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Abstract: Closed forms are derived for nested finite sums of the form

where a,, and c are integers and x is real or complex. This elementary identity is then used to evaluate multiple
sums whose summands contain terms of the Horadam sequence (Wj(a, b; p,q)). The sequence is defined by

Wo=a, Wi=b = Wij=pWi1—qW;2 (j=2),

where a,b,p,q € C with p # 0 and g # 0. The resulting identities include weighted sums involving Lucas
sequences of the first and second kinds, Fibonacci and Lucas numbers, gibonacci sequences, and products
of two and three shifted terms. The formulas show how the depth of summation is absorbed into binomial
coefficients and shifted sequence indices, yielding compact expressions suitable for direct use in recurrence
and summation problems.
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1. Introduction

L et F; denote the jth Fibonacci number. Ivie [1] proved the identities
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and, more generally,

an  Ap—l | n—1 i
Yo Y o) Ry=Fyiom— sz(n—]') (an +]-] 1>- @
ay_1=1a,_»=1 ap=1 j=0

The purpose of this work is to place identities of this type in a general second-order recurrence setting and
to derive closed forms in which the lower summation limit may be any integer c. The central observation is that
a nested geometric sum can be evaluated before specializing the base to quantities generated by a recurrence.
This separates the combinatorial part of the problem from the recurrence-theoretic part: the former contributes
binomial coefficients, while the latter contributes shifted Horadam, Lucas, Fibonacci, or gibonacci terms.

Open . Discret. Appl. Math. 2026, 9(2), 7-19; d0i:10.30538 / psrp-odam?2026.0130 https:/ /pisrt.org/psr-press/journals/odam


https://pisrt.org/psr-press/journals/odam/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/odam

Open |. Discret. Appl. Math. 2026, 9(2), 7-19 8

A representative identity obtained below is

Ap—1

Wra +s W(lzn-i-zn r2n—2j+c—1)+s (An +j—¢C
Z Z Z 0 = 1)71 qrnvﬂn Vc 1 Z W o - @

Ay _1=Cay_p=c ag=c J

Formula (1) follows as a particular case. Thus the method gives a unified derivation of identities for a
broad class of second-order sequences rather than isolated Fibonacci sums.
Throughout the paper, (Wj(a, b; p, q)) is the Horadam sequence [2], defined for non-negative integers j by

Wo =a, Wi =b, Wi=pWi_1 —qW;2 (j >2), 3)

where a,b,p,g € C, p # 0, and q # 0. Two important special cases are the Lucas sequences of the first and
second kinds,

(Ui(p.9)) = W;(0,L;p,9),  (Vi(p.9) = (W;(2p;p.9)),

so that
Up=0 U =1, U] = pu]'_l — qu]‘_z (] > 2),

and
VWw=2 Vi=p, Vi=pVia—qViz (j=2).

The Fibonacci and Lucas numbers are recovered as (F;) = (U;(1,—1)) and (L;) = (V;(1,-1)).
The case p = 1 gives the restricted Horadam sequence

(wj (a,b;9)) = (Wj(a,b;1,q)),

with corresponding Lucas sequences (u}(q)) = (U;(1,q)) and (v7(q)) = (Vi(1,9)). The particular choice
g = —1 gives the gibonacci sequence

(Gj(a,b)) = (wi(a,b;-1)), Go=a, Gi=b Gj=Gi1+Gj, (j>2)
Another useful specialization is § = —1, for which
(wj(a,b;p)) = (Wj(a,b;p,—1)),

with associated Lucas sequences (u;(p)) = (Uj(p,—1)) and (vj(p)) = (V;(p, —1)). In particular, (Gj(a,b)) =

(w]-(a,b;l)).
[ 5> p+o p—29
6=1/p>—4q, T= — o= —

Let
In the non-degenerate case 6 # 0, the Binet formulas are

o—gl -0l

u]': o 5 V/‘:T]—FO'], W]':AT]—FBO’], (4)
where . .
A —aa’ B:m.'— .
T—0 T—0

Here 7 and ¢ are the roots of x> — px + g, so that 7¢ = g and T + ¢ = p. For the Fibonacci and Lucas
numbers,

j— gl j— gl ) )
Fj=“a§ =“¢5ﬁ/ Lj=d+p, )

where ¢ = (1 + \@)/ 2and B = (1— \/5)/ 2 = —1/a. Negative subscripts are interpreted through the
recurrence, equivalently by writing

ownJrl — W—n+2
q

W_p =
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This convention keeps the identities valid when shifted indices become negative.

2. Preliminary results

Let x be a real or complex variable, let a,, be an integer, and let n be a positive integer. The fundamental
object is

an p—1 a1
ao
Yoo oA
ay_1 1ﬂn,2:1 ﬂozl

which will later be specialized by choosing x as a function of the roots of a second-order recurrence.
The geometric sum

m ‘ xm+1 —x
T,
k=1 x—1
may be written as
x—13& -
Z xl =" —1. (6)
x5
For m = a; this gives
x—1 &
2 x%0 = xM —1. (7)
ap=— 1

Iterating this identity through the successive summation levels produces the binomial coefficients that
appear in all later formulas. The following lemma records the required counting identities.

Lemma 1. Let k, m and bs be non-negative integers and let s be a positive integer. Then

B07)-650)

and

Yoy Zl—(bS“ 1)- )

bs_1=1bs_p=1 bp=1

Proof. Identity (8) follows by induction on m with k fixed. The induction step is Pascal’s identity,

k+r n k+r\ [(k+r+1
k+1 k) \ k+1 )
For (9), the case s = 1 is immediate because ZZé:l 1=0 = (bll). If the result holds for s = k, then
R R ey
b=1b =1  by=1 =1 k k+1 )

by (8). This proves the assertion for every positives. [

Using Lemma 1, the iteration of (7) yields

Y EE B BT

an-1=1la, =1 ap=1 j=0 J

The next lemma gives a formal proof and establishes the form used later.

Lemma 2. Let n be a positive integer and let x be real or complex. Then identity (10) holds.
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Proof. The case n = 1 is exactly (7). Assume that the identity is true for n = k:

() 5 E e Eeee T ()

fi=lago=1  ag=1 i=0 J

Multiplying by (x — 1) /x and summing over a; gives

k+1 apy1 1 M k— N+ g o
(x;l) Yoy Z’f x 12x i(xx1>f Z(akﬂ 1>. an
j=0

aj= lak 1—1 ap= 1 ap= 1 Hk:1 ]

The first sum is

_ 1 %%+l
bl N ) (12)

ﬂk:1

B ECT A )

j=0 ap=1 j=0

X

and Lemma 1 gives

Substituting (12) and (13) into (11) proves the result for k +1. O

The lower limit in all nested sums can be shifted from 1 to an arbitrary integer c. Replacing each a; with
a; —c+1gives

nooay, g1 a1 n-1 — / j —
() B R B B () w
j=0

Ay, _1=Cay_p=c ag=c J
The corresponding forms of Lemma 1 are
m T k _
2<] c+ >:(m c—i—k—i—l)/ (15)
i— k k+1

and

5oy 21—(b5+s ) (16)

bs_1=cbs_p=c  bp=c

Multiplying (14) by (x/(x — 1))" and substituting x/y and —x/y, respectively, gives two useful identities.
Define

an p—1 a x ag
f(x,y;an,n,¢) = y o ()
c \Y

()6 EE) 0 ) @

and
an An—1 aq N
g(x/]/;ﬂn,n,c) = Z Z . Z (_1)110 ()
Ap—1=Cay_2=¢C ag=c y

() G B )6 ) e

These two identities are the main computational tool. They show that a nested sum is reduced to a finite
single sum whose coefficients depend only on the summation depth and the lower limit.
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3. Main results

The identities in this section follow by substituting appropriate functions of T and ¢ into (17) and (18),
and then simplifying the result with the Binet formulas.

Theorem 1. Let r,s,c and ay, be integers and let n be a positive integer. Then

azn anil Z Wrag—i-s _ (_1) W(an+2;1 . 2 ]'I/vr(Zn—Zj-s—c'—l)—l-s(lln +.]‘—C)' (19)
Ay_1=Ca,;_p=C ag=c V,° gVt VC qr(”—]) j

Proof. Use (17) to simplify
AT f(t', Vssau,n,c) + Bo' f (07, Vy;an,n,0),

and then apply (4), together with toc =gand v" + 0" =V,. O

The restricted Horadam cases obtained from (19) are

©OT o e g E@wwﬁﬁﬁﬁﬁg%+rc
(v )40 1 qr(n—]) ’ /

Ap_1=Cay_p=cC apg=c qrn(v;ij)an (U;f) j=0 J
ay apy_1 ay _ .
Wrag+s nlr—1 (un+2n n—i\(r— ay+j]—c
Z 2 o 2 - (=1) = ot 2 ( Doy Wy(2n—2j+c—1)+s . .
Ap—1=Cay—2=C ap=c r r j=0 ]
In particular,
n p—1 w* n—1 wk . .
_ an+2n+s n_i2n—2j+c—1+s (An+]—C
SIS T 1y S Y (g SR (I,
ay_1=Cay_p=C apg=c q ]:O q ]
For the gibonacci sequence,
ay Ay—1 Gmo—i-s — (1 n(rfl) G (an+2n G a, + ] —C
Z Z 2 ) Lon c—1 Z r(2n—2j+c—1)+s . ’
ay_1=Cay_p=cC ap=c T’ r L ]

and the special case r = 1, s = 0 gives

an Ap-1 a, + ]—C
£ L Een=tea- o (")

Ay, _1=Cay_p=c ag=c J

Identity (1) is recovered by choosing ¢ = 1 and G; = F;. This shows that the Fibonacci identity is not an isolated
formula but the first member of a Horadam family.

Theorem 2. Let r,s,c and ay, be integers and let n be a positive integer. Then

n

WZm +s " Wr(Za,,-&-n)-&-s — r n ]+20 ay+j—c
Z Z ra(()) = (_1)[1 gV r c— 1 Z ] : (20)

Ay, _1=Cay_p=c ag=c

Proof. Apply (18) to
AT°g(t’,0";an,n,¢c) + Ba’g(o’, " ;an,n,¢),

and use (4). O

For g = —1 this becomes
gzn ﬂf o ﬂzl (_1)(771)a0w2m b = (_1)(1’71),111 wr(Zan+n)+s + (_1)r(c71)+c ”il wr(n —j+2c—2)+s (lln +j — C) .
Ay_1=Cay_p=C ap=c ’ (43 j=0 vr - )
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The gibonacci version is

an An—1

G, n " Grnjrc-2)+s (an +j—
Z Z Z a0G2m0+s _ (_1)(r71)an (2“£n+ )t+s _|_(_1)r(cfl)+c Z ( ]+i‘ 2)+ (11 +'] C>‘

n
Ay_1=Cay_p=C ap=c r j=0 L, J J

In particular,

p—1 n—1 ay +j —c
Z Z Z G2a0+s = G2an+n+s - Z an+202+s< : >

Ay _1=Cay_p=c ag=c j=0 J

The alternating sign in (20) converts the argument rag into the doubled argument 2ray and changes the
denominator from V;"° to ¢"%. This is the algebraic mechanism behind the shorter special forms above.
For the next two theorems we use four standard relations among Lucas sequences.

Lemma 3. For integers r and d,

U, — Uy = U, (21)
U,,q—o'Uy =tU, (22)
Vipg —TVy = =5, (23)
Vg — 'V = 7U,8. (24)

Proof. Each identity follows by direct substitution from (4). For instance,

Tr+d_0_r+d Td—O’d ™ — o'
U, —tUy; = pe— -7 pe— = o P = oU,.

The other identities are obtained in the same way. [J

Theorem 3. Let r,s,c,d and a, be integers with r # 0 and r + d # 0, and let n be a positive integer. Then

ap—1 ag un+a”
W, =(-1)"—4L W
11,,21 canzz . agzc ( r+d> rag+s ( ) qd" U” uf-r:-d (rt+d)n—+ray+s
ud )Clnl i i (Ud>n] <an+j_c>
_ _1)r—igdn—j) [ Zd W i . . 25
<ur+d ];0( ) q U, r(n—j+c—1)+d(n—j)+s j (25)

Proof. Use (17) to simplify
AT f(T"Uy, Uy g g;an,n,¢) + Bo® f (o' Uy, U,y g;an,1,¢),

and then apply (4), (21), and (22). O
For g = —1 the identity becomes
n+ay

ap—1 d ap _ _1 n(d+1) ud
E E Z Wrag+s = ( ) e W(r+d)n+ray+s
ap=

Ap—1=Cay2=C Urid " r+d

c—1n-1 n—j .
(M _q)(n=(d+1) ((Hd . (T
<”r+d> ];)( 1) (T/lr> wr(n—]+c—1)+d(n—])+s< i .

Sinceu_1=1,forr #0andr # 1,

a a a -1 . . ;

n Ul 1 ZUruo+s _ Yo—Dntra+s 1 N~ Yrn—jre-1)—n+j+s (n+j—c

Y. L oL 4% uty®n ut"l = ui j
a,_1=cCa,_p=c ap=c “r—1 rr-1 r=1 j=0 4



Open |. Discret. Appl. Math. 2026, 9(2), 7-19 13

A useful special case is

a ap—1 n—1 . :
- Wn+2a,+s Wy—jr2c—2+4s (an+]—¢C
D T S e e !
Ay_1=Cay_o=c ag=c j=0 p )
For the gibonacci sequence,
an ap—1 ap F”+”"
Z 2 Z < ) Grag+s = (—1)n(d+1)FjFan (r+d)n+ray+s
Ap—_1=Cay_2=cC apg= rr4d
Fd —ln-l dJrl Fd 117]‘ an+j_c
- (PM) ; E) Gomprenraopss 5 ) (26)

Choosing d = —2,r =1 gives

. ol ap _ ay cn_1 n +j_ ¢
) DD Z )Gagts = (=1)™Gntapts + (=1)° Y, Gppjre 14s - , (27)

ay_1=Cay_p=cC apg=c ]:O ]

whiled = -2, r = 3 gives

ap  Ap-1 a —1)% =1 G, iya(c_1)4s [y +7—c
YR B 00 = S G+ (1) R () g
ay_1=Cay_p=C ag=c ]:O ]
Finally,d = —1,r = 3 gives
an Ap—1 a1 G2n+3an+s n—1 G2(n—j)+3(c—1)+s ay, +j_ c
3B Y Gy, = g Y S (W76 @)
Ay_1=Cay_p=c¢C ag=c j=0 ]

These examples display the practical value of (25): suitable choices of d and r collapse a weighted
Horadam identity into concise Fibonacci and gibonacci formulas.

Lemma 4 ([3, Lemma 1]). For every integer j,

. ) —gW;_
At — Bol = 11 5’7 (30)
Theorem 4. Let r,s,c,d and a, be integers with v # 0. If n is a positive even integer, then
ay_1 ay V agp 1 V n V an
d _ Va d
unzl—c unzz c agZ:c (Vr+d> Wrao s = qdn(;n (ur) (Vr+d) Wr(n+a'1)+dn+s
- 7 c—1 l (H—EZ)/Z 52 ﬁ n—2j W | an+2j— ¢
Vyoa on = g1=2) \ U, (rd)(n=2j)+r(c=1)+s 2j
Vd c—1 1 n/2 52]' Vd n—2j+1
_ <Vr+d) on+2 ]; qd(n72j+l) (Llr) (W(rer)(n72j+l)+r(cfl)+s+l
ap+2j—1—c¢
- qW(rer)(n72j+1)+r(cfl)+sfl) ( ! zj]— 1 ) (31)

If n is a positive odd integer, then

ap ay_q a ap 1 >n ( >Hn
Va Vi Va
. W = _[42 W —qgW, _
an§::c ﬂngzc aOZ::C (‘7r+d> rag+s gl (Ur Vs ( r(n+an)+dn+s+1 — TVr(n4a,)+dn+s 1)

v, c—1 1 (n—1)/2 52 v, —2j
— <Vr+d) S 20 7‘1‘1(”_2]») <Ur> (W(r+d)(n72j)+r(cfl)+s+l - qw(r+d)(n72j)+r(cfl)+sfl)
]:



Open |. Discret. Appl. Math. 2026, 9(2), 7-19 14

a+2j—c\ [ Va \“' 1 WE/Z 6% 4 HJ'HW | an+2j—1—c
2f Void s+l = gdn=27+1) \ U, (r+d)(n=2j+1)+r(c—1)+s 2j—1 :

(32)

Proof. Split the finite sum in (17) into its even and odd parts:

[m/2] [m/2]

Zm(; = Z faj + Z faj1
=

Thus
n a, |(n—1)/2] n—2jf c—1 .
x x x x an+2]—c>
X,Y;an,1,C) = - - = .
J 3 ne ) (x—y) (y> = <x—y) <y) ( 2]
_“”i)m< x )”Zj*l <x)” (21 33)
= x—y y 2j—1 )
Apply (33) to

AT f(T"Vy, Viyas an,n,¢) + Bo® f (0" Vg, Vg g; an, m, ©),
then use (4), (23), (24), and Lemma 4. The parity of n determines whether the terms involving At™ 4 Bo™ or
AT™ — Bo™ occur, giving (31) and (32). O
For the gibonacci sequence, the even case is

BB () o e (1 ()"
= . rag+s — 5172 \ F, r(n+ay)+dn+ts

ay_1=Ca,_p=c Lyt Lytg

Ly c—1 1 (n—?.)/?.j L n—2j an+2j—c
_(Lr+d) w72 ];) 5 <Fr) G(r+d)(n—2j)+r(c—1)+s( 2j >

Ly c-1 ( 1d n/2 L n—2j+1
B (Lr+d) 2)/2 ZS] Fr (G(r+d)(n72j+1)+r(c71)+s+1

an+2j—1—c>

+ G(r+d)(n72j+1)+r(c71)+sfl) ( 2j—1

and the odd case is

an Ap_q ay L ag -1 d L n L ap
d d d
Z Z T Z ( d) Gm0+5 = SEnJ’,lg/z (Fr> < > (Gr(n+an)+dn+s+l + Gr(n+an)+dn+sfl>

Ay_1=Cap_p=C ap=c Lrv Ly
Lo\ () U L\ an+2j—c
B <L,+d> 5(n+1)/2 Jg 5 (Fr (G(r+d)(n—2j)+r(c—1)+s+1 + G(r+d)(n—2j)+r(c—l)+s—1) ( 2j
Le \0 1 O py\ A a2 —1—c
B <L7+d> 5(n+1)/2 ]; 5 (pr ) G(r+d)(n72j+l)+r(cfl)+s ( 2j—1 )

These parity-dependent forms are longer than the previous theorems, but they provide identities in which
the weight is governed by the second-kind Lucas sequence rather than the first-kind sequence.

Theorem 5. Let v,s,d, a, and c be integers with r + 1 # d. If Wy s # 0and Wy 4 # 0, then
YL S () ()
a,_1=cCa,_p=c ap=c Ur—gi1 Wistd

= (_1)nqn+an u:tid ( urfd ) fin (Ws+d1 > fin (Werdl ) "
Ur—ai1 Witd Wi s
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Uy \“! (w _ )0‘1”1 (w - )”‘f (a + 'c>
c—1 r—d s+d—1 n—j n—j;h—j s4+d—1 nT]
- —_— 2 )" g iU —_— ; . (34)
I (urd+1> Witd ]':0( ) 1 rd Wits J

Proof. Apply (17) to
fqUr—gWera—1, Ur—a11Ws g an, 1, €)

and use Horadam’s identity [2, Identity 3.15]

Wits = ur—d+1 Ws+d - qur—dws—i—d—l‘
O

The gibonacci version is

5 AN )

Ay_1=Cay_p=C ag=c Gstd

F
= (=1 anPn_ ( r—d ) ( s+d— 1) ( 5+d— 1)
( ) rd FrfdJrl s+d Grss
F_ c—1 G c— d a +],_C
+_1c<rd> <s+d1> Fﬂ](s+ 1> (n' )
(=1) Fram Gsta 2 Grys ]
Taking r = 1 and d = 0 gives

B e () - e (S2) (G2

Ay 1=Cay_2=C ap=c
+ (71)c (C:'sl)c_1 nil (Gsl)n_j (an +j- C>.
GS j=0 Gs+1 ]

This result differs from the preceding theorems because the summand contains no explicit Horadam term
after simplification; all recurrence information is encoded in the ratios of shifted terms.

4. Multiple sums involving products of terms

The preceding identities also evaluate nested sums whose summands are products of recurrence terms.
The product formulas below convert such products into linear combinations of single recurrence terms, after
which the identities in Section 3 apply.

Lemma 5. For a positive integer s and integers bs and c,

bs hsfl bl b cs—1 .
p_ (D™ (=1 i(bs+j—c
) I I G e TR I ; . (35)
bs 1=C bs 2=C boZC ]:0
Proof. Setx =1landy = -1in (17). O
Lemma 6. For integers k,m and s,
uk+muk+552 = Vokvmts — qk+s Vin—s, (36)
ViermUgys = Unkrmys — qurS Up—s, (37)
ViemVirs = Vakgmas T4 Vinos. (38)

Proof. These are the general Lucas sequence analogues of standard identities for Fibonacci and Lucas numbers
[4]. The case k = 0 follows directly from (4), and the stated form follows by shifting the index by k. [
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Theorem 6. Let v,s,c, m and ay, be integers and let n be a positive integer. Then
= a0 Urag+mU,
52 rag+mYrag+s
BB Brrtage
= (—1)an Vr(Zan+H)+s+m (_1)C nil Vr(n ]+2C )+s+m (an +j - C)
g vy g 5 v j
(—1)% (—1)° n=l /po 4
_ quvm s — 27”qsvmis X%) 2] n ]] , (39)
j=
an Ap—1 a1 V. u ts
e (—1)%0 ZLhotm "raots
angzc angzc u[)z:c qruo
= (=1)™ Uy(2a,+n)+s+m L B ”i Ur(n—j+2c-2)+s+m (ﬂn +j- C)
qmn Vrn qr(cfl) = Vrnﬁ ]
(1) (1 oy (et
i1 s = g U L2 (7 ) (40)
j=
Z anzl Z ‘10 Vmoer Vmo+s
ay_1=Cay_o2=C ap=c qrﬂo
_ (_1)ﬂn Vr(Zu,,+n)+s+m Z r n ]+2c )+s+m [(An +j —C
qran Vrn r ]
_1\an
4 1) (= 1) 22!(””] ) (41
j=0 J
Proof. We prove (39); the remaining identities follow similarly from (37) and (38). By (36),
a a
52 Zl: (71){10 Ura0+r;tuuru0+s _ Z Zraor:m+s . qSmes 21 (71),10.
ap=c q 0 ap=c q 0 ap=c
Repeated summation, followed by (20) and (35), gives (39). O
Lemma 7. For integers k and s,
Ulg+s+1 —q ul%+s = Upjt25+1 (42)
Vi o — aVies = Wakias 1 8% (43)

Theorem 7. If's,a, and c are integers and n is a positive integer, then

Z anzl Z 3o+s o (*1)1171—‘,-1 Uzan+n+s ( Z P e ( n +jc>
- n—j4+2c—2+s .
P o B 2 gqmTlpn 2qcp" ! j
D Wy ( k- ) G Pk u
qcfl qu n—k 2qﬂn+1pn = quk 2ap+n+k+2s+1
(_1)n+c n—1 1 n—k—1 Kt <an +] _ C> 1 ( 1) 1 (_1)ﬂn
- p u k—i4+2c—1+2. . + — U + —
2q°p" k; 2qu ];) n+k—j+2c—1+2s j on qn—i-c 1 ctstn=1"1 9n qn+an

2

uan+s+n/

(44)
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fnl 2 ap+1 .
“o+s 2 (D)™ Ungyints o (=1)° (an +j C)

=0 =90 U,y ji2e2 ;
“nxlz CﬂnZz: c agZ:c 2 qﬂn+1pn 211 p" Z P Un—jt+2c—2+s j

(—1)rte s ! ‘/52+C+k 1{an+n—k—c ( a"Jrn 2
+ ge T k:X:l qu n—k 2qﬂn+1 Z Zk X Uzg,+n+k+25+1
—k—1 a
G DL = Kt an+j—c\ 1 (=1)° L (=1)™ 5
- 5 chpn kz;l quk ZO p ]Un+k—j+2c—1+25 ] + ?qn_l,_c 1 V+S+7l 1 + Zn qn.l,_un ap+s+n-
= ]:

(45)

Proof. We derive (44); identity (45) follows by replacing (42) with (43). Shifting the summation index gives

- k ul%—&-s—i—l k k+s 2 uﬁ+s+l
2 (_1) k =9 Z + qu ( ) n
q q
Multiplying (42) by (—1)¥/4* and summing over k yields
i(_l)k gy 1 i(_l)k Unkas41 uz n (—1)" Upigis
k2 k 2 2 no
k=0 q = q a1

Starting the sum at k = ¢ and iterating this relation through the nested summation levels reduces the first
part to (20) and the remaining constant levels to (16). This gives (44). O

Lemma 8. For integers k,m,s and t,

Uit Ues s 162 = Usermssr =4 Upepsriom = 4 Vo tlems (46)
ViermUisUi 40> = Vasmrsit + qk+ka+s+t—m — Ve Vi, (47)
Vierm ViersUkrt = Uit + 0 " Uesstom — 4 Us Vi s (48)
ViemVissViert = Vaesmaset + 4" Virsstmm + 0 Vot Vi (49)

Proof. The four identities follow from Lemma 6 by multiplying the two-factor identities by the remaining
shifted term and simplifying the resulting Lucas expressions. []

Theorem 8. If m,s,t,a, and c are integers and n is a positive integer, then

Ap—1
5 2 2 2 Fa0+mFao+sFu0+t
ay_1=Cay,_p=c ap=c
_ F2n+3ﬂn+m+s+t _ nil FZ(n—j)+3(C—1)+m+S+t <an + ] — C>
2n = 1] i
n—1 :
an+j]—c
- (_1)an+men+ﬂn+s+t7m - (_1)c+m Z Fn+j+cl+s+tm< ! ]-] >
j=0
n—1 ;
an+j]—c
- (_1)un+thftF7n+an+m - (_1)C+thft Z F—n+j+c—l+m< " j] )/ (50)
j=0
Ap—1
5 Z Z Z La0+mFao+sFao+t
ay_1=Ca,_py=c ap=c

~ Loni3a,+myset _ nil Lz(nfj)+3(cfl)+m+s+t (an +j—- C)

= o = on—j ]

_1)antmy 1 C+mn_1L ' ap+j—c
+ ( ) —ttapts+t—m T ( ) 2 —n+j+c—1+s+t—m ]
j=0
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antt I an+j—c
- (*1) 8 LsfthnJraner - (71) Ls—¢ Z L7n+j+c71+m ] ’ (51)
j=0
an Apn—1 ay
Z Z o Z LaoerLaoJrsFﬂoth
ay_1=Cay_p=C ap=c

_ Fons3ay+mstt ”i;l Fy(n—j)+3(c—1)+m+s+t (an +j— c>

2" =0 2n=] ]
ay+m c—',—mni1 Lln-i-j—C
+ (*1) " an+an+s+t7m + (*1) Z F7n+j+cfl+s+t7m :
j=0 J
n—1 :
ay+j]—c¢
- <_1)a”+tps—tL—n+an+m - (_1)C+th—t Z L—n+j+c—1+m< " ].] >/ (52)
j=0
An—1 a1
2 2 2 La0+mLao+sLao+t
Ap—1=Cap—2=C ap=c
_ Lonisaymastt ”il Lo(n—j)+3(c—1)+m-+s-+t (un +j- c)
n =0 2n=] ]
ap+m c+mn_1 lln+j—C
+ (_1) "Lt aytst—m T+ (‘1) 2 L—n+j+c—1+s+t—m ]
j=0
n—1 :
an+j]—c
+ (_1)an+thftL7n+un+m + (_1)C+thft Z Ln+j+c1+m( " ]] ) (53)
j=0

Proof. We prove (50). The Fibonacci case of (46) is
5Fa0+mFﬂ0+sFa0+t = F3a0+m+s+t - (_1)ﬂ0+mFa0+s+t—m - (_1)u0+th—tFag+m~

Summing this identity » times gives

Ay Ap—1
5 Z Z ZF“0+mFﬂo+SFﬂo+f
ay_1=Cay_p=C ap=c
Ap—1 Ap—1
SED DD SIS D ANRPEEEILED I wIRRD Dl GV LT AR
Ap—1=Cap—2=¢C ap=c Ap—1=Cap—2=C ap=c
an An—1
RS I SRR DY G0
Ay_1=Cay_p=C ag=c

Substitution from (27) and (29) yields (50). The remaining identities are obtained in the same manner from
(47), (48), and (49). O

The product identities demonstrate that nested sums of quadratic and cubic products do not require
separate summation techniques. Once the products are decomposed into shifted Lucas or Fibonacci terms, the
closed forms from Section 3 complete the calculation.

5. Concluding comments

The paper has derived closed forms for nested sums involving terms of the Horadam sequence and its
principal specializations. The results cover

¥y 3 Mo
T

ay_1=Cay_n2=C ap=c
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an ap—1
D ...Z(_l)ﬂt)%,

ap_1=Cay_p=c  ag=c

an p—1 a1 Ud ap
YY) Waes
a,_1=Cay_p=c ag=c r+d

an an—1 a1 Vd ap

YOY L () W
Ay_1=Cay_p=c apg=c r+d

% ”El i o ( Uy_q )”O (Ws-s-d—l)[lo,
Ay_1=Ca,_p=c ap=c Ur—a+1 Wi td

as well as nested sums containing products of two and three shifted terms. The essential contribution is the

reduction of a multiple summation problem to a one-dimensional binomial sum through the geometric identity

(10). When this reduction is combined with Binet formulas and product identities for Lucas sequences, it

produces compact Horadam, Fibonacci, Lucas, and gibonacci identities with arbitrary lower limit c.

The formulas clarify how the depth n affects both the shifted indices and the binomial coefficients. In
particular, the term (" +jj ") records the number of admissible paths through the nested summation limits,
while the recurrence parameters determine the shifted sequence terms that remain after simplification. This
separation explains why the same binomial structure occurs throughout the paper, even when the summand
changes from a single Horadam term to weighted products.

The present treatment uses the common lower limit a; = cfori = 0,1,...,n — 1. A natural next problem
is to allow different lower limits in successive levels. One would then seek a formula for

Y ¥ oy oy (54

Ap—-1=Cp—1n—2=Cn—-2 a1=C1 ap=<o

where the integers c; may differ. The corresponding iteration gives

(x;l)” ¥ Ly

Ap—1=Cn—1An-2=Cn-2 ap=Co
1 n—1 x—1 ] 1 n Ap—1 An—j+1
a C - Cp—i—1—
= x%n _ xtn-1 _ xCn—j-1 1%,
x4 (%) LooLoovoh
=1 Ap—1=Cn—1An—2=Cp—-2 Ap—j=Cn—j

Thus the key remaining ingredient is a closed form for

by b

]

bs_1=cs_1bs—2=cs—2  by=c1 by=cp

Such a formula would permit the same recurrence-based substitutions used here and would broaden the class
of Horadam multiple sums available in closed form.
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