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Keywords: Modified nonlinear Schrodinger equation; Well-posedness in Sobolev spaces; Rogue waves;
Initial value problem; Dispersive equations.

MSC: 35Q53; 37K10.

1. Introduction

W e consider the initial value problem (ivp) for a particular modification of nonlinear Schrodinger
(MNLS) equation that has been used to model the formation of rogue or freak waves [1]. The Cauchy
problem for the MNLS is given by

{ U+ iy — Uy + U2+ |uPuy + u?it, + ud)y (Juf?) =0, O

u(x,0) =¢(x), xtekR

We use the symbol 9|, or partial with respect to [x|, which appears in the last nonlinear term to represent
the Riesz derivative which can be described as the Fourier multiplier

Fu (@) = —If (@) )

The Riesz derivative is of particular interest in this equation and it appears in many applications of
fractional calculus. It represents a fractional derivative term that appears in many equations, including the
(1), Benjamin-Ono and the fractional Schrodinger equations. Recent scattering results for the scattering results
for related Dysthe equation, which has many structural similarities to the MNLS with the Riesz derivative
occuring in the nonlinearities, can be found in [2].

Rogue waves can be informally thought of as extremely rare events arising from the constructive
interference of the surrounding waves. This construction interference can result in waves with heights as
large as eight times that of the surrounding free surface [3,4]. There are many real world consequences of these
large spontaneous events, which can include damage and disruption to commercial shipping, human lives
and many other nautical operations. For an examination of the mechanisms that lead to the development of
these rogue waves, we refer the readers to [5-8], and the references found therein.

In this paper, we consider a higher-order approximation of the fully nonlinear model, which is given by

1 1 i o 3, 5, 1., )
ut+§ux+§uxx—ﬁuxxx+§|u| u+§\u| ux—i-zu iy + iud )y (Ju|*) = 0. ©)]
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Changing variables and using a Galilean lift simplifies (3) to the equation we refer to as the MNLS (1).
This particular approximation has been used in applied settings [9,10], and there are other modification to the
NLS which have been studied, including including the compact Zakharov equation [11,12].

The basis of the analytical investigation in this work work lies in the theory of the nonlinear Schrodinger
equation (NLS),

i + thxx + |u>u =0, 4
and the Korteweg-de Vries equation (KdV),
Up + Uty + gy = 0. 5)

The inspiration for this work comes from the seminal works of Bourgain [13,14], where he proves that
the NLS and KdV equations are, among other things, well-posed. In particular, as the method of proof largely
follows the same principles for both of these equations, we were interested in adapting Bourgain’s method, as
further extended in [15] and [16]. Here we adapt these methods to an equation where the linear symbol was
a combination of both that of the NLS and KdV. In a similar vein, this work builds on previous analysis of a
modified Korteweg-de Vries (KdVm) equation where the dispersion was taken to be an odd natural number
m > 3 and is given by

oru + 9¥'u + udyu = 0.

In [17] and [18], the well-posedness for the KdVm was demonstrated for initial data in Sobolev spaces
H® where s > —(m — 1) /4. Thus, we immediately see that there is a relationship between the structure of the
linear symbol and the smoothness required of the initial data.

The broad strategy to demonstrate well-posedness of (1) relies on using a contraction mapping argument
on a Bourgain space X;;,. Here the Bourgain space will be tailored to the linear symbol present in (1).
Additionally, the presence of the Riesz derivative creates some analytical problems to overcome in the trilinear
estimates. There is a significant amount of literature devoted to results on the NLS, and we refer the reader to
the following works and the references therein, [9,10,15,19-25].

Our work revolves around reformulating (1) into a related fixed point problem for an integral operator T.
We start by defining W to be the solution operator to the homogeneous problem associated with (1),

W(tg(x) = o [ @5 @)az, ©

where (&) = &% — &3. The associated Bourgain space to our problem is given by:

Definition 1. Let X, ; be a space such that, for any s,b € R, X j, is the completion of the Schwartz space S (RZ)
with respect to the norm

lulllos = ( [ (€1 = 7@ 1a(e, 0 Pagee ) )
where (&) =1+ [€].

Using the usual methods, we reformulate the problem in terms of the following integral operator. Should
the reader desire more details on going about this procedure, we refer them to [17,18]. Taking the space-time
Fourier transform of w allows us to express the mapping T in the phase space (¢, 7). To continue, we use a
cutoff function, ¥ € C§°(R) with supp(y) C [-1,1] and ¢ = 1 on [-1/2,1/2]. The corresponding integral
operator we obtain is

Tu(x, 1) = OW(O(x) + 1o 0() [[ 0D, Tydede, ®)
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where w corresponds to the sum of the nonlinearities
w:i|u|2u+|u|2ux+|u|2ﬂx+iu8|x‘(|u|2). )

In handling w, our focus will be on the final term iud)| (|u|?). The Riesz derivative makes this term the
most novel. For an analysis of this equation where w strictly has the NLS nonlinearity, or w = i|u|?u, we refer
the reader to [19]. Additionally, we have adjusted our proof to use the strategies developed by Tao in [26] and
[27].

Our results regarding (1) can now be formalized in the following theorem:

Theorem 1. Ifs > % then for any ¢ € H® with sufficiently small norm, the integral equation
u=Tu, (10)

where T is defined by (8) has a unique solution in the space X, for some b > 1/2. Moreover, the data-to-solution map
is Lip-continuous.

This paper is organized as follows: In Section 2, we prove Theorem 1 while assuming the necessary
trilinear estimates needed to handle the nonlinear terms, which we catalogue in Theorem 2. In Section 3 we
provide the trilinear estimates outlines in Theorem 2, which completes the proof of our main result. We note
that in the proof of Theorem 2, we focus on the the estimate for the Riesz derivative term. We then give a
description of how to adapt this proof to the other terms.

2. Proof of Theorem 1

The main tool used to prove Theorem 1 involves the following trilinear estimates summarized below.
For convenience in later computations, we consider nonlinearities that include a Hilbert transform # and oy
instead of the Riesz derivative d,|.

Theorem 2 (Trilinear Estimates). Ifs > %, then

l?alllsp-1 < Mullldy — u € Xsp, 11
lox(?m)llsp-1 < Wullly v € X, (12)
lox(uH i) [llsp-1 S Wulllly 1€ Xsp, (13)

for some b > 3.

Furthermore, to establish that T is a contraction mapping on a ball in X, space, we need the following
result:

Proposition 1. Ifs > 1, there exists some b > {5 and c=c()>0 such that

11Tulllsp < (5 + llllee), u € Xop, (14)
and
14+iv3 1-iV3
1T = Toll gy < e ||u+ o ( L )\ uto ( ] )\ = olllop w0 € Xp  (15)
s,b s,b
Proof of Theorem 1. If ¢ satisfies the smallness condition
15
ol < —, (16)
64c2
then, for any u in the closed ball
1
BI{MGXs,bimu s,b<1}1 (17)
4c2
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we have

1 15 1
|||Tu|s,bSC<3 +3) =—- (18)
64c?2 64c2 4c2

Thus demonstrating that T maps the ball B into itself. From (15), we have, for any u,v € B

1+iV3 1-iV3
|||Tu—Tv|||s,bSC<l|Iu|s,b+|||v< 5 >|||s,b> <I|Iu s,b+|||v< > >|||s,b>||”_v|s,b/

= c ([[lulllsp +21[2lsp) (Hulllsp +2[[0[llsp) 4 = 2lllsp,

9
< (1) lllu=llls

s,b- (19)

= 1 lllu =72l

Which proves that T is a contraction mapping on B which guarantees us in turn gives us a unique fixed point
by the Banach Contraction Mapping Theorem.
Proof of Lip-Continuous dependence on initial data. Let ¢ and x be in H® both satisfying the smallness conditions

15 15
lollas < and [|x[/ps < —5- (20)
64 64c?2

3
Cc2

Further let u and v be the solutions corresponding to ¢ and x respectively. From here, we will use a
subscript on T to denote the dependence on the initial data. In particular, as u and v are fixed points, we have

u = Tyu and v = Tyv. We then see that

1 = llls = 11Tyt = Tyolllop = [1$W (9 — x) + Tote — Too |l @1

From here, a simple application of the triangle inequality in conjunction with Proposition 1 will complete
the argument. The first term is a linear operator which we will examine below to estimate (25). In particular
we use Lemma 2 to handle ¢ to get

yW(e = X)Mllsp < @ — Xllms-

For the second term, we follow the same argument used to obtain (19) which gives us ||| Tou — Tov|||sp <
2 ||[u = v|||s - We therefore have for a constant ¢

9
s,b§C||§0—XHHs+E|||u—U\ sb- (22)

IiZed

Subtracting x|||u — v|||s, from both sides of (22) allows to conclude

16c
[ =olllsp < == ll¢ = xllm-

which completes our proof of the Lip-continuity of the data-to-solution map. [
Proof of Proposition 1. Before beginning this proof, we state the following Lemma.

Lemma 1. Fors> 0, and u € X}, we define

t

T(u,a,u)(x,t) = p(H)W(t)p(x) — 1p(t)/0 W (t — twyay(x,t')dt’, (23)
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then there exists a constant ¢ = Cy such that
T (i, 0)|[[s < cllul[13, + cliol b (24)

To continue, we look at the decompose map of T as defined in (8), by adding and subtracting (7 — v(&))
in the integral expression to localize near the singularity T = 7(&). We thus obtain the decomposition

Tu(x, t) :%lp(t) /R eEi(E) 5% () g -
+ ﬁ#’(l‘) / /R et ”)W@(g T)dTdE 26)
- ﬁtp(t) / /R . ef<€X+tv(é)>Ww(g, T)dTdé 27)
+ ﬁw(t) / /R2 giler (@) P17 7(i))_[e;fé;v@>) “ U@ vyavde. (28)

Estimate of (25). Defining

() = 59(0) [ 0 @),

we take the Fourier transform of I with respect to x and ¢. The X, ; norm of I can then be directly estimated as

1
2

1l = ([, (0% (2 = @)1 = 19" (@) Pacae)

1
2

(@187 @F [tz = 2@1§ (x ~ (@) Paea)

cpllglls-

A

Estimate of (26). Taking

I(x,t) = ﬁ L) eml_fg,;(g)(g))@uuu(é,ﬂdrd@

we have

126) 1[5, = [ ()T Cx, £)]1]s,p-

To continue, we need the following Lemma:

Lemma 2. There exists a c=cy such that

(I, )l < eyl [IT(x, 1)]]]sp- (29)

Using Lemma 2, we see that taking the space-time Fourier transform of I allows us to compute the X,

2 2
d(de) ,

norm of I as

1—p(t—7(3))
T—79(¢)

Wy (Cz T)

1

s = (//Rz<¢>25<r—7<¢>>2"

S (@ [ =@V fun (e )P )

=~ [||wuaul |[s,p-1,
< clljullZ,
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where the last inequality follows from the trilinear estimates. Above, we also used the fact that |1 — (7 —
7(€))| < 1, and the fact that the &, T integration is over the region {¢,7 € R? : |t —(¢)| > 1}, since
|1 — (T —y(&))] is 0 otherwise. Over this region,

1 < 1
[T=2(@P ™ {t=2(8)*

Proof of Lemma 2. We begin by taking the space-time Fourier transform of ¢(¢)I(x, t), and applying the X,
norm. Using Fubini’s theorem, we get

2
@GOl = [ @ [, drdz.

Here, we use the fact that (7 —y({)) < (t—A —7(8)) + A < (t—A —7(&))(A), along with Minkowski’s
inequality to get

e = 7@ e T - M)dar

1 2

Iy IR, < [ @ (./E'Q<A>b|¢<»»>| (fotr=2=reniie = mpar)” dA) i

Which, after substituting ¥ = 7 — A, yields

2
IO 0IE < [ @ ([ (=@ 15 ) - ([ rigoian) ae
~ i1
Estimate of (27). Let
10,1) = 5p(t) [ EEH D@y,

where

L[ 1=yp(r—7(0)
c(¢) = A@T——q/((;()w””"(g”[)dr

Taking the X, , norm of I yields

1

1l = ([, (0 (=@ le@f(c 7@ Pazir )

bl — N
Sy </R<§>ZS /RW@W”@’TMT d,;) _
1 < 1
x| ~ (x)’
([0, S ).

Sy </ﬂ%<§>25 ( |zvuuu(§(,€r)>|dr>2d§>é

This, along with the trilinear estimate and the following lemma, is sufficient to show that |[|(27)[]s, <
cplllulll,

A\

Since |t — (&)| > 1 and for |x| > 1,
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Lemma 3. Ifb> 1/2, then

o B NN
Cy (/R<§> ( R<T—’)’(C>dT> dC) S MNwuau|s p-1- (30)

Proof of Lemma 3. We follow the ideas of [16]. Should the reader desire more details, we refer them also to
[17] and [18]. We see that by the Cauchy-Schwarz inequality, for any measurable function I,

J @ldr = [ (x=2@) " r = 1@) I1lar,

< ([t 2ar)’ ([ e=r@nPiacopar).

We can therefore conclude

1
2 ([ [@um(E,7)] )2 2
T —dt | d N 7 .
Cy <~/R<§> < R <T—’)/((:f> T C Ncl/)|||wuuu”|s,b
Estimate of (28). We will expand e'(m=7(%)) — 1 into its power series and divide by T — ¥(¢) to get
(28) ~ // G+ (¢ — o i &

~ Z n!I n(x,1), (31)

n=1

))n_li\uuﬁu (C, T)deg,

where

(1) = 5-t"g(0) /R HETHEe, (2)de,
)= [ 9= @)~ 7€) (&, D)

It follows from the space-time Fourier transform of I,,, that

NGl < Z *IIIIn X, )]s,

n:
1

3 o (JLe e =@l @) (e @) Pazae)
» o (L@s@r ( [ () P dff)%

n=1

For all b between 0 and 1,
—t —t
L@@ (P s [ @RI ()P = eyl
R R
To deal with the ||t" ¢ |§11 term, we take the derivative with respect to t of "¢ yielding

£ 113 = [1#"l T + Int™ Ml T + #9117 <
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since 1(t) € C5°(—1,1). Thus

HED]

w2 1w (L@@ ( [ @i @)k dc) g

|
=1 n:

P ( L@ | [ v = (@) =@ w8, D)

n=1

2\ 2
dg>.

Since the T-integration is over |t — y({)| < 1and (T —({)) <1,

G S ( Lo ([, r>|dr)2dc>
- 2\
(o (452510

S W s,b—1
< cf[ful[ 13-

N—

hgk:
2=

3
Il
—

Combining these estimates concludes the proof of Proposition 1, which leaves only the proof of the trilinear
estimates in order to prove Theorem 1. [J

3. Proof of the Trilinear Estimates

In this section, we prove the trilinear estimates presented in Theorem 2. The inequality (11) follows from
[19], so we will focus on (12) and (13).

We will follow Tao’s [k; Z] —multiplier norm method developed in [26]. For the convenience of the reader,
we provide an outline of the method. Let Z be an abelian, additive group, with an invariant measure d¢. For
any k € N, k > 2, T (Z) denotes the hyperplane

I(Z) == {(81, k) €Z: 1+ ..+ & =0},

with the measure

[ BV SV T A o)

We define a [k; Z] —multiplier to be a function m : T(Z) — C, and the multiplier norm |[m(&) |,z is defined
as the best constant such that the inequality

k

Sy MOTL )] < @)

j=1

k
iz L LI fillr2(z)
=1

holds for all test functions f] on Z.

Summations over variables of the form Nj, L;, and H are presumed to be dyadic. Letting N1, N, N3 > 0,
we will define the notation Ny;x > N,g = Ny to be the maximum, medium, and minimum values of
N1, Ny, N3. We similarly define Ly > Lyeq > Lipin. Summations over Ly,zx ~ ... are sums over the dyadic
variables L1, Ly, L3 = 1, that is,

Z = Z . (33)

ngxNH Ll,Lz,Lg,ZlZngxNH
Similarly, a sum of the form Nj;x ~ ... represents a sum over the variables Ny, N>, N3 > 0, that is,

E = Z . (34)

Niax~Nyea~N Ny,N2,N3>0:Npax~Nyea~N

Taking I'3(R x R), where the hyperplane is parameterized by (¢, T), we are concerned with the resonance
functions in the (+ + —) case, h1(&) = hy(&) = & — &, and h3(&) = —&2 — 3. We define, for each j, Aj =
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T; — hj(g;), and our resonance function h(¢) = hi(82) +h2(82) +h3(G3) = P+ -3-8-8-2. Now,
we have {1 + & + &3 = 0, and A; + Ay + A3 + h(E) = 0. When we do the dyadic decomposition, we will have
I&il ~ Nj, [Aj| ~ Lj, and |h(¢)| ~ H. Now, we have {1 + & + &3 = 0, and Ay + Ay + A3 + k(&) = 0, which
shows that

Nmax ~ Nied 2 1, (35)

and
Lyax ~ max(Lyeq, H). (36)

Examining our resonance function, we can see that
h@) =G +8 -8B -8 -80-8= 208 — 30 = —018(2+35).

Which, for &3 # _Tz, allows us to show
1
max{Ay, Az, Az} > g\/h + A2+ A3| Z N1NaNs.

With this in mind, we may assume H ~ N2, N, as the symbol vanishes otherwise. The issue now comes
down to attempting to bound estimates of the form

1 XNy, No NosHi Ly L, L5 | | 3, R < R)

where Xy, N, Ny:H;L,,L,,L; 1S defined as

3
XNuNNoiHi L L Ls = X [(E)|~H Hx\ﬁj\NNjX\/\/\NL/'
j=1

Lemma 4. Let H, N1, Np, N3, L1, Ly, L > 0 satisfy (35) and (36), then
o ((++) coherence) If Nyax ~ Nyin, and Lyay ~ H, then we have
O
(37) < L;inLmeaNmazx- (37)

o ((+-) coherence) If Ny ~ N3 > Ny, and H ~ L1 2 Ly, L3, then

1 N,
(37) S LNt min(H, 5" Lyea) 2, (38)
min
and similarly for permutations.
o In all other cases, we have
3 o=l 1
(37) /S L;iinNmz}x rrun(H, Lmed) 2. (39)

Proof. In the high modulation case, we have, and Lyux ~ Ly, > H. From [26], we can show that

1 1 1 1 1 1 .1
(37) S erninNriin S, erninNmﬂlaniinNm”x = erninNmﬂlez‘
In the low modulation cases, we have L, ~ H, here we must consider several cases, thatis, (i) L1 > L, > L3,
(ii) Ly > L3 > Ly, and (iii) L3 > Lp > L, the other cases follow by symmetry and permutation on the (12)
indices.

In (i), by Corollary 4.2 in [26], we get, for N1, Ny, N3 > 0,

(37) S LI{Z € R : |8 — &) € Nopi: 1a(E2) + ha(E — &2) = 7+ O(Lo) 3,

for &2, &9, |23| satisfying |§?| ~ N;j, 189 + &9 + 23] < Nyin, and for some 7, ¢ € R satisfying |¢ + &7 < Ny
We observe hy (&) + h3 (& — &) = h3(&) + 3¢C2(E — &n) + 288> = T+ O(Ly). Now, there are 3 subcases to
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consider: (1) Ny ~ Ny ~ N3, (2) N; ~ Ny > Nz, and (3) N, ~ N3 > Nj, with the case (4) Ny ~ N3 > N,
following by symmetry:

(1) In case (1) we can see that the &, variable is contained in an interval of length O(L,N,,2,), so

1 1
(37) < L%, L2 N1

~ “min"med" “max-:

(2) In case 2, we similarly see that the &, variable is contained in an interval of length O( L,N,,;2.), so

1 1
(37) < L2 L2 N, 1

min"med” "max:

(3) In case (3), it follows that the &, variable is contained in an interval of length O(L,N,,L. N 1), 50

O

min

1 1 1 1
G7)<L2. L2 NpZN_ 2

~ “min~med min’

and ¢» is also contained in an interval of length < N,;,,. (ii) In (ii), by Corollary 4.2 in [26], we get, for
Nl/ NZ/ N3 > O/

(37) S LE{Es € R: |8 — &) < Ny ha(E3) + a(& — &) = 7+ O(Ls)} 2,

for &9, 29, |&9| satisfying |§?| ~ N;, 189+ &9 + &3] < Ny, and for some 7, ¢ € R satisfying |¢ + &) <
Npin- We now observe h3(&3) + ha(& — &3) = ha(&) — 2885 + 3883(¢ — &3) = T+ O(L3). In similar
subcases to before, for subcase (1), we again obtain

1 1
(37) < L2 L2 N, 1

min"med" "max’

in subcase (2) ((3) follows here by symmetry), we get

1 1 1 1
(37) S L2 L2 Nu&N,, 2

min—"med min’

and in subcase (4),
11
(37) S L2 L2y Nonax-

min ~med

Finally, in (iii), again by Corollary 4.2 in [26], we get, for N1, N2, N3 > 0,

(37) < L%I{Cz ER: & — &) <€ Nypins 12(82) + M (€ — &) = T+ O(L)} 2,

for 29, 9, |23] satisfying |§?| ~ N;, 189+ &9 + 23] < Ny, and for some 7,¢ € R satisfying | + &)| <
Niin. We now observe hy(2) + h1(§ — ¢2) = ha(8) + (& — 82)(3682 — 252) = T+ O(L2). Again, in
subcases (1) and (3), we get

1 1
(37) < L%, L2 N1

min"med" "max’

and in subcases (2) and (4), we are left with

11 11
B7)SL2. L? NyAiN 2

min""med min*

Now, we will apply this to our proof of the the trilinear estimates. For (12), we have ||| (uiiu)x|||sp—1 S

~

[[|u]| |§’ p- By duality and Plancharel, we must show that

(G1+ 2 +33)(Ca)°

<1.
(+ G+ N+ 3+ u -+ 8w — 83 +83) T, (&)

~

[4RxR]
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We estimate |&1 + & + {3| by (¢4), then use the fractional Leibniz rule to show

1 3 1
(E) T S e Y (gt
j=1
By symmetry of the 1 and 3 indices, it remains to prove
(61)2 (E2) (€02 (63) <1 40)

(u+ 3+ N+ 3+ (0 -3+ 5 -3+ urxr)

and,

(61) 7 (E2) 2 (4)2 (&) . 1)
(m+ G+ e+ 3 +8)m -8+ (B3 +83)" lyram ™

By minorizing (11 — &2 + §%>b by (11 — &+ g{’>1—h in (40), and (12 + & + &)’ by (1 + & + &)Y in (41), then
applying conjugation/TT* identity, (40) reduces to the bilinear estimates

[udl| 2 S Hulllx-121-0 [0 x50/

and
7]z < [l1ulllx-1721-0[|[0][] xs-

For (13), we seek to show that ||[0x(uH (ui1))||[sp—1 < ||[u]][?,- By duality and Plancharel, it suffices to show

But (42)<(40), so the result follows from the previous discussion.

<1. (42)

~

sign(81 + &2) (81 + G2 + 63)(84)° ‘
(+ G+ N+ +83)0m — & +8)(m — &+ )T, (8)°

[4RXR]

Proof of (42). By Plancharel, it suffices to show that

Following from [26], we reduce this to showing that

(&) (222
(L+ G+ -2+

[3RxR] .

y (N7) 5 (Ny)?

< 4 3
bri-b 151 “3)
Noax~Nyea~N Ly, Inls>1  Lila

” XN1 N2,No;Lax;L1,L2,L3

and,

3 y oY (Np) =5 (N,)?

L[b[10 BRxR] S 1. (44)
NmuxNNmedNN Lmax"’Lmed H<<Lmlzx 1=2

” XNerz,Nz;H;LllerLs

. Il gl
We first prove (44). Because H < Lyygx ~ Ly from (39), ||XN],N2,N2;H;L1,L2,L3H[S,RXR] < erninNmalXHz'
Plugging this in, (44) becomes

1 1

2 -1 3
e L2 Nyl (N1NaN3)2 <1
NmaxNngdNN LmaxNLdeNNlNZNS 172

1
Tao dealt with a similar term in [26], following his method, we estimate < < N2 and Lorl-t >
<N1 > ~ <Nmzn> 172 ~

Lt nL}n o+ erforming the L summation yields

1
2(N2 )b 1/2 5 L
<Nm1n> N

D

Niax~Niyea~N
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which holds fors > —1/4,and 1/2 < b < 3/4.
Proof of (43). First, we deal with the case Ny ~ N> ~ N3 ~ N > 1. In this case, (37) holds, Lyx ~ N3, so (43)
reduces to showing

Nl—

L N
N NsLh L1_b min “med” "max ~o —*

Liax min ~med

Which holds for s > 1/4. Finally, we have three remaining cases. (i) N ~ N7 ~ Np > N3; H ~ L3 2 Ly, Ly, (ii)
N~ Ny;~N3>Ny; H~Ly 2Ly, La,and (iii) N ~ Ny ~ N3 > Np; H ~ Ly 2 Ly, Ls.
In (i), it reduces to

Nl—

1 N
L2 N_lmin(NzNg,ELmed)% <1

y 5 N2

sTbh11—b "min
N3N 1§L1,L2§N2N3 N L1L2
Performing the outer summation yields

N1/271+3/475 1 1
byl-b éianned 5 L
1<L,L,<N3 LlLZ

which holds for s > 1/4, and 1/2 < b < 3/4. To get both (ii) and (iii), we minorize Lll’ by L%*b, it suffices to
show

Nl—

) ) N L% N%<1.

2 1—byl—b "min~"1 ~
Ni<N 1<y, LeN2N, (N1)P(N2Np)PL,
Assuming N; > N2, since the L sum vanishes otherwise, we can perform the L. summation to yield,

11
N2N} <1

N_2§ZN1<<N (N1)s(N2Np)3/2-26 ~

which holds fors > 1/2,and 1/2 < b < 3/4. Finally, we must deal with the case where (39) holds. We reduce
to showing

1
2 1 1
B L SN Y
<N >SLbL17h min med ~
Ninax~Ninea~N Linax~N1N2N3 1 172
Doing the L summations, we reduce to showing

(N2) 3 (N1 NpN;)?1/2
(Nq)$

N1<1,
Ninax~Nyea~N

which holds fors > —1/2,and 1/2 < b < 3/4. O

The proof of (42) follows from a similar estimate with the roles of L; and L, reversed.
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