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Abstract: In this article, we consider the limit cycles of a class of planar polynomial differential systems of
the form
X = —y+e(l+sin"0)xP(x,y)

y=x+¢e(1+cos"0)yQ(x,y),

where P(x,y) and Q(x,y) are polynomials of degree 17 and 1, respectively and ¢ is a small parameter. We
obtain the maximum number of limit cycles that bifurcate from the periodic orbits of a linear center ¥ =
—1,y = x, by using the averaging theory of first order.
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1. Introduction

ne of the main problems in the theory of ordinary differential equations is the study of their limit
O cycles, their existence, their number and their stability, these properties of limit cycles were studied
extensively by mathematicians and physicists, and more recently also by chemists, biologists, economists,
etc. A limit cycle of a differential equation is a periodic orbit in the set of all isolated periodic orbits of the
differential equation.

The second part of the 16th Hilbert’s problem [1] is related to the least upper bound on the number of
limit cycles of polynomial vector fields having a fixed degree. The study of differential equations or planar
differential systems has been considered by several authors. In [2] the authors studied the limit cycles for a
variant of a generalized Riccati equation. Mathieu, in [3] considered the second order differential equation

¥+ b(1+cost)x =0,

where b is a real constant. It is called Mathieu equation, which is the simplest mathematical model of an
excited system on a parameter. We also recall the Ermakov-Pinney equation which is the Mathieu-Duffing
type equation

%+ b(1+cost)x — xP =0,

where f is an integer and b > 0. The last two equations modeled the dynamics of a system with harmonic
parametric excitation and a nonlinear term corresponding to a restoring force, see [4,5].

There are several methods exist to study the number of limit cycles that bifurcate from the periodic orbits
such as the integrating factor, the abelian integral method, the Poincaré-Melnikov integral method, Poincaré
return map and averaging theory. The study of limit cycles for differential equations or planar differential
systems by applying the averaging method has been considered by several authors see for instance [6-8].

In [9], the authors studied the limit cycles of the second-order differential equations

¥+e(l4cos™0)Q(x,y) +x =0,

Open ]. Math. Anal. 2021, 5(2), 73-83; d0i:10.30538 / psrp-oma2021.0095 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open ]. Math. Anal. 2021, 5(2), 73-83 74

where Q(x,y) is an arbitrary polynomial of degree 1, and for each integer non-negative .
In this paper, our goal is to study the maximum number of limit cycles of a differential planar system
bifurcating from the periodic orbits of the linear center

X=-y
y=x

X = —y+e(l+sin" 0)xP(x,y)
y=x+¢e(l+cos"0)yQ(x,y),

given by
@)

where |e|] > 0 is a small parameter, m,n are non-negative integers, P(x,y) and Q(x,y) are polynomials of
degree n1 and n;, respectively. Our main result is the following theorem .

Theorem 1. For all polynomials P(x,y) and Q(x,y) have degree ny and ny respectively, n and m are non-negative
integers, then for |e| > 0 sufficiently small, the maximum number of limit cycles of the differential systems (1) bifurcating
from the periodic orbits of the linear center X = —y, )} = x using averaging theory of first order

(1) If m odd and n odd
max {ny,nz},

(2) If m even and n even
(3) If m odd and n even

(4) If m even and n odd

where |.] denotes the integer part function.
The statements of Theorem 1 is proved in §3. In §2 we recall the averaging theory of first order.

2. The averaging theory of first order

The averaging theory of first for studying periodic orbits was developed in [10,11].
Theorem 2. We Consider the differential system
x(t) = eH(t,x) + 2R (t, x, ), )

where H: R x D — R",R: R x D x (—¢f,er) — R" are continuous functions, T-periodic in the first variable, and
D is an open subset of R". We define h : D — R" as

h(z) = %/OT H(s,z)ds, ©)]

and assume that

(i) H and R are locally Lipschitz with respect to x,

(ii) For a € D with h(a) = 0, there exists a neighborhood V of a such that h(z) # 0 for all z € V \ {a} and
dg(h,V,0) # 0.

Then for |e| > 0 sufficiently small there exists an isolated T-periodic solution ¢(-,€) of system (2) such that ¢(-,€) — a
ase — 0.
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Here we will need some facts from the proof of Theorem 2. Hypothesis (i) assures the existence and uniqueness of the
solution of each initial value problem on the interval [0, T]. Hence, for each z € D, it is possible to denote by x(-,z, €) the
solution of (2) with the initial value x(0,z,¢) = z.

We consider also the function { : D x (—eg, &) — R" defined by

T
l(z,e) = /0 [sH(t,x(t,z,s)) +£2R(t,x(t,z,s),£} dt. 4)
From (2) it follows for every z € D that
{(z,¢) = x(T,z,¢) — x(0,z,¢€). )

The function { can be written in the form
{(z,€) = eh(z) + O(?), (6)

where h is given by (3), then for |e| > 0 sufficiently small satisfies that z, = x(0, €) tends to be an isolated zero of {(., €)
when ¢ — 0. Of course, due to (5) the function ( is a displacement function for system (2), and its fixed points are initial
conditions for the T-periodic solution of system (2).

For additional information on the averaging theory, see the books [12,13].

Theorem 3 (Discartes Theorem). Consider the real polynomial p(x) = a; X" + a;,x2 + ...... 4 a; x* with 0 < iy <
ip < ... < ipand aj, # 0 real constants for j € {1,2, ..., k}. When a; i, < 0, we say that a;; and aj; have a variation
of sign. If the number of variations of signs is m, then p(x) has at most m positive real roots. Moreover, it is always
possible to choose the coefficients of p(x) in such a way that p(x) has exactly k — 1 positive real roots.

3. Proof Theorem 1

We need the first order averaging theory in to prove of Theorem 1. In order to apply first order averaging
method we write system (1), in polar coordinates (7, 6) where x = rcos(6),y = rsin(0) r > 0. If we take

nq oo

P(x,y) = 2 aijxlyf,
i+j=0

o oo

Qlx,y) = Y byx'y,
i+j=0

system (1) can be written as follows

"1 . . . 4 o
F=¢ ( Y ajj (cos’*2 0sin/ 6 + cos' 2 0 sin/ 7" 9) ARAR
i4j=0
1y . . . . o
+ 2 bij (Cos' 0sin/t2 0 + cos' ™ 0 sin/ 1?2 9) el I
i+7=0
. nz . . . . . .
O0=1+e( Y by (cos’+1 0sin/ 16 + cos' T g sin/ ! 6) i
i+7=0

n] 1 1 ; 5 . .
- ) (COSZH fsin/ ™1 6 + cos' ™ @ sin/ T 1 9) ﬂﬂ) _
i+j=0

Taking 6 as the new independent variable system, (1) can be written as

dr

np
ar - 42 ) winn] 42 g einjtn i+j+1
=¢ a;; ( cos'™= B sin’/ O 4 cos' < O sin 0>r
e £

i+j=0

Ny . . . . L
+ ) bij (cos’ 0'sin/t2 0 4 cos' T 0 sin/ T2 9) rl+]+1> + 0(?)
i+j=0
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=eF (r,0) + O(?),
where

F(r,0) = F(r,0)+ FE(r,0),
nq . . . . L
Fi(r,0) = ) aj (cosl+2 0sin/ 6 + cos' T2 0 sin/ T 6) arAnY
i+j=0
U , 4 , , "
E(r,0) = ) by (cosZ 0sin/ T2 6 + cos' " 6 sin/ T2 9) A
i+]=0

Let Fjg be the averaging equation of first order associated with system (1), using the notation introduced in
Theorem 2 we compute Fjo by integrating F; with respect to 6,

27‘[ 27 1 27
Fuo(r) = 5 / (r,0)d 2 Fi(r,0)d0 + —/ Ea(r, 0)do. @)
0

In order to calculate the exact expression of Fjy we use the following formulas

/2” in? 0 cos27 940 (29 — 1! /2” in” 040
sin” 6 cos = sin ,
0 (29+p)2g+p—2)..(p+2) Jo

2 29 — 1)1 21
/ cos? 0sin®10d0 = (29 ) cos? 0d6.
0

(29+p)(29+p—2).(p+2) /o

These formulas are applicable for arbitrary real p and arbitrary positive integer g, except for the following
negative even integers p = —2, —4, ..., —2n.
If p is a natural number and g = 0 we have

27T — 1
/ sin? GdQZMZm

2
/ ZH-l 0d6 = 0
O 7
27T — "
/ cos? 0do = MZTC,
0 21!

27
/ 2[+1 0d6 = 0

o

We have also
27
/ sin” 0 cos®tlode = 0,
0
27T
/ cos? 9sin®tlode = 0.
0

These last formulas are applicable for arbitrary real p and non-negative integer g, except the following negative
odd integers p = -1, -3, ..., — (2n + 1). For more details of these integrals and other, see [14].
Now we determine - foh Fi(r,0)d0, in the following cases

(1) If n odd and 17 even

A0) = o [ RG0)

27 Jo
1

127r
= ) X

[a,',j (sinj 0 + sin/ ™" 9) cos' 2 9} ARy
i+j=0
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(2) If n odd and 17 odd

fa(7)

1 2 Mit2 . . .
P / ) [azq_zlj(sin] 0 + sin/ 7" §) cos® 6} r21+i=14p
IO ggfj=2
1 ny+1 27T
— Y anppar® / sin? 1 9 cos?7 66
27 | og43T71=3 0
ny+2 270
+ Y ap ! / sin? 6 cos?7 06
20429=2 0
2
ni a3g—201417° (29 — 1)1 (21 + )t
it (2 +21+1)(29 + 2 — 1)...(21 +3) , 2ptd (2entl)y
2)/2
+(711+Z)/ . lr21+2‘7_1 (Zq—l)!! (21—1)!!
el 29-22 (29 +20)(2q +21 —2)..(2I +2) 2!
/2 2421 (21 +n)!1(2g — 1)!!
Z A2q-221417 204l
Iq=1 272 (ZEEL(29 + 21+ 1)(29 + 21 — 1)...(2] + 3)
2)/2
+(n1+z)/ o 22172‘74—21—1 (2g —1)1(21 — 1)1
e 2 (g + 1) (g +1-1)..(1+1)
ny+1
Z Akl’k.
k=1
L 7 R, 0)de
E /0 Fl (1’, )
1 /271 "21 {a' (sin/ 0 + sin/ " 9) cos' 2 9} rtitlde
ij
2o 5
1

2 A ‘ ‘ 2 9] ,20+i-1
T / ) [azq,z,j(sinf 6 + sin/ " 9) cos*? 9} r?1t-1de
0 2q4j=2

1 ny+2 I 27T .
= Yo ot / sin? 1 9 cos? 06
0

2q+21+1=3

n1+1 2

+ ) azq,zlzlr%’*zz -1 / sin? 6 cos™ Gdﬁl
21+2q=2 0
(n1+1)/2 1" —1)n
ﬂ2q72,21+172q+21 — (21 +n)!(2g — 1)!!
l+q=1 27 2 (ZArEy(2g 421+ 1) (29 + 21 — 1)...(2] + 3)

N (mi) 2a2q_221r2‘7+21_1 l (2g —1)121 - 1)1

Tl ’ 2N (g +1)(g+1-1)..(I+1)

ny+1
Y A rk
k=1

(3) If n even and n; even

fa(r) = zi/

1
= —/ [a; ;( (sin/ 0 + sin/*" 9) cos' 2 0] Hi+1dp
2r i+j=0
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1

27 h1+2 ' ' |
277 / 2 [a2q—2,j(sin/ 6 + sin/*" 9) cos? 0]21 1 dp
0

2q+j=2

n1+2 2
) a2q72/2172q+2l—1 / (sin?! 0 + sin?*" §) cos®7 0d6
21+42q=2 0

1
27

(m12)/2 294211 (29 — 1)1t [(21—1)!! (Zl—f—n—l)!!}

Aoy T
=y 22 200+ D(g+1-1)..(0I+1) | 2 Zﬂ#(ﬂ%)!

7’[1+1
Z Akrk.
k=1
k odd

(4) If n even and n1 odd

fa(r) =

1 27‘[F P
EA 1(7/9) 0

1 2 . . ) L
— / Y [a;j(sin/ 0+ sin/*" §) cos' T2 0]t/ 1de
2o 2

1 2 m1t2 ‘ ‘ |
27 / Y lagg—pj(sin/ 6 4 sin/*" 0) cos? 9]r21+1 149
27 Jo 2072

1

it 2g+2i-1 [F . o 21 2
— Qoo oy 1?12 / sin? 0 + sin® ™" 0) cos® 046
o ) 292,21 A ( )

2142¢=2

(m1)/2 24211 (29 — 1)1t {(21—1)!! (21+n—1)!!]
2

f29-221" 21q+1)(g+1—1)..(I+1) 2l 2’#(21%)!

k impair

And we determine - fozn F,(r,0)d0 in the following cases

(5) If m odd and 1, even

f5(7)

{bi,j(cosi 0 + cos' T §) sin/ 2 9} rititlde
P70

1 27 M242 ' ‘ ‘
- / D [bz‘,Zq—z(Cosl 0 4 cos't™ 9) sin®1 9} Ai+20-1 49
2 )0 s

1 np+1 . 27T
= ) b21+1,2q_272 +29 / cos? M1 9 5in1 946
0

27 | 5141729—3
ny+2 o
+ Y by or®tH! / cos? 0 sin® 0d6
20+29=2 0
2
_ n% byra1a _2r21+2q (29— 1)1 (21 + m)!!
N Micates (g +2+ 1) (20 +2 1)+ 3) ;245 e

(n242)/2 (29 — 1) (21 — 1)1t

boro oy 214201
+ lg; 22427 29+ 20)(2q + 21 —2)..(2[ +2) 21!
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n2/2 2142, (2[+m>!!(2q_1)!!
- 2 b21+l,2q727’ q 5 -
I+q=1 HESESUPTIIE -
q 272 (ZEmEly(2g 421 +1)(2q + 21 — 1)...(21 +3)
(n2+2)/2 o e
+ Y byt (21 — 1)11(2q — 1)1
=1 21 (g 4+ 1) (g +1—1)..(I+1)
ny+1

= Z Bkrk.
k=1

(6) If m odd and n, odd

Lo Fy(r,0)do
) = 5= [ E00)
S /27T "Zz [b' ~(cosi 0 + cos' ™ 6) sin/*2 9} rtitlge
— y
21 Jo 1 o
1 2 Mat2 ) ' '
T / )3 {bi,Zq—z(Cosl 0 + cos' ™ @) sin? 9} A+20-14p
2o o0l
1 ny+2 l o l
= 51 Yo barripgor® / cos? M+ 95in7 0de
27 | o141 72g=3 0
na+1 2
+ Y by or®tH! / cos? 0 sin®7 0d6
21429=2 0
1)/2
— (nﬁz)/ b 21429 (21 +m)!(2g — 1)1
N 20+129-2 ESTES
Hra=1 272 (Ul yi(2g 4+ 21 +1)(2g + 21 — 1)...(20 + 3)
)/ (21— 1)11(2g — 1)1

214+2g—1
+ ) bypgor?t
I4+gq=1
ny+1
= 2 Bkrk.
k=1

2% g+ 1) (g+1-1)..(1+1)

(7) If m even and n; even

Fr) = %/Oznpz(r,e)de

1 2t "2
- 3

Z [bi,j(cosi 0 + cos' " ) sin/ T2 9} A+t 49
i+7=0
1 2 nat2 ‘ ' ‘
- / )3 {bi,zp;—z(cosl 0 + cos' T 6) sin?7 9} H+20-1 49
0

2r i+29=2
1| 22g-1 (27, a0 2t gy ci2
= 5 Z by 227 q /0 (cos™ 0 + cos 6) sin“7 6d6
2142g=2
_ <n2+22;)/2 by 2201 (29 —1)!! -1 2 4m-1!
ot a 29(g+1)(g+1—-1)..(1+1) 21! 221%(21?”)!
ny+1 _
= Z Bkl’
k=1
k odd

(8) If m even and n, odd
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1 2mr 12 . . o i
= —/ ) [bi,]-(cos19+cosl+m 0) sin/™ 9} rtag
2mto 2
1 2 Mat2 ) . .
= —/ Y {birzq_z(cos’(?—i—cos”rm 0) sin?7 9} rit21-14g
21 Jo 1ot
1 ny+1 27
= — Z b21,2q,2r21+2‘7_1/ (c05219+coszl+m 0) sin? 0d6
27 |o1i25—2 0
_ (nz+21)/2 by o201 (2g —1)!! @r-n1  2+m-1n!
i 21(g+1)(g+1—-1)...(1+1) 2111 H 2 (2,
2
= 2 Bkrk.
k=1
k odd

Going back to the Equation (7), and we distinguish the following cases and subcases
(a) If m odd and n odd

(a.1) ny even et ny even

ny+1 np+1
F10 2 AkT’ + 2 Bkl’
(a.2) n; odd et np odd
VllJrl i’lz-‘rl
Fw Z AkT + Z Bkr
(a.3) n; odd et ny even
ny+1 np+1
Fio(r Z AkT + Z Bki’ ,
(a.4) n; even etny odd
ny+1 ny+1 .
F10 Z Akr Z Bka.
k=1

We have that Fyg is the polynomial in the variable r, then by Descartes Theorem Fjy has most max {7, 1, } limit
cycles, this completes the proof of statement (1) of Theorem 1.

(b) If m even and n even.

(b.1) nq even et np even

ny+1 np+1
FlO 2 Akr + 2 Bkr
k odd k odd
(b.2) n; odd etny odd
FlO Z AkT + Z BkT
k odd k odd
(b.3) n; odd et ny even
ny+1
Fyo(r Z AkT’ + Z Bkl’
k odd k odd
(b.4) ny even et np; odd
ny+1 ~ 1y
Fo(r) = Z Akrk+ Z Bkrk
k=1 k=1
k odd k odd

We have that Fy is the polynomial in the variable 72, then by Descartes Theorem Fj has most max{[%3], [%2]}
limit cycles, this completes the proof of statement (2) of Theorem 1.
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(c) If m odd and n even.

(c.1) n; even et ny even

(c.2) ny odd etny odd

(c.3) ny odd et ny even

(c.4) nq even et ny odd

We have that Fjj is the sum of two polynomials, one in the variable r and the other in 72

ny+1 ny+1
Fw Z AkT + Z BkT ,
kodd
ny+1
F10 Z Akr + Z Bki’
kodd
ny+1
F10 Z AkT + Z Bki’
kodd
H1+1 712+1 N
F10 Z Akl’ Z Bkl’k.
Eod =

, then by Descartes

Theorem Fyp has most max {ny, ny + [3] — [%]} limit cycles, this completes the proof of statement (3) of

Theorem 1.
(d) If n odd and m even.

(d.1) n; even et ny even

(d.2) n; odd et np odd

(d-3) n; odd et ny even

(d.4) n; even et ny odd

We have that Fjg is the sum of two polynomials, one in the variable r and the other in 72

ny+1 ny+1
Fyo(r Z AkT + Z Bkr ,
kodd
l’ll-'rl » nyp
Fl()(r) = 2 Akrk+ Bkrk,
k=1 k=1
k odd
n1+1 ny+1
Fio(r Z AkT + Z Bkr ,
kodd
H1+1
FlO Z Aki’ + Z Bkr
kodd

, then by Descartes

Theorem Fyp has most max {ny,ny + [%%] — [%]} limit cycles, this completes the proof of statement (4) of

Theorem 1.

4. Example

We consider the system

x = —y+e(1+sin?0)x(ggx? 2%130)
y=x+e(1+cos®0)y(§x?y> —

By doing the change of variables x = r cos 6,y = rsin 6 and taking 6 as a new independent variable, we get

. 13 23 2 .2 1s.4 2, 23
o= e((84r cost o 24Orcos 9) (1—|—sm 9)—|—(81f sin* 6 cos” 0

groince) (1+co’6) ),

1 3
+ET

13
sin*0 —

sin% 6 cos + ~rsin” 0

xy +ﬁ 2o

®)
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) _l23~ ﬁ .2 _@32-3
0 = 1—|—£(< 847 cos 951n9+24051n9c059> (1+sm 9)—1—( 187’ cos” fsin” 0

1,3 14 3,.3 13 1 .
+12r sin 9cos€+8r cos’ fsin” 0 48rc059+8c0595m9 .

Taking 6 as the new independent variable, we get

dr 5
0= eF(r,0) +O(e%),
where
_ (15 4, 23 2 .2 1o .4y 2, 284 .4
F(r,0) = (84r cos* 6 50! €08 9> (1+sm 9) + gl sin 6 cos” 60 1g’ sin 6 cos 6

L s34 Br.2 I .2 3
—l—lzr sin* g’ sin 9c059+81’s1n 6) (1+ cos 9).

The function of averaging theory of first order is

Fio = —r (6" — 238 + 282 —13r +2),

768
.. . 1 1 . .
that has exactly four positive zeros which are r; = 3 Ty = 5 r3 =1, and r4 = 2. Which satisfy
dFl() (1’) - 5
dr = = 10368 >0,
dF 1
10 (T) |r:r — 0,
dr 22048
dFlO (1’) - 1
ar == "3 70
dFlO (1’) - 5
ar =1 7"

1
then we conclude that the system (8) has two stable limit cycles for r; = = and r3 = 1, and two unstable limit

1
cycles for rp = 5 and rq = 2 (see Figure 1).

YD DD NN NN
VAV A A A P e e L N L N
VAP APV P et S S T
Vv NANAN
// NAAN
// AN A
10 NN
[ VAR
[ L
bk [
| 1 11
2 112
I|I I|f '|i f .'f ::f I|f
IR f 1 41
RN ! ! !
VNN 7 -f /
YONON ST
NN N el
NONCN Yy
NN\ 77T
NN N Va4
NN N Py

Figure 1. Four limit cycles for e = 1073
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5. Conclusion

In the present paper, by using the averaging theory of the first order we show that the maximum number

of the limit cycles bifurcating from linear center X = —y, 7 = x, for a generalized planar differential system.
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