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Abstract: The hub set measures the connectivity of any nodes in graphs and the determination of it is found
to be NP-complete. This paper deduces several properties and characterize of one such hub parameter, the
doubly connected hub number for its value equal to 1 and 2. Moreover, a few bounds and Nordhaus-Gaddum
type inequalities are discussed.
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1. Introduction

C onsider a graph G = (V, E) which is a finite, undirected graph with no loops and multiple edges. The
number of vertices in G is called the order of G and the number of edges in G is called the size of G.

A graph with p vertices and g edges is called a (p,q) graph. The open neighborhood and the closed neighborhood
of v € V(G) are defined by N(v) = {u € V : uv € E} and N[v] = N(v) u {v}, respectively. The connectivity
k(G) of G is the minimum number of vertices whose removal results in a disconnected or a trivial graph. A
vertex with degree |V(G)| -1 is called a universal vertex and a vertex with degree 1 is called a pendant vertex.
A vertex that is a neighbor of a pendant vertex is called a support. The cutvertex of a graph G is vertex whose
removal increases the number of components in G. The independence set a set S of vertices such that for every
two vertices in S, there is no edge connecting the two. A maximum independent set is an independent set of
largest possible size for a given graph G. This size is called the independence number of G and is denoted by
Bo(G)." For further graph theoretic terminology, we refer to [1].

Walsh proposed the concept of hub set in graph theory by modelling a transportational problem [2], as
‘the vertex subset H of G such that any two vertices outside H are connected by a path whose all internal vertices are
elements of H (If uv is an edge in (V(G) \ H) then it itself is a trivial path)’. “The minimum cardinality of a hub set in
G is called a hub number of G and is denoted by h(G). A hub set H of a connected graph G is called a connected hub set
if (H) is connected. The minimum cardinality of a connected hub set is called connected hub number of G and is denoted
by hc(G).” Further, he showed that the determination of the hub and connected hub set in any graph of size g
is NP-complete. In recent years, the hub theory has attracted more and more attention from researchers due
to its different applications in the field of networks. To illustrate, consider a transport network operating in a
metropolis with multiple destinations and a signal transport network among multiple servers. By representing
each location (or server) by a vertex of a graph, there exists an edge between two locations (or servers) if the
transition from one to another location is easy. Here, by finding the #(G) of this corresponding graph, we
obtain the lowest number of locations or servers required for corresponding transitions from one location to
another in these different types of networks. For this reason, various hub parameters are being defined for
graphs and its properties are being studied extensively in the literature [3-9].

The hub parameters measure the connectivity of vertices in a graph, while the domination parameters
deal with the proximity of the same. By understanding the relationship between these two parameters, one
can gain insight into the structure of a graph and its potential applications. As a result, several articles have
been widely studied on this topic [2,3,10-13] which has sparked interest in many researchers.
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In 2021, A. M. Sahal coined and studied the notion of doubly connected hub set (DCHS) as a ‘set S ¢ V(G)
which is a hub set of G such that both (S) and (V \ S) are connected. The cardinality of the minimum doubly connected
hub set (MDCHS) in G is called the doubly connected hub number (DCHN) of G and is denoted by h..(G)’. This is well
defined if G is connected and h(G) < he(G) < hee(G) [3]. Further, it has been revealed that the doubly connected
hub number can increase significantly, depending on certain conditions.
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Figure 1. Graphs with same hub set but different DCHS.

One can observe that h.(G) acts as a convenient measure to differentiate graphs based on the
connectedness of vertices outside the hub set. Consider the following example of graphs My, M, and M3 as
shown in the Figure 1. Clearly from Figure 1, the central vertex {vs} forms a minimum hub set and minimum
connected hub set, thus we obtain h(M;) = h.(M7) = h(My) = he(My) = h(Ms) = he(M3) = 1. So, the hub
number and connected hub number will not differentiate the graphs Mj, My and M3 based on its connectedness,
whereas the MDCHS of Mj, M, and Mj are {vs,vs}, {v1,02,06} and {vy,v2,vs, 06}, respectively. Hence
hee(My) = 2,hee(Mp) = 3,hec(M3) = 4 inferring that he(G) varies for dissimilar graphs, and plays an vital
role in study of connectivity of the induced subgraphs of both the hub set and its complement.

This paper extends the current understanding of DCHN by providing novel bounds and results.
The results of this study indicate that DCHS could be further leveraged to improve routing efficiency in
communication networks. Our findings provide a useful reference point for future research on the topic of
doubly connected hub numbers.

The following are the results that are considered in this paper.

Proposition 1. [14] The inequality v..(G) < p —x(G) + 1 hold, where G is any connected graph of order p > 2.

Theorem 1. [14] The inequalities <Yec(G) €29 —p+1 hold, where G is any connected graph of order p > 2.

_r
AG) +1
Theorem 2. [3] Let G be a connected graph, then hec(G) < v (G).

Theorem 3. [3] Let G be a connected graph with p vertices, then hec(G) > p - A(G) - 1.

2. Main results

Here we provide a clear set of bounds and results. The ensuing results are obtained straight away from
the definition of DCHN of graphs.

Observation 1. he.(Wy,) = 1, for every wheel graph Wy,.
Observation 2. For any graph G of the form G = K, u H,n > 1 where H is non-complete graph, he.(G) = |V (H)|.
Observation 3. If G = K, UKy, n,m > 1 then h(G) = he(G) = hee(G) = min{n, m}.

Proposition 2. For any connected graph G of order p > 2, heo(G) < p-x(G) + 1.
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Proof. Proof follows from Proposition 1 and Theorem 2. O

Let p1, p2 and p3 represent the number of pendant vertices, cutvertices and supports respectively, of G.
We have the following result.

Proposition 3. For any connected graph G of order p > 3, if S is a doubly connected hub set of G with minimum
cardinality, then

The above proposition is a direct deduction from the first Proposition in [3]. Here we can see that the
equality of (iii) holds only when G = K ».

Proposition 4. Every connected graph G of order p > 3, hec(G) > p1 + p3 — 2 and this inequality is sharp only when
each vertex r € V(G) is either a pendant or a support vertex and G has at least one support of degree 2.

Proof. Let O(G) and I'(G) represent the sets of all pendant and support vertices, respectively in G. By (ii)
and (iii) of Proposition 3, hec(G) > p3 —1 and he(G) > p1 — 1. So, hee(G) > p1 + p3 — 2. Now, if each r € V(G) is
either a pendant or a support vertex, then Q(G) uT'(G) = V(G) and p1 +p3 = p. So, p-2=p1 +p3-2. Also G
has at least one support s such that deg s = 2 and ¢ be the pendant vertex adjacent to s. Then V(G) \ {s,t} isa
MDCHS of G. Hence h¢(G) = p1 + p3 —2.

Conversely, suppose that h..(G) = p1 + p3 —2. Then the MDCHS contains every vertex of ()(G) except a
pendant vertex. Now, if no support of G has degree 2, then h..(G) = p—1 = p1 + p3 — 1, a contradiction. Hence
G has a support of degree 2 and G contains all vertices of the set I'(G) except one support. O

The following corollary provides a graph class where every vertex is either a pendant or a support vertex
in G, having atleast on support of degree 2.

Corollary 1. Let G = H o Ky, where H is a connected graph of order p > 3. Then, he.(G) = |V(G)|-2.
The following result is obtained analogous to Proposition 4.

Proposition 5. For every connected graph G of order p > 3, hee(G) > p1 + p3 — 2 and this inequality is sharp if and only
if each vertex v € V(G) is either a pendant or a support vertex and G has at least one cutvertex of degree 2.

Corollary 2. For any path Py, heo(Pp) = p - 2.
Corollary 3. Let T be a tree of order p > 3 vertices having at least one support of degree 2, then hee(T) = p - 2.

Proof. Every vertex in a tree T is either a cutvertex or a pendant vertex. Since every support is a cutvertex, by
Proposition 5 we get, h.(T) > n - 2. Further, if r is a pendant vertex of T and s is a support such that deg s =2
and s is adjacent to r, then S = V(T) \ {r,s} is a DCHS. Thus h¢.(T) < p - 2. Hence h..(T) = p-2. O

Consider the representation (T3, T,), where T and T; are any two vertex-disjoint trees. Here, T(T1, T3)
denotes the collection of all graphs that are obtained from the trees T; and T, by introducing |V (T3)| edges,
such that each vertex of T, is connected to an arbitrary vertex of T; with an edge. For any graph H, if there
exist two trees T; and T, such that H € ¥(Ty, T), then H is considered to belong to the family §. The graph H
shown in Figure 2 belongs to the family §.

Theorem 4. Let H be a connected graph of order p > 2 and size q. Then
2p-q-2-k<he(H),

where k represents the total number of universal vertices in (V(H) \ S) for any minimum doubly connected hub set S of
H. This bound is sharp for any graph H belonging to the family §.
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Figure 2. A graph H € ¥(Ty, T;)

Proof. Let S be a MDCHS of G. Then (S) and (V(H) \ S) are connected. So, we have |E({(S))| > |S]-1 =
hee(H)-1and [E((V(H)\S)) > [V(H)\S|-1 = p-he(H)-1. The number of edges g;, joining vertices of
(V(H)\ S) to vertices of (S) is given by, g, > p — hec(H) — k. Adding all these three inequalities, we get

q=lEASDI+EQV(H) NS +qn 2 hee(H) =1+ p = hee(H) =1+ p=hee(H) =k = 2p = hee(H) -2 - k.

Hence, ho(H) 22p-q-2—k.
Now to prove that he.(H) =2p —g -2 -k only when H € §. Suppose that H € §. Then there exist trees T;
and T, with H € T(Ty, T,). Here, the set V(T;)\{r}, where r is the universal vertex of T, forms a DCHS of H.

hee(H) < [V(Th)| =k, @

here k is either 0 or 1 as T, has at most one universal vertex. Also by above discussion h..(G) > 2p—-g-2—k.
Since |V(H)|=|V(H;y) + V(Hy)|and |E(H)| = |E(Hy) + E(Hp) + V(H3)|, we have

2p-q-2-k = 2(|[V(T)|[+|V(T2)|) - (IE(T)|+|E(T2)[ +|V(T2)|) -2~k
= 2(|V(T)[+V(T2)]) = (IV(T)| -1+ |V(T2)| -1+ |[V(T2)|) -2 -k
= |V(Th)| -k

Consequently,
hee(G) 2 [V(T1)| =k @)
From (1) and (2) it follows that
hee(G) = |V(T1)|-k=2p-q-2-k
Conversely, suppose that h..(G) = 2p — g — 2 — k where k represents the number of universal vertices in
(V(H)\S) for any MDCHS S of H. Then, |[E((S))| = hec(H)-1=|V((S))|- 1 [E(V(H)\S))|=p—he(H)-1=
[VV(G)\S))|-1and g = p — hee(H) — k. This implies that (S) and (V(H) \ S) are both trees such that each

vertex in (V(H) \ S) has exactly one neighbor in (S). Therefore, H can be formed by trees T; and T, by adding
|V (T3)| edges with each vertex of T is connected to an arbitrary vertex of T, by an edge. Hence H ¢ §. O

Theorem 5. For any two nontrivial connected graphs Hy and Hp,
hee(Hy o Hp) = |V (Hy o Hp)| - [V(Hy)| - 1.
Proof. If Hy and H, are two nontrivial connected graphs, then cardinality of vertex set of the graph Hj o H, is

given by |V (Hy o Hy)| = (|V(Hy)| + 1)|V(Hy)|- Since the graph Hy o Hp has |V/(Hy)| copies of Hp which are all
independent with respect to each other, the DCHS must contain all the vertices of at least |V (H;)| - 1 copies of
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H, in it along with |V (Hj )| - 1 number of connecting vertices of Hj. But to retain the connectedness of this hub
set, the chosen |V (Hj)| - 1 vertices of H; must contain every cutvertex of Hj.
Thus, the DCHN is given by

hee(Hy o Hp) = ([V(Hy)| - 1) [V(H2)| +|V(Hyp)| -1
= |V(Hy)[|V(H2)| - |V (H2)| +|V(Hy)| -1
=|V(Hyo Hp)| - |V(Hy)|-1.

Theorem 6. The difference he.(H) — Bo can be arbitrarily large.

Proof. Let n be a positive integer and H = K;;;1 ©c K;. Then the set of pendant vertices of H is the maximum
independent set of H so that Bo(H) = n +1. As H is obtained by corona product, it follows from Corollary 1 that,
hee(H)=|V(H)|-2=2(n+1)-2=2n+2-2=2n.50, hec(H) - fo(H) =2n-(n+1) =n-1. O

3. Graph characterizations
Present section deals with the characterization of the DCHN of graphs according to its nature, and
demonstrate its efficacy by presenting following results.

Lemma 1. For any non-complete graph G with he.(G) =1, if {r} is the MDCHS of G, then r is a non-cutvertex of G.

Proof. Let {r} be the MDCHS of G. Suppose r is a cutvertex of G, then that (G —r) has atleast two disjoint
components of G, which contradicts our hypothesis, that {r} is the DCHS of G. Hence G is a non-cutvertex of
G. O

Theorem 7. Given any m € Z*, there exists a graph G with he.(G) = m.

For example, consider m € Z*, m > 3. Then for G = Py,;2, we have h.(G) = m. Similarly for G = Cy,43, we have
hcc(G) =m.

Theorem 8. Given any two positive integers k and p with 2k < p, there exists a connected graph G of order p such that
hee(G) = k.

Proof. Consider the complete graph K,_; whose vertex set V(K,_x) = {v1,02,,v,_} and a cycle C; with
V(Cy) = {uy, uz, - ur}. Since p -k > k, we construct a graph G from K,_x and Cj by taking and adding the new
edges u;v; for all i, 1 < i < k. Then G is connected graph of order p and {u,uy, -, uy} is a MDCHS of G and
hence h..(G) = k. O

V(1) V(T)

Figure 3. A graph G of order 10 and h¢(G) = 4
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Figure 3 depicts an example of the structure discussed in the proof of the Theorem 8 by taking p = 10 and
k=4

Theorem 9. Let G be a non-complete graph with p vertices, then he.(G) = 1 if and only if G has a vertex r of degree
p — 1 satisfying one of the following:

Proof. Consider a non-complete graph G of order p and has a vertex r of degree p - 1. If r is a non-cutvertex,
then {r} is a MDCHS of G and thus h(G) = 1. If r is a cutvertex such that (N(r)) = K; UK, then G =
Ky +(KyUKy_2) = Ky @ Kj,_1. Here, the pendant vertex of G forms a MDCHS of G and thus h(G) = 1.

Conversely, suppose G is a non-complete graph of order p with h..(G) = 1, then there exits at least one
vertex r say, through which any pair of remaining p — 1 vertices have {r}- path in G. Therefore, G has at least
one vertex r of degree p - 1.

Case 1. If r is a non-cutvertex of G, then there is nothing to prove.

Case 2. If r is a cutvertex of G then by hypothesis there exists at least one vertex say s, such that {s} is a
MDCHS of G. From Lemma 1, s is a non-cutvertex of G and hence s # r. Now we claim that (N(r)) = (G -r)
has exactly two components.

Suppose (G —r) has more than two components. Let R be the component of (G - r) which contains s.
Then s is adjacent only to the vertices of R and not adjacent to any vertex of other components in (G - r).
So, any path between two vertices of different component other than R is through r only and not through
s. This implies, {s} is not a hub set of G, a contradiction. Thus, G —r = R UP which implies that s € V(R)
or s € V(P). Without loss of generality, let s € V(R). Since {s} is a MDCHS, R cannot have any vertex
other than s. For, if t € V(R),t # s, then there is no {s}-path between t and the vertices of V(P) and hence
R = Ky. Also P = Kj_», since {r,s} ¢ P and between any two vertices of P there exists a {s}-path. Therefore,
G-r=(N(r))=KiuKy_. O

Theorem 10. Let G be a graph with p vertices, then he.(G) = 2 if and only if G has the following structure:

Proof. Suppose that /i.,.(G) = 2. Then the first three conditions are obvious by taking {r,s} as the MDCHS and
letting U and W to be the sets of neighbors and nonneighbors of {r, s} , respectively. Since W = V(G) \ N[{r,s}],
for any vertex t € W there is no {rs}-path between t and any other vertex in V(G) \ {r,s}. Hence every vertex
of W must be adjacent to all vertices of V(G) \ {r,s}. Also since ({r,s}) and (V(G) ~ {r,s}) are connected,
the next five conditions are evident. The last condition is true, otherwise h.(G) = 1, which contradicts our
hypothesis. The converse is trivial. O

4. Edge subdivision and edge removing

This section deals with two edge based graph operations known as edge subdivision and edge removal
and study consequences based on h..(G). “An edge subdivision in a graph G is an operation of removal of an edge
x = rs and the addition of a new vertex t and edges rt and ts. A graph obtained from G by subdividing the edge x = rs is
denoted by G & t,5 [14]."

Theorem 11. Let G be a connected graph, then hec(G) < hee(G ® wyo).

Proof. Let x = rs be the subdivided edge of G and S be a MDCHS of G & t,;. Consider the following cases :
Case 1. t € S. Since (S) is connected, r or s belong to S. If r,s € S then S\ {t} isa DCHS of G. If r ¢ S and
s ¢S, then also S\ {t} is a DCHS of G and hence in either cases, li(G) < |S| = hec (G ® trs).
Case 2. t ¢ S. Since § is a hub set and ¢ is adjacent to only r and s, either of them belong to S. Then
proceeding as in Case 1, we obtain /i..(G) < |S| = hec (G @ t4s). O

The difference between the two values on either side of inequality in Theorem 11 can be arbitrarily
large, meaning there is no limit to how much they can vary from each other. This indicates a wide range
of possibilities.

Theorem 12. The extent of the difference ho.(G @ wyy) — hee(G) can be expanded to an arbitrarily large value.
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Proof. Let G = S, ;s + K1, n < m as shown in the Figure 4. The set 51 = {x} isa MDCHS of G and thus h..(G) = 1.
The set Sp = N[u] ~ {w} is a MDCHS of G ® wy, and thus he.(G @ w,,) = n+ 1. Hence, hee (G ® wyy) — hee (G) =
n+l-1=n.

Figure 4. G and G & wy, graphs

O

Theorem 13. The extent of the difference hec(G - x) — hee(G) can be expanded to an arbitrarily large value, where x is
an edge of G.

Figure 5. G and G — x graphs

Proof. Consider two wheel graphs W, and W, with vertex sets {ug, u1,up, -, u,_1} and {vg,v1,v2, -, Vp-1},
4 < n < m respectively, where 1y and vy are central vertices. Now we construct a graph G by identifying the
vertex 17 with v; and naming it as u” and further joining 13 and v3 by an edge. Then, the set V(W,) u{v} is
a MDCHS of G - x, where x = u3zv; and so, he(G — x) = n+1. The set {ug, v, u’} is a MDCHS of G and thus
hee(G) =3. Thus, hee(G—x) —hee(G)=n+1-3=n-2. O

5. Nordhaus-Gaddum type inequalities

This section, discusses certain Nordhaus-Gaddum inequalities on he.(G).
Theorem 14. For a connected graph G with p vertices and q edges, whose complement G is connected,
hee(G) +hee(G) < p* = 3p +2.
Proof. From Theorem 1 and Theorem 2, we get

hcc(G)S2q—p+1andhcc(G)g2(p(pz_1)_q)_p+1.

Now,

hCC(G)+hCC(G)qu—p+1+2(p(pz_1)—q)—p+1

qu—p+1+p2—p—2q—p+1
Sp2—3p+2.
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Theorem 15. For any connected graph G with p vertices, whose complement G is connected, then
hee(G) +hee(G) 2 p - A(G) +6(G) - 1.

Proof. From Theorem 3, we have h..(G) > p - A(G) -1 and e (G) > p - A(G) - 1. Now,

hee(G) +hee(G) 2 2p - [A(G) +A(G)] -2
>2p-[A(G)+p-1-6(G)]-2
>p-A(G)+(G)-1.

The bound is sharp for G = C5. O

6. Conclusion and further scope

Overall investigation of this research deals with the properties and results of the DCHN of graphs. Further
it provides bounds on this parameter and given several characterizations of it. As part of our study, we
encounter some problems that need further study.
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