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1. Introduction

n terms of graph theory, a molecular graph is a representation of a chemical compound’s structural
m formula. The vertices of this graph represent the compound’s atoms, while the edges represent chemical
bonds. Let a molecular graph a have vertex set V(a) and edge set E(a). Several vertices show the order,
and several edges show the size of the graph «. We denote the order and size of graph a by |V («)| = n and
|E(a)| = m, respectively. If edge connects vertices g and s, they are said to be adjacent and can be written as
e = sq € E(a). A path Py, is a graph on n vertices sy, 5,53, . ..,5; with edge set {s]'s]grl |1 <j<mn}. The
number of edges in a path P,, determines its length. If a path connects any pair of vertices in the graph, then
the graph « is connected, and it is disconnected if at least one pair of vertices is not linked by a path. A graph
a having vertex set {s; | 1 < j < n} and edge set {s;sj;1 | 1 < j < n—1} U {sys1} is called cyclic C, graph.
The shortest path between two vertices g and s in graph « is called the distance between those vertices and is
denoted as dy(g,s). The degree of vertex g in graph « is denoted as d,(q|K) = Ny(g|k). The term N, (g|k) is
defined as the number of vertices lying at distance k from vertex q. The terms p,(s|2) and t(s) are defined as
the number of distinct paths of distance 2 in graph « from vertex s to other vertices and the number of triangles
at s in graph a, respectively.

In chemistry, topology offers a way within the constraints of three-dimensional space to explain and
predict the molecular structure. Considering the chemical bonding determinants and the chemical properties
of the atoms. Topology offers a way to understand how the ethereal wave functions of atoms ought to
fit together. The topology of molecules is a part of mathematical chemistry that deals with the algebraic
description of chemical compounds to allow them to be described in a specific and simple way.

The topological index is a molecular property that is determined from a chemical compound’s molecular
graph [1,2]. Topological indices are numerical graph parameters that inform us about the topology of the graph
and are generally graph invariants.

Classification models used in chemical, biological, and engineering sciences are known as quantitative
structure-activity relationship models. Quantitative structure activity relationship regression models, like
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other regression models, relate a collection of predictor variables (W) to the potency of the response variable
(Z), while classification quantitative structure activity relationship regression models relate the predictor
variables to the response variable’s categorical significance [3].

The predictors in quantitative structure-activity relationship modelling could be physico-chemical
properties or theoretical molecular descriptors of chemicals, whereas the quantitative structure-activity
relationship response variable could be the chemicals’ biological activity. In a data collection of chemicals,
quantitative structure-activity relationship models summarise a supposed relationship between chemical
structures and biological activity. Second, quantitative structure-activity relationship models can predict how
new chemicals will behave [4,5]. When chemical properties are used as response variables, similar concepts
include quantitative structure-property relationships [6,7]. The quantitative structure-property relationships
field has discovered various properties of chemical molecules. Relationships between quantitative structure
and reactivity, quantitative structure and chromatography, quantitative structure and toxicity, quantitative
structure and electrochemistry, and quantitative structure and biodegradability are a few examples [8,9].

Recently, Naji et al. [10] introduced a new topological index called the Leap Zagreb index, based on
vertices” second degree and defined as:

LMi(a) = ) d2*(s]2), M
seV(a)

LMy(a) = 2 d(s]2)da(q|2), 2
sqeE(a)

LMs(a) = Z du(s)du(s]2). 3)
seV(a)

Wiener polarity index Wy («) is another topological index of graph a introduced by Wiener [11]. Its
definition is the quantity of unordered pairs of vertices {s,q} C V(a) that are located 3 away from each
other in «. )

Wol@) = [{{5,4) C V(@) [duls,0) =3} = 5 L dulo]3). @
qeVv ()

An American chemist, H. Wiener [11] in 1947, introduced an index named the Wiener index. Wiener
index is the total of all distances between every pair of vertices in the graph «. Concerning Wiener index
senbagamalar [12] find different algebraic properties of regular, trees, and unicyclic graphs. The Wiener index
of edge complement of complete subgraphs, stars, and cyclics in k;, calculated by Durgietal [13]. Shaohui et
al. [14] determined the Hosoya polynomial and Wiener index for all integer numbers m > 3 for the Jahangir
graphs J5,, in 2016. The relationship between the line graph and the Wiener index of the graph was studied
by Nathann Cohen et al. [15].

Our approach is also motivated by recent developments in graph resolvability and metric-based
parameters.  Notably, the work on mixed metric dimension and exchange properties in hexagonal
nano-networks provides a foundational framework for characterizing complex structures through minimal
identifiers [16,17]. Similarly, fault-tolerant resolvability concepts [18,19] and newly introduced parameters
like the local edge partition dimension [20] and some novel parameters are also introduced, like the mixed
partition dimension and face metric dimension [21,22] highlight the importance of nuanced graph invariants.
Our analysis also draws from studies on graph labeling [23], bridging the gap between theoretical constructs
and practical applications. Topological indices can be discussed on these structures.

By using the second distances in graphs, Naji et al. [10] created the leap Zagreb indices. They compared
these indices, Zagreb indices, and also found the properties of these indices. By replacing the vertices” degree
with their second degree, Ali and Trijnastic [24] obtained the same indices.

In the present work, we extend the current study of Wiener polarity index and the leap Zagreb indices
to the graph of R-vertex and edge join graphs. In the next Section, we compute the Wiener polarity and leap
Zagreb indices of R-vertex and edge join graphs.
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2. R graphs

From a graph «, we obtained a new graph called R-graph [25] is shown by R(«) is the graph got by adding
a new vertex w, ¢ V(«) corresponding to every vertex e = sq € E(a) and joining new vertex w, to the end
vertices for each edge e = sq € E(«). Let |[N(«)| denote the set of all new vertices in R(«). Where,

IN(w)] = {we | e = s € E(x) where 5,4 € V(x)}.
Similarly, let J(a) denote the new edges in R(x). Where,
J(&) = {wes, weq | e = sq € E(a) and s,q € V(a)}.
Then we have
V(R(w)) = V(a) U[N(@)],
and
E(R(w)) = E(0) UJ(w).

The significance of R-graphs is that they help to generate interesting models and analyze complex
networks, such as social networks, internet connections, and biological systems. We can obtain two new graph
operations from two arbitrary graphs « and 8 based on the graph R(«) [26]. We called them R-vertex join and
R-edge join of & and B and denoted by a(v)p and a(e) B respectively. For two vertex disjoint graphs « and B,
the R-vertex join of « and B is obtained from R(«) and B by connect every vertex g of V(«) and V(B) by an
edge ¢, similarly, we obtained R-edge join of & and B from R(«) and p by connects every vertex of V(p) by
every vertex of [N(«)| by an edge. The graphs Cs(v)C; and Cs(e)C3 are shown in Figure 1.

Figure 1. The R-vertex join (left) and R-edge join (right) of the graphs C5 and C3

3. Structural properties of R-vertex and R-edge join of graphs

Let two graphs a and f of order 1, and 1 and of size m, and mg, respectively. Let a; and a, are represents
the graphs a(v) 8 and a(e) B, respectively. The edge and vertex sets of the graphs «; and &, are given as follows.

V(a({v)p) = V(a(e)p) = V(a) UV(B) U[N(a)],

Eay = E(a) UE(B) U J(a) UK,,
where K; = {uv |s € V(«),q € V(B)}. Similarly,

E(ae) = E(w) UE(B) U J(a) UK,
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where K, = {w,s | w, € [N(«)|,s € V(B)}. Then the order n; and size m, of the graph a,; can be observed as
|V(ag)| = ng = na +ng +mqy and |E(ag)| = mg = my +mpg + nyng + 2m,. Similarly, the order 1, and size m,
of the graph a, is given by |V (a,)| = n, = ny + ng + my and |E(ae)| = me = my + mg + 2my + myng.

The degree of a vertex in a4 and a, can be obtained from the following expressions. (Article - Azhar Igbal)

2dy(w) +ng, s € V(a)
doy(w) = qdg(w)+mn., seV(p)
2, s € |N(a)|
2d,(w), se V(a)
do, (W) = dg(w) +mq, s€V(B)
2+ ng, s € |[N(a)|

The second distance of a vertex in a; and &, can be obtained from the following expressions.

Mo + pa(s]2) +ta(s) —du(s) — 1, se V()
day(52) = {np—da(s) + [N(x) 1, seV(p)
Aoy (x) 4 dag (y) =3 = [Noy (%) W Noy (y)| - 52y € [N(@)], X,y € V(a).
ng +2dy(s]2) + tu(s), s € V(a)
de.(s[2) = qng—1—dg(s)+ns, seV(B)
IN(a)| +da(x) +da(y) —3— [Nu(x) " Nu(y)| sxy € [N(a)], x,y € V(a).

The third distance of a vertex in a5 and a, can be obtained from the following expressions.

IN(a)] — da(s) — pa(s]2) — t(s), se V()
We, (slp) = 40, se V(B)
|Na, (2]2) U N, (y[2)[ = [(Na(x) N Na(y12)) U (IN2(x]2) " Na(y))|  sxy € [N(a)], x,y € V(a).

da(s[3) + [N(@)] — du(s) — pa(s]2) —t(s), s€V(a)

Woslp) = Y s€V(p)
e My + My — |Na(x)ﬁN,x(y)\ — |Sx/y/|x, or
y e{xy} -1 sy € N(a), x,y € V(a).

4. Leap Zagreb indices of R-vertex and edge join of graphs

In this section, we will discuss some results based on the second distances of R-vertex and edge join of
graphs.
Theorem 1. The first leap Zagreb index of w, is as follows:

LMi(ag) = 13+ p*+2np + 12 — 1IMy (&) — 2t + 1 + 2npt — dimgng + 267 — 2p°
—2t+ 13my — 2ng — 2p + n3y + My (B) — dmgng + mang + ng — 14myng
+6mant; — 2n; — 4mymg + 4mg + 4F («) + 8ngM; («) + 8Ma () + B + 6B — 2A.

where

r= Y palql2)%
qeV(a)
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t= Y £(q),
q€V(a)
= Y t(g)da(q),
g€V (a)
tr = ¥ tq)pa(q]2),
qeV(a)
pi= ¥ pu(ql2)du(q)
g€V (a)
B= Y Naq(x)ﬂNaq(y)‘and
xy€E ()
A= T |Nay(0) N Noy ()] (A () + da, (0):

xy€E(x)

Proof. Using (1) and the vertex set of a;, we obtain the following.

LMi(ag) = Y d(q|2)?

qEV(rxq)

= Y [(na+palql2) + (t@q) — du(q)) + (=1))
qeV ()
+ Y [(mp—dg@) + (IN(@)| = D)+ Y [(da,(x) +da, (y) — 3+

g€V () gy €IN (@)

= Z( )[n,x + pa(q]2)* + 2n2pa(q12) + £2(q) + da(q)* — 2t(q)da(q) + 1+ 2n4t(q) — 2nada(q)
qgeV(a
+24(9) pa(q12) — 2pa(q12)du(q) — 26(9) +2du(q) — 210 — 2pa(q[2)] + Z( )[n,zgd/s(q)z -

qeV(p
+ |N(oc)|2 +1—2|N(a)| +2ng |N(a)| —2ng —2dg(q) |N(a)| +2dg(q)] + ‘Z:( |
Ix,y € N(a

iy (9) 24y (2)ay (9) + 9+ [ Noy (6) 11 Ny ()] + 6| N () 1 Ny ()] — 6, ()

—2da, (x) | Ny () 0 Nay (4)| = 6da, () — 24, () | N, () O N ()]
= my+p2mip+ P+ Y da(q)? =2t +ng+2nat —2n, Y da(q) +2t7 —2p° —2t
gev(a) geV(a)

+2 Y da(q)—2n—2p+nj+ Y d(gP—2n5 Y d(g)+ Y [N +ng
q€V(a) q€V(p) qu(ﬁ) q€V(p)

—2 Y IN(@)[+2n5 Y IN(a)|—2n5-2 ) d(q)|N(a)|+2 Z d(q
q€V(p) qeV(p) qeV(p) qeV(p

+ Z daq +d,xq(y) |+2 2 ducq dacq(y +9m, — 6 Z leq +daq(y)]
xy€E(a) xy€E(a) xy€E(n)

2

+ Z N”‘q mN”‘q(y)‘ +6 Z ‘N’Xq(x)r\lleq(y)’
xy€E(a xy€E(w)

-2 2 [N, () 01 Ny ()] (A (%) + iy ()
xy€E(x)

N, (x) 1 Ni, () )2

= 4 PP 4 2nap + 2+ My(&) — 26+ ng 4 2ngt — dngimg + 24P — 2p° — 2t + dmy — 202 — 2p

+n% + Ml(ﬁ) —dmpgng + mﬁnﬁ +ng — 2manﬁ2manlz3 — Zn% — dmgmg +4mg

+ Z x) +ng)* + (2da(y) + ng)?] +2 Z x) +ng)(2da(y) 4 ng) + Iy
xy€E(x xy€E(a

—6 2 [2d, (x +n,;+2da(y)+n,;}+B2+6B—2A
xy€E(a)

= 13 4 PP 2nap + 124 My () — 26 4 1y + 2n4t —4nama+2tp—2pc—2t+4ma—2n2—2p+nz

+M;(B) — 4mﬁnlg+m ng+ng — ZmanﬁZmanﬁ Znﬁ dmymg +4mg + 4 Z( .
xy€E
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+ang Y (d(x)d(y)) +2mang+8 Y d(x)d(y) +4ng Y (d(x) +d(y))
xy€E(a) xy€E(w) xy€E(x)

+2mang +9my =12 Y (d(x) +d(y)) — 12meng + B> + 6B — 2A
xy€E(x)

= 134 PP 2nap + 124 My () — 266 4 ng + 2ngt — dngmg + 267 — 2p°
—2t 4 dmy — 212 —2p + nz + My (B) — dmgng + minﬂ +ng — 2mang
2man/25 - 211/23 — dmymg + 4mg + 4F (a) + 8ngMi (a) + 4man123 + 8Mj(a)
+9m — 12M (a) — 12mang + B> + 6B — 2A

= 4 P4 2ngp + 12— 1IMy (&) — 26 + 1y + 21t — dmgny + 217 — 2p°
—2t +13m, — 212 —2p + n?/; + My (B) — dmpgng + minﬁ +ng — 1dmang
+6m,xnlz3 - 2n123 —dmymg + 4mpg + 4F (&) + 8ng My (a) + 8Ma(a)
+B%+ 6B — 2A.

Theorem 2. The second leap Zagreb index of ag is as follows:

LMp(ag) = mend —8mung + 3nuMy(a) —3My(a) — Mp(a) + (ng — 1)Py + P, — Ps — Py + Ps
+Ps + (a = 1) Ty + To — Ts + 7o + mpng — 2mgng — ngMy (B) + M (B)
—ma My (B) + My (B) + 2mampg + 2mamgng — mymg + mg + nin% — 2mgn;
—Zman% + maninﬁ - nﬁnﬁ + (ng —1)A1 — Ay +mu Ay + (ng — 1) Az — Ay +ma Az
+2mang + 2mpny — n,,tnlz3 — MaMNyNg + Natig + dmyngng + (2 —2ny)Ny + 2Dy
+(2mung — 3my) Dy — Np + 2By + (2mung — 3my) By — By — 4my My (a) + 61
—4m§nﬂ + 2m, N7 + 2Ny,

where

Pr= ¥ (p«(s|2),pa(ql2)),
sqEE(a)

P= ¥ pa(s]2)pa(ql2),
sqg€E(a)

Py= L (pa(s]2)da(q)),
sqeE(a)

Py= Y pa(q)da(s),

sqEE(a)
Ti= Y (tals)+ta(q)),
sqeE(a)
= L tu(s)ta(q),
sqeE(a)
T3= Y (da(s)ta(q) +du(q)ta(s))
sq€E(a)
A= ) Pa(s‘z)/
sq€kg
Ay = ¥ puls|2)dp(q),
sqeky
A3_ Z tt’t(s)/
sq€ky
Ag= ) ttx(5>d5(‘7)
sqekg
Ni= T ([N N Ngy(®)))
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Proof. Using (2) and edge set of a;, we obtain

Y. das)da(q)

sq€E(ag)

= X:( )(n,Xer“(s\Z) +ta(s) —du(s) — 1) (na + pa(ql2) + ta(q) — da(q) — 1)
sqeE(a
+ ), (ng—dg(s) + IN(a)| —1)(ng —dp(q) + |N(a)] — 1)
sqEE(B)

+ Z}( (1o + pa(s]2) + tals) — du(s) — 1) (ng — dg(q) + [N(a)| — 1) +
sqeK,

LM (aq)

Z% )(”zx + pa(5]2) + ta(s) — da(s) — 1)(daq(x) +d“q(y) -3
sqe](a

= ) (13 + 1apa(q12) + nata(q) — nada(q) = na + napa(s|2) + pa(s2)pa(ql2)
sqeE(a)

+pa(312)ta(q) — pa(s|2)du(q) — pa(s]2) + nata(s) + pa(q|2)ta(s) + ta(s)ta(q)
—du(q)ta(s) — ta(s) — nadu(s) — da(s)pa(q) — du(s)ta(q) — d,x(s)d(q) +du(s)

pa(q) — ta(q) +dul(q) + 1] + Z( )[”%*”ﬁdﬁ(Q)JF”ﬁ‘N(“”*”ﬁ
sqeE(B

—npdg(s) +dp(s)dg(q) — [N(a)| dg(s) +dp(s) +ng N(a)| —dg(q) IN(a)]

+N(a)* = [N ()| = ng +dg(q) — [N(a)| +1] + ZI)< [nang — nadp(q) + na [N ()]
sqeK,

1y + npgpa(s|2) — pa(s2)dp(q) + IN(a)| pa(s]2) — pa(s|2) + npta(s) — ta(s)dp(q)
+ [N(a)[ ta(s) — ta(s) — npda(s) +da(s)dp(q) — [N(a)| da(s) + du(s) — np + dg(q)
—|N(a)| +1] + 2( )("a + pa(8]2) + ta(s) — du(s) —1)(2du(x) +2np + 2da(y) — 3
sqe](a
— | Ny () O Ny, (1))
= Z:( )[”i — 21y — 1y (da(s) +du(q)) + (du(s) +du(q)) — da(s)da(q)
sqeE(a
110 (pa(s]2) + pa(q]2)) + pals|2)pa(q
—(pa(s]2)da(q) + pa(q]2)da(s)) + (pa
+ta(s)ta(q) — (tals) + ta(q)) — (da

+ Z ﬁ—Zn/g—n,;(dlg(s)+dﬁ
sqeE(B)

dp(s) +dp(9)) =2 IN(@)| + 215 N ()| +2 [N (@)?| +1
[

Z nang — nadg(q) — npgda(s) + na [N(a)| — na + (ng — 1)pa(s|2)
IS

—pa(s|2)dp(q) + IN(a)| pa(s|2) + (np = Vta(s) — ta(s)dp(q) + [N(a)| ta(s)
+du(s)dp(q) — [N(@)| da(s) + (da(s) +dg(q)) —ng — [N(@)] +1]

+ ) Y. [2nada(x) + 2na1p 4 21ady (y) — 3na — Mo | Ny, (X) N Ny, (y)‘
Jxy€IN(a)] se{xy}

+2pa(s[2)da(x) + 2nppa(s]2) + 2pa(s12)da(y) — 3pa(s|2) — pa(s|2) |Nu, (x) N Ny, (y)‘

+2ta(s)du(x) 4+ 2npta(s) — 3ta(s) + 2ta(s)da(y) — ta(s) |Nu, (x) N Na, (y)‘

24, (5)da (%) = 201pda(s) — 2a()da(y) + 3da (5) + da(5) |Na, (x) N Na, (4)] — 24a(x)

2 = 244 (y) +3 + [Na, (x) N N, ()]
= mang —2mang — e Y, (du(s) +da(q) + Y (da(s) +da(q)) = Y dals)da(q)

sqeE(a) sqeE(a) sqeE(a)

Ny, (x)N Ny, W)

12) = (Pa(s|2) + pa(q]2))
(s12)ta(q) + pa(q|2)ta(s)) + na(ta(s) + tu(q))
ta(s) +da(s)ta(q)) +1]

(9)
(7)) +dg(s)dg(q) — IN(a)| (dg(s) +dp(q))

/\\_/
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(e —1) Y, (pa(s]2) +pa@2) + Y, pa(s2)pa(ql2) = Y. (pals|2)da(q))

squ( ) quE( o) sqeE(a)
= L pe@da(s)+ L palGI2Dt@) + L pa(@tals) + (1 =1) } (fals) +ta)
sqeE(w) sqeE () sqeE(x) sqeE(w)
+ Z tﬂ(( )ta(q) - 2 (da(s) zx(‘])"’dzx(q) uc( ))"’ma—i‘m‘gi’l‘% —2711}91’1&
sqeE(a) SZEE("‘)
—ng ), (dp(s) +dp(9) + ) dp(s) —IN(@)| ). (dg(s) +dp(q))
sqeE(B ) sqeE(B) sqeE(B)
+ Y s) +dg( ))—2mam5+2mam5nﬁ+mﬁmﬁ+mﬁ+n§n%
squ(ﬁ)
—ny Y dg(q) —ng Y du(s) +maning —ning+ (ng—1) Y pa(s|2)
sqeKy sq€ky sqeky
— Y Pa(sl2)dp(q) + IN(0)] Y} pa(s|2) +(ng—1) ) ta(s) = Y ta(s)dp(q)
sqekq sqekq sqekq sqekq
sqekq sqekq sq€kq sqekq
—nanlzg — MaNgg + Mot + 41y Z (do(x) +da(y)) +dmyngng — 6mny,
xy€E(a)
+2(1 = ) 2 (| Nag (x) N Ny () ]) +2 Z (Pa(x]2) + pa(y]2)) (da(x) + da(y))
xy€E(a) xy€E(a)
+@mang —3my) Y} (pu(x12) +pa(yl2) — ) (pa(x]2) + pa(y|2))( Naq(x)ﬂNaq(y)’)
xy€E(a) xy€E(a)
+2 Z (ta(x) +ta(y)) (da(x) +da(y)) + (27”04”5 — 31y ) Z (ta(x) +ta(y))
xy€E(x) xy€E(a)
— ) (t(2) + () Naq(x)ﬂNaq(y)‘)*‘lma Y. (dalx) +duly)) +6m3
xy€E(a) xy€E(a)
—amdng+2me Y (N @) N ))) = L (dalx) + daly)) + 6ma
xy€E(w) xy€E(a)
+2 Y (N, (x ﬂNaq(y)‘)
xyeE )

= myny — 2myng — ngMy(a) + My («) — Ma(a) + (g —1)Py + Po — P3 — Py + Ps + Ds
(na — DTy + T — T3 +my + mﬁnf5 — 2mgng — nﬁMl (B) + My (B) — muM1(B)

+M1(B) — 2mymp + 2mamepng + m> amp+mpg+ n> nﬁ 2mﬁn 2m,xnﬁ + myn? ng
—nin,g +(ng —1)Ay — Ay +my Ay + (ng — 1) Az — Ay + ma Az + dmgmg — Zmamﬁ
+2myng + 2mgn, — nan% — MaMNglg + Natig + dn,Mq(a) + dmgngng — 6many
+(2 — 214 )Ny + 2Dy + (2mang — 3my ) Dy — Np 4 2By + (2mung — 3my) By — By
—4my My () + 6m3 — 4ming + 2m, Ny — 4Mj (a) + 6my, + 2Ny

= man® — 8mgny + 3n, My () — 3My () — My(a) + (ny — 1)Py + Py — Py — Py + P5 + Ps
+(ng —1)Ty + Tp — T3 + 7y + mﬁng — 2mpgng — nﬁMl(ﬁ) + My(B) — mu My (B)
+M1(B) + 2mymp + 2mampng — m? almp + mg + n> nﬁ 2mﬁn 2manﬁ + manznﬁ
—nang + (ng — 1) Ay — Ap + ma Ay + (ng — 1) Az — Ay + my Az + 2mung + 2mpn, — nang
—MgNaNp + Nallg + dMgngng + (2 —2ny4)Ny + 2Dy + (Zmanﬁ —3my)Dy — Ny + 2B
+(2mang — 3my)By — By — 4mu M (a) + 6mg — 4mgng + 2m, Ny + 2Ny
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Theorem 3. The third leap Zagreb index of a, is as follows:

LMs(ag) = dmgng +2p° +2t° —2M;(a) — 4m, + ninﬁ +ngp +ngt
—Bmgng +2mpgng — My (B) + 2mympg — 2mpg + n,xn% — 2nympg
+mgngng —ngng +4My(«) 4 4mang — 6m, — 2B,

where B= )
xy€E(x)

(%) N N, ()|

Proof. Using (3) and vertex set of «;, we obtain

LMs(ag) = ), d(s).d(s|2
scV(ay)
= Z( )(Zd,x(s) +ng)(na + pa(s]2) +H(q) —da(s) = 1)
seV
+ Y (dp(s) +na)(ng —dg(s) + [N (a)| = 1)
seV(B)
+ |Z( )|(2)(daq(x) +du, (y) =3 — [N, (x) N Ny, (y) )
Sxy€ N(«
= Y [2nada(s) 4 2pa(s]|2)da(s) + 2da(s).t(q)
seV(a)

—2d,(s)? — 2d,(s) + nang + ngpa(s|2) +np.t(q) — ngdu(s) — ng

+ 2( )[”ﬁdﬁ(s) —dp(s)* +dp(s) IN(a)| — dp(s)
seV(B
+nang — nadg(s) + 1y [N(a)| — 1q]

+ Y [2da(x) + 2du(y) —6 - 2‘1\1“ ﬂNaq(y)‘]

S’cy€|N("‘)|
= 2mp ), du(s)+2 ) pu(s|2)da(s) +2 ) da(
sEV («) seV(a) seV(a)
=2 Y dals)®—2 ) da( ) +n2 allp +np Y pals|2)
seV(a) seV(a) seV(a)
+np 2 t(q) —ngp Z do(s) — nang +ng Z dg(s)
seV(a) seV () seV(B)
— L A+ L dﬁ - L dﬁ
seV( [3) seV(B seV(B
—i—na Z dg(s) + na Z IN(a)| — nang
seV(ﬁ) seV(B)
12 Y de ()Y day(y) — 6y —2 [Ne, (%) 0 Na, (9)
Sxy€|N(a)]| Sxy€|N(a)] SxyG‘N( o)

= dmgng +2p° + 2t — 2M; (a) — 4my + nﬁnﬁ +ngp + ngt
—2myng — ngng + 2mpng — My (B) 4 2mamg — 2mpg
—l—nan% — 2mghy + mangng —ngng+2 Y [2da(x) + ng +2dy(y) + ng
xy€E(a)
—oma =2 L [Ny (x) O Ny, ()|
xy€E(x)
= Amany +2p° + 2t — 2My (w) — 4my + ngng
+ngp + ngt — 2mang — 2ngng + 2mpng
—M;(B) + 2momg — Zmﬁ + nan% — 2mpghy

+mangng+4 Y ( )+ da(y)) + 4mang — 6m, — 2B
xyeE(vc)
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= dmyn, +2p° + 2t — 2M (a) — 4my + ngn;
+ngp + ngt — 2mang — 2ngng + 2mpng
—M;y(B) +2mymg —2mg + n,,mfg
—2mgny + mungng +4M (o) + dmgyng — 6my — 2B.
O

Corollary 4. Let G = H = S;, n > 3 be a star graph with n vertices. Then
LM3(S,(v)S,) = 4n® + 512 — 26n + 10.
Theorem 5. The first leap Zagreb index of «, is as follows:

LMi(ae) = Bnang+4LMy(w) + £+ dnpX + 4t + 2ngt + ny + ngng
+Mi(B) +np +4mg — dmgng — 2n/25 —4mgn, — 2ngng
+m3 + Fa) + 2mu M (a) +2My () 4 9my + C* 4 6C — 6m>
—2m,C — 6M7(a) — 2D,

where
t= Y £(q)
q€V(a)
t = t(q)da(q|2),
C= Y |Nu(x)NNa(y)|,

xy€E(x)

X= Y du(q]2)and
qev(a)

D= % [Na(x) W Na(y)| (da(x) +du(y)).
xy€E(w)

Proof. Using (1) and vertex set of a,, we obtain

LMi(e) = Y. d(q2)

qEV (e)

= ) [mp+2du(q2) + @)+ Y [np—1—dp(q) +nal?
geV(a) qeV(B)

‘Z( )‘[IN(“)\ +do(x) 4+ da(y) — 3 — | Na(x) N Na(y)]?

Jry €| N (2

= Zé )[né +4d3(q12) + £(q) + dnpdu(q]2) + 44(9)da(4]2) + 2npt(q))
qgeV(a

Z [nlz; + ni + 2ngn, + dé(q) +1+ 2d/5(q) — an;d/g(q) —2ng

7€V (B)
—2nadg(q) —2na] + Y [IN() P +d3(x) + d2(y) + 2 |N(a) | do(x)

Jxy€|N(a)]|

+2d, (x)da (y) + 2d, (y) IN(a)| +9 + [Na(x) N Ny (a)]? 4 6Ny (x) N Ny (y)]

—6[N(a)| =2 [N(a)| [Nu(x) N Na(y)| — 6du(x) — 2da(x)|Nu(x) N Na(y)|
—6dy (y) — 2da(y)|Na(x) N Na(y)|]

= Z() )[nf; +4d3(912) + £2(q) + 4npda(912) + 4#(q)da(4]2) + 2n4t(q)]
geVia

;ﬁ) [nl% + g + 2ngng, + d%(q) + 1+ 2dg(q) — 2npdg(q) — 2ng
g€

—2mdg(q) — 2]+ Y [IN()]+ (4 (x) + 2 (y))
Jxy €[N (a)]
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+2|N(@)| (da(x) +du(y)) + 2da (x)da(y) +9 + [Na(x) N Na(y)[?
+6|Na(x) N Na(y)| = 6 [N(a)| — 2 [N ()| [Na(x) N Na(y)|
76(doc(x)‘|’da(y))*2|Na( )mNa(y)‘(da(x)+da( ))}

n%na+4 2 d2(q2) + 2 (q )+ 4ng Z do(q|2) +4 2 t(q)da(q|2)
gev(a) geV(a gev(a) gev(a)

+2ng Z t(q)+n5+nan5+2nﬁna+ Z dlzs(q)+nl;+2 Z dg(q)

qeV(a) qeV(p) q€V(p)

—2ng Y dp(q) —2n5—2n, Y dg(q) —2mamp+ Y |N(2)?
qevV(B) qGV(ﬁ) xy€E(a)

+ ) ) +dml+2 ) | (%) +du(y))

xy€E(a) xyeE()

+2 ) de(0)da(y) +9ma+ Y INe(x) ONa(y)P+6 ) [Na(x) N Ne(y)|
xyEE(uc) xy€E(x) xy€E(a )

-6 Y INW[-2 Y |N )| [N (x) " No(y)| —6 Y [d dy)]
xy€E(x ) xy€E(x xy€E(a)

=2 ) [Na(x) N Na(y )Hda( x) +dy)]

xy€E(n)

nang + 4LMy (a) + 2 + 4ngX + 48 + 2ngt + n

—l—ninﬁ + 2nan123 + M1 (B) + ng +2(2mg) — 2ng(2mp)

onf; — 2ny(2mg) — 2n4np + m3 + F(a) + 2me My ()

+2My (&) + 9my + C? + 6C — 6m2 — 2m,C — 6M; (a) — 2D
nanlzg +4LM, () + % + dngX + 4t° + 2ngt + n% + nin/g + 2nan/25
+M;1(B) +np +4mg — dmgng — Zn% — 4dnymg — 2nyng + m;
+F(a) + 2ma My (a) +2Mp () + 9my + C* + 6C — 6m2 — 2m,C
—6M; (a) — 2D

Bran +4LMy (&) + 12 + 4npX + 41 4 2ngt + n + nong
+M;1(B) + np +4mg — dmgng — Zn% — dmpgny — 2nang

+m3 4 F(a) 4 2ma My (@) + 2Mp(a) + 9my + C* + 6C — 6m2 — 2m,C
—6M;(a) —2D.

Theorem 6. The following is a,’s second leap Zagreb index:

LMy(ae) = mang+2ngLMs(a) + ngTy +4LMy(«) + 2Dy +2D3 + Ty + mgng + mgnj

where,

T =
T, =

D, =

+2mgnyng — ngMy(B) — 2mgng — ny My (B) + Ma(B) + M1 (B) — 2mpn, + mpg
+m§nanﬁ + mﬁn% - minﬁ + n%Ml () —3mgngng — 3manl23 +3mang —

(nang + n% — ng)By + nungM (&) + 6mamp — 2mamg — 2mﬁM1( a) +2mgBy
—ngMp(a) + 2m§nﬁ +2ngM;i (&) — 6mung — 2ngBy + (2my — 61y ) D3

+2M; () D3 — 2Dy + (1 — 3my)Cr + My () Cp — Cy,

Y (ta(s) +ta(q)),
ta (S)ttX(EI)/

sqeE(a)
)y
sqeE(a)

)y

sq€E(a)

te(q)da

(s[2),
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Dy= ¥ ta(s)da(ql2),

sqeE(a)

Bi= Y (da(s|2) [Na(x) N Na(y)l,
se{xy}

Dy= Y (da(s]2),
se{xy}

Dy= Y ¥ (da(s]2) [Na(x) " Na(y)l,
xy€E(a) se{x,y}

Ci= Y tu(s)and
se{xy}

G= Y X tals)|Na(x) N Na(y)]
xy€E(x) se{x,y}

Proof. Using (2) and edge set of a,, we obtain

LMp(ae) = Z(: )dae(5|2)dzxe(’7|2)
sqeE(ae
= Z( )[”/S +24d4(5]2) + ta(5)][np + 2da(q12) + tu(q)]
sqeE(a
+ Z [Tl/g + 1, — dﬁ(s) - 1][71/3 + 1, — dﬁ(q) -1+ Z [Tl/g + 1, — dlg(s) —1]
sqeE(B) ugxy€ke
[IN(a)] +da(x) +da(y) =3 — [Nae(x) "Ne()[] + ) [1p+2du(s]2) + ta(s)]

uqxy€J(a)
[IN(a)] +da(x) + da(y) —3 = [Na(x) N Na(y)|]
= ;( )[”%3 + Znﬁda (912) + npty (q) + Znﬁdtx(5|2) +4dy (s]2)dn(q]2) +2da(s]2)t(q)
sqeE(w
+ngty(s) +2du(q|2)ta(s) + ta(s)ta(q)] + ZE:(ﬁ)[n,Z; +nang —ngdg(q) —ng + nang
sqe
—|—n§ — nadﬁ(q) — Ny — nﬁdﬁ(s) - nadﬁ(s) + dﬁ(s)dﬁ(q) + dﬁ(s) — g — Mg + dﬁ(q) +1]
+ ) Y [ng [N(a)| + ngda(x) 4 npda(y) —3ng — ng |Nu(x) N Nu(y)]|
s€V(B) gxy€|N ()]
F11q [N (a)] + 1ada (x) + 1ada(y) — 310 — na [Na(x) O Na(y)| — [N(a) | dp(s) — dp(s)du(x)
—dp(s)da(y) +3dp(s) +dp(s) [Nu(x) N Na(y)| = [N(a)[ — da(x) — du(y) + 3 4 [Na(x) N Na(y)]]
+ Y ) [pIN(a)| + npda(x) + npda(y) — 3ng — ng [Na(x) N Nu(y)]
qu€|N(a)\s€{x,y}
2 [N ()| (512) + 24 (5]2)dn () + 20 (512)da () — 6a(5[2) — 24 (12) [Ne () 1 Na(y)|
+ IN(a)| ta(s) + da(x)ta(s) + da(y)ta(s) — 3ta(s) — ta(s) |Na(x) N Nu(y)|]
= ZE:( )[nfa +2np(da(s]2) + du(q|2)) +np(ta(s) + ta(q)) + 4da(s]2)da(|2) + 2t (q)da(s|2)
sqeE(w
+2t4(5)da (q]2) + ta(s)ta(q)] + %ﬁ)[nﬁ + 1+ 2nang — ng(dp(s) +dg(q)) — 2ng
sqe

—na(dp(s) +dp(q)) +dg(s)dp(q) + (dp(s) +dp(q)) — 2na +1] + Z( ) Z( )[(”a +ng
seV(B) xycE(«

1) IN(@)] +np(da(x) +du(y)) = 3(na +np —1) = (e +ng — 1) [Na(x) 0 Ne(y)]

11 (de () + da(y)) + (3 — IN())dp(s) — dp(s)(da(x) + da(y)) +dp(s) [Na(x) O Ne(y)]

—(du(x) + da(y))] + Z( ) {Z }[n/s IN(a)| +1p(da(x) +da(y)) —3np —np [Ne(x) 0 Nu(y)]|
xy€E(a) se{xy

+(2IN(@)] = 6)du(s2) + 2da(5]2) (du(x) + da(y)) — 2du(s]2) [Na(x) N Na(y)| + (IN(a)] = 3)ta(s)

Fha(s)(da(x) +da(y)) — ta(s) [Na(x) N Na(y)|]

= n%ma +2ng 2 (d,x(s|2)+d,x(q|2))+nﬁ 2 (ta(s) +ta(q)) +4 2 du(s]2)dy(q|2)
sqeE(a) sqeE(a) sqeE(a)

+20) tal(@da(s2) +2 Y ta(s)du(ql2) + Y ta(s)ta(q) + mpng + mpn
sqeE(x) sqeE(a) sqeE(x)
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+2mgngng —ng Y. (dp(s) +dg(q)) —2mpng — ny ) (dg(s) +dp(q))
squ(ﬁ) sq€E(B)
+ Y dp(s)dg(q)+ Y (dp(s) +dp(q)) — 2mpny + mg + (n +ng — 1)mzng
sqgeE(B) sqeE(B )
+n123 Z (do(x) +du(y)) — 3manﬁ(na +ng— 1) — nﬁ(na +ng— 1) Z |Nx(x) N N (y)]
xy€E(x) xy€E(w)
+nang Y ( ) +da(y)) + 6mamg — 2m? amg —2mg Y (da(x) +da(y))
xycE(a ) xy€E(a )
+2myg E |Nz(x) N Na(y)| — ng Z ) +da(y)) +21’l/l§1’lrg +2ng 2 (do(x) +
xy€E(x) xy€eE( ) xy€E(x)
de(y)) — bmang — 2ng Z [Nz (x) N Ne(y)| + (2m“ — 61m,) Z (da(s]2) +
xy€E(«) se{xy}
20) Y (da(x) +da(y)(@als2) =2 Y. Y (da(s[2) [Na(x) N Ne(y)] + (m — 3rma)
xy€E(a) se{x,y} xy€E(a) se{x,y}
Z ta(s) + Z Z (da(x)+da(y))ta(5)_ Z Z ta(s)|Na(x)ﬂN,x(y)|
se{xy} xy€E(a) se{xy} xy€E(a) se{x,y}
= mang +2ngLMs(a) + ngTy +4LMy(a) + 2Dy + 2Dy + Ta + mgng + mgng + 2mpgnang
—ngMy (B) — 2mgng — na My (B) + Ma(B) + My (B) — 2mpny + mg + minang + minlzg
—minﬁ + nlngl(oc) — 3mgngng — 3m,xn123 +3myng — (ngng + nf; —ng)By + nangM (a)
+6mumg — 2mymg — 2mgM () + 2mgBy — ngM (a) + 2ming + 2ng M () — 6mang
—2ngBy + (2m5 — 6my) D3 + 2M; (¢) D3 — 2Dy + (m3 — 3m,)Cq + My (a)Cy — Ca.

Theorem 7. The third leap Zagreb index of a, is as follows

LMz(ae) = ALMjs(a)+2t° + 2mgng +2mpgny, — My(B) — 2mp + man% + myngng — 2mymg + (ng +2) My ()
+2m2 — (ng +2)C — 6my + minﬁ,

wheret® = Y. t(q)da(q) and C =¥ [Na(x) N Na(y)|-
qev(a) xy€E(x)

Proof. Using (3) and vertex set of «,, we obtain

LMs(ae) = ), d(q)da
qeV(ae)

= Y [2da(q)(ng+2da(q2) +t(q)] + Y [(dp(q) + ma)(ng+ne —dg(q) —1)]
qeV(a) q€V(B)
lz( )l[(2+nﬁ)(da(X)+da( y) + [N(a)| — [Na(x) N Na(y)| — 3)]
Ixy € N(«a
= Z;, )[2nﬁda(LI) + 4da(q)da(q12) + 2t(q)da(q)]
qeV(a
Z( )[”ﬁdﬁ(‘ﬂ + nadﬁ(‘?) - d%;(‘?) - dﬁ(‘i) + Mgl + Maly — madﬂ(q) — 1]
qev(p
|Z'( )|[2da(x) +2da (y) + 2 [N ()| = 2[Na(x) N Na(y)| — 6 + npgda(x)
qxy € N(a
+npda(y) +np |N(a )\*”ﬁlNa( x) N Ny (y )\*3”;3]
= 2ng Y, da(q)+4 Y da(9)da(q2) +2 Y Hq)da(q)
q€V(a) 7€V (a) qu(ﬂc)

ng Z d,B + 1y Z dl; Z dz

qev(p) qev(B) qev(p
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Z dﬁ —i—man%—o—mananﬁ My Z dﬁ — Mgg

q€V(p) qu B)
+2 ) [da(x) +da(y)]+2 ) ) =2 Y [Na(x) N Ne(y)|
xy€E( ) Fxy €N (a )| xy€E ()
—6my +1g Z X) +du(y)] + ng Z IN(a)]
xy€E(a) Jxy€|N(a)]
—ng Y |Na(x) N Ne(y)| —3ngmy
xy€E(x)

= 2ng(2my) +4LMs(a) + 2t + ng(2mp) + ny(2mp)

—M;(B) —2mp + man% + myngng — my(2mg) — myng +2Mi ()

+2m2 — 2C — 6my + ngMi(a) + nﬁmﬁ —ngC — 3ngmy
= dmgng +4LM3z(a) + 2t + 2mgng + 2mgn, — My (B) — 2mp + man%

+mgngng — 2mamg — myng + 2Mi (a) + 2m?% —2C — 6m, + ngM (a) + minﬂ —ngC — 3ngmy
= 4LM3(a) + 2t + 2mgng + 2mpng — My (B)

—2mg + Mo + manang — 2mamg + (ng + 2) My (a) + 2mg — (ng +2)C — 6my + mgng.

Corollary 8. Let G = H = S, n > 3 be a star graph with n vertices. Then
LM3(S,(e)Sy) = 4n® + 4n® — 24n + 16.

The comparison between Corollary 4 and Corollary 8 is shown in Figure 2.

000 | /

2000 |
/ — 47 +57-26n+10
= 2000 | s
A+ 47 -24n+16

Figure 2. Comparison between corollary 4 and 8

5. Wiener polarity index of R-vertex and edge join of graphs

In this section, we will discuss some results based on third distances indices of R-vertex and edge join of
graphs.

Theorem 9. The Wiener polarity index of a, is as follows:

where
p= YL palsf2),
qeV ()
t= Y t(s),
q€V(a)
M= Z( | [Nx(x) N Ny (y]2) U N (x]2) N Ny (y)| and
xy€E(a
L= ¥ |Ng(x]2) ﬂNaq(y|2)’.
xy€E(a)
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Proof. By using Eq. (4) and vertex set of a;, we obtain

Y ds(s)

s€V(ag)

Wy (ag)

Nl—= N

seV(a)

+1 Z [\Naq(x|2) UN%(}/|2)|

2 sV IN@))

Y. [IN(a)] = da(s) = pas|2) — £(s)]

—[(Na(x) N Na(y|2)) (INa(xIZ) n Na(y))l]

Z sz |2 2 Z t(S)

sEV seV(a)

R LG EF P

seV(a) sGV

% Y [Na, (x12) U N, (y]2)]

xy€E(x)
1

—5 2 [(Na(x) N Na(y[2)) U (INe(x[2) N Na(y))]|

xy€E(x)

1 1 1 1 1

= SMgNy — E(

2 2 2

1 1

1

2m,x)—§p—ft+fL—fM

2

1 1
= Malta =My = 5p— 7t+ L—fM

2 2 2

Theorem 10. The Wiener polarity index of w. is as follows:

_ 3 1 e 1, 1
Wy (ae) = Wa(a) 4 mgny 2Ma = 5P zt 5 M 2Q 2N,
where
p= L pals[2),
qeV ()
t= Y ts),
q€V(a)
Q= Y |Na(x)UNy(y)| and
sxy€|N(a)]
N = Lo, e [xoylory’ € {2y}
Proof. By using Eq. (4) and edge set of a., we obtain
1
Wp(ocg) = 3 Z d(|3u)
seV ()
1
= 5 L [da(s[3) + [N(a)| = du(s) = pa(s[2) = #(s)]
seV(a)
1
+5 Y. e+ ma = [Na(x) UNg(y)| = |syry|x" ory" € {x,y}| —1]
sxy€[N(a)]
1 1
-5 T aza<s|3>+E YW@= T )y Bl
eV(a seV(a) seV sEV
1
—= Zt 2 Z Mg — = Z My
seV Sxy €N ()] sxy€|N(a)|
1

) Z |Na(x) U N (y)] — Z

Sxy€|N(a)] Sxy€|N(a)]

|sxry |’ ory” € {x,y}| — 5m

o
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1 1
= 3 L di3+y; L IN \—f Z da(s) — 5 Z Pa s|2)
seV(a) seV(a)

seV sEV
1 1
—= 2 t(s E Z n,x—f 2 My
seV () xy€E() xyEE( o)
1 1
—5 Y IN@UNuy)l = ) Jswylx ory' € {xy} = Sma
Sxy€|N(a)] Sxy€|N(a)]
1 1 1 1 1 1 1 1
= Ws(a)+ 5 Malla — Mg = 5P — §t+ 5 Malla — Emﬁ — EQ — EN — 5Ma
3 1 1 1 1 1
= W3(“)+ma”a_§ w ZP_*t E i EQ_EN-

6. Conclusion

In this paper, we studied the leap Zagreb indices and Wiener polarity index of R-vertex join and R-edge
join of graphs. The authors are invited to investigate the topological properties and descriptors of R-vertex
join and R-edge join of graphs based on distance, which appears to be an interesting and difficult issue.
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