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1. Introduction

n this paper, we use standard notations from the value distribution theory of meromorphic functions (see
[1-3]). We suppose that f is a meromorphic function in whole complex plane C. In addition, we denote
the order of growth of f by p(f), and use the notation p,(f) to denote the hyper-order of f, defined by

. loglog T(r, f)
= limsup—=2-2—~"77
p2(f) msup—= o

where T(r, f) is the Nevanlinna characteristic function of f.
To give the precise estimate of fixed points, we denote the exponent of convergence of fixed points by
T(f), which is defined by

log N (r, L )
. f—z
T =A(f —z) =limsup—————~
(f) (f ) r%+oop log r

and the hyper-exponent of convergence of fixed points and distinct fixed points are denoted by 7> (f) and T»(f)
and are defined by

loglog N (r, j%z)
T = M (f —2z) =limsu
2(f) = Aa(f —2) m sup Togr

4

and

7

_ loglog N (r, fi—z)
T = A(f —z) =limsu
2(f) = Aa(f = 2) m sup Togr
respectively, where N (r, ﬁ) and N (r, ﬁ) are respectively the integrated counting function of fixed points

and distinct fixed points of f. We denote the exponent of convergence of zeros (distinct zeros) of f by A(f)
(A(f)) and the hyper-exponent of convergence of zeros (distinct zeros) of f by A>(f) (A2(f)).
Consider the second-order homogeneous linear differential equation

f"+Pe)f +Q(e)f =0, )
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where P(w) and Q(w) are not constants polynomials in w = e* (z € C). It's well-known that every solution of
Equation (1) is entire.
Suppose f # 0is a solution of (1). If f satisfies the condition

log T(r, f) _ 0
r 4

lim sup
r—+oo

then we say that f is a nontrivial subnormal solution of (1), and if f satisfies the condition [4],

lim sup logT(r, f) _ 0,

n
r——+00 r

then we say that f is a nontrivial n-subnormal solution of (1). In [5], Wittich investigated the subnormal
solution of (1), and obtained the form of all subnormal solutions in the following theorem:

Theorem 1. [5] If f # 0 is a subnormal solution of (1), then f must have the form
f(z) =e%(apg +are* + - - - + ame™),
where m > 0 is an integer and c, ag, a1,...,ay, are constants with aga,, # 0.
Gundersen and Steinbert [6] refined Theorem 1 and got the following theorem:

Theorem 2. [6] Under the assumption of Theorem 1, the following statements hold:

(i) If deg P > deg Q and Q # O, then any subnormal solution f % 0 of (7) must have the form
m
f(Z) = Z hke_kzl
k=0

where m > 1is an integer and hg, hy, ..., hy, are constants with hy # 0 and hy, # 0.
(ii) If deg P > 1 and Q = 0, then any subnormal solution of Equation (7) must be constant.
(iii) If deg P < deg Q, then the only subnormal solution of (7)is f = 0.

Chen and Shon [7] investigated more general equation than (7), and got the following theorem: Set
aj(z) = ﬂjdjzdf + ﬂj(djq)zdf*l +--+apz+ap, (j=0,--,n), ()
bi(2) = by 2™ + By —1)2™ 7+ baz + b, (K=10,--- ), (©)
where d; > 0 (j=0,---,n),m>0(k=0,---,s) are integers, Ajg;, s B0 bim,., ---» bxo are complex constants

such that ajg; # 0, by, # 0.

Theorem 3. [7] Let ay(z),...,a1(z), ap(z), bs(z),...,b1(z), by (z) be polynomials and satisfy (2) and (3), and
a,(z)bs(z) # 0. Suppose that P*(e*) = an(z)e"* + - - - +aq1(z)e* +ap(z), Q* (%) = bs(z)e™ + - - - + by (z)e* + by(2).
If n < s, then every solution f (# 0) of equation

~— —

£ PN Q) =0
satisfies p2(f) = 1.

Many authors investigated the growth of solutions and the existence of subnormal solutions for some
class of higher order linear differential equations (see [4,7-13]). For the higher-order linear homogeneous
differential equation

fO 4 Pea (@) fED o Pofe) f =0, @
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where Pj(e?) (j = 0,---,k — 1) are polynomials in z, Yang and Li [11] generalized the result of Theorem 2 to
the higher order and obtained the following results: Set

djm Ao —1
a]m].( z) = Aj, d/m]z i+ a]mj(djmj,l)z It Az + ajmo, )

where djm]. >0(j=0,---,k—1) are integers, a jmid jm,0 are complex constants, a;,, 4 # 0.

j4jmi” " j94jmj

Theorem 4. [11] Let ajy, (z) be polynomials and satisfy (5). Suppose that
Pj(e*) = ajm,; (z) e"7" + - +aj1 (2) €,
where ajy,; (z) # 0. If there exists an integer s (s € {0, - - -,k — 1}) satisfying
ms >max{m]-:j:0,~~~,s—l,s+l,~~~ =1} =m,
then every solution f # 0 of Equation (4) satisfies p (f) = 1 if one of the following condition holds:

(i) s=0orl.
(ii) s > 2 and degag; (z) > dega;j (z) (i # 0).

Theorem 5. [11] Under the assumption of Theorem 4, if zPy(e*) + Py (e*) # O, then we have every solution f # 0 of
Equation (4) satisfies
w(f) =7a(f) =2 (f) = 1.

In particular, they also investigated the exponents of convergence of the fixed points of solutions and their
first derivatives for a second order Equation (1) and obtained the following theorem:

Theorem 6. [11] Let a,(z),..., a1( ), bs
Suppose that P(e*) = an(z)e"* + --- +
(# 0) of Equation (1) satisfy A(f — ) =

(2),..., b1(z) be polynomzals and satisfy (2) and (3), and a,(z)bs(z) # O.
a1(z)e*, Q(e*) = bs(z)e’* + - - - + by(z)e*. If n # s, then every solution f
Mff=z)=p (f)—ooﬂ"d/\z(f 2)=M(f —z) =p2(f) = 1.

Thus, it is natural to ask what will happen if we change exp{z} in the coefficients of (4) into exp{A(z)}?
In this paper, we consider the above problem to Theorems 3, 4, 5 and 6, we obtain the following results: We set

A(z) =cpz"+ 12" L F iz 4o,

where n > 1 is an integer and cy, ..., ¢, are complex constants such that Rec, > 0, throughout the rest of this
paper.

Theorem 7. Let ajy,, (z) be polynomials and satisfy (5). Suppose that

Pj(eA(Z)) = ajm, () A p aj (z) eA@), (6)
where ajy,; (z) # 0. If there exists an integer s (s € {0, - - -,k — 1}) satisfying
ms >max{m]-:j:O,~~~,s—l,s+l,~~~ =1} =m,
then every solution f # 0 of equation
FO 4 Py (@) D o py(e?P)) f =0 )
satisfies p (f) = oo and p (f) = n if one of the following condition holds:

(i) s=0orl.
(i) s > 2 and degag; (z) > dega;j (z) (i # 0).



Open J. Math. Anal. 2021, 5(2), 1-16 4

22 . .
Example 1. Let f = ¢ be a solution of the equation

F@ 0267 £3) 122267 1 — 24236 — 242263 + (9627 + 12)e2 + (162* + 4822 + 12)¢*’|f = 0.

Set
P3(eA?)) = a31(z)eA?) = —2z¢7,
Py (e4?)) = ap1(2)eA®) = —122%7,
P (e4)) = a11(2)eA®) = —247%7,
Py(e4?)) = ao,3(z)e3A(Z) + aorz(z)eZA(Z) + aoll(z)eA(Z) = 247265 — (9622 + 12)eZZZ — (162* + 4822 + 12)@22.

We remark that s = 0 and my = 3 > max {mj = 1,2,3} = m = 1. Obviously, the conditions of Theorem 7
are satisfied, we see that p (f) = ccand p, (f) =n = 2.

Remark 1. Very recently, Li et al., [4] have investigated n subnormal solutions of the Equation (7) with

P;

](eA(Z)) = a]-mjemfA(Z) +-- 4 ajleA(z) (j=0,.,k=1),

where ajy,, -+, aj (j=0,..,k—1) are complex constants instead of polynomials and obtained some results
concerning their growth.

Corollary 1. Under the assumption of Theorem 7, if zPy(eA(2)) 4 Py (eA(2)) # 0, then we have every solution f # 0 of
Equation (4) satisfies
©(f) =7(f) = o (f) = wand va(f) = Tao(f) = p2 (f) = n-

In particular, we also investigate the exponents of convergence of the fixed points of solutions and their
first derivatives for a second order equation

f// + P(eA(z))f/ + Q(EA(Z))f =0, ®)
and we obtain the following theorems:

Theorem 8. Let ay(z),..., a1(z), bs(2),..., b1(z) be polynomials and satisfy (2) and (3), and a,(z)bs(z) # 0. Suppose
that P(eA®) = up(z)epA(z) + -+ ar(2)ed®, Q(eAR) = by(2)esA@) 4 .- 4 by(2)eA). If p # s, then every
solution f (# 0) of Equation (8) satisfies A\(f —z) = A(f' —z) = p(f) = ccand Ay(f —z) = A (f' —z) = p2 (f) =
n.

Example 2. Let f = eez2 be a solution of the equation

- 32622](/ + 22262 — (422 + 2)ezz]f =0.

Set

P(eA®)) = a1 (2)eA®) = —3z¢%,

Q(e2®)) = by (2)e2A®) 4 by (2)eA®) = 2226%" — (422 4 2)e* .

22
# s = 2, we see that A(¢* —2z) =

It is clear that the conditions of Theorem 8 are satisfied with p = 1
Z2 22 22
/\(?.zuezze‘3 —z)=p(f) =coand Ap(ef —z)= Az(ZzeZZe" —z)=p(f)=n=2.
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Remark 2. If p = s, then the conclusions of Theorem 8 does not hold. For instance, consider the following
equation

1y ((24 —|—2iz) Q2(1450)22 42z (_Zz F(2-i) Z) e(1+5i)23+2) £

_ ((ZS + 2i) 62(l+51’)z3+22 + (—Z 42— l) e(1+5i)23+z> f=o. )

We can easily see that (9) has solution f (z) = z which satisfies p (f) = 0 # o0 and p2 (f) = 0 # n = 3.
In this example, we have p = s = 2, A(z) = (1+5i)2% + 2z, ax(z) = z* +2iz, a1(z) = -2+ (2—1i)z,
by(z) = — (22 +2i) and by (z) = — (—z+2—1).

Theorem 9. Let ay(z),...,a1(2), a0 (z) ,bs(z), ..., b1(2), bo () be polynomials and satisfy (2) and (3), and a,(z)bs(z) #
0. Suppose that
P*(eA?)) = ay(2)ePA@) 4 4 ay(2)et®) +ag(z2),

Q*(eAB)) = by(2)e4@) 4 -+ 4 by (2)e) 1 by (2).
If p < s, then every solution f (# 0) of equation
fr 4P ) f + QT () f =0 (10)
satisfies p (f) = oo and py (f) = n.
Example 3. Let f = ¢%¢° be a solution of the equation
14 (T =3) f 4 [(—e 2 — e 1)eEH D) — 2t L) f = 0.

Set

P* (") = a1 (2)e) +ag(z) = &7 -3,

Q (¢4 = by (2)24) 1 by (2)eA® 1 by(z) = (—e 2 — e 1)e2EH) 1 4o,

It is clear that the conditions of Theorem 9 are satisfied with p = 1 < s = 2, here we have p (f) = oo and
p2(f) =n=1

Remark 3. If p > s, then the conclusions of Theorem 9 does not hold. For instance, consider the following
equation

£ ((22-2 + 32) D222+ 4 73 22 4 (1 44 z) £
+ ((2z+3)eIF 2 i _ 214 0) =0, (11)
It is easy to see that (11) has solution f (z) = z which satisfies p (f) = 0 # co and p, (f) = 0 # n = 2. In this

example, wehavep =s =1, A(z) = (1 —i) 22 +2z+1i,a1(z) = — (2224 3z) ,a0(z) = — (iz® — 22+ (1 +1i) z),
bi(z) =2z +3and by(z) = iz> —z+ 1 +1i.

Remark 4. Settingc, =1,¢,-1 =+ =cp = 0and n = 1, in Theorem 7, Corollary 1, Theorem 8 and Theorem
9, we obtain Theorem 4, Theorem 5, Theorem 6 and Theorem 3 respectively.
2. Auxiliary Lemmas

Recall that
AZ) =cpz +cp12" 1+ 4 co,,0 = we%, z = re®, Rec, >0,
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we set 6;(A,0) = Re(c;(e®)!) = ajcos(6; +160), and H;y = {0 € [0,27) : ;(A,0) =0}, H, , = {0 € [0,27) :
01(A,0) >0}, H _ ={0¢c0,2m):0(A,0) <0}, forl =1,---,n, throughout the rest of this paper. Obviously,
if 6,(A,0) #0,asr — +00, we get

|eA(z)| _ eén(A,G)r"+~-+51(A,G)r+Rec0 _ eén(A,G)r”(lJro(l)). (12)
Lemma 1. [3] Let fi(z) (j = 1,---,n) (n > 2) be meromorphic functions, gj(z) (j = 1,--- ,n) be entire functions,
and satisfy

(i) Z” e8i®) = 0;
(ii) when 1<j<k<n,then g;(z) — gx(z) is not a constant;
(iii) when1 <j<n,1<h<k<n

then
T(r,f]') =o{T(r,e8"8)}  (r — +oo,r £ E),

where E C (1,00) is of finite linear measure or logarithmic measure. Also, fi(z) =0 (j =1,---,n).

Lemma 2. Let A(z), Pj(eA(z)), m;, ms, m and a;;(z) satisfy the hypotheses of Theorem 7, then Equation (7) has no
constant polynomial solution.

Proof. Suppose that fo(z) = bjz! + -+ +bjz + by (I > 1) is a nonconstant polynomial solution of (7), where
by #0,-- -, by are complex constants.
If ] > s, then f(s) # 0. Taking z = r, we have

ecnr”+cn_1r”_1+~-+c0 _ eRecnr’UrRecn_lr”_l+---+Rec0 _ eRecnr”(lJro(l)). (13)

Substituting fy into (7) and using (13), we conclude that

| Qg sy, o eMeRecur” (1o(1 |bzz<z—1> (I—s+ D) (1+0(1) < | = P2 £ ()]

<R+ 1P @)V 4+ [Poa @A) [V ()] 4+ [P A 7 ()] 4 -+ [Pl fo )
< MordemRecnr"(lJro(l))(l +O(l)), (14)

where d = max{djmj :j=0--,s—1,s4+1,--- ,k—1} and My > 0 is some constant. Since ms > m, we
see that (3) is a contradiction. Obviously, when s = 0 or 1, we can get that the Equation (7) has nonconstant
polynomial solution from the above process. If I < s, then

P(eA@) 1 (@) + -+ Po(eA®) fo(z) = 0. (15)
Set max{m;:j=0,---,1} = h. If m; < h, then we can rewrite
](eA(Z)) — a]h (Z) ehA(Z) + P + a](m]+1) (Z) e(m]+1)A(Z) + a]m] (Z) em]A(Z) _|_ P + ajl (Z) eA(z)
forj=0,---,I, whereay, (z) =--- = j(m;+1) (z) = 0. Thus, we conclude by (15) that
lan (2) fo” + o (2) fo o (2) fole O 4 [ﬂz] (D) +ag; @ fy
+“'+ﬂ0j(z)f0]€jA(Z)+"'+[ﬂ11()fo +ag_1n ()fo -+ agr (2) fole?™® =0, (16)

Set
Qi(z) = ﬂlj(Z)fél) +”(l—1)j(z)f(§l_1) +-+agifo (G=1,---,h). (17)

Since fo and 4;;(z) are polynomials, we see that

m(r,Qj) = o{m(r,ePADY (1< B<a<h). (18)
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By Lemma 1 and (16) -(18), we conclude that
Qi(z) = Qa(z) =--- = Qulz) =0. (19)

Since deg fo > degf) > -+ > degfél) and degag;(z) > dega;j(z) (i # 0), so by (16) and (19), we get a
contradiction. [J

Lemma 3. [14,15] Let f (z) be an entire function and suppose that | f %) (z)| is unbounded on some ray arg z = 6. Then,
there exists an infinite sequence of points z, = rye'® (m =1,2,---), where r,, — 400 such that f%) (z,,) — oo and

|f<j) Endl <z (1 ro(1)) =0 k= 1),

f(k) (zm)

Lemma 4. [16] Let f(z) be a transcendental meromorphic function of finite order p. Let T =
{(k1,j1),(k2,j2),- -+, (km, jm)} denote a set of distinct pairs of integers satisfying k; > j; > 0 (i=1,2,--- ,m)
and let ¢ > 0 be a given constant. Then, there exists a set Ey C [0,27) that has linear measure zero such that if
6 € [0,27r) \\Ey, then there is a constant Ry = Ry (0) > 1 such that for all z satisfying argz = 6 and |z| > Ry and for
all (k,j) € T, we have

< |Z|(k*f)(P*1+5) .

Lemma 5. [17] Let f(z) be an entire function with p (f) = p < oo. Suppose that there exists a set Ey C [0,27) that
has linear measure zero, such that for any ray argz = 6y € [0,271)\Ey, |f(re’®)| < Mr* (M = M(6p) > Oisa
constant and k > 0 is a constant independent of 6y). Then f(z) is a polynomial with deg f < k.

Lemma 6. [16] Let f be a transcendental meromorphic function, and a > 1 be a given constant. Then, there exists a set
E3 C (1, c0) with finite logarithmic measure and a constant C > 0 that depends only on a and i, j (i,j € N), such that
for all z satisfying |z| = r ¢ Ez3U[0,1],

<C (T("‘:’f)(log“ r)log T(ar, f))/l. (20)

|f<f> (2)
)

Remark 5. From the proof of Lemma 6 ([16, Theorem 3]), we can see that the exceptional set E4 equals {|z| :
z € (Uf=0(an))}, where ay(n = 1,2, --) denote all zeros and poles of f®, and O(a,) denote sufficiently
small neighborhoods of a,. Hence, if f(z) is a transcendental entire function and z is a point that satisfies
|f(z)| to be sufficiently large, then the point z ¢ E, satisfies (20). For details, see , [9, Remark 2.10].

Lemma 7. [10,18] Let Ay, - - -, Ax_1 be entire functions of finite order. If f(z) is a solution of equation
FO A f6D o Agf =0,
then pa (f) < max{p(A;):j=0,---,k—1}.

Lemma 8. [19] Let g(z) be an entire function of infinite order with the hyper-order p(g) = p, and let v(r) be the
central index of g. Then,
log1
lim sup 28198V (")

msup—=1 0o = p2(8) = p-

Lemma 9. [7] Let f(z) be an entire function that satisfies p (f) = p(n < p < 0); or p(f) = coand pp = 0; or
p2 = a(0 < & < ), and a set Es C [1,00) has a finite logarithmic measure. Then, there exists a sequence {zy = re'%}
such that |f(zx)| = M(rk, f), 0k € [0,271), limy_,o, 0y = 69 € [0,271), 1 & Es, and r — oo, such that

(i) ifp (f) = p (n < p < o0), then for any given e1(0 < &1 < £57),

1P < u(re) < e
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(i) if p (f) = oo and pa (f) = 0, then for any given €3(0 < &3 < 1), and for any large M (> 0), we have, as ry. is
sufficiently large,
M <v(n) < exp{r?};

(iii) if p2 (f) = a(0 < & < o0), then for any given 3(0 < €3 < «),
exp{r" 3} < v(rp) < exp{r*te}.

Lemma 10. [20] Let g be a non-constant entire function, and let 0 < & < 1. There exists a set Eq C [1,00) of finite
logarithmic measure with the following property. For r € [1,00)\ Eg, the central index v(r) of g satisfies

v(r) < (log M(r,g))**.

Lemma 11. [21,22] Let Ay, ..., Ax_1, F # 0 be finite order meromorphic functions. If f is a meromorphic solution of
the equation
f(k) + Ak,lf(kfl) 4.4+ Aof =F,

with p (f) = +eoand pa (f) = p, then f satisfies A(f) = A(f) = p (f) = e0oand A2(f) = A2(f) = p2 (f) = p.

Lemma 12. [14] Let ¢ : [0,4+00) — Rand ¢ : [0,+00) — R be monotone non-decreasing functions such that
@(r) < (r) forallr ¢ E;U|0,1], where E; C (1,400) is a set of finite logarithmic measure. Let v > 1 be a given
constant. Then there exists a r1 = r1 (y) > 0 such that ¢ (v) < ¢ (yr) forall v > ry.

3. Proofs of the results

Proof of Theorem 7. Suppose that f # 0 is a solution of (7), then f is an entire function. By Lemma 2, we see
that f is transcendental.
First step. We prove that p(f) = oo.

Suppose, to the contrary, that p(f) = p < co. By Lemma 4, for any given ¢ > 0, there exists a set
E; C [0,27t) with linear measure zero, such that if 6 € [0,277)\ E;, then there exists a constant R; = R;(0) > 1,
such that for all z satisfying argz = 6 and |z| = r > Ry, we have

‘f(j) (z)

) < plo—=1+¢€)(j—s) j=s+1,---,k 1)

Case 1. Take a ray argz = 0 € H, .\ Ej, then §,(A,0) > 0. We assume that |f*)(re’®)| is bounded on the
ray argz = 6. If [f(5)(re?)| is unbounded on the ray argz = 6, then by Lemma 3, there exists a sequence
{z¢ = rteie} such that as r; — +oo, f(s) (z¢) — oo and

(i) 4
|;(S)Ezi; Srt5*1<1+0(1)) Szrts, ZZO/ ,S_l. (22)
By (7), we get
k k—1 .
P < | B0 | ST p oy | 22| -
< f(S) (zt) 0T f(s)(z)
For ry — 400, we have
’PS(EA(Zt))’ = |asm, (Zt)emsA(Zt) R ﬂs1(Zt)€A(z’)|
Z |asms (Zt)emsA(Zt)| _ as(m571) (Zt)ems,lA(zt) + . + {151 (Zt)eA(Zt)
2 |ﬂsmS (Zt)emsA(Zr)| — |: as(ms—l)(zt)emS’]A(zt) _|_ R + ag (Zt)eA(zt) :|

ds(ms—l)e(msfl)én(A,G)rf’(leo(l)) (1 + 0(1)>

o (A0S0 (1 4 0(1)) ~ [l 114, I

= |asmsdsms |rt

4ot |asld51 |r‘tisleén(A,9)r}1(l+o(1))(1 + 0(1))]
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2 |a5msdsms r;isms em55n(A,9)r?(l+0(1)) (1 + 0(1))’ (24)

NI~

and

‘pj(eA(Zt))‘ = ‘ajmj(zt)emjf‘(zf) + oo 4 aj (z)eA )

m; ) n d' n
< ‘”jm,djmjm] i oMj0n(AB)r} (1+o(1))(1 +o(1)+---+ |ﬂjm]-1|rt“e‘5”(A’9)r‘ (1+0(1))(1 +0(1))

< 2{ajq,, iAW1 40(1)), (j#5), (25)

Jm;

where d = max{d]-mj :j=0,---,s—1,s+1,--- ,k—1}. Substituting (21), (22), (24), (25) into (23), we obtain
that for sufficiently large r;

1
E |asmsdsmS |7t

s ems(Sn(A,G)f?(l'*'O(l))(l +0(1)) < Cor‘j*"f’em&n(A,9)(1+0(1))ft" (1+0(1)), (26)
where Cy > 0 is a constant. From (26), we can get a contradiction by ms > m and J, (A,0) >0,s0
|f(re®)| < Mr® < Myr*,  M; >0, 27)

ontherayargz =60 € Hy, +\ E;.
Case 2. Now, we take a ray argz = 6 € H, _, then 6,(A,0) < 0. If |[f®)(re?)| is unbounded on the ray
arg z = 6, then by Lemma 3, there exists a sequence {z; = r:¢/’} such that as r; — +oo, f(*)(z;) — c0 and

f(i) (z¢) —i .
‘f(k)(ztt> < rtk (1+0(1)) Szrtk, i=0,---,k—1. (28)
By (7), we get
k—1
—1= Pk71(€A(Zt))w+"'+P0(€A(Zt))ﬂ (29)

fO)(z) O (z)

For r; — 400, we have
‘E(@A(Zt))‘ = ‘ajmj(zt)emjA(Zt) + . o + ajl(zt)eA(zt)‘
< |ajua,, |rdj"'femj5n(A,9)f?(1+0(1))(1 +0(1)) +---+ |ajm]_1|rdj165n(A,9)r?(1+0(1)) (1+0(1))
]

< 2y |1 AT (1 4 0(1)) (j=0,..,k—1). (30)
Substituting (28) and (30) into (29), we obtain that for sufficiently large ¢

1< Crftdetn (A" (+oM) (1 4 0(1)), C; > 0. (31)

Since 9, (A, 0) < 0, when r; — +0c0, by (31), we get 1 < 0, this is a contradiction. Hence
|f(re®)| < Myrk, My >0, (32)

on the ray argz = 0 € H,_\E;. From Lemma 5, (27) and (32), we know that f(z) is a polynomial, which
contradicts the assertion that f(z) is transcendental. Therefore, p(f) = co.
Step 2. We prove that p»(f) = n. By Lemma 7 and p(Pj(eA(Z))) =n(j=0,---,k—1), wesee that p(f) <
max{p(P,(eA®))} = n.

Now, we suppose that there exists a solution fj satisfies p2(fy) = a# < n. Then we have

lim suplog];% =0. (33)

r— 400
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By Lemma 6, we see that there exists a subset E3 C (1, o) having finite logarithmic measure such that for all z
satisfying |z| =r ¢ E3 U [0,1],

fo(j) (2)
fo(z)

<C[T@r, fo)l ™, j=1,-,k (34)

where C(> 0) is some constant. From the Wiman-Valiron theory, there is a set Eg C (1,00) having finite
logarithmic measure, such that we can choose a z satisfying |z| = r ¢ [0,1] U Eg and |fo(z)| = M(, fo), then
we get

fi‘gzg) = (Vg)>j(1+o(1)>, J=1e k=1 >

where v(r) is the central index of fy(z). By Lemma 9, we see that there exists a sequence {z; = ¢} such that
|fo(z¢)| = M(r4, fo), 6: € [0,27), withry & [0,1] U E5 U Eg, s — +c0 and for any sulfficiently large M3 (> 2k + 3)

V(Tt) > T’tM3 > Ty, (36)

Case 1. Suppose 0y € Hy 4. Since J,(A,0) = ay, cos(0, + nb) is a continuous function of 6, by 6; — 6 we get
lim; 0 84 (A, ;) = 6, (A, 6) > 0. Therefore, there exists a constant N(> 0) such thatas f > N,

54(A,0:) > =6,(A,0)) > 0.

N =

By (33), for any given €1 (0 < &1 < on(A,0y)),and t > N,

[T(2re, fo)]F < 1 (D@ < Ghon(Afn” -

By (34), (35) and (37), we have

FEI (@)

k—s
(V(rr:)> (1+o() = 17275 < C[T(2r, fo)[FF1 < CeddnlAbo)n” (38)
By (7), we get
' ege _fés)(Zt)P (eAGD) = £ (1) N ki P‘(EA(zt))f(gj)(Zt) (39)
fO(Zt) fO(Zt) j=0,js / fO(Zt) .

Substituting (24), (25) and (35) into (39), we get for sufficiently large 7¢,

s
<U(:t) ) %|a5qu§m |7’tds"’5 eMson(A0)ri" (1+0(1) (1+0(1))
f stismg

) ,
< (V(”)) (1+0(1 Z 2(ajma A |rdemon(A)rf (1+0(1)) ((rt)>] (1+0(1)). (40

"t j=0,j#s t
By (36), (38) and (40), we get

e, | foms oMsOn(ABr)re" (1+0(1)) (1+ 0(1))

k—s — j—s
<z(”(”)) (14001 2 iy PR 500 (V(”)> (1+0(1))

Tt

k—s j—s
<2 (U(Vt)) (14+0(1 2 jim;d rlemon(A0)ri (1+0(1)) (U(rt)> (140(1))

Z 4y, Irie mén (A.0)rf (1+o(1) (V(”)y_s (1+0(1))

j=s+1 It
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k—
< capferataitea) (W) o),
t

where C, > 0 is a constant. From this inequality and (38), it follows that

k—s
|a5msdsmg ‘rtdsmse(ms—m)15;1(A,9t)1’t;1(1+0(1))(1 +0(1)) < Cz”td (V(:f)> (1 +0(1)) < CCZl”jmjdjm. |rtd€%5”(A’90)”n.
s t ]

(41)

Since mg —m > 1 > % and 6(A,0;) > %(5,1(14, 6y) > 0, we see that (41) is a contradiction.
Case 2. Suppose 0y € H;, . Since J,,(A, 0) is a continuous function of 6, by 6; — 6y we get lim;_,00 9, (A, 6;) =
0n(A,0y) < 0. Therefore, there exists a constant N(> 0) such thatas f > N,

1
On(A,0;) < EJH(A, 6o) < 0.
By (7), we can write

efmsA(zt) fO(k) (Zt) _ efmsA(zt)P

fo(zt) !
From (6) and 6, (A, 6;) < 0, we get

(k-
(6A<zf>)f‘fo(1;()zt) L e mAG) B (A (42)

|e—msA(Zt)pj(eA(Zt))| — ’e_msA(Zt) (gjmj(zt)emjA(Zf) +-ta (Zt)eA(Zf)>

- ‘a]-m’.(zt)e*(msfmj)A(zz) NI uj1(zt)e’(m5*1)A(Zf)

< Cyryite= (ms=1)3(A0)r" (1+0(1)) (1 4 9(1)), (43)

where C3 > 0 is a constant. Substituting (35) and (43) into (42), we get

efmSJ(A,Gt)rt”(1+o(l))v(rt) < C4rtd+ke*(ms*1)5(A/9t)ft"(1+0(1)) (1 + 0(]))/ (44)

where C4 > 0 is a constant. By substituting (36) into (44), we have

rtMsefmsé(A,Qt)rt"(1+0(1)) < C4rtd+ke*(ms*1)5(A,9t)1’t"(1+0(1))(1 —|—O(1)). (45)

Since 6(A, 0;) < %5,1 (A,0y) < 0, we see (45) is also a contradiction.
Case 3. Suppose 6y € Hy . Since 6; — 6y, for any given e, (0 < &, < 13- ), there exists as integer N (> 0), such
thatast > N, 0; € [0y — €2,0p + €3], and

ze =1 € Q = {z:60)—ey <argz < 6y+er}.

By Lemma 6, we se that there exist a subset E3 C (1, 00) having logarithmic measure ImE3 < oo, and a constant
C > 0 such that for all z satisfying |z| = ¢ E3 U[0,1],

fol(z)

< C[T@r, fo"Ft,  i=s+1,---,k (46)
£ (z)

Now, we consider the growth of fy(re’?) onaray argz = 6 € O\ {6y }. By the properties of cosine function, we
suppose without loss of generality that d,(A,6) > 0 for 6 € [0y — €2,6p) and 5, (A, 0) < 0 for 6 € (6y, 6y + €2].

Subcase 3.1 For a fixed 6 € [0y — €3,0p), we have J,(A,0) > 0. Since p2(fo) < n, we get that fy satisfies
(33). From T(r, fo'*)) < (s + 1)T(r, fo) + S(r, fo), where S(r, f) = o(T(r, f)), as r — +oo outside of a possible
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exceptional set of finite logarithmic measure, we get that fo(s ) also satisfies (33). So for any given ¢ satisfying

0 < 82 < m&n(/ﬁ 9) we haVe

[T(zrt’fés))]k—s-‘rl < eSz(k—S-‘rl)(Zh)n <e % 1 (A,00)rt" (47)

We assert that | fés) (re'?)| is bounded on the ray argz = 6 € [0y — e, 6p). If | f*) (re'®)| is unbounded on the ray
argz = 0, then, by Lemma 3, there exists a sequence {y; = Rjeie} such that as R; — oo, fo (yj) — coand

fol( )

<RF(1+40(1)) <2Rf, i=0,---,5—1 (48)
15 ) ]

By Remark 5 and fés) (yj) — oo, we know that |y;| = R; € E4. By (46) and (47), we have for sufficiently large j,

£ (v)
£ (vj)

Substituting (24), (25), (48) and (49) into (23)

< C[T(2R;, f)k=s+1 < cea®AOR] 5 g k. (49)

1 n
E |asmsdsms |R]'dsms em55n(A/9)Rj (1+0(1)) (1 + 0(1))

=Py (e07))
fOy)| |f<f ()
Pi(e Ay /
: f© (yj) +j:§7es| ) (¥j)
REOIE= |f () |f(f>(yj)
= 7, +]§5'f Rl +]§1" )

<Ce 56n(A60)R! I 24‘11 |Rd méu (AB)R} (140(1 ))R (140(1))

]_

]m] jmj

+ Z 2|11]m] ]m |Rd méy (A, 9)R”(1+o(1))c 25,,(A 90)
j=s+1

< C5R;ie(%+m)5n(A,9)Rjn, (50)

where C5 > 0 is a constant, which yields a contradiction by ms —m > 1 > % and 6,(A,0) > 0. Hence

| fés) (re'?)| is bounded on the ray argz = 6, so
[fo(re®)| < Myr®, My >0, 1)

on theray argz = 6 € [0y — €4, 60p).
Subcase 3.2 For a fixed 6 € (6, 0 + €2], we have §, (A, 0) < 0. Using a reasoning similar to that in Subcase 3.1,
we obtain

fo(re®)| < Msrk,  Ms >0, (52)

on the ray argz = 0 € (6, 6p + €4]. By (51) and (52), we see that on the ray argz = 6 € O\ {6y},
[fo(re®)] < Msr*,  Ms > 0. (53)

But since p(fo(re'?)) = oo and {z; = ;% } satisfies | fo(z;)| = M(ry, fo), we see that, for any large Mg (> k), as
t is sufficiently large,

folzo)l = fo(z0)| = Ifo(z)| = |fo(re®)| = exp{r{™}. (54)
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Since z; € Q, by (53) and (54), we see that 6; = 6y as t — oo. Therefore, 6,,(A,6;) = 0 as t — oo. Thus, for
sufficiently large ¢,

|Pi(e*)| = ‘ajmj(zt)emjA(Zt) + (z¢)emi1AG) 4oy aj (z;)eA )|

< @y (20| + @jm_, (20)| + - - + laj (z2)| < Cer?, (55)

where j =0,--- ,k —1and Cg > 0 is a constant. By (7), (35) and (55), we get that

VTt (k) VTt
- o) = |- BB < X100,
- v(r)(1+0(1)) < Gt (14 0(1)), (56)

where C; > 0 is a constant. Substituting (36) into (56), we obtain also a contradiction. So we have p,(f) =
n. O

Proof of Corollary 1. From Theorem 7, we get p(f) = oo and po(f) = n. Letg = f —z, then f = ¢ +z.
Substituting it into (7), we have

g(k) + pk_l(eA(Z))g(k—l) S po(eA(Z))g = —zPy(e4®)) — P, (eA09)).

Since —zPo(eAE)) — Py(eA®)) #£ 0, from Lemma 11, p(g) = oo and p5(g) = n we conclude A(g) = A(g) =
p(g) = coand Ax(g) = A2(g) = p2(g) = n- S0 T(f) = (f) = p(f) = ccand To(f) = n(f) = p2(f) =n. O
Proof of Theorem 8. From Theorem 7, we get p(f) = co and pa(f) = n.

(i) Let g = f — z, then f = g + z. Substituting it into (8), we have
&+ PO + Q(eAP))g = —P(eA) — 20(eA),
Since p # s, we get —P(eA(?)) — Q(e4(®))z # 0. From Lemma 11, we obtain A(g) = p(g) = p(f) = o

and A2(g) = p2(g) = p2(f) =n.SoA(f —z) =0 and Ap(f —z) = n.
(if) Differentiating both sides of (8), we get that

F" 4 P 7 4 [(P(eAE))) + Qe )] + (Q(e@)) f = 0. (57)
By (8), we have
"4 p A !
f:_fgy;myf' (58)

Substituting (58) into (57), we get
eA2)yY eAZ))y
£ ey = G (P + @) - EET et <0, 69)
Letg=f —zthen f' =¢+z f"=¢ +1, f" = ¢”. Substituting these into (59), we get that

g// + [(P(eA(Z)))’ . (Q(EA(Z))),]g/ + [(P((?A(Z)))/ + Q(EA(Z)) _ (Q(eA(Z))>lP(eA(Z))]g

Q(EA(Z)) Q(EA(Z))
A(z)\Y/ Az)VY/
=P+ W ~[(PEA®)) + QA1) - Wp eAR)))z

= h(z), (60)
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Next, we prove that h1(z) # 0. If i(z) = 0, then

—P(BA(Z)) + (QQ((e;:((ZZ)))))/ = [(P(EA(Z))),—I—Q(EA(Z)) _ (Q(

Since Q(z) # 0, we have
(Q(e"®)) = (Q(e"™))?z = P(eA®)Q(eA)) + [(P(e4)))Q(eA®)) — (Q(e*™))) P(eA®)]z. (61)
Suppose p > s. By taking z = r, we have
P(eA)) = ap(r)e”A(’) 4+ 4ar1(r)ed,  and  Q(eA)) = bs(r)e A - 4 by (r)eA1),

We get

M-

(P(eA(r)))/ _ (a}(r) —|—jA/(r)11j(r))ejA(r)

j=1
= (a(r) + pA'(Nap(r)e! A - 4 (@ (1) + A (Par (1))

and

S

QA0 = L)+ A (b ()

j=1
(BL(r) + s A (r)bs () 0) - (B (r) + A (1)1 ().

So, we obtain
[P(eAM)Q(eAM) + (P(eA1))) Q(eA))r — (Q(eAM)) P(eAM)r|
= |ap(r)bs(r) + (p — s)rA’(r)a, (r)bs(r) + (a;(r)bs(r) — ap(r)b;(r))r|e(P+S)R‘fcn’"(1+0(1)) (14 0(1)).

Since a,(r), bs(r) and A(r) are polynomials and p > s, we get
deg((p — s)rA’(r)ay(r)bs(r)) > deglap(r)bs(r) + (a,(r)bs(r) — ay(r)bg(r))r].
So, we have
|(p = $)rA'(r)ap(r)bs(r) + ap(r)bs(r) + (@), (r)bs(r) — ap(r)bi(r))r] = Mrfi(1+0(1)) £0,

where M > 0 and d; > 0 are some constants. It follows that

!

[P(A)Q(eA0) + (A1) QAN )1 — (Q(eAM)) P(eAM)r| = MrhelproIReen™(L+o(D) (1 4 o(1)).
From (61), we have
Myl PR (400 (1 4 o(1)) = [P(eA)Q(eA0) + (P(eA)) QeAM)r — (Q(eAM))) P(eA)r]
= [(Q")) = (Q(e")r| < MyreReen (o) (1 4 (1)),

where M; > 0 and d; > 0 are some constants, which is a contradiction. So we have h(z) # 0.If p < s, by
(61) for z = r we have

Myrse?Reer+o)(1 4 o(1)) = [(Q(e"™))? + (P(eA1))'Q(e)) — (Q(eA™)) P(eAM)]r

= [y ~ A Q)
< M3rd4e(p+s)Recnr”(1+o(1))(1+0(1)),
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where M, > 0,d; > 0, M3 > 0 and d4 > 0 are some constants.This is a contradiction. So, we obtain
h(z) # 0.Hence, if p # swehave h(z) # 0. From Lemma 11, we get A(¢) = p(g) = p(f' —z) = p(f) = o0

and A2(g) = p2(8) = p2(f' —2) = p2(f) =
O

Proof of Theorem 9. Suppose that f # 0 is a solution of (10). Since p(P*) = p(Q*) = n, then by Lemma 7, we
see that

p2(f) <max{p(P*),p(Q")} = n. (62)

By Lemma 6, we se that there exist a subset E3 C (1, 00) having logarithmic measure ImE3 < oo, and a constant
C > 0 such that for all z satisfying |z| = ¢ Ez3 U[0,1],

< C[T(r, HYT, j=12 (63)

92)
7

Taking z = r, in (2) and (3), we obtain that for sufficiently large r

p* (eA(r))‘ = ’ap(r)epM’) + g (r)et) 4+ ao(r)‘

<2 ‘apd,, ’ p pPRecyr" (1+0(1)) (1+0(1)), (64)
and

0" (40)| = [Bs (e -4 b ()R + bo(r)|

> b | e 000 1 4 (1), ©3)

Substituting (63)—(65) into (10), we deduce that for all z satisfying |z| = r ¢ E3 U [0,1]

/! ]
%|bsms\rmses’<“””“+"< D(1+0(1)) < f()+P*( (Z)>f<z)

f(z) f(2)
< |12 A\ | | f (=)
= + e
f(z) ( )‘ f(z)
(T2, ) +2 faya, | rirer e 0o OICT (2r, £(1+0(1)
P (66)
By (66), we deduce that for all z satisfying |z| = r ¢ E3 U [0, 1]
|bsms ‘ rmsfdpe(SfP)Recnr"(1+0(1))(1 + 0(1)) < 6C ‘apdp‘ [T(Zi’,f)]3(1 + 0(1))' (67)
Since s — p > 0, by (67) and Lemma 12, we get
, log T(r, f) _ , loglog T(r, f) _
o(f) = hrriil;p ogr T p2(f) = hrriigop ogr " (68)

From (62) and (68) we obtain p(f) = +ooand pp(f) =n. O
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