20,

this implies that (s, t) is increasing for both s and t with s, > 2. In view of Lemma 1 (the case of k = 1), it
follows that

Xa(T) = xa(T") = ¢(s,t) —@(r +1) = 3" > 9(2,2) — ¢(3) = 3" = 0.
So the assertion of the lemma holds. O

Lemma 3. Let T be a tree of T, and xy be an edge of T with d(x) = q > 3and d(y) = 1. If0 < a < 1 and
Ex(T) # @, then there is a tree T* of Ty, i with xo(T) > xa(T*).

Proof. Note that E;(T) # @. Thus, we can construct a new tree T* with n — 1 vertices from T by contracting
an arbitrary edge of E»(T) and then inserting another new vertex to the pendant edge xy. Now, T* is also a
tree of 7, . By Lemma 1 (the case of k = 1), it follows that

Xa(T) = xa(T*) = 4+ (+1)" = (g+2)* =3
= (-3 ((g+2" - +1)")
= ¢B)—9lg+1)>0.

This finishes the proof of the lemma. O
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Lemma 4. Let T be a tree of T,y and u be a 4-vertex of T. Let vy, v, v3 and vy be four neighbor vertices of u such
that d(vy) < 5and d(vy) < d(vp) < d(v3) < 3. If0 < & < 1and Ey(T) # @, then there is tree T* of T, j with
Xa(T) > xa(T7).

Proof. Note that E;(T) # @. Thus, we can construct a new tree T’ with n — 1 tree from T via contracting an

arbitrary edge of E>(T). By Transformation III, we can construct another tree T* := T (3—reg) from T’ such

that T* € 7, . Since d(v;) < d(vp) < d(v3) < 3,d(vy) < 5and in view of Lemma 1 (the case of k = 1), it
follows that

xa(T) — xa(T*) = 4”‘+Z<4+d —(3+d(vi))“)—6“

4% +3(7" —6") + (9 —8") — 6"
4% —4.6°43-7" — 8"+ 9.

v

Letp(a) =4 —4-6%+3-7% —8* + 9% with 0 < a < 1. It can be easily checked that ¢(x) > 0for 0 < a < 1by

applying MATLAB, see Figure 3 (Actually, Figures 3-5 are all drawn by MATLAB). O
//
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Figure 3. The function ¢(«) in Lemma 4.

Lemma 5. Let T be a tree of T, and u be a g-vertex of T, where q > 4. Suppose that |Ey(T)| > g — 3 and N(u) =
{v1,02,..., 05 }with d(v1) < d(v2) < --- < d(vy). If 0 < a < 1and T satisfies either (i) or (ii), then there is a tree
T* of Ty x with xu(T) > xa(T*), where (i) d(vy_1) < 3and q > 5;and (ii) d(v,—1) < 4and q > 8.

Proof. Letd(v,; 1) = p. Note that |Ex(T)| > g — 3. Thus, we can construct a new tree T’ with n + 3 — g vertices
obtained from T by contracting q 3 arbitrary edges of E(T). Taking Transformation III into consideration,
we can construct another tree T* := T;‘H (3—reg) from T'. Now, T* is also a tree of Tok- Sinceq > 4,0 <a <1
and in view of Lemma 1 (the case of k=g9—-3>1),wehave

(1) = (T = (q- 34“+2( (0) +9)" = (d(2) +3)") = (9 - 3)6*
> (9-3)# -6+ (- ((p+9)" — (r+3)")
+((d(og) +9)" = (d(2y) +3)")
> (a-3)# -6 +@-D((p+a)" — (p+3)"). M

Let p(p,q) = (9 —3)(4* — 6%) + (g — 1)((p+q)a - (p+3)a),where p>19>4and0 < a < 1. By Lemma
1 (the case of k = g — 3 > 1), ¢(p, q) is a strictly decreasing function on p. Since 0 < a < 1, then

a<pg;,q) = ((r+9)" - (r+3)") +alg-D(p+9)" "+ (#* —6"),
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Thus, a")g’;’q) is a strictly increasing function on 4.
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Figure 4. The four functions of « in Lemma 5.

We consider the following two cases:

Case 1. T satisfies (i). In this case, we have ¢ > 5and p < 3, and so ¢(p,q) > ¢(3,9). This implies that

9¢(3,9) 99(3,9) |
aq oq 9=5

= 408" 4 (4% —6%) + (8% —6%) = (8+4a)8¥ 1 +4% —2.6% > 0,

Y

where Figure 4 (a) implies the last strictly inequality. Therefore, ¢(3, 9) is a strictly increasing function on g > 5.
Combining this with inequality (1), we obtain that

Xa(T) = xa(T7) > ¢(p,q) = ¢(3,9) = ¢(3,5)
= 4(8“—6“)4—2(4“—6“) —4.8% 4 2.4% _ Tl >0,

where Figure 4 (b) implies the last strictly inequality.

Case 2. T satisfies (ii). In this case, we have ¢ > 8 and p < 4, and so ¢(p,q) > ¢(4,q). This implies that
9p(4q) - 9¢(4q)
F) e T
q q
= 7a12%' 4 (4% —6%) + (12— 7%)
= (12+7a)12% 1 +4% -6 —7* >0,
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where Figure 4 (c) implies the last strictly inequality. Thus, ¢(4, q) is a strictly increasing function on g4 > 8. By
(1), we can conclude that

Xa(T) = Xa(T") > ¢(p,q) = 9(4,9) > ¢(4,8) =7(12" = 7%) +5(4" = 6") >0,

where Figure 4 (d) implies the last strictly inequality. O

Let P = uguy ...u, be a path of graph G. If ug is a pendant vertex of G and d(u;) = d(u2) = --- =
d(ug—1) =2 < 3 < d(ug) unless q = 1, then we call P as a pendant path of G. Hereafter, denote by P(G) the set
of all pendant paths of G.

Lemma 6. [7] Let T be a tree of Ty If 3 < k < |42 | and E»(T) C E(P(T)), then
|E2(T)| = ng +2n5 4 -+ + (A(T) = 3)np (7).

3. Main results

Now, we are ready to state the main result of this paper, that is,
Theorem 7. Let T be a tree of T i If 3 < k < ["52] and 0 < a < 1, then
Xa(T) > k(3" +5%) + (n — 3k +2)4* + (k — 3)6",
with the equality iff T € T.",.

Proof. Throughout this proof, we suppose that T* € 7, has the smallest general sum-connectivity index.
Since k > 3, then A(T*) > 3. Next, we prove some claims.

Claim 1. Every 2-vertex of T* is on a pendant path.

Proof of the Claim 1. By contradiction, assume that ug is not on any pendant path of T* with d(ug) = 2. In this
case, each neighbor vertex of ug is a non-pendant vertex. In view of Lemma 2, 7,, ; contains a tree T; such that
Xa(T*) > xa(Ty), with equality iff ug is adjacent to at least one 2-vertex.

By applying the transformations in the proof of Lemma 2 repeatedly, a set of trees {T;|i > 0} belonging
to 7, with Ty := T* and a set of vertices {ui |[i> 0} can be constructed such that each u; is a 2-vertex not on
any pendant path of T; and x«(T;) > xa(Ti11) for eachi > 0.

Since the number of 2-vertices not on pendant paths of T;;; is one less than that of T;, the above
transformation will end after finite steps. That is, there is an integer 4 > 0 such that each 2-vertex of Tq+1 is on
a pendant path. Therefore, 1, is the unique 2-vertex of T; not on any pendant path, and hence u, is adjacent to
two vertices with degrees at least 3 in T;. Thus, we have Xe(To) > xa(Th) > -+ > Xa(Ty) > Xﬂé(Tq+l)/ which
is contrary with the choice of T*. O

By Claim 1, it follows that E;(T*) € E(P(T*)). Next we shall prove that

A(T*) =3. 2
By contradiction, we assume that (2) does not hold, thatis, A(T*) > 4. From Lemma 6, it follows that
[Ea(T")| > g + 205+ -+ (A(T") = B)np ey > A(TY) =3 > 1.

Suppose that vy € T* with d(vg) = A(T*) > 4, and let P := vyv; ... v be a path of T* with d(v;) > 4. We may
assume that the length of P is as large as possible. If t = 0, then Lemmas 4 and 5 (i) imply that 7, contains a
tree with smaller general sum-connectivity index than T*, but this contradicts the definition of T*. Thus, ¢ > 1.
By Claim 1, we have min {d(vi) 1 <i<t— 1} >3 whent > 2.

Let N*(v;_1) := N(v;_1) when t = 1, and let N*(v;_1) := N(v;_1)\{v;_2} when t > 2. Tt is not difficult
to see that v; € N*(v;_1).
Claim 2. The degree of each vertex of N*(v;_1) in T* is at most 4 and d(v;) = 4.
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Proof of Claim 2. Let z € N*(v;_1) and let N(z) = {z1,22,...,24} with d(z1) < d(zp) < --- < d(zg). Clearly,
|E2(T*)| > A(T*) —3 > g — 3. Recall that the length of P is as large as possible. Thus, d(z;-1) < 3. Since
d(vi—1) = AMT*) > 4 > d(z;—1) when t = 1 (in this case, v; 1 = vg) and d(v;_1) > 3 > d(z;-1) whent > 2, we
may suppose that z; = v;_1. By the choice of T* and in view of Lemma 5 (i), we deduce that d(z) < 4. Note
that vy € N*(v;_1) and d(v;) > 4, we have d(v;) = 4. This completes the proof of Claim 2. O

Now, we consider the vertex v;_1. On the one hand, in view of Claim 2, all vertices of N (v;_1) except v;_
(when t > 2) have degrees at most 4 in T*. Since Lemma 5 (ii) and in view of the choice of T*, we can conclude
that d(v;_1) < 7. On the other hand, by the proof of Claim 2 we can deduce that the degree of each vertex of
N(v:) except v;_1 in T* is at most 3. Now, in view of d(v;) = 4 and bearing in mind the choice of T*, Lemma 4
implies that d(v;_1) > 6. Consequently, we know that 6 < d(v;_1) < 7.

6 10

5

4

()
©
(o)
o - N w & o o N ® ©

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 09 1 0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
@p=6 ®p=7

Figure 5. The function ¢(«) in Theorem 7.

Let d(v;—1) = pand let N(v;_1) = {wy,wy, ..., w,} with wy, := v,_, when t > 2. In view of Claim 2,
it follows that d(w;) < 4 for1 < i < p —1. Since |E(T*)| > 1, we can construct a new tree T obtained after
contracting an edge of E»(T*) from T*. By Transformation II, we can construct another tree T’ : = T, _ 1—(3,p-3)
of T, from T. By Combining with0 < &« < 1,6 < p <7 and Lemma 1 (the case of k = p —4 > land k = 2,
respectively), we have

4 Y (@) +p)" = (d(w) +4)")

i=1

(@) +p)* = (@) +p=2)") = (p+2)"

Xe(T") = xa(T')

+

-

i=4

#43((p+4)" =8 ) + (p-4)((r+9" - (p+2)")

+((@wp) +p)" = (d(wp) +p=2)") = (p+2)"

> 4 43((p+0) =8 ) + (- ((r+9) - (+2)") — (p+2)"
= (P-D)(p+4)" +4" =38~ (p-3)(p+2)".

v

Letp(a) = (p—1)(p+4)" +4%-3-8"— (p—3)(p+2)", where 0 < a < 1. If p = 6, then ¢(a) > 0, where
Figure 5 (a) implies the inequality. If p = 7, then ¢(«) > 0, where Figure 5 (b) implies the inequality. Now, we
can conclude that x,(T*) — xa(T’) > 0 whenever 6 < p < 7, a contradiction. So, (2) holds.

By (2), we have nj + ny + n3 = n and ny + 2np + 3n3 = 2(n — 1). Note that n; = kand 3 < k < L”#J
Thus, np = n — 2k + 2 > k. Now, in view of Claim 1 and (2), to finish our proof, it suffices to show that each
pendant vertex is adjacent to a 2-vertex. By contradiction, we assume that there is a pendant vertex u of T*
such that u is adjacent to a 3-vertex. Since 1 > k and in view of Claim 1, we have E;(T*) # @. By the choice of
T* and in view of Lemma 3, it will deduce a contradiction. Thus, every pendant vertex of T* must be adjacent
to a 2-vertex. By a simple calculation, we have

Xa(T*) = k(3% +5%) + (n — 3k +2)4" + (k — 3)6".
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This cpmpletes the proof of the theorem. O

In view of Theorem 7 and since 7., € CT ,x € T, x, we can deduce the following result for chemical trees
immediately.

Theorem 8. Let T beatree of CT . If 0 < <land3 <k < L"T*zj, then
Xa(T) > k(3% +5%) + (n — 3k +2)4* + (k — 3)6%,

with the equality iff T € T .
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