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Abstract: Let A and B be two graph and P(A,z) and P(B,z) are their chromatic polynomial, respectively.
The two graphs A and B are said to be chromatic equivalent denoted by A ~ Bif P(A,z) = P(B,z). A graph A is
said to be chromatically unique(or simply x- unique) if for any graph B such that A ~ B, we have A = B, that is
A is isomorphic to B. In this paper, the chromatic uniqueness of a new family of 6-bridge graph 0(r,r,s,s, t,u)
where 2 <r <s <t <uisinvestigated.
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1. Introduction

Let A be a finite undirected graph with a vertex set V(A) and an edge set E(A). A function f : V(A) —
{1,...,k} is called a proper coloring if for any two adjacent vertices x and y (i.e., xy € E(A)), it holds that
f(x) # f(y). The chromatic polynomial of the graph A, denoted by P(A,z), is defined as the number of all
proper colorings of A. Consider two graphs A and B with their respective chromatic polynomials P(A, z) and
P(B,z). These graphs are said to be chromatically equivalent, denoted by A ~ B, if P(A,z) = P(B,z). A graph A
is termed a chromatically unique graph if no other graph shares the same chromatic polynomial as A.

For each integer k > 2, let 6 denote the multi-graph with two vertices and k edges. Any subdivision of 8 is
referred to as a multi-bridge graph or a k-bridge graph, denoted by 6(y1,v2,¥3,---,Yx), where y1,y2,...,yx €N
and y; < y2 < --- < yi. The graph 0(y1,y2,¥3,...,yx) is obtained by replacing the edges of 6, with paths of
lengths y1,v2,y3, ..., Yk, respectively. Consequently, the graph 6(y1,Y2,Y3, ..., k) POSSESSES Y1 + Yo + -+ + Y —
k+2 vertices and y1 +yp +--- + yy edges.

2. Chromaticity Of k-bridge graphs

The chromaticity of k-bridge graphs has been extensively studied by numerous researchers. A 2-bridge
graph, which is essentially a cycle graph, is known to be x-unique. The theta graph, a type of 3-bridge graph, is
denoted by 6(1,y1,y2). Chao and Whitehead [1] established that every theta graph is y-unique. Extending their
work, Loerinc [2] demonstrated that all 3-bridge graphs are x-unique. The chromaticity of 4-bridge graphs was
successfully addressed by Chen et al. [3] and Xu et al. [4]. Research on the chromaticity of 5-bridge graphs has
been conducted by several scholars, as cited in [5-8].

Theorem 1. (Xu et al. [3]) For k > 2, the graph 0y (h) is x unique.

Theorem 2. (Dong et al. [9] ) If2<y; < ya < -+ < Yk < Y1 +Y2 where k > 3, then the graph 6(y1,vy2,...,Yx) is
X-unique.

For any graph A and real number z, write

Q(A,z) = (-1)HEAI(1 —)VIHEDI P4 1 - 7).
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Theorem 3. (Dong et al. [9]) For any k, y1,Y2,...,yx € N,

k k
Q(0(y1,Y2, -/ Yk), ) =ZQ(Z%—1)—Q(Z%—2) @

Theorem 4. (Dong et al. [9] ) For any graph A and B,
1. If B~ A, then Q(B,z)= Q(A,z).
2. If Q(B,z)= Q(A,z) and v(B)= v(A), then B ~ A.

Theorem 5. (Dong et al. [9]) Suppose that 0(y1,ya, ..., yx) ~ 0(x1,x2, ..., X)), where k > 3,2 <y <yp <--- < yg and
2<x1<xp << xy, theny; =x; foralli=1,2,3,..k.

Theorem 6. (Dong et al. [9]) Let B ~ 0(y1,Y2,--.,Yx) ;where k >3 and y; > 2 for all i, then one of them is true:

1. B=0(y1,Y2,---,Yk)
2. Bege(0(x1,x2,...,%)Cx;qs---,Cxp,, ), where3<t <k-1land x; >2foralli=1,2,3,. k.

Theorem 7. (Dong et al. [9] ) Let k,t,x1,%x2,...,xx € N where 3 <t <k-1and x; >2 foralli=1,2,3,...,k If
B e ge(0(x1,x2,...,%¢t),Cx, 141, -+ Cxy,, ), then

k t k
Q(B,2) =2 [[(z - 1) - [[(z" =) [] (% -1). @
i=1 i=1 i=t+1

Theorem 8. (Koh & Teo [10]) If A ~ B, then
1. v(A) =v(B),
2.e(A) =e(B),

3.8(A) =g(B),
4. A and B have the same number of shortest cycle.

where v(A), v(B), e(A), e(B), g(A) and g(B) denote the number of vertices, the number of edges and the girth of A
and B, respectively.

The chromaticity on several families of 6-bridge graph has been done by several authors which are given
below.

Lemma 9. [11] A 6-bridge graph 0(y1,Y2,...,Ye) is x unique if the positive integer y1,Y2,. .., Y assume exactly two
distinct values.

Lemma 10. [12] The graph 6-bridge 6(3,3,3,s,s,t), where r < s < t, is x-unique.
Lemma 11. [13] The graph 6-bridge 6(r,1,t,s,s,t), where r < s < t, is x-unique.
Lemma 12. [14] The graph 6-bridge 6(3,3,3,s,t,u), where 3 < s < t, is x-unique.
Lemma 13. [15] The graph 6-bridge 6(r,1,s,s,t,t), where r < s < t, is x-unique.
Lemma 14. [16] The graph 6-bridge 0(r,1,s,s,s,t), where v < s < t, is x-unique.
Lemma 15. [18] The graph 6-bridge 0(r,r,r,s,t,u), where r <s <t < u, is x-unique.

In this paper, we have extended this study to a new family of 6-bridge graph 6(r,r,s,s,t,u) where 2 <r <
s <t <u and showed that this family of 6-bridge graph is chromatically unique.

3. Discussion and Main Results

In this section we present our main result on the chromaticity of 6- bridge graph.
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Theorem 16. The 6-bridge graph 6(r,r,s,s,t,u) where r < s < t < u is chromatically unique.

Proof. Let A be the 6-bridge graph of the form 6(r,r,s,s,t,u) and 2 < r <s <t < u. By Theorem 2, A is
X unique if u < 2r. Suppose v > 2 and B ~ A. We shall solve Q(A) = Q(B) to get all the solutions. The
lowest remaining power (Lr.p) means the lowest remaining power of z in the expression after simplification
and highest remaining power (h.r.p) mean the maximum power of z in the expression after simplification. By
Theorem 8, g(A) = g(B) = 2r and B has the same number of shortest cycles as A. Thus, we have

2r+2s+t+1u = X1+ Xy + X3+ Xg + X5+ Xg. 3)

By Theorem 6 and 7, there are three cases to consider, that are

Be ge(e(xlerI x3)/ CX4+1/CX5+1I CX6+1)/ where 2 < X1 <x2<X3 and 2 < X4,X5,X6, O

Be gg(()(xl,xz, X3, X4), Cx5+1, Cx6+1) , where 2 < x1 < xp < x3 < x4 and 2 < x5, Xg, OF

B € ge(0(x1,x2,x3,%4,%5),Cy,41) , Wwhere 2 < xq < xp < x3 < x4 < x5 and 2 < x.

Case A B e g¢(0(x1,x2,x3),Cy,4+1, Cxs41, Cx+1) , Where 2 < x1 < xp < x3 and 2 < xy4, X5, Xe.

As Az 0(r,r,r,s,t,u) and B € g.(0(x1,x2,x3), Cury+1,Crss1, Cx6+1), then by Theorem 7, we have

Q(A) =z(z' -1)%(z°-1)2(z' - 1) (2" - 1) - (2 - 2)?(z° - 2)*(z' - 2) (2" - 2).

Q(B)=z(z"1 -1)(z2-1)(z% -1)(z% - 1) (25 -1)(z¥ - 1) - (2" - 2) (272 = 2)(2"3 - 2) (2™ - 1) (2" - 1)(z" - 1).

Let Q;(A) is a new polynomial obtained by comparing Q(A) = Q(B).
Ql(A) — 22r+25+1 + ZZr+t+u+1 + 222r+s+u+1 + 222r+s+t+1 + 222r+u+t+1 + Z2r+1 + Z25+1 + Zt+u+1 + Zzs+t+1 + ZZs+u+1

+
22r+s+1+22r+u+1+22r+25+t+1 +22r+25+u+1+4Zr+s+t+u+1+225+t+u+3+22r+t+u+3+22r+25+t+u+1+ZZr+t+3+ZZS+t+BZt+5+
4Zr+s+t+3+22r+u+3+ZZs+u+32u+5+4Zr+s+u+3+Zr+s+3+Zr+25+3+zzs+5+zzr+5+4zr+s+l _ (22r+t+1 +22r+s+l +Z27+u+l +
Z25+t+1+Z2s+u+1+zt+l +zzs+1+2Zs+t+u+1+22r+1+Zu+1+22r+25+t+u+1+2Zr+t+u+1+4Zr+s+t+1+4Zr+s+u+1+2zr+2s+1+
Z2r+25+2 + ZZr+t+u+2 + Z2r+4 + 222r+s+t+2 + 222r+s+u+2 + 222r+t+u+2 + ZZs+4 + Zt+u+4 + 2Zs+t+4 + Zzs+u+4 + 22r+t+4 +
227+u+4 + zzr+25+t+2 + 22r+25+u+2 +4Zr+s+t+u+2 +4zr+s+4 + 26).

Ql(B) = ZNIFX2FX3HXYFNS | X FXp N3N+ X +Zx1+x2+x3+x4+1 4 ZX1HX2+X3+X5+X6 +Zx1+x2+x3+X5+1 +Zx1+x2+x3+x6+1
ZX¥1+X2+X3 Zx1+x4+x5+x6+1 + Zx1+X4+x5+2 + ZX1+X4+JC6+2 + Zx1+x5+x5+2 + Zx1+x4+1 + Zx1+x5+1 + Zx1+x6+1 + Zx1+2
Zx2+x4+x5+x6+1 + Zx2+x4+x5+2 + Zx2+X4+x6+2 + Zx2+x4+1 + Zx2+x5+x6+2 + Zx2+x5+l + Zx2+x6+1 + Zx2+2 + Zx3+x4+x5+x6+1

ZX3+X4+X5+2 + ZX3+X4+X6+2 + ZX3+X4+1 + ZX3+X5+X6+2 4 Zx3+x5+1 4 ZX3+X6+1 + ZX3+2 4 ZX4+X5+X6+3 + ZX4+X5+1 + ZX4+X6+1

z + Z + z + z
ZX1+X2+X3+JC5 + ZX1+X2+X3+x6 + ZX]+X2+X3+1 + ZX1+X4+X5+X6+2 + ZX1+X4+X5+1 + ZX]+X4+X6+1 + ZX1+X5+JC6+1 + ZX1+X4+2

x4+3 X5+xg+1 x5+3 X6+3 _ (Zx1+x2+x3+x4+x5+l + Zx1+x2+x3+x4+x6+1 4+ ZX1HXoEx3Exy Zx1+x2+x3+x5+x6+1

X1+X5+2 +le+x6+2 +ZX1+1 +ZX2+X4+X5+X6+2 +ZXZ+X4+X5+1 +ZX2+X4+X6+1 +ZX2+X4+2 + ZX2+X5+X6+2 + ZX2+X5+2 +ZX2+X6+2

+
+
+
+
+
+
z +
+

Zx2+1 +ZX3+X4+X5+X6+2 +ZX3+X4+X5+1 +Zx3+x4+x6+1 +Zx3+)c4+2 +Zx3+x5+x6+1 +ZX3+X5+2 +Zx3+x(,+2 +Zx3+1 +Zx4+x5+x6+1
Zx4+x5+3 +Zx4+x6+3 +Zx4+1 +Zx5+x6+3 +Z9c5+1 +Zx6+1 +Z3).
Compare the Lr.p in Qq(A) and the l.r.p in Q1(B). Thus, r = 2. Therefore, g(A) = g(B) = 2r = 4. Since A has
one cycle of length four, therefore B has one cycle of length 4. Without loss of generality, we have four cases to
consider.
1.X4:JC5=X6:301'
2.x4=x5=3,x6+30r
3.x4=3,x5+3,x¢ +3 0r
4. x4 #3,x5 3, x6 + 3.
Casel:x4=x5=2%6=3.
Therefore, B has at least three cycles of length 4. While A has one cycle of the same length, by Theorem 8 a
contradiction.
Case2:x4=x5=3,x4%3
Therefore, B has at least two cycles of length 4. While A has one cycle of the same length, by Theorem 8 this is
a contradiction.
Case3:x4=3,x5+3,x4%3

2s+t+u+1=2x1+X2+ X3+ X5+ Xg- (4)

QZ(A) = 3g28+5 4 g ttutd | gostutd | gostiS | ptrutl S 2s+1 | oosttr]l | oostutl | g,25+u+3 | 325443 | o H43
22u+3 +4Zs+3 + 6Zs+t+u+3 + Zt+7 + Zu+7 + 227 +25 _ (ZZS+t+l +22s+u+1 + Zl,‘+1 + 225+1 + 2Zs+t+u+1 + 22t+u+3 +4Zs+t+3 +
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4Zs+u+3 +Zu+1 +2225+3 +Z25+6+Zt‘+u+6 +zzs+t+6 +2Zs+u+6 +ZZs+4 +Zt+u+4 +zzs+t+4 +Zzs+u+4+2225+t+4+2225+u+4 +

22t+6 +22u+6 +4ZS+6 +4Zs+t‘+u+3 +28 +Z6).
QZ(B) _ Zx1+x2+x3+x5+3 +Zx1+x2+x3+x6+3 +Zx1+x2+X3+4 4 ZX1 X2+ X3+X5+ X6 +Zx1+x2+x3+x5+1 +Zx1+x2+x3+x6+1 4 gX1HX2+x3 4

ZX1+X5+X6+4+ZX1+X5+5+ZX1+X6+5+Zx1+xS+X6+2+ZX1+4+ZX1+X5+1 +ZX1+X6+1 +ZX1+2+ZXZ+X5+X6+4+ZX2+X5+5+Z)C2+X6+5+

ZX2+4 +ZJC2+JC5+X6+2 +ZX2+X5+1 +ZJ(2+X6+1 +ZXZ+2 +ZX3+)C5+X6+4+ZX3+X5+5 +Zx3+x6+5 +ZJC3+4 +ZX3+X5+X6+2+ZJ(3+X5+1 +
Zx3+x6+l + ZX3+2 + Zx5+x6+5 + Zx5+4 + Zx6+4 + Z6 + Zx5+x6+1 + Zx5+3 + Zx6+3 _ (Zx1+x2+x3+x5+4 + Zx1+x2+x3+x6+4

X1+XZ+X3+3 x1+x2+x3+x5+x6+l X1+X2+X3+X5 + ZX1+XZ+X3+X6 + ZX1+X2+X3+1 X1+X5+x6+5 X]+X5+4 + le+x6+4

z + Zz + Z + z + zZ

+
+
X+ X5+X+] | X145 | X +X5H2 | Xy Xe+2 | X1+l | S XpHXsHXe D | SXo+X5HE | S Xo+XgHE | X045 | Xt X5 HXeHF2 | SXo+X5H2
+

Zx2+x6+2 + Zx2+1 + ZX3X5+X6+5 + Zx3+x5+4 + Zx3+x6+4 + ZX3+5 + ZX3+X5+X6+1 + Zx3+x5+2 + Zx3+xé+2 + ZX3+1 + ZX5+X6+4
Zx5+6 + Zx6+6 + Z4 +Zx5+x6+3 +Z955+1 +Zx6+1 +Z3).

Compare the L.r.p in Q>(A) and the L.r.p in Q>(B). We have xy =2 or xp =2 or x3 =2

Case 3.1:x1 =2. Then 2 < x5 < x3.

Qg(B) = pXotX3FX5H5 | X HX3H+XeHD | SXpHN3H6 | oXo+X3H+X5H3 | X +A3HXe+3 | SXpHN3H2 | oX5HXet6 | X574 X6t
Z6 + ZX5+X6+4 +z

Zx3+x5+x6+4 +ZX3+JC5+5 +ZX3+X6+5 +ZX3+4 +ZJC3+X5+X6+2 +Zx3+x5+l +ZX3+X6+1 +ZX3+2 +Zx5+x6+6 +ZX5+4 +Zx6+4 +Z6 +

Z¥5+xetl | X543 | oXe+3 _ (Zx2+x3+x5+6 4 X2 tX3+XeH6 | SXo X35 | SXpHFX3HN5HD | SXpFX3HNeF2 4 SXo+X3H | oX5HXe+T

x5+3 +ZX6+3 +ZX2+X5+X6+4 +ZX2+X5+5 +ZXZ+X6+5 +ZX2+4 +ZXZ+X5+X6+2 +ZX2+X5+1 +ZXZ+X6+1 +ZX2+2 +

X5+ | SXet6 | T | SX5+Xe+3 | oX5HA | oXetd | SXotX5HXetD | oXotXs+4 | SXptXe+d | X045 | oXo+XsHXe+] | oXpHxs+2 |

x2+x6+2 +Zx2+l +ZX3+Xs+X6+5 +ZX3+X5+4 +ZX3+x6+4 X3+5 +ZX3+X5+X6+1 +ZX3+X5+2 +ZXS+X6+2 X3+1 +ZX5+X6+4 +

ix5+6 4+ z%616 Zx5+x6+3 4+ z¥%s5+1 +Zx6+1).

Consider the L.r.p in Qy(A) and the L.r.p in Q3(B), wehaves=4ort=4oru = 4.

Case 3.1.1:

s=4.

Since the coefficient of —z°*! in Q,(A) is 2, then there shall have one —x° in Q3(B). Hence, we have to consider
forxy, =4orxz=4o0rxs=4orxs=4.

Case 3.1.1.1:x, = 4.

Q3(A) = 549 4 25t+5 4 311 | 5 143 | 5 U9 | o ut5 | g utll y o u+3 | Struts 3,13 L 07 L 9 (Zt+1 + 3217 4
22t+10 + 2Zt+8 + 22t+12 + 22t+6 + Zu+1 + 3Zu+7 + 22u+10 + 22u+8 + 22u+12 + 22u+6 + 22t+u+3 + Zt+u+6 + Zt+u+4 + 22t+u+7 +
4710 4 2714 4 2711 4 712 4 28 4 56),

Q4(B) _ Zx3+x5+9 + Zx3+x6+9 + Zx3+10 + ZJC3+X5+7 + Zx3+x6+7 + ZX3+6 + ZX5+X6+6 + Zx5+7 + Zx6+7 + 326 + Zx5+x6+4 +
Zx5+3 + Zx(,+3 + Zx5+x6+8 + Zx5+9 + Zx2+x5+9 + ZS + Zx5+x6+6 + Zx5+5 + Zx6+5 + Zx3+X5+x(,+4 + Zx3+x5+5 + ZX3+X6+5 + Zx3+4 +

+z +Zz

X3 HX5+X6+2 | a3 +Xs5+] | oXaHxe+] | X342 | o X5HXeH+6 | SX5+4 | o Xe+d | SX5+XeH] | X543 X6 +3 (Zx3+x5+10 4 zX3+x6+10
ZX3+9 | SX3F+X5+6 | SX3+Xe+6 | SX3+T | o X5H+XeHT | SX5+6 | SXeH+6 7 | SX5+Xe+D | SX5+4 | X4 | oX5+Xe+9 | X548 | o xe+8
29 4 ZX5HX6+5 4 SX5+6 | S Xe+6 | S X3FN5HXeHD | X3+N5HA | ox3H+XHE | X345 | oXaHXsENet] | oX3HX5H2 | X3 HNe+2 |y a3+l
X5 HXet4 | X546 | o Xe+6 4 SX5+X6+3 | x5+]  SXe+] )

Consider the Lr.p in Q3(A) and the Lr.p in Q4(B), we havexs = x5 = x5 = 5.

Qs(B) = 22" + 2217 + 218 1. 3215 1 210 4 528 1 26 _ (3220 4 214 4 212 4 2711 4 4213)

Q3(A) # Qs(B), a contradiction.

Case 3.1.1.2:x3 =4.

Q6(B) _ Zx2+X5+9 + Zx2+xﬁ+9 + Zx2+10 + Zx2+x5+7 + Zx2+x6+7 + Zx2+6 + Zx5+x6+6 + ZX5+7 + Zx6+7 + 326 + Zx5+xﬁ+4 +
Zx5+3+zx6+3 +Zac2+x5+x6+4+Zx2+x5+5 +Zx2+3c6+5 +ZX2+4+Zx2+X5+Xé+2+ZX2+.7(5+1 +Zx2+x6+1 +Z9c2+2 +Zx5+x(,+8 +Zx5+9 +
Zx6+9 + Z9 + Zx5+x6+6 + Zx5+5 + Zx6+5 + Zx5+x6+6 + Zx5+4 + Zx6+4zx5+x6+l + Zx5+3 + Zx6+3 _ (Zx2+x5+10 + Zx2+x6+10 +
Zx2+9 +Zx2+x5+6 +sz+x6+6 +Zx2+7+zx5+x6+7+zx5+6 +Zx6+6 +Z7+Zx5+x6+3 +Zx5+4 +Zx6+4 +Zx2+x5+x6+5 +Zx2+x5+4 +
Zx2+x6+4 + Zxz+5 + Zx2+x5+x6+l + Zx2+x5+2 + Zx2+x5+2 + Zxz+1 + Zx3+x5+x6+5 + ZX3+X5+4 + Zx6+8 + Z9 + Zx5+x6+5 + Zx5+6 +
Zx(,+6 + Zx5+x6+4 + Zx5+6 + Zx6+6 + Zx5+x6+3 + Zx5+1 + Zx"’”).

Consider the L.r.p in Q3(A) is —z% and the Lrpin Q4(B) is 32°, since 2 < xp <4 and x5, x4 > 4

Q3(A) # Qs(B), a contradiction.

Case 3.1.1.3: x5 = 4.

Q7(B) _ Zx2+X3+9 + Zx2x6+9 + Zx2+x3+6 + Zx2+x3+8 + Zx2+x3+x6+3 + Zx2+x3+2 + Zx6+10 + le + Zx6+7 + 226 + Zx6+10 + Z7 +
Zx6+3 +Zx2+x6+8 +sz+9 +sz+x6+5 +Zx2+4 +Zx2+x6+6 +Zx2+5 +Zx2+x6+1 +Zx2+2+zx3+x6+8 +Zx3+9 +Zx3,4—3c6+5 +Zx3+4 +
Zx3+x6+6 +Zx3+5 +Zx3+x(,+1 +Zx3+2 +Zx5+10 +Zx6+4 +Zx6+5 +Z7 +Zx6+3 _ (Zx2+x3+10 +Zx2+x3+x6+6 +Zx2+x3+5 + Zx2+x3+6 +
Zx2+9c3+x6+2 +Zx2+x3+3 +Zx6+11 +Z10 +Zx6+6+z7+zx6+7+2x6+4 +Zx2+x6+9 +Zx2+8+zx2+x6+4+zx2+5 +sz+xe+5 +Zx2+6 +
Zx2+x6+2+zxz+l +ZX3+x6+9+Zx3+8+Zx3+x6+4+Zx3+5+Zx3+x6+5+Zx3+6+ZX3+x6+2+Zx3+1 +Zx6+8 +ZlO+Zx6+6+Zx6+7+
Zx6+1).
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Consider the L.r.p in Q3(A) and the L.r.p in Q7(B), we have xp = x3 = x5 = 5.

Qu(A) = 549 4 25t+5 4 311 | 5 143 | 5 U9 | o ut5 | goutll o ut3 | St+uts 3,13 L 07 L 09 (Zt+1 + 3217 4
22t+10 + ZZHS + 22t+12 + 22t+6 + Zu+1 + 3Zu+7 + 22u+10 + 22u+8 + 2Zu+12 + 22u+6 + Zzt+u+3 + Zt+u+6 + Zt+u+4 + 22t+u+7 +
4710 4 2214 4 2711 4 212 4 28),

Qs(B) =328 + 215+ 217 4+ 216 1 327 + 227 + 228 — (22! + 21 + 4212+ 3213 4+ 219).

Compare the L.r.p in Q4(A) and the l.r.p in Qg(B), we have

Q4(A) # Qg(B), a contradiction.

Case 3.1.1.4: x¢ = 4.

Similar to Case 3.1.1.3, we obtain a contradiction.

Case3.1.2:t=4.

Therefores=2ors=3ors=4

Ifs=2,A26(2,2,2,2,4,u) implies A is y-unique by Lemma 15.

Ifs=4,A26(2,2,4,4,4,u) implies A is y-unique by Lemma 14.

If s = 3.

QS(A) _ 6zu+9 +3Zu+8 +Zu+11 +Zu+5 +22u+4 +22u+3 +3Zl3 + 6212 +4211 +527 +426 _ (22u+7 +4Z”+6 +Zu+1 +Zu+10 +

27447 427476 4 21 4 629 4 7210 4 2% 4 212 4 2214 4 2511 4 56)),
Qg(B) = pNoFX3FN5H5 | X +X3HXeHD | SXpHN3H6 | o Xo+X3HX5H3 | oXpHX3HXe+3 | SXpHX3H2 | X566 X574 SXetT

Z6 +ZX5+JC6+4 +ZX5+3 +Zx6+3 +ZX2+X5+X6+4 +ZX2+X5+5 +Zx2+x6+5 +ZX2+4 +ZXZ+X5+X6+2 +ZX2+X5+1 +ZXZ+X6+1 +ZX2+2 +

Zx3+x5+x(,+4 +Zx3+x5+5 +Zx3+x6+5 +Zx3+4 +Zx3+x5+x6+2 +Zx3+x5+l +Zx3+x6+1 +Zx3+2 +Zx5+x6+6 +Zx5+4 +Zx6+4 +Z6 +
Zx5+x6+l + Zx5+3 + Zx6+3 _ (Zx2+x3+x5+6 + Zx2+x3+x6+6 + Zx2+x3+5 + Zx2+x3+x5+2 + Zx2+x3+x6+2 + Zx2+x3+3 + Zx5+x6+7 +

X5+6 X6+6 + Z7 + ZX5+X6+3 + ZX5+4 + Zx6+4 + ZX2+X5+X6+5 + ZXZ+X5+4 + ZXZ+X6+4 + Z.X2+5 + ZXZ+X5+X6+1 + ZXZ+X5+2

z +Z

+
x2+x6+2 X2+1 +ZX3+Xs+X6+5 +ZX3+X5+4 +ZX3+X6+4 X3+5 +ZX3+X5+.X6+1 +ZX3+JC5+2 +ZX3+X6+2 +ZX3+1 +Zx5+x6+4 +

z + Z
Zx5+6 + Zx(,+6 + ZX5+X6+3 +Zx5+1 +Zx6+1).

+z

Compare the Lr.p in Q5(A) and the L.r.p in Qq9(B), we have x; = x3 = 3.

Q6(A) — 6zu+9 + 3Zu+8 + Zu+1l +Zu+5 +2zu+4 + 2Zu+3 + 3213 + 6Z12 +4le + 5Z7 + 26 _ (Zzu+7 +4Zu+6 +Zu+1 +Zu+10 +
274%7 4 274%6 4 211 4 679 1 7210 4 212 4 2514 4 2711,

QlO(B) = X5+ Xet6 | SX5+Xe+4 | 0 X5HX6HT | 9 X5+ X6 D | X5 HX6+6 | x5 +Xe+] | x5 +1] X549 | 9 X543 | 5 X548 oo X5+4
Zx6+11 + Zx6+9 + 22x6+3 + 2Zx6+8 + 22x6+4 + Z12 + 227 + 225 _ (zzx5+x6+8 + 22x5+x6+3 + 22x5+x6+7 + 32x5+x6+4 + +Zx5+12 +
ZZX5+6 +sz5+5 +Zx5+8 +Zx5+7 +Zx5+1 +Zx6+12 + Zx6+8 + 22x6+5 +22x6+7 +Zx6+6 + Zx6+1 + le +Z9 + Z7 +ZS).
Compare the L.r.p in Q¢(A) and the L.r.p in Q19(B), we have u =5, x5 = x4 = 4.

Q7(A) =210 + 4714 + 4213 1+ 212 £ 229 + 328 — (521 + 215 + 6210 + 627 + 221%)

Q11(B) = 42" + 221 + 4213 + 6212 — (4210 + 2215 + 6211 + 5212 + 3210 + 28)

Compare the L.r.p in Q7(A) and the L.r.p in Q11(B), we have

Q7(A) # Q11(B), a contradiction.

Case 3.1.3:u=4.

Therefore, we have 2 < s <t < 4.

Ifs=2,thent=2ort=3o0rt=4

s=2,t=2,A260(2,2,2,2,2,4), Ais x-unique, by Lemma 9.

§s=2,t=3,A20(22,2,2,3,4), Ais x-unique by Lemma 15.

s=2,t=4,A20(22,2,2,4,4), Ais x-unique, by Lemma 9.

Ifs=3,

s=3,t=3,A26(2,2,3,3,3,4), Ais x-unique, by Lemma 14.

s=3,t=4,A20(22,3,3,4,4), Ais x-unique, by Lemma 13.

Ifs=4
s=4,t=4,A20(2,2,4,4,4,4), Ais xy-unique by Lemma 9.
Case 3.2:xp =2.

Then x; = 2. Hence B has at least two cycles of length 4, a contradiction.

Case 3.3 : x3 = 2. Then x; = xp = 2. Hence B has at least four cycles of length 4, a contradiction.
Cased:x,4#3,x5+3,x6#3

We know that x4, x5, x¢ > 3. Given that B shall has one cycle of length 4, then x; +xp =4, x1 = xp = 2.
Thens=2ort=2oru=2.

Ifs=2,A26(2,2,2,2,t,u), Ais x-unique by Lemma 15.

Ift=2,A26(22,2,2,2,u), Ais y-unique, by Lemma 9.
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Ifu=2,A26(2222,2,2), Ais x-unique, by Theorem 1.

CaseB:Be ge(G(xl,xz, X3, X4), Cx5+1, Cx6+1), where 2 < x1 < xp < x3 < x4 and 2 < x5, xg.

As A=0(r,1,s,s,t,u)and B € go(8(x1, X2, x3,X4), Cxy41, Cy,+1), then by Theorem 7, we have
Qs(A)=z2(z' ~1)* (" - 1)*(z' - 1)(z" - 1) = (Z = 2)*(z° - 2)*(z' - 2)(z" - 2).

Qua(B)=2(z1 - 1)(z72 ~1) (2% - 1)(z% = 1)(z% - 1)(z7% 1) - (21 - 2)(27 - 2) (2% -2)(2% - 2) (% ~ (" - 1).

Qs(A) = Q12(B), yields

Qg(A) — Z2;'+25+1 + Z2r+t+u+1 + 222r+s+u+1 + 2Z27+s+t+1 + 2ZZr+u+t+l + Z2r+1 + Z25+1 + Zt+u+1 + zzs+t+l + zzs+u+1
2Zr+s+1 +zzr+u+1 +22r+25+t+1 +22r+25+u+1 +42r+s-¢-t-¢-u-¢-1 +225+t+u+3 +zzr+t+u+3 +227+25+t+u+1 +22r+t+3 +ZZs+t+3zt+5
4Zr+s+t+3 +22r+u+3 +Z25+u+3Zu+5 +4Zr+s+u+3 +Zr+s+3 +Zr+25+3 +225+5 +22r+5 +4Zr+s+1 _ (22r+t+1 +Z2r+s+1 +Z2r+u+1
ZZs+t+1 +Z2s+u+1 +Zt+l +2Zs+1 +ZZs+t+u+l +22r+1 +Zu+l +22r+25+t+u+1 +ZZr+t+u+1 +4Zr+s+t+l +4Zr+s+u+1 +22r+25+1
Z27+Zs+2 + Z2r+t+u+2 + 227+4 + 2227+s+t+2 + 222r+s+u+2 + 222r+t+u+2 + Z25+4 + Zt+u+4 + zzs+t+4 + 2Zs+u+4 + 22r+t+4
r+2s+u+2

22r+u+4 r+2s+t+2

+2z +2z +4z
Q13(B) = ZX1HXHX3HNYHXS | X HXoHXNZFXY AN | X1 H X2 X3 FXgH] | Xy HXo X5 X H] | X+ XpH X542 X X X6 H2 XA+

r+s+t+u+2 +4Zr+s+4 +Zé).

X1+X3+XS+X6+1 X1+X3+X5+2 X1+X3+x6+2 X]+X3+1 X1+X4+X5+x6+1 X1+X4+XS+2 X1+X4+x6+2 + ZX1+X4+1

z + z + Z + zZ + z + zZ + z

Zx1+x5+x(,+3 + Zx1+x5+1 + Zx1+xﬁ+1 + Zx1+3 + Zx2+x3+x5+x6+1 + Zx2+x3+X5+2 + Zx2+x3+x6+2 + Zx2+x3+1 + Zx2+x4+X5+x6+1
ZX2+X4+X5+2 + Zx2+x4+x6+2 + Zx2+x4+1 + ZX2+X5+X6+3 + ZX2+X5+1 + Zx2+x5+l + Zx2+3 + ZX3+X4+X5+X6+1 + Zx3+x4+x5+2
Zx3+x4+x(,+2 + Zx3+x4+1 + Zx3+x5+x6+2 + Zx3+x5+l + Zx3+x6+l + Zx3+3 + Zx4+x5+x6+3 + Zx4+x5+l + ZX4+X6+1 + Zx4+3

X5+x6+1 x5+4 + Zx6+4 _ (Zx1+x2+x3+x4+X5+1 + Zx1+x2+x3+x4+x6+l 4 ZNHX N3y Zx1+x2+x3+x5+x6+2 + Zx1+x2+x5+l

z

zZ + Z + Z + Z + Z + +Z + Z + Z
ZX1+X4+X6+1 + Z}C1+X5+x6+1 + Z]C1+X4+2 + ZX]+X5+3 + ZX1+X6+3 + ZX1+1 + ZX2+X3+X5+X6+2 + ZX2+X3+X5+1 + ZX2+X3+X6+1

+z

X1+Xp+xg+1 X1+Xp+2 X1+X34+X5+X6+2 X1+x3+x5+1 X1+x3+xg+1 X1+X342 X1+X4+X5+X6+2 X1+x4+x5+1

XZ+X3+2 X2+X4+X5+X6+2 + ZXZ+X4+X5+1 + Zx2+x4+x6+1 + ZXZ+X4+2 XZ+XS+X6+1 xz+x5+3 XZ+X6+3 + ZXZ+1

z + Z

X3+X4+X5+Xg+2

+ Z
X3+X5 +x6+l

+ Z
X3+X5+3 + ZX3+X6+3

+ zZ

X3+Xg4+x5+1 + Zx3+x4+x6+1 X3+X4+2 x3+1 X4+X5+x6+1

z + Z + Z + z
Zx4+x5+3 +Zx4+x6+3 +Zx4+l +Zx5+x6+4 +Zx5+1 +Zx5+1 +Z4).

+ Z + Z + z

+
+
+
+
+

+ o+ o+ o+ o+ o+ o+

Since 2 < r <5 <t < u. Therefore, by comparing the L.r.p in Q9(A) and the L.r.p in Q13(B), we haver =2 orr = 3.

Casel:r=2

Then g(A) = g(B) = 2r = 4. Since A has one cycle of length four, therefore B has one cycle of length 4. Without

loss of generality, we have three cases to consider,

1. X5 = Xg = 3or

2. x5=3,x¢ #3 Or

3. x5+#3,x6 #+3

Case1.1: x5 = x4 =3.

Since B has at least two cycles of length 4, a contradiction.
Case1.2:x5=3,x5+3

We know that xg > 3. Substituting into Qg9(A) and Q13(B). We obtain that there is —2z% in Qg(A). Hence there
are six cases to be considered, that are x; = xp; =20orx; =x3=20rx; =x4 =20rxy = X3 =20r X3 = X4 = 2 Or

x2:x4:2.

For x; = x = 2, B has at least two cycles of length 4, a contradiction. B has at least three cycles of length 4 for

all other cases. Thus, a contradiction.

Case 1.3:2 < x5 < xq

We know that x5, x¢ > 3. Hence x1 + x3 = 4, implying x1 = xp = 2.

Considering the l.r.p in Qg9(A) and the L.r.p in Q13(B), wehaves =3 ort=3oru = 3.

Case1.3.1:5=3.

Note that the term —z°*! in Qg(A) has coefficient 2, then x3 = 3 or x4 = 3.

Case1.3.1.1:x3=3

Q14(B) — Zx4+x5+7 +Zx4+x6+7 +ZX4+8 +Zx5+x6+5 +Zx5+6 +Zx6+6 +225 +3Zx5+x6+6 +2ZX5+7 +2Zx6+7 +3Zx4+x5+x6+3
2Zx4+x5+4 + sz4+x6+4 + 3ZX4+3 + ZZX5+X6+5 + 22x5+3 + 2Zx6+3 + Zx4+x5+x6+4 + Zx4+x5+5 + Zx4+x6+5 + Zx4+4 + 22x5+4
22x6+4 + Zx4+x5+1 + Zx4+x6+1 + Zx5+x6+1 _ (Zx4+x5+8 + Zx4+x5+8 + Zx4+7 + ZX5+JC6+6 + 3zx5+5 + 3Zx5+5 + Z6 + ZX5+X6+7
32x5+6 + 3Zx6+6 + 227 + 22x4+x5+x6+4 + 32x4+x5+3 + 3Zx4+x6+3 + 22x4+4 + 22x5+x6+3 + Zx5+x6+7 + Zx4+x5+x6+5 + Z9c4+x5+4
ZX4+x6+4 +Zx4+5 +2Zx5+x6+4 +Zx4+x5+x6+1 +Zx4+1 +Zx5+1 +Zx6+1).

Considering the L.r.p in Q9(A) and the L.r.p in Q14(B), we have x4 = x5 =4, or x4 = x6 =4, or x5 = x¢ = 4. .
Case 1.3.1.1.1: x4 = x5 = 4.

Qi5(B) = 215 + 3z%6*1 4 2712 4 377649 4 %6 +10 | 95643 | 7Xe+12 4 13 4 978 4 Da¥e+d _ (716 4 37%6+6 1 3511 4 357
Zx6+5 + Z6 +2210 +22x6+6 +3Zx6+7 +Z+13 +Zx6+8 + Zx6+1).

+
+
+
+

+
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Compare the Lr.p in Q9(A) and the l.r.p in Q15(B), we have t =5 or u = 5.

fu=53<t<5

Ift=3,A=26(22,3,3,3,5), Ais x-unique by Lemma 14.

Ift =4. Qio(A) = 421 + 6212 + 7213 4 210 4 215 1 3211 (3213 4 5212 4 7710 4 8211 4 2714 4 2715),
Qi6(B) = 215 + 3z%6e 1 1 2712 4 35%6%9 | X6 +10 | D63 | pXe+12 4 713 | 978 4 DoXe+d _ (716 4 37%6+6 1 3511 1 359 4
7%6+5 4 56 4 9,10 L 9 X6+6 | 3,X6+7 | +13 | Sx6+8 Zx6+1).

Compare the Lr.p in Q19(A) and the Lr.p in Q14(B), we have x¢ = 4.

Q11(A) = 42 + 6212+ 7213 + 210 4 215 1 3211 (3213 4 5212 4 7210 1 8211 4 2214 4 2715),

Q17(B) = 5z1% + 5213 4 2214 — (3210 + 6211 4 215 + 4210 1 213) 01, (A) # Q17(B), a contradiction.

Ift=5 A=26(223,3,5,5), Ais x-unique by Lemma 13.

Case 1.3.1.1.2: x4 = x4 = 4.

Similarly to Case 1.3.1.1.1, we obtain a contradiction.

Case 1.3.1.1.3 : x5 = x4 = 4.

Similarly to Case 1.3.1.1.1, we obtain a contradiction.

Case 1.3.1.2: x4 = 3.

Similarly to Case 1.3.1.1.1, we obtain a contradiction.

Case1.3.2:t=3.

Since 2 < s < 3. We know thats =2 ors = 3.

Ifs=2,A26(2,2,2,2,3,u), Ais x-unique by Lemma 15.

Ifs=3,A26(2,2,3,3,3,u), Ais x-unique by Lemma 14.

Case133:u=3.2<s<t<3. Weknow thats=t=2o0rs=2,t=30rs=1t=3.

Ifs=t=2,A26(2,2,2,2,2,u), Ais x-unique by Lemma 8.

Ifs=2,t=3,A20(22,2,2,3,u), Ais y-unique by Lemma 15.

Ifs=t=3,A26(22,3,3,3,u), Ais x-unique by Lemma 14.

Case2:r=3.

Then g(A) = g(B) = 2r = 6. Since A has one cycle of length 6, therefore B has one cycle of length 6. Without
loss of generality, we have three cases to consider,

1. X5 = Xg = 5or

2. x5=5,x¢ #5 or

3.x5+#5,x6 #+5

Case 2.1:x5=x4 =5.

B has at least two cycles of length 6, a contradiction.

Case2.2:

X5=5,x¢#5.

compare the Lr.p in Q19(A) and Q»1(B), we have a contradiction.

Case 2.3: x5+ 5, xg # 5.

We know that x5, x4 > 5. Hence xq1 + xp = 6.

X1 =% =3.

Qll(A) — ZZs+7 + Zt+u+7 + Z7 + 2Zs+u+7 + zzs+t+7 + Z1.‘+u+l + Z25+1 + 2Zs+t+1 + Zzs+u+1 + 2225+t+4 + 2225+u+4 + 22t+4
22u+4 +4Zs+t‘+u+4 + 2Zs+t+u+3 + Zzs+u+6 + Zi!+9 + ZZs+t+3 + Zt+5 + 4Zs+t+6 + Zu+9 + ZZs+u+3 + Zu+5 + 4Zs+u+6 + 225+6

Zzs+5 + 228 + 222s+6 + 4Zs+4 _ (3Zt+7 + 3Zu+7 + 5Zs+7 + ZZs+t+l + ZZs+u+l + Z1‘+1 + ZZs+t+u+1 + 4Zs+t+4 + 4Zs+u+4 + Zu+1
222s+4 + ZZS+1 + Zt+u+4 + 2ZZs+8 + Zt+u+8 + Z10 + 2225+t+u+2 + zzs+t+8 + ZZS+”+8 + ZZs+4 + Zt+u+4 + 2Zs+t+4 + 2Zs+u+4

+ o+ o+ o+

2225+t+5 + 2225+u+5 +4Zs+t+u+4 + 26)_

sz(B) _ ZX3+X4+X5+6 +Zx3+x4+x6+6 +Zx3+x4+7+zx5+x6+7 +Zx5+8 +Zx6+8 +Z7 +Zx3+x5+x6+4 +Zx3+x5+5 +Zx3+x6+5 "
Zx3+4 +Zx4+x5+x6+4 +Zx4+x5+5 +Zx4+x6+5 +Zx4+4 +Zx5+x6+6 +Zx5+4 +Zx6+4 +26 +Zx3+x5+x6+4 +Zx3+x5+5 +Zx3+x6+5 +
FX3+4 | S XgtX5HXeHA | X+ X5+D | X4t XGHD | XytA | X5 HXe+6 S X5+4 | oXe+d | o6 4 SX3FXHN5FD | X3 N4 HNe+2 | X3 Hxg+]
Zx3+x5+x6+2 + ZX3+X5+1 + ZX3+X6+1 + Zx3+3 + Zx4+x5+x6+3 + ZX4+X5+1 + ZX4+X6+1 + Zx4+3 + Zx5+x5+1 + Zx5+4 + Zx6+4 _
(Zx3+x4+x5+7+zx3+>c4+x6+7 4 X3 x40 | X3 +X5H+X6+8 | o X5+T | oXe+T | S8 | SX3+X5HXe+5 | oX3tX5H4 | oX3+Xe+d |y oX3+5
ZX4+X5+X6+5 + Zx4+x5+4 + ZX4+X6+4 + ZX5+X6+4 + Zx4+5 + Zx5+6 + Zx6+6 + Zx3+x5+x6+5 + Zx3+x5+4 + Zx3+x6+4 + Zx3+5 +
ZX4+X5+X(,+5+ZX4+X5+4+ZX4+X6+4+ZX4+5+ZJC5+X6+4+Zx5+6+zx6+6+ZX3+X4+x5+l +Zx3+x4+x6+1 +Zx3+x4+2_sz3+x5+x(,+1 +

Zx3+x5+3 +Zx3+x6+3 +ZX3+1 +ZX4+X5+X6+1 +Zx4+x5+3 +Zx4+x6+3 +ZX4+1 +Zx5+x6+4 +Zx5+l +Zx6+l +Z4).

since 2 < r <s <t < u, Compare the L.r.p in Q11(A) and the L.r.p in Qx»(B) wehaves=3ort =3 or u = 3.
Case 2.3.1:5=3.
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Then A 26(3,3,3,3,t,u), A is x-unique by Lemma 15.

Case 2.3.2:f=3.

Since 3 < s <3 < u. We know that s = 3.

Then A 26(3,3,3,3,3,u), Ais x-unique by Lemma 9.

Case 2.3.3:u=23.

Since 3 < s <t <3. We know thats =t =3.

Then A 2 6(3,3,3,3,3,3), Ais x-unique by Theorem 1.

Case C: B € g.(0(x1,x2,x3,%4,%5),Cx 1), Where 2 < x1 < xp < x3 < x4 < x5 and 2 < xg.
As A=0(r,1,8,s,t,u)and B € go(8(x1, X2, X3, X4, X5), Cy,+1), then by Theorem 7, we have
Qu2(A) =2(2 = 1)*(Z° - 1)*(Z' - 1)(2" - 1) - (' -2)°(2° - 2) (2" - 2) (2" - 2).
Qu(B)=z(z"1-1)(z2-1)(z% -1)(z"4 -1) (25 -1)(z¥6 —-1) - (z"1 —z) (22 —2) (2" —2) (2" - 2) (2"5 - 2) (2" - 1).

Q12(A) = Qx3(B), yields
Q13(A) = 22+l | S2r+ttutl | o 2r4s+utl oo 2rasti+l oo 2rvutt+l | S 2r+l | o241 ttutl | oosti+] | oo studt]

er+s+1 +zzr+u+l +22r+25+t+1 +2Zr+25+u+l +4Zr+s+t+u+1 +2Zs+t+u+3 +22r+t+u+3 +22r+25+t+u+1 +ZZr+t+3 +ZZs+t+3Zt+5

4Zr+s+t+3 + ZZr+u+3 + Z2s+u+3 u+5 r+s+u+3 r+5+3 + Zr+25+3 + zzs+5 r+5

+4z
r+t+u+l

+ 2z
r+2s+t+u+1

+2z + 4z +z

2r+u+1 +ZZs+t‘+1 +Z25+u+1 +Zt+1 +2Zs+1 +225+i&+u+1 r+1 u+1 r+s+t+1 r+s+u+1

z +2z" "+ Z T 4+ 22 +2z +4z +4z

+
+
r+s+1 _ (227+t+1 + Z2r+s+1 +
+
22r+25+1 +22r+25+2 +ZZr+t+u+2 + ZZr+4 +222r+s+i§+2 +222r+s+u+2 + 222s+t+u+2 +ZZs+4 +Zt+u+4 + 225+t+4 +22,s+u+4 +

227+t+4+22r+u+4+2Zr+25+t+2+zzr+2s+u+2+4Zr+s+t+u+2+4Zr+s+4+z6).
Q24(B) = ZX1HXHX3+A+ X5 +Zx1+x2+Jc3+x6+1 +Zx1+x2+x3+2+Zx1+x2+x4+x6+1 +Zx1+x2+x4+2+Zx1+x2+x5+x6+1 +Zx1+x2+X5+2
ZX1+X2+X6+3 + ZX1+X2+1 + Z]C1+X3+X4+X6+1 + ZX1+X3+X4+2 + ZX1+X3+X5+X6+1 + ZX1+X3+X5+2 + Z}C1+X3+x6+3 + ZX1+X3+1

ZX1+X4+X5+X6+1 + ZX1+X4+X5+2 + ZX1+X4+X6+3 + ZX1+X4+1 + ZX1+XS+X6+3 + ZX1+X5+1 + ZX1+X6+1 X1+4 + ZXZ+X3+X4+X6+1

+ 2z

Xp+X3+X4+2 Xo+x3+X5+x6+1 Xp+X3+X5+2 + Zx2+x3+x6+3 + Zx2+x3+1 Xp+X4+X5+x6+1 Xo+X4+X5+2 Xo+X4+X6+3

z + Z + Z + Z + Z + Z
Zx2+x4+l + Zx2+x5+x5+3 + Zx2+x5+l + Zx2+x6+1 + Zx2+4 + Zx3+x4+xS+x(,+1 + ZX3+X4+X5+2 + ZX3+X4+X6+3 + ZX3+X4+1

+ o+ o+ + o+

X3 HXN5+X+3 | a3 +xs+] | oX3Hxe+] o ox3+4 | oXgtX5Hxe+3 | oxatas+l | oxgtxet] | oXatd | oXs5HXe+]l | x5+ | oXe+5

X1+Xp+X3+Xg+2 + Zx1+x2+X3+1 X1+Xp+X4+X6+2 X1+xp+x4+1 X1+Xp+X5+X6+2 X1+Xo+x5+1

+ Z
X1+x2+43

+ Z
+ Zx1+X3+x4+1

+ Z
X1+X3+X5+Xg+2

+ Z
X1+x3+x5+1

+ zZ
X1+x3+xg+1

(le +Xp+X3+X4+x5+1

X1+X0+xg+1 X1+X3+X4+x+1 X1+x3+3

zZ + Z + Z + Z + Z + Z + +z
ZX1+X4+X5+X6+2 + ZX1+X4+X5+1 + ZJC1+X4+X6+1 + ZX1+X5+X6+1 + ZX]+X4+3 + Z}C1+X5+3 + ZX1+X6+4 + Z]C1+1 + ZX2+X3+X4+X6+2

ZX2+X3+X4+1 + ZXZ+X3+X5+X6+2 + ZXZ+X3+X5+1 + ZX2+X3+X6+1 + ZX2+X3+3 + ZX2+X4+X5+X6+2 + sz+x4+x5+1 + ZXZ+X4+X5+X6+2

Xo+x4+x5+1 Xo+x4+X6+1 Xo+x4+3 + Zx2+X5+x6+1 Xp+x5+3 + Zx2+x6+4 xp+1 X3+X4+X5+X6+2 + Zx3+x4+x5+1

+
+
+
+

z +z +z +z +z +z +

FX3+XgtXe+] | a3 txg+3 | SX3xstXe+] | SX3+x5+3 | ox3tXetd | X3+l | oxgtXstXetl | oxgtxs+3 L oXgtxetd | oxgtl

Zx5+x6+4 +ZX5+1 +Zx(,+l +ZS).

Consider the L.r.p in Q13(A) that is r+1 and the L.r.p in Qp4(B) thatis 5.

Since r =4 and r > 2. We have three cases to consider

1)r=2or
2)r=3or
3)r=4.
Casel:r=2.

Then g(A) = g(B) = 2r = 4. Since A has one cycle of length four, therefore B has one cycle of length 4. Without
loss of generality, we have two cases to consider,
1. x¢ =3 or
2. xg + 3.
Case 1.1: x4 = 3.
Substituting r = 2 in Q13(A) and x¢ = 3 in Qy4(B). We obtain that there is -z3 in Q;3(A). Hence there are cases
to be considered, x1 =x; =20rx; =x3=20rx; =x4 =20rXx] =X5=20rXp =X3=20rXp =X4 =20r Xp = X5 =2
or x3 = X4 =2 Or X3 = x5 = 2 x4 = x5 = 2. We know that B has at least three cycles of length 4 for all cases. Thus,
a contradiction.
Case1.2:x5+3
X6 > 4.
Given that B has one cycle of length 4, then x; + x, = 4, implying x; = xp = 2. Consider the L.r.p in Q13(A) and
the Lr.p in Qp4(B). Wehaves=4ort=4oru=4.
Case1.2.1:5=4.

F+u+8=x3+x4+X5+ Xg. (5)
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Q14(A) = 3718  3ttutd | 59 | 549 o Sttutl | 3,9 4 5 45 | o uts | g utll | g t+1l | o 143 | 5 U3 | g trut7
627 _ (Zt+1 +Zu+1 +25 +22t+u+5 +22t+u+3 + 3zt+7 + 3Zu+7 + 2211 +Zl4 + Zt+u+6 +22t+10 + 22u+10 +212 +Zt+u+4 +2Zt+8 +
27448 4 0712 4 0puH12 | 0146 4 D76 4 4710 1 58 4 26,

Q25(B) = ZX3FXgHX5+4 | X3+ XeH+D | pX3H6 | S XgHXeHD 4 X4F6 | 3 X5+XeHD | X546 4 X6t | 3 X3+X4+Xe+3 | D X3 HN5HA
D7 X3+X6+5 | X443 | 9 X543 | 9 X343 | 3, X3+ X5+ X643 | 9 X3+ X5+4 | 956 4 5 X3+ X6+5 | 9 X6+3 | 3, X4t X5 X6+ | 9 Xgt N5+
DpXatXe+5 | X3 xg+X5+2 | ox3+NaHl o oxztas+l  oxzxeHl | oxatas+l | oXatxe+]l | oXsHxe+]l | oxa+d | oXs+4 L oXet5
(Zx3+x4+x5+5 4+ Z¥3+X6+6 | X345 | oXgHXe+b6 | xyt5 | oX5+Xe+6 3Zx5+5 + Z%t5 4 7 L oX3txatXHD | 3ZX3+X4+3 +
X3 HX5+Xe+4 | 3 X3+X5+3 4 9 X3+X6+3 | X345 | D XaHX5H+Xe 4 | 3 X4+ N5H+3 | D Xa+Xe+3 | 0 Xa+5 | 9 X5+XG+3 | 9 X6+6
X3 HXgF X4 | X3 +xgtxs+] | oxaag e+l | X3 X5 HNe+] | a3 tXe 4 | X3+l oXgHxstXeH] | oXatxe+d | oxgt] | o XsHXeH4 |
Z¥5+1 +Zx6+1).

Compare the L.r.p in Q25(A) and the Lr.p in Q»5(B) we have x3 =4 or x4 =4 or x5 =4 or x4 = 4.

Case 1.2.1.1:x3=4.

Q26(B) — ZX4+X5+8 +Zx6+9 +Z10 +Zx4+x6+5 +Zx4+6 +3Zx5+x6+5 +Zx5+6 +Zx6+7 +3Zx4+x6+7 +2Zx5+8 +2Zx6+9 +22x4+3 +
2Zx5+3 +ZZ7 +3ZX5+X6+7 +22x5+8 +226 +22x6+9 +22x6+3 +32x4+X5+x6+3 +2zyc4+x5+4 +22x4+x6+5 +Zx4+xS+6 +Zx4+5 +
Zx5+5 + Zx6+5 + ZJC4+X5+1 + Zx4+x5+1 + ZX5+JC6+1 + ZX4+4 + Zx5+4 + Zxé+5 _ (Zx4+x5+9 + Zx(,+10 + 29 + ZX4+x(,+6 + ZX4+5 +
Zx5+x6+6 +3Zx5+5 + Zx6+5 + Z7 + Zx4+x6+7 + 32x4+7 + sz5+x6+8 + 3Zx5+7 +22x6+7 +229 + 22x4+x5+x6+4 + 32x4+x5+3 +
DpXa+Xe+3 | X445 | 9 X5+Xe+3 | 9 Xe+b | X4FX+8 | oXatX5+5 | oXgHXe+5 | SX5H+XeHD | oXe+8 | oXatXs+xe+]l | oXxgtXe+d
Zx4+1 +Zx5+x6+4 +Zx5+1 +Zx6+1).

Compare the L.r.p in Q13(A) and the Lr.p in Q24(B) we have x4 = x5 = x = 5.

F+u=11. (6)

Since2<4<t<u

Ift=4thenu=7,A260(2,2,4,4,4,7), Ais x unique by Lemma 10.
Ift=5thenu=6.
We obtain Q13(A) # Q26(B), a contradiction.
Case1.2.1.2: x4 =4.
t+u+4=x3+X5+ Xg. 7)

Similarly to Case 1.2.1.1, we obtain a contradiction.
Case 1.2.1.3: x5 = 4.
t+u+4=x3+x4+Xe. (8)

Similarly to Case 1.2.1.1, we obtain a contradiction.
Case1.2.1.4: x, = 4.
F+u+4=2x3+Xx5+Xy4. 9)

Similarly to Case 1.2.1.1, we obtain a contradiction.

Case1.2.2:t=4.

We know that eithers=2ors=3ors=4.

Ifs=2,A26(2,2,2,2,4,u), Ais x-unique by by Lemma 15.

If s = 3.

Qi5(A) = 3213 + 6248 + 6249 + 6212 + 211 £ 527 4 22445 1 628 4 224+ 1 471 1 27143 1 67110 4 A3y ST
326 _ (Zu+5 + Zu+l + Z8 + le + 3Zu+7 + 3Zu+8 + 22u+13 + 5210 + Z12 + 6Zu+6 + 629 + Zu+lO + 28 + 2Zu+9 + Zu+12 + 4Zu+11 +
2713 4 28 4 22%).

Q27(B) = pX3tXgHXsHA | SX3H+XHD | oX3H6 |y Xy HXe+D | X4t6 | 3oX5HX6D | X546 | X6 HT 4 3,X3+Xg+Xe+3 | 9 X3 Ha5H4
D7 X3+X6+5 | X443 | 9 X543 | 9,X3+3 +3Zx3+x5+x6+3+2Zx3+x5+4+226+22x3+x6+5+22x6+3+32x4+x5+x6+3 4 D Xatxs+4
22x4+x6+5 + Zx3+)c4+x5+2 + Zx3+x4+1 + Zx3+x5+1 + Zx3+x6+1 + ZX4+X5+1 + Zx4+x6+1 + ZX5+X6+1 + Zx4+4 + Zx5+4 + Zx6+5 _
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(Zx3+x4+x5+5 + Zx3+x€,+6 + ZX3+5 + ZX4+x6+6 + Zx4+5 + Zx5+x6+6 + 3ZX5+5 + Zx6+5 + Z7 + Zx3+x4+x6+3 + 3ZX3+X4+3
22X3+X5+X5+4 + 3Zx3+x5+3 + 22x3+x5+3 + 22x3+5 + sz4+x5+x6+4 + 3Zx4+x5+3 + 22x4+x6+3 + 22x4+5 + ZZX5+Xé+3 + 22x6+6
Zx3+x4+x6+4 + Zx3+x4+x5+1 + Zx3+X4+x6+l + Zx3+x5+x6+1 + Zx3+x6+4 + Zx3+l + Zx4+x5+x6+1 + Zx4+x6+4 + Zx4+1 + Zx5+x6+4
ZX5+1 +Zx6+1).

Compare the Lr.p in Q15(A) and the Lr.p in Qy7(B) we have x3 = x4 =3 or x3 = x5 =3 or x4 = x5 = 3.

Without loss of generality, suppose that x3 = x4 = 3.

Q28(B) _ Z355+10 + 6Zx6+8 + 229 + 3ZX5+X6+5 + ZX5+6 + Zx(,+7 +3Zx6+9 + 2210 + 6ZX5+X6+6 +4Zx5+7 +Zx5+8 + 626 +2Zx5+3
2Zx6+3 + Z7 + 22x5+4 + 22x6+4 + Zx5+x6+1 + Zx5+4 + Zx6+4 + Z7 _ (Zx5+11 + Zx(,+9 + 628 + Zx6+10 + ZS + ZX5+X6+6 + 3Zx5+5
Zx6+5 + Z7 + Zx6+9 + 329 + 2sz+x(,+7 + 3zx5+6 + 22x5+6 + 2zx5+x5+7 + 3ZX5+6 + 22x6+6 + ZZX5+.7C6+3 + 22x5+6 + Zx6+10
ZX5+7 4 X6t7 | HX5+1 | 3 X5+ Xe+4 | 9 XetT +Zx6+l)_

Compare the L.r.p in Q15(A) and Qz5(B), we have Q15(A) # Q27(B), a contradiction.

Ifs=4

Qie(A) = 213 + 2449 422449 1 2213 £ 27449 4 55 4 79 1 24%5 1 229 4 27445 1 057 4 27443 1 0715 4 DUl goutll
o+l o ut9 o u+l5 | 11, 15,9 L 4,18 | us7 | outll | outb | gou+9 | 59 L 13 109 L 007 L g7 (29 + 29 4 71+5
213 4 2449 4 25 4225 4 22479 1 078 4 gl 4 1S | pudT | g1l g7 4 DTy g14  pur10 8 9yl pput10
22u+14 +Z12 +Zu+8 +2212 +22u+8 +2210 +2Zu+6 +2216 +22u+12 +42u+12 +4210 +Z6).

ng(B) _ Zx3+x4+x5+4 +Zx3+x(,+5 +Zx3+6 +Zx4+x6+5 +Zx4+6 +32x5+x6+5 +Zx5+6 +Zx6+7 +3Zx3+x4+x6+3 +22x3+x5+4
ZZX3+x6+5 +2Zx4+3 + ZZX5+3 + ZZX3+3 + 3Zx3+x5+x6+3 +22x3+x5+4 + 226 +2Zx3+x6+5 +22x6+3 +3Zx4+x5+x6+3 + 22x4+x5+4
22x4+x6+5 + ZX3+X4+X5+2 + ZX3+X4+1 + Zx3+x5+1 + Zx3+x5+1 + Zx4+x5+1 + Zx4+x6+1 + Zx5+x6+1 + Zx4+4 + Zx5+4 + Zx6+5
(Zx3+x4+x5+5 + Zx3+x6+6 + Zx3+5 + Zx4+x6+6 + Zx4+5 + Zx5+x6+6 + 3Zx5+5 + Zx6+5 + Z7 + Zx3+x4+x6+3 + 3Zx3+x4+3
2ZX3+X5+X6+4 + 32x3+x5+3 + 2Zx3+x6+3 + 2Zx3+5 + 22X4+X5+x6+4 + 3Zx4+x5+3 + 2Zx4+x6+3 + 2Zx4+5 + 22x5+x5+3 + 22x6+6
xg+1 +ZXS+X6+4

X3+X4+Xg+4 + Zx3+x4+x5+1 + Z3(3+x4+x6+1 + Zx3+x5+xﬁ+1 + Zx3+x6+4 x3+1 + Zx4+x5+x6+1 + Zx4+x6+4

z
Zx5+1 + Zx(,+1).

+Z +Z

Compare the Lr.p in Q14(A) and the Lr.p in Q9(B) we have x3 = x4 =2 or x3 = X5 =2 or x4 = X5 = 2.
Without loss of generality, suppose that x3 = x4 = 3.

+
+
+

+
+
+

+
+
+

+
+
+
+
+

Q30(B) = 2578 4 2%6+7 1 28 4 7¥%6+7 4 78 4 Bp¥5HX6+D | 5X5+6 4 pX6tT 4 3767 4 Dp¥5t0 4 Dp¥etT 4 75 4 27753 £ 255 4

3Zx5+x6+5 + 22x5+6 + 226 + 22x6+7 + 22x6+3 + 3Zx5+x6+5 + 22x5+6 + 2Zx6+7 + Zx5+6 + ZS + Zx5+3 + Zx6+3 + Zx5+3 + Zx6+3
ZX5+X6+1 + Z6 + ZX5+4 + Zx6+5 _ (Zx5+9 + Zx6+8 + Z7 + Zx6+8 + Z7 + Zx5+x(,+6 + 3ZX5+5 + Zx6+5 + Z7 + Zx(,+7 + 327 + 22x5+x6+6
3ZX5+5 +22x6+5 +ZZ7 +sz5+x6+6 +3Zx5+5 +229c6+5 +ZZ7 +22x5+xe+3 +223c6+6 +Zx6+8 +ZX5+5 +Zx"’+5 +Zx5+x6+3 +Zx6+6
23 + Zx5+x6+3 + Zx(,+6 + 23 + ZX5+X6+4 + Zxg,+1 + Zx5+1)_

Compare the Lr.p in Q14(A) and Qz3(B), we have Q14(A) # Qx9(B), a contradiction.

Case1.23:u=4.

Since2 <s<t<4.

If s =2, then

t=2,A=26(2,2,2,2,2,4), Ais x-unique by Lemma 9.
t=3,A26(2,2,2,2,3,4), Ais x-unique by Lemma 15.
t=4,A26(2,2,2,2,4,4), Ais x-unique by Lemma 9.
If s = 3, then

t=3,A26(2,2,3,3,3,4), Ais x-unique by Lemma 14.
t=4,A26(2,2,3,3,4,4), Ais x-unique by Lemma 13.
If s = 4, then

t=4,A26(2,2,4,4,4,4), Ais x-unique by Lemma 9.
Case2:r=3.

+
+
+

Then g(A) = g(B) = 2r = 6. Since A has a cycle of length 6, therefore B has one cycle of length 6. Without loss

of generality, we have two cases to consider,

1. x¢ =5or

2. xg # 5.

Case 2.1: x4 =5.

Substituting r = 3 in Q»3(A), we obtain that there is -2z%in Qy3(A). There are cases to be considered x1 = x, =
orx;=x3=30rx;=x4=30rx;=x5=30rxp=x3=30rxp)=x4=30rXxp)=x5=30rXx3=2%x4=30rX3=2X5=

Or X4 = X5 = 3.
We know that B has at least three cycles of length 6 for all cases. Thus a contradiction.

W W
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Case 2.2: x4 + 5.
Since the girth of B is 6, then x4 > 6. Given that B has one cycle of length 6, then x; + xp = 6 implying x; = x, =3

Q17(A) _ ZZS+7+Zt+u+7 +2Zs+u+7+zzt+u+1 +225+1 +zzs+t+l +Z7+Zt+u+1 +zzs+u+1 +2Z25+u+4 +2225+t+4 +22t+4
22u+4 +425+t+u+4 + Zzs+t+u+3 + 22t+u+6 + Zt+9 + ZZs+t+3 + Zt+5 + 4Zs+t+6 + Zu+9 + ZZs+u+3 + Zu+5 + 4Zs+u+6 + 2Zs+6

+
+
225+5 + 228 + 2225+6 + 4Zs+4 _ (3Zt+7 + 3Zu+7 + 525+7 + ZZs+t+1 + ZZs+u+l + Zt+1 + 225+t+u+1 + Zzs+l +4Zt+u+4 + 4Zs+t+4 +
225+t+”+2+2225+4+Zt+”+4+zs+”+4+zs+t+4+z6 +2225+t+5+2225+u+5 +4Zs+t+u+5 +4Zs+u+4+zu+1 +2Z25+4+2225+8 +

2Zt+u+8 +Z10 + zzs+u+8 + 225+t+8).

Q31(B) _ Zx3+x4+x5+6 +ZX3+X6+7 +Zx3+8 +ZX4+x(,+7 +Zx4+8 +Zx5+x(,+7 +Zx5+8 +Zx6+8 +3Z7 +22X3+X4+x6+4 +22,~c3+x4+5 +
22x3+x5+x6+4 + 22x3+x5+5 + 22x3+x6+6 + 3Zx3+4 + 22x4+x5+x6+4 + 22x4+x5+5 + 22x4+x6+6 + 3Zx4+4 + 22x5+x6+6 + 32x5+4 +
22x6+4 + Zx3+x4+x5+x6+1 + ZX3+X4+X5+2 + Zx3+x4+x6+3 + ZX3+X4+1 + Zx3+x5+l + ZX3+X5+X6+3 + Zx3+xﬁ+1 + Zx4+x5+x6+3 +
Zx4+x5+1 + Zx4+x6+1 + Zx6+5 + Zx5+x6+1 _ (Zx3+x4+x5+7 + Zx3+x5+8 + Zx3+7 + Zx4+x6+8 + Zx4+7 + Zx5+x6+8 + Zx5+7 + Zx6+7 +
Z9 + Zx3+x4+x6+4 + 22x3+x4+4 + 22x3+x5+x6+5 + 22x3+x5+4 + 3Zx3+x6+4 + ZZX3+6 + 22x4+x5+x6+5 + 22x4+x5+4 + 3Zx4+x6+4 +
22X4+6 + 32x5+x6+4 + 2Zx5+6 + 22x6+7 + 22x3+X4+x6+5 + Zx3+x4+x5+1 + Zx3+954+x5+1 + ZX3+X4+3 + Zx3+x5+x6+1 + ZX3+X5+3 +
Zx3+1 +ZJc4+x5+x€,+1 +Z)c4+355+3 +Zx4+1 +Zx5+1 +Zx6+1 +25).

Compare the L.r.p in Q17(A) and the Lr.p in Q31(B), wehaves=4ort=4oru = 4.

Case2.21:5=4.

QlS(A) - Z13 + 3Zt+11 + 3Zu+11 + 3Zt+u+1 + 329 + 3Zt+5 + 3Zu+5 + Z7 + 2zt+4 + 22u+4 + 3Zt+u+8 + 22t+u+7 + 22t+u+6 +
Zt+u+7 + 4Zt+10 + 4Zu+10 + Z10 + 628 + 2214 _ (3Zt+7 + 3Zu+7 + 5211 + Zt+1 + Zu+1 + 22t+u+5 4+ 3zitutd 4 6Zt+8 + 6Zu+8 +
25716 4 Ht+u+10 | 12 o 413 | o utld | g t+u+d | 6 +225)'

Compare the L.r.p in Q15(A) and the L.r.p in Q31(B), we have -22% in Q13(A) and —z° in Q31(B), so x3 = 4 or
x4 =4or x5 =4.

Case2.2.1.1:x3=4.

QSZ(B) _ Zx4+x5+10 + Zx6+11 + le + Zx4+x6+7 + Zx4+8 +Zx5+x6+7 + Zx5+8 +Zx6+8 + 327 +2ZX4+X(,+8 + sz4+9 + zzx5+x6+8 +
2ZX5+9 + 22x6+10 + 328 + 22x4+x5+x6+4 + 22x4+x6+5 + zzx4+x5+6 + 3Zx4+4 + 2Zx5+x6+6 + 3Zx5+4 + 2Zx6+4 + Zx4+x5+x6+5 +
Zx4+x5+l + Zx4+x(,+1 + sz+x6+1 + Zx6+5 _ (Zx4+x5+11 + Zx6+12 + le + Zx4+xé+8 + Zx4+7 + Zx5+x6+8 T Zx5+7 + Zx6+7 + 29 +
Zx4+x6+8 + 2Zx4+8 + 2Zx5+x6+9 + 22x5+8 + 3Zx6+8 + 2210 + 22x4+x5+4 + 3Zx4+x6+4 + 2Zx4+6 + 3Zx5+x6+4 + 22x5+6 + 22x6+7 +
ZZX4+X6+9 + 22X4+X5+5 + ZX4+x6+5 + ZX4+7 + ZX5+X6+5 + Zx5+7 + Zx4+x‘r,+3 + Zx4+1 + Zx5+1 + Zx6+l).

Compare the L.r.p in Q15(A) and the Lr.p in Q3,(B), we have x4 =5 or x5 = 5.

Case2.2.1.1.1:x4=>5.

Q33(B) _ ZX5+15 +3zx6+ll +Zx6+12 +Zx5+x6+7 + ZX5+8 +Zx6+8 + 227 +22x5+x6+8 + ZX5+1O + Zx6+10 + ZZX5+x6+6 + 32x5+4 +
2Zx6+4 + Zx5+x6+10 + Zx6+6 + Zx5+x6+1 + Z.X6+5 _ (Zx5+16 + Z.X6+12 + 3zll + 22x5+7 + 3Zx6+7 + 29 + 2213 + 3Zx5+8 + 3Zx6+8 +
25,10 L 3,%6+9 | X6+l | 3, X5+X6+4 | X546 4 D Xe+14 | S X5+X6+5 | Zx5+1).

Compare the Lr.p in Q15(A) and the Lr.p in Q33(B), we have x5 = x5 = 6.

ng(A) — 3Zt+1l + 3Zu+11 + 3Zt+u+l + 3Zt+5 + 3Zu+5 + Z7 + 2Zt+4 + zzu+4 + 3Zt+u+8 + 2Zt+u+7 + 22t+u+6 + 4Zt+10 +
4Zu+10 + ZlO + 628 _ (3Zt+7 + 3Zu+7 + 5211 + Zt+1 + Zu+1 4 ghru+s | 3Zt+u+4 + 6Zt+8 + 6Zu+8 + 2216 + Zt+u+10 +07t+13 |
2 U+13 +22t+u+9)_

Q34(B) = 221 + 219 4+ 2218 4+ 2217 1 216 4 212 1 3710 _ (3215 1 4214 1 6213 + 2211 + 29),

Compare the Lr.p in Q19(A) and the Lr.p in Q34(B), we obtain Q15(A) # Q32(B), a contradiction.
Case2.21.1.2:x5=>5.

Similar to Case 2.2.1.1.1, we obtain a contradiction.

Case 2.21.2.1:x4=4.

Similar to Case 2.2.1.1.1, we obtain a contradiction.

Case 2.2.1.2.2: x5 =4.

Similar to Case 2.2.1.1, we obtain a contradiction.

Case2.22:t=4.

Since 3 < s <4 < u. We know thats =3 or s = 4.

Ifs=3,A26(3,33,3,4,u), Ais x-unique by Lemma 12.

Ifs=4,A=6(3,3,4,4,4,u), Ais x-unique by Lemma 12.

Case2.23:u=4.

Since3<s<t<4 Weknowthats=t=30ors=3,t=4ors=1{=4.

Ifs=t=3,A26(3,3,3,3,3,4), Ais x-unique by Lemma 9.

Ifs=3,t=4,A20(3,3,3,3,4,4), Ais x-unique by Lemma 9.
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Ifs=t=4,A=26(3,3,4,4,4,4), Ais y-unique by Lemma 9.

Case3:r=4.

Then g(A) = g(B) = 2r = 8. Since A has a cycle of length 8, therefore B has one cycle of length 8. Without loss
of generality, we have two cases to consider,

1. x¢=7or

2. xg +7.

Case 3.1:x¢="7.

Since B has one cycle of length 8.

QZO(A) = 2549 | Stut9 | 3,9 | o stut9 | o st | trutl | 2541 | g s+l | g stutl | 5 25445 | 9254 UH5 | g5
32u+5 +4Zs+t+u+5 + ZZs+t+u+1 + Zzs+t+u+3 +221&+u+7 +Zt+11 +22s+t+3 +42s+1‘+7 +Zu+11 +22s+u+3 +4Zs+u+7 +ZZS+7 +
6Zs+5 + 222s+7 _ (Zt+9 + Zu+9 + 2zs+9 + ZZs+t+l + Z25+u+1 + Zt+1 + zzs+t+u+l + ZZS+1 + Z6 + 22t+u+5 + Z5 + 4Zs+t+5 +
4Zs+u+5 +Zu+1 +Zz2s+5 +225+10 +Zt+u+10 +212 +Zzs+t+10 +2Zs+u+10 +Z2s+4 +Zt+u+4 +Zzs+u+4 +zzs+t+4 +2225+t+6 +
2225+u+6 + 22t+8 +225+t+u+2 +22u+8 +4Zs+t+u+6 +4ZS+8).

Q34(B) — Zx1+x2+x3+8 + Zx1+x2+x3+2 + Zx1+xz+x4+8 + Zx1+x2+x4+2 + Zx1+x2+x5+8 + Zx1+x2+x5+2 + Zx1+x2+10 + Zx1+x2+1 +
Zx1+x3+x4+8 + Zx1+x3+x4+2 + Zx1+x3+x5+8 + Zx1+x3+X5+2 + Z3c1+x3+10 + Zx1+x3+1 + Zx1+x4+x5+8 + Zx1+x4+x5+2 + Zx1+x4+10 +
ZX1+X4+1 + Zx1+x5+10 + ZX1+X5+1 + Zx1+8 + Zx1+4 + +ZJC2+X3+X4+8 + Zx2+X3+x4+2 + Zx2+x3+x5+8 + Zx2+x3+xS+2 + Zx2+x3+10 +
Zx2+x3+l + Zx2+x4+x5+8 + ZX2+X4+X5+2 + Zx2+x4+10 + Zx2+x4+1 + Zx2+x5+10 + Zx2+x5+1 + Zx2+8 + Zx2+4 + Zx3+x4+x5+8 +
ZX3+X4+X5+2 +ZX3+X4+10 +ZX3+X4+1 +Zx3+x5+10 +Zx3+x5+1 +Zx3+8 +Zx3+4 +Zx4+x5+10 +Zx4+x5+1 +ZX4+8 +ZX4+4 +Zx5+8 +
Zx5+4 + Zl2 _ (Zx1+x2+x3+9 + Zx1+x2+;c3+1 + Zx1+x2+x4+9 + Zx1+x2+x4+1 + Zx1+x2+x5+9 + Zx1+x2+xs+1 + Zx1+x2+8 + Zx1+x2+3 +
+Zx1+x3+x4+8 +Zx1+X3+x4+l +Zx1+x3+x5+9 +Zx1+x3+x5+l +Zx1+x3+8 ++Zx1+x3+3 +Zx1+X4+x5+9 +Zx1+x4+x5+l +Zx1+x4+8 +

X1+X5+8 +ZX1+X4+3 +ZX1+X5+3 X1+11 +ZX1+1 +ZXZ+X3+X4+9 +ZXZ+X3+X4+1 +ZXZ+X3+X5+9 +Zx2+x3+x5+1 +ZXZ+X3+8 +

z +Z

Xp+x3+3 Xp+X4+X5+9 Xo+x4+x5+1 Xo+X4+X5+9 + Zx2+x4+x5+1 + Zx2+x4+8 + Zx2+x4+3 + Zx2+JC5+8 + Zx2+x5+3 +

z + +z + Z + Z
Zx2+x6+4 +Zx2+1 +ZJC3+X4+X5+9 +ZX3+X4+X5+1 +Zx3+x4+8 +Zx3+x4+3 +ZX3+JC5+8 +Zx3+x5+3 +ng,+1l +Zx3+1 +ZX4+X5+8 +
FXatx5+3 | a1l | o+l x5 +1T x5+ +ZS).

Compare the Lr.p in Q29(A) and the Lr.p in Q34(B), we have x1 = 4.

Q35(B) — Zx2+x3+12 +Zx2+x3+6 +Zx2+x4+12+Zx2+x4+6+zx2+x5+12 +Zx2+x5+6 +Zx2+14+Zx2+5 +Zx3+x4+12 +Zx3+x4+6 +
Zx3+x5+12 + Zx3+x5+6 +Zx3+14 +Zx3+5 + Zx4+x5+12 +Zx4+x5+6 +Zx4+14 + Zx4+5 +Zx5+14 +Zx5+4 +212 +Zx2+x3+x4+8 +
Zx2+x3+x4+2 + sz+x3+x5+8 + Zx2+X3+x5+2 + Zx2+x3+10 + Zx2+x3+1 + Z3c2+x4+x5+8 + Zx2+x4+x5+2 + Zx2+x4+10 + Zx2+X4+1 +

Zx2+x5+10 +sz+x5+1 +Zx2+8 +Zx2+4 +ZX3+X4+X5+8 +Zx3+x4+x5+2 +Zx3+x4+10 +ZX3+JC4+1 +ZX3+X5+1O +ZJC3+)C5+1 +Zx3+8 +
Zx3+4 + ZX4+X5+10 + ZX4+X5+1 + ZX4+8 + ZX4+4 + ZX5+8 + Zx5+4 + 2212 _ (Zx2+x3+13 + Zx2+X3+5 + Zx2+9c4+13 + Zx2+x4+5 +

Xp+x5+13 +Zx2+x5+5 +Zx2+12 Xo+7 X3+x4+12 + Zx3+x4+5 +Zx3+x5+13 + Zx3+x5+5 x3+12 + Zx3+7 + Zx4+x5+l3 +

z + Z + +Z + Z
Zx4+x5+5 +ZX4+12 +ZX5+12 +Zx4+7 +Zx5+7 +215 +Zx2+x3+x4+9 +Zx2+x3+x4+1 +Zx2+x3+x5+9 +Zx2+x3+x5+1 +Zx2+x3+8 +
Zx2+x3+3++Zx2+x4+x5+9+zx2+x4+x5+1 +Zx2+X4+x5+9+Zx2+x4+x5+1 +Zx2+x4+8+zx2+x4+3+Zx2+x5+8+zx2+x5+3+Zx2+x6+4+
Zx2+1 +Zx3+x4+x5+9 +Zx3+x4+x5+1 +Zx3+x4+8 +Zx3+x4+3 +Zx3+x5+8 +Zx3+x5+3 +Zx3+1l +Zx3+1 +Zx4+x5+8 +Zx4+x5+3 +
ZX4+11 +Zx4+1 +Zx5+11 +Zx5+1).

Compare the Lr.p in Q9(A) and the Lr.p in Q35(B), we have xp = 5.

Q36(B) _ Zx3+17+zx3+11 +ZX4+17+ZX4+11 +Zx5+17+zx5+11 +Z19 +Z10 +ZX3+X4+12 +Zx3+x4+6 +Zx3+x5+12 +Zx3+x5+6 +
Zx3+l4+zx3+5+zx4+x5+12+Zx4+x5+6+ZX4+l4+Zx4+5+Zx5+14+Zx5+4+Z12+Zx3+X4+13+ZX3+x4+7+Zx3+x5+13+sz+x5+7+
ZX3+15 +Zx3+6 +ZX4+x5+13 +Zx4+x5+7 +Zx4+15 +Zx4+6 +Zx5+15 +Zx5+6 +Z13 +Zx3+x4+x5+8 +Zx3+x4+x5+2 +ZX3+X4+10 +
Zx3+x4+l + Zx3+xs+10 + ZX3+X5+1 + Zx3+8 + Zx3+4 + Zx4+X5+1O + ZX4+X5+1 + Zx4+8 + ZJC4+4 + Zx5+8 + Zx5+4 + 2212 _ (Zx3+18 +
Zx3+10+zx4+18 +Z,x4+10 +Zx5+18 +Zx5+10 +Zl7+212 ++ZX3+X4+12 +Zx3+x4+5 +Zx3+x5+13 +Zx3+x5+5 +Zx3+12 +Zx3+7+
ZX4+X5+13 +ZX4+X5+5 +ZX4+12 +Zx5+12 +ZX4+7 +Zx5+7 +215 +ZXZ+X3+X4+9 +ZX3+X4+6 +ZX3+X5+14 +ZX3+X5+6 +ZX3+13 +
ZX3+8++ZX4+X5+14+ZX4+X5+6+ZX4+X5+14+ZX4+X5+6+ZX4+13+ZX4+8+ZX5+13+ZX5+8+Z)C5+9+ZX3+X4+X5+9+ZX3+X4+J(5+1 +
Zx3+9c4+8 +Zx3+x4+3 +ZX3+x5+8 +Zx3+x5+3 + Zx3+11 +ZX3+1 +ZX4+7(5+8 +Zx4+x5+3 + Zx4+11 +ZX4+1 +Zx5+11 +Zx5+l).

Compare the L.r.p in Q9(A) and the Lr.p in Q34(B), wehaves=50ors=60ors=7ors=8ors >9.

Case 3.1.1:5=4.

Since 5 < x3 < x4 < x5. We have Q19(A) # Q34(B).

Case 3.1.2:5=5.

QZl(A) _ Zl9 + Zt+u+9 + 2Zt+14 + 22u+14 + Zt+u+l + le + 2Zt+6 + ZZ”+6 + Zu+13 + 3Zt+5 + 3Zu+5 + 3Zt+u+10 + 2Zt+u+8 +
4Zu+12 + 22t+u+7 + Zt+13 + 4Zt+12 + 2212 + 6210 + 2217 + 229 _ (3Zt+9 + 3Zu+9 + 3214 + Zt+1 + 2Zt+u+6 + 226 + 22t+u+5 +

4Zt+10+4zu+10+zu+1 +2215+ZZO+Zt+u+4+2zt+l6+22u+16+22t+8+2zu+8+4zt+u+11 +4.Zl3).
Q37(B) _ Zxa,+l7_'_zx3+11 +Zx4+l7 +ZX4+11 +Zx5+17 +Zx5+11 +Zl9 +ZlO +Zx3+x4+12 +Zx3+x4+6 +Zx3+x5+12 +Zx3+x5+6 +

Zx3+14_sz3+5_'_Zx4+Jc5+12+Zx4+x5+6_'_Zx4+14_'_zx4+5+Zx5+14+Zx5+4+212+Zx3-¢-x4+13_sz3+x4+7+sz-¢-x5+13_sz3+x5+7+



Open |. Discret. Appl. Math. 2023, 6(3), 41-56 53

ZX3+15 +Zx3+6 +Zx4+x5+13 +Zx4+x5+7 +Zx4+15 +Zx4+6 +Zx5+15 +Zx5+6 +Z13 +Zx3+3c4+x5+8 +Zx3+x4+x5+2 +Zx3+x4-¢-10 +
Zx3+x4+1 + Zx3+xs+10 + ZX3+X5+1 + Zx3+8 + Zx3+4 + Zx4+>c5+10 + ZX4+X5+1 + Zx4+8 + Zx4+4 + Zx5+8 + Zx5+4 + 2212 _ (Zx3+18 +
Zx3+10 +Zac4+18 +Zx4+10 +Zx5+18 +Zx5+10 +Zl7+212 ++ZX3+X4+12 +Zx3+x4+5 +Zx3+x5+13 +Zx3+x5+5 +Zx3+12 +Zx3+7+
Zx4+x5+13 +Zx4+x5+5 +Zx4+12 +Zx5+12 +Zx4+7 +Zx5+7 +215 +sz+x3+x4+9 +ZX3+X4+6 +Zx3+x5+14 +Zx3+x5+6 +ZX3+13 +
ZX3+8++ZX4+X5+14+ZX4+X5+6+ZX4+X5+14+ZX4+X5+6+ZX4+13+ZX4+8+ZX5+13+ZJ(5+8+Z)C5+9+ZX3+X4+X5+9+ZX3+X4+X5+1 +
ZX3+X4+8 +Zx3+x4+3 +ZX3+X5+8 +Zx3+x5+3 + Zx3+11 +Zx3+1 +ZX4+x5+8 +Zx4+x5+3 + Zx4+11 +Zx4+1 +Zx5+ll +Zx5+l).

Compare the Lr.p in Q21 (A) and the Lr.p in Q37(B), we have x3 = x4 = 5.

Q38(B) — ZZX5+17 +Zx5+14 + ZZX5+12 + 3Zx5+6 + ZX5+22 +Zx5+15 + Zx5+4 + 2222 + 2219 + 3220 + Zzll _ (3Zx5+10 + ZX5+13 +
ZX5+11 + ZZX5+8 +Zx5+7 +Zx5+1 +ZZ4 +Z23 + 3218 +2217 +Zl6 +2‘215 +212).

Compare the L.r.p in Q71 (A) and the Lr.p in Q33(B), wehavet=50ort=6o0rt=7ort=8ort>9.
Case3.1.2.1:t=5.

A=6(4,4,55,5u), Ais x-unique by Lemma 14.

Case3.1.2.2:f=6,x5=6.

sz(A) — 4zu+14 +2Zu+6 +Zu+13 +3Zu+5 +22”+12 +Zu+7 +Zu+16 +2218 +212 +le +2217 +2ZlO _ (32u+9 +4Zu+10 +
Zu+1 +22u+8 +3Zl3 +Zl5 +2222 +5Zl4 + Zu+17)‘

Q39(B) = 2% + 221 + 2222 4+ 3220 _ (3217 4+ 224 1+ 3218 4 212).

We have Q7,(A) # Qs9(B), a contradiction.

Case3.1.23:t=7,x5="7.

QZB(A) — 4Zu+14 + 2Zu+6 + Zu+13 + 32u+5 + Zzu+12 + 2Zu+15 + 3Zu+17 +221 +4212 + 3210 _ (3Zu+9 +4Zu+10 + Zu+1 +
L8 L 4518 4 516 | 523 | o utl6 | 5 utl6 | Lutl8 | 5 u+13 +2214)'

Quo(B) = 224 + 213 42229 13222 1 3211 4 220 (3217 4+ 2215 4 4218 4 212),

We have Qy3(A) # Qq9(B), a contradiction.

Case3.1.24:t=8,x5=8.

Q24(A) = 3gU+18 o utb | Jutl3 | g utd | goutl2 | 21 5,12 4 3,10 _ (22u+8 4 z4¥19 | 524 | S04 | S18 o ut9 | utl
4Z”+10).

Qu1(B) =22%° + 3214 4 230 4 222 1 719 £ 2520 4 0711 _ (521 4 716 4 3515 4 0518 4 517 4 512,

We have Qr4(A) # Q41(B), a contradiction.

Case3.1.25:t>9,x5>9

Q25(A) _ 22u+14 +22u+6 +Zu+13 +3Zu+5 +4Zu+12 +ZM+10 +3zu+19 +22u+17 +2223 +2215 +3ZIO +2212 +4221 _ (ZM+20 +
4718 4 37449 4 gu+10 L Jutl | o utl6 | o ut8 | 5,25 L 19 | ;20 +22u+15).

Qu(B) = 2226 42221 + 215 4 231 1 213 4 2211 1 2219 4 2220 _ (4217 4 2216 4 712),

We have Qy5(A) # Qq2(B), a contradiction.

Case3.1.3:5=6.

Q26(A) = 21 | gpt+ut9 | g utl5 | g 0415 | Jtrutl | 3,18 | g utld | o ut7 | o 47 | o 417 | o utl7 | 3 b5 | 3 ut5
4Zt+u+ll + 3Zt+13 + 6le + 2219 + 229 _ (Zt+9 + ZLH—9 + 2215 + Zt+l + 2Z7 + 2Zt+u+5 + 3Zt+11 + 3Zu+11 + Z1/l+1 + 2Z17 + 222 +
Zt+u+10 +221&4—16 +22u+16 +Zl6 +Zt+u+4 +221,‘+1O +2Zu+10 +2sz+18 +22u+18 +22t+8 +22u+8 +421,‘+u+12 +4Zl4).

Q43(B) _ Zx3+17+zx3+11 +ZX4+17+ZX4+11 +Zx5+17 +Zx5+11 +Z19 +Z10 +ZX3+X4+12 +Zx3+x4+6 +Zx3+x5+12 +Zx3+x5+6 +
Zx3+l4+zx3+5+ZX4+x5+12+Zx4+x5+6+ZX4+l4+Zx4+5+Zx5+14+Zx5+4+Z12+Zx3+x4+13+sz+x4+7+zx3+x5+l3+sz+x5+7+
ZX3+15 + Zx3+6 + ZX4+x5+13 + Zx4+x5+7 + Zx4+15 + Zx4+6 + Zx5+15 + Zx5+6 + Z13 + Zx3+x4+x5+8 + Zx3+x4+x5+2 + Zx3+x4+10 +
Zx3+x4+1 + Zx3+xs+10 + ZX3+X5+1 + Zx3+8 + Zx3+4 + Zx4+X5+1O + ZX4+X5+1 + Zx4+8 + Zx4+4 + Zx5+8 + Zx5+4 + 2212 _ (Zx3+18 +
Zx3+10 + Zx4+18 + Zx4+10 + Zx5+18 + Zx5+10 + Zl7 + Z12 + +ZX3+X4+12 + Zx3+x4+5 + Zx3+x5+13 + Zx3+x5+5 + ZX3+12 + Zx3+7 +
ZX4+X5+13 + Zx4+x5+5 + Zx4+12 + Zx5+12 + Zx4+7 + Zx5+7 + 215 + sz+x3+x4+9 + ZX3+X4+6 + Zx3+x‘r,+14 + Zx3+x5+6 + ZX3+13 +
ZX3+8++ZX4+X5+14+ZX4+X5+6+ZX4+X5+14+ZX4+X5+6+ZX4+13+ZX4+8+ZX5+13+ZJ(5+8+Z)C5+9+ZX3+X4+X5+9+ZX3+X4+X5+1 +
ZX3+X4+8 + Zx3+x4+3 + ZX3+X5+8 + Zx3+x5+3 + Zx3+11 + Zx3+1 + ZX4+x5+8 + Zx4+x5+3 + Zx4+11 + Zx4+1 + Zx5+11 + Zx5+1).

Compare the Lr.p in Q4(A) and the Lr.p in Q43(B), we have x3 = x4 = 6.

Q44(B) _ 22x5+16 +Zx5+7 +Zx5+24 +ZX5+20 +ZX5+6 +ZX5+4 +Zx5+15 +2223 +220 +225 +Z21 +3ZlO +3212 +Z22 _ (2ZX5+11 +
ZZX5+9 + ZX5+14 + ZX5+21 + ZX5+10 + 2224 + Z26 + 2219 + 2218 + 2216 + Zx5+1).

Compare the L.r.p in Q4(A) and the Lr.p in Q44(B), wehavet=6ort=7ort=8orf>9.

Case3.13.1:t=6.

A=6(4,4,6,6,6,u), Ais x-unique by Lemma 14.

Case3.132:t=7,x5="7.

Qo7 (A) = 222 324415 1 374413 | 14 | potid7 4 9724 4 48 4 U7 4 3711 4 32145 4 074+ 18 | 0220 1 259 4 2713 — (4214 4+
2215 1 07119 4 49 4 7012 L 3putll | ikl | opukl0 4 9,23 9,05 | 517y
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Qu5(B) = 4223 + 214 + 281 4 227 4 3210 4 225 _ (3210 4 228 4 2724 4 226 4+ 2719 4 218),

We have Qy7(A) # Qu5(B), a contradiction.

Case3.1.3.3:t=8,x5=8.

QZS(A) _ Z25 + 3Zu+15 +Zu+13 +215 +2Zu+7 +2Z21 +4zll +42u+l7 + 6213 +3zu+5 +4Zu+19 +229 _ (3zu+18 +2Zu+20 +
22u+10 +22u+8 +3Zu+11 +Zu+l +4Zl4 +2224 +22u+16 +Zl7 +ZZ6 +ZZZ)'

Que(B) = 28 + 2% + 214 1 4212 4 3210 4 220 _ (229 4 219 4 218 4 2518),

We have Qrg(A) # Qu6(B), a contradiction.

Case3.1.34:t>9,x5>09.

Qog(A) = 3224 + 324415 4 3z1+13 | 0+ 4 0417 | 35ut5 4 016 4 Zut10 4 9526 | 471420 4 522 4 979 4 3213 4 471
(Zu+9 4+ 341 putl  utl9 | ooutl6 | 5 utl0 | o ut8 | o ut2l | o u+ld | 14 4 20 4 5,25 L 5,27 +2217).

Qu7(B) =32%° + 233 1229 4 215 4 213 1 3212 4 223 4 220 4 521 1 3710 _ (5518 4 530 4 526 4 ;24 4 719 4 2716)),

We have Qy9(A) # Q47(B), a contradiction.

Case3.14:5=7.

QBO(A) _ Z23 +3Zt+u+9 +3Zu+16 +3Zt+16 +Zt+u+1 +215 +4Zu+14 +2Zt+19 +22u+19 +3Zt+5 +3zu+5 +4Zt+u+12 +Zt+u+10 +
2Zt+u+7 +4Zt+14 + 6212 +2Zl4 + 229 +2221 _ (Zt+9 +Zu+9 +2Z16 +Zt+1 +228 +22t+u+8 +Zu+15 + Zt+15 +2Zt+u+5 +4Zt+12 +
44412 L outl | 919 +ZZ4 4217 utl7 18 Sbtutd | o t420 | 1T Sutdl |y o ut20 g trutl3 +4215).

Compare the L.r.p in Q39(A) and the Lr.p in Q43(B), wehavet=7ort=8ort>9.

Case3.14.1:t=7.

A=6(4,4,7,7,7,u), Ais x-unique by Lemma 14.

Case3.14.2:

Q31(A) _ 223 +3zu+16 +3Zt+16 + Zt+u+1 +215 +4Zu+14 + 22t+19 +22u+19 +3Zt+5 +3Z”+5 +4Zt+u+12 + Zt+u+10 + Zt+u+7 +
4Zt+14 + 6212 + 2Zl4 + 229 _ (Zt+9 + Zu+9 + Zl6 + Zt+1 + 228 + 22t+u+8 + Zu+15 + Zt+15 + Zt+u+5 +421,‘+12 + 4Zu+12 + Zu+1 +
724 | 17 Sutl7 | 18 | o 4420 | 1T Sutl] 5 ut20 | o trutl3 3215).

Q48(B) _ 2Zx5+17 +sz5+19 +32x5+14 +Zx5+5 +Z9(5+6 +Zx5+22 +ZX5+26 +22x5+8 +ZX5+4 +3224 +ZZ7 +ZZO +222 +3zl3 +
2211 4 210 _ (g¥+18 | 3515 4 px5423 | oxst10 | p¥s+7 | pasH12 4 9525 528 4 3,20 | g17 | 9ol | ¥ty

Compare the L.r.p in Q31(A) is 2z°. We have t = u = 8.

Q3(A) =722 + 6213 + 4277 + 210 1 223 4 214 4 6212 — (4220 + 2225 + 2219 4227 + 221 1 217 1 4220 4 3215 4 3718),
Compare the L.r.p in Q31 (B) is 219, We have x5 = 9.

Q33(A) =722 + 62'3 + 4277 + 210 + 223 1 214 1 6212 — (4220 + 2220 + 2219 + 22% + 221 4 217 1 4220 1 3215 4 3218),
Qu9(B) = 2226 + 228 13223 1 731 1 235 4 4713 1 522 L 0711 _ (3224 4 232 4 219 4 216 1 221 4 2225 4 2220 4 D514,

We have Q33(A) # Q49(B), a contradiction.

Case3.14.3:t>9,x5>09.

Q34(A) = 3z4+16 +3Zu+14 +3Zu+5 +3214+19 +Zu+10 +4Zu+21 +2225 +2223 +4Zl4 + 2228 + 6212 +ZZ9 _ (Zu+9 +Zu+15 +
4z 12 4 gkl g 17 ol g puk20 | 0ouk22 4 017 | 4518 4 0524 4 510 4 421 | 526 4 520 | 9229 ) 3,15y

Qs50(B) =222 +21% + 281 4+ 285 4 227 4 4213 4 222 4 227 4 222 — (252 4+ 219 4 210 4 221 1 2275 4 2220 4 2717 1 2714),

We have Q34(A) # Qs0(B), a contradiction.

Case3.1.5:5=8.

Q35(A) _ Z25 + Zt+u+9 + Zt+l7 + Zu+17 + Zt+u+1 + 4Zu+l5 + Zt+9 + Zu+9 + 22t+21 + 22u+21 + 32t+5 + 3Zu+5 + Zu+11 +
4Zt+u+13 +2Zt+u+11 +2Zt+u+7 +Zt+11 + Zt+19 +4Zt+15 +Zu+19 +2215 + 6213 +2223 _ (217 +Zt+17 + Zu+17 +Zt+1 + 22t+u+9 +
22t+u+5+4zt+13+4zu+13+Zu+1 +2221 +226+Zt+u+10+22t+8+22u+8+z20+Zt+”+4+22t+12+22u+12+22t+22+22”+22+
D +8 L o U8 | g trutld +4zl6)‘

Wehavet=8ort>9.

Case 3.1.5.1:t=8.

A=6(4,48,8,8u), Ais x-unique by Lemma 14.

Case3.1.5.2:t>9.

Q36(A) — Zu+18 + Zu+17 +Zu+10 +4Z”+15 +Zu+9 + 22u+21 + 3Zu+5 +Z”+11 +4214-¢-22 +2214-%—20 +Zzu+16 +225 +218 +2230 +
3214 + 220 4 528 | 4Z24 + 2215 + 6213 42223 _ (4Zu+18 4+ o Ut14 | goutl3 Zu+1 4+ o UH12 o ut22 | o ut8 | utl9
471423 4 3717 1 g#H18 4 4522 4 4721 1 0727 4 2731 4 4716 1 710,

Consider the L.r.p in A) is —z1%. We have x3 = 9.

35 3
QSl(B) _ Z26 +Zx4+15 +Zx4+16 +Zx5+21 +Zx5+15 +ZZ3 +Zl4 +Zx4+x5+6 +Zx4+5 +Zx5+5 +Zx4+22 +ZZ4+ZX5+16 +Zx4+6 +
Zx5+6 + Zx4+x5+17 + ZX4+x5+21 + Zx4+19 + Zx5+19 + 2213 + ZX4+4 + Zx5+4 + Zl9 + Z12 + ZlO _ (Zx5+18 + Zx4+18 + Zl9 + Zx4+12 +
X4+7 + ZX5+12 + ZX5+7 + ZX4+23 + ZX5+23 + ZX4+13 + ZX5+13 + ZX4+X5+18 + ZX4+11 + ZXS+17 + ZX5+11 + ZX4+X5+3 + ZX4+1 +

x5+1 + Z15 + 217)'

z
z
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Consider the L.r.p in Q3¢(B) is 210, We have x4 = 9.

Q37(A) = LH18 | utl7 | utl0 g utl5 | Sut9 o ut2l o gouts | jutll g ut22  out20 o utle y 25 18 L 5,30
214 4220 40724 1 3713 | 723 (gpuH18 4 pukld | gput13 y pudl | ppu12 | pus22 L o8 | putld | gpue23 | 917 | 922
2721 42731 4+ 2716).

QSZ(B) = p¥s+16 | ox5+15 | ox5426 4 x5+30 | ox5+19 | ox5421 4 ox5+6 4 ox5+5 | ox5+4 526 12 (ZxS+27 4+ %523 |
Z¥5+18 | Sx5+17 4 Sx5+13 | o x5 +12 | Sxs5+11 | X547 | Sxs+] 32 +220)'

Consider the L.r.p in Q37(B) is z12. We have x5 =11 u > 9.

Q53(B) = 2220 + 210 1 217 4 257 4 741 4 230 4 715 4 731 _ (2223 4 229 4 234 4 718 4 238 1 528 4 222 4 720 524,

We have Q37(A) # Qs3(B), a contradiction.

Case 3.1.6:5>09.

Q38(A) — Z27 +Zt+u+9 +22u+18 +2Zt+18 +Zt+u+1 +Z19 +4zu+16 +22t+10 +22u+10 +22t+23 +22u+23 +3Zt+5 +3Z”+5 +
Zu+11 + 4Zt+u+14 + 22t+u+12 + 22t+u+7 + Zt+11 + Zt+21 + 471416 4 Zu+21 + 2216 + 6214 + 2225 _ (Zt+9 + Zu+9 + 2218 + Zt+19 +
Zu+19 +Zt+l +22t+u+10+2210 +22t+u+5+4zt+14 +4Zu+14+zu+1 +22,23 +228+Zt+u+10+22t+19 +22u+19 +222 +Zt+u+4 +
22t+13 + zzu+13 +22t+24 +zzu+24 +2Zt+8 + 22u+8 +4zt+u+15 +4Zl7).

Consider the L.r.p in Q3g(A) is 2z°. We have x3 = x4 = 5.

Q54(B) = 2522 35%5+17 o Sxs+11 | w5418 | 17 4 3,19 4 3,10 4 Sx5+14 4 X545 523 | ooxs5+12 | 3,20 4 3,11 4 325415
32%5%6 4 p¥5+22 4 p¥s+d 13, S12 (9523 | 3515 4 3ox5+10 4 0517 | 912 ) p¥s+I2 a5t | 524 | 0oXs+19 eIl 018
Z18 [ 0 x5+13 | 9,6 4 x5+l 16, 15 217).

Since 9 < t < u, the the L.r.p in Qs4(B) is—2z° but not in Q35(A).

We have Q35(A) # Qs4(B), a contradiction.

If x3=x4 =9.

We have Q33(A) # Qs4(B), a contradiction.

Case 3.2: x4+ 7.

We know that x4 > 7. Hence x1 + x = 8 implies that x1 = xp = 4.

Q39(A) - Z2s+9 +Zt+u+9 +329 +ZZS+”+9 +225+t+9 +Zt+u+1 +Z25+l +Zzs+t+l +zzs+u+1 +222s+t+5 +2Z25+u+5 +3Zt+5 +
3Zu+5 + 4Zs+t+u+5 + Z2s+t+u+1 + zzs+t+u+3 + 22t+u+7 + ZiE+11 T ZZs+t+3 + 4Zs+t+7 + Zu+11 + Z25+u+3 + 4Zs+u+7 + Zzs+7 +

6Zs+5 + 2225+7 _ (Zt+9 + Zu+9 + 225+9 + ZZs+t+l + ZZs+u+1 + Zt+1 + Zzs+t+u+1 + 225+1 + Z6 + 22t+u+5 + 4Zs+t+5 + 4Zs+u+5 +

Zu+1 +2225+5+ZZS+10 +Zt+u+10 +le +2Zs+t+10 +zzs+u+10+225+4 +Zt+u+4 +zzs+u+4 +2Zs+t+4+zz2s+t+6+2225+u+6 +

22t+8 +2Zu+8 +4Zs+t+u+6+4zs+8)
Q55(B) — ZX3+X4+X5+8 +Zx3+x6+9 +ZX3+10 + ZX4+JC6+9 +Zx4+10 + Zx5+x6+9 +Zx5+10 + Zx6+11 +Z9 +22x3+X4+x(,+5
22x3+X4+6+ZZX3+xS+x6+5+22x3+X5+6+22x3+x6+7+22x3+5+2ZX4+x5+x6+5+ZZX4+X5+6+22x4+x6+7+22x4+5+ZZX5+x6+7

+
+
27X5+5 | D%6t5 | 0,8 | SXx3tXgNsHNe+] | SX3FXgHN5H2 | oN3HX4FNHD | oXatag+] | oX3HX5+X+D | oX3+as+]l | oxztxetl
ZX3 T4 | oXatxs+XH3 | oxatxs+l | oxgtXe+tl | oxgHd | oXsHXeHl x5+ oXe+5 (ZJC3+X4+X5+ 4+ ZX3+xe+10 | ox3+9 |
a6 +10 4 x4 9 | Sx5+x6+10 4 X549 4 X694 11 | X3 +XgH+XeHD | X3 X+ X6 O | 9 X3+ X4 D | 9 X3 N5 HX6+6 | 9 X3+ X5 5
Dy X3+X6+5 | 0 X347 | D Xyt X5+ Xe+6 | 0 Xa+X5+5 | 0 XaHXe+5 | 0 X5+ X6+5 | 0o XatT | 0 X5H+T | XeH+T | SX6+8 | SX3+Xgtas+] |
Zx3+x4+x(,+1 +Zx3+x4+3+zx3+x5+x6+l +ZX3+X5+3+ZX3+X6+4+ZJC3+1 +Zx4+x5+x6+1 +Zx4+x5+3_sz4+x6+4+zx4+l +Zx5+x(,+4+
Z¥5+l 4 SXe+1 +25).

Compare the L.r.p in Q39(A) and the Lr.p in the Qs5(B). Wehaves=4ort=4or u = 4.

Case321:5=4

A=6(4,4,44,tu), Ais x-unique by Lemma 15.

Case3.2.2:t=4.

We know that s = 4.

A=6(4,4444,u), Ais x-unique by Lemma 9.

Case3.2.3:u=4.

We know thats =1t =4.

A=6(4,4,4,4,4,4), Ais x-unique by Theorem 1.

4. Conclusion

Many researchers have studied the chromaticity of k-bridge graphs. A 2-bridge graph is essentially a
x-unique cycle graph. The theta graph, represented as 6(1,y1,y2), serves as an example of a 3-bridge graph.
Chao and Whitehead [1] demonstrated that each such theta graph is x-unique. Extending this result, Loerinc
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[2] showed that all 3-bridge graphs are x-unique. The chromaticity of 4-bridge graphs was addressed by Chen
etal. [3] and Xu et al. [4]. The chromaticity of 5-bridge graphs has been the subject of investigation in several

studies [5-8]. The chromaticity of the 6-bridge graph has been explored by various researchers [11-19]. In this
paper, we extend the existing research on the chromaticity of 6-bridge graphs by investigating the chromaticity
of a specific 6-bridge graph, denoted as 6(r,7,s,s,t,u), where2<r<s<t<u.
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