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Abstract: In this paper, we study the small oscillations of a visco-elastic fluid that is heated from below and
fills completely a rigid container, restricting to the more simple Oldroyd model. We obtain the operatorial
equations of the problem by using the Boussinesq hypothesis. We show the existence of the spectrum,
prove the stability of the system if the kinematic coefficient of viscosity and the coefficient of temperature
conductivity are sufficiently large and the existence of a set of positive real eigenvalues having a point of
the real axis as point of accumulation. Then, we prove that the problem can be reduced to the study of a
Krein-Langer pencil and obtain new results concerning the spectrum. Finally, we obtain an existence and
unicity theorem of the solution of the associated evolution problem by means of the semigroups theory.
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1. Introduction

T he problem of the small motions of a layer of viscous fluid heated from below was the subject of

numerous works that can be found in the book (chapter II,[1]). Some cases of a heated viscous fluid

partially or completely filling a fixed container has been studied and discussed in the book [2] .

In this paper, we consider a mass of visco-elastic fluid heated from below and filling completely a
container, restricting to the more simple Oldroyd model [2]. We obtain the operatorial equations for the small
motions of the fluid and for the heat transfert by using for the classical Boussinesq hypothesis [1,2].

At first, we prove the existence and the symmetry of the spectrum and the stability of the system, if the
coefficients of kinematic viscosity and temperature conductivity are sufficiently large. We show that there
exists a set of positive real eigenvalues having a point on the real axis as point of accumulation and that the
possible non real eigenvalues are in a suitable disk. Then, we prove that the problem can be reduced to the
study of a Krein- Langer pencil [3], so that we obtain new results. In particular, there is only a finite number
of non real eigenvalues. Finally, we obtain an existence and unicity theorem of the solution of the associated
evolution problem by means of the semigroups theory.

2. The more simple Oldroyd model for a viscoelastic fluid

It is a matter of a viscoelastic fluid for which the tensor of viscous stresses ¢’ and the double tensor of
deformation velocities T verify a differential relation [2]

d d
(1 +17dt> o= (K0+K1dt) T 1)
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where 7, kg, k1 are some positive physical constants.

We set N
Ko — KA o
o () @
with
_ -1 — e _ ko
Y=n B =x1v; o= —-
K1
which are positive constants.
In the following, we set
) =142 —BPZA 3)
0 - 5= A - 5= /\/ - Y

We suppose that, if the tensor of deformation velocities is equal to zero at t = 0, the same condition is true for
the tensor of viscous stresses. Under this hypothesis, we can replace the differential relation (1) by an integral
relation

o =ul(t)t 4)

Indeed, if we denote the Laplace transformed of ¢’ and 7 by ¥/(p) and T (p), we have

2(p) = p (1 + > T(p) ®)

TP
From (5), noting that %ﬂ,T(p) is a product of transformed, we deduce that

~

()t =1(t) +a /Ote_“’(t_s)r(s) ds (6)

3. The Boussinesq approximation

When a viscous or viscoelastic fluid is nonuniformly heated, its density (¢, x) depends on modifications
of the temperature field, that is, the deviation T (¢, x) of the temperature from some mean value Ty, = constant.
For small T (¢, x), we admit that

p(t,x) = p[1— 0T(t,x)

where p = constant is the density corresponding to T, and 6 > 0 is the coefficient of thermal extension.
In accordance with the Boussinesq approximation [1,2], we admit that, in the equation of motion of the fluid,
the density can be considered as constant, except in the external forces.

4. Position and equations of the problem

We introduce orthogonal axes of coordinates Oxixpx3, Ox3 directed vertically upwards. The heavy
viscoelastic fluid occupies a bounded domain () with regular boundary S and g is the constant acceleration of
the gravity. The fluid is nonuniformly heated from below.

The equations of the problem are: taking into account the Boussinesq approximation, the hydrodynamic
equations take the form,

u‘__iPJraa’{er 6Tés  (i,j=1,2,3) @)
pi = axi ax] pg B =
the continuity equation
divii =0 ®)
the equation of heat conduction
T —
887 +ii-gradT = XAT 9)

where ii(t, x) is the velocity of the fluid particle from its position at the state of mechanical equilibrium, P(t, x)
is the deviation of pressure from the hydrostatic pressure corresponding to the constant temperature T, X > 0
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is the coefficient of temperature conductivity.

If we take
o du; %

—aixj‘Faxi (l,]:1,2,3)

T
the components of the tensor 7, we have the components of the tensor ¢’
, -
0ij = ploT;

90;; oTjj 0%u; 9 (ouj
j_ 3 9% i T
an “I/lI() E)x] HIO axjax] + axi aX] HIOAul

and then

. ou; - . . . . .
since a—z] = divii = 0. Therefore, the vectorial equation of the motion of the fluid can be written
j

) N .
pii = —gradP + uloAil + pgdTX3 (10)
We add the stickiness condition
=0 on S (11)

Now we will give boundary condition for the temperature.

5. Conditions of mechanical equilibrium

There exist conditions of heating such that the system is in the state of mechanical equilibrium: # = 0.
(But, then, there is no thermodynamic equilibrium, the temperature varying with the coordinates).
Setting
i(t,x) =0; P = po(x); T = Ty(x),

we obtain
gradpg = pgdToX3; ATy =0

po and Tj are functions of x3 only and we have

2
& _
— =
dxj
ie
To = —&x3 + &g (& ,&g constants).

In the following, we consider the case & > 0, corresponding to the heating from below.
The pressure in the state of mechanical equilibrium is given by

i.e
2
po(x3) = pgd (—&x; + 5(03(3) + constant

Concerning the boundary condition for the temperature, we suppose [2] that the temperature remain equal to
Ty on the wall S, so that, if we set
0(t,x) = T(t,x) — To(x3)

we have
6=0 on S (12)
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6. Final formulation of the problem

Supposing the existence of the previous state of mechanical equilibrium, we seek the solutions of the
T = To(x3) +6(t, x)

P = po(x3) + p(t, x);

equations in the form
il = it x);
(13)

where ii , p , 6 are of the first order infinitesimal.
(14)

. — .
il = —lgradp + vipAil + 6g0X3

We get
0 — auz = XA0

where v = % being the kinematic coefficient of viscosity. The equations (8), (11), (12) remains unchanged.

7. Transition to a system of operatorial equations
1) We are going to seek ii(t,x), p(t x), 6(t,x) functions of t with values in J}(Q), H(Q), H}(Q)

respectively, where
3
]&(Q) = {ﬁ € {Hl(Q)} ; divii =0 ; ﬁ\s — 0}

We introduce the space
3
{ﬁ e LX) [LZ(Q)] ; divii =0 ; iys = o},

Jo(Q) =
(15)

where 1,5 is the external normal component of i on S.
It is well-known [4] that the embedding from J}(Q) into Jo(Q2) is continuous, dense and compact and that we

have the orthogonal decomposition
£2(Q) = Jo () &G (Q)

where G (Q)) is the space of potential fields.
We have, for each 7 € J}(Q):
oo 1 — 3 £ - 2 -
( ’u)lo(ﬂ) = /Q/ gradp - 1dQ + vy /Q Ail-71dQ + (g(SQXg,,u)EZ(Q) (16)

The first integral of the right-hand side is equal to zero, because gradp € G (Q) and i € J}(Q) C Jo(Q).

The vectorial Laplacian formula [4] can be written by setting €jj = %Tij as
/(; Al - ﬁdQ = —2/0 el](ﬁ)el](ﬁ) + 2/5 Ei]'(ﬁ)njlji ds

and the last integral is equal to zero by virtue of (11).
It is well-known that
~ 1/2
<2 /Q 61](ﬁ)€1](ﬁ) dQ)

defines a norm on J}(Q), that is equivalent to the classical norm of [H'(Q)] >
We denote by A the unbounded operator of Jo(2) associated to the pair (J§ (), Jo(Q2)) and to this norm
Finally, denoting by Py, the orthogonal projector from £2(Q) into Jo(Q)), we can write
(0860%3, ) 2y = (Po(686%3), )} )
17)

So, the variational equation (16) is equivalent to the operatorial equation [5]
i + VIA()A()L? — (5gpo(9f3) =0
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2) In the same manner, for every § € H}(Q)), we have

(0,0) 20y = (813,8) oy + X [ 80-3d02 (18)
Since 0|5 = 0, the Green formula gives

/ A8-GdO = —/ gradf - gradd dQ
Q Q

—

It is well-known that ([, |gradf|>dQ)!/2 defines norm a on H} (), that is equivalent to the classical norm of
H'(Q)). We denote by A; the unbounded operator of L?(Q)) associated to the pair (H}(Q), L2(Q)) and to this
norm. So the variational equation (18) is equivalent to the operatorial equation [5]

0+ XA10—&ii-¥3=0 (19)
3) By setting [2]
~\ 1/2 1/2
0(t,x) = ((5g> w(t, x); € = (aég)
The equations (17) and (19) take the form
i + Vfvoﬁ — €P0(wf3) =0 (20)

w4 XAjw—e€il-¥3=0 (21)

4) Now, we aim to replace the equation (20) by two equations whose coefficients do not depend on ¢ [2].
As

R t
IoAoit = Agii(t,x) +a [ 19 Agi(s, x) ds
0
By setting
t
do(tx) = il(t,x); iy (x) = (va)l/2 / e~ 71079 AL24i(s, x) ds
0
We have

¢
(V“)l/zA(l)/Zﬁ(t,x) = 1/06/ fﬂt*s)Aoﬁ(S,x) ds
0

and the equation (20) becomes
ity + vAgilg + (va)l/zA(l)/zﬁl —€ePy(wX3) =0 (22)

Hence, we obtain
ity = —yily + (va) 2 A} %l (23)

The equation (21) remains unchanged.

8. The normal oscillations

1) We seek the solutions of the equations (22), (23), (21) in the form

iy = e Midg(x); i =eMiy(x); w=eMokx); AeC
We obtain
vAgily + (vw)l/zAé/ziil — ePy(wX3) = Aidy (24)
— (1/0()1/214(1)/21:[0 =+ "}/1/_[1 = /\1:[1 (25)

—€ilp - X3+ XA 1w = Aw (26)
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It is easy to verify that A = < is not an eigenvalue.
Indeed, if A = v, (25) gives iy = 0, then (26) gives

v
Aw =~
1w = 5w

and consequently w = 0, if dismiss the exceptional case where ¥ is an eigenvalue of A;; finally, (24) gives

17 = 0. Therefore, we have
(va)'/2 Ay il

==

so that, taking (3) into account, the equation (24) takes the form
vig(A) Agily — ePy(wiX3) = Al
Let us introduce the operators C from L?(Q) into Jo(Q) and C* from Jo(Q) into L?(Q) defined by
Cw = Py(wX3) Ci=1i-%

It is easy to verify that these operators are bounded, with a norm smaller that one, and mutually adjoints. Since
ily = ii, we obtain the equations of the normal oscillations in the form

vip(A)Apil — eCw = Al (27)
—eC*'ii + XAjw = Aw (28)
2) We can deduce from Equations (27), (28) with bounded coefficients by setting
AP =T e o(Q); A *w=Vel*Q)

and by applying the operators A 12 and Al 12 to the equations (27), (28) respectively.
Setting
_ aA—-1/2 -1/2, _ A—1/2 -1/2
D=A,""CA]"%; D* = A]/°C*A,

we obtain
vIp(MU — eDV = A U (29)

—eD*U + XV = AATV2V (30)

It is easy to see that D and D* are mutually adjoint and compact.

9. Existence and symmetry of the spectrum

We write the equations (29) and (30) in the form

G)-(2 25 2

where

has an inverse and
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Applying J~!, we obtain

that has the form .
u
I b =
(L +@(A)) (V) 0

where ®(A) is a operatorial function with compact values. Consequently, we obtain a Fredholm pencil in
C — {B}, since B is a pole of Iy(A)~!. This pencil is regular, then since A = 1 is not an eigenvalue, I + ®(A)
has a bounded inverse [4]. Then, the spectrum of the problem exists and consists of isolated points and its
accumulation points may be located in A =  and A = co. All points of the spectrum are eigenvalues and the
corresponding eigenelements have finite multiplicities. On the other hand, it is obvious that the initial pencil
is self adjoint, so that the spectrum is symmetrical with respect to the real axis.

10. Location of the spectrum in the complex right half-plane

From the equations (29) and (30), we deduce

A {(Aolﬁ, Cl)}o(m + (A;lv, V) LZ(Q)]
(1)
-V (1 + va) HC[HZ(m + X |Vllzz ) — 26R (Dv' U) Jo(€)
We have
% (v, u)mo) = ’(DV’ u)]o(ﬂ) N
‘(A01/2CA11/2V, CI)MQ) = ‘(CAllV, Ay 1/2u)]0(0)
and consequently
2R (DV, u)]ﬂ(m <2 HAl_l/ZVHLZ(Q) HAO_UZU oy S
(32)
4 v+ 457
Noting that
3?( 1 ) _ 7 —RA
T=A) A=)
and taking the real parts in (31), we obtain
RA {(Aolfl, CI)]O(Q) + (A;lv, V)LZ(Q) + ot u ZmJ

+ X[V} — 26 (DV, ﬁ)

2
Jo(Q) Jo(Q)

—v (14 -2 Hﬁ
U(+A—72)
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so that, using (32)

—

2
o)
Jo(Q)

ot (X=ear|) Vit

+ (A;lv, V) PN

> (vl

Finally, under the sufficient conditions

veelagl| . x>efar (33)
i.e. if v and X are sufficiently large, we have
FA>0

so that the system is stable.

11. Existence of a set of positive real eigenvalues having A =  as point of accumulation

The equation (30) can be written as
(XIp2() = AA7") V +eD* U = 0

A_1 has a denumerable infinity of positive real eigenvalues, the largest being HAl_ ! H Consequently, XI;2(q) —
AAT ! has a bounded inverse if A is not real and if A is real with [A| < Ta; R S T Under this condition, we have
-1 .
V=—e¢ (XILz(Q) - AA1_1> D*UI
Carrying out in the equation (29), we obtain

o2 1\ e —173
vIo(M)U + €D (Xlpzi0) — A7) DU — 245U =0

If X is sufficiently large, the inequality |A| < is satisfied for A = 8 and for A sufficiently close to .

IIA Tt
Setting

A=A +B, || sufficiently small
we obtain the equation

)\/

NiT _
E(A)U_U)L’Jrﬁ—’y

- -1 . _
U+eD (Xl — (W +B) AT') DU~ (A +p) Ayl =0 (34)
L(A) is an operatorial function holomorphic in the vicinity of A’ = 0 and self adjoint. We have
-1
L£(0) = €D (XILZ — BA; ) D* — BA;

that is compact.
Calculating the derivative, we obtain
/ -1 -1 * -1
£10) = 5Ty +€D [XIpp) — BATY] AT [XIpa) — AT DY — 4
that is strongly positive if v is sufficiently large. So, [4], if v and X are sufficiently large, for each 7 > 0
sufficiently small, there exists in |8 — 77, B + 7] a set of real eigenvalues of the spectrum of the problem having
B as point of accumulation.
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12. Location of the non real eigenvalues

. . u . .
We consider a non real eigenvalue A and (V) an associated eigenelement.

The equations (29) and (30) can be written
—$D* U+ X V) = ATV

From these equations, we deduce

a

2 _%(DV’U)JO(Q):(A‘; ’u)fom)

o H Jo(2)

V=X

£ (V.0 g +E Wl = (47V/V) 5

and then () X X1 i
ch 0 — N) —
— _ - D
PR HUHJO(Q) e\s)\ v ”LZ |/\|2§R( V’u)]O(Q)
Calculating & 10(/\) and dividing by SA # 0, we obtain
B— B
V|12 o 7 | X1 2 -
= - — =-——R(DV,U
| [M—vﬁ 3|~ enr Vo = R (0% ),

or, using (32)

FG{ - HAl_lH] V11720

A W
2| ]A=aP I?tl A

The right-hand side of above equation is positive according to (33), so that the eventual nonreal eigenvalues

must verify
A2 > KA =] (35)
with 5
v.P _ —1
ke &7 ’AO H
v, B=r
2 v

which is greater than 1 according to (33).
Setting A = x + iy, we see that the domain of the complex plane (1) defined by (35) is the disk D defined by

ky \*, o k¥
(x‘k—1>'“’<<k—n2

A = 7 belongs to D and it is easy to verify that A = B belongs to D

13. Reduction to a Krein - Langer pencil
1) Multiplying the equations (29) and (30) by A — ¢ # 0, we obtain

v[Sljl —eyDV — A KVI]O(Q) + 'yAal) u— eDV} + )\ZAalﬁ =0 (36)
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—eyD* U+ XV — A [—eD*EI + (XILZ(Q) + ’yAfl)} V4 A2ATIV =0 37)
We set
0-— U‘BIIO(Q) —eyD B VI]O(Q) + ’)’Aal —eD
—eyD* Xvlpig)) —eD* XIp2(q) +7AT

s (A 0\ 5 (T
C‘(O Aﬁ)’““z‘@

We can rewrite the equations (36), (37) in the form
(Q+AiB+4%)z=0 (38)

2) Let us study the properties of the operators of the equation (38).
a) C is obviously self adjoint, positive definite, compact.
b) B is bounded and self adjoint.

We have

(Bz,z)x =v HﬁH;m + X ||V||%2(Q) +7 {(Aolﬁ,ljl

N—
=
2

—2eR (DV, fl) )

Using the inequality (32), we obtain
2
Jo(©)

,EI> . (A;lv, V) o

By virtue of the inequalities (33), B is strongly positive.
¢) Q is bounded and self adjoint.
On the other hand, we have

529, (v <51

+ (x—efar]) Vit

]

+y {(Aol

L2
(Qz,2), 2 v(B—7) HuHIo(Q)

-l

so that Q is strongly positive and then admits an inverse that has the same properties.
3) Setting

o (e AT Vi

Ql/zz:Wex

carrying out in (38) and applying Q~!/2, we obtain
W 4 XQ*l/ZBQ*l/ZW 4 XZQ*l/ZC’“Q*l/ZW =0

It is easy to see that B = Q 12BQ 12 and ¢ = Q1/2€Q~1/2 are bounded, self adjoint and positive definite
and C is compact.
So we obtain a Krein-Langer pencil [2; pp 295-309]
L) &1+ A8 + A% (39)
4) The theory of this pencil is treated in [3]. We restrict ourselves to an additional result.
Since B is self adjoint, the set of the nonreal eigenvalues may have only the infinity as point of accumulation.

Consequently, since these eigenvalues are in the disk D, there are no more than a finite number of such
eigenvalues.
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14. Existence and unicity of the solution of the associated evolution problem

We write the equations (22), (23), (21) in the form

W+ AW =0
with
iy vAg (1/04)1/2A(1)/2 —eC
W= |1 , A= —(I/DC)I/ZA%/Z o) 0
w —eC* 0 XA,

We are going to consider A as unbounded operator of
H=Jo(Q) & Jo(Q) & L*(Q)
with domain
D(A) = D(A¢) ® D(Ay’) ® D(Ay)
We are going to prove that —A is maximal dissipative.
1) A is obviously closed.
By direct calculations, we have
(AW, W), = v (Agilo, ilo) 1,0y + 7 1]l 00y + X (A1, @) 12y — 26R (Cw, o)

2i% Al/Z—» —
203 (Af i, iy ()

so that
RAW, W), >0 YW e D(A)

under the condition (33).

2) We have
vAg —(va)12A)?  —eC
A" = (1/0()1/2A(1)/2 o) 0
—eCH 0 XA,

so that, in the same manner, we have
AW, W), >0 VYW € D(A*) = D(A)
Consequently, [3;p 54,55], if the initial value W(0) € D(A), i.e
ip(0) € D(A)) ,  #(0)eD(AY? ,  w(0) € D(Ay)

the evolution problem has a solution and only one belonging to D(.A) for t > 0.
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