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Abstract: By applying Opoola differential operator, in this article, two new subclasses M;‘{’ﬂ o (m, .k, T)

and MZ’g (T(m, ¢, k, T) of bi-univalent functions class #H defined in 5/ are introduced and investigated. The
estimates on the coefficients |/;| and |/3| for functions of the classes are also obtained.
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1. Introduction

L et J denote the subclass of G which is of the form

I(z) =z+ i L2k 1
k=2

consisting of functionas which are holomorphic and univalent in the unit disk 57. Let 3~! be inverse of the
function $(z), then we have

and

where
STHS(b)) = b — b* 4 (213 — 13)b> — (513 — 5loly + I4)b* 4 - - - . )

A function 3(z) € G denoted by H is said to be bi-univalent in 57 if both $(z) and $71(z) are univalent
in A [1]. Subclasses of H, such as class of bi-convex and starlike functions and bi-strongly convex and starlike
function similar to the well known subclasses £*(8) and K (9) of starlike and convex functions of order ¢(0 <
¥ < 1) respectively [2].

Recently, numerous researchers [1,3,4] obtained the coefficient |I;| and |I3| of bi-univalent functions for
the several subclasses of functions in the class /. Motivated by the work of Darus and Singh [5], we introduce
the subclasses ./\/l’;_zﬁ (m,¢,k, ) and M”Hﬁ »(m, ¢, k,T) of the function class #H, which are associated with the
Opoola differential operator and to obtain estimates on the coefficients |I;| and |I3| for functions in these new
subclasses of the function class ‘H applying the techniques used earlier by Darus and Singh [5], Frasin and
Aouf [4] and Srivastava et al., [1].

Lemma 1. [6] Suppose u(z) € P and z € 7, then |wy| < 2 for each k, where P is the family of all function u analytic
in <7 for which ®(u(z)) > 0,
U(Z) = 1+wlz+w2z2+~~~ .
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Definition 1. A function $(z) € G is in the class ./\/lzzﬁ »(m, ¥, T) if the following condition are fulfilled:

(1-0)DYY'S(2) + oDL 5 S (2) pr
arg [ - < o 3)
(1— o)D" h(b) + oD h(b)
arg vp ke < yr 4)
b 2
where0 < <1,0>1,71>0,z€ A,be A, 0<u<pB,meNyand
h(b) = b— hb* + (213 — 13)b® — (513 — 5lyl3 + I4)b* + - - - (5)
and -
DYS(z) =z + Y (1 + (k+p—p—1)1)" 2" (6)

k=2

where 0<pu <B,7>0andm € Ny = {0,1,2,3---} is the generalized Al-oboudi derivative defined by
Opoola [7].

Remark 1. .

Hﬂﬁ (0, ¢, T)=M 4 () which Srivastava et al., [1] presented and studied.

VH »(0,9, T)=M4 ;- () which Frasin and Aouf [4] presented and studied.
%-l (m,,1)=My ,(m, ) which Porwal and Darus [8] presented and studied.
1 o (m, ¥, T)=Mjy; - (m, , T) which Darus and Singh [5] presented and studied.

2. Coefficient Bounds For The Function Class M?f (m, ¥, k,T)

Theorem 1. Let (z) € G be in the class M%’B(m,lp,k,*r),o <Pp<lLo>1,717>20zeNbe0<u<p
m € Ny, then

o] < 20 @)
\/M[(l—U)(1+T(2+u—/3))’"+0(1+T(2+V—5))’”“]—
P —D[A- ) A+ +p—p)" +o(1+T(1+pu— )" 12
and
] < 2y
S -+t p =B+ oI+ T2+ p— By
4 4y ®)
(I—0) I+t +pu— P +od+T2+pu— )]
Proof. It follows from (3) and (4) that
1—0o + Dm-&-ly@
(120D (_)Z it ():w(z))w, )
wnd (1— o)D" h(b) 4+ oD (D)
il i = (H(1))?, (10)

b

where q(z) = 1+ g1z + g2z + g32° + - - - and #(b) = 1+ t1b + t2b* + t3b° - - - are in P. Equating the coefficient
in (9) and (10), we have

[(1-0)A+TA+p—=p)" + oL+t +pu—B)" k= s, (1)
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(= )+ 7@ = B)" o+ 7@+ )" s = yga + PED (12)
A=)+ (U = B)" + oL+ T(L+ = )"l = i, (13)
(=) (14 T@ 4= )" o+ x2 4 p— {2 1) =y + PN
From (11) and (13), we get
‘11 = _tll (15)
and
2[1 =) A+t +p—B)" +o(1+7(1+p— )" 'PE = ¢* (47 + ). (16)

From (12),(14) and (16), we get

200 -)A+ T+ p—p)" +o(L+T(1+pu—p)" 3

Py — 1)t2
1

(A=) A+t +p—p)" + o+ T(1+pu— )" Pls = pta + >

implies

201 —o)(1+1(1+pu—B)" +o(1+1(1+u—p)" 13

= (1= 0) (14 T+~ B+ oL+ T4 g ) gy + LD

Then from (12), we have

Yy —1)
2

0 -) A+t +p—=p)" +o(L+t(1+pu— )" Pl = pgr + qi + pty +

implies

A0~ )1+ 7+ P + oL+ T+ — BB =yl + 0) + PN (@ 1A,
Then from (16), we get

(1—) A4+l +p—p)" +o(1+1(1+p— )" 15
ww—n2Krﬂﬂu+ru+u—ﬁ»1+aa+ra+u—ﬁnmﬂ2
2 ¥

= (2 +1h)+
implies
2 lpz (112 + t2) (17)

= At P o+ 1@ P
@ - D1 —0)(1 4 (1 p— B+ (1 + (1 p— B2

Applying Lemma 1 for (17), we get

L] < 2y
¢mmu—axl+r@+y—ﬁ»m+ou+r@+y—ﬁnww—

Py -DIA-)A+T(A+p= )" +o(1+1(1+p - p))" ]
which gives the desired estimate on |I| in (7). Hence in order to find the bound on |l3],

(=) A+ T@+p=p)" +o(l+T2+p—B))" s~ [1- )1 +T(2+pu—p)"

bol w2 - )28 1) = gy + POVt pgr, o YOy
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implies
21 -a)A+7@2+p—p)" +o(1+72+p—p)" i
S (=) (14724 = B+ o1+ 72+ i — B 2B+ p(qa— )+ LED 2 2y,

Since (q1)? = (—t1)> => ¢ = #3, then we have

200 -)(1+T@+p—p)" +o(l+T2+p—p)"
= (2 —t2) + (1= ) A+ T2+ p—p)" +o(1+T(2+p—p))" 213

(g2 — t2)
2[(1-0)A+T2+p—B)"+o(1+T(2+p—p))"H]
[(1-0)A+72+p—p)" +o(l+TQ2+p=B)""]
2(1—0)(1+T@+p—PB)"+o(l+TQ2+pu—p))" ]~

From (16), we have

(g2 — t2)
2[(1-0)A+T+p—B))"+o(1+7(2+p—p))mH]
(33 + 1)
2 —a) A+t +p—p)"+o(1+7(1+pu—p))" 12

I3 =

_|_

Applying Lemma 1 for coefficient 41, 42, t; and t,, we have

3] < 2y
(1-0)A+TQ2+p—B))" +o(1+T(2+pu—p))" ]
+ 4IP2

(1-0)A+7A+pu—p))" +o(1+7(1+p—p))m+i2
O
3. Coefficient bounds for the function class MHHﬁ U(m, ¢k, 1)

Definition 2. A function J(z) € G is said to be in the class M;lf »(m, ¢, k,7) if the following condition are
fulfilled:

(1—0)DM'3(z) + cTDmH’”%(z)
R [ wp . vp > ¢, 18)
1—0)D"™'h(b) + oD (D)
r | wp — >, (19)
where §(z) e H,0<¢<1,0>1,71>0,ze A,be A, 0<u<B,me Ny and
h(b) = b — Lhb* + (213 — 13)b° — (5153 — 5lal3 + Ig)b* + - - -, (20)
and .
Difg‘%(z) =z+ Y (14 (k+pu—p-1)1)"L2", (21)
k=2

where 0<pu <pB,7>0andm € Ny = {0,1,2,3---} is the generalized Al-oboudi derivative defined by
Opoola [7].

Remark 2. .

1. Mé’_lﬁl (0,¢, T)=M24(¢) which Srivastava et al., [1] presented and studied.
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2. Mé’f »(0,8,7)=M3,+(&) which Frasin and Aouf [4] presented and studied.
3. M%U(m, ¢, 1)=My -(m, ) which Porwal and Darus [8] presented and studied.
4. M%_’&U(m, ¢, T)=My »(m, ¢, T) which Darus and Singh [5] presented and studied.

Theorem 2. Let $(z) € G be in the class Mgﬁ(m,é,k,r), 0<¢<lo>1,1t2>20zeNbeA0<u<p
m € Ny, then

2(1-¢)
2] < \/[u B TG e SRy e G i W e @
and
|l ‘ < 4(1_6)2
2 -+t - p))m oI+ T2+ p— p))nH]2
+ 2(1-¢) (23)

[(I-—o)A+T2+pu—p)" +o(l+T(2+p—p)"H]
Proof. From (18) and (19), where q(z), t(z) € P,

(1- U)DT/';%(Z) + U'DT’;L;‘%(Z)

=0+ (1-9a(z), (24)

zZ

and
m+1,yh(b)

(1—0)D"¥h(b) + ¢D’
2 =+ (1)), (25)

B
b

where q(z) = 1+ g1z + 222 + q32° + - - - and t(b) = 1 + t1b + tb? + t3b% - - - . Now on equating the coefficient
in (24) and (25), we have

(M=) + (1 +pu—p)" +o(1+t(1+pu—p)" = (1-3)q, (26)
(=) + 1+ pu—B)" +o(1+12+pu—p)" = (1-3)q, (27)
—1=-)A+1A+u—B)"+o(1+t(14+u—p))" L= (1-0)h, (28)
(=) A+t +pu—B)" +o(1+T2+pu—p)" (25 - 15) = (1 -§)h (29)
From (26) and (28), we have
qm=—t, (30)
and
200 =) A+ 1A +p—p)" +o(L+T(1+p—p)" PG = (1-8)*(q7 + 1) (31)
From (27) and (29), we have
21 -a)(A+7(1+p—B)" +o(1+7(1+p—B)" B = (1-8)(q2+ ), (32)
or we have
2 (1-¢)(92+t2)
2 2[1-0) (ATl +p—p)" + oL+ T(1+p— )" H]
implies

21-9)
Q=) A+7A+p—p))" +o(l+T(1+p—p))"+]
which is the bound on || as given in (22). Hence in order to find the bound on |I3], we subtract (27) and (29)
and get

5] < [

(1—)A+T2+p=B)"+o(1+TQ2+p—p) ",
A=) +71Q+p—B)" +o(l+T2+pu—p)" 25— 13) = (1-8)g2 — [(1 - E)ta),
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implies

2((1—0)(1+12+pu—B)" +o(1+7Q2+p—p)" s
=[(1-0)A+12+pu—B)"+o(1+7Q2+p—B)" 25+ (1-E)(q2 — t2),

implies

(1-9)(q2 — ta)
2((1-a)(1+t@+p—p)"+o(1+7(2+pu— )"

ls=15+
Then from (31), we have
(1-8)>%(gi +1£)

2[1-0)A+t(l+p—p))" +o(1+T(1+pu—p))"2

(1-2)(q2 —t2)
2[(1-0)A+T2+p—B))"+o(1+T(2+p—p))"]

I3

+

Applying Lemma 1 for the coefficient q1, g2, t1 and 5, we get

41 -
(A=) A+ w1+ 5= )"+ o+ T(1+ )1
\ 2(1-¢)
(=) (A + 7@+ p— B+ o+ 7+ p— Py

3] <

which is the bond on |I3| in (23). O

4. Conclusion

In this present paper, two new subclasses of bi-univalent functions associated with Opoola differential

operator D;n; were introduced and worked on. Furthermore, the coefficient bounds for || and |I3] of
functions in these classes are obtained.
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