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Abstract: Harmonic convexity is very important new class of non-convex functions, it gained prominence in
the Theory of Inequalities and Applications as well as in the rest of Mathematics’s branches. The harmonic
convexity of a function is the basis for many inequalities in mathematics. Furthermore, harmonic convexity
provides an analytic tool to estimate several known definite integrals like
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xn dx ∀n ∈ N, where a, b ∈ (0, ∞). In this article, some un-weighted inequalities of Hermite-Hadamard
type for harmonic log-convex functions defined on real intervals are given.
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1. Introduction

D uring the investigation of convexity, many researchers founded new classes of functions which are
not convex in general. Some of them are the so called harmonic convex functions [1], harmonic

(α, m)-convex functions [2], harmonic (s, m)-convex functions [3,4] and harmonic (p, (s, m))-convex functions
[5]. For a quick glance on importance of these classes and applications, see [1–19] and references therein.

Definition 1. A function f : I ⊆ R\{0} → R is said to be harmonic convex function on I if

f
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)
≤ t f (y) + (1− t) f (x) (1)

holds for all x, y ∈ I and t ∈ [0, 1]. If the inequality is reversed, then f is said to be harmonic concave.

In [5,20], Baloch et al. and Noor et al. also gave the definition of harmonic log-convex functions as follow:

Definition 2. A function f : I ⊆ R\{0} → (0, ∞) is said to be harmonic log-convex function on I if

f
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)
≤ [ f (x)]1−t[ f (y)]t (2)

holds for all x, y ∈ I and t ∈ [0, 1]. If the inequality is reversed, then f is said to be harmonic log-concave.

In [20], Noor et al. proved the following result for harmonic log-convex functions:

Theorem 3. Let I ⊆ R\{0} be an interval. If f : I → (0, ∞) is harmonic convex function, then
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for all a, b ∈ I and a < b.

Here, motivated by the above result we study the class of harmonic log-convex functions and present
some new inequalities for this class of functions.

2. Main Results

The following result holds.

Theorem 4. Let f : I ⊆ R\{0} → (0, ∞) be harmonic log-convex function. Then, for every t ∈ [0, 1], we have
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Proof. The cases t = 0, 1
2 , 1 are obvious. Assume that t ∈ (0, 1)\
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}
. By the harmonic log-convexity of f we

have
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for any x ∈ [a, b]. This allows that
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Integrating the inequality (6) over x on [a, b], we have
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and hence the second inequality (4) is proved. By the Hölder integral inequality for p = 1
1−t , q = 1

t , we have
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This proves the first part of inequality (4).
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[9] Dragomir, S. S., Pečarić, J., & Persson, L. E. (1995). Properties of some functionals related to Jensen’s inequality. Acta

Mathematica Hungarica, 69(4), 129-143.
[10] Fang, Z. B., & Shi, R. (2014). On the (p, h)-convex function and some integral inequalities. Journal of Inequalities and

Applications, 2014(1), 45.
[11] Hazy, A. (2011). Bernstein-Doetsch-type results for h-convex functions. Mathematical Inequalities & Applications, 14(3),

499-508.
[12] Jensen, J. L. W. V. (1906). Sur les fonctions convexes et ingalits entre les valeurs moyemes. Acta Mathematica 30,

175-193.
[13] Mercer, A. M. (2003). A variant of Jensen’s inequality. Journal of Inequalities in Pure and Applied Mathematics , 4(4),

Article ID, 73.
[14] Niculescu, C., & Persson, L. E. (2006). Convex functions and their applications. New York: Springer.
[15] Olbrys, A. (2015). On separation by h-convex functions. Tatra Mountains Mathematical Publications, 62(1), 105-111.
[16] Peajcariaac, J. E., & Tong, Y. L. (1992). Convex functions, partial orderings, and statistical applications. Academic Press.
[17] Varošanec, S. (2007). On h-convexity. Journal of Mathematical Analysis and Applications, 326(1), 303-311.
[18] Agarwal, R. P., & Dragomir, S. S. (1998). The property of supermultiplicity for some classical inequalities and

applications. Computers & Mathematics with Applications, 35(6), 105-118.
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