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Abstract: In this paper, the g-derivative operator and the principle of subordination were employed to
define a subclass B,(7, A, ¢) of analytic and bi-univalent functions in the open unit disk /. For functions
f(z) € By(t,A,¢), we obtained early coefficient bounds and some Fekete-Szego estimates for real and
complex parameters.
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1. Introduction

L et = {z:z € C,|z| < 1} be a unit disk and let A denote the class of analytic functions of the form

f(z)=z+ ianz” (zel), 1
n=2

normalized by the conditions f(0) = f/(0) —1 = 0. Let S C A be the class of analytic and univalent functions
inl.
Let W denote the class of functions

w(z) =wiz+ waz* +wy + -+ (z€U),

such that w(0) = 0 and |w(z)| < 1. The class W is known as the class of Schwarz functions.
By [1], let j(z), J(z) € A, then j(z) < J(z), z € U, if Jw(z) analytic in U, such that w(0) = 0, |w(z)| < 1
and j(z) = J(w(z)). If the function J(z) is univalent in ¢/, then j(z) < J(z) = j(0) = J(0) and j(U4) C J(U).
Let P denote the class of functions

p(Z)=1+P1Z+P222+"' (zelU), )

which are analytic in ¢/ such that Re(p(z)) > 0 and p(0) = 1. It is known that functions in classes P and W
are related such that
1t p(z) 1

p(z) = T—w@) = w(z) = Pz F1 3)

In [2], Ma and Minda defined a function ¢ € P (z € U) such that $(0) = 1, ¢’(0) > 0 and ¢ () is starlike
with respect to 1 and symmetric with respect to the real axis. Such function ¢ can be expressed as

P(z) =14 iz + Pz +--- (z€U, B >0). )

Fekete and Szego [3] investigated the coefficient functional

8o(f) = las — pa3],

Open J. Math. Anal. 2021, 5(2), 46-52; d0i:10.30538 / psrp-oma2021.0092 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma/
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open ]. Math. Anal. 2021, 5(2), 46-52 47

which arose from the disproof of Littlewood-Parley conjecture (see [1]) that says modulus of coefficients of odd
univalent functions are less than 1. This functional has been investigated by many researchers, see for instance
[4,5].

Historically, Lewin [6] introduced a subclass of A called the class of bi-univalent functions and established
that |ay| < 1.51 for all bi-univalent functions. Also, the Koebe 1/4 theorem (see [1]) states that the range of
every function f € S contains the disk D = {w : |w| < 0.25} C f(U). This implies that Vf € S has an inverse
function f~! such that

@)=z (zeu),

and

ffHw) =w (w:lw| <ro(f); ro(f) = 0.25),
where f~!(w) is expressed as
Fw) = fHw) = w — apw? 4 (2a5 — a3)w® — (543 — 5aza3 + ag)w* + - - - . (5)

Thus, a function f € A is said to be bi-univalent in U if both f(z) and F(w) are univalent in /. Let B denote the
class of analytic and bi-univalent functions in /.

Some functions f € Bincludes f(z) = z, f(z) = z/(1 —z), f(z) = —log(1 —z) and f(z) = Llog[(1 +
z)/(1 —z)]. Observe that some familiar functions f € S such as the Koebe function K(z) = z/(1 — z)?, its
rotation function Ky(z) = z/(1 — €“z)?, f(z) = z —22/2 and f(z) = z/(1 — z2) are nonmembers of 3. See
[4,5,7-11] for more details.

Jackson [12] (see also [8,13,14]) introduced the concept of g-derivative operator. For functions f € A, the
g-derivative of f can be defined by

Dyf(a) = LI 20 0<q <), ©

where D, f(0) = f'(0) and Dy f (z)z = Dy(D;f(z)). From (1) and (6) we get

qu() 1 oé[]q”nznl

_l’_
o )
qu( z)z = g [”]q[ }q”nzn 2

where [n}q:%, n—1]; = 1*1 ql lpﬁn[ ]q—nand11nl1[n—l]q—n—1

For instance, if « is a constant, then for the function f(z) = az",

1—g"
D;f(z) = Dy(az") = 7 _qq az" 1 = [n}qzxz”_l ,

and note that
lim D, = lim[n],az" ! = naz""1 =: f'(2),
pe af (2) = {ﬁ[]q f(z)

where f'(z) is the classical derivative.

In this study, the g-derivative operator and the subordination principle are used to define and generalize
a subclass of bi-univalent functions. Afterwards, some coefficient bounds and some Fekete-Szego estimates

were investigated. Some of our results generalised that of Srivastava and Bansal in [10] and some new results
are added.
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Definition 1. Let0 < g < 1,7 € C\ {0},0 < A <1 and ¢ is defined in (4). A function f € B is said to be in
the class B;(7, A, ¢) if the subordination conditions

14 2 [Dyf () 4+ AeDyf ()2~ 1] < 9lz) (2 €U), ®)

and
14 2[DyF(w) + AwDIF(w) ~1] < g(w) (w € U), ©)

where F(w) = f~!(w) are satisfied.

Remark 1. Let g 1 1in (8) and (9), then B,4(7, A, ¢) becomes the class B(7, A, ¢) investigated by Srivastava and
Bansal [10].

2. Preliminary Lemmas

To establish our results, we shall need the following lemmas. Let p(z) be as defined in (2).
Lemma 2 ([1]). If p(z) € P, then |p,| < 2 (n € N). The result is sharp for the well-known Mdobius function.
Lemma 3 ([15,16]). If p(z) € P, then 2p; = p? + (4 — p?)x for some x and |x| < 1.

3. Main Results

Unless otherwise mentioned in what follows, we assume throughout this work that 0 < g < 1, T €
C\ {0},0 < A <1, ¢isasdefined in (4) and f € B, hence our results are as follows:

Theorem 4. Let f € By(T,A, $), then

21
|a2| < 1 , (10)
B3I+ 212) + 2300+ 11,0281 — )|
< BT il o

PR+ 1,22 | Bl + 24
where B1 > 0and B, (n € N) are coefficients of ¢(z) in (4).

Proof. Let f(z) € Band F(w) = f~!(w), then there exists the analytic functions u(z),v(w) € W, z,w € U
such that u(0) = 0 = v(0), |u(z)| < 1, |[v(w)| < 1 so that they satisfy the subordination conditions:

1+ 2 [Dyf(2) + A2Dyf ()2~ 1] = 9lu(2))  (z € ), (12)

and
1+ %[D,,F(w) +AwDZF(w) —1] = ¢(v(w)) (w €U). (13)

By substituting (7) into LHS of (12) we respectively get

2,1+ Mgz, | Bla+ RlgMas (14)

1
1+ ;[qu(z) +AzDyf(z)z =1 =1+
and following the same process for F(w) in (5) gives

Rlg(1+ [1gA)az  [Blg(1+[2]42) (203 —a3)

- W . (15)

1
14 —[DyF(w) + AwD;F(w) —1] =1 - w+

T
Now to expand

¢(u(z)), (16)
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and

¢(v(w)),

in series form, let 81 (z) = 1+ b1z + bz? + ..., 6 (w) = 1+ cyw + cow? + - - - € P, then by (3),

B\ . (b
b12+ bz—? z°+ 27_b1b2+b3

_1tu() _
"= Tm T T L

_1
2

and following the same process

1+ o(w)
1-o(w)

= v(w) = S(w) =1 _

&(w) (@) +1 2

Substituting (18) into (16) as expressed by (4) we get

Plu(z) =1+ %'Blblz il B1 (bz - bj) + ;,3217%1 22

2

!
2

and substituting (19) into (17) as expressed by (4) we get

2
Plo(w)) =1+ %'glclw + 1 p1 (Cz - 621> + ;526%1 w?

2

1
2

Now comparing the coefficients in (14) and (20) we get

2]4(1 + [1]gA)az _ Bib1
T 2 7

p 2
Blo(1+ BlA)es _ % [/51 (bz - b;) + iﬁzb%] ,

T

and comparing the coefficients in (15) and (21) gives

2]+ A[1]g)az — Biey
T 27

T 2

e =) Ty () ]

Now adding (22) and (24) and simplifying we get

Also from (22) and (24) we get
8217 (1 + [1]4)%a3 = B3 (b5 + cf),

and adding (23) and (25) and using (26) we get

4[3],(1+ [2]4A)a3 = TB1(br + c2) — Tb7 (B1 — B2)-

2 3
9 2 !
cw + | ¢ — > w” + 22*C1C2+C3

by b\ 1,3
p1 27—b1b2+b3 + pabn bz_i +Z’B3bl

o A 1, 3
B1 27—6102+C3 + Bacy CZ—E +ZLB3C1

17)

(18)

(19)

(20)

2D

(22)

(23)

(24)

(25)

(26)

27)

(28)
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From (27) and using (26) we get
4251 + [1]4A)%a3

by
B3

So that by substituting for b2 in (28) we get

283 (b + c2)
4{tp3Bly(1+ [2]gA) + [212(1 + [1]34)2(B1 — B2)}

and applying Lemma 2 gives (10).
Again by subtracting (23) from (25), using (26) and simplifying we get

71 (by — c2)
43]3(1 + [2]44)

3 =

a3:u%—0—

Thus, from (27), using (26) and simplifying we get

T pIb3 TB1(by — c2)
4[2]%(1 + [l]q)\)z 43],(1 + [2]47) !

az —

and applying Lemma 2 gives (11). [

Let g 1 1, then Theorem 4 becomes

Corollary 5. Let f(z) € By(7,A, ), thenasq 11,

3/2
] < hm
V173182 + ~p2)l’
7|2 \T|l31
sl < Hq*[m

which is the result of Srivastava and Bansal [10].

Theorem 6 ( Fekete-Szego Estimate, ¢ € R). If f € By(7,A, ¢) and ¢ € R, then

B 1.
a3 — o3| < | FrrEm for0 < MO < prmpryy
[T|B1[h(p)|  for |h(0)| = Bl +2A)

where

pi(1—0)

h(o) =

Proof. From (30) and (31),

2

izl ) 1 g

@‘Wazhmu+mw>

_|Th1 (by —c2) c
= h%u+mw¥“m+”“@}

7

{TBBlo(1 + [2144) + 21F(1 + [14A)2(Br = B2)}

(29)

(30)

@1

(32)

(33)

where h(g) is given in (33), so that by applying triangle inequality, (4), Lemma 2 and simplifying complete the

proof. [
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Theorem 7 ( Fekete-Szego Estimate, p € C). If f € By(7,A, ¢) and p € C, then

ity forl1-pl€0.g);
3], (1+12l A P 6)s

a3 — pa3| < 5%\1\2[ g :[f ) 1 (34)
[2]5(1+[1]q/\)2| P| fOl’ | p| € [é" oo)f

where
217(1+ [1]4A)?

T BBl (T 20A)

¢

Proof. From (27) and (31) and using (26),

2 pbiT? B1t(b —c2)
a3 —pay = (1- 9)4[2}5(114: A2 4B, ) (35
From Lemma 3 and (26)
b2 = (4~ B)(x—y), (36)

for some x,y, |x| <1, |y| <1and |b;| € [0,2]. Thus using (36) in (35) simplifies to

B2b37? B1T(4 — b?)
% =p% = (=) apa e T sE,a T Y

For §(z) = 1+ bjz+ bz +--- € P, |b1| < 2 by Lemma 2. Letting b = b;, we may assume without any
restriction that b € [0,2]. Now using triangle inequality, letting X = x| < 1and Y = |y| < 1, then we get

B palTl(4— 1)
las — pa3| < |1 — P‘4[2]5(11 + [1]47)2 8[31]q(1 +[2]41)

(X+Y) = HX,Y).
For X,Y € [0,1];

max{H(X,Y)} =H(1,1) =

piltl? o RROHAR Yo gl
4[2]5“*[%2{'1 o BB U Bl ~ o

For b € [0,2];

oy BilTP R+ g2
G(b)‘z[z15<1+[um2{“ o BBl + 2y | 7)

which implies that there is a critical point at G'(b) = 0, that is at b = 0. Hence for

[2]5(1 + [1]gA) )

G'(b) <0; [1—p| € [0' B1l7|[3]4(1 + [2]4A)

thus, G(b) is strictly a decreasing function of |1 — p|, therefore from (3),
Bl
max{G(b):b € [0,2]} = G(0) = .
te@) 0.2)) = c(0) [3]5(1+ [2]4A)

Also for

G'(b) > 0; |1-p| € [ 221+ [1]41)? O> ,

BalTlBly(1 4 [2],A)

thus, G(b) is an increasing function of |1 — p|, therefore from (3),

11— plptIrl?

max{G(b) : b € [0,2]} = G(2) = RRA + A2
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So that by putting the results together leads to (34). O

4. Conclusion

In this work, we were able to establish the first two coefficient bounds and also solve the Fekete-Szego
problem for the class B;(7, A, ¢) of analytic and bi-univalent functions in /. The results in the first theorem
generalized that of Srivastava and Bansal [10].
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