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Abstract: There are three different kinds of topological indices: spectrum-based, degree-based, and
distance-based. We presented the K-swapped network for f-regular graphs in this study. We also
computed various degree-based topological indices of the K-swapped network for t-regular graphs, eye,
and n-dimensional twisted cube network. The metrics used to analyze the abstract structural characteristics
of networks are called topological indices. We also calculate each of the aforementioned networks
M-polynomials. A graph can be used to depict an interconnection network’s structure. The processing nodes
in the network are represented by vertices, while the links connecting the processor nodes are represented
by edges. We can quickly determine the diameter and degree between the nodes based on the graph’s
topology. A key component of graph theory are graph invariants, which identify the structural characteristics
of networks and graphs. Furthermore described by graph invariants are computer, social, and internet
networks.
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1. Introduction

nterconnection networks are very important in computer networking and useful for the transformation
m between the computer and processor. In last few years, many researchers designed the new
interconnection networks. In parallel processsing system, interconnection networks plays an important
role to increase the performance of computers. In graph theory, interconnection network can be expressed by
a graph. In this expression, processor represented by vertex and connection between the units represented by
an edge. From the topology of a network, we can easily determine certain properties. The number of links
(edges) connected to a node known as the degree of that node (vertex). If the degree is same for all nodes in a
network, then network is called regular network [1]. The degree of a vertex is represented by {dy|v € V (R)} of
a graph R. The sum of the neighborhood degree of a vertex v € R is the sum of degrees of all adjacent vertices

of a vertex v and it is denoted by S,

In graph theory and the characterization of the structural characteristics of graphs and networks, graph
invariants are crucial. The chemical structure of molecules, the internet, chemical reactions, computers, and
social networks are all described in this. Topological indices are these indices that we employ to investigate
the abstract structural features of networks. There are three types of topological indices: degree-based [2],
distance-based [3,4], and spectrum-based topological indices [5,6].

Open |]. Discret. Appl. Math. 2024, 7(1), 21-38; doi:10.30538 / psrp-easl2024.0096 https:/ /pisrt.org/psr-press/journals/odam


https://pisrt.org/psr-press/journals/odam/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/odam

Open |. Discret. Appl. Math. 2024, 7(1), 21-38 22

The first degree-based topological index was put forward in 1975 by Milan Randi¢, [7]. It is define as

11

RIX (N) = Z (dudv)lx , = _]-/_E/ E/

uveE(R)

1. 1)

Later, this index was generalized for any real number &, and known as the generalized Randi¢ index, [8] and
its mathematical expression is

1
RR,(\)= Y ——. @)
uveE(R) (dudv)
Gutman and Trinajstic, introduced the first Zagreb index in [9], mathematically can be written as
Mi(®)= 3 do= 3 (du+do). ©
veE(R) uveE(R)
The general sum-connectivity index [10], defined as
SCI)= Y @
uveE(R) dy +dy
Vukicevic et al. [11], introduced the geometric arithmetic index and expressed as
2y
GA(R)= Y dutto (5)
uveE(R) dy +dy
The 5 geometric arithmetic index was introduced by Graovac et al. [12], its formulation is
GAs(x) = Y 2oude, ©)
uveE(R) Su+So

There are many other types of degree based topological indices like, general Randi¢ index, general sum
connectivity index, second Zagreb index, third Zagreb index, first multiple Zagreb index, second multiple
Zagreb index, hyper Zagreb index, augmented Zagreb index, harmonic index, reduced second Zagreb index,
reduced reciprocal Randi¢ index, modified Zagreb index, symmetric division index and inverse sum index,
briefly defined in [13].

The M-polynomial was introduced by Deutsch and Klavzar [14] in 2015. It functions similarly to the
Hosoya polynomial [15] in determining the closed form of numerous degree-based topological indices. For
more detail on the recent study of topological indices and their applications see [16-24]. This motivates us
to study M-polynomial of some graph operations and some interconnection networks. Recently, the study of
M-polynomial are reported in [25-33].

The M-polynomial can be defines as

M (%;x,y) =Y m;; (R)x'y/, @)

i<j

where m; ; (R) is the number of edges of graph & such that i < j. where

a x 7 a
DX:xaii/ Sx:A f(ZZ y)dzl Qu:xf(x/y)/
e)
Dy :xa]yt, Sy = /Oy @dz J=f(xx). (8)

2. K-Swapped networks

Wenjun et. al [34] introduced the new family of communication architectures called “biswapped
networks”. Given any n-node basis network &, the associated biswapped network Bsw(R) is built of 21 copies
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Table 1. M-Polynomials

Topological index Derivation from M(I';x,y)
First Zagreb (Dx +Dy) (M(%;x,))
Second Zagreb (D«Dy) (M (®;x,))
Second modified Zagreb (SxSy) (M (®;x,y))
General Randi¢ (D;’C‘ Dy ) (M (%;x,y))
General inverse Randié¢ (S§S§ (M(®;x,y))
Symmetric division index | (DxSy + DySx) (M (®;x,Y))
Harmonic index 25 J (M (%;x,y))
Inverse sum index SxJDxDy, (M (%;x,Y))
Augmented Zagreb S?CQ_sz,BCDg (M(%;x,))
000 001 002 010 011 012 020 021 022

200 201 202 210 211 212 220 221 222

Figure 1. 3-swapped network of C3

of ®. We generalized this biswapped network to K-swapped network for t regular graphs. For a base graph g,
the K-swapped interconnection networks (Ksw (X)) are the graphs with vertex set and edge set defined as

V (Ksw(Re)) ={<i,p,g><j,p,g>IpgeV(n),
i=0,1,2,...k & j=1,2,..,k withizj}. ©9)

E(Ksw(®))={(<i,p,81><i,p,8>),(<j,p.81><jp.8 >),
1(81,82) € E(R),peV(R),i=0,1,2,..,k & j=1,2,..kwithi=j}. (10)
2
The size and degree of K-swapped networks are w
base graphs.

, t + K -1 respectively, where t is the regularity of

In this section, we study some topological properties of K-swapped networks of t-regular graphs.
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2.1. Results for K-swapped networks (Ksw(X;))

Theorem 1. Let I be the K-swapped network of t-reqular graphs, then Randi¢, general and reduced reciprocal Randié
indices are

K 2
1: Ry (r) _ Tnd2a+1-

Kn?

2: RRIX (r) = W

2
3: RRR(F):KTnd(d—l).

Proof. K-swapped network has degree, d = t + K- 1 and size dKZ”Z, putting degree, d and number of edges in

“Equation (1) and (2)”,

2 d (Kn? 2
1. R, (1_,) _ dKn (d y d)lx. _ ( n )dZa _ Kid21x+l.
2 2 2
2 2 2
2: RR,(T)= dKn dKn Kn

Z(dxd)’x = 242« = Zdex—l‘

The reduced reciprocal Randié¢ index defined and used to get the result for Ksw(x;) below,

3: RRR(M) = Y /(du-1)(dy-1 :%:%’ﬂdw-n.

uveE(T)
O
Theorem 2. Let I be the K-swapped network of t-reqular graphs, then family of Zagreb indices are
1: M (T) = Kn?d?.
243
2. My(T)- K’”‘zd .
3: MzI)=0.
Kild
4: PM(T)=(2d) 7 .
2
5: PM, (L) =d<"".
2(T) a1
Kn?d’
6: AZI(T)= ———.
2(d?-2)
2
7: RM,(T) = KTnd(d—l)Z.
Kn?
. om -
8: "M, (T)= o

9: HM(T) = 2Kn?d°.
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Proof. As we already computed the degree, d = t + K—1 and size dK” of K-swapped network, using these

parameters in the formulation of different Zagreb indices, after some 51mplification get the results as defined
below,

MM Y e - B @) - Ko 1) - e
uveE(T)
dK Kn*d®
20 My[T)= Y (dudo) = 5 (dxd) = ”2 .
uveE(T)
dKn
30 My(D)= Y (du—dy) = (d-d)=0.
uveE(T)
2
40 PMy(D)= ] (du+do)= ] (d+d)=(2d)F
uveE(T) uveE(T)

2
5: PMp(I)= [] (dudv)zdzxdzx...x(dKn)sznzd'
uveE(T) 2

3 2 2 \3 217
6: AZI(F): Z ( dudv ) :dKTl ( d ) _ Kn*d

uveE(T) dydy -2 2 d2 -2 _2(d2—2)3.
7: RMy(T)= (du—1)(dz,—1)_dK” (d-1)(d- 1)_dK” (d-1)%.
uveE(T)
dKn®?  Kn?
8: "My(T)= ¥ Janm A
ol duds 242 2d
9: HM@)= Y (dy+dy)? _dK” (d+d)? _‘”(T”(zd)zzzmzd?

uveE(T)
O

Theorem 3. Let T be the K-swapped network of t-regular graphs, then sum connectivity and general sum connectivity
indices are

Kn?d
2v2d
2: xa () =24 1Kn2q%+t,

1: SCI(T)=

Proof. Consider, we have a K-swapped network of t-regular graph, then by using degree and size of derived
network, making some calculations their indices are defined below:

1 dKn? 1 Kn2d
1: SCI(T)= = = )
uvezE(l“) Vdy +dy 2 \/2_d 2\/2_d

2:  xu([)= Z (dy +dv)oc — o120+l
uveE(T)
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Theorem 4. Let T be the K-swapped network of t-reqular graphs, then the geometric arithmetic, 5™ geometric arithmetic,
symmetric division and inverse sum indices are

2
1. ca(r)-

2
2: GA5(1"):dK2n .
3: SDI(T) = dKn?.

272
4 15(r):K”4d .

Proof. Consider, we have a K-swapped network of t-regular graphs, then by using degree and size parameters
in “Equation (5) and (6)”,

Kn? 2 (d)2 dKn?

2
2: GA5(r)=K2”2(d)2 (d)” _ dKn®

2d 2

dy+dy _dKn? (@) +(d)°

3: SDI(T)= Y = Kn?d.
uveE(T) dudy 2 (d)z
dyd dKn? d*>  Kn?d?
4:  IS()= Y == —= )
wolE(ry dutdo 2 2d 4

O

Following theorem define the M-polynomials of different K-swapped networks derived from t-regular,
different graphs.

Theorem 5. : Let I be the K-swapped network of t-reqular graphs, then M-polynomial is:
M(F;x,y):@xdyd.
Proof. As we know that
M(L;xy) = 3 myy (1) X'y,
i<j

where, m;; (') = |E (') | and i, j are the degree of adjacent vertices u, v respectively.

M(T;xy) = KT”Z (t+K-1)x!*K-1y1*K=1 and already computed parameter d = t+ K -1 then we have
M(T;x,y) = ity

This completed the proof of M-polynomials for different K-swapped networks derived from t-regular
graphs. O

Following theorem is about the subdivided M-polynomials for different topological indices like, family
of Zagreb indices and some from Randi¢ index.

Theorem 6. : Let I' be the K-swapped network of t-regular graphs, then different M-polynomials Table:1 for different
indices are:
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1: My (T;x,y) = d*Kn?xy~.
424
d*K"n 22

2: My (Gay) = —

3. mM(rx )_ zn Zd Zd

A4 K2 a
n x2dy2d '

4: Ry (F;x,y):( 1

2 4
5: RRy(Tix,y) - (K4n zdyZd) )

d?K2n*
6: SDI(T;x,y)= szdyz”l.
dK?n*
7: H(T;x,y) = —5 32,
54,8
8: IS(T;x,y) = dIandey?’d.
A4 T2 o o
9: AZI(T;x,y) = Txu 2104,

(12)

Proof. Consider, we have K-swapped networks of t-regular graphs, using “Equation (8)", in which computed

different differential formulas with same d = K + t — 1 like,

d2Kn? d dKn?x2
Dy =Dy = 5 (xy)*, J= —
Kn? (xy)” dKn® 45 4
Sx = Sy = ) s Q—2 = 2 x y.

then we have the following M-polynomials of Table:1

d*Kn? d?Kn?
1: M (Txy)= ( (xy ) T (xy)d) = denzxdyd

d?Kn? d2 d4K n 2,24

20 Moy = TR (ot K ey -




Open |. Discret. Appl. Math. 2024, 7(1), 21-38 28

o1 100 11 100
o1 1m 111
o1 111 111411
01110 11110
o1 010 11010
onom 1momm
01001 11001
01 000 11 00O
00 100 y 10100
oo1m 10101
oo 10111
oo 110 10110
00010 10010
oo o 1001
00 oM 100M
00000 10 000
Figure 2. 5-dimensional twisted cube
d d
2 2 4
d2Kn? i a d2Kn2 P « 224,24 g4 g 2,4 a
4:  Re(Dxy)= (xy) Tyt o)
2 2 4
d\* d\® d\2 w
5o R (Tx,y) - KO0\ (@K )\ (K o)\ (K g 00"
2 2 2 4
ZK 2 dK 2 d K 2 d 2K ) d
6: SDI(T;x,y)= d"Kn” (xy)” Kn” (xy) n n” (xy)” d°Kn” (xy) ‘
2 2 2 2
2d 2d
_ d2K%n* (xy) . d2K%n* (xy) _ d2K%n* 24, 2
4 4 2 ’
Kn? (xy) dKn®x®  dK?n* 55 54
7: H(T; =2 - )
( Ixry) 2 2 2 X
AKn? d K224 2K 12 2K n2 5 k44,8
8 IS(Tmy) = UL KT O (o R eyt = ST 0
2 2 2 16
3 3 3
Kn2 d 22444302, d 2K 12 d 212 d
9: AZI(T;x,y) = (d n z(xy) ) (d ”4x Y ) d nz(xy) d nz(xy) .

14711,,22
_d7K''n 124-2, 104
T T ot y -

3. n-dimensional twisted cube

The n-dimensional twisted cube [35], is a variant of n-dimensional hypercube cube. It is represented by TQj
with n = 2k + 1. The size, order and degree of n-dimensional twisted cube are 72"~! , 2" and 1 respectively.
To make a twisted cube, we delete some edges from the graph and add some edges in such a way that total
number of edges conserved.

Suppose that 7 is an odd integer with condition # > 3. We can divide vertices of TQ, into four sets L7,
Lo, LY0, LV where L consists of those vertices u with u,,_1 = i, u,_» = jand (i,) € {(0,0),(0,1),(1,0),(1,1)}
and edge set of twisted cube we can define as: vertex u,_1u,_ty_3, ..., Uity with P,_3 (u) = 0 is connected to
Uy Uy_oUp_3Up_g...u1tg and d,_qUy_oUy_3Uy_g.. U UQ; Upy_10y_2Uy_3Uy_g...u U and i, _1Uy_oU,_3U;,_g...u U if
Pn_3 (Ll) =1.
Figure: 2 is drawn for a clearer view of the vertex set of 5-dimensional twisted cube.
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This section is about topological indices and M-polynomials of n-dimensional twisted cube.

3.1. Results for n-dimensional twisted cube

Theorem 7. Let x be the n-dimensional twisted cube network, then Randi¢, general and reduced reciprocal Randi¢
indices are

1 . Rtx (X) — 2n—1n2a+l'
2: RRy(x)=2""1(n)"%.
3: RRR(x)=2"'n(n-1).

Proof. Aswe know that n-dimensional twisted cube network has degree 1 and size is n2"~!, after plugging all
the known parameters in to the formulas

1: R,X (X) _ Z (dudv)tx _ nzn—l (n x n)a — 2n—1n21x+1.

uveE(x)
1 1
2: RR,(x)-= — =n2"t = nlyl-2e,
"0 R @y ()"
3: RRR(Y)= > V(du-1)(do-1)=n2"/(n-1)(n-1)=n2""1\/(n-1)%
uveE(x)
=n2"t(n-1).
O
Theorem 8. Let x be the n-dimensional twisted cube network, then we have family of Zagreb index are
1: M (x)=2"n%
2: My(x)=2""1
3:  Ms(x)=0.
4: PM(x)=(n)" .
5: PM2 (X) :nZnn'
2\’ (13)
6: AZI(x)=2""n|——] .
-2 (25)
7: RM,(x)=2""n(n-1)>.
2n—1

8: ’nA42(X) = " .
9: HM((x)=2""n
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Proof. As we know that n-dimensional twisted cube network has degree n and size is n2"~!, then following
indices can be proven by putting parameters into formulas,

1: Mi(x)= Y (dutdo)=n2""1(n+n)=n2""1(2n)=2""(2n?) = 2"n?

uveE(x)
20 My(x)= Y. (dudo)=n2"""(nxn)=2""1n’
uveE(x)
3: Mz(x)= Y. (du-dy)=n2""(n-n)=0.
uveE(x)
40 PMy ()= J] (dutdo)=(nem)?® "=@m)2m.
uveE(x)
N2 oy
5: PMy(x)= [] (dudy)=(n®)" " =n"".
uveE(x)
dudy \? n? \’
6: AZI(x)= > (%) :nZ"_l().
weE ) dydy, -2 n2z-2

7: RMa(x)= Y (du-1)(dp-1)=n2"1(n-1)(n-1)=2""1n(n-1)>.

uveE(x)
1 nzn*’l 271*1
s M= ¥ -2 2
uveE(x) dudy nxn n
9: HM(x)= Z (du +dv)2 = n2"! (n+ n)2 = om+lys,
uveE(x)

O

Theorem 9. Let x be the n-dimensional twisted cube network, then sum connectivity and general sum connectivity
indices are

1: SCI(x)=2""3/n.
20 xa(x)= S

271—1+1Xn

Proof. As we know that ”n”-dimensional twisted cube network has degree n and size is 72"~! then the
following indices can be computed with the same manner,

1 SCI() = Y - 27t
uveE(x) Vv dy +dy V2n .

2: Xa (X) = Z (du + dv)“ = nzn_l (271)“ — 271—1+o¢n¢x+1.
uveE(x)

O

Theorem 10. Let x be the n-dimensional twisted cube network, then the geometric arithmetic, symmetric division and
inverse sum index are

1: GA(x)=2""'n.
2: GAs(x)=2""'n.
3: SDI(x)=2"n.
4:  IS(x)=2""2n%
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Proof. The n-dimensional twisted cube network has degree 1 and size is n2"!,

/ 2
1: GA(p= Y 2V dudy :n2"_1£:2"_1n.
woeE(x) dy +dy 2n
\/n2
2: GAs(x)= nz’sz—: = o1y,
2 2 2 2 2
3: SDI(Y)= Y du+dy n2 1 nz”*lzi2 =2,
uveE(x) dudy h n
dudy -1 n’ 2.2
4: IS = =n2" — =2"" e,
(x) uveEZ(X) dy+dy 2n

Theorem 11. : Let x be the n-dimensional twisted cube network, then M-polynomial is
M()(;x,y)=n2”‘1x”y”.

Proof. As we know that from the definition of M-polynomials M (x;x,y) = h(x,y) = Xicjmi; (x) x'yl, and
mii (x) =1E(x)| = 2"l where i,j are the degrees of adjacent vertices (u,v), both have same degree n. Hence
this prove that,

M(x;x,y) = n2”_1x”y”. (14)
O

Figure: 3 shows the graphical interpretation of equation (14), that is M-polynomial Table:1 of different
twisted cube networks.

Theorem 12. : Let x be the n-dimensional twisted cube network, then different M-polynomials are:

My (x;x,y) = 2" (xy)".
Ma () x,y) = 22" 2n* (xy)™".
"M (x;x,y) = 22772 (xy) "
RtX (X/ xly) _ 220{(71—1)”404 (xy)ZDm )
RRq (x;%,y) = 207D (xy)*". (15)
SDI(x;x,y) = 22"n? (xy)*".
H ()%, 1) = 22" Ly,
IS (3, y) = 2414513150,
(

O 0 N3 O U B~ W N

14211n712x12n72 10n

AZI(x;x,y) =n y

1

Proof. To get M-polynomials of different indices computed by ”n”-dimensional twisted cube, here are some
computed formulas necessary for the definition of M-polynomial

Dy =Dy = (xy)" 2" 'n?, J=n2""tx"
Sx = Sy = 2”71 (xy)'rl , Q_2 = nznilxnizyn.
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0.004 ¢
0.002%,

0,000
-p002]

10

1.0

Figure 3. M-Polynomials of “n”-dimensional twisted cube network

putting all these junctions into definition of M-polynomials, following are different required M-polynomials
for different indices,

1:

N

M; (x;x,y) = (Dx + Dy) M x,y) = (xy)" 2" 12 + (xy)" 2" 102,
=2"n? (xy)".
M, (x;%,y) = (DxDy) M(x; x,) = ((xy)" 2" 'n?) (xy)" 2" 'n?) .
— 22ﬂ—2n4 (xy)Zn .
"M (X%, y) = (SxSy) M(x:xy) = (2" (xy)") (27 (a)").-
- 2271—2 (xy)2n '
Re (xx,y) = (DED5 ) M(xx,y) = ((xy)" 27 n)" ()" 2" '?)"
_ 2204(71—1)”40( (xy)ZMl )
RRy (o x,y) = (SﬁS;) M(x;x,y) = (2"—1 (xy)n)oc (zn—l (xy)n)a _ p2a(n-1) (xy)ern.
SDI(x;x,y) = (DxSy + Dny) M(x;x,y) = ((xy)" 2”_1712) (2”_1 (xy)") +((xy)" 2"_1112) (2"_1 (xy)")
- 22nn2 (xy)2n .
HOux,y) =28 JM(x; x,y) = 2x 2" 1 (xy)" n2"~1a?" = 2211y,
IS (%, y) = SeJDxDyM(x; x,y) = 2" ()™ ()" 2 10? (ey)" 2 22 1a2,
(X% y) yM(xX;x, ) (xy)" (xy) (xy)
_ 24n—4n5y3nx5n_
AZI(x;%,y) = S3Q-2JDIDIM(x; X, )
n— n 3 n— n— n n— n nan— 3 nAan— 3
= (2" (ay)")” (m2" T 2y") (n2 ) ()" 2 ) ()" 2" )

_ n14211n—12x12n—2y10n .

O

Further section is about very famous eye networks in computer networking. In this section basics, indices and
some M-polynomials are discussed for eye network.
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(2.6)

Figure 4. Eye(2)

4. Eye Networks

An eye network graph with s + 1 layers of concentric cycle [36]. It is represented by Eye (s) . The s + 1 cycles
can be written as Iy, [1, I3, ...,[s_1 and Os, here O; represents the outermost cycle. The size, order and degree of
eye networks are 9 (2° - 1), 6 (2° - 1) and 3 respectively. Vertex and edge set of Eye networks are following

V (Eye(s)) = UisV (L) u V (Os).

V() ={(kj)0<j<Ng-1,0<k<s-1}. (16)
V(Os)={(s,/)|0<j<Ns=1;,0<k<s-1 and |j|3=0}. (17)
E (Eye(s)) = u,s;(l)E(Ik)UE(OS)U(Ui;éE’,;”). 18)

where Ny = 9 x 2k-1 for positive k

oo ((k,j),(k,j+1));0<j<Ny-1land 0<k<s-1,
7 (), (k,j+3));k=sand 0<j<Ns—1and |j3 = 0.

((0/])’(1/2]+ |]|3))/k: 0/] :011/2/---/
et =1 ((kj), (k+1,2j +|js));ljls # 0 and 1<k <s—1,
and 0<j< Ng-1.

The set {yj| 0 < j < Ny -1} is denoted by E(Iy) if 0 < k < s -1, and denoted by E(Os) if k = s. We use E],f'l to
denote the set {ellf;fl| 0 < j < Ni - 1}. For better understanding of the labeling of Eye-networks following Figure
is illustrated.

4.1. Results for Eye Networks

Theorem 13. Let  be the eye network, then Randi¢, general and reduced reciprocal Randi¢ indices are
T: Ry (y)=9""1(2°-1).

2: RR,(p)=97*(2°-1).
3: RRR(y)=18(2°-1).
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Proof. The size and degree of Eye networks are 9 (2° - 1), 3 respectively, after furnishing into formulas we get
Randi¢ family of indices,

10 Re(@)= Y (dudo)*=9(2-1)(3+3)" =9(2°~1)(9)" =9 (2° - 1).
uveE (1)

1 9(25_1) 1-a (ns
: RRy () = = - -1).
2 RRW= T G 0 @

3: RRR(Y)= Y V(du-1)(dy-1)=9(2°-1)V4=18(2°-1).

uveE (1)

Theorem 14. Let i be the eye network, then we have family of Zagreb indices are

M () =54(2°-1),
M (yp) =81(2°-1),
M3 (llf) =0, s

PM; (¢) = 69(2 —1)/
PM2 (lP) _ 99(25—1)I
AZI(p) = G5 (2°-1),
RM; () =36(2°-1),
"M, (p) =(2°-1),
HM () =324(2°-1).

© 0 Nk L=

Proof. The size and degree of Eye networks are 9 (2° - 1), 3 respectively, after putting these parameters into
formulas we get Zagreb family of indices,

10 My@@)= 3 (dy+dy)=9(2°-1)(6) =54(2°-1).

uveE (1)
2: MZ(IP): Z (dudv)29(25_1)(9)=81(2S_1)~
uveE(y)
3: Mz(yp)= Y (du-dy)=9(2°-1)(0)=0.
uveE (1)
4: PMy(p)= J] (du+dy) =61,
uveE (1)
5: PMy(p)= [] (dudy)=9"%"1D.
uveE (1)

. ) dudy \* s 9.5 6561
6: AZI(gb)_uUE;(w)(dudv_Z) S92 -1 ()= Sy (-1,
7: RMy()= 3 (du-1)(do—-1)=9(2°-1)4=36(2°-1).

uveE (1)
1 1
8: "M, (y)= =9(2°-1)-=2°-1.
2 uvg(w)dudv 9
9: HM(¢)= Y (du+dy)*=9(2°-1)6%=324(2°-1).
uveE(y)

Theorem 15. Let i be the eye network, then sum connectivity and general sum connectivity indices are

1: sc1(¢)=%(zs—1).

20 xa(p)=9(2°-1)6"
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Proof. By using size and degree of networks that is 9(2°-1), 3 respectively, following indices can be
computed like given below,

1 9

1
1: SCI(y)= ——=9(2°-1) == —=(2°-1).
(¥) uve_ﬁi:(lp)m ( )JB \/6( )
2: xa(P)= Y (du+dy)*=9(2°-1)6"
uveE(y)

Theorem 16. Let 1 be the eye network, then geometric arithmetic, symmetric division and inverse sum indices are
1: GA(yp)=GAs(y)=9(2°-1).
2: SDI(y)=18(2°-1).
7
3: IS(gb):%(Zs—l)

Proof. By using size and degree of networks that is 9(2°-1), 3 respectively, following indices geometric
arithmetic, symmetric division and inverse sum indices can be computed like given below,

1: GA(p)= > zdvi”;”w(zs—l)sz(zs—l).
uveE(yp) U v

2 2
2: SDI(y)= 3 Dutdy g5 118 _1g(5-1y.
uveE(y) dudy 9
dyd, 9 27
3: IS(y) = =9(2°-1)2=2(2°-1).
uve%z(lp) dy+dy 6 2
O
Theorem 17. : Let  be the eye network, then different M-polynomials are:
M (;x,y) =54(2° - 1) (x9)°.
M, (;x,y) = 729 (2° - 1)* (xy)°.
mM (;%,y) =9(2° = 1)° (xy)°.
Re (W;3,7) = (729 (2° = 1)% (x)®)" .
«(ixy) = (7292 - 1) (1)) -

RRy (9;x,y) =9 (2° - 1)2 (xy)6 _
SDI (y;x,y) =162 (2° = 1) (xy)°.
H (;x,y) =54 (2° - 1)* 29",
IS (; %, ) = 19683 (2° - 1)° x'%y°.

® N3 O G ks W N

Proof. To get the results for the M-polynomials, following few formulas computed by using the definition of
M-polynomials given in the form of differential in equation (8).

Dy=Dy=27(2°-1)(xy)°, J=9(2°-1)x"
Sy=S5,=3(2-1)(xy)’, Q2=9(2-1)xy’.
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after plugging all above equations we get required following results.

1 My (;x,y) = (Dx+ Dy) M(;x,y) = 27 (2° = 1) (xy)® +27 (2 - 1) (xy)°.
=54(2°-1) (xy)°.

20 My (g;x,y) = (DxDy) M(;x,y) =27 (2° = 1) (xy)° x 27 (2° = 1) (xy)°.
:729(25—1) (xy) :

3 "M(gixy) = (SxSy) M($;x,y) = (3(2°-1) (xy)” +3(2 = 1) (xy)°).
=9(2-1)" ()’

4 Re(piny) = (DIDY) M(pixy) = (272 - 1) (x9)°) (272 - 1) (w)?)

= (729(2°-1) (xy))
(stsy) M@z = (32 -1 (=)°) (32" -1) (x)°) .
- (0@ -1 ()"

5: RR, (¢;x,y)

6: SDI(y;x,y) = (DxSy +DySx) M(¢; x,y).
=3(2°-1) (x)° 27 (2° - 1) (xy)° +27 (2° - 1) (xy)° 3 (2° - 1) (ay)°
=162(2° - 1)% (xy)°.
71 H(g;x,y) =25 M(W;x,y) =2x3(2° = 1) (xy)> x9(2° - 1) x0 =54 (2° = 1)* %"
8: IS (;x,y) = SxJDxDyM(¥; x,y).
=27(2°-1) (xy)* T =9(2° - 1) x%27 (2° = 1) (xy) 27 (2° - 1) (xy))°.
= 19683 (2° - 1)° x1%y°.
This completes the proof. O

5. Discussion

The exploration of computing M-polynomials and degree-based topological indices in different
interconnection networks stands as a pivotal endeavor within the realm of network science. This pursuit
is underscored by its inherent significance in unraveling the structural intricacies of complex networks,
offering a nuanced understanding that extends beyond traditional metrics. The M-polynomials, derived from
the characteristic polynomial of graphs, encapsulate essential information about the network’s topological
features. This mathematical abstraction enables researchers to distill intricate network structures into concise
representations, facilitating a more profound exploration of connectivity patterns and graph properties.

The implementation of this computational approach involves navigating the vast landscape of
interconnection networks, ranging from classic architectures to modern communication networks. The
computational methods utilized in this study transcend mere abstraction, providing a practical means to assess
and characterize the connectivity patterns of diverse networks. This implementation allows for a detailed
analysis of different interconnection network models, shedding light on their unique topological signatures
and the implications of structural variations.

The significance of computing M-polynomials and degree-based topological indices is accentuated by
their applications in diverse domains. In the context of communication networks, understanding the inherent
connectivity structures becomes paramount for optimizing routing algorithms, enhancing fault tolerance, and
improving overall network performance. Furthermore, in the realm of social networks, the insights garnered
from these computations could illuminate patterns of influence and information flow, fostering a deeper
comprehension of social dynamics.

Beyond theoretical implications, the applications extend to areas such as epidemiology, where the study
of contact networks is crucial for modeling the spread of diseases. The ability to compute M-polynomials
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and degree-based indices provides a robust foundation for understanding the intricate relationships between
individuals and predicting the potential impact of interventions on disease transmission dynamics.

In conclusion, the pursuit of computing M-polynomials and degree-based topological indices in different
interconnection networks transcends the theoretical confines of graph theory. It offers a pragmatic lens
through which to analyze, model, and optimize complex systems across diverse disciplines, imparting a
wealth of knowledge with far-reaching implications in the realms of technology, communication, and societal
understanding.

6. Conclusions

In this paper, we investigate the topological indices of different interconnection networks. We compute
Randi¢ index, general Randi¢ index, sum connectivity index, families of Zagreb index, symmetric division
index and geometric arithmetic indices. We also compute the M-polynomials of K-swapped networks
of t-regular graphs, n-dimension tiwested cube and eye netwoks. Degree-based topological indices and
M-polynomials are mathematical tools used in graph theory to analyze the structural properties of graphs,
including interconnection networks. Interconnection networks are crucial components in various fields such
as computer science, telecommunications, and social network analysis.

7. Open Problem

Different new indices are still open for above structures like, reverse-degree-based topological indices,
such as the reverse-degree-based topological index of the first, second, and hyper Zagreb, forgotten, geometric
arithmetic, atom-bond-connectivity, and the Randic index.

Author Contributions: All authors contributed equally to the writing of this paper. All authors read and approved the
final manuscript.
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