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1. Introduction

C onsider the linear differential equation

fOra @)Y 4o (2)f +a(z)f =0, 1)

where k > 1 is an integer, ao(z),a1(z), ..., ax_1(z) are analytic functions in the unit discD = {z € C : |z| < 1}
and ap(z) # 0. The theory of complex differential equations in the unit disc has been developed since 1980’s,
see [1]. In the year 2000, Heittokangas in [2] firstly investigated the growth and oscillation theory of Equation
(1) when the coefficients ay(z),a1(z),...,ax_1(z) are analytic functions in the unit disc D by introducing the
definition of the function spaces. His results also gave some important tools for further investigations on the
theory of meromorphic solutions of Equation (1).

In this article, we investigate the growth of solutions of the Equation (1) when the coefficients
ay(z),a1(z),...,a,_1(z) are analytic in D, and we deal with the case that the coefficients are fast growing in
D. To define the order of fast-growth of analytic functions, we define inductively for r € [0, +c0), exp,r =71,
exp;r = ¢ and exp, 7 = exp (exp, r),n € N. For all r sufficiently large, we define log,r = r, log, r = logr
and log, ;v = log (log, r),n € N. Also, we need to be familiar with the fundamental results and the standard
notations of the Nevanlinna’s theory on the complex plane C and in the unit disc D, for more details on
Nevanlinna theory and its applications in complex differential equations in complex plane and in unit disc, we
refer to [2-7].

Before stating our main results, we recall definitions and preliminary remarks concerning meromorphic
and analytic functions in D. For the definitions and more discussions, we refer the reader to [7-10].

Let p > 1 be an integer and f be a meromorphic function in . Then, the iterated p-order of f is defined

by
log+ T(r, f)
pp(f) = limsup 1” —,
r—1- 0g 17—~

where log; r = log™ r = max{logr;0}, log; L7 = log*® (log; r) and T(r, f) is the Nevanlinna characteristic
function. If f is analytic in D, then the iterated p-order of f is defined by

log™ . M(r,
pm,p(f) = limsup g”H—l(ﬁ
r—1- 108 11—
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where M(r, f) = max {|f(z)] : |z| =r}.
Remark 1. For p =1, p1(f) is called order, see [2]. And for p = 2, p2(f) is called hyper-order, see [11].

Remark 2. It follows by [7, page 205] that if f is an analytic function in D, then we have the inequalities

p1(f) < pma(f) < pa(f) +1

which are the best possible in the sense that there are analytic functions g and & such that p;(g) = pap1(g) and
pm1(h) = p1(h) + 1, see [12]. However, it follows by [4, Proposition 2.2.2] that o, (f) = pum,p(f) for p > 2.

The iterated p-type of a meromorphic function f in D with 0 < p,(f) < +oo is defined by

T,(f) = limsup (1 — r)Prf) logl;tl T(r, f),

r—1-

and if f is analytic in D with 0 < paq,(f) < +oo, then the iterated p-type is defined by

Tzm,p(f) = limsup (1 — r)pM'V(f) log;' M(r, f).

r—1-

Remark 3. Tt follows by [4, Proposition 2.2.2] that 7,(f) = Tam,p(f) for p > 2.

2. Basic results

Heittokangas et al. in [10] proved the following results.

Theorem 1 ([10]). Let k € N. If the coefficients ag(z),a1(z),...,ax—1(z) are analytic in D such that pprp(a;) <
pmp(ao) forallj=1,...,k —1, then all solutions f # 0 of (1) satisfy pa,p+1(f) = Pm,p(ao0)-

Theorem 2 ([10]). Let k € N. If the coefficients ay(z),a1(z),...,ax_1(z) are analytic in D such that ppp(a;) <
pmplao) forallj=1,...,k—1and

2 ™, p (LZ]) < T™,p (ao),
om,p(a;)=pm,p(a0)

then all solutions f # 0 of (1) satisfy pa,p+1(f) = om,p(ao)-

Hamouda in [13], gave an improvement of Theorem 2 as follows.

Theorem 3 ([13]). Let k € N. If the coefficients ag(z),a1(z),...,ax—1(z) are analytic in D such that pprp(a;) <
pomp(ao) forallj=1,...,k—1and

max {Ta,p(a;) : omp(a;) = Py p(a0)} < Tap(ao),
then all solutions f # 0 of (1) satisfy pp1,p+1(f) = pm,p(a0).

Our proofs depend mainly upon the following lemmas. Before starting these lemmas, we recall the
concept of logarithmic measure. The logarithmic measure of aset S C (0, 1) is given by

m(s) = [ %.

The set F C [0,1) in all this paper is not necessarily the same at each occurrence, but it is always of finite
logarithmic measure, that is [m(F) < +oo.
To avoid some problems of the exceptional sets, we need the following lemma.
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Lemma1 ([2,14]). Let g :[0,1) — Rand h : [0,1) — R be monotone non-decreasing functions such that g(r) < h(r)
holds outside of an exceptional set F C [0,1) of finite logarithmic measure. Then there exists a d € (0,1) such that if
s(r)=1—d(1—r), then g(r) < h(s(r)) forall r € [0,1).

Lemma 2 ([12, Theorem 3.1]). Let k and j be integers satisfying k > j > 0, and let e > 0and d € (0,1). If fisa
meromorphic in I such that fU) # 0, then
f(z)

1] < () oo s 2]

for |z| & F, where F C [0,1) is a set of finite logarithmic measure, and where s(|z|) =1 —d(1 —r).

=J

Lemma 3 ([10]). Let f be a meromorphic function in the unit disc with p,(f) := p < +oo for some p € N, and let
e > 0 be a given constant. Then, there exists a set F C (0,1) of finite logarithmic measure such that for all z with
|z| = r & F and for all integer j > 1, we have:

(i) If p =1, then

£0)(z) 1
| @ | = @iz ?
(ii) If p > 2, then
(1) 1
5| <om ) @

Lemma 4 ([10]). Let ag(z),a1(z),...,ax_1(z) be analytic functions in the unit disc D. Then, every solution f # 0 of
the Equation (1) satisfies

Pp1(f) = omp1(f) < max{ppm,p(a;): j=0,...,k—1}.

Remark 4. If p > 2, then by Remark 2 and Lemma 4, we obtain that very solution f # 0 of the Equation (1)
satisfies

pp+1(f) <max{pp(a;):j=0,...,.k—1}.

Lemma 5 ([2,3,7]). Let f be a meromorphic function in the unit disc D and let k € N. Then

(k)
m (r, ff> =S(r,f),

where S(r, f) = O (log+ T(r,f) +log (%) ), possibly outside a set F C [0,1) with finite logarithmic measure.

Lemma 6 ([15]). Let f be a meromorphic function in the unit disc D for which i (f) = p > 1and p, (f) = p < +oo,
and let k > 1 be an integer. Then for any € > 0,

(7)ol i))

holds for all r outside a set F C [0,1) with [, 1‘% < o0,

Lemma 7. For an integer p > 2, let f be a meromorphic function in D such that 0 < pp(f) = p < 40,0 < T, (f) =
T < fooand 0 < 7;(f) = T < +oo (see Definition 1). Then for any given n < T*, there exists a subset E C [0,1)
that has an infinite logarithmic measure [, 1% = oo such that for all v € E, we have

logpf2 T(r,f) > nexp {M} .
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Proof. By the definition of 7;(f), there exists an increasing sequence {r,},;*; C [0,1) satisfying L

(1 - %) tm < Tme1, (tm — 17, m — +00) and

10gp72 T(rm, f) .

e (it

Then, for any given 0 < & < T*, there exists a positive integer m1g such that for all m > mg, we have

log, > T(rw, ) > (" = exp { 5 | N

Forr € [rm, % + (1 — %) rm},we get

RIS

exp {15

Then for any given 0 < 7 < T* — ¢, there exists a positive integer m; such that for all m > m, and for all
rE [rm, % + (1 — %) rm},we have

; ™ —¢ ©®)

By (4) and (5), for all m > my = max {mg; m;} and for all r € [rm, % + (1 - %) rm}, we have

(1—rp)f

- o {(1-2) ()]} e )

log, 2 T(r,f) > log/ ,T(rm f) > (v" —¢)exp {}
1

Set .
E= U {rm,;—i—(l—;)rm].
m=tnyp
then dt oo pnt(l=m)m di pas m
R o A O T R
O

By using similar reasoning as in the proof of Lemma 7, we easily obtain the following lemma.

Lemma 8. For an integer p > 2, let f be a meromorphic function in D such that 0 < pp,(f) = p < +00,0 <
Tmp(f) =T < +ooand 0 < 13, ,(f) = T° < +oo. Then for any given 1y < T, there exists a subset E C [0,1) that

has an infinite logarithmic measure [, % = oo such that for all v € E, we have

oy 01 rop {0

Lemma 9 ([16]). Let f be a solution of Equation (1) , where the coefficients a; (z) (j = 0, ...,k — 1) are analytic functions
in the disc Ag = {z€ C:|z| <R},0 < R < 0. Let ne € {1,...,k} be the number of nonzero coefficients a; (z)
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=0,..,k—1),and let 6 € |0,27t| and € > 0. 29:1/6‘ € Ag is such that a; (zg orsomej=20,..,k—1,
j=0,..k—1),and let 6 € [0,27] and € > 0. e h that a; 0 j=0,.k-1

then forallv <r <R,
" L
’f (7’616)’ < CeXp (Tlc j:{)nai(_l ‘a] (tele) k—j dt) ,
v

.....

where C > 0 is a constant satisfying

[0 (z9)]
C<(1+4¢) max 4 i
=0k () max |ay (zo)|F7
n=0,...,.k—1

Lemma 10. Let {a;(z) }o<j<k—1 be analytic functions in the disc D such that 0 < p < oo and 0 < max{pm,p(a;) :
j=1,...,k=1} < pmp (a0) = p < ccand max{typ(a;) : j=1,...,k =1} < Tp1p (a0) = T < oo. Then, every
solution f # O of the Equation (1) with pp,1(f) = p satisfies T, 1(f) < T.

Proof. Let f # 0 be a solution of (1) with p,1(f) = p. Let 6 € [0,27) be such that |f (re'®)| = M (r, f) . By
Lemma 9, we have

r 1
. 0| %
M(rf) = Cexp (nc/j_g,l.%k—l ‘a] (te ) dt)
v

< Cexp (115./]'_rrp1.eix1 (M (r,a;))57 dt)
< Cexp (nc (r— V)j:{)r,.lili(—l {M (r,a;) }) : (6)

We have max {on,p(4j) : j =0,1,..,.k =1} = pp,p (a9) = p. By the definition of Ty, (a;), for any given
¢ >0andr — 1, we obtain

M(r, a]) < exp,, { 0 r)pM/p(”j) < exp,, a=7r (Gj=01,.,k=1). 7)

By (6) and (7), we have for r — 1~

M(r,f)ﬁexppﬂ{(lﬂrrg)p}. 8)

Then, it follows from (8), arbitrariness of & > 0 that 7, 1(f) = tmp41(f) < 7. O

3. Main results

In this article, we aim to answer the following questions:

1. What can be said about the growth of solutions of the Equation (1) in the case when pp1 ,(a;) < pam,p(40)
forallj=1,...,k—1and

max {Tar,p(a;) : pmp(aj) = pmp(a0) } < Tarp(ao)?
2. What happened when we replace py;,, and 7, by pp and 7,?

As the first result, we give an improvement to Theorems 1 and 2 of [13].

Theorem 4. Let ay(z),a1(z),...,ax_1(z) be meromorphic functions in the unit disc D, and ag(z) # 0. Suppose that
there exist a point w € 9D, a curve <y tending to w and a set Fy C (0, 1) of finite logarithmic measure such that for z € -y
and |z| = r & Fy, we have for the largest integer p > 1
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k—1

Y [0,2)] +1
limﬁiexp {}:0 )
2w ag(z)] PL@—r)*

forall A > 0 and a > 0. Then, every nontrivial meromorphic solution f of the Equation (1) satisfies pp,1(f) = —+oo.

Proof. Suppose that f # 0 is a solution of the Equation (1) with p,,1(f) = p < +00. By (1), f satisfies

(k)| k=1 a; )
1< (2 Y el (10)
@) | f | S la)]| f
For p > 1, by (3), for all z satisfying |z| = r ¢ F (F has finite logarithmic measure), we obtain
< -
‘ 7@ | =P TR ) v
where & > 0 is a constant which depends on p, eand j = 1,. .., k. By substituting (11) into (10), it yields
k-1
Y aj(z)| +1 )
j=1
A — .
< S o o

By (9), for z € 7 such that |z| = r ¢ F; (F; has finite logarithmic measure), we know thatas z — w

k—1
aj(z)| +1

,;1“ ’ex {1 }—>0 (13)
a0z PP T —[2)e '

Thus, for all z € ¢ with |z| = r ¢ F, UF, by (12) and (13), we get a contradiction. Hence, every
meromorphic solution f # 0 of (1) has an infinite (p 4+ 1)-order. [

Remark 5. In [13], under the same hypotheses of Theorem 4, Hamouda obtained that p,,1(f) > a.

In all the next, we consider p € N\{1}. In trying to give an answer on the above questions, we prove the
following results.

Theorem 5. Let ag(z),a1(z), ..., ar_1(z) be analytic functions in the unit disc D satisfying pm,p(a;) < pm,p(a0) = p
(0 <p < +o0)and Ty p(a;) < Tmp(ao) = T (0 < T < +00) forall j = 1,...,k — 1. Suppose that there exist two
positive real numbers « and B with 0 < B < «, such that

jag(2)] > exp, {rx exp (1_2),)} (14)

and
T .
]a]-(z)| < exp,_; {,Bexp(l_r)p},jzl,...,k—l (15)

as |z| = r — 1~ for r € Eq (Eq is of infinite logarithmic measure). Then, every solution f # 0 of the Equation (1)
satisfies pp (f) = +09, pp11 (f) = pand d’T < 71,1 (f) < 7,d € (0,1).

Proof. Let f # 0 be a solution of the Equation (1). By (1), f satisfies

F®
f

|a0(2)] <

£
f

k-1 ()
+ 21 |aj(z)] |f ‘ (16)
=
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By hypotheses of Theorem 5 and Lemma 4, we know that p,,1(f) < p. Suppose that p,, 11(f) = p1 < p. Then,
by (3) forall 0 < & < p — p1, we have

£ (z) 1 .
‘ @) §expp m ,i=1,...k 17)
where |z| = r ¢ F. By substituting (14), (15) and (17) into (16) we obtain
T T 1
epr_l 14 eXp m S k epr_l ‘B eXp m epr m ; (18)
for all » € E1\F. Hence, we get
T 1
(06 — ’B) eXp W S exp m + C1 (19)

for some constant C; > 0, which is a contradiction as |z| =7 — 17,7 € E;\F, sincea > > 0and p > p; +¢.

Thus, py1(f) = p.
Now, by Lemma 2, we havefor j =1,...,k

() (5 24e k
|f | < [(1_1 =) max{1og1_1|z|;ns<|z|>,f>” 0)

forall r ¢ F, U[0,1]. From, (14), (15), (16) and (20), we obtain

T T 1 (2+E)k '
exp,_; {zxexp(l_r)p} §kexpp71 {ﬁexp (1—1’)"} (1—r> T*(s(r), f) (21)
forallr € E;\(F, U [0,1]). Hence
log(a — ) + (5 <108, -+ 1og, T(s(1). /) + 22)

for some constant C, > 0 and for all ¥ € E;\(F, U [0,1]). Setting R =s(r) =1—d(1—r),d € (0,1). We have

1—r= %, d € (0,1). Then by Lemma 1, we obtain we obtain for R — 1~

art d
_ - < — .
log(a — B) + A=Ry = log,, TR log, T(R, f) + C2 (23)

Since 0 < pp11(f) = p < oo, from (23) we deduce that

log T(R,
T1(f) = limsupM > dfr.
R—1— (1_R)P

By Lemma 10, we conclude that d°t < 7,,1(f) < 7. O
Theorem 6. Let ag(z),a1(z),...,ar_1(z) be analytic functions in the unit disc D satisfying pp(a;) < pp(ag) = p

(0 < p < +00) and 1y(a;) < 1p(ag) =7 (0 < T < +00) forall j=1,...,k — 1. Suppose that there exist two positive
real numbers a and B with 0 < B < «, such that

m(r,ag) > exp,_, {uc exp (1_1—1,)13} (24)

and

T .
m(r,a;) < exp,_, {,Bexp(l_r)p},]—l,...,k—l (25)



Open J. Math. Anal. 2020, 4(1), 38-48 45

as |z| = r — 1~ forr € Ey (Ey is of infinite logarithmic measure). Then, every solution f # 0 of the Equation (1)
satisfies pp (f) = 400, ppi1 (f) = pand d°t < 7,11 (f) < T,d € (0,1).

Proof. Let f # 0 be a solution of the Equation (1). By (1) we can write

(k) k=1 %)
ap(z) = — <ff —i-]; a]'(z)ff> . (26)

By hypotheses of Theorem 6 and Lemma 4, we know that p,11(f) < p. Suppose that p,,1(f) = p1 < p.
Then by Lemma 6, forall 0 < e < p — p; and for all |z| =r ¢ F, wehaveforj=1,...,k

(017 -0om )

Now, let p > 2, it follows by (24), (25), (26) and (27) that

T
expp_2{ocexp(1r)p} < m(r,ap)

k-1 k-1 )
< Z m(r,a]-) + Z m (r,ff]) +0(1)
j=1 j=1

T 1
< (k=1)exp,, {,Bexp(l_r)p} + Mexp,_, {(1—r)91+€} (28)
holds for all z satisfying |z| = r € E;\F as* — 400, and M > 0 is some constant. Hence, from (28) we obtain

for some constant C3 > 0, which is a contradiction as |z| =7 — 17,7 € E;\F, sincea > > 0and p > p; +&.

Thus, py11(f) = p.
Now, it follows by (24), (25), (26) and Lemma 5 that

T
exp,_, {txexp (l—r)p} < m(r,ap)

k-1 k-1 £0)
< Y m(rap)+ ) m (r,) +0(1)
= = f
< (k—1) exp,_» {[& exp 7(1 _Tr)p } +0 (logJr T(r, f)+log (1 i r)) (29)

for all sufficiently large |z| = r € E;\F. Then, for all sufficiently large |z| = r € E;\F

log(ax — B) + 7 < log];Ir T(r, f) +log, <1l_r> +Cy (30)

T
(1=7)

for some constant C4 > 0. Then by Lemma 1, we obtain for |z| =7 € Ep, s (r) — 1~

1
log(ax — B) + ﬁ < log; T(s(r),f) +log, (1_5(”)> +Cy, (31)
wheres(r) =1—d(1—r),d € (0,1). Hence, by (31) we obtain
log, T(s(r), f)

Tp1(f) = limsup > dft.

s(r)—=1- (1—s(r)’

By Lemma 10, we conclude that d°t < 7,,1(f) < 7. O
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Hamouda in [17], to study the growth of meromorphic solutions of differential equations with finite
iterated p-order in complex plane, introduced new type of growth (see [17, p. 46]). According to the definition
of this new type of growth, we introduce a new definition of type of growth that we note 7;(f) related to
iterated p-order of meromorphic function f in the unit disc, as follows.

Definition 1. For p > 2, let f be a meromorphic function of finite iterated p-order in D such that 0 < p;, (f) =
p < 4ooand 0 < T, (f) = T < +oo, we define 7;(f) by

logt . T(r,
T;(f):lirnsupigw2 .f)

r—1-  exp {ﬁ}
If f is an analytic function in D with 0 < T, (f) = Tm < +00, we also define

log™ | M(r,
TX/I,p (f) = limsup gp—l—(f)
— exp {2 )

The following theorems improves and extends Theorems 2 and 3.

Theorem 7. Let ag(z),a1(2), ..., ax_1(z) be analytic functions in the unit disc D satisfying om,p(a;) < om,p(a0) = p
(0 < p < +o0)and Ty p(a;) < Tmp(ao) =T (0 < T < +oo)forallj=1,...,k—1and

max{TXA’p(aj) =1, k- 1} < Ty p(a0).
Then all solutions f # 0 of (1) satisfy pp (f) = +o0, pps1 (f) = pand d°t < 7,,1(f) < 7, d € (0,1).

Proof. Suppose that all coefficients of the Equation (1) satisfy the hypotheses of Theorem 7. Now, let « and
be two real numbers such that

max {Tj\k/Lp(aj) j=1,...k— l} < B << Ty,a0).
Because all coefficients are analytic, then for r — 1~

|aj(z)| < exp,_4 {,Bexp(l_rﬂp}, j=1,... k-1 (32)

and by Lemma 8, we have
T
M (r,a0) = |ag(z)| > exp,_; {tx exp M} (33)

for all r € E (E is a set of infinite logarithmic measure). From (32) and (33), and by Theorem 5, we obtain the
result. O

Theorem 8. Let ag(z),a1(z),...,ar_1(z) be analytic functions in the unit disc D satisfying pp(a;) < pp(ao) = p
(0<p < +00), 7p(aj) < Tp(ag) =7 (0< T < +00) forallj=1,...,k—1and

max {T;;(a]-) =1, k- 1} < T (ap).
Then all solutions f # 0 of (1) satisfy pp (f) = 400, pp11 (f) = pand d’t < 7,1 (f) < 7,d € (0,1).

Proof. Suppose that all coefficients of the Equation (1) satisfy the hypotheses of Theorem 8. Now, let « and j
be two real numbers such that

maX{T;(aj) :jzl,...,k—l} < B <a<T(ag).
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Since all coefficients are analytic, then for r — 1~

T .
m(r,a]-) §expp_2{,8exp(1r)p}, ji=1,...,k—1 (34)

and by Lemma 7, we have
T
T (r,a0) = m(r,a0) > exp,_, {ocexp (1”)P} (35)

for all r € E (E is a set of infinite logarithmic measure). From (34) and (35), and by Theorem 6, we obtain the
result. O

For some related results in the whole complex plane, see [18].
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