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Abstract: The double dispersive wave equation with memory and source terms uy — Au — Auy + A2y —
fot ¢(t — T)A?u(t)dt — Auy = |u|P~2u is considered in bounded domain. The existence of global solutions
and decay rates of the energy are proved.
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1. Introduction

L et O be a bounded domain in RN (N > 1) with smooth boundary 9Q). We consider the initial-boundary
value problem:

up — D — Auge + Nu — g% Au — Auyp = |u|P~2u, x€Q, t>0,
u=0 9 =0, x €9, t >0, (1)
u(x,0) = up(x), ue(x,0) =uq(x), xeQ,

where p > 2 and v represents the unit outward normal to 0Q). Here, g(t) is a positive function that represents
the kernel of the memory term, which will be specified in Section 2 and

g* A%u(t) = /(: g(t — 7)A*u(T)dT.

The motivation of our work is due to the initial boundary problem of the double dispersive-dissipative
wave equation with nonlinear damping and source terms

Uy — A — Augy + N u — Auy + alug|"2up = blulP~2u, x€Q,t>0,

u=0, %=0, x €00, t>0, )
u(x,0) = up(x), ur(x,0)=uq(x), xeQ,
a,b >0,

which has been discussed by Di and Shang [1] by considering the existence of global solutions and the
asymptotic behavior of global solutions with m > p.
In the absence of the dispersive term and the nonlinear damping term, model (2) reduces to the following
wave equation
U — Au — Autt — Aut = f(u) (3)

Shang [2] studied the well-posedness, asymptotic behavior, and the finite time blow-up of the solutions
under some suitable conditions on f and for N = 1,2,3. Zhang and Hu [3] showed the existence and the
stability of global weak solutions. Xie and Zhong [4] obtained the existence of global attractors in H}(Q) x
H{(Q), where the nonlinear term f satisfies a critical exponential growth assumption. Xu et al., [5] used the
multiplier method to investigate the asymptotic behavior of solutions for (3).
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Mellah [6] considered the following initial-boundary value problem

Uy — D+ Nu—gx Nu+up = ulP~lu, xeQ,t>0,

u=0 % =0, x €00, t>0,
u(x,0) = up(x), wue(x,0) =uq(x), xe0,

in a bounded domain and p > 1. He investigated the small data global weak solutions and general decay of
solutions, respectively.

Motivated by previous works, it is interesting to prove that problem (1) has a global weak solution
assuming small initial data. In addition, we show the general decay of solutions. The global solutions are
constructed by means of the Galerkin approximations and the general decay is obtained by employing the
technique used in [7].

2. Preliminaries

In this section, we present some materials needed in the proof of our main result. We use the following
abbreviations; || - |, = || - [[r(q) (1 < p < +00) denotes usual L norm, (-, ) denotes the L?-inner product, and
consider the Sobolev spaces Hé (Q)) and HS(Q) with their usual scalar products and norms. We also use the
embedding H}(Q) < LP(Q) for2 < p < % if N>3o0r2 < p<ocoif N=1,2. In this case, the embedding
constant is denoted by Ci, thatis ||u||, < C«||Vul|o. We define

1, ¢,
Q(z)—iz —?z.

o
By the direct computation, we deduce that Q is increasing in [0, zg], where zy = C. " is its unique local

maximum.
Next, we give the assumptions for problem (1).

(G1) The relaxation function g : R — R is a bounded C 1 function such that

o ot
g(0) >0, 0<17:1—/0 g(T)dTSl—/O g(t)dT = n(t).
(G2) There exist positive constants ¢; and ¢, such that

—&18(t) < §'(t) < —ag(t) Vt=>0.

(G3) We also assume that

2<p< if N>3and p>2 if N=1,2

N-2
where A1 is the first eigenvalue of the following problem

A*u=MAu inQ, u:g—z:O in 0Q). 4)

Remark 1. [8] Assuming A is the first eigenvalue of the problem (4), we have
[Au]3 > Aq]| V3. ®)

The energy associated with problem (1) is given by
E) = w3+ 2 1vilZ+ L (1= [ gmdr) |aulE+ LB+ Lgosuw) ) - Lull,
() = glulB+51val3+ 5 (1= [ sdr) lauld + 3 IVulB+ 5 (g0 8006~ luly,  ©

for u € H3(Q)), where
t
(godu)(t) = [ gt = 1))l 8u(r) — Au(t) B
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Now, we are in a position to state our main results.

3. Main results

In this section, we are going to obtain the existence of global weak solutions for problem (1) with the
initial conditions ||[Vugl|2 < zp and E(0) < Q(zo).

Theorem 1. Assume that (G1) — (G3) hold, and that {ug,u1} belong to H3(Q) x H}(QY). Further assume that
IVugll2 < zo and E(0) < Q(zg). Then, problem (1) admits a global weak solution, which satisfies

u € L®(0,00; H3(Q)), 1 € L®(0,00; H}(Q2)).

Moreover, the identity

0+ [ IV -5 [ o sw@ir+ 3 [ g()lau() e = E) )
holds for 0 < t < co. Also, for an increasing C? function { : RT — R satisfying

¢(0) =0, &(0)>0, lim g(t) =+oeo, Cu(t) <0 Vt=0, ®)

t—r-Hoo

and, if (|| 11 (g,c0) 15 sufficiently small, we have for k > 0
E(t) < E(0)e ™", vt >o.

Remark 2. From (8) and (G2), we obtain

IV (6)B+ (g 0 Au) () — 55 (1) [Au (o)}

< Va3 - 5Ea(g0 Au)(e) - pgBlAu(IE <0. ©

%E(t)

Proof of Theorem 1 (Main result)

We divide the proof into two steps. In step 1, we prove the small data global existence of weak solutions
by using the Faedo-Galerkin approximation and in step 2, we establish the general decay of energy employing
the method used in [7].

Step 1: Global existence of weak solutions

Let {wj};.il be an orthogonal basis of H3(Q2) with w; being the eigenfunction of the following problem:
—Aw]- = A]-wj, x €Q), wj = 0, x €.

Let V" = Span{wi, wy, - -, wy}. By the standard method of ODE, we know that there exists only one local
solution

of the Cauchy problem as follows:
/ Wlhodx + / Vi - Vedx + / Vi, - Veodx + / A" - Awdx
(@)
/ (t—1) /Au AwdxdT+/ Vuy - dex—/ |u"|P~2u"wdx = 0, (10)

u™(0) = ufl — ug, in H3(Q), ul(0)=u} —uy in H}Q). (11)
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By the standard theory of ODE system, we prove the existence of solutions of problem (10)-(11) on some
interval [0,t,), 0 < t, < T for arbitrary T > 0, then, this solution can be extended to the whole interval [0, T]
using the first estimate given below.

A Priori Estimates

Setting w = u}(t) in (10), we have

B+ 5 LIV lB 4+ 2 w3+ ”Hz***\lu”llpﬂlw?llz

14, ,
EEHW Zdt”

2dt 2dt

—/ (t—t / Au't( ?(t)dxdt = 0. (12)

A direct computation shows that

—/ (t—1) / Au't( F(H)dxdt

= 2 L (g0 nu)(t) - 2j(/ (e ) 800~ 3¢ ")) + peOan (I (13)

Inserting (13) into (12) and integrating over [0,t] C [0, T], we obtain
181+ 1713+ T o 1 + U031+ [ 17 (2) i + 550 0
_% Ot(g’oAu d7+2/ )| A (1) |2dT = E"(0). (14)
From assumption (G3) and the Sobolev embedding, we have
[y < CEIIV U3,
and then we have

S 1B+ 2193 + 2 a1 + QUITu 1) + [ du (2) B + 3 (5 0 ") 1)

; (' o Au) dT+2/ o)l 6u" () |3dT < E*(0). (15)
By using the fact that

—/Ot(g/oAu dr—i—/ )| Au" (1) |27 > 0,
estimate (15) yields
1B+ 1Vt 1B+ 2 ()13 + 3 (g ) 1) + QUIVA B) + [ 19w (0) e < B'0). 1)
From E(0) < Q(zp) and (11), it follows that
E"(0) < Q(20) (17)
for sufficiently large 7. We claim that there exists an integer N such that
|Vu" ()5 <zo Vtel[0,t,) n>N. (18)

Suppose the claim is proved, then Q(||Vu"||2) > 0 and from (16) and (17),

t
St 13-+ 319t + 52 a1 + 5 g0 8um)6) + [ 1V (1) BT < E'(0) < Q) (19
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for sufficiently large 7 and 0 < t < oo.

Proof of the claim

Suppose that (18) false, then for each n > N, there exists t € [0, t,) such that ||[Vu"(t)||2 > zp. Note that

from || Vugl|2 < zg and (11) there exists Ny such that
|Vu"(0)|l2 <zo Vn > Np.
Then by continuity there exits a first tn € [0,t,) such that
IV 1" (t) 12 = zo,

from where
Q[|[Vu"(t)[2) =0 Vte [0t

From E(0) < Q(zp) and (19), there exists N > Ny and 7 € (0, z9) such that

1

o
IN

2
< Qy) V te[O,ﬂ] Vn > N.

The monotonicity of Q in [0, zp| implies that
0< [Vu'(B)f <y <z VtE[Oh]

in particular, || Vu" (t)||3 < zo, which is a contradiction to (20). From (19), we have

2
o < 2250, 0<t<o,
1B < 2Q(z0), 0<t<w,
195713 < 2Q(z0), 0<t<w,
t
| I19u@)l3ar < QGzo), 0<t<w.

Using Sobolev inequality, (5) and (21), it follows that

2C27719(z
(|5 < C2IVu"|3 < CIATH|Au" || < ﬂ, 0<t<oo.
p 2 1 2 I

Moreover, by (25), we get
p
2C2A71 :
(P2 )| < [l < (f“”) , 0<t<w.

Therefore, there exist u, x and a subsequence still denotes {u, } such that
uy — u weak starin L*(0, co; HS(Q)), n — +oo,

u — u; weakstarin L%(0,00; H}(Q)), 1 — +oo,

14
|u"|P~2u" — x weakstarin L®(0,00;L71(Q)), n — +oo,

Besides, from Lions-Aubin Lemma we also have

u" — u strongly in LZ(O, 0; LZ(Q)), n — +oo,

Sl @13+ 219t O3+ N 8w ()13 + 5 (g0 Au) (1) + IV (B)B)

(20)

21)

(22)
(23)

(24)

(25

(26)

27)
(28)

(29)

(30)
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and consequently, making use of the Lemma 1.3 in [9], we deduce
p
|uP~2u" — x = |u|P"2u weak starin L*(0,00; L7 1(Q)), n — +oo. (31)

Thus, we obtain that u is a global weak of problem (1). In order to prove (7), we use the mean value theorem,
we see that there exists 0 < 0, < 1 such that

||un||5f|\u||§ < p’/ﬂ|u+9nun|p—2(u+9nu")(unu)dx
~1
< pllu+ 6l " —ull
< c||lu" —ul, -0 as n— oo,

and for each fixed t > 0, we obtain

(g0 80)(0) ~ (goau) (O = | ["sle—)lou(r) ~ du(o)Bte — ["glo—7)|u"(x) = () [

< [ gt =nlu(e) - A" ()2 lAu(e) + A" (D)
+ [ gt =) lu(r) — a0l ) + 1) 2
+ [ gt = 0llou(e) + ()Ll ) — 8 (1)
+ [ g@aean(e) + a2 au(e) - aa (1)

< ¢ [ gl = 0lau(r) - u(0)adr

t
+C/0 g(T)dt||Au(t) — Au"(t)|[2 = 0 as n — +o0.

Thus, we have
lim ("} = [[ull}, Jim (g o Au™)(t) = (g0 Au)(t).

n—-+oo

From (11), it follows that E"(0) — E(0) as n — —+oo. Finally, taking n — o0 in (14), we deduce that the
energy identity (7) holds for 0 < t < co.

Step 2: General decay of the energy

Here, we prove the energy decay estimate of the global solutions obtained in the previous section. To
obtain the decay result, we use the following lemmas which are of crucial importance in the proof.

Lemma 1. Let u € L®(0,00; H3(Q)) with u; € L*(0,00; H}(Q)) be the solution of (1) and E(0) < Q(zp),
IVuoll2 < zq, then we have

1
0 < E() < Cil| Vi3 + Col| Au3 + 5 (g 0 Au)(h), (32)

where C; = 3(1+B%), C, = 3(1+ Al_l) and B is the optimal constant satisfying the Poincaré inequality ||u;|ly <
B[Vui[>.

Proof. From E(0) < Q(z¢) and ||Vugl|2 < zp, we can obtain Q(||Vu(t)||2) > 0for 0 <t < co. Thus we have

1 1 1 t 1
B0 = gluld+ 31Vl + 31VulE+ 3 g0 an) 0 + 5 (1= [ g(rnie ) houl - 5 Jul}

AV

1 1
SluelB 4+ 2 19wl3+ Zaul + 2 (g0 Au)(6) + Qe
0,

Y
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and
1
E(t) < *||”t||2+*||vut”2+ IIAMH2+ (goAu)() *HWII%

< *B?'IIV I3 + 5 I\Vut||z+ )\ 1IIAMHer Sllaul3 + 5 (gOAM)()

Let C; = 2(1+ B?) and C; = (1 + A '), then we have (32). O

Lemma 2. The energy E(t) satisfies

d
O < Va1 - salg0 Au)(®) — 2 [30) ~ Eullslinm] AuOI3 ¥ £20.  @3)

Proof. From (9), we have

T < a0l - L (g0 au)(e) — 2e(0)au(t)3 69

From assumptions (G2) and since fg ¢'(t)dt = g(t) — g(0), we obtain

L0l = ~Ls@ sl ([ e I
20 18U B+ gl 0 A0 (H) 3

2 [30) ~ &alls o) NAUCH)IB: (%)

IN

Then, Combining (34) and (35) our conclusion holds. Multiplying (33) by e“¢(!) (x > 0) and using (32), we have

d
2 (FORD) < —IVOIBYER) — SEas 0 Au)(DeTVE(H)
2 [30) = &8l 0 ] 180 BTV + k() OE ()
< =1 = kGG (O] | Vae (1) 3 DE(t) — % (&2 = %Gi(1)] (g 0 Au) (e TV E(t)
*% [8(0) = &1llgll s — 2Caxe ()] [|Au(t) |5 E(®). (36)
Using the fact that (; is decreasing by (8), we conclude that
T(FOED) <~ - k@) [Tur (OB OEE) — 3 [~ 6(0)] (g 0 u) (1) VE()
2 [300) = &1l18113 ) — 2C2xE1(0)] [1Aua(1) 35 7)
Choosing ||8|| 1 (0« sufficiently small so that

8(0) = Gillgllrr o) =K >0

o 1 ) K
fo =i { C12:(0)’ 2:(0) 2G22:(0) } /

and defining

we conclude by taking « € (0, xp] in (37) that

% (eKC(t)E(t)) <0, t>0. (38)
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Integrating (38) over (0, ), it follows that
E(t) < E(0)e M), >0, (39)
O

Example 1. For {(t) = t+ {7, we can get the exponential decay rate E(t) < E(0)e ™, V¢ > 0.For [(t) =
In(1+t), we can get polynomial decay rate E(t) < E(0)(1+¢)~*, Vt>0.
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