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1. Introduction and preliminaries

n this paper, we introduce the binomial transform of the generalized fifth order Jacobsthal sequence and
m we investigate, in detail, two special cases which we call them the binomial transform of the fifth order
Jacobsthal and fifth order Jacobsthal-Lucas sequences. We investigate their properties in the next sections.
In this section, we present some properties of the generalized (7,s,,u,v) sequence (generalized Pentanacci)
sequence.

The generalized (7,s, t, 1, v) sequence (the generalized Pentanacci sequence or 5-step Fibonacci sequence)

{Wn }Vlzo = {Wﬂ (Wo, Wi, Wo, W3, Wy;r,s,t,u, U) }HZO
is defined by the fifth-order recurrence relations
Wy =1rW,_1 +sWy_o +tW, 3 +uW,_4+oW,_5, Wop=a,Wi=bWo=c,Ws=d,Wy=e¢, @)

where the initial values Wy, Wy, W,, W3, Wy are arbitrary complex (or real) numbers and r,s,t,u,v are real
numbers. Pentanacci sequence has been studied by many authors and more detail can be found in the extensive
literature dedicated to these sequences, see for example [1-5]. The sequence {W;},>o can be extended to
negative subscripts by defining

W, = -2

t s r 1
==, Wet-n) = S Wo2) = S W) = Wy + S Wons)

forn=1,2,3,.... Therefore, recurrence (1) holds for all integer 7.
As {W, } is a fifth order recurrence sequence (difference equation), it’s characteristic equation is

X —raxt—sx®—tx® —ux-0v=0, (2)
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whose roots are «, B,,J, A. Note that we have the following identities:

x+B+y+d+A=r,
af+ad+ay+BA+ad+By+Ay+Bo+ A6+ Y0 =-s,

aPA+afy+aly +afé+ard+ PAy +ayd+ PAS+ Byd+ Ayd =t,
xBAY +aBAS +afyd +adyd + PAyd = —u

apydA =v.

Generalized Pentanacci numbers can be expressed, for all integers 7, using Binet’s formula.

Theorem 1. (Binet’s formula of generalized (r, s, t,u, v) numbers (generalized Pentanacci numbers))

W, _ Plan n PZ,BH
" (a=B)a-7)(a-8)(a=-A) (B-a)(B-71)(B-9)(B-A)
p3Y" pad” psA”

B G O3 YV RN T 30 07 WP W T o T s LR

where

p1=Wa—(B+7+ 3+ A)Wa+(BA + By + Ay + Bo+ A6+ YS)W,—(BAY + BAS + Byd + Ayo)W +(BAYS)W,,
po=Wa—(a+ 7+ 0+ A)Wa+(aA +ay +ad + Ay + Ad + y6)Wy—(aAy + aAd + ayd + AyS) W +(aAyd)W,,
p3=Wa—(a+B+06+A)Wy+(aB+ad +BA+ad+ B6+ AS)W,—(afA +aBd +aAd + BAS)W +(aPAS)W,,
Pa=Wy—(a+ B+ 7+ A)Wa+(af +ad +ay + A+ By + Ay)W,o—(afA + afy + ady + BAY)W +(aBAY)W,,
p5=Wy—(a+ B+ +0)Wy+(aB +ay +ad+ By + B+ y)W,o—(aBy +aBd +ayd + Byo)W +(aByd)W,.

Usually, it is customary to choose r,s,t, 1, v so that the Eq. (2) has at least one real (say «) solutions. Eq.
(3) can be written in the following form:

W, = Ala” + Azﬁn + A3’)/n + A4(5n + A5An ,

where
_ P1
M BN @ -
Ap = P2 .
(B=a)(B=7)(B-0)(B-A)
Az = P ,
(r=a)(y=B)(v-6)(v-A)
Ay = P ,
(6-a)(6-B)(6-7)(6-A)

As = Ps .
A-a)(A=B)(A=7)(A-0)

Next, we give the ordinary generating function 3. W,x" of the sequence W;,.
n=0

Lemma 1. Suppose that fy, (x) = Y. Wyx" is the ordinary generating function of the generalized (r,s,t,u,v) sequence
n=0

{Wy, }uso- Then, § W, x" is given by
n=0

i": W xn_Wo+(W1—1’Wo)x + (Wz—rwl—sWO)x2+(W3—rW2—sW1—tWo)x3+(W4—rW3—sW2—tW1—uW0)x4 )
o 1-rx—sx2—tx3 —ux* — x5 '
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We next find Binet formula of generalized (7, s, t, 1, v) numbers {W,,} by the use of generating function for
Wi,.

Theorem 2. (Binet’s formula of generalized (v, s, t,u,v) numbers)

W, _ ‘h"‘n i QZ,Bn
! (a=B)(a-7)(a=d)(a=A) (B-a)(B-7)(B-3)(B-A)
737" q40" gs\"

MGG G T C M P T Y T - 0 P 0 W 1 e T i R

where

q1:W0a4+(Wl —rWo)uc3+(Wz—rwl—sWO)a2+(W3—rW2—sW1—tWo)(x + (Wy—rW3-sWy-tW1-0Wy),
G2=WoB*+(W,=rW0) B>+ (W= W1 —s W) B>+ (W3 -rWa—s W1 ~t W) B + (W, —rW3—sWo—tW; ~0 W),
q3:W0'y4+(W1—rWO)'y3+(W2—rW1—sWo)'yz+(W3—rW2—sW1—tWo)'y + (Wy—rW3-sWy-tW1-0W)y),
G4=WoS* +(W, =1 W) 8>+ (W y=rW1-s W) 6>+ (W3—rWo—sW1~t W )3 + (W, ~rW3-s3Wa—tW1—0Wy),
G5=WoA + (W, =rWo)A> + (W, —rW1 —sWo ) A2 +(W5—rWa—s W1 —t W) A + (W ,—rW3-sWo—t W1 —0W).

Matrix formulation of W, can be given as [6]:

n

W44 r s t u v Wy
Wyt3 1 0 0 0O W3
Wy |=1 01 0 0 O Wh (6)
Wit 0 01 00 Wi

Wy 0 00 10 Wo

In fact, Kalman give the formula in the following form

W, 0100 0\/(W
W41 0 01 00 Wi
Wy |=1 0 OO 1 0 Wh
Wyis 0 00 01 W3
Wyia r s t u v Wy

Next, we consider two special cases of the generalized (r,s,t,u,v) sequence {W,} which we call them
(r,s,t,u,v) and Lucas (7,s,t,u,v) sequences. (r,s,t,u,v) sequence{Gy},>0 and Lucas (r,s,t,u,v) sequence
{Hy }n>0 are defined, respectively, by the fifth-order recurrence relations

Gnis = 1Guyg +5Gy 3 +1Guy2 + UGy +0Gy, (7)
Gy = 0,G1:1,G2:r,G3:rZ+s,G4:r3+25r+t,

Hyys = rHpwa+sHyys+tHyio + uHy 1 +0Hy, 8)
Hy = 5,H1:r,H2:25+r2,H3:r3+35r+3t,H4:r4+4r25+4tr+252+4u.

The sequences {Gy, },50 and {Hy }»0 can be extended to negative subscripts by defining

U £ s r 1
Gon = =2 G1) = 5 C-(n-2) = 5 C-(n-3) =, G-(n-0) + L G-(n-5)

u t S r

1
H—)’l _ZH_(”_D - EH_(H_Z) - EH_(n_?)) - EH—(}’I—AL) + EH_(n—S)/

for n =1,2,3,... respectively. Therefore, recurrences (7) and (8) hold for all integers #.

For more details on the generalized (r, s, t, u,v) numbers, see [4].

Some special cases of (7,s,t,u,v) sequence {G,(0,1,r, 1% +5,1° +2sr + t;1,5,t,u,0)} and Lucas (r,s,t,u,v)
sequence {H,(5,7,2s + r2, 13+ 3sr + 3, 1 + drls + Atr + 252 + du; 1,8, F U, v)} are as follows:
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1. G4(0,1,1,2,4;1,1,1,1,1) = P,, Pentanacci sequence,

2. Hy(5,1,3,7,15;1,1,1,1,1) = Qy,, Pentanacci-Lucas sequence,

3. G,(0,1,2,5,13;2,1,1,1,1) = P, fifth-order Pell sequence,

4. Hy(5,2,6,17,46;2,1,1,1,1) = Qy, fifth-order Pell-Lucas sequence.

For all integers n, (r,s,t,u,v) and Lucas (7,s,t, u,v) numbers (using initial conditions in (3) or (5)) can be
expressed using Binet’s formulas as

tx”+3 ﬁn+3 n+3
Gp = + + i
(a-p)a-7)(a-0)(a=A) (B-a)(B-7)(B-0)(B-A) (v-a)(v-B)(v-9)(v-A)
(5n+3 /\n+3

TG-0)GE-PG-NGE-A) A-a)A-B)(A-7)(A-0)’
Hy, = a"+p"+9"+5"+ 2",

respectively.
Lemma 1 gives the following results as particular examples (generating functions of (r,s,t,u,v), Lucas
(r,s,t,u,v) and modified (r, s, f, u,v) numbers).

Corollary 1. Generating functions of (r,s,t,u,v), Lucas (r,s, t,u,v) and modified (v, s, t, u,v) numbers are

ad X

2, Gna" = 2 _tx3 — uxt —oxd’
o 1-rx—sx*—tx° —ux*—ovx
iH oo 5 — 4rx —3sx? - 2tx% — ux*
o 1-rx—sx?—tx3 —ux* —vx5’

respectively.

The following theorem shows that the generalized Pentanacci sequence W, at negative indices can be
expressed by the sequence itself at positive indices.

Theorem 3. For n € Z, for the generalized Pentanacci sequence (or generalized (r,s,t,u,v)-sequence or 5-step Fibonacci
sequence) we have the following:

1
W_, = ﬂzf”(onf; — 4W, HS + 3WoH3,, + 12H2Ws,, — 6WoH2Ha,, — 6WoHyy, — 8Wy Hzy, — 12Hy, W,
—24Hn W3n + 24W4n + 8WOHnH3” + 12Wan HZn)

_ 1 1
= 0" (Wy, — H, W3, + E(H,% — Hop)Way, — E(H,?; +2H3, - 3Hy, Hy )Wy
1
+ﬁ(Hﬁ +3H3, - 6H2Ha,, — 6Hy, + 8Hz, Hy ) Wp).
Proof. For the proof, see [5], Theorem 1. O

Using Theorem 3, we have the following corollary, see [5], Corollary 4.

Corollary 2. For n € Z, we have
Lo nipd , app2 2
H_, = 21” (H, +3H;, - 6H,Hy, —6Hy, + 8Hs,Hy,).

Note that G_, and H_, can be given as follows by using Gp = 0 and Hy = 5 in Theorem 3:

_ 1 1
Gon = 07" (Gan = HuGan + 5 (Hy = Han)Gan = o (Hy + 2Hsy = 3Hay Hi ) G),
1
H., = ﬂzf”(H,% +3H3, - 6H2Hy,, — 6Hy, + 8H3, Hy),

respectively.
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Table 1. A few generalized fifth order Jacobsthal numbers

n Vi V_n

0 Vo

1 v Vi-3Vi-3Vv-3Vs -1V

2 1% WVa-iVi-iV-iVo-1Va

3 V3 V-tV -tV -tva-tw,

4 Vy 2Pvi-itvo-Ltv-Ltva-Lvy
5 W+ Vi+ o+ V34V, IVo-5Vi-5Ve-%Va-5Va
6 | 2Vo+3Vy+2Va+2V3 42V, Ti-Bvi-Bn -3 -3y,
7 | AVo+4Vi+5Va+4V3+4Vy | TaVa- V-2V, - BV - vy

Next, we consider thecaser =1,s =1, =1,u = 1,v = 2 and in this case we write V;; = W,,. A generalized
fifth order Jacobsthal sequence {V;}ys0 = {Viu(Vo, V1, V2, V3, Vi) }uso is defined by the fifth order recurrence
relations

V=V +Vio+Vy3+Vy4+2V, 5 (9)

with the initial values Vjy = ¢p, V4 = c1, V2 = c2, V3 = ¢3, V4 = c4 not all being zero.
The sequence {V, },,50 can be extended to negative subscripts by defining

1 1 1 1 1
Von = =5Voi-1) = 5 Vem-2) = 5 Ve(n-3) = 5 Ve(-4) + 5 Ve(-5)

forn =1,2,3,.... Therefore, recurrence (9) holds for all integer . For more information on the generalized fifth
order Jacobsthal numbers, see [7].

The first few generalized fifth order Jacobsthal numbers with positive subscript and negative subscript
are given in the Table 1

Eq. (3) can be used to obtain Binet’s formula of generalized fifth order Jacobsthal numbers. Generalized
fifth order Jacobsthal numbers can be expressed, for all integers #, using Binet’s formula

V. = p1a” p2p" p3Y"
" (a=pB)(a—y)(a—6)(a- N (B-a)(B-7)(B-6)(B-A) - (- B)(v=0)(v-7)
pad” psA”
TG-0@-PE-NE-1) A-0)A-pA-1(A-0)
where
P1=Va—(B+ 7 +0+A)V3+(BA+ By + Ay + PO+ A0 +¥0)V,—(BAy + BAS + By + Ayd) V1 +(BAYO)V,

(
po=Va—(a+y+0+A)Var(ad +ay +ad + Ay + Ad +y6)Vy—(aAy + aAd + ayd + Ayd) Vi +(aAyd)V,
p3=Va—(a+B++A)Vat(af+ar+BA+ad+Bo+A0)V,—(aPA +aPd +add +BAS)V +(apAd)V
pa=Va—(a+ B+ 7+ A)Var(af +aA +ay + BA+ By + Ay)V,y—(aPA +afy + ady + BAy)V +(aBAy)V,
p5=Va—(a+B+7+0)Va+(af+ay+ad+By+po+70)Vy—(afy +apd +ayd+ pyd)V +(apyd)V,.

As {V,,} is a fifth order recurrence sequence (difference equation), it’s characteristic equation is
Ot —x-2=(x-2)(xt+ ¥+ P+ x+1) =0. (10)

The roots «, B,v,6 and A of Eq. (10) are given by:
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po- LEon L YRAL,
MV AR
5 o= -%(ﬁ+1)+7v'2f”0i,
A = _1(\/§+1)_7V_2\/‘F’+10i_
4 4
Note that we have the following identities:
a+B+y+5+A

AP +aA+ay+PA+ad+Py+Ay+Po+Ad+6

XBA+afy +ady +afé+aAd+ PAy +ayd + BAO + Byd+ Ayd
XBAY +aBAS +afyd +aryd + PAyd

aBydA

Now we consider four special cases of the sequence {V,}. Fifth-order Jacobsthal sequence {J,}.»0, fifth
order Jacobsthal-Lucas sequence {j },>0, adjusted fifth order Jacobsthal sequence {S; },>0 and modified fifth

order Jacobsthal-Lucas sequence {R; },»9 are defined, respectively, by the fifth order recurrence relations

Jnes = Tnsa+Jnez+Jns2+ Jni1+2Jn Jo=0,1=1,]2=1,J3=1,]J4=1,
Jn+s = Jusat 3 +jne2 + us1 + 2, jo=2,j1=1,j2=5,j3=10,js = 20,
Su+s = Spra+Susz+Sns2+Sps1+251,50=0,51=1,5,=1,53=2,54=4,
Ry,,5 = Ruu+Ry3+Ry0+R,1+2R,,Rp=5R1=1,Ry=3,R3=7,Ry4 =19.

The sequences { ], }n0, {jn }n20, {Sn}nz0 and {R;; } 50 can be extended to negative subscripts by defining

1 1 1 1

Jon = =51y = 5J-(-2) = 5)-(n-3) = J-r-0) + 5= (n-5)/

) 1. 1. 1. 1. 1.

J-n = —EJ—(;H) - E]—(n—Z) - 5]-(;4—3) - 5]—(;1—4) + 5]—(;«—5)/
1 1 1 1 1

Son = =55-(n-1) T 55-(1-2) T 55-(n-3) = 55-(n-4) * 55-(n-5)/
1 1 1 1 1

Ry = _ER—(n—l) - ER—(n—2) - ER—(n—3) - ER—(n—AL) + ER—(n—S)/

forn=1,2,3,... respectively. Therefore, recurrences (11)-(14) hold for all integer .
Next, we present the first few values of the fifth order Jacobsthal, fifth order Jacobsthal-Lucas, adjusted
fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas numbers with positive and negative subscripts

in the following Table 2:

Table 2. The first few values of the special fifth order numbers with positive and negative subscripts.

nlol 1|23 41]5]6 7 8 9 10 | 11 12 13
Jo 1O T [T [ 1T [ 1 | 4 9 [ 17 | 33 | 66 | 132 | 265 | 529 | 1057
i Al o [T [ 3 [I[_IZ[_L [ 3 [ % [_3 | _ 55 [_3 | %9
—n 2 4 8 16 32 64 128 256 512 1024 2048
in |2 1 |5 [10] 20 | 40 | 77 | 157 | 314 | 628 | 1256 | 2509 | 5021 | 10042
~ T T T [T OB B[ B [ B [ 3037 | 37 [ 37 | 37
J-n 2 4 8 16 32 64 128 256 512 1024 2048 4096
S, |0 1 | 1 [ 21 4 [ 8 |17 | 33 | 66 | 132 | 264 | 529 | 1057 | 2114
S 0T o o T [T I [ -L [-L 3 [_-3[_3_3 -3
—n 2 4 8 16 32 64 128 256 512 1024
R, [5]| 1| 3| 7 | 15 | 36 | 63 | 127 | 255 | 511 | 1028 | 2047 | 4095 | 8191
R T 3 7B | | 6 [ 27| 25 [ 5 [ 4097 [ 2047 | _409% | _8IT
—n 2 4 8 16 32 64 128 256 512 1024 2048 4096 8192

(11
(12)
(13)
(14)
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For all integers n, Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, adjusted fifth order
Jacobsthal and modified fifth order Jacobsthal-Lucas numbers are

J. = (& —a—2)a" (B°-p-2)p"
! (@B a-—1-0)(a-1)  (B-w)(B-1B-0)(B-A)
. (P -7r-2)7" (8°-6-2)0"
(r=a)(y=PB)(r=6)(7- AN (6-a)(6-p)(6-7)(6-A)
(A3-A-2)A"

TA(A A -1(A-0)

o (et +4a% + 402 +da + 4)a"” (/34+4/33+4,82+4,B+4)/3”‘1
N R R (R E-E-N(E-0)F 1)
('y +49% + 492 + 4y + 4)y" (54+453+452+45+4)5" 1
-0 (- B)(r-0)(r - /\) T E-m)@-p-1(-N)
(A4+4A3+4A2+4A+4)A” 1
T -BA-1(A-0)

S 06”+3 ﬁn+3
n = +
(- B)(a-7)(a-8)(a-A)  (B-a)(B-1)(B-0)(B-A)
,)/n+3 (5n+3
(- (-0 (7-A) | (G-a)(B-B)(E-1)(3-A)
)t"+3

TA—a)(A-B)A-1N(A-0)’
Ry, = a"+p"++4"+6"+ A"

respectively.
Binet formulas of fifth order Jacobsthal, fifth order Jacobsthal-Lucas, adjusted fifth order Jacobsthal and
modified fifth order Jacobsthal-Lucas numbers can be given in the following forms:

In = % —ﬁ((efw ) +2V2V /5 +5(6 +/5)i)p"

+ﬁ( (6v/5 +5) +2v/2V /5 +5(6 +/5)i)y"

+ﬁ((6\/_ 5)+2v2V5 - V/5(v/5 - 6)i)0"

+ﬁ((6\/_ 5)+2v2V/5 - /5(~/5 + 6)i) A",

. 38 . n
i = ?1 %(12(20 7v/5) +VV/5+5(111v2 + 3V10)i) g
5) - VV5+5(111v2 + 3v/10)i)y"

1240 V5 -V5(111v2 - 3/10)i)6"
V5-v/5(-111v2 + 3v10)i)A",
S, = % 1240(4:( -20+7V/5) - V2VV/5 +5(37i +iV/5)) "

%(4( -20+7V5) + V2V /5 +5(37i +iv/5) )"
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e (<4(20+ 7V/5) + V2V B + 5(21 - 19V5)i)5"

1240
+1;gﬂ—4@0+7¢3y+VEVV€+5021+19¢3ﬁyw,

Ry = a"+B "+ +8"+A".

Next, we give the ordinary generating function Y. V,,x" of the sequence V,.
n=0

Lemma 2. Suppose that fy, (x) = 0{: Vux' is the ordinary generating function of the generalized fifth order Jacobsthal
n=0

sequence {Vy }ns0. Then, Y. Vux" is given by
n=0

i vogn o Yor(Vi-Vo)x+ (Vo= V1-V)x+(V3-Vo-V1-Vo)x +(V,~V3-V,-V1-Vo)x'
Fr 1-x—-x2-x3-x%-2x5 ’

The previous Lemma gives the following results as particular examples: generating function of the
fifth order Jacobsthal, fifth order Jacobsthal-Lucas, adjusted fifth order Jacobsthal and modified fifth order
Jacobsthal-Lucas are

oo 3 4
x—x°-2x
X = xn: 7
f]n( ) nZ:%)]n 1_x_x2_x3_x4_2x5
s 2—x+2x2+2x3 +2x*
s (x = 'xn: ’
i (%) Z;)Jn x5
o X
X = S xi’l: 7
fs, (%) nz:%) e I, Y. SRSV R oW
s 5—4x —3x2-2x3 - x*
X = R le: 7
fr, (%) n;) n 1 x— 223 x4 _225

respectively.

2. Binomial transform of the generalized fifth order Jacobsthal sequence V),

In [8], p. 137, Knuth introduced the idea of the binomial transform. Given a sequence of numbers (a;), its
binomial transform (4, ) may be defined by the rule

n n
A~ n . . . n N—ian
Ay = Z(:) ( ; )ai, with inversion a,, = Z(:)(i)(—l) a;,
1= 1=

or, in the symmetric version

n n
Ap=) (?)(—1)”1% with inversion a, = )" (?)(—1)”1@.
i=0 i=0

For more information on binomial transform, see, for example, [9-12] and references therein. For recent works
on binomial transform of well-known sequences, see for example, [13-25].

In this section, we define the binomial transform of the generalized fifth order Jacobsthal sequence V,, and
as special cases the binomial transform of the fifth order Jacobsthal, fifth order Jacobsthal-Lucas, adjusted fifth
order Jacobsthal and modified fifth order Jacobsthal-Lucas sequences will be introduced.

Definition 1. The binomial transform of the generalized fifth order Jacobsthal sequence V, is defined by

—~ " /n
m=w:2()w
i=0 \!
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The few terms of b,, are

4
4
by - Z(i)Vi =Vo+4V4 + 6V, +4V3 + V.

Translated to matrix language, b, has the nice (lower-triangular matrix) form

by 10000 - Vo

b 11000 - Vi

bb | |1 2100 : Vs

by | |1 3310 - V3
1 4 6 41 -

As special cases of b, = Vn, the binomial transforms of the fifth order Jacobsthal and fifth order Jacobsthal-Lucas
sequences are defined as follows: The binomial transform of the fifth order Jacobsthal sequence [, is

~ I(n
=3 ()
i=0 \!
and the binomial transform of the fifth order Jacobsthal-Lucas sequence j, is
-~ nony.
]Tl = Z ( l )] ir
i=0
The binomial transform of the adjusted fifth order Jacobsthal sequence S, is
— " in
Sn = Z ( ) )Si/
i=0 \!
and the binomial transform of the modified fifth order Jacobsthal-Lucas sequence R, is
—~ " (n
Ri=Y ( ! )R,-.
i=0 \ !

Lemma 3. For n > 0, the binomial transform of the generalized fifth order Jacobsthal sequence V), satisfies the following
relation:

n(n
b1 = Z(l)(vz +Vis)-
i=0

Proof. We use the following well-known identity:

()
()2

Note also that
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Then

This completes the proof.

bn+1

n+
S (17
=1\ 1
n+1 n+1
- or g (G (1w
i=1 ‘! iz \i-1
T (n " n
= VO*’Z(.)Vi+Z(')Vi+1
i=1 V! i=0 \?
" n " (n
- > (N (f)vin
i=0 \1 i=0 \!
" (n
- 2 (1) Vi)
i=0

Remark 1. From the Lemma 3, we see that

o(n
b1 =bn+ Z( .)Vi+1‘
i=0 \?

The following theorem gives recurrent relations of the binomial transform of the generalized fifth order

Jacobsthal sequence.

Theorem 4. For n > 0, the binomial transform of the generalized fifth order Jacobsthal sequence V;, satisfies the following

recurrence relation:

Proof. To show (15), writing

we find that r; = 6,51 = -13,t1 =14,uy = -7,v1 = 3.

byys = 6by44 —13by 43 +14by 0 = 7by 41 + 3by . (15)
byys =11 X byya +81 X byyz +t1 x by +uy x byyq +01 x by
and taking the values n = 0,1, 2, 3,4 and then solving the system of equations
b5 = 7"1Xb4+SlXb3+t1Xb2+L{1Xb1+Z}1XbO
bge = ryxbs+syxby+tyxby+u;xby+v1xbh
by = rixbg+81 xbs+1t] xby+uyxbz+0v1xby
bg = rixby+81xbg+1t] xbs+uyxby+v1xbs
b9 = ryxbg+syxby+1t] xbg+uyxbs+0v]xby
O]

The sequence {b;, } .50 can be extended to negative subscripts by defining

7 14 13 1
by = gb—(n—l) - ?b—(n—Z) + ?b—(n—?:) =2b_(y_g) + gb—(n—S)

forn=1,2,3,.... Therefore, recurrence (15) holds for all integer .
Note that the recurence relation (15) is independent from initial values. So,

]n+5

jn+5

Sn+5

6Ju+4 = 1343+ 14]512 = 7]t + 3],
6jn+4 — 13jn+3 + 14jn12 = 7jns1 + 3jn,
6’S\n+4 - 13§n+3 + 14§n+2 - 7§n+1 + 3§nl
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Russ = 6R,4-13R,3+14R, 0 - 7R, + 3R,

The first few terms of the binomial transform of the generalized fifth order Jacobsthal sequence with
positive subscript and negative subscript are given in the following Table 3.

Table 3. A few binomial transform (terms) of the generalized fifth order Jacobsthal sequence.

n b, by

0 Vo Vo

1 Vo+ V4 T(Vo-2V1 +V,-2V3+ V)

2 Vo +2V; + Vs ~§ (11Vp +2V; + 2V, + 11V5 = 7V))

3 Vo+3V1+3Vp + V3 — o (47V — 34V + 47V, - 7V3 - 7Vy)

4 Vo+4V1 +6Vo +4V3+V, a7 (115V; + 115V; - 128V5 +277V3 - 128V))

5 3Vo+6V; +11V, +11V3 + 6V, 515 (1411V - 533V; + 682V, + 682V — 533V,

6 | 15Vy+15V; +23V, +28V5 +23V, 75 (1411Vy — 4421V; + 5056V, — 4421V5 + 1411Vy)
7 | 61Vp+53Vy +61Vo+74V5+74Vy | s 29207V +776V; + 776V, +29207V5 — 16720V,

The first few terms of the binomial transform numbers of the fifth order Jacobsthal, fifth order
Jacobsthal-Lucas, adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas sequences with
positive subscript and negative subscript are given in the following Table 4.

Table 4. A few binomial transform (terms).

n 0 1 2 3 4 5 6 7 8 9 10 11
In 0] 1 3 7 15 34 89 262 807 2489 7590 22914
T 2 _8 T 136 | 298 | _ 2375 | _ 14039 14392 375747 788590 | _ 6474437
—n 3 9 27 81 243 729 2187 6561 19683 59049 177147
Jn 21 3 9 30 96 297 900 2700 8076 24165 72393 217077
g 5| 4 | 85 | 85 | 1859 | 7691 | _ 20740 | 243814 | 243814 | 5011547 | 20777630
J-n 3 9 27 81 | 243 729 2187 6561 19683 50049 177147
S, [0 1 3 8 22 63 186 558 1682 5067 15235 45739
3 T 2 79 29 | 619 | 2563 6914 81277 81277 | 1670515 | _ 6925876
—n 31 9 27 81 243 729 2187 6561 19683 59049 177147
R, |5] 6 10 24 70 221 700 2169 6590 19806 59295 177469
R 7 | 35 | _188 | 325 | 5347 | 8020 | _ 102788 | 498635 | 925102 | 14526055 | 21789082
-n 3 9 27 | 8 243 729 2187 6561 19683 59049 177147

Eq. (3) can be used to obtain Binet’s formula of the binomial transform of generalized fifth order Jacobsthal
numbers. Binet’s formula of the binomial transform of generalized fifth order Jacobsthal numbers can be given
as

, Cy0! . 00
" (61 -02)(01-063)(01 = 04)(01 = 05) (62 -01)(02—03)(02 —04)(62 - 05)
. Cs03 N C10
(03-01)(05 —62)(63—04) (03— 05) (04— 01)(04—02)(04—03) (04— 05)
Cs62

+(95—91)(95—92)(95—93)(95—94)' (16)

where

C1 = by—(02+03+04+05)b3+(0205 + 0203 + 0503 + 0204 + 0504 + 0304)b,
—(020503 + 020504 + 020304 + 050304 ) by +(02050364) by,

Co = by—(01+63+04+05)b3+(0165 + 0163 + 0104 + 0503 + 0504 + 0364) b,
—(016503 + 610504 + 610304 + 050304 )b, +(610560504) by,
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Cz = by—(01+02+04+05)b3+(016; + 0165 + 0205 + 0104 + 0204 + 0504)b,
—(010205 + 610204 + 010504 + 020504) b, +(61620504) by,

Cs = by—(01+02+63+05)b3+(0162 + 0165 + 6103 + 0205 + 0203 + 05603) b,
—(016205 + 610203 + 610503 + 020503 )b, +(61626503) by,

Cs = by—(01+02+63+04)b3+(016; + 0163 + 0104 + 0203 + 0204 + 0304)b,
—(010203 + 010204 + 010304 + 020304) b, +(601020304)b,.

Here, 61,605, 03,04 and 05 are the roots of the equation
x°—6xt+13x3 - 14x% +7x -3 = (x - 3) (x4—3x3+4x2—2x+1) =0.
Moreover, the approximate value of 01, 0,, 03,60, and 65 are given by

61 = 3,

B = 1.30901699437495 + 0.951056516295154i,
B3 = 1.30901699437495 - 0.9510565162951541,
64 = 0.190983005625053 + 0.5877852522924731,
f5 = 0.190983005625053 - 0.587785252292473i.

Note that

01+0,+03+04+05 = 6,
01607 + 0165 + 6105 + 0205 + 0104 + 6,05 + 0505 + 0204 + 050, + 6360, = 13,
010,205 + 610203 + 010503 + 016204 + 0160504 + 020503 + 01030, + 02050, + 62,0304 + 05030, = 14,
0100503 + 01020504 + 01020304 + 01050304 + 6,050560, = 7,
0162030465 =
For all integers n, (Binet’s formulas of) binomial transforms of fifth order Jacobsthal, fifth order

Jacobsthal-Lucas, adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas numbers (using
initial conditions in (16)) can be expressed using Binet’s formulas as

- (63 - 302 +26; —2)07 N (65 - 363 +20, - 2)6%
(01 -02)(61 —63)(01 - 04)(01 - 05)  (02—01)(02-03)(62~04)(02-065)
. (65 - 3603 +205 - 2)6% . (63 - 362 +20, - 2)6%
(03 —61)(63—62)(03 —04)(03-05) (04—01)(0s—02)(64—063)(0s—65)
. (62 - 302 + 205 - 2)6¢
(605 -01) (65— 602)(65 - 63) (65— 64)°
~ (267 -965 +1767 - 136, +5)6] (203 - 963 + 1765 -~ 130, + 5)0%
T 0= 02)(81 — 03) (61— 04) (01— 05) (62— 01)(82 — 03) (62— 04) (62 — 05)
N (265 - 965 + 1763 - 1305 + 5)0% N (207 — 963 + 1705 - 1304 + 5)0}
(03 —61)(63—62)(03—064)(03-05)  (64—01)(0s—02)(04—063)(6s—65)
. (262 — 962 + 1762 - 1305 + 5)0
(65—61)(65 - 62) (65— 63) (65— 64)"
5 . (61 -1)%07 N (6, -1)%0%
! (61— 602)(61 —63)(61 —64)(61—05) (62—61)(02—05)(62—04)(62—65)
(63 -1)%0% (04 -1)%0%

NOE 01)(03 —62) (63— 04)(03 - 05) " (64— 61) (04— 62) (04— 03)(04 - 05)
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(65 -1)%02
+ 7
(05 —61)(05 - 62) (05— 63) (05— 04)
R, = 67+65+65+07+6L,

respectively.

3. Generating functions and obtaining Binet formula of binomial transform from generating
function

The generating function of the binomial transform of the generalized fifth order Jacobsthal sequence V;,
is a power series centered at the origin whose coefficients are the binomial transform of the generalized fifth
order Jacobsthal sequence.

Next, we give the ordinary generating function f; (x) = § bux" of the sequence by,.
n=0
Lemma 4. Suppose that f, (x) = OZO bux" is the ordinary generating function of the binomial transform of the
n=0
generalized fifth order Jacobsthal sequence {Vy } 0. Then, f}, (x) is given by

Vo (Vi = 5Vp)x + (8Vp —4Vy + Vo) x*+(4V] — 6V - 3Va + V3)x°+(V - 2V4 + Vo — 2V5 + V) x*
1-6x+13x2 - 14x3 + 7x% - 3x° '

fo, (x) = (17)

Proof. Using Lemma 1, we obtain

bo+(by—6b0)x + (b,~6b1 + 13bg)x”+(b3—6by + 13y ~14bg ) x> +(by—6bs3 + 13b,~14by +7by)x*

fo (%) = 1-6x+13x2 - 14x3 + 7x% - 3x°
Vo+ (Vi —5Vp)x + (8Vy — 4V; + Vo) x> +(4V) — 6V — 3V + V3 )Xo +(Vg — 2V; + Vo — 2V5 + Vg )x*
N 1-6x+13x2 — 14x3 + 7x4 - 3x5 ’
where
bO = VO/
bl = V(] + Vl/

bz = V() + 2V1 +V,,
b3 = VO +3V1 +3V2+V3,
b4 = VO + 4V1 + 6V2 + 4V3 + V4.

Note that P. Barry shows in [26] that if A(x) is the generating function of the sequence {a,}, then

S(X)Z%A(lfx)

n
is the generating function of the sequence {b,,} with b, = ¥, ("})a;. In our case, since
=l

VoV =Vo)x + (Vo= Vi=V) P +(V=Va-Vi-V)x +(V,~V3-Va- V-V )x*
- T-x-x2-x3—x4-2x5 ’

A(x)

see Lemma 2,

we obtain
1 X
A
1-x (1 - x)
Vo+ (Vi = 5V)x + (8Vp — 4V + Vo) x*+(4V) — 6V - 3Va + V3) o+ (Vo — 2V4 + Vs — 2V + V) x*
1-6x+13x2 - 14x3 + 7x4 - 3x5 '

S5(x)

The Lemma 4 gives the following results as particular examples.
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Corollary 3. Generating functions of the binomial transform of the fifth order Jacobsthal, fifth order Jacobsthal-Lucas,
adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas numbers are

)

x—3x2 +2x3 - 2x*
1-6x+13x2 - 14x3 + 7x4 - 3x5”’
2-9x+17x% - 13x% + 5x*
1-6x+13x2 - 14x3 + 7x% - 3x5"’

M8
by
=
=
|

i
o

hgk:
=
=
=
|

n=0
ig‘xn B x-3x2+3x3 - x4
n=0 " T 1-6x+13x2—14x3 +7x4 - 35"
iﬁ o= 5 — 24x +39x% — 28x3 + 7x*
" =

1-6x+13x2-14x3 +7x4-3x5"

=
I
o

respectively.

4. Simson formulas

There is a well-known Simson Identity (formula) for Fibonacci sequence {F; }, namely,
Fyi1Fp1 - Pr% = (_1)n ’

which was derived first by R. Simson in 1753 and it is now called as Cassini Identity (formula) as well. This

can be written in the form
’ F n+1 F n
Fn Fyq

=(-1)".
The following theorem gives generalization of this result to the generalized Pentanacci sequence {W,}.

Theorem 5 (Simson formula of generalized Pentanacci numbers). For all integers n, we have

Wisa Wiz Wiz Wir Wy Wy Wiz W Wi W
Wiz Whio Wi Wi Wy Wi W, Wi Wy, W,
Wiz Wyt Wi Wysg Wy [=0"| W W Wy W, Wo |. (18)
Wist Wi Wyp Wy W3 Wi W W, W, Wi
Wi Wypqa Wy Wiz Wiy Wo Wou W Wi Wy
Proof. Eq. (18) is given in [27], Theorem 3.1. O

Taking {W,} = {b,} in the above theorem and considering by45 = 6by4 — 13b,,4.3 + 14b,42 — 7Dy, 41 + 3by,
r=6,5=-13,t =14,u = -7,v = 3, we have the following proposition.

Proposition 1. For all integers n, Simson formula of binomial transforms of generalized fifth order Jacobsthal numbers
is given as

bn+4 bn+3 bus2 bn+l b b4 b3 by bl b()
buss bus2 by bn by bs by by by b
bpio bpn by by by |=3"| by by by by b
bys1 bun o by byp by by by by bo b

bu by byo by byy bp by b b3 by

The Proposition 1 gives the following results as particular examples.

Corollary 4. For all integers n, Simson formula of binomial transforms of the fifth order Jacobsthal, fifth order
Jacobsthal-Lucas, adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas numbers are given as
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Zn+4 £1+3 :]:n+2 Tn’:rl A]n
]n+3 ]n+2 In+1 In ]n,l
ZH—Z Tn/\+1 ATn zz—] E_z = 44x3"4
Jost Tn Jnr T2 Jns
Jn Jo-r Tu—2 Jn-3 Ju-a
Z‘“‘ Ez+3 ZH—Z ;;1/\4-1 j.;q
sz Jwt o i
ZIHZ ].r’z:rl Ajn 111—1 11172 = 38x3",
o1 Jn jn1 jn-2 jn-3
Jn Jn-1 Jn-2 jn-3 Ju-4
§n+4 §n+3 §n+2 §l1\+1 A§n
Sn+3 Sn+2 Sn+1 Sn Sn—l
§n+2 §£+1 ?n 3/:71—1 S/:n—Z = 8X3n_4/
S£1\+1 on :S\n—l in—Z En—3
Sn sn—l Sn-—2 Sn-3 Sn-s
R;n+4 13114—3 §n+2 Eﬁﬂ Aﬁn
Rpss Rys2 Rysn Ry Ry
Ruz Rpsi Ry Ry Ry | = 120125x3"7
R\‘rz+1 R\n Kn—l En—Z Kn—3
En Kn—l En—z En—?) En—é&

respectively.

5. Some identities

In this section, we obtain some identities of binomial transforms of fifth order Jacobsthal, fifth order
Jacobsthal-Lucas, adjusted fifth order Jacobsthal and modified fifth order Jacobsthal-Lucas numbers. First, we
present a few basic relations between {7, } and {j,}.

Lemma 5. The following equalities are true:

17170 = ~22jus6 +123]545 = 25954 + 3297543 — 193]42,
57Tn = ~3jues + Vnea + Tjnss = 13fns2 = 2241,
57Tu = ~fues +46]143 = 55)ns2 — jns1 — Vs
57T0 = —8jne3 + 6242 — 127],41 + 54, — 27)01,

57T = 14,42 —23]us1 = 58)n +29],-1 — 24,2,
and

198], = 5Jus6 —285] 545 + 1532 144 — 27647113 +2003],142,

66jn = —85]u+5+489],14 — 898,43 +656],:2 +5]41,
22y = ~7Jnea+69]ue3 = 178552 + 200,11 — 85Ty,

227, = 27Tpe3 = 87Tz +102],01 — 36], - 217,1,
227, = 75Jpe2— 2491 +342], — 2107, + 817,

Proof. Writing

Jn=a%jni6+bxjuss+C Xy +d xjuiz+exjnn

and solving the system of equations
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TO = ax%+bx}g+cxﬁ+dx7§+exﬁ
o= a><3;+b><76+c><3;+d><ﬁ+ex}';
T = 11><}’€;+b><77+c><76+d><%+ex}2
I = ax}';+b><ﬁ;+c><77+d><}'\6+exﬁ-
Ta = axﬁ0+bx7;+cx}§+dx}}+ex}2
we find that a = —%,b = é—;,c = —%,d = %,e = —%. The other equalities can be proved similarly.

Now, we give a few basic relations between {J,} and {S,}.

Lemma 6. The following equalities are true:

and

187,
61
2T

995,
335,
115,
115,
115,

= 75,46 -395,.5+825,,4 — 1045,,,3 + 615,,2,
= 54453514 - 25,3 +45,,2+ 75,1,

= 5,14-55,43+ 65,0 + Sy,

= Su+3-7Su2+ 145,165, +35,_1,

= _§n+2 + §n+1 + 8§n - 4§n—1 + 3§n—2/

= Ture +42] 45— 248] 04 + 457 T 013 — 332] 42,
= 16Ju45 = 87Jnsa + 157 43 — 1130 + T4t
= 3w =17fus3+37J2 = 371 +16],,

= Tus3 = 2Jns2 +5Tne1 = 5Jn + -1,

= 412~ 8Jus1 + 9Tn + 251 + 32

Next, we present a few basic relations between {J,} and {R,,}.

Lemma 7. The following equalities are true:

432457,
144157,
48057,
48057,
48057,

and

396R,
132R,,
44R,
44R,
44R,,

164R ;16 + 1182R 145 — 7993R ;14 + 15017R ;153 — 17692R 14,
722R )45 — 3375R 4 + 5771R 1453 — 6280R 140 + 164R,,, 1,
319R,.4 — 1205R ;13 + 1276R,142 — 1630R .11 + 722R,,,
709R .43 — 2871R,,42 + 2836R,141 — 1511R,, + 957R,,_1,
1383R,,12 — 6381R,,41 + 8415R,, — 4006R,,_1 + 2127R,,_,,

11637146 — 788145 + 1966444 — 22810743 + 10379712,
~301T 145 + 1515714 — 2176 [ 13 + 746 Js0 + 1163141,
97T ea + 5795143 — 1156110 + 1090741 — 3017,,,

~3J 43 + 105,140 — 2687141 + 378T, — 291T,,_1,

87 pa2 —229T 11 + 3365 — 270T,-1 — 2.

Now, we give a few basic relations between {j,} and {5,}.

Lemma 8. The following equalities are true:

367,

= —835,.6+4655,.5— 872514 + 7065,.3 — 835,12,
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and

12j, = -115,,5+695,.,4—1525,,3+1665,,2 - 835,.1,

4};! = §n+4 - 3’S\n+3 + 4§n+2 - 2§n+1 - 11§n/
4, = 35,,3-95,,2+125,,1 -185,+35,_1,
4, = 95,,0-275,.1+245,-185,_1+95, 5,

1715, = —44j,.6 +246],,5 — 461,44 + 373,43 — 44]010,
575, = —6jns5+37jnea —81jui3 + 88jps2 — 44jns1,

5750 = Jusa—3jns3 + 4jusa — 2jns1 — 18],
57§n = 3]‘n+3 - 9jn+2 + 12jn+1 - 25jn + 3jn—1/
575, = 9jns2—27jne1 + 1770 — 18],_1 + 9jpo.

Next, we present a few basic relations between {j,} and {R,,}.

Lemma 9. The following equalities are true:

43245,
14415,
4805,
4805,
4805,

and

11881R ;16 — 71634R ;45 + 151312R,,.4 — 141779R ;.5 + 41176R,,.2,
~116R,,.5 — 1047R ;.4 + 8185R,1.5 — 13997R,,,» + 11881R,,,1,
—581R ;.4 +3231R,43 — 5207R 110 + 4231R ;41 — 116R,,,

~255R,43 + 2346R,,0 — 3903R,,,1 + 3951R,, — 1743R,,_1,

816R .2 — 588R ;.1 + 381R,, +42R,,_1 - 765R,,_»,

342R, = 457jn46—2397]ns5 + 399414 — 2396, 3 — 1025],,2,
114R, = 115j,,5— 649,14 + 1334],,3 — 1408],,.2 + 457,11,
114R, = 417,04 — 161],43 + 202,42 — 348,71 + 3457,

114R, = 85],43 = 331],42 +226],41 + 58], +123],_1,

114R, = 179j42 — 879),41 + 1248}, — 472j,_1 +255],,_5.

Now, we give a few basic relations between {5, } and {R,,}.

Lemma 10. The following equalities are true:

432455,
144158,
48055,
48055,
48055,

and

72R,
24R,
8R,,
8R,
8R,

—3857R 116 + 23568R ;15 — 50024R ;14 + 47053R 145 — 13622R,,40,
142R,,,5 + 39R,,4 — 2315R,,,3 + 4459R ;.2 — 3857R,,, 1,

297R,,14 — 1387R 143 + 2149R,,0 — 1617R ;41 + 142R,,,

395R,,13 — 1712R 147 + 2541R,41 — 1937R,, + 891R,,_1,

658R,+0 — 2594R,,,1 + 3593R,, — 1874R,,_1 + 1185R,,_»,

= —2875,.6+15095,, 5 — 25165,,,4 + 15105,,, 3 + 6495,,,5,
~718,,,5 + 4055, 4 — 8365,,,3 + 8865,,,2 — 2875,,,1,
~78,44 +295,.3 — 365,10 + 705,,,1 — 715,,,

-135,,,5 + 558,142 — 285,,.1 — 225, - 215,,_1,

~235,,,0 + 1415,,,1 — 2045, + 705,,_1 — 395,,_».
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6. On the recurrence properties of binomial transform of the generalized fifth order Jacobsthal
sequence

Taking r; = 6,57 = =13,y = 14,u; = -7,v1 = 3 and H; = R, in Theorem 3, we obtain the following

Proposition.

Proposition 2. For n € Z, binomial Transform of the generalized fifth order Jacobsthal sequence have the following
identity:
1 = = = e = = = = -
b, = ﬂe»—” (boR%: - 4b,R3 +3byR3,, + 12R%by,, — 6bgR2 Ry, — 6bo R4y, — 86, R3y, — 12Rp,bay, — 24R b3, + 24byy,
+8b0§nﬁ3n + 12bnR\nR\2n)
_ = 1 = 1 = = - =
= 3 n(b4n - Rnb3n + E(R?z - R2n)b2n - E(R% +2R3n - 3R2an)bn

1 oy = _ _ -
+ﬂ(R§ +3R3, - 6R2Ry, - 6Ry, +8R3,R,)bp).

Using Proposition 2 (and Corollary 2), we obtain the following corollary which gives the connection
between the special cases of binomial transform of generalized fifth order Jacobsthal sequence at the positive
index and the negative index: for binomial transform of fifth order Jacobsthal, fifth order Jacobsthal-Lucas
numbers: take by, = ], with Jo = 0,71 = 1,7 = 3,73 = 7, Ja = 15, take by, = j, with o = 2,71 = 3,72 = 9,73 = 30, 3 = 96,
take b, = S,, with Sy = 0,5 = 1,5, = 3,53 = 8,54 = 22, take b, = R, with Ry = 5,R; = 6, R, = 10,R5 = 24, R4 =
70,respectively. Note that in this case we have H;, = R,.. Note also that G, # S,,.

Corollary 5. For n € Z, we have the following recurrence relations:

(a) Recurrence relations of binomial transforms of fifth order Jacobsthal numbers (take by, = T, in Proposition 2):
+ R N I R L T B BT
J-n=3 (]471 = RnJan + E(Rn - RZn)]Zn - E(Rn +2R3y, - 3R2an)]n)-
(b) Recurrence relations of binomial transforms of fifth order Jacobsthal-Lucas numbers (take by, = , in Proposition 2):
> amm _po ol s vm liss s on svc L osa om0 ms s )
J-n = 3 (]471 Rn]3n + 7 (Rn Ry, )]2;1 5 (Rn +2R3n 3Ry, Ry, )]n + 1 (Rn +3R2n 6RnR2n 6R4n + 8R3an)).

(c) Recurrence relations of binomial transforms of adjusted fifth order Jacobsthal numbers (take b, = S, in Proposition
2):
- I | U I — e
S-n=3 n(S4n —RySan + E(R\% - RZH)SZH - 8(R% +2R3, _3R2an)Sn)-
(d) Recurrence relations of binomial transforms of modified fifth order Jacobsthal-Lucas numbers (take b, = R, in
Proposition 2 or take Hy, = Ry, in Corollary 2):

— 1 — o~ —~ o~ — - =
R, = ﬂs—” (R% +3R3, - 6R2Ry, — 6Ryy, +8R3,R,,).

7. Sum formulas

7.1. Sums of terms with positive subscripts
The following proposition presents some formulas of binomial transform of generalized fifth order
Jacobsthal numbers with positive subscripts.

Proposition 3. Ifr =6,5 = -13,t = 14,u = —-7,v = 3, then for n > 0 we have the following formulas:

@ Y}_obk = 3 (byss —5bysa +8byss — 6byn + byyq — by + 5bs — 8y + 6Dy — by).
(b) ZIYCL:O b2k = 8178 (21b2n+2 - 103b2n+1 + 244b2n - 98b2n_1 + 69b2n_2 - 21b4 + 103b3 - 156b2 + 98171 + 19b0)
(c) ercl:O b2k+1 = %(231727”2 - 29172,1_,_1 + 196b2n = 78b2n_1 + 63b2n,2 - 2354 + 117b3 - 196b2 + 166b1 - 63170).
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Proof. Taker =6,s =-13,t =14,u = -7,v = 3, in Theorem 2.1 in [28]. O

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fifth order Jacobsthal numbers (take b, = J, with Jo=0,J1 = 1,72 =3,T3 = 7, J4 = 15).

Corollary 6. For n >0 we have the following formulas:

(@) Zk 0 ]k = 2(]n+5 5]n+4 + 8]n+3 6]n+2 + ]n+1 +2).
b) o], Tok = 55 (21f2n+2 103]2n+1 + 244f2n - 98]2n 1+ 69]2n 2+36).
(c) Zk 0 ]2k+1 - 88 (23]2n+2 29]2n+1 + 196]2n - 78]271 1+ 63]2;1 2+ 52)

Taking b, = j, with jo = 2,71 = 3,72 = 9,73 = 30,j4 = 96 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fifth order Jacobsthal-Lucas numbers.

Corollary 7. For n >0 we have the following formulas:

(@) Zk o]k = 2(]n+5 5]n+4 + 8]n+3 - 6]n+2 +]n+1 -2).
(b) Zk 0]2k =38 (21]2n+2 103]2n+1 + 244]271 98]2n 1+ 69]2,, 2+ 2)
(©) X} oks1 = 5(23f2n+2 = 297on41 + 19672y — 78211 + 6322 — 90).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of adjusted fifth order Jacobsthal numbers (take b, = S, with Sy =0,5,=1,5,=3,5;=8,5, = 22).

Corollary 8. For n > 0 we have the following formulas:

() Zk 0 Sk =35 (Sn+5 5Sn+4 + 85n+3 6Sn+2 + Sn+l)
(b) S¢S =g (2152,1+2 1035311 + 24455, — 98531 + 6953, 2 - 8).
() Zk 0 52k+1 =33 (2352n+2 2952n+1 + 19652n - 7852,1 1+ 6352n 2+ 8)

Taking b, = R, with Ry = 5,R; = 6,R, = 10, R3 = 24, R4 = 70 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of modified fifth order Jacobsthal-Lucas
numbers.

Corollary 9. For n > 0 we have the following formulas:

@ YR = %(R,HS 5Ry14+8Ryi3—6Rysp + Ryyg +1).
(b) Zk 0 RZk = g3 (21R2n+2 103R2n+1 + 244R2n - 98R2n 1+ 69R2n o+ 125)
(c) Zk 0 R2k+1 =35 (23R2n+2 29R2,1+1 + 196R2n - 78R2n 1+ 63R2n 5 — 81)

7.2. Sums of terms with negative subscripts

The following proposition presents some formulas of binomial transform of generalized fifth order
Jacobsthal numbers with negative subscripts.

Proposition 4. Ifr =6,5 =-13,t = 14,u = —7,v = 3, then for n > 1 we have the following formulas:

@ Y b= 3(=b_ya+5b 43— 8b 42 +6b_yy41 — by + by — 5bs + 8y — 6by + by).

(b) Xp_ boox = 818( 23b_pp43 + 117b_p49 — 196b_p;,11 + 166b_p, — 63b_p,,_1 + 21by — 103b3 + 156b, — 98b1 — 190y).
(©) Yy qb_oks = 8( —21b_pp43 +103b_p449 — 156b_p,11 +98b_p, — 69b_p,,_1 +23by — 117b3 + 196b, — 166b1 + 63by).

Proof. Taker =6,s=-13,t =14,u = -7,v = 3, in Theorem 3.1 in [28]. O

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of fifth order Jacobsthal numbers (take b, = [, with Jo = 0,71 =1,72=3,T3=7,Ja = 15).

Corollary 10. For n > 1, binomial transform of fifth order Jacobsthal numbers have the following properties.

(@) ZZ=1 T—k = %(_T—n+4 + 57:n+3 - 8T—n+2 + 6T—n+1 - T—n -2).
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(b) o T ok = 88( 23] 43+ 117] 042 = 196]_gu41 + 166] 24 — 63] 251 - 36).
(c) Zk 1] 2k+1 = 88( 21] 2n+3 +103] 2n+2 _156] 2n+1 +98] 2n _69] 2n-1 _52)

Taking b, = j, with jo = 2,71 = 3,72 = 9,73 = 30,3 = 96 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of fifth order Jacobsthal-Lucas numbers.

Corollary 11. For n > 1, binomial transform of fifth order Jacobsthal-Lucas numbers have the following properties.

—

(@) Zk 1] k‘%(1 ] n+4+5] n+3 — 8] n+2+6] n+l ~ 7n+2)
(b) Yoy jok = 83( 23] 43 + 117]_pu42 = 196]_ge1 + 166y — 63]_24-1 —2).
(©) X717 -2k+1 = 55 (-217 2ns3 + 103] 242 — 156] 2,41 + 98] 21 — 69]-2-1 + 90).

From the last proposition, we have the following corollary which gives sum formulas of binomial
transform of adjusted fifth order Jacobsthal numbers (take b, = S, with Sy =0,5;=1,5, =3,55 = 8,5, = 22).

Corollary 12. For n > 1, binomial transform of adjusted fifth order Jacobsthal numbers have the following properties.

() Zk 1§k %( S +4+55—n+3_88—n+2+65—n+1_ -n)- .
(b) Ty Sook = 55(~235_pu43 + 1175 _p42 = 1965 31 + 1665 2, — 635 3,1 +8).
© i S e - 55 (~215 213+ 1035 112 = 1565 5,41 +985 2, — 695 3,1 - 8).

Taking b, = R,, with ﬁo =5, ﬁl =6, Ez =10, ﬁg, =24, R; =70 in the last proposition, we have the following
corollary which presents sum formulas of binomial transform of modified fifth order Jacobsthal-Lucas
numbers.

Corollary 13. For n > 1, binomial transform of modified fifth order Jacobsthal-Lucas numbers have the following
properties.

(a) Zl}z:lﬁ k= %( R n+4+5§ n+3—8j€ n+2+6§ n+1_1’€— 1)
(b) ¥Ry = 88( ~23R 943 + 117R 42 — 196R g4 + 166R 2, — 63R 5,1 - 125).
() Zk 1R 2k+1 = 88( 21R 2n+3+103R 2n+2_156R 2n+1 +98R 2n_69R 2n-1 +81)

8. Matrices related with binomial transform of generalized fifth order Jacobsthal numbers

We define the square matrix A of order 5 as:

6 -13 14 -7 3
1 0 0 0 O
A=l 0 1 0 0 0],
0 o0 1 0 0
0 0 0 1 0
such that det A = 3. From (1) we have
bya 6 -13 14 -7 3 b3
[ 1 0 0 0 O byio
byso |=10 1 0 0 O by |, (19)
byt 0 0 1 o0 O by,
by, 0O 0 0 1 O by

and from (6) (or using (19) and induction) we have

bpsa 6 -13 14 -7 3 by
bss 1 0 0 0 0 by
boo |2l 0 1 0 0 0 by
by 00 1 0 0 by
by 00 0 1 0 bo
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If we take b, = S, in (19) we have

Spaa 6 -13 14 -7 3 Spas
Syes 1 0 0 0 0 Syin
Sia =10 1 0 o0 o0 Sus1
S 0 0 1 0 0 Sn
Su 0 0 0 1 0 S,
We also, for n > 0, define
IArD Y Z"+1 Ei Es En 3% 0 YL ; Yo - §k
Yhe oZl kZp 15k E; E; En 3% 5% Z
By=| Si0 i Z E; Es Ei3 313305 Z ,
PNAD Y Z Ey E9 Euy 3% Z Z
DN Zp: 5k Es En Ei5 3515 Y% Z
and
b,s1  -13b,+14b,_1 -7b,_» +3b,,_3 14b,, - 7b,,_1 + 3b,_» ~7by, +3b,_1
by —13b, 1 +14b, o —7b, 5+3b, 4 14b, 1 —7b, o+3b, 3 ~7b, 1+3b, o
Cpn=| by -13by_p+14by_5—7b, 4+3by_s5 14by_o—7bys+3bys ~7by_o+3by_3
byo —13by_3+14b,_4 —7by_5+3by_g 14by_3—7by_s +3b,_5 —7by_3+3b,_s
bys 13,4 +14by_5—7by_¢ +3byy 14by_4—7by_5+3byg ~7by_a +3by_s
where
-133%0 OZ,kZp15k+14Z Z Z -7 30 Z Z 5k+3Z Z
2 3T S S S 14T S z TS T S 3L S
Es 1YY Z FSk+ 14X S Z ~7 YR S Z Sk +3 500 S
E, B3RS YIS Z DS+ 14T I Z YD : Z DSk +3TIS T
Es 13N Y Z PSk+ 14T Y Z Z A Z 5k+32 Z
Eg 14Zk oZlkZplsk 72 Z Z 5k+3Z Z Z
E; 4y o Z LSk -7 Y Z FSk 3T I Z
Eg = TSy Z FSk-7 Y I Z PSk+3Yi 0 LI Z
Eg 14y S Z DSk -7 Y S Z Sk +3 50 S Z
E1o IED 3 s z [S-7 S z Sk+3z z z
fu 7Zk 021k2p15k+32 Z Z
Erz 0> D> b i SIS DD i z
EZ S T T RS o s
Eys XDV Z PSk+3YE T Z
YDV Z [Sk+3 Y Y sz 5k
By convention, we assume that
000 -1 -1 -1 -2 -2 -2 -3 -3 -3 _
YOD5%=0, > > > 5=0, Sc=0, Sk=0,
k=01=k p=1 k=0 1=k p=1 k=0 I=k p=I k=01=k p=1
444 1 555 7 6-6-6_ 7 7-7-7_ 178
k=3 k=g k= oo Sk=-g1
k=0 =k p=1 k=0 1=k p=1 k=0I=k p=1 k=0 1=k p=1

Theorem 6. For all integers m,n > 0, we have

(@) B, =A".
(b) C1A" = A"Cy.

3by
3bn—1
3bn—2
3by-3
3bn—4

Z
Z
Z
Z
Z

(20)
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() Cysm = CyBy = By Cy.

Proof. (a) Proof can be done by mathematical induction on 7.

(b) After matrix multiplication, (b) follows.

(c) We have C,, = AC,,_1. From the last equation, using induction, we obtain C,, = A" 1Cy. Now

Cn+m — An+m71C1 — AnflAmCl — AnflclAm — Can

and similarly
Cn+m = Bm Cn-

Theorem 7. For m,n > 0, we have

3
=
3
T
=
3
T
=

+
bn+m = bn k

m m m -2 m—
+bn_1 —13222 k+14 Z k—7 Z Z k+3 k

=
=]
—
1l
=
=
1]
—

momomo m=1m-1m-1__ mom mo_
+bn—3 —7222 k+3 Z k)+3bn—4222 k-

Proof. From the equation C;,1y, = C;;B;y = By, Cyi, we see that an element of Cyy is the product of row C,; and a
column By,. From the last equation, we say that an element of C;,1, is the product of a row C,, and column B,.
We just compare the linear combination of the 2nd row and 1st column entries of the matrices C;4,, and C;, By;,.
This completes the proof. O

Corollary 14. For m,n > 0, we have

. __ mtlm+lm+l m m m m-1m-1m-1 2m-2m-2 m=-3m-3m-3 __
Jnem = ]nzZ25k+]n—1(—132225k+14zZzsk 7222 Sk
k=0 I=k p=I k=01=k p=I k=0 I=k p=I k=0 I=k p=I k:O I=k p=I
. mom m m=1m-1m-1__ m=2m-2m-2 __
+]n—2 14 Zzsk—7z ZSk+3Z Z ZSk
k=01=k p=I k=0 I=k p=I k=0 I=k p=I

m+1m+1m+1

ﬁwm = ﬁZZZ@

k=0 I=k p=I
- m m —1m- m=2m-2m-2__ m-3m-3m-3 __
- —13ZZZsk+14Z Z Z -7 3 5 +3 Sk
k=01=k p=I I=k p=I k=0 I=k p=I k=0 I=k p=I
. mom o m m=1m-1m-1__ m=2m-2m-2__
(14357 S 5 +3 Sk
k=01=k p=I k=0 I=k p=I k=0 I=k p=I
- mom o m m=1m-1m-1__ ~ mom o m
+/n-3 —7ZZZSk +3 Sk +3]n_4ZZZSk,
k=01=k p=I k=0 I=k p=I k=01=k p=I
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. m+1m+1 +1
Snem = Z Z
k=0 I=k p:l
N mom om m=1m-1m-1__ m-2m-2m-2 __
+Sn—1 —132225k+14 Z Sk—7 Z ZSk+3
k=01=k p=I k=0 I=k p=I k=0 I=k p=I
. mom o m m=1m-1m-1__ m=2m-2m-2 __
+Sn_2 14ZZZSk—7Z ZSk+3Z Sk
k=01=k p=I k=0 I=k p=I k=0 I=k p=I
. mom o om m=1m-1m-1__ mom o m
+Su3|-7>. D> 5 +3 Sk | +35:-4>.>> Sk,
k=01=k p=I k=0 I=k p=I k=01=k p=I
and
. _ om+lm+lm+1l
Ruzm = Ry k
k=0 I=k p=I
N momomo_ m=-1m-1m-1 __ m=2m-2m-2 __
+R,1 —13222 k+14 Z k—7 Z k+3
k=0 1=k p=I k=0 I=k p=I k=0 I=k p=I
R momomo_ m=1m-1m-1 __ m-=2m-2m-2 __
Ry |14 G-72 Y Y G+3 )y Y k)
k=0 1=k p=I k=0 I=k p=I k=0 I=k p=I
R momomo m=1m-1m-1 __ R mom omo
+Rn—3 —7222 k+3 Z k)+3Rn_4ZZZ k-
k=01=k p=I k=0 I=k p=I k=0 1=k p=I
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