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Abstract: In this paper, we investigate some properties of the AP-Henstock integral on a compact set
and prove that the product of an AP-Henstock integrable function and a function of bounded variation is
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1. Introduction and Main Results

he Henstock integral of real-valued functions was first defined by Henstock[1,2]. It is a direct
T generalization of the Riemann integral because it uses the concept of the tagged partition and the
Riemann sum. In Henstock integral, the concept of the norm of a tagged partition in the Riemann integral
is replaced by the positive gauge function. Therefore, the definition of the Henstock integral is as simple as
the definition of the Riemann integral. On the other hand, to introduce the Lebesgue integral, a good amount
of measure theory is required. It is one of the reasons why the Henstock integral is simpler than the Lebesgue
integral. However, the Henstock integral is also a generalization of the Lebesgue integral. Every Lebesgue
integrable function is Henstock integrable, and both integrals are the same. One of the Lebesgue integral
deficits is that not every continuous function that is differentiable everywhere, possible except for a countable
number of points, is recovered from its derivative by the Lebesgue integrable. In this sense, we say that the
Lebesgue integral does not recover a function from its derivative. On the other hand, the Henstock integral
overcomes this drawback: every continuous function F : [4,b] — R that is differentiable everywhere except
for countable number of points on [a,b] can be recovered from its derivative by the Henstock integral, and
[XF' = F(x) — F(a).

The approximate Henstock integral (AP-Henstock integral) [3] further generalizes the Henstock integral
by using the concept of the approximate derivative [4], and the gauge function in the Henstock integral is
generalized to the choice in the AP-Henstock integral. Every Henstock integrable function is AP-Henstock
integrable, and the integrals are the same. Furthermore, the AP-Henstock integral recovers an approximate
continuous function from its approximate derivative:

Theorem 1. [4] If F : [a,b] — R is approximately continuous on [a, b] and approximately differentiable everywhere
except for countable number of points on [a, b], then the approximate derivative of F, denoted by F,,, is AP-Henstock
integrable, and [ Fy, = F(x) — F(a) for any x € [a, b].

p’

For the detailed introduction of the AP-Henstock integral, the reader is referred to [5-9].

Although the space of integrable functions is closed under the addition and the scalar multiplication, the
product of two integrable functions is not necessarily integrable. Therefore, it is an important question of
what kind of properties of an integrable function guarantees the integrability of the product of two integrable
functions. We call those properties the multiplier properties and the related theorems the multiplier theorems. For
example, in the case of the Lebesgue, Denjoy, and Henstock integral, the product of an integrable function
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f : [a,b] — R and a function of bounded variation(which is integrable in any sense mentioned above) G :
[a,b] — R is integrable, and

A%G:HMQM—L%HG

where F(x) = | ﬂx f, and the last integral is the Riemann-Stieltjes integral. For the Perron integral, a restricted
condition on the function of bounded variation is required, see [6]. In this paper, we develop the same kind of
multiplier properties that ensure the AP-Henstock integrability of the product of two AP-Henstock integrable
functions.

On the other hand, the Henstock integral can be defined on unbounded intervals [10]. It is now known as
Hake’s theorem that there is no such thing as an “improper integral” for the Henstock integral. By modifying
the definition of the Henstock integral on unbounded intervals, we define the AP-Henstock integrals on
unbounded intervals. In this setting, we investigate some properties for the AP-Henstock integral and prove
that, under some additional conditions, the product of an AP-integrable function and a function of bounded
variation. Furthermore, the product of an AP-integrable function and a regulated function is AP-Henstock
integrable.

We state the mean value theorem for the Riemann-Stieltjes integral which will be used in the main body
of our work.

Theorem 2. [1] Let f be a continuous functions on [a,b] and let ¢ be a bounded increasing function on [a,b]. Then
there exists & in [a, b] such that

[ fig = £@(96) - p(a)).

2. Definition and basic properties

An approximate neighborhood(or ap-nbd) of x € [a,]] is a measurable set Sy C [a,]] containing x as a
point of density. For every x € E C [a,b], choose an ap-nbd S, C [a,b] of x. Then we say that S = {S, :
x € E} is a choice on E. A tagged interval ([u,v], x) is said to fine to the choice S = {Sy} if u,v € Sy. Let
P = {([xi—1,xi],t;) : 1 < i < n} be a finite collection of non-overlapping tagged intervals. If ([x;_1, x;],t;) is
fine to the choice S for eachi =1, - - ,n, then we say that P is S-fine. Let E C [a,b]. If P is S-fineand t; € E
foreachi=1,---,n,then P is said to be S-fine on E. If P is S-fine and [a, b] = U!"_, [x;_1, x;], then we say that
P is S-fine partition of [a, b].

Definition 1. [4] A function f : [4,b] — R is said to be approximate Henstock integrable (AP-Henstock
integrable) on [a, b] if there exists a real number A such that for each € > 0 there is a choice S on [a, b] such that

n

Yo flt)(xi—xiiq) — Al <e,

i=1

for each S-fine partition P = {([x;_1,x;],t;) : 1 < i < n} of [a,]]. In this case, A is called the AP-Henstock
integral of f on [a,b], and we write A = fab f-We denote Y} | f(t;)(xi — xi_1) = S(P; f) and the collection of
all functions that are AP-Henstock integrable on an interval I by AH(I).

Theorem 3. [4] Let f and g be AP-Henstock integrable functions on [a, b]. then for any real numbers « and B, af + Bg
is AP-Henstock integrable on [a, b] and | ab(tx f+pg) =u/ : f+BJ ab g

Theorem 4. Let f : [a,b] — R. If f = 0 almost everywhere on [a,b], then f € AH([a,b]) and | ab f=0.

Proof. The facts that f is Henstock integrable on [4,b] and the integral is 0 are proved in [6]. Since every
Henstock integrable function is AP-Henstock integrable and the integrals are the same, f € AH([a,b]) and

[Pf=0 O

Corollary 1. Let f € AH([a,b]) and g : [a,b] — R. If ¢ = f almost everywhere on [a,b], then g € AH([a,b]) and
b b
fa 8= fu f
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Proof. Since g — f = 0 almost everywhere on I, by the theorem, g f € AH([a,b]) and ff(g -f) =
Therefore, g = (¢ — f) + f € AH(I andfg f 8§~ f+ff ff [

Theorem 5. [4] Let f : [a,b] — R be AP-Henstock integrable on [a,b] and let F(x) = [ f for each x € [a, b]. Then

1. the function F is measurable;

2. the function F is approximately continuous on [a, b];

3. the function F is approximately differentiable almost everywhere on [a, b] and F;,, = f almost everywhere on [a, b];
and

4. the function f is measurable.

3. Integral of the translate of a function

In this section, we prove that the translate of an AP-Henstock integrable function is AP-Henstock
integrable.

Let I := [a,b] and let r € R. We define the r-additive translate of I to be the interval I, := [a+1,b+ 7],
and the r-additive translate of f to be the function f,(y) := f(y —r) for all y € I,. Similarly, if r > 0, we define
the r-multiplicative translate of I to be the interval I,y := [ar, br], and the r-multiplicative translate of f to be
the function f(,)(z) := f(z/r) forall z € I,).

Theorem 6. (a) If f is AP-Henstock integrable on I, then f, is AP-Henstock integrable on Ir and || L fr= J; 1
(b) If f is AP-Henstock integrable on I, then f(, is AP-Henstock integrable on I,y and fl n =" flf

Proof. (a) Lete > 0. Since f € AH(I), there exist a choice S = {Sy : x € I} on I such that if P; is a
S-fine partition of I, then |S(f;Py) — flf| < e. Now, we define S¢ := {Sy_, +r:5,, € S,y € I,}.
Suppose that Q := {([yi—1,vi],5:)}}_; is a Se-fine partition of I,. If we let x; := y; —rand t; := s5; — 1,
thenx; 1 <t; < x;, x;_1,% € S, and t; € I, whence P := {([x;_1,x;], )}/, is a S-fine partition of I.
Since S(fr; Q) = S(f;P), we infer that

o [ -bim [

Since € > 0 is arbitrary, we conclude that f, € AH(I;) and [} fr = [} f.

(b) Let e > 0. Since f € AH(I), there exists a choice S = {S : x € I} of I such that if P; is a S-fine
partition on I, then |S(f;P1) — [} f| < e/r. Now, we define S¢ := {rS, ;. : S;/r € S, y € Iy}, then Se
is a choice on I(,). Suppose that Q := {([yi—1,¥i|,s:) }}-; is a Se-fine partition of I,). If we let x; := y;/r
and t; :=s;/r, then x; 1 < t; < x;, x;_1,%; € S, and t; € I, whence P := {([xj_1,x],t;)}}_; is a S-fine
partition of I. Since S(f(,); Q) = YiLq fi) (si) (yi —yi—1) = r Liq f(t:)(xi — x;-1) = rS(f;P), we have

‘S(f(r)?Q)—V/If‘ =7

Since € > 0 is arbitrary, we conclude that f(,y € AH(I(,)) and |, o f(r =r[f
O

S(f;P)—/If‘ <e

4. Multiplier Properties on bounded intervals

It is well known that the product of two AP-Henstock integrable functions is not necessarily AP-Henstock
integrable, even when one of them is bounded or continuous. In this section, we provide some conditions
under which the product of two AP-Henstock integrable functions is AP-Henstock integrable. We also
establish the Mean Value Theorems. We start by showing the squeeze theorem for the AP-Henstock integral.

Theorem 7. A function f belongs to AH(I := [a, b)) if and only if for every € > 0 there exist functions ¢ and e in
AH(I) with ge(x) < f(x) < e(x) forall x € I, and such that

J =g <e
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Proof. Let f € AH(I) and let e > 0. We can take ¢, := ¢ := f. Conversely, assume that for every € > 0 there
exist functions ¢, and e in AH(I) with ¢e(x) < f(x) < ipe(x) for all x € I, and such that [} (e — ¢e) < €.
Then for each € > 0, it follows that S(¢e; P) < S(f;P) < S(¢e; P) for any tagged partition P of I. Since
@e € AH(I), there exists a choice S; on [ such that if P is a Si-fine partition of I, then |S(¢e; P) — fl pe| <,
whence it follows that [, ¢ — € < S(¢¢; P). Similarly there exists a choice S, on I such that if P is a S,-fine
partition of I, then S(¢e; P) < [;¢pe +€. Now let S := {$1 NSy : §; € 51,5, € Sy} and let P be a S-fine
tagged partition of I. Then we have

/Itpe—eﬁs(fﬂ?) §/1¢e+e,

and if Q is a S-fine partition of I, then

—/ItlJe—ES—S(f;Q)S—/IqoeJrE-

Adding these inequalities, we obtain

~ e =90 ~2e <S(EP) = S(£:Q) < [ (e - p) +2e.

JI

Hence we conclude that

| S(f;P) = S(f;Q) I< /I(we — @) +2€ < 3e.

Since € > 0 is arbitrary, f satisfies the Cauchy Criterion([4], Theorem 16.6) for the AP-Henstock integral.
Therefore f € AH(I). O

Definition 2. [1] Let I := [a,b]. A function f : I — R is said to be regulated on I if for every € > 0 there exists
a step function s, : I — R such that

| f(x) =se(x) [< e

forall x € I.

It easy to see that a function f is regulated on I if and only if there is a sequence {s, },_; of step functions
on | that converges uniformly to f on I.

Theorem 8. Let I := [a,b]. If f : | — R is requlated on I, then f is AP-Henstock integrable on I.
Proof. Let f : I — R be regulated on I and let € > 0. Then there exists a step function s : I — R such that
| F(x) = selx) [< e
for all x € I. Therefore, we have s¢(x) —e < f(x) < se(x) + € forall x € [a,b]. If we let pc(x) := se(x) —€

and Pe(x) := se(x) + € for all x € I, then the functions ¢, and . are AP-Henstock integrable on I and
@e(x) < f(x) < ¢pe(x) for x € 1. Moreover, since

[(e=ge) <2(6-0)e,
it follows from Theorem 7 that f is AP-Henstock integrable on I. [

Theorem 9. Let f € AH(I := [a,b]) be bounded below and g be regulated on 1. Then the product fg belongs to
AH(I).

Proof. Assume that f(x) > 0 for x € I. Itis clear that if s is a step function, then sf belongs to AH(I).
Let A > [,f > 0and lete > 0. Since g is regulated on I, there exists a step function s. on I such that
g(x) —se(x)| < 55 forall x € I. Now, we define @¢(x) := f(x) (se(x) — 55) and ¢e := f(x) (se(x) + 55) for
all x € I, then ¢, e € AH(I) and it follows that ¢c(x) < f(x)g(x) < tpe(x) forall x € I, and that

/I.(Ebef%) = %/Ifge-
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Therefore, it follows from Theorem 7 that fg € AH(I). Now, let f(x) > M on I. Then by writing fg =
(f —M)g + Mg, we see that fg € AH(I). O

Theorem 10. Let f and |f| be AP-Henstock integrable on I := [a, b] and let ¢ be a bounded, measurable function on I.
Then the product fg is AP-Henstock integrable on 1.

Proof. Let 1 := fg. Since h is measurable, there exists a sequence {s,}, ; of step functions such that
{sn};_1 converges to h almost everywhere on I. Let 5, be the middle function of —M|f|, s,, and M|f]|.
Then —M|f| < 5, < M|f| and {5,} converges to / almost everywhere on I. Therefore, it follows from the
Dominated Convergence Theorem for the AP-Henstock integral [9] that h € AH(I).

O

Theorem 11. Let I := [a,b], f € AH(I), ¢ is of bounded variation on 1, and F(x) := ['fon I. If Fis
Riemann-Stieltjes integrable with respect to ¢ on I, then the product f¢ belongs to AH(I) and

/Ifqv = /IdeF = F(b)g(b) — /de(P’
where the second and third integrals are the Riemann-Stieltjes integrals.

Proof. Since F is Riemann-Stieltjes integrable with respect to ¢, the third integral exists, and the existence
of the second integral and the validity of the second equality follows from the well-known integration by
part formula for the Riemann-Stieljes integral ([4], Theorem 12.14). Therefore, we only need to show the first
equality. To this end, let € > 0. Since ¢ is Riemann-Stieltjes integrable with respect to F, there exist § > 0 such
thatif P = {([x;_1, x;],t;) }/"; is any tagged partition of I with norm less than 24, then

n

Y- 9(t)(F(xp) = F(xi1)) — [ pdF

i=1 I

<e.

Let |¢(x)| < Mforall x € I. Since f € AH(I), there exist a choice S on I such that if P = {([x;_1, x;], ;) }] 4
is S-fine partition of I, then

Y {F() (i — xic1) — (F(x)) — F(xii))}| < e/2M,
i=1

and it follows from the Saks-Henstock Lemma for the AP-Henstock integral that
n
Y () (xi = xio1) = (F(xi) = F(xi-1))| < €/ M.
i=1

Define 8’ := {Sy N (x —d,x+6) : Sy € S} and let P = {([x;_1, x], ;) }I_| be S’-fine partition of I. Then,

i_ilfmgo(ti)(x,- ~xin) - [ gir

n

Y f(t) (i) (x; — xiq) —

i=1 i

9l (F(x) ~ Fxin)) — [ guF

i=1

M-

I
—

< @(t;) (F(x;) — F(xi-1))

<M i |f () (xi — xi—1) — (F(xi) — F(xi—1))| + € < 2e.

Since € > 0 is arbitrary, f¢p € AH(I) and [} f¢ = [; pdF. O

Note that the indefinite AP-Henstock integral is only approximately continuous, not necessarily
continuous on [. It is shown in [6] (Exercise 12.10) that if two bounded functions F and ¢ on I share a common
point of discontinuity in I, then F is not Rieman-Stieltjes integrable with respect to ¢ on I. Therefore, the
condition in the above theorem that F is Reimann-5Stiltjes integrable with respect to ¢ cannot be removed. On
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the other hand, it is well-known fact that if F is continuous and ¢ is of bounded variation on I, then F is
Riemann-Stieltjes integrable with respect to ¢ [6]. Therefore, the following corollary follows.

Corollary 2. Let f be AP-Henstock integrable on I := [a,b], ¢ be bounded variation on I, and F(x) := [ fon I. IfF
is continuous on I, then fo € AH(I) and

/Iffp = /prdF =F(b)g(b) ~ /Iqut?/
where the second and third integrals are the Riemann-Stieltjes integrals.

In addition to the multiplier theorem above, we provide a version of integration by parts theorem.

Theorem 12. Let I := [a,b] and let F,G : I — R be approximately continuous on L I f,¢ € AH(I), and F;, = f,
Gyp = g except for countably many points in I, then Fg + fG € AH(I) and

/I(Fg + fG) = F(b)G(b) — F(a)G(a).

Moreover, Fg € AH(I) if and only if fG € AH(I), in which case

/ng — F(b)G(b) — F(a)G(a) — /IfG.

Proof. By the hypothesis, there exist countable sets C¢ and Cq such that Fj,(x) = f(x) for x € I — Cy and
Gip(x) = g(x) for x € I —Cqg. Let C := CyUCq be a countable set. For x € [ —C, (FG)y, = F;,G +
F G;p = fG + Fg. Also, by the hypothesis, FG is approximately continous on I. Therefore, by Theorem 1,
(FG)yp € AH(I) and [((FG);, = F(g)G(g) — F(a)G(a). Since C is a countable set, fG + Fg € AH(I) and
J1fG+Fg = [,(FG);p,- Moreover, if Fg € AH(I), since fG = (Fg+ fG) — Fg, fG € AH(I).

O

We now establish the Mean Value Theorems for the AP-Henstock integral.

Theorem 13. (First Mean Value Theorem). If f is continuous on I := [a,b], and if p € AH(I) does not change sign on

I, then there exists { € I such that
Jr=s@ [p.

Proof. Since f is continuous, f is bounded on I. We invoke the fact that a nonnegative AP-Henstock integrable
function is Lebesgue integrable and that the product of a Lebesgue integrable function and a bounded,
Lebesgue integrable function is Lebesgue integrable. Therefore, p is Lebesgue integrable and fp is Lebesgue
integrable on I. If p > 0, then mp < fp < Mp, where m := min{f(x) : x € I} and M := max{f(x) : x € I},

and .
< <M .
m./lp_./lfp_ /IP

If f ;P = 0, then the result is trivial; if not, it follows from the Bolzano Intermediate Value Theorem in R. If
p <0, then the argument is similar. [

Theorem 14. (Second Mean Value Theorem). If f € AH(I := [a,b]), F(x) = [ f is continuous on I, and if g is
monotone on I, then there exists { € I such that

/Ifg = g(a) /ff+g(b) /;f-

Proof. Since g is of bounded variation, it follows from Theorem 11 that fg € AH(I) and

| fs= [ 8F = s0)F(®) ~ g(a)F(a) - [ Fag,
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where the third integral is the Riemann-Stieltjes integral. Then, by Theorem 1.2, there exists § € I such that the
last two terms equal

8(D)F(b) — g(a)F(a) — F(¢)(g(b) — g(a))

$(a) (F(2) — F(@)) +8(b)(F(0) — F())
2 [ b)/bf
s@ [ f+a0) [ f

O

5. Multiplier Properties on unbounded intervals.

In this section, we define the AP-Henstock integral on unbounded intervals and investigate some
properties of the integral including some multiplier properties.

We extend any function f : [2,00) — R to a function defined on [4, %] in the extended real numbers
R* := RU {co, —oo} by defining f(c0) = 0. We then take a tagged partition of the interval [a, c0] :

P = {(xo,xal ti), -+ (X1, 20l t), (e, Xngal, i) 3,

so that xyp = a and x,41 = oo. A choice S = {Sy:x € [a,00]} on [4,00] is a set of ap-nbd S, C [4, 00| that
contains x as a point of density. We require that Sy is bounded for each x € R and Se = [d, co] for some d > a.
We say that the tagged partition P is S-fine if x;_q,x; € Sy, fori = 1,--- ,n+1,and d < x,,. Because Sy is
bounded for x € R, t,,11 = oo. Define 0 - co = 0 so that the contribution of the final term in P to the Riemann
sum is f(o0) - 0o = 0. Now, we give the definition of the AP-integral of a function f : [a, 0] — R.

Definition 3. A function f : [a,00] — R is AP-Henstock integrable on [a, c0), or on [a, o0] if there exists a real
number A such that for each € > 0 there is a choice S on [, o] such that

n
Y f@)(xi—xiq)— Al <e
i=1
for each S-fine partition P = {([x;_1,x;],t;) : 1 <i < n+1} of [a,c0]. In this case, A is called the AP-Henstock
integral of f on [a,00) and we write A = [ uoo f.

The collection of all functions that are AP-Henstock integrable on an interval [, c0) will be denoted by
AH([a, c0)). The next theorem is the Cauchy Criterion for the AP-Henstock integral on unbounded intervals.

Theorem 15. Let I := [a, 00| and let f : I — R. Then, f € AH(I) if and only if for any € > 0 there exists a choice S¢
of I such that if P and Q are any partitions of I that are S-fine, then |S(f; P) — S(f; Q)| < e.

Proof. Let f € AH([a, 0]) with A := / ;o f. Let S be a choice on I such that if P, Q are Se-fine partitions of I,
then |S(f; P) — A| <e/2and |S(f; Q) — A| < €/2, which follows that

IS(f;P) = S(£; QI <IS(fiP) — Al +|S(£;Q) — A| <.

Now, suppose that for any € > 0 there exists a choice Se¢ on I such that if P and Q are any partitions of I
that are Se-fine of I, then |S(f;P) — S(f; Q)| < €. Foreachn € N, let S, = {Syx : x € I} be a choice on
I such that if P and Q are S,-fine, then |S(f; P) — S(f; Q)| < 1/n. We may assume that S, 1, C Sy for
allx € I, n € N. For each n € N, let P, be a S;-fine partition of I. If m > n, then Py, and P, are S,-fine.
Therefore, for m > n, |S(f; Pu) — S(f; Pm)| < 1/n, and it follows that {S(f; P,)}5> ; is a Cauchy sequence. Let
A :=limy, 00 S(f; Pn). By taking m — oo, we have |S(f; Pn) — A| < 1/n. Now, for any givene > 0,let K € N
be such that 1/K < €/2. If Q be a Sk-fine partition of I, then

S(f;Q) = Al <IS(f;Q) = S(f,Pr)| +[S(f;Px) — Al <2/K <e.

O

The following theorem is the additive property of the AP-Henstock integral of a function on [a, co].
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Theorem 16. Let I := [a,00], f : I — Rand let ¢ > a. Then f € AH(I) if and only if the restriction of f to [a,c] and
[c, 0] are both integrable. In this case we have
(o] Cc [o0]
Jo=loelr
a a c

Proof. Let [1 := [a,c] and I := [c,00]. Suppose that f € AH(I;) and f € AH(L;). Let f; be the restriction
of f to I; and let f, be the restriction of f to I,. Let A; := fh f1 and let Ay := flz f. Given e > 0, let
S¢:={S.y:x € I;} beachoice on I and let S/ := {S/ : x € I} be a choice on I, such that if P; is a S/-fine
partition of I and P, is a S/-fine partition of I, then

IS(fi;P1) — A1l < 3¢ and [S(fo; P2) — Ao| < Je.

We define a choice S¢ := {Scx : x € I} on I by

SexNla,c) if x€la,c)
(SL.Na,c])U(SL.Nc,0)) if x=c¢
Se,x = ” ’ ’ .
SexN(c,00) if x € (c,00)
S if x = oo.

Let P be a Se-fine partition of I and suppose that each tag occurs only once. Then the point ¢ must be a
tag of an subinterval in P. Let ([u,v],c) be the tagged interval in P of which the tag is c. Then P is of
the form P, U ([u,v], c) U P, where the tags of P, are less than ¢ and the tags of P, are greater than c. Let
P1 = P,U ([u,c],c) and let P, := P, U ([c,v],c). Then Py is a S.-fine partition of I; and P, is a S/-fine
partition of I. Therefore,

IS(f;P) — A1 — A2| < [S(f1;P1) — A1l +|S(f2; P2) — Aal.

Since € > 0 is arbitrary, f is integrableon I'to [, f+ [, f.

Now, suppose that f € AH([a, 0]). For each € > 0, let S¢ := {S¢x : x € I} be a choice on I that satisfies
the Cauchy Criterion (Theorem 15). Let f; denote the restriction of f to I; and let 8. := {Scx NI} : x € I;} be
the restriction of Sc to I;. Let Py, Q; be S.-fine partitions of I;. By adjoining the same tagged partition of I,
extend P;, O to partitions P, Q of I that are Se-fine . Then,

IS(fi;P1) = S(fi; Q1) = [S(f;P) = S(f; Q)| <e.

Therefore, by Theorem 15, f; is integrable on I;. In the same way, the restriction of f to I is integrable on I,
O

Corollary 3. If f € AH([a,o0]) and if [c,d] C [a, o0], then the restriction of f to [c,d] is integrable.

Proof. Let f € AH([a,c0]) and [c,d] C [a,c0]. Then it follows from the theorem that f € AH([c, o0]), which
follows that f € AH([c,d]). O

Theorem 17. Let I := [a,00] and let f : I — R. Then f € AH(I) if and only if f € AH([a,c]) for every ¢ > a and
there exists A € R such that .
lm [ f=4

In this case, [ f = A.

Proof. Let f € AH(I), [ f = A, and let € > 0. Then there exists a choice S := {S; : x € I} on I such that if
P = {([xi_l,xi],ti)}?jll is a S-fine partition of I, then [S(f; P) — A| < Le. Letc > x,. Since f € AH([a, c]) by
Theorem 16, there exists a choice S; := {S.x : x € [a,c]} on [a,c] such that if P, is a S,-fine partition of [a, c|,
then ‘S(f; P:) — f;f‘ < %e. We may assume that S C Sy for all x € [a,c]. Let P} := P. U ([c, 00|, 0), then
Pf is a S-fine partition of [a, 0] such that S(f; P.) = S(f; Pg). Therefore,

'/acf—A‘ < ‘/acf—S(f;Pc) FIS(f;PH) — A <e.
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Since € > 0 is arbitrary, lim¢_;e0 f; f=A.
Now, suppose that f € AH([a, c]) for every ¢ > a and that there exists A € R such that lim. o [, f = A.
Take a strictly increasing unbounded sequence {c;};° , with cp = a. Given e > 0, let N € N be such that if

b > cy, then ‘fabf - A’ < e. Since f € AH(I := [cx_1,¢k]) foreach k € N, let S := {Si, : x € I} be a choice
on I such that if Py is a Sg-fine partition of I, then ‘S( £ Px) — |, I f ‘ < €/2%. We may assume that

1. Sl,CO |:C0/ CO;Q :| ’
and if k > 1, that

2. Sk+l,ck C Sk Ck ,and

Ck—11Ck CktChy1
7 7 2
3. Skx C (w x+ck> for x € (cx_1,cx)-

Now, in order to define a choice on I, we assign a measurable set Sy to each x € I by

Sk x if x € [Ck_1,Ck), ke N
Sy = ’ .
[en,00] if x =00,

so that 8* = {S%:x € I} be a choice on I. Let P = {([xi_1,xi], )}/ be a S*-fine partition of I. By the
definition of §*, the tag for the unbounded subinterval [x,, o] in P must be oo and cy < x,. Now lets € N
be the smallest positive integer such that x, < ¢s so that N < s. Again, by the the condition (3), for k =
1,---,5 —1, the point ¢, must be the tag for any subinterval in P that contains c;, and we may assume that cy
appears as an end point to the intervals. We let

Q1:=PnNjcg,c1], -+ ,Qs1:=PNcs—2,¢s5 1], Qs :=PN[cs_1,%n]
Then, Qx(k=1,---,s — 1) is Sg-fine partition of Iy. Therefore, we have
‘S(f; o) | f‘ <
J1, 2k
Also, since Qs is a S;-fine subpartion of I;, by the Saks-Henstock Lemma,
sroo- [ 1| < 5

Let Qoo := {([xn, 00],00)} so that S(f; Q) = 0. Now, since P = Q1 U - - - U Qs U Qq, we have

S

IS(f;P) — Al = |} S(f; Qi) +S(f; Q) — A

i=1

<|ysre)- [

i=1

4—%ﬁQ@LﬂAMf—A+§%

Since € > 0 is arbitrary, f € AH(I) and [, f = A. O

We give a different version of Cauchy Criterion for f € AH([a, o]).

Theorem 18. Let f : [a,00] — R be such that f € AH([a,c]) forall ¢ > a. Then f € AH([a, o]) if and only if for
every € > 0 there exists K(€) > a such that if g > p > K(e), then | fgf |<e.

Proof. Suppose that f € AH([a,0]). Let € > 0. By the previous theorem, there exists K(¢) > 0 such that
|[Sf— [T f] <e/2forallc > K(e). Letq > p > K(€), then

p ® P ®
_/f: _/f+/f—/f<e.
a a a a
Conversely, suppose that for any given € > 0, there exists K(€) > 0 such thatif g > p > K(e¢), then ‘ f 1 f ’ <e.

)1 f - fx”f\

Let {x, } be an unbounded increasing sequence with xo > a. Since for any x,, > x, > K(¢),
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’ o f ‘ < ¢, the sequence { [ f}™  is a Cauchy sequence. Let lim, oo [." f := A and N be an integer such
that x5 > K(e) and |fax”f — A| < e whenever n > N. If ¢ > xy, then

'/;f—A’:‘/:Nf—A’Jr /x;f’<26.

Since € > 0 is arbitrary, limc_co [, ; f = A, and by Theorem 17, f € AH(I). O

We now consider the multiplier properties for the AP-Henstock integral on unbounded intervals.

Theorem 19. Let f € AH([a,00)) be bounded below and let ¢ be a requlated function on [a,c0). Then the product
fg € AH([a, 0)).

Proof. Assume that f(x) > 0 on [a,o0]. By Corollary 3 and Theorem 9, fg € AH([p,q]) forany ¢ > p > a.
Let s be a step function such that |g(x) —s(x)| < 1 for all x € [4,00]. Let € > 0. By Theorem 18, there exists
K(e) > d such that | quf| < e whenever g > p > K(e). If g > x > p > K(e), then |g(x)| < M for some M > 0
and |f(x)g(x)] < Mf(x). Since |fg| and Mf are measurable on [p, q], |fg| is Lebesgue integrable and hence
|f¢| € AH([p,q]). It follows that ’f;’fg‘ < qu |fgl < quf < €. Therefore, by Theorem 18, f¢ € AH([a, c0]).
Now, if f(x) > « on [a,00] for some a < 0, then since (f —a)g, ag € AH([a,0]), the result follows from
fg=(f-a)g+ag. U

Theorem 20. Let I := [a,00) and let f, ¢ : I — R. Suppose that f € AH(I), F(x) := [ f is continuous on I, and
that ¢ is bounded and monotone on 1. Then the product f¢ € AH(I).

Proof. Let € > 0. Since ¢ is bounded on I, there exists M > 0 such that |¢(x)| < M for all x € I. By Theorem
18, there exists K(e) > a such thatif g > p > K(e), then | [ ; f |< €/2M. Since ¢ is monotone, it follows from
Corollary 2 that f¢ € AH([p,q|) and from Theorem 14 that there exists ¢ € [p, g] such that

/quqv =¢(p) /;f+¢(q) /;f

Thus, if ¢ > p > K(e), then | f; fo|< M(e/2M) + M(e/2M) = e. Since € > 0 is arbitrary, by Theorem 18, f¢
is AP-Henstock integrable on .
O
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