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Abstract: A graph G is said to be super edge-magic if there exists a bijective function f : V(G)UE (G) —
{1,2,...,[V(G)|+|E (G)|} such that f (V(G)) = {L1,2,...,|V(G)|} and f (u) + f (v) + f (uv) is a constant for
each uv € E (G). In this paper, we study the super edge-magicness of graphs of order n with degree sequence
s:4,2,2,...,2. We also investigate the super edge-magic properties of certain families of graphs. This leads
us to propose some open problems.
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1. Introduction

nly graphs without loops or multiple edges will be considered in this paper. Undefined graph
O theoretical notation and terminology can be found in [1] or [2]. The vertex set of a graph G is denoted
by V (G), while the edge set of G is denoted by E (G).

Motivated by the notion of magic valuation of graphs introduced by Kotzig and Rosa [3], Enomoto, Llads,
Nakamigawa, and Ringel [4] introduced the concept of super edge-magic graphs. A graph G is said to be
super edge-magic if there exists a bijective function f : V(G)UE(G) - {1,2,...,|V(G)|+]|E (G)|} such that
f(V(G)) ={1,2,...,[V(G)|} and f (u) + f (v) + f (uv) is a constant (called the valence val (f) of f) for each
uv € E (G). Such a function is called a super edge-magic labeling.

The following lemma found in [5] is a very useful characterization of super edge-magic graphs.

Lemma 1. A graph G is super edge-magic if and only if there exists a bijective function f : V (G) - {1,2,...,|V(G)|}
such that the set

S={f(u)+f(v): uveE(G)}

consists of |E (G)| consecutive integers. In such a case, f extends to a super edge-magic labeling of G with valence
k=|V(G)|+|E(G)|+s, where s =min (S) and

S={k=(IV(G)+1),k=(IV(GC)|+2),....k=(IV(G)|+|E(G)])}-

It is worth to mention that Acharya and Hegde [6] introduced the concept of strongly indexable graph that
turns out to be equivalent to the concept of super edge-magic graph (see [7]). The study of super edge-magic
labelings of graphs has proven to be crucial in the last two decades, since many relations with other types of
labelings have been found (see [5]), and relations with other concepts such as Skolem and Langford sequences
(see [8]), and dual shuffle primes and Jacobsthal sequences (see [9] and [10]).
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For a thorough study of graph labeling problems, see the extensive survey by Gallian [11]. For more
information on super edge-magic graphs and related topics, see the books by Baca and Miller [12], Chartrand,
Egan, and Zhang [13], L6pez and Muntaner-Batle [14], and Marr and Wallis [15].

One of the main goals of this paper is to study the super edge-magic properties of graphs of order n with
degree sequence s : 4,2,2,...,2. In particular, we would like to stress the family of graphs that we define next
that will be a point of study in the subsequent pages of this paper. For integers m > 3 and n > 3, let C(m, n)
denote the graph consisting of two cycles C,, and C,, of orders m and n in such a way that the two cycles share
exactly one vertex in common. Observe that this family of graphs is the simplest case of the family of graphs
for which all blocks are cycles. In fact, another goal for this paper is to spread around the interest about the
super edge-magic properties of graphs of this type.

Next, we proceed with the following lemma found in [5] that will be useful to obtain certain results in
this paper. For this purpose, the degree of a vertex v is denoted by deg(v) or simply by deg(v) if the graph
G under discussion is clear.

Lemma 2. Let G be a graph such that deg(v) is even for all v € V (G) and |E (G)| =2 (mod 4). Then G is not super
edge-magic.

2. Main results

We are now ready to state and prove our first result.
Theorem 3. Let G be a graph of even order n > 6 with degree sequence s : 4,2,2,...,2. Then G is not super edge-magic.

Proof. Consider such a graph G with a super edge-magic labeling f. Then

EC)l= ) deg(v):w =n+1.
veV(G) 2
Thus, the valence val (f) of f can be computed as follows:
Val(f) _ 22;;1 l+2123;+111+26¥ _ ?=1i+zlz=nl+1i+20( ) 5n2+77’l+ (2+4DC)
n+1 n+1 2(n+1) ’

where « € [1,1]. We next examine for which values of « € [1,1], 4a is a multiple of 2 (n + 1) or, equivalently,
2u is a multiple of n + 1. Observe that if « € [1,1/2], then we have 2a < n < n+1. On the other hand, if
a € [n/2+1,n], then we have

n+l<n+2<20<2n<2n+1.

Consequently, in either case, 2a cannot be a multiple of n + 1. Now,
2 5n
5nc+7n+(2+4a)=2(n+1) (7+1 +4a

so that

2
val () = 5n°+7n+ (2 +4a) :(51+1)+ 20

2(n+1) 2 n+1

Note that 51/2 + 1 is a positive integer, since 7 is an even integer n > 6. However, since 2« is not a multiple of
n+1, it follows from the last equation that val (f) is not a positive integer, which is impossible. O

Observe that the preceding result excludes many graphs from being super edge-magic. In particular, we
immediately obtain the following corollary.

Corollary 4. For every two integers m > 3 and n > 3, the graph C (m, n) is not super edge-magic when m +n is odd.

At this point, a question raises naturally as the next problem indicates.
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Problem 5. What can be said about the super edge-magicness of graphs of odd order n > 5 with degree
sequences:4,2,2,...,2?

A partial solution to Problem 5 comes directly from Lemma 2. It is clear that a graph of odd order n with
degree sequence s : 4,2,2,...,2 has even size. If the size is not only even, but also not divisible by 4, then it
meets the hypothesis of Lemma 2, and hence it is not super edge-magic. Then Problem 5 becomes as follows.

Problem 6. Let G be a graph of odd order n > 7 with |[E (G)| = 0 (mod 4) and degree sequence s :4,2,2,...,2.
What can be said about the super edge-magicness of G?

We know so far that the family of graphs C (m, n) cannot be super edge-magic except possibly in the case
when m +n =0 (mod 4). This leads to propose the following problem.

Problem 7. What can be said about the super edge-magicness of C (m.n) when m +n =0 (mod 4)?

An exhaustive computer search shows that C (3,5) is not super edge-magic but is this true in general? It
is especially interesting to know whether C (3, 4k - 3) is super edge-magic for integers k > 3.

3. Conclusions

We have established the super edge-magicness of the family of graphs C (m,n) when m + n is odd (see
Corollary 4), and different problems have emerged out of this study. In particular, we want to highlight the
following problem.

Problem 8. What can be said about the super edge-magicness of graphs that consist of blocks, which are all
isomorphic to a cycle?

We formulate the preceding problem in the most general sense possible, that is, the following concepts
were introduced in [16]. Let G be a graph of order p, size g and let Sg denote the set

S { ZueV(G) deg(”)g(u) + Zf}:;_,_l i
G=

p : the function ¢: V(G) - [1,p] is bijective}.

If [min Sg | < [max Sg |, then the super edge-magic interval of G is the set
Ig = [[minSg], |[max Sg|] NN,
where N denotes the set of natural numbers. The super edge-magic set of G is
oG = {k € I : there exists a super edge-magic labeling of G with valence k }.

Lopez et al. called a graph G perfect super edge-magic if I = 0.

Hence, we would like to encourage researchers to study which graphs, if any, in this family are perfect
super edge-magic. It is worth to mention to finish this paper that similar ideas to the ones of perfect super
edge-magic graphs had already appeared in some other works. The interested reader may consult the results
in [16] and [17].
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