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COEFFICIENT ESTIMATES OF SOME CLASSES OF
RATIONAL FUNCTIONS

HANAN DARWISH, SULIMAN SOWILEH, ABD AL-MONEM LASHIN!

ABSTRACT. Let A be the class of analytic and univalent functions in the
open unit disc A normalized such that f(0) =0 = f/(0) — 1. In this paper,

[ee)
for ¢ € A of the form ﬁ, fz)=14 > a,2z" and 0 < a < 1, we in-
=1

n=
troduce and investigate interesting subclasses Hqs(¢$), So(a, @), Mo (e, ¢),
Sa(a, @) and Ba (A, @) (A > 0) of analytic and bi-univalent Ma-Minda star-
like and convex functions. Furthermore, we find estimates on the coeffi-
cients |a1| and |az| for functions in these classess. Several related classes
of functions are also considered.

Mathematics Subject Classification: 30C45.
Key words and phrases: Rational functions; bi-starlike functions; bi-convex
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1. Introduction

Let A be the class of all analytic functions f in the open unit disk A = {z € C:
|z| < 1} and normalized by the conditions f(0) = 0 and f’(0) = 1. Also, by p
we shall denote the subclass of all functions in A which are univalent in A. Let
P denote the class of functions p(z) of the form

p(z) =1+ Z c,z"
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Coefficient estimates of some classes of rational functions 115

which are analytic in A such that
p(0) =1 and Re{p(2)} >0 (z€A).

If the functions f and g are analytic in A, then f is said to be subordinate to
g, written f(z) < g(z), provided there is an analytic function w(z) defined on
A with w(0) = 0 and |w(z)|] < 1 so that f(z) = g(w(z)). Furthermore, if the
function g(z) is univalent in A then we have the following equivalence (see for
details, [T} 2, (3] @, (5, 6] [7, |8, [ [0, [T, 12)):

f(2) < g(2) & f(0) = g(0) and f(A) C g(A).

Some of the important and well-investigated subclasses of the univalent function
class p include (for example) the class S(«) of starlike functions of order « in A
and the class C'(«) of convex functions of order « in A. By definition, we have

=<f: an ezf/(z) a  (z o
S(a){f.fep d R B > (ze A, 0< <1)} (1)
and
C(a):{f:f€p and Re<1+ZJJC£/((ZZ)))>a (z € A, 0<a<1)}. (2)

It readily follows from the definitions and that
f(z) € Cla) < zf'(z) € S(a). (3)

It is well known that for each f € p, the koebe one-quarter theorem [I3] ensures
the image of A under f contains a disk of radius 1/4. Thus every univalent
function f € p has an inverse f~! which satisfies

FHfGR) =2 (2l < 1)
and
F(FHw) =w,  (Jw] <7ro(f), ro(f) > 1/4).
In fact, the inverse function g = f~! is defined by
g(w) = fHw) = w — aw? + (2a3 — az)w® — (5a3 — 5asas + as)w* + ...

A function f € A is said to bi-univalent in A if both f and f~! are univalent
in A. Let o denote the class of bi-univalent functions defined in the unit disk
A and let ¢ € P and ¢(A) is symmetric with respect to the the real axis, such
a function has a Taylor series of the form:

¢(2) =1+ Biz + B2z + B3z + ... (B1 > 0). (4)

In [I4], the authors introduced the class S(¢) of the so-called Ma and Minda
starlike functions and the class C(¢) of Ma and Minda convex functions, uni-
fying several previously studied classes related to those of starlike and convex
functions. The class S(¢) consists of all the functions f € A satisfying subordi-

!/
z]]:((,;) =< &(z), whereas C(¢) is formed with functions f € A for which
z

nation
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"
the subordination 1+ Zj:/((j) < ¢(2) holds. Lewin [I5] investigated the class
z
o and showed that |az| < 1.51 for function f(z) = z+ > a, 2" € 0. Subse-

n=2

quently, Brannan and Clunie [T6] conjectured that |as| < v/2. Netanyahu [I7],
on the other hand, showed that max |az| = 4/3 if f(z) € 0. Brannan and Taha
[18] and Taha [19] introduced certain subclasses of bi-univalent functions, similar
to the familiar subclasses of univalent functions consisting of strongly starlike and
convex functions, they introduced bi-starlike functions and bi-convex functions
and found non-sharp estimates on the first two Taylor-Maclaurin coefficients
|az| and |ag| . Recently, many authors investigated bounds for various subclasses
of bi-univalent functions (see [20] 21}, 22}, 23] 24 25] 26, 27, 28], 29], (30, BT, 32 [33].
In [34], Mitrinovic essentially investigated certain geometric properties of func-
tions ¥ of the form

fz)=14> a,z" (5)

In [35], Reade et al. derived coefficient conditions that guarantee the univalence,
starlikeness or convexity of rational functions of the form 7 these results have
been improved and generalized in [36]. In this paper, estimates on the initial
coefficients for bi-starlike of Ma-Minda type and bi-convex of Ma-Minda type of
rational form are obtained. Several related classes are also considered.

In order to derive our main results, we require the following lemma.

Lemma 1.1. (see [37]) If p(z) € P, then
len] <2 (neN={L2,..}). (6)

2. Coefficients estimates

A function ¢(z) € A with Re (¢/(z)) > 0 is known to be univalent. This
motivates the following class of functions.

Definition 2.1. A function v € ogiven by is said to be in the class H,(¢)
if the following conditions are satisfied:

P'(2) < ¢(2) (z € A) and g'(w) < $(w) (w € A),
where g(w) := 1~ (w).

If we set

1+2\" 2.2
o(z) = T =142vz+2y°z +...(0<7§1,Z€A)

in Definition of the bi-univalent function class H,(¢) we obtain a new class
Ho(7y) given by Definition below.
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Definition 2.2. For 0 < v < 1, a function ¢ € o given by is said to be in
the class H, () if the following conditions are satisfied:

#0= (122) Gea) ma dw < (152) wea),
where g(uw) = 41 (w).
If we set

qS(z):H(ll%w/)z:1+2(1—1/)z+2(1—u)z2+...(0<1/§1, z € A)

in Definition [2.1] of the bi-univalent function class H,(¢) we obtain, a new class
H,(v) given by Definition [2.3] below.

Definition 2.3. For 0 < v < 1, a function ¢ € o given by (5] is said to be in
the class H,(v) if the following conditions hold true:
1+(1-2v)z 1+ (1-2v)w
/ —
V(=) = 1-=2 1—-w
where g(w) := 1~ (w).
Theorem 2.4. Let 1)(z) € Ho(¢) be of the form ([3). Then
BivVB;
la| < 5
V3B — 4By + 4B, |

(€ A) and ¢'(w) < (weA),

1
and |as| < §Bl' (7)

Proof. Let ¥(z2) € Hy(¢) and g = 1p~1. Then there exist two functions u and v,
analytic in A, with 4(0) = v(0) =0, |u(z)] <1 and |v(w)| <1, z,w € A, such

that
P'(2) = d(u(z)) and g'(w) = p(v(w)). (8)
Next, define the functions p; and ps by
1+ u(z 1+v(w
p1(z) = 1—uEz; = l4ciz4cz?+. and  py(w) = T vgw; = 1+bw+bjw’+...,
or, equivalently,
_pi(x) -1 1 _ ﬁ 2
e T LR Gy R ©)
and () )
_ p2(w) — 1 . 1 _ bil 9
v(w) = (@) T1 2 {blw + <bg 5 | w + ... (10)

Then p; and ps analytic in A with p1(0) = 1 = p2(0). Since u,v : A — A,
the functions p; and py have a positive real part in A, and |b;] < 2 and |¢;]| <
2. Clearly, upon substituting from @ and into , if we make use of ,
we find that

~1 1 1 2\ 1
V(z) = ¢(§18+1) =1+;Biciz+ {2B1 <c2 - 621) + 48203} 24, (11)
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and
/ pa(w) — 1 1 1 b? 1 20, 2
=p(————)=1+=B1b —By|by— — = Bobi | w* + ... ..
g'(w) ¢(p2(w)+1) +211w+21 275 +421w+
(12)
Since 1) € ¢ has the Maclaurin’s series given by
V(2) =2 —a12* + (a3 —a9)2® + ..., (13)
a computation shows that its inverse ¢ = 1y ~! has the expansion
g(w) = ¢ H(w) = w+ ayw® + (a? + az)w® + ... . (14)
Using and in and respectively, we get
1
— 2a1 = §B101 (15)
cf 1 2
3(ay —az) = s Bi(ca — 5) + 132017 (16)
1
2@1 == EBlbl (17)
and
2 1 bt 1 2
3(0,1 + GQ) = §Bl(b2 - E) + ZBle. (18)
From and , we have
C1 = —b1~ (19)
Adding and and then using and , we get
9 B%(CQ + b2)
ay =

~ 4(3B? — 4By +4B,)’

and now, by applying Lemma for the coefficients by and ¢y, the last equa-
tion gives the bound of |a;| from (7). By subtracting from (6], further
computations using lead to

a9 = %Bl(bg - 62).
The bound of |as], as asserted in , is now a consequence of Lemma, and
this completes our proof. O

Using the parameter setting of Definition [2.2]in Theorem[2.4] we get the following
corollary.

Corollary 2.5. For 0 <y < 1, let the function ) € H,(vy) be of the form (@

Then
V2y
vy +2

Using the parameter setting of Definition[2.3]in Theorem[2.4] we get the following
corollary.

2
lai] < and |ag| < 37
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Corollary 2.6. For 0 < v < 1, let the function ¥ € H,(v) be given by (5.
Then

2 2

a1 <4/=(1—=v) and |ag| <= (1—-v).

3 3
Definition 2.7. A function ¥ € o is given by is said to be in the class
So(a, @) if the following subordinations hold:
W) | ()
¥(2) ¥(z)
where g(w) := 1~ (w).

wg'(w) | aw?g"(w)

<¢(z)(z € A) and o) (@)

< ¢(w) (w e A),

If we set

1—|—Z v 2 2
¢(z): T =142yz+2y°z —|—...(0<’}/§1,ZEA)

in Definition of the bi-univalent function class S,(«, ¢), we obtain a new
class S, (a, ) given by Definition below.

Definition 2.8. For 0 < a <1 and 0 < v <1, a function ¢ € o given by is
said to be in the class S, (a, ) if the following subordinations hold:

(D) ay(s) (142
ERTS *(1—z> e,

and

wg'(w) = aw?g” (w) 1+w\”
ot < () e,

where g(w) := ¥~ (w).

If we set

qS(z):w:1—1—2(1—1/),2—1—2(1—V)z2+...(0<1/§1, z € A)

in Definition [2.7|of the bi-univalent function class S, (a, ¢) we obtain a new class
S (a, v) given by Definition below.

Definition 2.9. For 0 < a <1 and 0 < v <1, a function ¢ € o given by is
said to be in the class S, («,v) if the following subordinations hold:
2'(2)  a?Y’(z) 14+ (1-2w)z
¥(2) ¥(2) 1—z

(z € A)
and
wg'(w)  aw?g” (w) - 1+ (1—2v)w
g(w) g(w) l—w
where g(w) = ¢~ (w).
Note that S(¢) = S,(0,¢). For functions in the class S, (a, ¢), the following
coeflicient estimates are obtained,

(weA),
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Theorem 2.10. Let 1(z) € Sy(, ¢) be of the form (5). Then
Biv B,

aq S 5 (20)
NS B T da) T B B 207
and B
<1 21
< (21)

Proof. Let ¢ € S,(a, @), there are two Schwarz functions u and v defined by @D
and respectively, such that

2Y'(2) | 0z’Y"(2)

— &(u(z)) an wy'(w) Oéwzg”(w): o o
P(z) + w(2) —¢( ( )) d g9(w) + 9(0) o(v( )), (g " )
(22)
Since
2e) | crvle) - @) a1z a)a? — a)as| 2*
¥(2) + e =1-(1+2a)arz + [(1+4a)a? —2(1 +3a)az] 22 + ...
and

wg'(w) | aw’g"(w)

=1+ (1+20) aw+ [(1+4a)ai +2(1+3a) as] w? + ...,

9(w) g9(w)
then (1)), and yields
1
— (]. + 204)(11 = 53161 (23)
2 1 cf 1 2
(1+4a)a] —2(1 4 3a)as = §B1(02 - 5) + ZBgcl, (24)
1
(1 + 20&)0,1 = §B1b1 (25)
and
2 1 bt -
(1 + 40[)@1 + 2(1 + 3&)@2 = §Bl(b2 - E) + ZBle. (26)
From ([23) and , we get
c1 = —bl, (27)
and after some further calculations using — we find
a2 = Bi(ca +bo)
V7 4[B2(1 +4a) + (By — Ba)(1 +20)?)
and
_ Bi(by — )
ag = ————~.
4(1 + 3a)
Applying Lemma the estimates in and follow. O

For @ = 0, Theorem [2.10] readily yields the following coefficient estimates for
Ma-Minda bi-starlike functions.
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Corollary 2.11. Let v given by (3) be in the class S(¢). Then
BivB;
VIB} + B — By’

Using the parameter setting of Definition [2.8] in Theorem we get the fol-
lowing corollary.

lay] < and |az| < By.

Corollary 2.12. For 0 < a <1 and 0 < v < 1, let the function ¢ € Sy (a,7)
be of the form (@ Then

2y
¢a+2@2+yu+4a—&ﬂ

Using the parameter setting of Definition [2.9]in Theorem [2.10] we get the follow-
ing corollary.

2
and lag| < 2

< .
e < = 1+3a

Corollary 2.13. For 0 < a <1 and 0 < v < 1, let the function ¢ € S,(a, V)
be of the form @ Then
2(1-v) 2(1-v)

1+ 4a 14+ 3a

Definition 2.14. A function v € o given by belongs to the class M, (a, ¢)
(0 < a <1), if the following subordinations hold:

la| < and |as] <

I O NI
(1-0) 7 +a(+ 25 <o) (€ 4),
and
o) o wgw)
(1) 8 a1+ 250 < o), (w e &)

where g(w) := ¥~ (w).

If we set

1—|—Z v 2 2
¢(z): T =142yz+2y°z +...(O<’YSI,ZEA)

in Definition of the bi-univalent function class M, («, ¢), we obtain a new
class M, (c, ) given by Definition below.

Definition 2.15. For 0 < o <1 and 0 < v < 1, a function ¥ € o given by
is said to be in the class M, (a,~) if the following subordinations hold:

L) s, (1T
a-afrs raar < (1) cea

and

wy'(w) wyg" (w) L+w)’
(1-a) e +a(l+ o (w) )%(1_1”) (we A),
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Corollary 2.16. If we set

1+(1-2v)z

o(a) = LHUZ2

in Definition of the bi-univalent function class M,(a, ¢) we obtain a new
class My (o, v) given by Definition below.

Definition 2.17. For 0 < a <1 and 0 < v < 1, a function ¥ € o given by
is said to be in the class M, («,v) if the following subordinations hold:

=1420-v)z24+21—-v)2>+..(0<v <1, z€A)

W 2 (2) N 2" (2) 14+ (1-2v)z s
and
W w’ (w) N wy” (w) 1+ (1-2v)w w

where g(w) := 1~ (w).

A function in the class M, («, ¢) is called bi-Mocanu-convex function of Ma-
Minda type. This class unifies the classes S(«) and C(«). For functions in the
class M, (v, ¢), the following coefficients estimates hold.

Theorem 2.18. Let ¢(z) € My(cv, ¢) be of the form (5). Then

B1v/By
R (e e (e A .
and B
las| < T (29)

Proof. If ¥ € M,(«,¢), then there exist are two Schwarz functions v and
v defined by @D and respectively, such that

-2 o+ ) s, (30
. ) )
wg' (w wg" (W) _ o,

_ 29’ (2) ZW’(Z) 1 2 2
(1—a) e +a(1+ 70 )=1-(1+a)arz+[(1+a)ai — 2 (1 +2a)az] 2°+...
and
(1-a) wgg(l(;;) +a(1+wgg,($)) = 1+(1 + ) ayw+[(1 + @) a2 + 2 (1 + 2a) as] w’+ ...,

from (11)), (12), and (1), it follows that
1
-1 +a)a = 531017 (32)
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1 7001
(1+a)a® —2(1 +2a)ay = 5 Bule2 — %1) + ZBzc%, (33)
1
(1+a)ar = 5 Biby, (34)
and
2 1 b? 1 2
(14 a)a; +2(1+2a)as = 531(52 - 5) + ZB2b1a (35)
Eqgs. and yields
1 = 7b17 (36)
and after some further calculations using — we find
a2 = B} (ca + bo)
741+ ) B+ (1+ @) (B — By)]
and
_ Bi(by —c2)
a2 = —07——5
8(1 + 2a)
Applying Lemma, the estimates in and follow. O

For o = 0, Theorem [2.18|gives the coefficient estimates for Ma-Minda bi-starlike
functions, while for o = 1, it gives the following estimates for Ma-Minda bi-
convex functions.

Corollary 2.19. Let v given by (@ be in the class C(¢$). Then

BivB;

B
|a1| < 2 ; !
2|Bf +2(B1 — By))|

and |ag| < -

Using the parameter setting of Definition [2.15]in Theorem [2.18| we get the fol-
lowing corollary.

Corollary 2.20. For0 < a <1 and0 < v <1, let the function ) € My(a,y) be
of the form @ Then

laq| < 2y and |ag| < T
VI+a)[(1+a)+v(1-a) 1+ 2a

Using the parameter setting of Definition in Theorem [2.18) we get the fol-
lowing corollary.

Corollary 2.21. For0 < a <1 and0 < v < 1, let the function p € My (c,v) be
of the form (@ Then

2(1-v)
14+«

1-v
14 2«

~—

lai| < and |ag| <
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Definition 2.22. A function ¢ € o given by is said to be in the class
Sula, @) (0 < a < 1), if the following subordinations hold:

(220) (14 20) " i e e,

() (e 5ay)  <omwes.

g(w) := 1~ 1(w). This class also reduces to classes of Ma-Minda bi-starlike and
bi-convex functions. For functions in this class, the following coefficient estimates
are obtained.

Theorem 2.23. Let ¢(z) € Sa(a, ¢) be of the form (8]). Then

and

o] < 251V , (37)
V12 (a2 = 3a +4) B} + 4(a — 2)2(B; — Bo)|
and B
1

Proof. Let ¥ € Su(a, @), then there exist are two Schwarz functions w and v
defined by @D and respectively, such that

AN (L@
(wz)) (1+353) o )
and
wg//(,w l1-a ol
SN (14 2 putu (40)
Since
() W N
(0% ) (+37) —roemom
+ a+42—2(3—20[)(12:|22+... .
Also
w W)\ (( wg w7
( g(w) ) (H 9’(w)> B
{O‘_:;Wlaf +2(3-2a) ag] w? ..,
from , , and , it follows that
— (2—&)&1 = %Blcl, (41)
Wu% —2(3-2a)ag = %Bl(cz - %%) + iBch, (42)
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2-a)a = 33151 (43)
and a?—3a+4 , 1 o1
— i +?2 (3 —2a)ay = §Bl(b2 - 51) + Zng%. (44)
Egs. and obviously yield
c1 = 7[)1. (45)

Eqgs. — and lead to
o2 = B (cz + b2) .
17 2(a2 —3a+4) B + 4(a — 2)2(B; — By)
By applying Lemma we get the desired estimate of |a;| as asserted in .
Proceeding similarly as in the earlier proof, using ([42))-(45), it follows that

o Bl (b2 — 02)
g = )
8(3 — 2a)
which, in view of Lemma yields the estimate ([38)). O

Definition 2.24. A function ¢ € o given by is said to be in the class
Ba(A, @), A >0, if the following subordinations hold:

¥(2)

(1=X) —= +2'(2) < 0(2) (= € A),

and
(1= 224 g/ (w) < o) (w € )
where g(w) := 1~ (w).
Theorem 2.25. Let 1(z) € Bo(A, @), A >0 be of the form (@ Then

la] < By , (46)
VI +2)\) B + (1 + \)2(By — By)|
and B
1
< . 4
las| < TFox (47)

Proof. Let 1 € Bo(\, @), then there exist are two Schwarz functions v and
v defined by (9) and respectively, such that

(-0 () = (utz) (48)
and
(1 -0 2 4 g (w) = o)) (49)
Since
(1-X) @ + A (2) =1— 1+ N arz+ [(1+2)) (af —a2)] 2> + ...,
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and
(I—A)M+)\’( ) =1+ 1+ A arw+ [(142X) (a] + az)] w® +
" g (w) = ajw ai +az)|w*+ ...,
from , , and , it follows that

1
—(1+XNar = 53101, (50)
1 c? 1
(1 + 2)\)(0,% — a2) = §B1(CQ — 51) + EBQC%, (51)
1
1+ Nay = §B1b1 (52)
and
2 1 i 1 2

(14+2)\)(a] + a2) = §B1(b2 — 5) + Zngl. (53)

Now and clearly yield
c1 = 7b1. (54)

Egs. , and lead to
CL% _ B?(Cg + b2) 7
4 [(1 +2N) B2+ (1+ M2 (By — Bz)}

By applying Lemma we get the desired estimate of |a1| as asserted in .
Proceeding similarly as in the earlier proof, using —, it follows that

o Bl (b2 — CQ)
Ay = )
4(1+2x)
which, in view of Lemma yields the estimate (47). O
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