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ABSTRACT. The aim of this paper is to present a viscosity approximation
method for asymptotically nonexpansive mappings in Banach spaces. The
strong convergence of the viscosity rules is proved with some assumptions.
This paper extend and improve results presented in [11 2} 3] [4].
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1. Introduction

Special mappings having fixed point, like contractive, non-expansive and asymp-
totically non-expansive etc, have become a field of interest on their own and have
a variety of application in related field like signal processing, image recovery and
geometry of objects [5] as well as in IMRT optimization to pre-compute dose-
deposition coefficient(DDC) matrix, see [6]. Almost in all branches of math-
ematics, we see some version of theorems relating to fixed points of functions
of special nature. Because of the vast range of applications in almost all areas
of everyday life, the research in this field is moving rapidly and an immense
literature is present now.

Any equation that can be written as T'(x) = x, for some map 7', that is con-
tracting with respect to some (complete) metric on X, will provide such a fixed
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point iteration. Mann iteration method, [7], was the stepping stone in this re-
gard and is invariably used in most of the problems. But it only ensures week
convergence, see [§]. We require strong convergence in real world problems re-
lating to Hilbert spaces [0]. A large amount of research work is dedicated for the
modification of Mann process, to control and ensure the strong convergence (see
[10, 1T, 121 (18], 14}, 15, 16]). The first modification of Mann process was proposed
by Nakajo et al. in 2003 [I0]. They introduced this modification for only one
nonexpansive mapping, whereas, Kim et al. introduced a variant for asymptot-
ically nonexpansive mappings, in Hilbert spaces, in the year 2006 [12]. In the
same year, Martinez et al. introduced Ishikawa iterative scheme for nonexpan-
sive mappings in Hilbert spaces [13]. They gave a variant of Halpern method.
Su et al. in [I4] gave a hybrid iteration process for monotone nonexpansive
mappings. Liu et al. gave a novel method for quasi-asymptotically finite family
of pseudo-contractive mappings [16]. Others have also worked on this problem.
For more detail, see [17, 18, 19, 20, 211, 22| 23| 24] 25| 26|, 27].

In this paper, by using viscosity approximation methods for asymptotically non-
expansive mappings, we obtained fixed point of an iterative sequence, which is
the unique solution of variational inequality, with some sufficient and necessary
conditions. The results presented in this paper extend and improve mainly re-
sults in [28], which primarily are the improvement and extension of results in
1, 2, 3, 4.

2. Preliminaries

Throughout this paper, we will assume E to be a real Banach space, with M # ()
be its closed, bounded and convex subset. Also, T" will be a mapping from M
to itself and F(T') will denote the set of fixed points of T. T is said to be
nonexpansive, if for all y,z € M, |T(y) — T(2)|| < |ly — z||. It will be called
asymptotically nonexpansive, if 3 a sequence l,, in [1,00) with li_r>n lm = 1,
such that V y,z € M and m > 0, |[T™(y) — T™(2)|| < lml|ly — z||. Similarly, T
is called uniformly L-Lipschitzian, if 3 L > 0 such that V y, z € M and m > 0,
1T (y) = T™(2)|| < Lly — =]].

Remark 2.1. Every mapping, which is contractive, is also nonexpansive. Sim-
ilarly, every mapping, which is nonexpansive, is also asymptotically nonexpan-
sive. Finally, every asymptotically nonexpansive is uniformly L-Lipschitzian
with appropriate constants. Generally, the converses of these statements do not
hold. The asymptotically nonexpansive mappings are important generalization
of nonexpansive mappings. For further details, see [29].

Let f € E*, where E* is the dual of F. The inner product of f € E* and
x € E, denoted by (f,x), is called the duality pairing on E. Let P(E*) denote
the power set of E*. Define J : E — P(E*), for any y € E, as J(y) = {j €
E*: (y,5) = |lyll> = ||711*}. This J is called the normalized duality pairing of E.
We will use j as the single-valued normalized duality mapping in J.
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Let S be a unit sphere, in some Banach space E, i-e, S = {y € E: |ly|]| = 1}.
FE is said to have Gateaux differentiable norm if, for every y, z € S, the limit
}llir% w exists. If for each y € S, the limit exists uniformly for z € S,
—

then, F is said to have Gateaux differentiable norm.

Remark 2.2. It is well-known that, if E has a uniformly Gateaux differentiable

norm, then the normalized duality mapping J : E — P(E*) is uniformly contin-

uous from the norm topology of E to the weak™ topology of E* on any bounded

subsets of E.

The Normal structure coefficient is defined as N(E) = ]vifléfE{%}’ where

d(M) and r(M) are the diameter and Chebyshev radius of M, respectively [2§].

If N(F) > 1, then, FE is said to have uniform normal structure. A space which

has uniform normal structure is also known as reflezive.

The wvariational inequality problem is the problem of solving the inequality,

(F(y),z—y) >0, for some y € M and V z € M. Here, F: M — E*.

A linear continuous functional, v € {I*°}*, is called a Banach limit [30], if

||U|| = 1a U’m(g’m) = Um(gm—&-l) and hni}nfgm < Um”f’mH < hmsupgm- This is
m oo m—00

true for all x = {§} € I°°. Here, common notation is to write v,,(&,,), instead

of v(x).

In order to prove our main theorem, we will need the following results.

Lemma 2.3. [2I] Let E be a Banach space having uniform normal struc-
ture, M a non-empty bounded subset of E and T : M — M be a uniformly
L-Lipschitzian mapping with L < \/N(FE). Suppose also that there exist a
nonempty, bounded convexr subset A of M with the property that if x € A, the
weak w-limit set of T at x, denoted by w,,(x), is a subset of A, i-e, for some
m; — 00,

wy(z) :={y € E: y = weak —limT™ (x),z € A} C A,
then, T has a fized point in M.

Lemma 2.4. [B1] Let {&mn}, {nm} and {ym} be three non-negative real sequences,
o)
with nm = o({&m}), 2° ym <00 and &mir < {1 —pm }m +0m +Ym, ¥V m > mo,
m=0

mo € Z+7 where {,Um} - (0, 1); with Z pm = 00. Then, lim &, =0.

m=0 m— o0
Lemma 2.5. [23] Let E be a real Banach space and J be a normalized duality
mapping on E. For anyy, z € E, jly+2) € J(y + 2) and j(y) € J(y), the
following statements are true.

(1) lly+ 2l < [lyll* +2(=,4(y + 2)).
(2) Ny + 211 = llyll* + 2(2,5(y))-
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Lemma 2.6. [28] Let (t,,) be a sequence in (0,1), such that lim ¢, = 1. Also,
m—0o0
let (1) be a sequence in [1,00) with lim I, = 1. Then, for any a € (0,1), the
m—r o0

following are true V. m >0

(1) 0<tm<m
Iy — @
2
@ @ -v<(1-)
Lo—1 L, —t
®) Iy —tm (I + D)I2, -0

3. Main Result

We have a well known Noor iterative process [32]. If (), (Bm) and (Vi) are
sequences in [0, 1], then,

Tmirl = QquTy+ (1 - am)T(ym)
Zm = YmTm + (1 - 'Ym)T('Tm)'

Corresponding to above, we have following three step viscosity approximation
method for asymptotically nonexpansive mappings in Banach spaces, whose
strong convergence is also proved below.

Theorem 3.1. Let E be a real Banach space and let the norm on E be uniformly
Gateaux differentiable, possessing uniform normal structure. Let M # () be
bounded, closed and convex subset of E and let k : M — M be a contraction with

€ (0,1) be its contractive constant. Also, let T : M — M be asymptotically

nonexpansive mapping, (L) a sequence in [1,00), such that > (I, — 1) < oo
m=0
and lim I, = 1. Also, let (t;,) be a sequence in (0,1) such that ¥ m > 0,
m—r o0

_ (A=a)lm _ 2 } 3 —
tm € (0,Mm), where Ny, { — s I (L= /12, - 1) andw}gnootm 1.

Given any xo € M and sequences (), (Bm) and (ym) in [0, 1], define a sequence
(Zm) as follows.

Tm+1 = amk(-rm> + (1 - am)Tm(ym)
Zm = YmTm + (1= ym) T (Tm)- (1)
Then, for every m >0, 3 Ny, € M, such that
tm tm

Also, (Ny,) and (x.,) are strongly convergent to some h € F(T) which, ¥V u €
F(T), is the unique solution of the variational inequality ((I—k)h, j(h—u)) <0,
if and only if the following conditions hold.
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(1) lim ||Ny —T(Np)|| =0 and lim ||z, — T(z,)|| =0,
m—00 m— o0

(2) Asm — 00, ay — 0 and . oy = 0.
m=0
Proof. 1t follows from Lemma that for each m > 0, t,, € {0, %}
Define U,,, : M — M as,
13 125
Un(x) = (1 - lm) k(x) + l—LTm(x).

It can easily be checked that U,, is a contraction. By Banach fixed point theorem,
there exists a unique fixed point N,, € M,V m > 0, such that

lm Um i
U (Ny) = (1 - z) B(Nom) + 72T™ (Non) = Ny
Next, we want to show that (N,,) is a sequence that converges strongly to some
h € F(T), which is the unique solution of variational inequality ((I —k)h, j(h —
u)) < 0. To show this, let » € F(T). Then, using lemma 2.5 we get,
INm = hl> < 2(Npy — k(Nm), §(Nw — b)) + 20k(Nyn) = k(h), j(Nom — h))
+2(k(h) = h, j(Nm — h))
< 2(Np = k(Nm), j(Nm — h) + {a® + 2a}||Nyy, — hlf?
+2(k(h) = h, j(Nm — h)).
This means that
(1—a®=2a)|[Nm = hl* < 2(Np = k(Npn), j(Nm — h))

+2(k(h) — h, j(Nm — h)). 3)
For the second term on the right in , define ¢ : M — R by ¢¥(x) = vy || Npn —
z||?. Since, E is Banach space having uniform normal structure, it is reflexive.
Also, since li_r}n (x) = oo, ¥ is continuous and convex. By Schauder Theorem,

m o0

there exist # € M, such that ¢(z') = injl\; ¥(z) and the set A = {y € M :

e
P(y) = 12{/1 ¥(z)} # 0. Tt is also closed, bounded and convex. Since, || N, —
T(Ny)| — 0, by assumption, it can readily be seen that |J wy(z) C A. By

reM

Lemma [2.33] T has a fixed point h € A.
Since, M is convex, for any © € M and t € [0, 1], we have (1 —t)h+tx € M. As

established above, 1 is continuous, we get ¥(h) < ((1 — t)h + tx). This, with
lemma (1), can be written as

(L = )h + tx) — ¢(h)

0 < o
() (N = )+ (= I — N HIP)
< U (N~ P 20— )t (N — o+t )}~ [Ny — b]?)
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= 2Wp(h—z, j(Npm — h+t(h —x))).
This implies that
2 (x —h, j(Nm —h+t(h—x))) <0.
Since, M is bounded and j is norm-to-weak uniformly continuous, letting ¢ — 0
V x € M, we have
2 (& =y j(Nyy — B)) < 0.
In particular, since h € M and k: M — M, 3 x € M such that k(h) = z. Thus,
the above equation can be written as
2Um (k(h) = h, j(Nm — h)) < 0. (4)
For the first term on the right in (), V v € F(T), we can write (N, —
kE(Ny), j(N, —w)) by using (2), as follows:
(N = k(Nim), §(Np — u))
t t
= (U PR T () = o), S =)
tm .
- r <Nm - k(Nm)7 ](Nm - U)>

+tﬂ (T (Nm) = Ny (N — ) .

lm

This implies that

<Nm_k(Nm)7 j(Nm_u)> = lmt:ntm <Tm(Nm)_Nma .](Nm_u)>
Note that,
(N = T™(Non), G(Now =) = [Ny — lf> = (T™(Now) — 1, (N — ).

By lemma [2.5}2, we have
[N —al|® = [[Non = u+T™(Np) —ul? < =2(T"™(Nm) =, §(Noyy — w)).
Also,

{N = u} + {T™ (No) — u}|? [N = ull? + [T (Nop) — ul]?
+2|[ N = wl[| T (Nip) — u|
{1+ 22, + 2l | Ny — ulf?
= {lm + 1}2||Nm - u||2

IN

IN

This implies that

b {lm + 2H[ N —ul® < ([N = ull? = [{Non — u} + {T™(Nyp) — u}[|®
< —2AT™(N) = 1, (N — ).
This means that

O+ 2N~ wl? € (T (No) — (N — ).
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Thus, our equation becomes

212 -2,
(T [N — l?

I
1N, = wlf® = -l + 2} N — |

[N = ul|? = (T™(Ni) = 1, j (N — )
= (Nm— Tm(Nm)7 J(Nop — U)>

IN

The above equation can be written as

- ) 2+ 20, —2
(T (Npn) = N, §(No =) < {222 N —

This means that

tm 2, 4 20y, — 2
T | N —

<Nm_k(Nm)v J(Nm_u» < {l

m

2 +2,-2 1
Note that % — 3 as m — oo. Similarly, since t,, > 0 and [,,, > 1,
tm . tm . .
for all m > 0, ; > (0. Thus, lim > 0. Since, M is bounded, so
m — Um m—=00 by — U
| Ny, — ul| is bounded, V u € F(T). This shows that
hmsup<Nm - k(Nm)a ](Nm - u)> S 0. (5)
m—>r00
Since, h € F(T) and is true for all u € F(T), we have
lim sup(Ny, — k(Np), §(Nnm — h)) <0. (6)
m—r0o0

Using (4) and @, it can be seen from 1) that, "}gnoo | Nim — h||? = 0. Therefore,

there is a subsequence {N,,_ } C {N,,}, such that N,, — h, as ¢ — cc.
For uniqueness of the h, Suppose 3 another subsequence {Ny,,} C (N,,), such
that lim N, — s, where s € F(T). Since N, — h, taking u = s in (7)), we

1— 00
get (h — k(h), j(h — s)) < 0. Similarly, since N,,,, — s, taking u = h in (5)), we
get (s — k(s), j(s —h)) <0. Adding these two gives,
(h— 5 — k(h) + k(s), j(h—5)) < 0.
Therefore we have

Ih = sll* < (k(h) = h(s), j(h—s) < allh — s||*.

Since « < 1, this implies that h = s. Thus, N,, — h and h € F(T) is unique.
From , for all w € F(T), we have,

(h—k(h), j(h—wu)) <O0.
Hence h € F(T) is the unique solution of the variational inequality,

((I = k)h, j(h—u)) <0.



34 M. Akmal, M. S. Kham, S. A. Maitla

In order to show that x,, converges strongly to h, we first need to show that
iy
limsup({k(h) — h, j(zm+1 — h)) < 0. For simplicity, let C, = 7 for each r > 0.

m— o0 T
By using (1) and (2), for any m, r > 0, we can write

Tm =N = (1= Cp){zm — k(No)} + Co{wm = T"(Ny)}-
Rearranging the above equation gives

Col@m —T"(N2) = @ = Ny — (1= ) (@ — k().
Taking squared norm on both sides and using Lemma 2.6(2) gives
CXllwm — T(N,)|1?
@ — Nol* = 2(1 = Cr){@m — k(N:), j(@m — N;))
Zm — No || = 2(1 = C) |20 — N |12 +2(1 — C) (k(N,) — Ny, G(2m
{2C; = Bllwm — No|* + 201 = Co)(k(Ny) = Ny, j(@m — Ny)).

AV

The rearrangement of the above inequality gives

<k(Nr) - er ](xm - Nr)>
{1-2C, }|zm — ]\/vrll2 + C,?me - TT(NT)HZ

- N,))

<
- 2(1—C,)
_ 26 =1 i Ny e 12— e — N2 G DRy 2
= g TN = emll® = llem = Noll} + =55 IT7(N2) = |
< 2C’“i_l{(IITT(N)—TT(gc WA+ 1T (@m) = 2m D2 = [|2m — No||?}
T o2(1-Gy) g " m) = Tm m — N,
M " _ 2
20, -1 ., , ,
< 9(1 _ v\ - - — —
< 2(1_&){(&« DN, = 2|2 + |1 T7 () — 2 ||2 + 20| Ny — 2

C, — 2 -
é(l_IIT (V) = 2l

<" (o) =} + 5=

(7)

Since (x,,) and (N,.) are sequences in M, they are bounded. Similarly, since

T:M — M, ||T"(N,) — x| is also bounded. So, Let

Gy = sup {[|T"(N;)=zml, ”TT(NT)_xm”Qa | N =] ||N,«—xm||2, |2m —hl[}.

m,r>0

Note that G1 < oo. Hence, (7)) can be written as,

(k(N,) = Ny, (@ — Ny} < 22(10:‘01){@; e
(C, — 1)

2, G T (2m) = Tl + 1T (2m) — 2ml|*} + Gi.

2(1-Cy)

(8)
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It follows from Lemma [2.6)(2) that (12 — 1) < (1 — C,.)2, which shows that,
2c,-1),, (2C, — 1) , (20, —1)
~ T (- _L(1-C )< —
2(1for)<r )—2(1fcr)( Vs

Substituting @ in , we get,

<k(NT)_NT7 ](xm_Nr» < Cr{l_CT}Gl

1=C). )

2C, —1

ar1 YN TT m) m
gy PG IT @) =
T @) = 2m2). (10)

Further, by the assumption that lim |2, —T (2 )| = 0. Hence, for any r > 1,
m—r o0

T @m) = 2mll < Aot +lps+ oo+ o + LT (@) — 2] — 0. (11)
as m — 0o. From and (11, V r > 0, we have
limsup<k(NT) - Nra ](xm - Nr> < Cr{l - C’I"}Gl'

m—0o0
Since, lim t, =1 and lim [, =1, we have, lim C, = 1. Thus,
7—00 T—00 T—>00

lim sup lim sup(k(N,) — N,., j(zm — N;) < 0. (12)

T—00 m—r o0
Since, N, — h € F(T) and k is a contraction map, k(N,) — k(h). Also, J is
uniformly continuous from the norm topology of E to weak™ topology of E* on
any bounded subset of E, hence for any given ¢ > 0, 3 a positive integer mg,
such that for any m,r > mgy we have

|<h_Nr7 j(mm_Nr)M <
|<k(NT)_k(h)7 j(wm_Nr>| <

[(k(h) =y j(zm — Np) = j(@m) — h)| <
Hence, for any m,r > mg we have
[(k(Nr) = Nyy j(@m — Ny)) = (k(h) = h, j(zm) — h)|
< [(k(Ny) = Kk(R), j(@m — Ne))| + [(k(R) = R, j(@m — h))|
+|(h = Ny, j(zm — Ny))|

e € €
44— 13
< 3+3+3 € (13)

From ((12) and , we have,
limsup(k(h) — h, j(@m — h))

m—0o0

< limsup limsup(k(N,.) — N;, j(xm — N.)) +¢ < e

r—00 m—r o0

WM Wl mwle

By arbitrariness of € > 0, this becomes,

limsup(k(h) — h, j(xm —h)) <O0.

m— oo
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In order to prove that x,, — h, consider the following.

fomss = BIP < (0= a7 ) = bl + 20 (o) = B SComss =)
< (= an)Bllyn — hIP + 200 k() — k(B), j(@mir — h)
+mmu> B j(@mes — 1))
< (= @)Ly — HIP + 20malley — bl ens - b

+204, (k(h) = b, j(Zmi1 — h)). (14)

Using , we have ||z — b| < lpllzm — k]| and ||ym — b < Bwllzm — b + (1 —
B )lml||Zm — h||- This gives us,

[Ym — Bl < Bmllzm = hll + (1 = Bu) i [ €m — bl < 12, |l2m — A]l. (15)
Now consider the second term of
20,0| T — Bl [[Tmi1 — bl < amad|zm, — h||2 + [ Tma1 — hHQ} (16)

Putting the value from and into and solve it.
[2mi1 = l* < (1= am)? g |2m = bl + amal|zm — B> + amal|zm — hl?
+200m (k(h) = h, j(Zmi1 = h)).
If we define dy, 41 1= g}g)&(k(h) — hy j(xm, —h)) > 0, the above equation can be
written as,
(1 = ama)||lzmir — Al
< (1= am)? m”xm —h|P? + amalzm — h|* + 20mdm
— (1= )2 (08, = Dllm — b + (1 — a)?
+amallz, — hH2 + 20 d i1
= (1= am)?(bm = VI, + Ly + 1, + 1y + b + D2 — A1
+(1 — am){2 — a}l|zm — hl* + a2 ||zm — hlI> + 20mdm 1
If we define G5 := 5u>pl{{l,5n + 0+ 13, + 12 + Ly + 1}z — h||?}, we can write

the above equation as

1 — a2 1—an{2—a}

me1 —h|? < {7’”zm—10 n G

[Zm+1 —h[" < 1_ama{ }Ga + aa
O g 2w (17)
L—ama 2" 1—apa ™

By assumption, lim «,, = 0. Thus, 3 mg € Z™, such that 1 — a,,a > % This
m—o0
means that
l—ap{2—-a} 1 20, {1 — a}

<1-2a,{1-—a}.
1—a,a l—ap,a i o}

Thus, inequality is equivalent to,
Zmer — Al < 2{1 — @ }?{lm — 1}G2 + {1 — 200, {1 — a}}G2 + 202, G
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20,
——dmt1-
+ 1—a,o +
Note that, d,, — 0, [28]. It is not difficult to show that the assumptions of
lemma will be satisfied, if we assume &, = ||x;, — A%, pm = 2{1 — a}am,
Nm = 2G202, + Zom g1 and v, = 2{1 — @,y }*{l;n — 1}G5. Thus, by lemma

i~ hE =0

Suppose that lim z,, = h and lim N,, = h, where h € F(T), which, V u €
m—00

m—r oo

F(T), is the unique solution of the variational inequality ((I —k)h, j(h—u)) <0
and T is asymptotically non-expansive mapping as given in the theorem. It is
straightforward to see that as m — oo, we get,

[@m = T(zm)| < {1+ 4L} zm — Al = 0.

Thus, lim ||z, —T(x,)|| = 0. Using the same argument as above, we can show
m— o0
that lim ||Ny, — T(N,)|| = 0.
m—o0

Next, for any m > 0, let 8, = 1 and k(z,,) = v in , where u € M and u # h.
Then, can be written as

Tmt1 — T (xm) = am(u —T™(z)).

Since, T is asymptotically non-expansive and h € F(T), ||T™ () — T™(h)|| =
IT™(xm) — k|| < lnl|lzm — h|l. But, x, — h, (given), which implies that
I T™(zp,) — h|| = 0 or T™(2,,) — h, as m — oco. This implies,

lim sup it — T (xy,) = limsup ||Xmy1 — T (2m))] = 0.
m— 00 m—00

Since, T™(xy,) — h and u # h, ||Ju — T™(2m)|| - 0, m — oo. Thus, for the
above to be true, the only possibility is that «,, — 0, as m — oco.

Finally, for any m > 0, let M = {x € E: « < 1}, T = —I, where [ is identity
mapping on M, k = 0 and 8,, = 1,7, = 1. Then, the sequence in can be
written as follows.

Tmi1 = (1=an)T™(@m) = (1 —an)(—I)zm = (-1")(1 — am)Tm
= (=)™ D1 —a,,)(1 = @m_1)Tm_1

_ (_1)m+(m—1)+....+1(1 _ am)(l _ amfl) . (1 _ 040)330-

Since, T = —I has a unique fixed point 0 € M, limy, oo [|[Tmt1 — 0] =
limm_)oo{—l}m(ngﬂ)H]m:O(l—ozj)onH = 0. This implies that I3 5 (1—a;)||zo| =
0, which means that >72, a; = 0. O
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As already mentioned in Remark[2.1] every nonexpansive mapping is a particular
case of an asymptotically nonexpansive mapping. This means that Theorem
is true for any nonexpansive mapping as well. This is specifically interesting
because if T is nonexpansive, then, we can remove the boundedness requirement
on M in Theorem {for further details see [I]}. Again, since the sequence
{lm} is a constant-valued sequence 1’s, in this scenario, we get n,, = 1, V. m > 0.
Hence from Theorem [3.1] we can obtain the following theorem.

Theorem 3.2. Let E be a real Banach space and let the norm on E be uniformly
Gateaux differentiable, possessing uniform normal structure. Let M # () be
closed and convez subset of E and let k : M — M be a contraction with « € (0,1)
be its contractive constant. Also, let T : M — M be a nonexpansive mapping,
with F(T) # 0. Also, assume (tp,) to be a sequence in (0,1) with W}gnoo tm = 1.

Given any xo € M and sequences (), (Bm) and (7m) in [0, 1], define a sequence
(xm) as follows.

Tmt1 = opk(zm) + (1 — )T (Ym)
Ym = 6mxm + (1 - 5m)T(Zm)
Zm = YmTm + (1 - ’Ym)T(mm)'

Then, for every m >0, 3 N,, € M, such that

t t
N,, = {1 — zm} k(zm) + l—mT(Nm).
Also, (N,,) and (z,,) are strongly convergent to some h € F(T) which, ¥V u €
F(T), is the unique solution of the variational inequality (I —k)h, j(h—u)) <0,
if and only if the following conditions hold.

(1) lim [Ny~ T(Npp)| =0 and Tim [, —T(e)]| =0,

(2) Asm — 00, apy, — 0 and . ayy = 00.
m=0

4. Conclusion

In this paper, we introduced a new viscosity approximation method. Strong con-
vergence of proposed method is proved under certain assumptions. In uniformly
smooth Banach spaces, Theorem extends and improves the corresponding
results of Xu [2], which themselves were an extension of results by Moudafi in
[25]. Theorem [3.1extends and improves the results presented by Chidume et al.
[3], the scheme presented by Shahzad and Udomene [4], the theorem proved by
Lim and Xu [I] and the corresponding results in Schu [[I7], [18]]. Our result is
also a direct extension, as well as, improvement of the work done by Chang et
al. [28].

Competing Interests

The authors declares that they have no competing interests.



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Viscosity methods for approximating solutions of variational inequalities 39

REFERENCES

. Lim, T. C., & Xu, H. K. (1994). Fixed point theorems for asymptotically nonexpansive

mappings. Nonlinear Analysis, 22(11), 1345-1356.

. Xu, H. K. (2004). Viscosity approximation methods for nonexpansive mappings. Journal

of Mathematical Analysis and Applications, 298(1), 279-291.

. Chidume, C., Li, J., & Udomene, A. (2005). Convergence of paths and approximation

of fixed points of asymptotically nonexpansive mappings. Proceedings of the American
Mathematical Society, 133(2), 473-480.

. Shahzad, N., & Udomene, A. (2006). Fixed point solutions of variational inequalities for

asymptotically nonexpansive mappings in Banach spaces. Nonlinear Analysis: Theory,
Methods & Applications, 64(3), 558-567.

. Youla, D. C. (1987). Mathematical theory of image restoration by the method of convex

projections. Image Recovery: Theory and Application, 29-77.

. Tian, Z., Zarepisheh, M., Jia, X., & Jiang, S. B. (2013). The fixed-point iteration method

for IMRT optimization with truncated dose deposition coefficient matrix. arXiv preprint
arXiv:1303.3504.

. Mann, W. R. (1953). Mean value methods in iteration. Proceedings of the American Math-

ematical Society, 4(3), 506-510.

. Genel, A., & Lindenstrauss, J. (1975). An example concerning fixed points. Israel Journal

of Mathematics, 22(1), 81-86.

. Bauschke, H. H., & Combettes, P. L. (2001). A weak-to-strong convergence principle for

Fejér-monotone methods in Hilbert spaces. Mathematics of operations research, 26(2),
248-264.

Nakajo, K., & Takahashi, W. (2003). Strong convergence theorems for nonexpansive map-
pings and nonexpansive semigroups. Journal of Mathematical Analysis and Applications,
279(2), 372-379.

Matsushita, S. Y., & Takahashi, W. (2005). A strong convergence theorem for relatively
nonexpansive mappings in a Banach space. Journal of Approzimation Theory, 134(2),
257-266.

Kim, T. H., & Xu, H. K. (2006). Strong convergence of modified Mann iterations for asymp-
totically nonexpansive mappings and semigroups. Nonlinear Analysis: Theory, Methods
& Applications, 64(5), 1140-1152.

Martinez-Yanes, C., & Xu, H. K. (2006). Strong convergence of the CQ method for fixed
point iteration processes. Nonlinear Analysis: Theory, Methods & Applications, 64(11),
2400-2411.

Su, Y., & Qin, X. (2008). Monotone CQ iteration processes for nonexpansive semigroups
and maximal monotone operators. Nonlinear Analysis: Theory, Methods & Applications,
68(12), 3657-3664.

Guan, J., Tang, Y., Ma, P., Xu, Y., & Su, Y. (2015). Non-convex hybrid algorithm for
a family of countable quasi-Lipschitz mappings and application. Fized Point Theory and
Applications, 2015(1), 214.

Liu, Y., Zheng, L., Wang, P., & Zhou, H. (2015). Three kinds of new hybrid projection
methods for a finite family of quasi-asymptotically pseudocontractive mappings in Hilbert
spaces. Fized Point Theory and Applications, 2015(1), 118.

Schu, J. (1991). Iterative construction of fixed points of asymptotically nonexpansive map-
pings. Journal of Mathematical Analysis and Applications, 158(2), 407-413.

Schu, J. (1991). Approximation of fixed points of asymptotically nonexpansive mappings.
Proceedings of the American Mathematical Society, 112(1), 143-151.

Bruck, R., Kuczumow, T., & Reich, S. (1993). Convergence of iterates of asymptotically
nonexpansive mappings in Banach spaces with the uniform Opial property. In Colloquium
Mathematicae 65(2), 169-179).



40

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

M. Akmal, M. S. Kham, S. A. Maitla

Tan, K. K., & Xu, H. K. (1994). Fixed point iteration processes for asymptotically non-
expansive mappings. Proceedings of the American Mathematical Society, 122(3), 733-739.
Shioji, N., & Takahashi, W. (1999). Strong convergence of averaged approximants for
asymptotically nonexpansive mappings in Banach spaces. Journal of Approximation The-
ory, 97(1), 53-64.

Shioji, N., & Takahashi, W. (1999). A strong convergence theorem for asymptotically
nonexpansive mappings in Banach spaces. Archiv der Mathematik, 72(5), 354-359.

Kim, T. H., & Xu, H. K. (2000). Remarks on asymptotically nonexpansive mappings.
Nonlinear Analysis: Theory, Methods & Applications, 41(3-4), 405-415.

Chang, S. S. (2001). Some results for asymptotically pseudo-contractive mappings and
asymptotically nonexpansive mappings. Proceedings of the American Mathematical Soci-
ety, 129(3), 845-853.

Moudafi, A. (2000). Viscosity approximation methods for fixed-points problems. Journal
of Mathematical Analysis and Applications, 241(1), 46-55.

Chang, S. S. (2006). Viscosity approximation methods for a finite family of nonexpansive
mappings in Banach spaces. Journal of Mathematical Analysis and Applications, 323(2),
1402-1416.

Naqvi, S. F. A.; & Khan, M. S. (2017). On the viscosity rule for common fixed points of
two nonexpansive mappings in Hilbert spaces. Open J. Math. Sci, 1, 110-125.

Chang, S. S., Lee, H. J., Chan, C. K., & Kim, J. K. (2009). Approximating solutions of
variational inequalities for asymptotically nonexpansive mappings. Applied mathematics
and computation, 212(1), 51-59.

Geobel, K., & Kirk, W. A. (1990). Topics in metric fixed point theory Cambridge Stud.
Adv. Math, 28.

Banach, S. (1932). Théorie des opérations linéaires, Monografie Mat., PWN, Warszawa.
Liu, L. S. (1995). Ishikawa and Mann iterative process with errors for nonlinear strongly
accretive mappings in Banach spaces. Journal of Mathematical Analysis and Applications,
194(1), 114-125.

Noor, M. A. (2000). New approximation schemes for general variational inequalities. Jour-
nal of Mathematical Analysis and applications, 251(1), 217-229.

S. Mazur, J. Schauder, Uber ein prinzip in der variationsrechnung, Proc. Int. Congress
Math., Oslo, 1936.

Muhammad Akmal

Department of Mathematics, Lahore Leads University, Lahore, Pakistan.
e-mail: m.akmalwattu@yahoo.com
Muhammad Saqib Khan

Department of Mathematics, Lahore Leads University, Lahore, Pakistan.
e-mail: Kkhan.saqib@me.com
Shahzad Ahmad Maitla

Department of Mathematics, University of Management and Technology, Sialkot, Pakistan.
e-mail: shahzad.ahmed@skt.umt.edu.pk



	1. Introduction
	2. Preliminaries
	3. Main Result
	4. Conclusion
	Competing Interests
	References

