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Abstract: Let R be a ring with identity. The nil-clean graph of R is a graph, denoted by Gyc(R), whose
vertex-set is the set R, and where two distinct vertices x and y are adjacent if and only if x + y is a nil-clean
element of R. An element r € R is called a nil-clean element if it can be decomposed a sum of an idempotent
and a nilpotent element of R. Let G be a finite undirected graph. An automorphism ¢ of G is a permutation on
the vertex-set V(G) such that the graph preserves adjacency, that is, ¢(v1) is adjacent to ¢(v,) if and only if v;
is adjacent to v,. The set of all automorphisms of G together with the composition operation of permutations
forms the automorphism group of G. In this paper, we firstly compute the order of the automorphism groups
of nil-clean graphs for the ring Z,. And then we determine the structure of the automorphism groups of
Gnc(Zy) for n = pk, pg,2kp!, where p, g are distinct primes and k, I are positive integers.
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1. Introduction

et G be a finite undirected graph. An automorphism ¢ of G is a permutation on the vertex-set V(G)
L such that the graph preserves adjacency, that is, ¢(v;) is adjacent to ¢(v;) if and only if v; is adjacent
to v2. The set of all automorphisms of G together with the composition operation of permutations forms the
automorphism group of G, denoted as Aut (G). For a graph G, determining the structure of Aut (G) is not an
easy task, even for the order of Aut (G). This has led to many research papers studying on the automorphism
group of a simple graph. For example, Ganesan [1] determined the automorphism group of the complete
transposition graph. Mirafzal [2] studied the automorphism group of the bipartite Kneser graph. Ibarra and
Rivera determined the automorphism groups of some token graphs in [3]. Let W be a non-empty subset of
V(G). The subgraph induced by W, whose vertex-set is W and edge-set is those edges of G that connect two
vertices in W, is denoted by (W). We denote G — W as the subgraph obtained from G by deleting all the
vertices in W and the edges connected to those vertices in W.

This paper is devoted to study the automorphism group of a graph defining on a ring. We first recall the
definition of the nil-clean graph of a ring, which is initially introduced by Basnet and Bhattacharyya in [4].
Let R be a ring with identity. An element in R is called nil-clean if it is a sum of an idempotent in R and a
nilpotent element in R. The set of idempotent elements, the set of nilpotent elements and the set of nil-clean
elements of a ring R is written as Id(R), Nil(R) and NC(R), respectively. The nil-clean graph of R is denoted
by Gnc(R), and its vertices are all the elements in R, and where two distinct vertices x and y are adjacent if and
only if x +y € NC(R). If the word “distinct" is removed, then the graph may have loops, which is the closed
nil-clean graph and denoted as Gyc(R). The study of nil clean graphs of rings has also attracted the attention
and research by many scholars. In the literature [5], the authors studied the diameter of nil-clean graph of the
ring Zy. In [6], some topological indices of nil clean graphs have been studied.

In recent years, many scholars have studied the automorphism groups of graphs derived from algebraic
structures. Zhou et al., successively determined the automorphisms of the total graph of the ring of all 2 x 2
matrices and the zero-divisor graph of the ring of all n x n matrices over F; in [7] and [8], respectively. Zhang
et al., [9] completely determined the automorphisms of the zero-divisor graph of the 2 x 2 matrix ring over
Zps, where p is a prime and s is a positive integer. The automorphisms of the inclusion ideal graph, the
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ideal-relation graph and the intersection graph of ideals of the ring of all n x n matrices over F, are determined
in [10] and [11]. Zhang and Nan [12] determined completely the automorphism groups of the unitary Cayley
graph, the unit graph and the total graph over the ring of Gaussian integers modulo a prime power. Ou et
al. described the automorphism group of the zero-divisor graph of a finite semisimple ring or a block upper
triangular matrix ring over a finite field in [13].

2. The order of the automorphism groups of Gy (Zy,)

In this section, we want to determine the order of the automorphism groups of the nil-clean graph of the
ring Z,. We start with some basic facts from graph theory.

Remark 1. Let G be a graph whose vertex-set V(G) = {v1,v2,...,0n}.

1. Suppose Aut(G) acts on the vertex-set V(G). The orbit of v € V(G) is O(v) = {¢(v) : ¢ € Aut(G)}.
The stabilizer of v in G is Stab(v) = {¢ € Aut(G) : ¢(v) = v}. Then the Orbit-Stabilizer Theorem is
described as | Aut(G)| = |O(v)| x | Stab(v)].

2. The k blow-up of a graph G refers to the result obtained by replacing each vertex v; with k vertices
0i1,9i2, - - -, Uik such that two different vertices v;; and vj; are adjacent if and only if v; and v; are adjacent
in G foreveryi,je {1,2,...,n} ands, t € {1,2,...,k}.

3. The Kronecker product G; ® G; of the graphs G; and G; has vertex set V(Gy x Gy), two vertices (v1, u1)
and (v,, uy) are adjacent if and only if v; is adjacent to v, in Gy and u; is adjacent to u; in G,.

The following two lemmas are from reference [14], and for the convenience of readers, we also provide
their proofs.

Lemma 1. [14, Theorem 2.4] Let the Artin decomposition of a finite commutative ring R be R =2 Ry x - - - X Rs. Then
there is the isomorphism of graphs Gnc(R) =2 Gnc(Ry X -+ - X Rs) = Gne(R1) @ -+ - ® Gne(Rs).

Proof. For two isomorphic rings, their closed nil-clean graphs are also isomorphic. This shows that Gyc(R) 22
Gnc(Ry x -+ X Rg). Since Id(R;) = {0,1} and Nil(R;) = J(R;) = m; by [15], where J(R;) is the Jacobson
radical of R; and m; is the maximal ideal of R;. So, NC(R;) = Id(R;) + Nil(R;) = {0,1} + Nil(R;) = m; U
14+ m;, NC(Ry X --- x Rg) = NC(Ry) X --- x NC(Rs). Letx = (x1,...,%5), ¥y = (Y1,.--,Ys) € Ry X --- X Rq.
Then, x +y € NC(R) if and only if x; + y; € NC(R;) forevery i = 1,...,s. According to the definition of the
Kronecker product of graphs in Remark 1(3), we have Gyc(Ry X -+ X Rg) 2 Gnc(R1) ® -+ - @ Gne(Rs). O

Lemma 2. [14, Corollary 2.1] Let R be a finite commutative ring. Then Gnc(R) is the |J(R)| blow-up of
Gne (R/](R)).

Proof. Let x = (x1,...,%s), ¥y = (y1,...,¥s) € R. Since a finite commutative ring is an Artinian ring and
up to isomorphism, the ring R can be uniquely written as the direct product R = R; X - -+ x R of a finite
number of local rings by [15]. So, (x1,...,xs) is adjacent to (y1,...,ys) in Gyc(R) < x;+y; € NC(R))
= xit+y; €emUl+m < (x,...,%) is adjacent to (¥y,...,¥s) in Gyc (R/J(R)). If (x7,...,%;) is
adjacent to (71, ...,7s), and we replace each vertex in Gyc (R/J(R)) with (x; +my,...,xs + m;), then each
vertex in (x1 +my,...,xs +ms) is adjacent to (y7 ..., ys) and each vertex in (y; + my,...,ys + ms) is adjacent
to (x1,...,xs). Note that J(R) = my x --- x mg = J(Ry) X -+ X J(Rs). Thus, Gyc(R) is the |J(R)| blow-up of
Gre (R/J(R). O

It is worth noting that the automorphism groups of Gyc(Zy) and Gyc(Zy) are isomorphic. For each

vertex v, the open neighborhood of its in Gnc(Zy) is exactly the same as that in Gn¢(Zy). Thus, we study the
automorphism group of Gyc(Z,) by studying the automorphism group of Gyc(Zy).

Theorem 1. Let n = plil pgz e p’scs, where p1,p2,. .., ps are distinct primes and ki, ko, ..., ks are positive integers.

Then the following statements hold:



Open J. Discret. Appl. Math. 2026, 8(3), 30-36 32

1. If n is an even number with p; = 2, then

Gt =2 (42t

2. If n is an odd number, then

| Aut (Gne(Zn)) | zzs[(pkl et P’és_l) }plpz...ps'

Proof. Whenn = pl Pz .- p¥, we know that Gy¢(Zy) is the pkl 1]0]2(2 Loopht blow-up of Gnc(Zp,p,--ps)

by Lemma 2.
1.1fn =2k pgz e plsfs is an even number, then by Lemma 1,

GNC(Zap,...ps) = GNC(Zoy X Lpy X - -+ X Lp,)
= Gne(Z2) ® Gne(Zp,) ® - - - © Gne(Zy,)
2 Ge(Z2) ® (Gne(Zp,) ® - @ Gne(Z, )
= Gne(Z2) @ G (Zpy--p, )-

Since any two points in the graph Gyc(Z) are always adjacent, two vertices (us,v;) and (ut,v;) are
adjacent in Gnc(Zz2) ® Gnc(Zp,-p,) if and only if v; and v; are adjacent in Gnc(Zp,...p,). This shows that
GNe(Zop,...p,) is the 2 blow-up of Gnc (Zp,...p,)- It follows that Gyc(Zy) is the 261 pyk2 =1 p ks =1 blow-up of
Gne (Zpy ).

Since Gne(Zpy...ps) = GNe(Zp, X - -+ X Zp,) and NC(Zy,) = {0,1} for every i = 2,...,s, there are 2571
vertices with a loop in Gnc(Zyp, X - -+ X Zp,), and the same in Gnc(Zp,...p, ). Clearly, the vertex 0 is a vertex
with a loop in Gyc(Zp,...p,). Then, |O(0)| = 2571 in Gyc(Zp,...p,)- Thus,

‘ O((_))‘ _ 25*12k1 pzszl . psksfl,

and
[Stab(0)] = (21p"2 71 p Tt 1) [(@Rpe g :

in Gyc(Zy). By Remark 1(1), we have
| Aut (Gne(Zn)) | = | Aut (Gre(Za) | = [O(0)] x [Stab(0)] =271 [(2M1pfat - pbe)y]

2. If n is an odd number, then py, py, ..., ps are distinct odd primes. Since Gnc(Zp,p---ps) = Gne(Zp, X
Zp, X - -+ X Lp,) and there are 2° vertices with a loop in Gnc(Zp, X Zp, X - -+ X Zy,). Similar to the proof of (1),
we can get

A ki—1 Kk 1. —
|O(0)| =2°p" Py Plgs L

and

7

~ k k _ _ _ ‘, pip2-ps—1
[Stab(0)] = (pit 1 pk T pE T = 1) [(p Tt

in Gyc(Zy). From the Remark 1(1) and after a simple calculation, we get

| Aut (Gne(Zn)) | = | Aut(Grc (Za))| = [O(0)] x [Stab(D)] = 2° [(prtpata 1o 177
O

3. Automorphism groups structure of Gyc(Zy,)

In this section, we want to determine the structure of the automorphism groups of the nil-clean graph of
the ring Z,, for n = p*, pq, 2¥p’, where p, g be distinct primes and k, I be positive integers. Let S be a group. We
denote S as the direct product of k copies of S. As usual, we denote the symmetric group of degree 1 as S,,.
Now, we firstly give the automorphism group of Gnc(Zy), where p is a prime.
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Proposition 1. Let p be a prime. Then Aut (Gnc(Zp)) = So.

Proof. Gyc(Zp) is a path by [4, Theorem 3.1]. In fact, Aut (Gne(Zp)) = {I, ¢}, where I is the identity
transformation and ¢ is a mapping from V(Gnc(Zp)) to V(Gnc(Zy)). If p = 2, then ¢(0) = 1, (1) = 0.
If p > 2, then ¢ is defined as ¢(v) = pTH —v. O

Next, we determine the automorphism group of GNC(Zpk) for p is a prime and k is a positive integer.

If G, is a permutation group on {1,2,...,n}, then the wreath product G; ! G, is generated by the direct
product of n copies of G1, together with the elements of G, acting on there n copies of Gy.

Lemma 3. [16, P.24,P.139] (1) The automorphism group of the complete graph K, or the null graph Ny, is the symmetric
group Sy.

(2)Let the connected components of G consist of ny copies of Gy, ny copies of Gy, - - -, n, copies of G,, where
G1, Gy, . .., Gy are pairwise non-isomorphic. Then

Aut(G) = (Aut(G1) 1 Spy) X (Aut(G2) 1Sn,) X -+ - X (Aut(Gy) 1 Sy, ).

Definition 1. [17, Corollary 2.1] Let G be a simple graph. Define an equivalence relation on the vertex set
V(G), for any u,v € V(G), u and v are equivalent if their open neighborhoods are the same. The reduced
graph of G has vertex set {[v] : v € V(G)}, where [7] is the equivalence class of v. Two distinct vertices [u] and
[v] are adjacent if and only if their representative elements 1 and v are adjacent in G.

Proposition 2. Let p be a prime and k be a positive integer.
(1) pr = 2, then Aut(GNC(sz)) = SZ"'

r-1
(2) If p > 2, then Aut(GNc(Zy)) = S 1 X <Spk21 252).

Proof. (1) Itis easy to see that Gyc(Zyx) is a complete graph. The conclusion is supported by the Lemma 3(1).

(2) On one hand, we know that GNC(Zpk) is the p*~1 blow-up of Gnc(Zp) by Lemma 2. On the other
hand, the graph Gnc(Z,) is obtained by removing the loops from Gyc(Z). The reduced graph of the
nil-clean graph GNC(Zpk) is given as follows.

Ay Ay Ap1 Ay Ap A# A#A%H’\)
—e——o o o —o— o 4

-~ -~

Figure 1. The reduced graph of Gyc (Zpk)

In Figure 1, A; = i+ (p)(i = 0,1,2,...,p — 1) and each A; contains pk’l vertices. Notice that Ag and
Api1 have loops, and we represent them with dotted lines, which means that the pk’l vertices in A are
e

adjacent pairwise, and so is A1, but none of these vertices has a loop. By Definition 3.3, we can know
2
the structure of Gnc(Z,x). Then, the induced subgraphs (A) and <A pil > are two complete graphs and the
e
induced subgraphs (A;) (i # 0, pTH) are null graphs. By Lemma 3(1), Aut ((A;)) = S1(i=0,1,2,...,p—1).
For convenience, we denote the points Ap, Ay, -+, Apa1 in Figure 1 as V1, V3, -+ -, V, in sequence. Let
e

GNC(Zpk) — Vo1 = H and <V1 U---U Vp71> = W. Note that O(v) = V41 for any v € V,11 and O(w) =
= = = =
ViUV, forany w € V;, wherei € {1,2,..., prl, pT+3’ ...,»—1,p}. Thus, we can regard GNC(Zpk) as two

parts, <VL+1 > and H. Then
2

Aut (GNC(Zpk)) =~ Aut <<V,,T+1>> x Aut (H).
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Since the connected components of H consist of 2 copies of W, we know that Aut(H) = Aut(W) S,
r1 p
by Lemma 3(2). It is easy to see that Aut(W) = S kz Thus, Aut (GNC(Zpk)) = Sy X (S 2S > This

completes the proof. O

Then, we determine the automorphism group of Gnc(Zp,), where p and g are two distinct primes.

p—1
Proposition 3. Let p be an odd prime. Then, Aut (Gnc(Zap)) = Sy X (522 ! 52>.

Proof. By [4, Theorem 3.12], we can obtain the nil-clean graph Gnc(Z2,). Now, by relabeling the vertices of
this graph, we get the following graph,

1 2 3 4 p=2 p-l p

p+1 p+2 p+3 pt+a  2p—2 2p—1  2p

Figure 2. Gnc(Zap)

Let {1, 250 pt 1, b = Hyand {22, p, 3852, 2p} = . Weknow that O (241 =

@) 3’%1 {p;l/ il } by Figure 2. Then we regard Figure 2 as two parts, <{pT+1/ 3’%1 }> and (H; U Hy).

It is not difficult to observe that

Aut (Gyc (Zay)) = <<{’”+1 3”2“ >> « Aut ((Hy U Hb)) .

Clearly, Aut (<{p+l 3 +1}>) Sy. In fact, the induced graph (Hj U Hp) consists of 2 copies of Hj.

By Lemma 3(2), Aut ((H; UH,)) = Aut(Hp)!S,. While Aut(Hy) 2 S . Thus, Aut (Gyc(Z2p)) = Sa X
p-1
(Szz ZSz). O]

Proposition 4. Aut (Gnc(Zpg)) = Sy X Sy, where p and q are two distinct odd primes.

Proof. Since Zp; = Zyp X Zy, GNc(Zpg) = Gne(Zyp X Zy). We know that x = (x1,x2) € NC(Zy x Zy) if and
only if x; € NC(Zy), x, € NC(Zg) from [5, Proposition 2.1]. It is well known that NC(Z,) = {0, 1} and hence
NC(Zy x Zq) = {(0,0),(0,1), (1,0), (1,1) }. The nil-clean graph of Z, x Z, is shown as follows:

In Figure 3, let the four paths {(0,()), (1,0),---, (p;l, 0) }, { ((—),17-51> , (T,q;l) Lo, (T,T) },

{((),()), 0,1),---, <(—)qu2rl) } and { (szrl, ()) , (p;rl,i) L, (p;rl, qH) } are denoted by Py, P, P; and P,

respectively. Let r{ and r; represent the reflection transformation with the midpoint line of paths P; and P,
as the axis of symmetry and the midpoint line of paths P; and P, as the axis of symmetry, respectively. It is
easy to see that I, 71,1y, 7172 € Aut (GNC(Zp X Zq)), which I is the identity transformation. Then, the images

of (0,0) under these automorphisms are (0,0), <pJ2r1, ()) , (0, ‘T) and (p + ’Hz'l) each of which is of degree
3. All the points except the aforementioned four have a degree of 4 in Gyc(Zy X Z4 and the automorphism
of the graph preserve the degree of the points. So, O ((0,0)) = {(O, 0), (T,()) , (0, q?) , (p;l, qurl) }

By Theorem 2.4, | Aut (Gnc(Zp x Zg)) | = 2% = 4. Therefore, Aut (Gnc(Zp X Zg)) = {I,11,12,1112} = S ¥
Sp. O
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=l
—

Figure 3. Gyc(Zy X Zg)

Finally, we determine the automorphism groups of GNC(szpl)/ where p is an odd prime, k and [ are
positive integers.

p—1

Proposition 5. Aut (GNC(szpl)) = Sprpi-1 X (Sz,fpll 1 Sz>, where p is an odd prime, k and | are positive integers.

Proof. By Lemma 2, we know that Gnc(Zox,y ) is the 2= 1p!=1 blow-up of Gnc(Zzp). Now, we give the reduced
graph of GNC(Zkaz ),

s Al
—Ap+1 Apia Apys Apys Axp—2  Azp AZp -

Figure 4. The reduced graph of Gnc(Zyx1)

Where each Ai(i =1,...,2p) contains Zk’lpl —1 yertices. Similar to the proof of Proposition 3, we regard

p—1 Sp 1
7
Figure 4 as two parts, <AL+1 UA3p+1> and GNc(szpz) — (ALH UA3p+1>. Let W = < U A, U A; >
2 v 2 2 i=1 j=p+1
According to the adjacency relationship of the graph, we have

Aut (GNC(Z2kp1)) >~ Aut (<A% UA@» x Aut (GNC(Zkaz) - (A# UA@».

=1 yertices, then, we can obtain that
Aut (<ApT+1 UA#» = Szk -1 by Lemma 3(1). The graph GNC(szpl) — (APTH U A%) consists of two
—1

copies of W. While Aut (W) = S2k2 ,_1- By Lemma 3(2),

Since the subgraph <A i1 U Az > is the null graph with 2¢p
2 2

p-1
Aut (GNC(szpz) — (A# UAM)) ~ Szkzpzq 1S,

p—1
Thus, Aut (GNC(szpl)) = Szkplfl X (Szk -1 52) O
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