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1. Introduction

n this article, we consider the following non-autonomous strongly damped wave equation with linear
memory on an unbounded domain:

uy — AU — alNuy — /OOOV(S)A (u(t) —u(t—s))ds+ f(u) = g(x,t) +cuo %:’t), (1)

with initial data
u(t,x) = uc(x), u(7t,x) =up(x), x€ R, e R 2

Lete, o, B > 0, cis a positive constant and y(s) < 0 for every s € RT, where A is the Laplacian with respect to
the variable x € R" with n = 3, u = u(t, x) is a real function of x € R”, (n = 3),and t > 7, T € R. The function
g(x,t) € E2(R, L2(R")) is time-dependent external force, and W(x, t) is an independent two sided real-valued
wiener processes of probability space.

Following a well-established procedure first devised by [1], we introduce a Hilbert " history " space R, =
Li (R*, H'(R")) with the inner product and new variants.

(s = [ BT (), Via(s))is,
n(x,t,s) =u(x,t)—u(x,t—s), ©)]

_ 9 _9
M=o s = 55

Then the Equation (1) can be transformed into the following system

Uy — PAU — aDuy — /Ooo u(s)An(s)ds+ f(u) = g(x,t) +cuo %, @

Ny = —Ns + Uy,
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with the initial-boundary conditions

u(t,x) = ue(x),
u(t,x) = ur(x) ,x eR”, T € R, (5)
1e(x,7,8) = 77 = ur(x) —u(x—s) ,x eR", T € R,s € RT.

The following conditions are necessary to obtain our main results.

1. concerning the memory kernel y, it is required to satisfy the following hypotheses:

e CHRM)NLYRT), u(s) >0,4'(s) <0,Vs € RT, ©)
#'(s) +du(s) <0,Vs € RTand 6 > 0,
and denote o
ko := /0 u(s)ds < oo. (7)

2. for the nonlinear term f(u), we assume that f € C!(R) with f(0) = 0 ,and it satisfies the following
growth conditions. There exist constant C; > 0 such that

If'(u)| < Cr(1+[ul?) ,Vu € R,0 < p < 4, whenn = 3. ®)

And there exists constants k > 0 and v, > such that for any v € (0, 17), there exist C, > 0 satisfying

kF(u) —vu? +Cy < uf(u), Vu €R, 9)
and
limsupM <0,Vue R, (10)
|u|—o0

where F(s) = [; f(r)dr.

About the time-dependent forcing g(x,t) term we assume that g(x,t) € EZ(R,L*(R")),
where space of translation -bounded function E2(R,L?(R")) = {g(x,t) € E2 (R ,L*(R"))

loc
SUP;cR f:ﬂ(fRn |g(+,7)[2dx)dr < co} with the norm

t+1
Ig(x, £)||> = sup / lg(x,7)|*dxdr < oo, Vr € R. (11)
teR Vi R”

Finally, we introduce the product Hilbert space
E = H'(R") x L*(R") x R,,.

In recent years, there have many results on the dynamics of a variety of systems related to Equation (1).
The deterministic hyperbolic equations with memory have been studied to possess global attractors which,
despite being subsets of an infinite-dimensional phase space, are finite-dimensional objects, see[1-12]. For
instance, Borini and Pata [13] proved the existence of a Uniform attractor for a strong damping wave equation
with linear memory on a bounded domain. Qiaozhen Ma,Chengkui Zhong[7] obtained the strong global
attractors, and Ghidaglia, and Marzocchi [14] showed global attractors and their finite Dimension. Crauel and
Flandoli [15-18] studied the random attractors for a stochastic dynamical system. Recently, many authors have
established the existence of random attractors for other equations (see[13,19-34]). For Equation (1), there are
fewer results and most previous authors have concentrated to the deterministic case, but there are no results
of random attractors for the Equation (1).

In general, to prove the existence of random attractors for (1) in E, we must establish the pullback
asymptotic compactness of solutions. Since Sobolev embedding are not compact on R”, we cannot get the
desired asymptotic compactness directly from the regularity of solutions. We were overcome the difficulty by
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using uniform estimates on the tails of solutions outside a bounded ball in R” and decomposing the solutions
in a bounded domain as in [2,6,21,29].

The rest of the article is organized as follows. In Section 2 we recall some basic concepts related to RDS
and a random attractor for the random dynamical system. In Section 3, we devote to uniform estimates and the
existence of bounded absorbing sets for the solutions and pullback compactness. In Section 4, the compactness
of the RDS is established by the decomposition of a solution of the random differential equation into two
parts. In Section 5, we prove the asymptotic compactness of the solutions, finally existence and uniqueness of
a random attractor in E.

2. Preliminaries

In this Section, we recall some basic concepts related to RDS and a random attractor for RDS in [16,17],
which are important for getting our main results. Let ((2, 7, P) be a probability space and (X, d) is a Polish
space with the Borel o-algebra B(X).The distance between x € X and BC X is denoted by d(x, B). If BC X
and CC X, the Hausdorff semi-distance from B to C is denoted by d(B, C) = sup, g d(x,C).

Definition 1. (Q), F, P, (6t);cr) is called a metric dynamical system if 6 : Rx Q — Q is (B(R) x
F, F)-measurable, 6 is the identity on ), 651+ = 6y 0 6, for all s,t € R and §yP = P for all te R.

Definition 2. A mapping ® (¢, 7,w,x) : RT x R x Q x X — X is called continuous cocycle on X over R and
(Q), F,P,(6)er), if forall T € R,w € Qand t,s € RT, the following conditions are satisfied:

1. &t 1T,w,x): Rt xRxQxX— Xisa (B(R") x F,B(R)) measurable mapping

2. ®(0, 7, w, x) is identity on X.

3. O(t+5s,7T,w,x) =P(, T+5,0:w,x) o P(s,T,w, x)

4. O(t,7,w,x) : X — X is continuous.

Definition 3. Let 2% be the collection of all subsets of X, set valued mapping (7,w) +— D(t,w) : R x Q + 2%
is called measurable with respect to F in Q) if D(t, w) is a(usually closed ) nonempty subset of X and the
mapping w € Q — d(X,B(t,w)) is (F,B(R)) -measurable for every fixed x € X and 7 € R. Let B =

B(t,w) € D(t,w) : T € R,w € O is called a random set.

Definition 4. A random bounded set B = {B(7,w) : T € R,w € O} € D of X is called tempered with respect
to {6(t) }1eq, if for p-aew € O,

lim e P d(B(0_4w)) =0,V B >0,

t o0

where
d(B) = sup [|x]|x.
xX€B
Definition 5. Let D be a collection of random subsets of X and K = {K(7,w) : T € R,w € O} € D, then K is
called an absorbing set of ® € D, if forallT € R,w € Q and B € D, there exists, T = T (7, w, B) > 0 such that.

O(t,1,0_4w,B(T,0_4w)) CK(T,w), Vt >T

Definition 6. Let D be a collection of random subsets of X, then ® is said to be D a-pullback asymptotically
compactin X, if for p-a.e w € Q, {®(t,, 0_,w , x,) }5_; has a convergent subsequence in X when t, — oo and
Xn € B(0_t,w) with {B(w) }weq € D.

Definition 7. Let D be a collection of random subsets of X and A = {A(T,w) : T € R,w € O} € D, then A
is called a D-random attractor (or D-pullback attractor ) for &, if the following conditions are satisfied, for all
teRt, 7TeRandw € O

1. A(t,w) is compact, and w — d(x, A(w)) is measurable for every x € X
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2. A(t,w) is invariant, that is
ot T,w AlT,w)) = A(T+t,60iw), Vit > 1.
3. A(7,w) attracts every setin D, thatis for every B = {B(t,w) : T € R,w € Q} € D,

lim dx(®(t 7,0_1w, B(t,0_1w)), A(t,w)) = 0.

t oo

Where dx is the Hausdorff semi-distance given by

dx(Y,Z) =sup inf ||y — z|/x
yeyzGZ

forany Y € Xand Z € X.

Lemma 8. Let D be a neighborhood-closed collection of (T, w)- parameterized families of nonempty subsets of X and ®
be a continuous cocycle on X over R and (Q, F, P, (64)icr). Then ® has a pullback D-attractor A in D if and only if
® is pullback D-asymptotically compact in X and ® has a closed, F-measurable pullback D-absorbing set K € D, the
unique pullback D-attractor A = A(t, w) is given A(T,w) = ,>oUp,P(t, 7,0 1w, K(T,01w)) TER ,w € QL.

3. Existence and uniqueness of solutions

In this section, we present the existence and uniqueness of solutions for the system (1)-(2). It is well known
that the operator A = —A with the domain D(A) = H?(R").

We recall some important results, let Hy = L*(R"), H; = H'(R") and H; = R, = L;(R", H'(R")). And
denote Hf = H~!(R") the dual space of Hj, as usual, we identify H, the dual space of Hy. Then we get

(u,0) = /R wodx, ||u]| = (u,u)} ,Vu,0 € LA(R"),

((,0)) = /R VuVodx, |Vul| = ((u,u))2, ¥ u,0 € H(R"),
01,01 = || W (Tn(5),92(5))ds

L= = [ RO (1), 9(3))ds.

(12)

I

= E(R") = Hy x Hy x H, = H'(R") x L2(R") x Ry, endowed with the usual norms on E,

II1E = 1@ geny 12 ) wom, -

Due to the Ornstein-Uhlenbeck process deducing by the Brownian motion, which holds the Ité differential
equation
dz + ézdt =dw, 6 > 0 (13)

and hence the solution is given by

eo(s) = wlt +5) — w(t), "
z(Ow) = z(t,w) = —5foo (Brw)sds,s € R,w € Q.
Where the random variable |z(w)| is tempered and there is an invariant set O C Q) of full P measure such that
z(01w) = z(t,w) is continuous in t for every w € ). This equation has a random fixed point in the sense of
random dynamical systems generating a stationary a solution is known as the stationary Ornstein-Uhlenbeck
process (see [16,17,29,35] for more details).
Next we need to transform the stochastic system into deterministic with a random parameter, then show
that it generates a random dynamical system. In fact, we define a cocycle for problem (12)-(14). Let
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v= % + eu — cuz(bw), (15)

by (15) and (4), (5), we can obtain the following random evolution equation

ur+eu — v = cuz(frw),

v +e(e —aA)u+ pAu — (e —aA)v+ /OoQ 1(s)An(s)ds

(16)
=—f(u)+g(x,t) +cz(6iw) (v + eu — wAu + cuz(brw)),
Nt + 1s + eu — v = cuz(6w),
with the initial-boundary conditions
u(t, x) = uc(x),
ut(T/ X) = 1,T(x)/x € Rn/ TE R/ (17)

u
1(x,8) = ur(x) —ur(x,T—5s),x eR", T € R,s€ RT.

Which, in contrast to the stochastic differential Equation (1)-(2), can by analysis pathwise with deterministic
calculus, define

u
=17 |-
U
eu—v
Lo =| e(e—aA)u+BAu— (e —aA)v+ [5 pu(s)An(s)ds
U — 0+ 1s
and
cuz(6rw)
Q(p,w,t) = | cule—aA)z(0iw) + uz?(0iw) + cvz(Biw) — f(u) + g(x,t)
cuz(6;w)

Then the following equation is equivalent to the system (15)-(17)

{ ¢+ Lo =Q(¢,t,w) a8)

o7 = (1 (%), w17 (x) + e (¥) — curz(Biw), 112 (x,5))
In line with [36], we know that -L is the infinitesimal generator of C° semigroup e~ on E for t > 0, by
the assumptions (6)-(11). It is easy to check Q(¢,t,w) : E — E is locally Lipschitz continuous with respect

to ¢, by the classical semigroup theory concerning the (local) existence and uniqueness solutions of evolution
differential equation, we have the following theorem.

Theorem 9. Under the condition (6)-(11) and for each T € R, w € Q) and for any ¢ € E, there exists T > 0 such that
(18) has a unique mild function ¢(t,T,w, ¢<) € C([t, T+ T); E) and ¢(t) satisfies the integral equation

t
Pt T,w, 9c) = e M (w) +/ e HENQ(g, 1, w)dr, (3.8)
T
¢(t, T, w, pr) is jointly continuous into t and measurable in w.

From Theorem 9, we know that for P-a.s. each w € (), the following results hold for all T > 0

1. if p¢(w) € E then ¢(t,w, ¢(7)) € C([t, T+ T); E),
2. ¢(t, T, w, ¢¢) isjointly continuous into t and measurable in ¢ (w),
3. the solution mapping of (18) satisfies the properties of continuous cocycle.
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We notice that a unique solution ¢(t, T, w, @) of (18) can define a continuous random dynamical system over
R and (Q), F, P, (64):cr)- Hence the solution mapping

P(t,w): RxQOXE—Et>T,

19
§(1,) = (12,00,7) T = (u(t,), (8, 0), 7t )T = 9(t,), )
generates a random dynamical system. Moreover,
O(t,w) : o(T,w) + (0,e2(0:w),0) " — ¢(t,w) + (0,ez(6;w),0) . (20)
We also define the following transformation:
Y1 =u, Pp = us + eu. (21)
Similar to (18), we get that
"+ Hyp = W
{ '+ Hy = Q(y K ) : 22)
Pr = (u’r/ O, 771) = (u’['/ Uyr + €, ’77) ’
where
u
py=17° |,
Ul
eu—ov
HY = | e(e—aA)u+ BAu— (e —aA)v+1y
eu—v+1s
and
0
Qp,w, t) = | cvz(6iw) — f(u) +q(x,t)
0

We introduce the isomorphism TcY = (u, uy, 77)T ,Y = (u, U,T])T € E which has inverse isomorphism
T_Y = (u,v—eu,n) ", it follows that (6, ) with mapping

Y =TP(tw)T-« =Y¥(tw) (23)
is a random dynamical system from a above discussion, we show that the two RDS are equivalent.

4. Random absorbing set

In this section, we will show the existence of a random absorbing set for the RDS ¢ (¢, T, w, ¢ (w)),t >0
in the space E. Let ¢ = (1,0, 17)T = (u, us + eu — cuz(6rw), 17)T, where ¢ is chosen as

= Bl s S (24)
4+2(aAy + Br)a+ B3/ M
Lemma 10. Forany ¢ = (u,v,7)" € E we have
€ 2 2 X 2, ¢ 2
(Lo @)g = 5 (Iulf +[10l) + 5 Il + 7 Il 25)

Proof. This is easily obtained by simple computation. [

Lemma 11. Assume that (6)-(11) hold, then for each T € R,w € Q, there exists tempered random absorbing ball
By(t,w) = {9 € E : ||o(1, T —t,0_1w, pr—t(0—rw))||p < M(7T,w)}, Be(M(t,w)) € D(E), such that for any
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set B € D(E), there exists Ty = Tp(T,w,B) > 0,7 € R,w € O,B € D,soas ¥Vt > Tp and ¢pr_(0_rw) €
B(t —t,0_sw), the solution of a system (4.7) satisfies

lp(T, 7= £,0-7w, pr—t(6—zw)) [} < M* (7, w) (26)

that is
(1, T—t,0_7w,B(t—t,0_1w)) C By(T,w)), V> T. (27)

Proof. Forany T € R,w € O, t > 7, let (7,7 — t,0 1w, pr—t(0—7w)) = (U, v, 4r) € E, be a mild solution of
(18) with initial value ;.
Taking the inner product (-, -)g of (18) with ¢(7), we find that

1d 2 ¢ 2 2y %y 2 €2

= e =z z < .

5 2ellolE + 5l + 2l2) + 5 1ol + S 112 1 < (Q.1,), 9) (28)
Let us estimate the right hand side of (28)

(Q(p,w,t),9) = ((cuz(Brw),u)) + (cu(e — aA)z(0iw) + 2uz®(6w) + cvz(Biw)
—f(u) +g(x,t),v) + (cuz(brw), 1)1 (29)

By the Cauchy-Schwartz inequality, we find that

((euz(1e0), 1)) < lellz(0rw) |Vl < [ele(Or)] 30)
e(cuz(tre), o) < elel 2@l ullol < LR (ulf -+ o]2) g

(@ (0),0) < = ePla(0w) Pl ol < TEEDL 4 £+ o), 2
(cvz(0r0),0) < TEO D e )

(eVuz(010), Vo) < alel200) el ol < “AILEE 1y y 2y, 69
(cuz(00), D < lel 2@l ln < LEE a2 4 g 2., 5)
(5061, < gt 1 ol < 7 P + 5o, 6)

here we estimate nonlinear term (29), by (6)-(10) and the Holder inequality, we get that

du

d
(f(u),v) = <f(u), o et cuz(@gu)) > T /]R" F(u)dx+¢e(f(u),u) — (f(u), cuz(6iw)) (37)
Due to (4),(6), (1-8) and poincare inequality, there exists positive constant y1, s such that

(f(u),u) = kF(u) + paflull + p2 > 0, (38)

it follows from (10) for each given y3 > 0

(f(u),u) > pallully + s, (39)

(f(u),0) < %F(u) +ekF(u) — (pre + pacz(0rw)) ully — epz — ey fel]z(Brw)], (40)
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where F(u fR" u)dx. Collecting (30)-(40) and (29), we show that

d ~ ~ €
Qe w,t),p) < —EF(u)—ekF(u)JrZ(lluH%Jr||v||2)+u4\0\ IZ(Gtw)I(HuII%ﬂLHv\|2+||71\|f,,1)

2|c[*z(0iw)[*
e (4oc +e

o
+epa + ey fc] 2(61w) [ + )||g(x t)||2+§||v|\2/ (41)

where 4 depends on ps, ﬁ, 2 2/\0. Then substituting all together into (28) yield

1d ~ € -
2dt(\lulh + [0l + [|711%,1 +2F (1) < - (;L - ﬂ4ICI|Z(9tw)|)) (luell + NIl + 17117,1) — ekF(u)
2, 2z @)t 2

elg (4o + ¢

epn + palef [z(0rw) ] g (x, £)]. (42)

Since o = min[£, %] and ||¢[> = (||u]]? + [|o|* + H17|| 1), then we have the following equivalent system

1d -
529l +2Bw) < (ualel|z(0)] — @) (glf3 + F()) +epz + ey el [2(61c0)
2clfz(0x0) 1 .
FHLEEEE e+ s s DI (13)

Let I'(w) = 0 — p4lc]|z(6iw)| and |z(6sw)]| is tempered, by (13) and (14), we can choose the following
inequality
2| |z(8;w) |*
o(t,w) = pl1 + ezt + HLEHIE 4o ),
where B > 0 depend only on p»,cy,, C, € &, Ag. By applying Gronwall’s inequality to (43) over [t — ¢, 7] and
replacing w to 6_rw, we have

lo(t,7 = 1,00, pr—t(0—c) I} < (| @(T, T = 1,00, Prt(6—c)) [} +2F (u(T, T — £,0-rc0, 1) )

0
< (Hq)T_t(G_Tw) 12 + Zﬁ(uT_t)) e 2Tt ¢ / o(r — 7,0, _w)e? =) gy, (44)
—t
Suppose that
YT 40-w, et (0-w)) = (@t T =00, prt(0-c))|[} +2F(u(T, T~ 1,00, 1))

> lo(t, T =t w, prt(6-7w))|I7
> 0 (45)

Using (8) and Young inequality, the embedding theorem, we have for any bounded set B of E, where
sup,cp | ¢llE < M(T,w), if ¢(7) € B, then

IN

2F () k/ 1) + Dudx < k/ udx+C4/ udx
k|l + Kl P < Kllull® + Kl[ul 54 < peri (w). (46)

IN

For any set {B(T,w) : T € R,w € Q} € D, ¢r = (ur(x),u1,(x) + eur(x) — curz(0w))" € {B(r,w) : T €
R,w € O} € D(E).
We have

lim sup (||gc(6—c)|[} +2Cs (Iluc |2+ fuclfi?) ) e =0,

0
/—t o(r—r, Gr,rw)ezr(’*“")dr < oo. (47)



Open ]. Math. Anal. 2019, 3(2), 50-70 58

When g(x,t) is only satisfied (11) which is a tempered random variable, then by (46)-(47), there exists
Bo(w) = {¢ € E : |l¢c(6—1rw)|g < M?(t,w)} is closed measurable absorbing ball in D(E) and T =
T(t,B,w) > 0such that (7, T — t,0_rw, pr—t) = ¢ € By(w) satisfy the following result p-a.s w € Q)

(T, T —t,0_1w, gr—t)||7 < M2(T,w).

O

Next, we conduct uniform estimates on the tail parts of the solutions for large space variables when the
time is sufficiently large in order to prove the pullback asymptotic compactness of the cocycle associated with
equation (15) on the unbounded domain R”. We first, choose a smooth function p defined on R* such that

0<p(s)<1lforalls € Rand
© 0,v0<|s| <1, us)
S) =
P 1,V1]s| > 2

Then there exist constants y7 and ug such that |p’(s)| < p, [p”(s)| < pa forany s € R, givenr > 1, denote
by H, = {x € R" : |x| < r} and {R"\H,} the complement of H,. To prove asymptotic compactness of the
random dynamical system we prove the following Lemma.

Lemma 12. Under conditions (6)-(11) and B={B(T,w)}rerwen € D and ¢(w) € B. Then there exist T =

T(t,B,w) > 0and R = R(t,B,w) > 1 so that the solution ¢(t,T,0_tw, p(0_tw)) of (15) satisfies for P-a.e
weO,Vt>T,r>R

g (£, 7,610, e (0-10)) [E i,y < € - (49)

Proof. Multiplying the second term of (15) with p { I } v in L?(R") and integrating over R", we obtain

e Rnp[“:ﬂ o2dr = s/Rin il§ }|v| deta [ (Vv)p[| |2}vdx e / [ Huvdx
+(zxs—ﬁ)/ﬂ.€n (D) p { ] }vdx+/ / {
30 o) [, o [ 2] wod — e )P / [;] wodx
il lat@)] [ o B 0P dx o+ all @ [ (aup [ oda
+/np [';ﬂ g(x/t>vdx—/wp [';ﬂ f(u)vdx. (50)

In order to estimate the left hand side, we must substituting v in the first term of (15), then we obtain the
following results

I

|2] vdsdx

x|

2 ]uvdx = /Rnp[ } { Ltl—i-su—cuz((?tw)} dx
Lo [ZE] [5 bt luf? = llulizt0)] ax, 61

[ owp[BEotx = [ wuw [o [BE] [5 +ou - cuctow)) |

)
= [ vu ﬁ;‘p’ {’:2'2] }dx+/ (Vu) [ Exz} Ldt—i—eu—cuz(etw)de

IN

\/E 2 2 ‘
i (9wl + o) + 35 [ o [2 VP d

IN

+€/n {' '2} \Vuldx — |c |/ [ }|w| V2 (650) |dx. (52)
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By second Equation (4), we have

/n /C;OOH(S)(*AU(S))P [|x2|2} vdsdx < / /.ooy(s)Viy(s)V [p [|x|2} {dt +eu cz(Gtw)H dsdx

- /r<\x\<2\/ir %yl/ Hs)Vnls vdsdx+/ / [22} |Vip(s)|| V| dsdx
+e/n/0°°y(s)p “2] |V17(s)||Vu|dsdx—c/Rn/0 1(s)p { '2] IVi(s)|| V|| Vz(8iw)|dsdx.  (53)

Integrating by parts, assumption (4),(6) and (7) and Young inequality, we can show that

oo 2 1d 2 2
/"/0 u(s)p [|x| :|V77( YWudsdx < 5 Rnp {|x| ]|11 1dx+2/ [x ] f,ldx, (54)

then

© x| é/ [x 2 2’”082/ [xl 2
8//0 P‘(S)P[T Vi(s)Vudsdx < o | | o | 1n(S)ladx +—35— | | 5| [Vuldx, (35

and

// P |2]<V’7< >><Vu>z<9tw>dsdxﬁw mr ! qu 1t

2mp|c||z(0rw
N olel[z(6:w)|

|x[? 2
5 o P { |Vul|“dx, (56)

by (54), (55) and (56), it follows that

o0 2
[ 7 r-onene | B sistx < P onip + o >+§% o[ B ]|n<>|2,1dx

[x q 2 g 2o [| q 245 - Ll 0l { 2}
+6 dx + = / Vul“dx !
Rnp[ () Gadx+ == [ o |5 | IV o || 17
2ol E@] [, [lxl pwzdx 57)

and

[ soe[EE e = [ e o] 2] o] ax
/nvv <2xp/[|XI2} >dx+/ [ }|Vz}2dx

/<|x|<f 72y7|VzJ||v\dx+/ ['2} IVo|2dx

i 1VolP + o1 + [, 0[] 1vefa )

IN

IN

IN

For the nonlinear term, according to (9), (10), (40) and applying Young inequality, after detailed computations,

we obtain
—/np [|3:2|2} f(u)vdx > — ;t P {|x|2} sk/ [xz] u)dx

0 2
+<H1€+V32|§L|Z< f“’>|>/np[|x| }lWl dx+(y2s_cmcz(etw)D/Rnp['r' }dx (59)

By the Cauchy-Schwartz inequality, the Young inequality and ||Vo||? > A4||v||?, we deduce that
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|x[? / %27 lg(x 1) / |x[? 2
< —_— =
/n 0 [ 2 g(x, Hodx < P2 hy dx 4+ o o Pl 2 |Vo|“dx, (60)

cz(6rw) (3e — cz(Oiw)) /Rn 0 [|r2|2} uvdx < cz(0iw) (3¢ + cz(6rw)) /R” 0 {fzz] |u||v|dx

< 5 (3elllzt@w)| + o) [ o] 5] [+ 1o2] ax, 1)

R”

mwtw)/R(—Au)p['ﬂvdx@l cllz0w)] [, (V)9 { [| q }

2 2
—  ale||z(6rw) |/ 2"" ’[|x| } Vulodx + ale||2(6rcw) |/ {2] Vu||Voldx
|x

\f alcl|z(6rw
< alela(@r) L2 1912 + ol + HEEDL [ o T o
whlelz00)| [ [15E] o2
+ 5 Lo |Vul|*dx. (62)

Combining with (50)-(62) and (50), we see that

11/ L | (o + e2|ul? + (B — ae)| Va2 + [ (5) 2, +2P(w) ) dx
2dt Jre ul

|x | 2 21,2 € (2mo — p19) 2

s/Rﬂp[ 5| [1o]7 —&|ul —(ﬁ—zxe—f)WM dx

| 2

—ek Rnp 2} F(u 5/ { } ‘2ldx
2

Hellzow)l [ o {’4 ] [_(“2+1)|v|2+82|u|2}

2 Me  e(2mg — u3d
slelztera)] [ p (B (8 - ne - 2525 - SEIZ10) 02 g gy )

IN

+§m [Vl + [[0]12) + (8 — ae) (| Vull? + [[o][%)]

+?m [lell2(@rco) (72l + [[o]2 + 172, + 1o1?]

+5 (aelellz@)| + 2lz@)) [ p ] [luf+1oP) dx

w Lo [ B B bt e = cufelz@a) [ o [B]

Letting (provided ¢ is small enough)

o = minle, ¢k, 5], (a er D) > %,
ﬁ_ag_wzﬁ_%
A 2mgy — Uzd
5_a8_a21€_8( mo(s 1430) > B ae, 63)

0> = min %yl(ﬁ —ue,n,6),

g(x, 1)
40()\1

Y(tw) = dx + (pae — ps|cl|z(Brw)|) .
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By all the above inequality, we can write that

2
G o [B| [P 21 4 (8= ac) T + (9 1+ 2F ()]

<~ +lllz0w) [ o [EE] [l + @ + (6 —a2) Vul? + Fa) + y(9)2 ] do

+0 [[1V0]2 + 1 7ull? + 17113 1 + Ilo]?]

+3 (3elellz(00)] + 2lz(00)?) [ p[| x[? ] [+ o] e+ [ o [ 2}Y(t,w)dx.

Rn 2
Setting
X(t 1w, X (w)) = |ov(t, T,w,vr(w))\z +£2|u(t,T,w,uT(aJ))\2
+(B— ae) | Vu(t, T, w, ur(w)) > + [1(t, T, @, 17 (w),8)[% 1,
then it follows that
da
dt

< z[a_(sq |Z(0tw)|+c2|29w2)]/Rn { 2} IX(t, 7, w0, Xe(w))] + E(u)] dx

|x|2} [IX(t, T, w, Xc(w))| + F(u)] dx

P
w0 [IVolP + 19l + D+ o1 + [ o[ B Yt

Integrating (66) over [T, t], we find that, forall t > T

2
[ | B [0 0,500 + 28 e, 7, 00,00

(64)

(65)

(66)

t
<enlon | p[' i } (1%l + Fue)] dx +02 [ 100 ([90(s, 7,0, 00) |2 + | Vs, T, 0,u0) |
n T

¢ 2
+\|17(t,T,s,w,17r)||‘;2¢,1 + ||U(S,T,(JJ,UT)H2> dr+C/ ez‘fl(r_t)/ 0 sz' ] Y(r,6,w)dxdr,
T n

where 07 = 0 — § (3¢/c||z(0w)| + c?|z(8;w)|?) . By replacing w by 6_;w, we have

/Rnp [|x|2} {|X(t 7,0 1w, X¢(0-1w)) |3 + 2F (u(t, T,G,tw,ur)} dx

|x[?

(67)

. 2
<t [ o] [0 + o] ax ¢ [ @200 [ o[ B2 v b0, w)anar

0
sor [ AT, 7,00 100,00+ [ F(r, 7, B0, 0)
T

Hn(rT8,0r—10,12) 3 1 + [0(r, T, 65100, 07)||*)dr

(68)

Since X; = (ur,vr,7:) € B(t,0-1w),B € D is tempered, by (46)-(47), we find that the first term on the
right-hand side of (68) goes to zero as t — —oo. Hence, there exist T; (7, B,w) > 0 and R; = Ry(7, w, B) such

that for all such thatt > T

lim e~ =2 [X 0_,w)|2 + F <2
| | [ )l + Fu)] <26,

r——oc0

(69)

by condition (11), (13)-(14) and Lemma 10, there are T, = T>(7, B, w) > 0 and R; = Ry (7, w) > 1 such that for

alltszandRZRl

2
C/ g201(r—t) / 0 P | ]Y(r—t,Gr_tw)dxdrge.

(70)
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By Lemma 10, there are T3 = T3(7, B,w) > 0 and Ry = Ry(7,w) > 1such thatforallt > Ty and r > R,

0
02/ 201(r=1) (HVv(r — 7,0, w,v) |* + || Vu(r — t, 7,0, sw,v7)||?
Tt

1)
Hlg(r = 4,75, 0r10, 1) [y + 007 — b7, 6,-100,00)[2) dr < e.
By letting
T = max{Tl, Tz, T3}, (72)
R = {Rlle}l
then, from (69)-(71), it follows that
1X(t, T, 010, X (6-10)) [ g, < 4e- (73)

O

5. Decomposition of equations

In order to obtain regularity estimates later, we decompose the Equation (4) by decomposing the nonlinear
term. At first, we will give the following decomposition on nonlinearity f = fy + f1, where fo, f; € C! satisfy
the following conditions for some proper constant: there is a constant C > 0 such that

fo(s)| < C(ls| +[s°), Vs € R,

sfo(s) 20,

ko > 1, 91 > 0 such thatV 8 € (0,9],

Jep €R, koFo(s) + 0s% —cg < sfo(s), Vs €R

(74)

and
Ifi(s)| < C(1+s]P), Vs € R,0< p<4,
3Fi(s) — C < sfa(s), 75)
_%SZ—CSH(S), VseR

where

Fi(s) = [y fi(r)dr,i=0,1.
We decompose the solution ¢ = (1,0, 7') into the two parts

Q=¢1+ @2

where ¢ = (i1, 9,§),92 = (i1,7, () solves the following equation, respectively,

iyt — BAT — alNiiy — /0 () AL (5)ds + fo(it) = caz(Brw),

gt = _gs + i, (76)
P10 = (ﬁ'r/ Oz, 51),
and -
iy — BAT — aNity — /0 u(s)AZ (s)ds + f(u) — fo(it) = g(x, t) + ciaz(6iw),
(77)

Ot = —Cs + i,

P21 = (ﬁ’l'/ Oz, gr)
To prove the existence of a compact random attractor for the Random Dynamical System ®, we get the
solutions of systems (76) and (77) similar to solution of a system (25), which one decays exponentially and

another are bounded in higher regular space. In order to get the regularity estimate, we will prove some a
priori estimates for the solutions of systems (76) on R" X [, co]
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Let (7,7 — £,0_rw, pr—t) = ®e(t, T, w)@(T, w) be the solution of (15)-(17) or (18) with ¢(T,w) € By, set
@ = @1 + @, are the basis of absorbing set ®, suppose that T} = Ty (7, By, w)

Bi(t,w) = U1, @ (T, T — t,0 1w, pr—t)

78
— gr € Bi(w) C By(w), V1> T, 78)

forany 7 € R,w € O, where T; = T(t, Bp,w) > 0 is the pullback absorbing time in Lemma 11, then it holds
Bi(7,w) C By(w) such that

O(t, 7T —t,0_1w,B1(T—t,0_1w) = @(T,T—t,0_7w, B (T —t,0_1w))

C Bi(1,w) C By(w), V't > 0. (79)

Lemma 13. Assume that (74) hold. For any T € R,w € Q,t > 0, there exists Mo(w) > 0 such that ¢;(r) =
¢1(r, T —t,w, pr—¢) a solution of the system (76) satisfies.

lo1(r, T —t,w, q)T,t)H% < My(w),r>t—t (80)

Proof. Let ¢y = (i1,9,&) " = (il,il; + ¢il, &) | be a solution of system (76), then it follows that

{ 91+ Her = Fg1), 1)
P10 = (ﬁ'r/ O, ET)T = (ﬁT(x)/ ﬁlr(x) + 5ﬁ'r(x)/ CT(X, T, 5))T'
Taking the inner product of (81) in L?(R") with ¢; in E, we show that
1d 2 ~ -
57 191lE + (How, 1) + (F(g1), 1) =0, (82)
by Lemma 10 we have
(Hgr 91) = 5 (11} + [12112) + S 181 + 711112
o1,91) > 5 (1l + 1o 5117 oy
where ¢ satisfy (29). Now we estimate the third term of (82) such that
(F((pl), (p1) = (fo(fl), iy + 811) 71:0 -i- 8/ fo udx (83)
According to (74), and (74)3, we get
F0(~) ZO/ fO(ﬁ)ﬁZO/ (84)
LFy(i1) + € [u f1(i1)iidx > 4 Fo (i) + koeFo (i) + ed||||*> — eCy.
Thus, combining with (81), (82) and (80), it follows that
d 2 | o o - 2 (-
= (lgallz +28(@) +25 (llgalIz + 2R () < p, (85)
where p = ecy and & = min(5, 5, §, koe)
lpall +2Fo(a) = [lg1]F =0, (86)
hence .
P10t = (Pr—t(0—7w) + cuz(6—1w)) (87)

< (M(w) + cuz(biw)) = M(w) € By(0—1w).

Together (74)1, (85) and (87), using Gronwall’s inequality over [r, T — t], such that, by definition of By(w) and
Lemma 11,
[p1(r, T =t w, @101 | < Mo(w). (88)

O
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Lemma 14. Forany 7 € R,w € Qand t > 0, there exist positive constant oq > 0, such that ¢1(r) € B,r € R,w €
O, B € D, the solution of system (76) satisfies

lo1(r, T —t,w, 142 < M*(w), Vr > Tt (89)

Proof. Let @1 = (#,7,&) " = (#,il; + i, &) | be a solution of (76) similar to Lemma 74. Then from (74), there
exists 7(w) > 0 and §(w) such that

Fo(ﬁ) > O,fo(fl)ﬁ >0,Vi eR,

next due to (74); and for every u! € H'(R"), by embedding theorem H'(R") C L®(R") C L*(R") C L?(R")
and (81), we conclude

0 < Fy(ir) < /R Fo(u)dx < C([[a|* + l|allfs) < a(w)lallf, allalf > 2 w)fo(ﬁ)/ Vi eR, (90)
due to (81) and (90), we can obtain the following result,
D lprl2 + 2R (1)) + 20l g1 I3 + - Fo(i) < o)
dt P1E 0 P1|E ZQ_((U) 0 = P.

s
" 20(w)

take 01 (w) = min [ |. By Gronwall’s inequality to (91) over [r, T — t] and replacing w to 0_,w, we find

- r
||q01(1”,T _ t, H_yw, 4’1,'[71%(9—7“])”%; S (H(Pl,Tft”% 4 Fo(ﬁr—t)) 6201(w)(r+t71’) + 0 Lit 67201(S,w)d5

< (W) + Foir—) 2200 4 p [ 2alilas, (o2)
by (74)1, we get the following estimate
Ro(@) = [ Foluh)dx < C(lal* + 1al1%) < Crllallfy < Cpt*(w), Vit € R. 93)
Thus, collecting all (87) and (92)-(93), we arrive at (89), where
VP (w) = (W1(w) + N (w) ) 240+ 4 / ; ¢ 201(540) g
O

Lemma 15. Under the conditions of (6)-(11), (74)-(75). For any (7,r) € R,w € Q, there exists random variable radius
02(T,w) > 0 such that solution of the system (77) satisfies the following estimates, for all t > r,r > T — t,

2

T (S P

)<émwx (94)
ul

where 15
v:min{i,%p},VOSpgéL (95)

Proof. Let ¢ = (1,5,{)" = (@, + el — ciiz(;w),{) ', then the system (77) is equivalent to the following
system with initial data

il + el — 0 = ciiz(0w),

% +e(e—aA)ia+ AT — (e —aA)T+ /OOO u(s)AZ! (s)ds
= —(f(u) — fo(it) + g(x,t) + cz(6w) (2eil — a Al + 1),

O+ {s + et — 0 = ciiz(Orw),

(96)
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thus, we can rewritten (96), by the following equation

L+ Hgoy = F (¢, w,t),
{ ¢+ Heo 2(4)2T ) ©7)
P2t = (1’_[1'/ O, gr) ’
where
eu—70
Hp, = | ele—aA)i+ BAid— (e—aA)o+( |,
eu — 0+ gs
and
ciiz(6;w)
By, w,t) = | ci(e—aA)z(0;w) + c?az?(0rw) + coz(8iw) — (f(u) — fo(it)) + g(x,t) |- (98)
ciiz(6;w)
Taking scalar product of (97) with AY¢,(r), then positively
(92, AY@2) + (Heo, A 92) = (B2, w, t), AV 1) . (99)
According to (95) and Lemma 10, we find
L2 .2 v 12 v 12
(Hp, A 93) (HA” ‘ +HA75\ )+“HA25] +5HAzg] , (100)
2 4 ul
next, we will estimate the right-hand side of (99), yield
(By(@p,w,t), AV@r) = ((ciiz(Bw), A1) + (cii(e — aA)z(rw) + 2az*(0rw) + coz(0iw) — (f(u) — fo(i))
+8(x,t), A"0) + (ciz(0rw), A"C) 1 (101)
From (30)-(36) and (97) one by one, we get,
((caiz(Brw), A1) < |cl[z(Buco) || A a|?, (102)
e(enz(6), A7) < LLEOO (43502 asgp), (103
T 2VA
(cViiz(6w), VAS) < w (14" a2 + | atalP), (104)
@) a'0) < LLEAL £ eapp 4 pasop), (105)
0
(co2(61w), AVB) < 'C”Z(ZMHA%H% (106)
i v lcl|z(Breo)| ) 4 1gv 12
(crz(be0), A0 < LEC (4502 gz, (107
2 v 4 + €
AY5 = J|A2 b 24 Arg]2 108
(g(x,t), A"0) < Gat )|| gl t)|”+ ——[A29|, (108)

for nonlinear term we have

(F) — fol@), A%D) = (F(u) — folm), A¥ (7 + et — crz(60))
D[ (F) — ol A'ade + [ () — fol) A"

- / (@)ii) AV fidx — /R (f(w) — fol @) Az (Brew)dx.

IN
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Next, due to (8), (74)-(75), the Cauchy-Schwartz inequality and the Young inequality, we arrive at

L o= fymm A'mdx = [ () = Fo () + f3 (@)t + £ (0)us) A"k, (109)

hence, the following inequalities holds

LU = fo@maradx < € [ g u+0(u— 1)~ ||| A"nldx
< c [, (11l + 1) A el judx
< C(1+lullfe + o) 17l o ATl o luelys
< ki (rT—tw)||A2
< 48k%(r,r—t,9tw) —||A1+Vu|]2, (110)
and note that v < 5P
/fl’(u)utAVﬂdx < c/ (14 [ul?)|us|| AVt dx
R~ R~
< COF ul] g Aval ol
< (1+||Vu||’”)||A”uHL ||ut|\L6
< 4ek3 (r, T —t,0w0) + —HAHVuHZ, (111)
such as
1+v
L fommarmdx < O+ ali) A% al, s lAw] s
~ m_
< CO+alfola T al, s ||AVuth
1+v
< deks (1,7 — 1, 00) (| A3 + [e?) + A E A} o (112)
and
L, ) = o) |48l 20)ldx < € [ (w0 — ) [u— ]| A" |z(0r0)
< C [ (1 luf + jar) A 7 2(00) ldx
< (1 lullfs +lale) 17l o ATl o l2(0)]
< 2 - — A7 @
< 4 (k4(r,r t,0w) + |z(6rw)| )+16 HA Z uH . (113)

Thus, by collecting all (100)-(113) and (99), we show that

%% (143 g2l2 +2(F(w) — fo(@)) + 5 HA%@Hi + %(f(u) —~ fo(@))

< mcl|z(0w)| | A2 @22 + C(w)[1 + K3 (r, T — t,w) + K3(r, T — 1, B10)
+I-3(r, T —t,w) + K3 (r, T — £, w) + |2(0;0) |* + |2(8:0)|* + || A2 g(x, £)]]%). (114)

By Gronwall’s inequality to (114) on [T — t, 7] and replacing w to 6_rw, we have

v 2 v
HAfgoz(r,T—t,G_Tw, q)T_t(G_Tw))HE < (HAfgoz(r,T—t,G_Tw, )| +2(f(u(r, T —t,0_1w, pr_t))
_fo(ﬁ (rl T— t/ 977(4], (P'rft))
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< (||A%(P2||% + (f(u) - fo(ﬁ))) exp? I @l 2O ) (s Te)ds
n / 01 (s, Bscw )exp? 5 (7 plellz(Bc ) (e ~Taw)de g (115)
T—t
We put

p1(r,01w) = C(w)[1+ K23 (r, T — t,01w) + K3 (r, T — t,0rw) + K3(r, T — t,0:0)
HEE (1, T — £,010) + |2(B10) [ + |2(B10) [ + | AZg (x, 1) [|]. (116)

Similar to above equation,

L, ) = fo(@) Andx < C [ (F(u+0(u — )| — ]| A"
< C/R” (14 [uf* + ) ||| A"k
< C+ulfs + lalf) el s A%l s
< ks (1,710 w) |4 a]||Ava|
< ek (T,T—t0_ ) HA%aHZﬁHA%aHZ, (117)

by (115) and (117), we can get
1A p2(T, T — 67w, pr—t) [} < 03(T,0).
O

6. Random attractors

In this section, we establish the existence of a D-random attractor for the random dynamical system &
associated with system (18) on R", that is, by Lemma 10, @ has a closed random absorbing set in D, which along
with the D-pullback asymptotic compactness, they imply the existence of a unique D-random attractor. Next
due to decomposition of solutions we shall prove the D-pullback asymptotic compactness of ® (see[10,37]).
ForteR,we O, t >0, we get

a((t,T—t,0_7w, or—t — (T —1,T—t,0_115w, Pr—¢t), ¥ < t,
O, T —t,0_7w, pr_t,5) = ( A v o) (118)
(T, T—t,0_cw,pr¢), t<1;

(t—r,71—t0_r,w,0r_¢), 0 <r<t,
L(T, T — 1,0 v, @ry) = { Ot(t<r s Pr=t) (119)

Lemma 16. Let E, = Hpy, ;1 X Hp, X L%(R*, Hyy 1) — L%(RJF, Hy,11) is projection operator setting, Y =
Y(r, By(t,w)) is a random bounded absorbing set, by Lemma 15, (r) is the solution of the system (76), and by Lemma
15, there is a positive random radius 9, (T, w) depending on r, such that

1Y is bounded in L7, (R™, Hy19,) (| Hy(RT, Hay ),

120
2 sup ()|, < oulT,w). (120)
neY,seR+

Denote by B, the closed ball of Hyy2, % Hp, of random variable radius 0, (T, w), let we apply on a finite domain. B, is
compact subset of Hy 2, x Ha,. Thus, we chose that a set B, (T, w)

B,(t,w) = Uwf,t(e_Tw)eBl(e,tw)Utzog(T’T — 40w, pr—1(0-1w),s), sERT, TER, w € Q, (121)
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hence, v is as in (97). From (3) and (120), we find

+c0 +o0
I = [ W1V Pas < o) [ etas < @), 122

The next Lemma we investigate the main result about the existence of a random attractor for random
dynamical system ®.

Lemma 17. we assume that (t, T, w) is a solution of system (77) and the conditions of Lemma 14 hold, for each t > 0,
there exists a random set B, (w) € D(E,) with

1Bv(t,w)lle, = sup |9l < M(7,w)
PeB, (t,w)

is relatively compact in E. Then we show the following attraction property of A(t,w), for every B(t,0_4w) € D(E), if
there exist and positive number o and M(t,w) > 0so as for each T € R, w € Q it satisfy

dy(®(t, T —t,0_w, Bi(T — t,0_1w)), B1(T,w)) < MO(T,w)e*‘” —0att — +oo (123)

Proof. Let ¢—t(60_rw) € By(T —t,0_tw) and by (118)-(120) and Lemma 17, it concludes that By(t ,w) is
relatively compact in L}%(R"’,Hl), let B,(w) C E, C E be the ball of E, of radius M(7,w) defined by (27),
where v is as in (97). Lastly, we get compact set Ag(g, w) = B, x B, C E.

Since Lemma 10, Lemma 14 and ¢—;(0_rw) € By(T — t,0_;w), there exists a random set M(t,w) € By C
B(t,w) € D(E), such that

dy(®(t, T —t,0_sw,B(T —t,0_4w)),Bo(w)) < M(T,w)e” " — 0att — oo, (124)

next, follows from Lemma 13, for ¢r—¢(0—rw) € Bi(T —t,0_;w), there exists positive a random variable
My(t,w) € B1(t,w) € D(E) and M1(7,w) € By(w) € D(E) such that,

dg(®(t, T —t,0_1w,B(T —t,0_4w)),B1(T,w)) < MO(T,w)e*W —0ast — +oo, (125)

by Lemma 15, let ¢r—¢(0_rw) € By (T —t,0_4w), there exists positive a random variable ¢3(7,w) € Bj(w) €
D(E), such that

dg(®(t,T —t,0_1w,B(T —t,0_4w)),B1(T,w)) < Q%(T,a))e*‘rlt —0ast — +oo, (126)

let v > 0 is fixed, by above recursion of finite steps at most % + 2, there exists random set ¢, € B, (w) € D(E,)
as for as
dy(®(t, T —t,0_1w,Bi(T —t,0_4w)), By (T, w)) < év(r,w)e_‘mt — 0att — oo, (127)

due to Lemma 16 and (118)-(120), 0,(7,w) € Bi(w) € D(E) we have
dy(®(t, T —t,0_4w, By (T —t,0_4w)), B, (T,w)) < ov(T,w)e " = 0att — +oo, (128)
and )
A(t,w) = By(1,w) x By(7,w), (129)
Thus, by Lemma 11, there exists T = T (7, w, B) > Osuch that ¢(¢t, 7 —t,0_rw,B(t —t,0_rw) C By(w))Vt > T

Lett>Tand T =t—r > T(7,w, By) > 0, using cocycle property (3) of ®, we show that

p(t, T—t0_rw,B(t—t,0_w)) = ¢t 1—T,60-1rw,B(t—T,0_rw))
= o(t,T—T,(0_1w),o(t —T,T—T,0_rw,B(t — T,0_1w))
Co(t—T,7—T,0_rw,By(0_tw)) C By(T, W), (130)
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for each ¢(7,T — t, (0—7w), pr—t(0—7w)) € @(t, T —t,0_rw,B(T — t,0_4w)), for t > r+ T(7,w, By), where
¢r—t(0—rw) € B(t —t,0_4w). By (97) and Lemma 15, we get

P(T, T =t (0-7w), pr—t(0-rw)) = (T, T—t,(0—1w), pr—t(0-7w))
— (T, T —t, (0_7w), Pr—t(0_rw)) € A(T,w). (131)

Therefore, thanks to Lemma 14, we conclude that

inf (T, T =t (0-7w), prt(0—w)) = PlE < (T, T~ 1, (0—1w), Pri(0—rw)) I}
peA(tw)
< M*(t,w)e ", Vt>T+T(1,w,By),
SO
dy(D(t, T —t,0_4w,B(T —t,0_1w)), A(T,w)) < M(T,w)e” " — 0att — +oo.
O

Theorem 18. Suppose that (6)-(11) hold. Then the continuous cocycle ® associated with the problem (15)-(17) or (18)
has a unique D-pullback attractor A C A(t,w) N Bo(w), A= {A(t,w): T €R,w € Q} € DinR".

Proof. Hence that the continuous cocycle ® has a closed random absorbing set { A(w) }eq in D, by Lemma
10, Lemma 11 and Lemma 16, the continuous cocycle ® is D-pullback asymptotically compact in R". Since
that the existence of a unique D- random attractor for ® follows from Lemma 8 immediately. [
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