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1. Introduction

I n recent years, several extensions of the well known special functions have been considered by
several authors [1–5]. Extensions of Euler’s Gamma function together with the set of related higher

transcendental special functions were introduced by Chaudhry and Zubair [1] as:

Γp(x) =
∫ ∞

0
tx−1 exp(−t − pt−1) dt, Re(p) > 0, p = 0, Re(x) > 0. (1)

Clearly, we have Γ0(x) = Γ(x) where Γ(x) is the well known classical Gamma function defined by [6]:

Γ(x) =
∫ ∞

0
tx−1e−t dt, Re(x) > 0. (2)

The integral (1) can be presented as (see [1, p.101] for x = 0) also [2, p.79]:

a−x Γap(x) =
∫ ∞

0
tx−1 exp(−at − pt−1) dt, (3)

where a + p > 0, Re(a) > 0, p = 0, Re(x) > 0, which for a = 1 reduces to (1).
Here in this paper, we denote the right hand side of (3) as Γ(a,p)(x), i.e.,

Γ(a,p)(x) =
∫ ∞

0
tx−1 exp(−at − pt−1) dt, (4)

where a + p > 0, Re(a) > 0, p = 0, Re(x) > 0.
Note that,

Γ(a,p)(x) = a−xΓap(x), (5)

Γ(1,p)(x) = Γp(x), (6)

Γ(a,0)(x) = a−xΓ(x), (7)
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Γ(1,0)(x) = Γ(x). (8)

Recently, Dattoli et al., [7] introduced the extended Gegenbauer polynomials of two variable Cα
n(x, y; a) as

follows:

Cα
n(x, y; a) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−y)kΓ(α + n − k)
k!(n − 2k)! aα+n−k , (9)

which specified by the following generating function and integral representation:

∞

∑
n=0

Cα
n(x, y; a) tn = (a − 2xu + yu2)−α, (10)

Cα
n(x, y; a) =

1
Γ(α)n!

∫ ∞

0
tα−1 exp(−at)Hn (2xt,−yt) dt, (11)

where Hn(x, y) denotes the 2-variable Hermite-Kampé de Fériet polynomials defined by [8]:

Hn(x, y) = n!
[ n

2 ]

∑
k=0

ykxn−2k

k!(n − 2k)!
(12)

and specified by the following generating function:

exp(xt + yt2) =
∞

∑
n=0

Hn(x, y)
tn

n!
. (13)

In many recent works (see for example [9–12]), the extended Beta function and its systemic generalizations
are used to introduce new extended special functions such as hypergeometric function, Appell’s and
Lauricella’s hypergeometric functions, Mittag Leffler function and Zeta function. Very recently, in terms of
the extended Gamma function defined in (1) Atash and Al-Gonah [13] introduced the extended Gegenbauer
polynomials of two variables Cα

n(x, y; p) as follows:

Cα
n(x, y; p) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−y)kΓp(α + n − k)
k!(n − 2k)!

, (14)

where Re(p) > 0, p = 0, Re(α + n − k) > 0, which specified by the following generating function and
integral representation:

∞

∑
n=0

Cα
n(x, y; p)un =

(1 − 2xu + yu2)−α

Γ(α)
Γ(1−2xu+yu2)p(α), (15)

Cα
n(x, y; p) =

1
Γ(α)n!

∫ ∞

0
tα−1 exp(−t − pt−1)Hn(2xt,−yt)dt. (16)

From Equations (9) and (14), we have

Cα
n(x, y; a) =

1
aα

Cα
n

( x
a

,
y
a

; 0
)

, (17)

Cα
n(x, y; a = 1) = Cα

n(x, y; p = 0) = Cα
n(x, y) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−y)kΓ(α + n − k)
k!(n − 2k)!

, (18)

Cα
n(x, y = 1; a = 1) = Cα

n(x, y = 1; p = 0) = Cα
n(x) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−1)kΓ(α + n − k)
k!(n − 2k)!

, (19)

where Cα
n(x) is the classical Gegenbauer polynomials [6].
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Further, from Equations (9) and (14), we have

Cα
n(x, 1; a) = Cα

n(x; a) =
1

Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−1)kΓ(α + n − k)
k!(n − 2k)! aα+n−k , (20)

Cα
n(x, 1; p) = Cα

n(x; p) =
1

Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−1)kΓ(p(α + n − k)
k!(n − 2k)!

, (21)

where Cα
n(x; p) is the extended Gegenbauer polynomials given in [13].

This paper is a further attempt in this direction to stress the importance of the use of extended Gamma
function in introducing new extended special polynomials. The main object of this paper is to introduce a
new generalization for the extended Gegenbauer polynomials defined in Equation (14) by using the extended
Gamma function defined in Equation (4).

2. A generalization of extended Gegenbauer polynomials

In terms of the extended Gamma function Γ(a,p)(x) defined in (4), we introduce a new generalization of
extended Gegenbauer polynomials of two variables , denoted by Cα

n(x, y; a, p), as follows:

Cα
n(x, y; a, p) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−y)kΓ(a,p)(α + n − k)
k!(n − 2k)!

, (22)

where a + p > 0, Re(p) > 0, p = 0, Re(α + n − k) > 0.

Remark 1. From Equation (22), we note that:

1. For y = 1, Equation (22) reduces to the following new extended Gegenbauer polynomials Cα
n(x; a, p):

Cα
n(x; a, p) =

1
Γ(α)

[ n
2 ]

∑
k=0

(2x)n−2k(−1)kΓ(a,p)(α + n − k)
k!(n − 2k)!

. (23)

2. For p = 0 and using relation (5), Equation (22) reduces to the extended Gegenbauer polynomials of two
variables Cα

n(x, y; a) defined in (9).
3. For a = 1 and using relation (6), Equation (22) reduces to the extended Gegenbauer polynomials of two

variables Cα
n(x, y; p) defined in (14).

4. For y = a = 1 and using relation (6), Equation (22) reduces to the extended Gegenbauer polynomials
Cα

n(x; p) defined in (20).

Also, note that from Equations (22), (14), (23) and using relation (5), we have the following relations:

Cα
n(x, y; a, p) = a−α Cα

n

( x
a

,
y
a

; ap
)

, (24)

Cα
n(x; a, p) = a−α Cα

n

(
x
a

,
1
a

; ap
)

. (25)

Now, we establish some properties for the generalization of extended Gegenbauer polynomials of two
variables Cα

n(x, y; a, p) in the form of the following theorems:

Theorem 1. The following integral representation for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds

true:
Cα

n(x, y; a, p) =
1

Γ(α)n!

∫ ∞

0
tα−1 exp(−at − pt−1)Hn(2xt,−ty)dt. (26)

Proof. Using Equations (22) and (17) in the left hand side of Equation (26), we get

Cα
n(x, y; a, p) =

1
Γ(α)

∫ ∞

0
tα−1 exp(−at − pt−1)

[ n
2 ]

∑
k=0

(−ty)k(2xt)n−2k

k!(n − 2k)!
dt. (27)
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Making use of Equation (12) in the right hand side of Equation (27), we get assertion (26) of Theorem 1.

For y = 1 in assertion (26) of Theorem 1, we get the following result:

Corollary 1. The following integral representation for the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:

Cα
n(x; a, p) =

1
Γ(α)n!

∫ ∞

0
tα−1 exp(−at − pt−1)Hn(2xt,−t)dt. (28)

Remark 2. From results (26) and (28), we note that:

1. For p = 0, result (26) reduces to a known result (21) given in [7].
2. For a = 1, result (26) reduces to a known result (16) given in [13].
3. For a = 1, result (28) reduces to a known result given in [13].

Further, by making use of result (26), we get the following results for Cα
n(x, y; a, p):

Theorem 2. The following recurrence relation for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds true:

(n + 1) Cα
n+1(x, y; a, p) = 2αx Cα+1

n (x, y; a, p)− 2αy Cα+1
n−1(x, y; a, p). (29)

Proof. Consider the following recurrence relation [14]:

Hn+1(x, y) = xHn(x, y) + 2nyHn−1(x, y). (30)

Replacing x by 2xt and y by −yt in relation (30) and then multiplying both sides by tα−1 exp(−at−pt−1)
Γ(α)n! and

integrating the resultant equation with respect to t between the limits 0 to ∞, we get

1
Γ(α)n!

∫ ∞

0
tα−1 exp(−at − pt−1)Hn+1(2xt,−yt)dt

=
2x

Γ(α)n!

∫ ∞

0
tα exp(−at − pt−1)Hn(2xt,−yt)dt − 2y

Γ(α)(n − 1)!

∫ ∞

0
tα exp(−at − pt−1)Hn−1(2xt,−yt)dt,

(31)

which on using relation (26) yields assertion (29) of Theorem 2.

For y = 1 in assertion (26) of Theorem 2, we get the following result:

Corollary 2. The following recurrence relation for the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:

(n + 1) Cα
n+1(x; a, p) = 2αx Cα+1

n (x; a, p)− 2α Cα+1
n−1(x; a, p). (32)

Remark 3. 1. Setting p = 0 in result (30), we obtain a known result given in [7].
2. Setting a = 1 in results (30) and (32), we obtain a known results given in [13].

Theorem 3. The following differential equation of the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds true:(

y
∂3

∂x2∂p
+ 2x

∂

∂x
− 2n

)
Cα

n(x, y; a, p) = 0. (33)

Proof. Consider the following differential equation [14]:(
2y

∂2

dx2 + x
∂

∂x
− n

)
Hn(x, y) = 0. (34)

Replacing x by 2xt and y by −yt in relation (34) and using the relation

∂

∂(tx)
=

1
t

∂

∂x
(35)
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and then multiplying both sides by tα−1 exp(−at−pt−1)
Γ(α)n! and integrating the resultant equation with respect to t

between the limits 0 to ∞, we get

− y
∂2

∂x2
1

Γ(α)n!

∫ ∞

0
tα−2 exp(−at − pt−1)Hn(2xt,−yt)dt

+

(
2x

∂

∂x
− 2n

)
1

Γ(α)n!

∫ ∞

0
tα−1 exp(−at − pt−1)Hn(2xt,−yt)dt = 0. (36)

Using relation (26) in the above equation and then using the following relation:

∂

∂p
Cα

n(x, y; , a, p) = (1 − α)−1 Cα−1
n (x, y; , a, p), (37)

in the first term of the resultant equation, we get the desired result.

For y = 1 in assertion (33) of Theorem 3, we get the following result:

Corollary 3. The following differential equation of the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:(

∂3

∂x2∂p
+ 2x

∂

∂x
− 2n

)
Cα

n(x; a, p) = 0. (38)

3. Generating functions and other properties of Cα
n(x, y; a, p)

Very recently, many generating functions for Gegenbauer polynomials and its extension are obtained
(see for example [13,15,16]). Here we prove some generating functions for the new extended Gegenbauer
polynomials Cα

n(x, y; a, p) in the form of the following theorems:

Theorem 4. The following generating function for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds true:

∞

∑
n=0

Cα
n(x, y; a, p)un =

1
Γ(α)

Γ(a−2xu+yu2, p)(α), (39)

where Re(a − 2xu + yu2) > 0.

Proof. Using Equations (22) in the left hand side of Equation (39) and then putting n = n + 2k in the resultant
equation, we get

∞

∑
n=0

Cα
n(x, y; a, p)un =

1
Γ(α)

∞

∑
n=0

(2xu)n

n!

∞

∑
k=0

(−y)kΓ(a,p)(α + n + k) u2k

k!
. (40)

Now, using Equation (17) in the right hand side of the above equation, we obtain

∞

∑
n=0

Cα
n(x, y; a, p)un =

1
Γ(α)

∫ ∞

0
tα−1 exp(−t(a − 2xu + yu2)− pt−1)dt, (41)

which in view of Equation (17) yields assertion (39) of Theorem 4.

For y = 1 in assertion (39) of Theorem 4, we get the following result:

Corollary 4. The following generating function for the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:

∞

∑
n=0

Cα
n(x; a, p)un =

1
Γ(α)

Γ(a−2xu+u2, p)(α), (42)

where Re(a − 2xu + u2) > 0.
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Remark 4. 1. Setting p = 0 in result (39) and using relation (7), we obtain a known result (20) given in [7].
2. Setting a = 1 in result (39) and then using relation (5), we obtain a known result (15) given in [13].
3. Setting a = 1 in result (42) and then using relation (5), we obtain a known result given in [13].

Theorem 5. The following generating function for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds true:

∞

∑
n=0

(1 + k)nCα
n+k(x, y; a, p)

un

n!
= Cα

k (x − yu, y; a − 2xu + yu2, p). (43)

Proof. Consider the following generating function [17, p.452]:

∞

∑
n=0

Hn+k(x, y)
un

n!
= exp(xu + yu2)Hk(x + 2yu, y). (44)

Replacing x by xt and y by −yt in above equation and multiplying both sides by tα−1 exp(−at−pt−1)
Γ(α)k! and

integrating the resultant equation with respect to t from 0 to ∞, we get

∞

∑
n=0

(n + k)!
k!Γ(α)(n + k)!

∫ ∞

0
tα−1 exp(−at − pt−1)Hn+k(2xt,−yt)

un

n!
dt

=
1

k!Γ(α)

∫ ∞

0
tα−1 exp[−(a − 2xu + yu2)t − pt−1]Hk(2(x − yu)t,−yt)dt, (45)

which on using relation (26) yields assertion (43) of Theorem 5.

For y = 1 in assertion (43) of Theorem 5, we get the following result:

Corollary 5. The following generating function for the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:

∞

∑
n=0

(1 + k)nCα
n+k(x; a, p)

un

n!
= Cα

k (x − u; a − 2xu + u2, p). (46)

Remark 5. 1. Setting p = 0 in result (43) and using relation (7), we obtain a known result given in [7].
2. Setting a = 1 in results (43) and (46), we have

∞

∑
n=0

(1 + k)nCα
n+k(x, y; p)

un

n!
= Cα

k (x − yu, y; 1 − 2xu + yu2, p), (47)

∞

∑
n=0

(1 + k)nCα
n+k(x; p)

un

n!
= Cα

k (x − u; 1 − 2xu + u2, p), (48)

which in view of relations (24) and (25) gives a known results given in [13].

Theorem 6. The following generating function for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) holds true:

∞

∑
k=0

∞

∑
n=0

(n + k)! Cα
n+k(x, y; a, p)

un

n!
vk

k!
=

1
Γ(α)

Γ(∆, p)(α), (49)

where ∆ = a − 2xu + yu2 − 2xv + 2yuv + yv2.

Proof. Using relation (26) in the left hand side of Equation (49) and interchanging the order of the summation
and integration, we get

∞

∑
k=0

∞

∑
n=0

(n + k)! Cα
n+k(x, y; a, p)

un

n!
vk

k!
=

1
Γ(α)

∫ ∞

0
tα−1 exp(−at − pt−1)

∞

∑
k=0

∞

∑
n=0

Hn+k(2xt,−yt)
un

n!
vk

k!
dt. (50)
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Now, using relation (44) in the right hand side of the above equation, we get

∞

∑
k=0

∞

∑
n=0

(n + k)! Cα
n+k(x, y; a, p)

un

n!
vk

k!

=
1

Γ(α)

∫ ∞

0
tα−1 exp(−at + 2xtu − ytu2 − pt−1)

∞

∑
k=0

Hk(2xt − 2ytu,−yt)
vk

k!
dt, (51)

which on using relation (13) gives

∞

∑
k=0

∞

∑
n=0

(n + k)! Cα
n+k(x; a, p)

un

n!
vk

k!
=

1
Γ(α)

∫ ∞

0
tα−1 exp[−(a − 2xu + yu2 − 2xv + 2yuv + yv2)t − pt−1]dt.

(52)

Making use of relation (17) in the right hand side of Equation (52), we get assertion (49) of Theorem 6.

For y = 1 in assertion (49) of Theorem 6, we get the following result:

Corollary 6. The following generating function for the new extended Gegenbauer polynomials Cα
n(x; a, p) holds true:

∞

∑
k=0

∞

∑
n=0

(n + k)! Cα
n+k(x; a, p)

un

n!
vk

k!
=

1
Γ(α)

Γ(∆, p)(α), (53)

where ∆ = a − 2xu + u2 − 2xv + 2uv + v2.

Remark 6. Setting a = 1 in results (49) and (53) and using relation (6), we obtain a known results given in [13].

Further properties for the new extended Gegenbauer polynomials of two variables Cα
n(x, y; a, p) can be

obtained in the form of the following theorems:

Theorem 7. The following Mellin transform representation of the new extended Gegenbauer polynomials Cα
n(x, y; a, p)

holds true: ∫ ∞

0
Cα

n(x, y; a, p) ps−1dp =
Γ(s)Γ(α + s)

Γ(α)
Cα+s

n (x, y; a), Re(s) > 0, Re(p) > 0. (54)

Proof. Multiplying both sides of Equation (26) by ps−1 and integrating with respect to p between the limits 0
to ∞, we get∫ ∞

0
Cα

n(x, y; a, p) ps−1dp =
1

Γ(α)n!

∫ ∞

0
tα−1 exp(−at)Hn(2xt,−yt)

∫ ∞

0
exp(−pt−1) ps−1dpdt. (55)

Now, using the following relation [18]:∫ ∞

0
exp(−pt−1) ps−1dp = ts Γ(s), (56)

in the R.H.S. of Equation (55), we get

∫ ∞

0
Cα

n(x, y; a, p) ps−1dp =
Γ(s)

Γ(α)n!

∫ ∞

0
tα+s−1 exp(−at)Hn(2xt,−yt)dt, (57)

which on using relation (21) yields assertion (54) of Theorem 7.

For y = 1 in assertion (54) of Theorem 7, we get the following result:

Corollary 7. The following Mellin transform representation of the new extended Gegenbauer polynomials Cα
n(x; a, p)

holds true: ∫ ∞

0
Cα

n(x; a, p) ps−1dp =
Γ(s)Γ(α + s)

Γ(α)
Cα+s

n (x; a), Re(s) > 0, Re(p) > 0. (58)
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Theorem 8. The following series representations for the new extended Gegenbauer polynomials Cα
n(x, y; a, p) and

Cα
2n(x, y; a, p) hold true:

Cα
n(x, y; a, p) =

∞

∑
k=0

Γ(α − k) (−p)k

Γ(α) k!
Cα−k

n (x, y; a), (59)

Cα
2n(x, y; a, p) =

2n (n!)2

(2n)! Γ(α)

n

∑
k=0

k

∑
s=0

(−1)s(2s)!Γ(α + k)yk

2s(n − k)!(k − s)!(s!)2 Cα+k
2s (x, y; a, p). (60)

Proof of (59). From relation (26), we have

Cα
n(x, y; a, p) =

∞

∑
k=0

(−p)k

k!
1

Γ(α)n!

∫ ∞

0
tα−k−1 exp(−at)Hn(2xt,−yt)dt, (61)

which on using relation (21) yields assertion (59) of Theorem 8.

Proof of (60). Consider the following relation [19]:

H2n(x, y) = 2n(n!)2
n

∑
k=0

[Hk(x, y)]2

2k(n − k)!(k!)2 . (62)

Replacing x by 2xt and y by −yt in relation (62) and then multiplying both sides by tα−1 exp(−at − pt−1) and
integrating the resultant equation with respect to t between the limits 0 to ∞, we get

∫ ∞

0
tα−1 exp(−at − pt−1)H2n(2xt,−yt)dt =

∫ ∞

0
tα−1 exp(−at − pt−1)2n(n!)2

n

∑
k=0

[Hk(2xt,−yt)]2

2k(n − k)!(k!)2 dt. (63)

Next, using the following relation [19]:

[Hk(x, y)]2 = (−2y)k(k!)2
k

∑
s=0

(−1)s H2s(x, y)
2s(k − s)!(s!)2 . (64)

in the right hand side of Equation (63) and interchanging the order of summation and integration, we obtain∫ ∞

0
tα−1 exp(−at − pt−1)H2n(2xt,−yt)dt

= 2n(n!)2
n

∑
k=0

k

∑
s=0

(−1)syk

2s(n − k)!(k − s)!(s!)2

∫ ∞

0
tα+k−1 exp(−at − pt−1)H2s(2xt,−yt)dt, (65)

which on using relation (26) yields assertion (60) of Theorem 8. Thus the proof of Theorem 8 is completed.

For y = 1 in assertions (59) and (60) of Theorem 8, we get the following results:

Corollary 8. The following series representations for the new extended Gegenbauer polynomials Cα
n(x; a, p) hold true:

Cα
n(x; a, p) =

∞

∑
k=0

Γ(α − k) (−p)k

Γ(α) k!
Cα−k

n (x; a), (66)

Cα
2n(x; a, p) =

2n (n!)2

(2n)! Γ(α)

n

∑
k=0

k

∑
s=0

(−1)s(2s)!Γ(α + k)
2s(n − k)!(k − s)!(s!)2 Cα+k

2s (x; a, p). (67)

Remark 7. If we take a = 1 in relations (54),(58), (59), (60) (66) and (30), we obtain a known corresponding
results given in [13].
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