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Abstract: In this paper, we study the initial boundary value problem for a p-biharmonic parabolic equation
with logarithmic nonlinearity. By using the potential wells method and logarithmic Sobolev inequality, we
obtain the existence of the unique global weak solution. In addition, we also obtain decay polynomially of
solutions.
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1. Introduction

n this paper, we investigate the existence of global and decay of solutions for the p-biharmonic parabolic
equation with logarithmic nonlinearity

ut—l—A(|Au|p72Au)—Aut:u\u|‘7721n|u\, xeQ, t>0,
u(x, t) =A(x,t) =0, x€dQ), t>0, 1)
u(x,0) = up(x), x e,

where () is bounded domain R"” with smooth boundary 0(}, p, g are positive constants,2 < p < g < p (1 + %) ,

and ug € (W&’p (Q) NW2p (Q)) \ {0}. The term A (\Au|p_2 Au) is called a p-biharmonic operator.

Studies of logarithmic nonlinearity have a long history in physics as it occurs naturally in different areas
of physics such as supersymmetric field theories, inflationary cosmology, nuclear physics, optics and quantum
mechanics [1,2]. Peng and Zhou [3] studied the following heat equation with logarithmic nonlinearity

wp — Aup = |ulP 2 uln|ul.

They obtained the global existence and blow-up of solutions. Also, they discussed the upper bound of blow-up
time under suitable conditions. Nhan and Truong [4] studied the following nonlinear pseudo-parabolic
equation

uy — Auy — div (|Vu|"’72 Vu) = ulP 2 uln|ul.

They obtained results as regard the existence or non-existence of global solutions. Also, He et al., [5] proved the
decay and the finite time blow-up for weak solutions of the equation. Cao and Liu [6] studied the following
nonlinear evolution equation with logarithmic source

uy — Auy — div (|Vu|p*2 Vu) —kAuy = |ulP 2 ulnu|.

They established the existence of global weak solutions. Moreover, they considered global boundedness and
blowing-up at co.

Wang and Liu [7] considered the following p-biharmonic parabolic equation with the logarithmic
nonlinearity
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u+ A (JoulP= Au) = [ul? uin|ul

They studied existence of weak solutions by potential well method, blow up at finite time by concative method.

Recently some authors studied the hyperbolic and parabolic equation with logarithmic source term (see
[8-20]). This paper is organized as follows: In the §??, we introduce some lemma which will be needed later.
In §??, under some conditions, we obtain the unique global weak solution of the problem (1). Meanwhile, we
find that the solution is decay polynomially.

It is necessary to note that prence of the logarithmic nonlinearity causes some difficulties in deploying the
potantial well method. In order to handle this situation we need the following logarithmic Sobolev inequality
which was introduced by ([4,21,22]).

Proposition 1. Let u be any function in H* (R") and y > 0 be any number. Then

P e |u(x)|” In <Hu(;)(|x;|(m> dx + pln(ij) / lu(x)|P dx < y/Rn |Vu(x)|? dx. (2)

where

2. Preliminaries
For simplicity, we denote
1

leells = Nl ooy Nullyzr iy = Nulls = (B0l + [V ully + llulls) =

for 1 < s < oo (see [23,24], for details). We also use notation Xy to denote (Wé’p (Q) N W2? (Q)) \ {0} and

W~2¥" (Q) to denote the dual space of W2 (Q)), where s’ is Holder conjugate functional of s > 1.
Let us introduce the energy functional | and Nehari functional I defined on Xj as follow

Ty = 5 ulf = 2 [l e+ @)
and
100) = [l = [ Jul"Infu|dx. )
By (3) and (4), we get
10 = 2100+ (5 =) laul + o [l 6)
Let

N = {MEXO I )—0}

be the Nehari manifold. Thus, we may define
d = inf . 6
nf J(u) ©6)
d is positive and is obtained by some u € A. Then it is obvious that

1 [ pe )Z
M= (
p? \nLp

From [4], we know d > M.
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The local existence of the weak solutions can be obtained via the standard parabolic theory. It is easy to

obtain the following equality

t
| 1) gy s+ T (D) < J(wo), 0T,

Lemma 1. Let u € Xy. Then we possess
(i) limy_g+ j(A) = 0and lim,_, , o j(A) = —oo;
(ii) there is a unique A* > 0 such that j/(A*) = 0;

(iii) j(A) is increasing on (0, A*), decreasing on (A*, +o0) and attains the maximum at A*;
(iv) I(Au) > 0for0 < A < A*, I(Au) < 0 for A* < A < +ooand I(A*u) = 0.

Proof. For u € Xy, by the definition of j, we get
) = I8l - = [ |l dx+ 5 Au]
M= Pqla g>

AP A7 AT A7
- p_ - q o q o q
= laulp -7 /Q|u\ I+ A ]+ S

It is clear that (i) holds due to [ |u|?dx # 0. We have

Lo

AP Au||? = AT [ qu)TIn |u| dx — AT HIn A [jul|?,
P o

— apl <||Au|IZ_/\'7_”/ u|q1n|”|dx—)‘q_p1“)‘||”||Z>'
QO

Since A > 0, let ¢ (A) = A17Pj/(A), through direct calculation, we get

¢0) = =257 (g = p) [ ol ful dx-+ (g = p) InA [+ ]}

Hence, there exists a

_ q _ q
v — ep [P ol inluldx— i)
(4= p)

@)

®)

such that ¢/(A) > 0 on (0,A*), ¢'(A) < 0on (A*,+00) and on ¢'(A) = 0. So, ¢(A) is increasing on (0, A*),

decreasing on (A*,400). Since lim)_,o+ ¢(A) = [Vul|> > 0, limy_, 1o @(A) = —oo, there exists a unique

A* > 0 such that ¢(A*) = 0, i.e., j(A*) = 0. So (ii) holds. Then, j'(A) = A¢(A) is positive on (0, A*), negative
on (A*,4o0). Thus, j(A) is increasing on (0, A*), decreasing on (A*, +o0) and attains the maximum at A*. So

(iii) holds. The last property, (iv), is only a simple corallary of the fact that
I(Au) = |\A(Au)||§—/ Au| In | Au| dx
Q
- APHAqu—M/ ul? In [u] dx — AT In A [Ju
Q

= Aj(A).

Thus, I(Au) > 0for 0 < A < A*, I(Au) < 0 for A* < A < 400 and I(A*u) = 0. So (iv) holds. The proof is

complete.
Next we denote

O

Lemma2. (i) if I(u) > 0then 0 < ||qu <R,
(ii) if I(u) < O then ||u||p >R,
(iti) if I(u) = O then |[u||, > R.
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Proof. By the definition of I (u), we get

I() :|mmg—/hmmmmx
>l — [ jul? <1n|||+1n| ||p> dx
> ~-C Py (Lo (PEE) P
> (1B nautg+ (G (22) < el )
Choosing u = p, we have
no(p
10> (i (L) = ul, ) Jul}
(@) if I(u) > 0, then
2,1\ 22
P
ln|u||p<ln<n£p> ,

that’s mean
and (ii) if I(u) < 0, we obtain

property (iii) we can argue similarly the proof of (ii).
The proof of lemma is complete. [

Lemma 3. [25] Forany u € W&’P(Q), p>1r>1andp, = %, the inequality

0 1-6
[ully < CIVully [l

(1 1> <1 1 1)1
o=(-—=)(=—=+2) ,
r q n p r

andforp >n=1r<qg<oo;forn>1landp <n,q € [r,pifr < peandq € [ps,r]ifr > piforp=n>1,
r<g<ooforp>n>1r<g<o0.
Here, the constant C depends on n, p,q and r.

is valid, where

Lemma 4. [26] Let f : RT — R™ be a nonincreasing function and o is a nonnegative constant such that

+eo 1
/ 9 (s)ds < =f7(0)f(t), Vt>0.
t w

Hence

(@) f(t) < f(0)el=«*, forall t > 0, whenever ¢ = 0,

1
(b) f(t) < £(0) (1_1@‘;) 7, forall t > 0, whenever o > 0.

3. Main results
Now as in ([4]), we introduce the follows sets:
Wi = {ueXo:J(u)<d}, Wo={ueXy:J(u)=d}, W=WUW,,
Wi = {uewWy:I(u) >0}, Wy ={ueW,:1(u) >0}, Wr=w}uw,,
Wy = {ueWp:I(u) <0}, Wy ={uecW,:I(u) <0}, W™ =W, UW,.
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Definition 1. (Maximal Existence Time). Assume that u be weak solutions of problem (1). We define the
maximal existence time Tax as follows

Tmax = sup{T > 0: u(t) exists on [0, T]}.

Then

(i) If Tmax < oo, we say that u blows up in finite time and Tinax is the blow-up time;
(if) If Tmax = o, we say that u is global.

Definition 2. (Weak solution). We define a function u € L*(0, T; Xo) with u; € L2(0, T; H(Q))) to be a weak
solution of problem (1) over [0, T], if it satisfies the initial condition u(0) = 1y € Xp, and

() + (|Aul’ ™, Aw) + (Vuy, Vo) :/Qu|u|‘7_21n(|u\)wdx,
for all w € Xp, and for a.e. t € [0, T].

Theorem 1. (Global Existence). Let ug € W*,0 < J(ug) < Mand I(u) > 0. Then there is a unique global weak
solution u of (1) satisfying u(0) = ug. We have u(t) € W holds for all 0 < t < +oo, and the energy estimate

t
|| s gy ds + T(w(8) < J(wo), 0< £ < oo,
Also, the solution decay polynomially provided uy € Wy".

Proof. The Faedo-Galerkin’s methods is used. In the space W&’p (Q) NW2P (Q), we take a bases {w; }7’:1 and
define the finite orthogonal space
Vin = span{wy, wy, ..., Wy }.

Let ug,;; be an element of V,;, such that

m
Ugm = ) _ Ayjwj — Uy strongly in Wg’p (Q)NW?P (Q), )
=1

as m — oo. We construct the following approximate solution u,,(x, t) of the problem (1)
m
Um(x,t) = Zam]-(t)w]-(x), (10)
j=1
where the coefficients a,,; (1 < j < m) satisfy the ordinary differential equations
/ Uprwidx + / | At [P~ Awjdx + / Vi Vwdx = / U |72 I (|1]) wydx, (11)
Ja Q Q 0
fori € {1,2,...,m}, with the initial condition

le]'(O) = Apj, ] S {1,2,...,111}. (12)

We multiply both sides of (11) by a/,,, sum for i = 1, ..., m and integrating with respect to time variable on [0, ],
we get

t
/0 HumS(S)H%—]é(Q) ds =+ ](um(t)) S ](uOm)/ 0 S t S Tmax/ (13)

where Trmax is the maximal existence time of solution u, (t). We shall prove that Tmax = +o0. From (9), (13) and
the continuity of |, we obtain
J(um(0)) = J(tom), asm — oo, (14)

Thanks to J(u9) < d and the continuity of functional J, it follows from (14) that

J(uom) < d, for sufficiently large m.
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And therefore, from (13), we obtain

t
[ s ) gy s + Tt (8)) <, 0 < £ < T, (15)

for sufficiently large m. Next, we will study
um(t) S W1+, te [0, Tmax)r (16)

for sufficiently large m. We assume that (16) does not process and think that there exists a sufficiently small
time fo such that u,, (o) € W;". Then, by continuity of u(ty) € 9W;". So, we get

J(um(to)) = d, (17)

and
I(um(tg)) = 0. (18)

Nevertheless, by definition of d, we see that (17) could not consist by (15) while if (18) holds then, we get
J(um(tp)) > inf J(u) =4,
ueN

which also contradicts with (15). Moreover, we have (16), i.e., J(un(t)) < d, and I(uy(t)) > 0, for any t €
[0, Tmax), for sufficiently large m. Then, from (5), we obtain

d > J(um(t)
11

= g+ (5

1 1 1
(p - q) Bl + 2

1
) Bl + 2 ol

Y]

which gives
lum (1] < o, (19)
and

Auy|P < P14, (20)
A}, P

Since uy (x,t) € Wfr for m large enough, it follows from (5) that J(u,,) > 0 for s large enough. So, by (15) it
follows for m large enough

t
/0 s (5) s oy 5 < (21)

By (20), we know that

Tmax = +00.

It follows from (19) and (21) that there exist a function X and a subsequence of {,, };“’:1 is indicated by {1, };“’:1
such that
Uy — u weakly* in L*(0, co; W&’p (Q) NW2P (Q)), (22)

U — Uy weakly in LZ(O, 00; H(l)(Q)), (23)
|Au|P~2 Au — x weakly in L (0, o0; W2 (Q)) .
By (22), (23) and Aubin-Lions compactness theorem, we obtain
U — u strongly in C([0, +o0]; L2(Q))).

This yields that
Uy [t |72 10 14| — w |07 2 In|u| ae. (x,t) € Q x (0, +00). (24)

Moreover, since
# ina=—(e(r—1))"! for a >1,
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and

By (19), we have

/Q (|um(t)\q_1ln|um(t)|)2;qldx

_ 2 2 2(9-1+3)
< =1 @ 01+257 [ Jun(n] T dx
_ 29 29 ’
= =17 FT(QI+277 [ Jun(t)d
_ 29 227‘7
< Cui=le(r—1)] =1 |Q|+2% 142,

where
Q1 ={xe€Q:|uu(t)| <1}, and Oy ={x € Q: |un(t)| > 1}.

Hence, it follows from (24) and (25) that

2
U | T2 10 |1t | — 1 |u)7 2 In |u| weakly* in L*(0, +-o00; L%1(Q))) .

Then integrating (11) respect to t for 0 < t < co, we obtain

(ug, w) + (x(t), Aw) + (Vu, Vw) = /Q u |u|”72 In (|u]) wdx,

/01 Oum(t)'q_llr‘ |”m(f)|) wh dx + (/QZ (\um(t)w—nn Izm(t)|)2‘72q1 dx

(25)

forallw € Wg 7 (Q) and for almost every t € [0, 0] . Finally, well known arguments of the theory of monotone

operators implied
x = |AulP? Au,
which yields
(up, w) + <|Au\p71,Aw> + (Vu, Vw) = /Qu |u|P~ 2 In |u| wdx.

forallw € Wg’p (Q)) and for a.e. t € [0, 00] .
Finally, we discuss the decay results.
Thanks to u(t) € W;", we deduce from (13) that

11 1
(p - q) ||Au||5+q—2 Jull§ < J(u(t)) < J(uo), te[0,T].

=

By using (5) and Proposition 1, we put p

I%O ) < u < p, we know

(
(15 ) naut+ (S0 (252 ) < uto), ) o
(1- )|Au||P+ (ﬁ)) (’;)) (o)

= Cl Hu( )”WZ;:

I(u(t))

Y

v

Integrating the I(u(s)) with respect to s over (t, T), we obtain

/tTI(u(s))ds = //us

= 2Oy

< CZ [Ju(t )”WZ/P(Q)'

T
dxds—/ /QVus(s)Vu(s)dxds
t

(s)
1 2
- DIy

(26)
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where C; stand by the best constant in the embedding W2P (Q) —— H(% (Q) From (26), we have

1
/ 1)y ) 85 < — N(0) iz forallt € [0,T]. (27)

Let T — +oc0in (27), we can get

L IOy 5 = 1Oz

From Lemma 5, we have f(t) = ||u(t)\|12,vz,p(0) ,o=5-1,f0)=1

P
[u(®) lwzr ) < luollwr(q) , £20
2+(U ||u0||W2p(Q) (p - 2) t

The above inequality implies that the solution u decays polynomially. [
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