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Abstract: In this paper we consider the following abstract class of weakly dissipative second-order systems
[e9)
with infinite memory, u”(t) + Au(t) — / Q(s)A*u(t —s)ds = 0, t > 0, and establish a general stability
0

result with a very general assumption on the behavior of g at infinity; that is g'(t) < —¢&(+)G(g(t)), t > 0.
where ¢ and G are two functions satisfying some specific conditions. Our result generalizes and improves
many earlier results in the literature. Moreover, we obtain our result with imposing a weaker restrictive
assumption on the boundedness of initial data used in many earlier papers in the literature such as the one
in [1-5]. The proof is based on the energy method together with convexity arguments.
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1. Introduction

V iscoelastic materials exhibit an instantaneous elasticity effect and creep characteristics at the same
time. The importance of the viscoelastic properties of materials has been realized because of the

rapid developments in rubber and plastics industry. The modeling of the dynamics of physical phenomena
such as heat flow in conductors with memory, hereditary polarization in dielectrics, population dynamics,
viscolasticity can be described by an abstract integro-differential equation of the form

u” (t) + Au(t) — /j g(t—s)A%u(s)ds =0, t>0,
u(—t) = ug(t), t>0, u'(0)=uy,

)

where ’ represents a derivative with respect to time t, A : D(A) C H — H is a positive definite self-adjoint
operator on H, g is the relaxation function (convolution kernel), « € [0,1], up, u; are given history function
and initial data respectively.

The study of viscoelastic problems has attracted the attention of many authors and several decay and
blow up results have been established. We start with the pioneer work [6,7] where Dafermos considered a
one-dimensional viscoelastic problem and established various existence results and then proved, for smooth
monotone decreasing relaxation functions, that the solutions go to zero as t goes to infinity. After that, many
results dealing with the existence, uniqueness, regularity and asymptotic behavior of many systems of the
form (1) have been studied; see, for example, [1,8-11]. In the case of finite memory, that is, uy(t) = 0 for
t <0, see [12-18]. In particular, Rivera et al., [15] considered the interpolating cases « € (0,1) and a relaxation
function ¢ which decays exponentially to zero at infinity, that is,

—cog(s) < g'(s) < —ci1g(s) Vs eR4. )
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They showed that the energy decays polynomially at the rate of 1. Recently, Hassan and Messaoudi [19]
considered

{u”(t) + Au(t) — /Otg(t —s)A%u(s)ds =0, t>0, 3)
u(0) = uo(t), u'(0) = uy,
and established a new general decay rate result for which the relaxation function g satisfies condition
§'(t) < =¢()G (8(1)), t=0. €
For case of infinite memory, see [20-25]. In particular, Guesmia [1] considered
uy + Au — /OJFOO g(s)Bu(t—s)ds =0 for t>0, 5)

and introduced a new ingenuous approach for proving a more general decay result based on the properties
of convex functions and the use of the generalized Young inequality. He used a larger class of infinite history
kernels satisfies the following condition

e 8(s) 8(s) o
b e TP g < ©
such that
G(0) = G'(0) =0 and tEToo G'(t) = +oo, @)

where G : Ry — R, is an increasing strictly convex function. Al-Mahdi and Al-Gharabli [2] considered the
following viscoelastic problem

Uy — Au+ f0+°° g(s)Au(t — s)ds + [us|" 2u; = 0, in Q x (0,400)
u(x,t) =0, on 9Q) x (0, +00) (8)
u(x, —t) = ug(x,t), ur(x,0) = uq(x), in Q x (0, +00),

and they established decay results with using a relaxation function g, satisfying the condition

3
gt <=&Hght), 1<p<3. ©)
Very recently, Guesmia [26] considered two models of wave equations with infinite memory and established
an explicit and general decay rate results where the relaxation function satisfying the condition (4).
Motivated by the above works, we intend to study the following class of viscoelastic equations of the form

{u”(t) + Au(t) — /0 g(s)A%u(t —s)ds =0, t>0, (10)

u(—t) = uo, u'(0) =,

where A : D(A) C H — H is a positive definite self-adjoint operator on H such that the embedding
D(AP) — D(AY) is compact for any B > ¢ > 0and a € (0,1).

Remark 1. The assumption D(AP) << D(A”) forany > ¢ > 0 guarantees the existence of some constants
w, wy, wq such that

2

Bk ngAl/ZUH voeD(a?), (11)
2 2
HA“/ZUH < wp HAUZUH VoeD (Al/z), (12)

and
HA1/20H2 <, HAH/ZUHZ YoeD (Al,m) . (13)
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2. Our main objectives

We intend to establish a two fold objective:

1. improve many earlier works such as the ones in [11,15,19] from finite memory to infinite memory;

2. prove a general decay estimate for the solution of Problem (10) with a wider class of relaxation functions
than the ones considered in [1-5] by getting a better decay rate with imposing a weaker assumption on
the boundedness of initial data than the one considered in the earlier papers such as the one in [1-5].

The paper is organized as follows: We present some assumptions and remarks in §3. We state and prove some
technical lemmas in §4. The main result, its proof and some examples are presented in §5.

3. Assumptions

In this section, we state some assumptions needed in the proof of our main decay result. The strictly
decreasing differentiable relaxation (kernel) function g : [0, c0) — (0, o0) satisfies the following assumptions:

+o00
(A.1) ¢(0)>0 and 1- 0/0 g(s)ds=1>0.

(A.2) There exists a non-increasing differentiable function &: Ry — (0,00) and a C! function G : [0, +-c0) —
[0, +00) which is linear or it is strictly increasing and strictly convex C? function on (0,7], with G(0) =

G'(0) = 0, such that
§'(t) < —¢()G(s(1),  Vt=0, (14)

where & is satisfying [, &(s)ds = +co.
(A.3) We assume that

—+o00
| 86114 2uq(s)| Pas < +oo,

and "
|7 sl142u(s) s < -+

Remark 2. The class of relaxation functions satisfying ( A.1) — ( A.2) in the present paper is larger than the
ones satisfying (6) and (7) used in some earlier papers such as the one in [1]. In fact, the boundedness of the
sup in (6) use in [1], can be interpreted as the inequality in ( A.2) in the present paper (with { = 1). The
conditions (6) and (7) used in [1] ask also the boundedness of the integral. So, it is better to consider the
relaxation functions satisfy ( A.1) — ( A.2) used in the present paper than the one used in [1].

Remark 3. Hypothesis ( A.3) is needed for proving the existence and stability results. For the stability, if
( A.3) holds, then the functions h and h; defined in Lemma 4 well be defined. Moreover, Hypothesis ( A.3) is
weaker than the one used in [1-5] that is, there exists a positive constant M such that

IV A" 2ug(s)[[> < M,

and
||VA1/2140(S)||2 < M.

Remark 4. As is in Mustafa [14], if G is a strictly increasing and strictly convex C2 function on (0, 7], with
G(0) = G'(0) = 0, then there is a strictly convex and strictly increasing C? function G : [0, +00) — [0, +0)
which is an extension of G. For instance, we can define G, for any t > r, by

G(t) :== %tz + (G'(r) = G"(r)r)t + (G(r) + G"(r) P — G’(r)r) )

2 2

We state the existence, regularity and uniqueness theorem whose proof is in [15].

Theorem 1 ([15]). Suppose that (ug(-,0),u;) € D(A) x D(AY?) and (A.1-A.3) hold. Then, Problem (10) has a
unique global solution satisfying

ueC(R;D(A)NC (R+;D (Al/z)) nC2(Ry; H).
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Moreover, if (ug(+,0),u1) € D (A‘TH/Z) x D (A7) for o > 0, then the solution satisfies
we € (R D (A712)) et (R D (A7) N € (Ry; D (4771/2)).
The "modified" energy functionals associated to our problem are given by
E(t) = 3 [||u/<t)|2 +arzu|f - (1‘1> |as2u(e) |+ (g0 4%/2) (t)} , (15)

g(t) — % [ HA(lftx)/Zul(t)HZ + HAlfrx/Zu(t)H _ <1 _l> HAl/Z )Hz + (gOA1/2u> (t)] , (16)
for any t > 0, where forv € L? (Ry; H),

(goo)(t) := /O g(s)[lo(t) — o(t —s)||*ds.
Remark 5. The positiveness of the energy functionals comes from inequalities (12) and (13).

Lemma 1 ([15]). For any initial data (ug, u1) € D(A) x D (Al/ 2), the energy functionals associated to Problem (10)
satisfy, for any t > 0, the identities

E'(t) = 5 (g 0A%2) (1) <0, (17)

\»—\ NM—\

£'(t) =3 (g0 A"u) () <. (18)

AsinJinetal., [27], we set, forany 0 < e < 1,

N SO _ /
ce._/o ﬁds and  he(t) = eg(t) — ¢'(b).

Lemma 2 ([27]). Assume that the condition (A.1) holds. Then, for any v € Lloc ([0, +00); L>(0, L)), we have

/OL (/0‘” g(S)(U(t> —o(t— S))ds>2dx < Ce(he 0v)(F), Vit > 0. (19)

Lemma 3 (Jensen’s inequality). Let F : [a,b] — R be a convex function. Assume that the functions f : — [a, b]
and h : QO — R are integrable such that h(x) > 0, for any x € Q) and/ x)dx =k > 0. Then,

F(4 ) @nmar) < ¢ [ PG mes

4. Technical lemmas

In this section, we state and prove some Lemmas that are useful in the proof of Theorem 2. Through out
this work we use ¢ > 1 to represent a generic constant, which is independent of t and the initial data.

Lemma 4. Assume that (A.1-A.3) hold. Then, there exist two positive constants My, My such that
oo 2 2 2
/ g(8)|| A% 2u(t) — A% 2u(t — s)||ds < Moho(t), (20)
t

and
+o00
/ 2(s)[|AY2u(t) — AV2u(t — s)|[Pds < Myhy (1), 1)
t

where ho(t) = f0+°° g(t+s) (1 + ||A“/2u0(s)||2) ds, and hy(t) = f0+°° g(t+s) (1 + HAl/zuo(s)||2> ds
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Proof. Indeed, we have
—+o0
[ 8s)1A° 2u(t) = AV2u(t = 5)| Pds
Jt
+o00
§2||A”‘/2u(t)||2/ ds+2/ §)[| A 2u(t — 5)|2ds
< 2sup || AY2u(s)|]2 / gt +s)ds +2/ gt +8)[| A% 2u(—s)| Pds
5>0
4w
< OS‘iijO()/ 2(t+5) ds+2/ gt + 8)|| A% 2ug (s)|[2ds
- 0
400
< 4“1’05(10) | st+os+2 /0 g(t+ )| A% 2ug(s)| Pds
oo 2. 2
SMO/O g(t+s) (1+||A”‘/ up(s)|| )ds (22)
4(4)(]E
where My = max {2 } O
The proof of (21) can be established similarly to the proof of (20).
Lemma 5. Assume that conditions (A.1-A.3) hold. Then, for any 0 < 6 < 1, the functional I, defined by
(o) == (w0, [ g(6) ()~ = 5))s )
satisfies, along the solution of (10), the estimate
0y < - (1—1_5) /()12 + 5 || A1 2t H +1) (heoAl2u) (1), VEz0.  (23)
wo
Proof. Differentiating I; and exploiting the differential equation in Problem (10), we get
ot = <A1/2u(t),/ g(s)AY 2 (u(t) —u(t—s))ds>
0
- </ g(s)A”‘/zu(t—s)ds,/ 2(5) A2 (u(t) —u(t—s))ds>
0 0
1-1 e
- (o ) IR = (w0, [7 g6 )~ e ) en

Next, we estimate the terms in the right-hand side of the above identity. Using the Cauchy-Schwarz,

Young and Holder inequalities, Lemma 2 and inequalities (11) and (12), it follows that, forany 0 < 6 < 1,

<A1/2u(t),/Ooog(s)Al/z(u(t) —u(t— s))ds>

< é||A1/2u(t)||2 + fcg (hg o Al/zu) (), — </O°° g(s)AY2u(t —s)ds, /Ooog(s)A"‘/Z(u(t) —u(t— s))ds>

2

H/ () A2 (u(t) — ut —s))ds

() 4, [ g6 A2 u) ~ uto - o))

< m HAa/Zu(t)H + gcs (hg oAa/Zu) ()
< S S o)
and

(wio), [ u(0) — (e —s))ds )
_ <u’(t),e/0°°g(s)(u(t) —u(t— s))ds> _ <u’(t),/0°° e(s) (u(t) — u(t — s))ds>
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2 2

< SR+ 55 | [ g0 - ute -5y

<ol () + g(cg +1) (hg oA1/2u) (t).

F 2O+ o H/ £ u(t —s))ds

Plugging the above estimates in (24), we obtain the desired estimate. [

Lemma 6. Under the conditions (A.1-A.3), the functional I defined by

satisfies, along the solution of (10), the estimate
() < W' (H)]> — é||A1/2u(t)H2 +¢cCe (hg o A“/2u> (t), vt >0. (25)

Proof. Differentiating I, using the equation in (10), and repeating the above computations, we get

1) = 017 = a2+ (P20 ) a2 (7 s ts) — ute - s, au0))

W 2
< ' ()17 — 1| A" 2u(e) a2 2u(t)[* 4 S0 [ () A2 (u(t) — ut — 5))s

[+ 5
< |l (1)]% - HAl/Zu(t)Hz—i—cCg(hgoAl/zu)(t), Vit >0.

Lemma 7. Assume that (A.1-A.3) hold. Then, the functionals |1 and ], defined by

Ji(t) := /O'tp(t —s) HAa/Zu(S)HZdS

and

Jo(t) = '/;p(t—s) HAl/Zu(s)szs

with p(t) == / <(s)ds satisfy, along the solution of (10), the estimates
t

() <30 = DI A () P = (g0 A2 (0) + 5 [ 8(5)14%2u(e) — A 2us) [3ds

and

| W

1
B < 21 = DIA2u(b)|P = (g0 A2 (1) + 5 [ g AV 2ult) — AY2u(s) s,

forany t > 0.

(=)

Proof. Exploiting Young’s inequality, (A.1-A.3), inequality (12) and the fact that p(t) < p(0) = 1771, we obtain,
forany t > 0,

() =p(© 4 2ut)]* - [ gt —9) HA“/Zws)szs
p() HA“”u ( H2—/ (1= a2t uio s
—2/ ) (A2 (),Al/z(u(s)—u(t))>ds
p(o) [[4*/2u(t H ~ [ 8= 914 2ut) — 4 2u(s — ) Pas

2 [
+o-D HA"‘/zu(t)H +§/O g(t— 8) | A% 2u(t) — A2u(t — s)||2ds
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0
<3 -1 a2 - /Ot (= )| A2u(t) — A u(t —s) s
<311 [ 2un)| - %/ — §) | AY2u(t) — A 2u(t — 5)|2ds
o [ 8= ) ut) — A2 — ) s, (26)

Similarly, differentiating J, and repeating the above computations, we get, for any t > 0,

J106) =p(0) |4 2ute)| - [ st -9) HA“Zws)szs

rolesol' [ |-
—2/ ) (412 (),Al/z(u(s)—u(t))>ds

<p(0) | A1/ 2u(: H = [ sl = ) 1AY2u(e) - AV2u(t - ) s
+2a-pfarzue] + / — )| AY2u(t) — AVu(t ) [2ds

—Sa-p a5 [T s s1a ut) - Aute - 9)ds

=§ 1) HA“Zuu)H = /0 g(t = )| AV2u(t) — AV2u(t - s)||ds
5 [ 8l = ) () - AV2u(t ) P 27)

O]
Lemma 8. Assume ( A.1- A.3) hold. Then, the functional L defined by
L(t) :=N(E(t) +E(t)) +er1l1(t) +ealp(t)

satisfies, for a suitable choice of N,e1,€2 > 0,
L~E+E, (28)

and the estimate

(-1 (4+ 220) 1O~ (11 (4+ ZZO) 1AV 2u(p) |2

+4 (goA"‘/zu—l-goAl/zu) (t), Vt>0,

L'(t) <
(29)

r—=~\N

Proof. It is straightforward to establish the equivalence (28). To prove (29), we start by exploiting relations

(17), (18), (23) and (25) to get
< (S - o)a e In@r - (e -on) 4o

(5~ ferre) - fata+e) (hoa'u) (o
-
N

7 (goA“/2u+goA1/2 )( ). (30)

(‘)%(‘)

N
2
N
2

Qq

—(e1+¢€) — %CE(sl + sz)> (hg o A“/2u> (1)

Now, we set 1= ~— and choose J small enough so that

<min{;ﬁ, éﬁ}
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Consequently, for e; = 16(11 [;l) (4 + %) ,wepick ey = % Beq satisfying

1 1
Zﬁgl <égp < 5/351-

Then,
1 1 2 3
(‘B—?El —& > 5,381 — & = ngsl = 7(1 —l) <4+ 20>
and ! l 1 [ 3
582 —de1 > E <€2 — 4ﬁ€1> = E/Bel = (1 —l) (4"1‘ 20) .
eg?(s) .
From 5)—26) < g(s) and the Lebesgue Dominated Convergence Theorem, we deduce

) 2
lim eCe = lim Egi(s)/ds =0.
e—0+ e—~0+Jo €g(s) —g'(s)

So there exists 0 < g9 < 1 such that if € < g, then

1

Ce < .
© T8 (g tep)

Now, we choose N large enough so that £ ~ E + £ and
N > max {%;(81 +€2), 210} .

_ 1
For ¢ = 55, we have

| Z

(e1+¢€) >0 and e < €.

> 0

This gives
N_¢
2 9

Thus estimate (30) becomes

N—E(s +e)—l—
> —slate =

C
(81 + 82) . 7C€(€l + 82) > 3¢

o

£ < a0 (45 ) IWOR- a0 (45 2 ) 14 20

4& (gOA“/ZLH—goAl/Zu) (1), Vit >0.
O

Lemma 9. Assume that (A.1-A.3) hold. Then, the energy functional satisfies, for all t € R™ and for some positive
constant 11, the following estimate

t
/ E(s)ds < mf(t), (31)
0
where f(t) =1+ fot h(s)ds and h = hy + hy and hg, hy are defined in (20) and (21).

Proof. Let F(t) = L(t) + J1(t) + 3J2(t), then we obtain, forall t € R,

F(5) <= Jla+ o)W (0] = (1= DI A /2000 = 3 (g0 A'/20)(1
+ % g(s) | A% 2u(t) — A% 2u(t — s)||>dsdx

—+00
+ = g(s)| A 2u(t) — AV2u(t — s)||2dsdx. (32)
t
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Estimates (18) and (32) yield, for some positive constant A and for all t € R,
/ 1 [tee w/2 w/2 2
F'i(t) <-— AE( ) 5 /t e(s)|AY “u(t) — A% “u(t —s)||“dsdx
Al/2 — AY2y(t — 5)||Pdsdx.
2

Therefore, using (20) and (21) and integrating both sides of the last inequality, over (0, t), we arrive at

A/ §)ds < F(0) — E(t) + % Oth(s)ds < P(0)+ % [ (s)ds. (33)
Hence, we get
t t t
/0 E(s)ds < @ + ?/0 h(s)ds < m(l +/0 h(s)ds), (34)

where i = max{ 0)’%\0} O

Corollary 1. There exists 0 < qo < 1 such that, for all t > 0, we have the following estimate:

[ 86 (4200 = ute =) [+ a2 —u -9 ) as < 56t (12ED) )

¢()
where ) )
/g (‘AW u(t) —u(t—s)| + | 472(E) —u(t =) )ds, (36)
1(0) = 55 ®7)

G is defined in Remark 4 and f (t) is defined in (31).

Proof. We introduce a functional 7 defined by

n(t) :==q(t) /Ot (HAMZ(u(t) —u(t— S))H2 + HAl/Z(u(t) —u(t— s))H2> ds, Yt>0,

and observe, from inequality (12), that

E(t) > é |av2uef ana B> % |2, vizo (39)
Use of (15), (17) and (38) yields
e <2000 [ ([} + arue -9+ a2 [+ 4 2ue o))
< M0 1 4g) [ (1) + B~ s)d
< SqT(t)(l—i—o)/OtE(s)ds, VE>0
Thanks to (31), we can pick 0 < g9 < min {1, m} so that
a(t) <1, Vi>o. (39)

To prove (35), we define another functional y by

u(t) = _/Otg/(s) ( AY2(y(t) _u(t—s))H2 + HAI/Z(u(t) —u(f—S))Hz) ds
< —c(E'(t) + £'(1)).

(40)
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Also, the strict convexity of G and the fact that G(0) = 0 entail that
G(st) <sG(t), for 0<s<1 and 7€ (0,7].
Combining this with the hypothesis (A.2), Jensen’s inequality and (39), we obtain, for any t > 0,
() ==z [ 10 6) ([ a2 = ute =)+ 420 — e =) ) as
[ 06 (4200 - ute =)+ |42 - ute =) s
> 880 [ stz (| 472wt - ute = |+ 4720000~ ute - ) [ ) as
> 06 (a0 [ 50 (42000 = ute =)+ 42000~ ute =) ) ).

where G is a C? extension of G which is strictly increasing and strictly convex on (0, co). For simplicity, in the
rest of this paper, we use G instead of G. Then we have for any t > 0,

/Otg(s) (HAa/Z(u(t) —u(t —S))Hz n HAl/z(M(t) ot _5))H2) ds < q(lt)Gl <q(t)y(t)> ‘

O

5. The main result

In this section, we state and prove our decay result. We introduce the following functions:
Ga(t) = tG/(eot),  Ga(t) = tG"H (1), Ga(t) = Gs(b). (1)

It is not difficult to show that the above functions are convex and increasing on (0, 7]. Now we state our main
result.

Theorem 2. Assume that hypotheses (A.1)—(A.3) hold and the initial data satisfy
(1o, 1) € [D (Al—m) x D (A(l‘“)/z)} n [D (Al/z) x H} .

Then, for all 0 < s < t and for strictly positive constant C, we have the following decay results

C+ [1E(s)Gy [Sq(s)h(s)] ds,
() tsglmrle)
0

where q is defined in (37), h = hy + hy where hy, hy are defined in (20) and (21) and the functions Gy(s) and Gy (s) are
defined in (41).

(42)

Proof. We start by combining (15), (20), (21), (29) and (35); then, for some m > 0 and for any ¢t > 0, we have

L'(t) <

o € (aDr®)N |
E()+ 5C ( 0 )+ h(t), V>0 (43)

Let 0 < g9 < 7, then define a functional F by

_ o (coa(DE® N
F(t):=G ( £(0) L(t), vt >0.
Using the facts that E' < 0, G’ > 0and G” > 0, we get for any t > 0,

.F/(t) _ 80’7;;()(;/(1-) G" (quét()()E)“(t)) ,C(i’) + G’ <£Oqlgt()01§(t)> ,C/(t)
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. (eq(OEW®) | o (eqEM) 1 (aBut) | , (€0q(t)E(t)
< E“)G( E(0) )+q<t>G< E(0) )G (f:(t) >+h(t>G( E(0) ) @

Let G* be the convex conjugate of G in the sense of Young (see [28]), then
G (s) =s(G")7(s) = G [(6)7\(s)], if s € (0,G'(r)] (45)

and it satisfies the following generalized Young inequality

AB < G*(A)+G(B), if A€ (0,G'(r)], B (0,r]. (46)
So, with A = G’ (80 E(ézggt) ), B=G! (q(?(f)(t) ), and using (17), (18), and (44)-(46), we arrive at
/ (. E)q(t) ¢ (. E@)q(t) pu(t)q(t) (. E)q(t)
F'(t) < —mE(t)G (80 E ) + q(T)G (G (80 E(0) )) —|—c( HO ) +ch(t)G (so )

(0) t E(0)
< —mE(t)G’ (soEgzggt)) +ceo£((é))G’ <50E(£zg§t)> +c (V(éz?)(t)) +ch(t)G’ (eoE(Etzggt)) . (47)

So, multiplying (47) by ¢(t) and using (40) and the fact that 80% < r, we obtain

E0F (1) < - mEWENS (") + e ior 6 (a2 i)
£ EL020)

mE(0)

0 T ¢) > 0, we obtain, for all

Consequently, recalling the definition of G, and choosing ¢ so that k = (
t e R+ ,

sz () (o) s (o 53)

< kg, (E(bfzg;t)) +cE(Hh(H)G (ef%%@) ) (48)

where F1 = ¢F + c(E + E). Since G)(t) = G/(t) + tG"(t), then, using the strict convexity of G on (0, 7], we
find that G}(t), G2(t) > 0 on (0, 7].
Using the general Young inequality (46) for the last term in (48) with A = G/ (%%gg”) and B = [$h(t)],

we have for any d > 0,

o (EG1) -y o] (¢ (255

d i (o E(0)4(t) d_ ¢
< q(T)G3 <G (EO E(0) )) + q(—t)Gg, bq(t)h(t)}
d E(t)q(t) , (- E(t)q(t) c
0] (80 E(0) > (G <€° E(0) )+q(t>G4 |Sa()n(0)]
d E(t)q(t) d . rc
SETONG (SO E(0) ) I FUQLIOIE @)
where Gy, G3 and Gy are given in (41). Now, combining (48) and (49) and choosing 4 small enough so that

ki = (k—d) > 0, we arrive at

, () . [ E(Mq(h) . ) - e
F( < -kEc (80 )+ S Ga [ Galome] (50)
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Since E’ < 0 and q' < 0, then (gE)(t) is decreasing function. Using this fact and since G; is increasing, we

have, for0 <t < T,

o) o )

Combining (50) with (51) and multiplying by g(t), we get
HOF )+ kg6 (0= G ) < a6 (Ga(on(n)
Since ¢’ < 0, then forall 0 < t < T,
(st07) )+ kiza ("D <azrc (Satomn).

Integrating (53) over [0, T] and using the fact q(0) = g, we have

6 (a2 HB) [ athar < 220 s [TerGo (Satomen) an

E(0)
e (Da(1)\ _ [EY +d f) &()Ga (Sa(t)h(t)) dt,
@ <€° E(0) )S[ C OfOch(t)dj ]
" ED(T)\ _ o[22 +d [) &(5)Ga (Sq()h(1)) dt,
(8015(0)> =© [ C OfOTg(t)dt }
which yields

E(0)\ ~_1[C+ fy &(t)Gs (Ga(t)h(t)) dt,
Bl <C < ) “ [ Jlemat }

F1(0) 1
s -

where C = max {1,
0

Example 1. Let g(t) = =, wherev > 1and 0 < a < v — 1. In this case (t) = vaT and G(t) =t

(1+t)
G'(t) = agtv. We will discuss two cases:
Case 1: if mg < 2+ ||A%/2ug + A ?ug||2 < my. Then we have the following;

a3(1+4) " <h(t) <ag(1+4)7"",

S &G (Fq(t)h(t)) di < +oo,

o1 [ Sl E0G(Fatnn)dt, < a4,

2 o &(t)dt
I+In(1+T), v=2
q (1+T) v+, 1<v<2.
Then
(1+1n(1+T)>t(V+'1), v=2;
E(T) <ay T—(ﬁ), v>2;
(1 + T)*(V*2+ﬁ)/ 1<v<?2.

Thus for v > 2 or v2 < v < 2 we have lim7_, ., E(T) = 0.

(1)

(52)

(53)

(54)

(55)

(56)

(57)

! . Then

(58)

(59)

(60)
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Case 2: if mo(1+1)" < 2+ ||A*2ug + AV 2uy|> < my(1+1)", where 0 < r < v — 1, then we have the

following:
a3(1+ )"V < () < ag(1 + )V,
foT Z(6)Ga (Fq(t)h(t)) dt < 4oo,
1+In(1+T), v—r=2
% sfey vor>12
7 A+T)v+H2r, 1<v—-r<2.
Then,
(1 +In(1+ T)) ) =2
E(T) <ay

- Tf(ﬁ), vV—r>2;
(1+T)" 2+, l<v—r<2.

Thus for v —r > 2or 3 (r + V12 +4r +8) <v < r+2we have limr_, ;o E(T) = 0.

(61)

(62)

(63)

Acknowledgments: The authors thank University of King Fahd University of Petroleum and Minerals (KFUPM) and the
referee for his/her very careful reading and valuable comments. This work is sponsored by KFUPM under Project No.

SB201012.

Author Contributions: All authors contributed equally to the writing of this paper. All authors read and approved the

final manuscript.
Conflicts of Interest: “The authors declare no conflict of interest.”
Data Availability: All data required for this research is included within this paper.

Funding Information: No funding is available for this research.

References

(1]

(2]

3]

[4]
[5]

(6]

[7]

(8]

9]

[10]

[11]

[12]

(13]

[14]

Guesmia, A. (2011). Asymptotic stability of abstract dissipative systems with infinite memory. Journal of Mathematical
Analysis and Applications, 382(2), 748-760.

Al-Mahdi, A. M., & Al-Gharabli, M. M. (2019). New general decay results in an infinite memory viscoelastic problem
with nonlinear damping. Boundary Value Problems, 2019, Article No 140. https:/ /doi.org/10.1186/s13661-019-1253-6.
Guesmia, A., & Messaoudi, S. A. (2014). A new approach to the stability of an abstract system in the presence of
infinite history. Journal of Mathematical Analysis and Applications, 416(1), 212-228.

Youkana, A. (2018). Stability of an abstract system with infinite history. arXiv e-prints, arXiv-1805.

Guesmia, A., & Tatar, N. E. (2015). Some well-posedness and stability results for abstract hyperbolic equations with
infinite memory and distributed time delay. Communications on Pure and Applied Analysis, 14(2), 457-491.

Dafermos, C. M. (1970). An abstract Volterra equation with applications to linear viscoelasticity. Journal of Differential
Equations, 7(3), 554-569.

Dafermos, C. M. (1970). Asymptotic stability in viscoelasticity. Archive for Rational Mechanics and Analysis, 37(4),
297-308.

Fabrizio, M., Giorgi, C., & Pata, V. (2010). A new approach to equations with memory. Archive for Rational Mechanics
and Analysis, 198(1), 189-232.

Guesmia, A., & Messaoudi, S. A. (2014). A new approach to the stability of an abstract system in the presence of
infinite history. Journal of Mathematical Analysis and Applications, 416(1), 212-228.

Rivera, J. E. M., & Naso, M. G. (2007). Asymptotic stability of semigroups associated with linear weak dissipative
systems with memory. Journal of Mathematical Analysis and Applications, 326(1), 691-707.

Al-Mahdi, A. M., Al-Gharabli, M. M., & Kafini, M. (2019). A new general decay result for abstract evolution equation
with time-dependent nonlinear dissipation. Annali Dell’ Universita’Di Ferrara, 65(2), 201-230.

Messaoudi, S. A. (2008). General decay of solutions of a viscoelastic equation. Journal of Mathematical Analysis and
Applications, 341(2), 1457-1467.

Messaoudi, S. A. (2008). General decay of the solution energy in a viscoelastic equation with a nonlinear source.
Nonlinear Analysis: Theory, Methods and Applications, 69(8), 2589-2598.

Mustafa, M. I. (2018). General decay result for nonlinear viscoelastic equations. Journal of Mathematical Analysis and
Applications, 457(1), 134-152.


https://doi.org/10.1186/s13661-019-1253-6

Open J. Math. Anal. 2022, 6(1), 48-61 61

[15] Rivera,]. E. M., Naso, M. G., & Vegni, F. M. (2003). Asymptotic behavior of the energy for a class of weakly dissipative
second-order systems with memory. Journal of Mathematical Analysis and Applications, 286(2), 692-704.

[16] Al-Gharabli, M. M., Al-Mahdi, A. M., & Messaoudi, S. A. (2019). General and optimal decay result for a viscoelastic
problem with nonlinear boundary feedback. Journal of Dynamical and Control Systems, 25(4), 551-572.

[17] Al-Mahdi, A. M. (2019). Optimal decay result for Kirchhoff plate equations with nonlinear damping and very
general type of relaxation functions. Boundary Value Problems, 2019, Article No 82. https://doi.org/10.1186/
s13661-019-1196-y.

[18] Al-Gharabli, M. M., Al-Mahdi, A. M., & Messaoudi, S. A. (2020). Decay results for a viscoelastic problem with
nonlinear boundary feedback and logarithmic source term. Journal of Dynamical and Control Systems, 28, 71-89.

[19] Hassan, J. H., & Messaoudi, S. A. (2019). General decay rate for a class of weakly dissipative second-order systems
with memory. Mathematical Methods in the Applied Sciences, 42(8), 2842-2853.

[20] Appleby, J. A., Fabrizio, M., Lazzari, B., & Reynolds, D. W. (2006). On exponential asymptotic stability in linear
viscoelasticity. Mathematical Models and Methods in Applied Sciences, 16(10), 1677-1694.

[21] Pata, V. (2009). Stability and exponential stability in linear viscoelasticity. Milan Journal of Mathematics, 77(1), 333-360.

[22] Mustafa, M. 1. (2019). Energy decay in a quasilinear system with finite and infinite memories. In Mathematical Methods
in Engineering (pp. 235-256). Springer, Cham.

[23] Al-Mahdi, A. M. (2020). Stability result of a viscoelastic plate equation with past history and a logarithmic
nonlinearity. Boundary Value Problems, 2020, Article No 84. https://doi.org/10.1186/s13661-020-01382-9.

[24] Al-Mahdi, A. M. (2020). General stability result for a viscoelastic plate equation with past history and general kernel.
Journal of Mathematical Analysis and Applications, 490(1), Article ID: 124216. https://doi.org/10.1016/j.jmaa.2020.
124216.

[25] Al-Mahdi, A. M., Al-Gharabli, M. M., & Messaoudi, S. A. (2021). New general decay result for a system of viscoelastic
wave equations with past history. Communications on Pure and Applied Analysis, 20(1), 389-404.

[26] Guesmia, A. (2020). New general decay rates of solutions for two viscoelastic wave equations with infinite memory.
Mathematical Modelling and Analysis, 25(3), 351-373.

[27] Jin, K. P, Liang, J., & Xiao, T. J. (2014). Coupled second order evolution equations with fading memory: optimal
energy decay rate. Journal of Differential Equations, 257(5), 1501-1528.

[28] Arnol’d, V. I. (2013). Mathematical Methods of Classical Mechanics (Vol. 60). Springer Science & Business Media.

® © 2022 by the authors; licensee PSRP, Lahore, Pakistan. This article is an open access article
distributed under the terms and conditions of the Creative Commons Attribution (CC-BY) license

(http:/ /creativecommons.org/licenses /by /4.0/).


https://doi.org/10.1186/s13661-019-1196-y
https://doi.org/10.1186/s13661-019-1196-y
https://doi.org/10.1186/s13661-020-01382-9
https://doi.org/10.1016/j.jmaa.2020.124216
https://doi.org/10.1016/j.jmaa.2020.124216
http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/

	Introduction
	Our main objectives
	Assumptions
	Technical lemmas
	The main result

