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Abstract: Two terminating balanced 4¢3-series identities are established by applying the bilateral g-Legendre
inversions. Four variants of them are obtained by means of contiguous relations. According to the polynomial
argument, four “dual" formulae for balanced 4¢3-series are deduced, that lead also to four non—terminating
2¢2-series identities.
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1. Introduction

L et N be the set of natural numbers with Ny = {0} UN. For an indeterminate x, the shifted factorial of
order n € Ny with the base g is defined by (x;¢)o = 1 and

(9)n = 1—x)1—gx)---(1—¢"'x) for neN.
Then the Gaussian binomial coefficient can be expressed as

m: @Dm @)
nj (@ (gq)m—n (Tq)n

where m, n € N.

Throughout the paper, the product and quotient of shifted factorials will be abbreviated respectively to

[lX, ﬁ/ N q}n = (a;q)n (:B'q)n e (7?‘1);1/

B,y ‘q _ (@), (B:a)y (i),
ABq- CIT  (Aa), (Ba), - (Ca),

Following Gasper and Rahman [1], the unilateral and bilateral basic hypergeometric series (shortly as g-series)
are defined, respectively, by

1 4) ap,ai, - Ay
+r@¥s
bl/' o /bS

a1,az, - ,Aar
rl/js [blleI' o /bS
When r = s, the 1, ,¢r-series will be called balanced (or Saalschiitzian) if the product of the denominator

parameters exceeds that of the numerator parameters by q. Both series will be said well-poised if ¥ = s and
the parameters in the numerator can be paired off with those in the denominator so that each pair has the same

= k| 40,41, - Or

;2| = z
q ‘| kgo [ q/ bl/' o /bs
Ll v k| @Az ar
q, Z] B Z z [blleI' o /bS

k=—o0

product.
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During the past decades, there has been growing interest in finding new formulae for basic
hypergeometric series. The inversion techniques have been shown to be powerful in dealing with g-series
identities (cf. [2-7]). This paper will explore further applications of the g-Legendre inversions established by
Chu and Wang [8].

In the next section, we shall derive two main formulae for terminating balanced s¢3-series from two
particular cases of Bailey’s very well-poised ¢1s-series identity. Then four variants of these balanced series
will be evaluated by means of contiguous relations. The polynomial argument will be employed in the third
section, where four further formulae for terminating balanced 4¢s3-series will be demonstrated. Their limiting
series will also be highlighted as four remarkable nonterminating >¢,-series identities.

2. Closed formulae for terminating 4¢3-series
Chu and Wang [8] found the following bilateral form of the g-Legendre inversions, that were utilized by

them to derive, from a few known ones, several terminating balanced as well as well-poised g-series identities.

Lemma 1 (Chu-Wang [8]Proposition 3). Let A be a fixed nonnegative integer. Then for all n € Ny, there hold the
following inverse series relations

Foy= L ) ow, o

i [A +nt k} 1- g2

n—k |T_grEd 2T, @

provided that A = 0 and 1. Furthermore, these inversions are also valid for A > 1 under the additional conditions
G(-1)=G(-2)=--=G(1—A) =0.
By examining particular cases of the very well-poised ¢fs-series identity due to Bailey [9] (see also [1]1I-33
and [6])
va, —+/a, qa/b, qa/c, qa/d, qa/e T bede

| 9,9a,q9/a,qa/bc,qa/bd,qa/be,qa/cd, qa/ce,qa/de ‘
~ |qa/b,qa/c,qa/d,qa/e, q/b,q/c,q/d,q/e qa*/bcde

[Q\[ —qva, b, c d, e ‘ _qazl
®)

provided that |ga®/bede| < 1 for convergence, we shall derive, in this section, two dual formulae by making
use of Lemma 1 and four variants by means of contiguous relations.

§2.1.

According to (3), we have the following special case

K A O . e VLA VA P Y B el WL Ut WG
VL VT g gt 4, —ghsa | T | = G @ I

Denote by [’Zf]q2 the same Gaussian binomial coefficient ['], but with the base g being replaced by 42. Observing
that
(—1)kgh K2k { 2n } (4% 97

n—k P (9% qz)an

q g

q9 =1
q1+nl 7q1+n 1,

we can rewrite the above ¢14-series explicitly as

o o 20 ] L [asddre) ) e Coau(bia)
n—klp 2| d—qb/d (% 4%)n (P02 /d2%;47)”
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This matches exactly with (1) for A = 0 and the specifications

(=492 (b;q)2n
Fn): = (@2 02) (202 82, ¢2)
(gt [ —q/d,d/b
G(n):= 5 [ aliys ]

Then the dual relation corresponding to (2) reads as

i n+k ﬂqz(n;k) (—4;9)2k(b; q) ok
—k] 21— g2t (a2 9%k (9262 / 4% 4%

(1+q2")n_” —q/d,d/b q/d,—d/b
2T U d—qbsd T s 1] f

2-42n.

Keeping in mind that
qz)k

n+k] ok ankekek (07 17)(17
{n—kLz_( ' (4% %) 2k

we have derived the following balanced series identity.

Theorem 1 (Balanced series identity).

—2n 2n n
s [q,d2,q2b2/d2 “7"7] ~ 2 “d,—qb/d T T ~dqora 1] [
According to the linear relation

ok b2q2 _ dZX

bd? — x B
_ _ ok _ 2k+2b”
1= = b) + (1 ) )

bdZ — b2g2 )’

we can manipulate the following 5¢,4-series

—2n 2n 2 n 2k —2n 2n
TN eNbab ) o ol g 1ogTx g b,
5¢4l q/xrdzrq4b2/d2 ‘q’q‘| _Z 1—x l q, qz dZ 4b2/d2 ‘q

k=0
1-b)(*¢* —d’x) | g7, 4", qb,q°b ‘ 2. 2|, (1—q%0%/ d2)(bd2 —d’x) g7, q*,b,qb ’ R
3 (1 — x)(bd? — b2q?) 4 q,d2,q2b? / 2 -

A ) | g gt 1T
q 9,d%,q

Evaluating the above two 4¢s3-series by Theorem 1

—2n 2n 42
a7q7q7x,b,qb | 5 o
504 [ q,x,dz,q4b2/d2 ‘q 4 ‘|

_ @) =0)@@ - [[—asddrar) ] [ard,—d/e
T T 2(1— %) (g7 — bd?) d,—qb/a 1] | —d,qP/d ‘7”

b" (1 — g*b%/d?)(bd? — d? —q/d,d/b /d,—d/b
(1— g2/ d?)( x>“q q%[q qH

2(1 = x)(bd? — b2g?) d,—qb/d —d,qb/d

and then regrouping the terms, we find, after some simplifications, the identity below with an extra free
parameter x.

Proposition 1 (Balanced series identity).

—2n 2n -2 "
q /q /q x,b,qb 2. 2| bf -
54’4[ q,%,d%,g*b? | d2 ‘q ,ql =5 {Au(b,d) + An(b,—d)},
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where

An (b/ d) =

{qn ~qb—x)(1— g™
d(1—x)(1—q%b/d?)

Corollary 2 (Balanced series identity).

—2n

4)3 q , q2+2n, b, qb ’
4 q, d2, q4b2 /dZ

} —q/d,d/qb
d,—q?b/d 11 )

When x = ¢?", this proposition reduces to another balanced series identity.

7 ‘72] = %ﬂ {Au(b,d) + Au(b,—d)},

(4% 4%)n(a% %) (b;q)2n

1+q/d)(1—d/b) (4% q)2n [d%,q*0?/d2%; 4],

)n+1

2n+1(b;q)2n

where
_ (+q/d) (A —qb/d) | —¢*/d,d/b
An(b,d) = 1—q%b/d2 d,—q*b/d
§2.2.
Alternatively, consider another particular case of (3)
e | VIV /A gd/b | 201=4/b)
/71/7’ /7 q2+n 2+n d, —qb/d ’ (
In view of
7= " o] 2 (gt {211 + 1} (4% 4%)n (4% 4
g, —g? K n—klp  (0%4%)2mn
we can express it as the following equality
i (—1)F {Zn + 1} 1+ [-4/d,d/biqln iy (—3:9)
4 n—k q22(1 —q/b) [d,—qb/d;q];

This matches exactly with (1) for A = 1 and the specifications

F(n):=

G(n):=

(_q; ‘7)2n+1 (b; q)Zn

(d%; qz)n

(q2b2/d2; qZ)n ’

(@470 d%07)

(1 + q2n+1)qn2_nbn [*Q/d,d/b,q ]n+1 .

Then the dual relation displayed in (2) reads as

k=0

_ (4 ey, n{[q/drd/b;q}nﬂ

21—q/b) 1 [d,—qb/d;q],

Noting that

{n—O—k—i—l

n—k

n
rn+k+1 1—gq
Y (=1) { 0k Lzl_qzwrzmq

2(1—4q/b)

4n+2 k
2("3%)

[d,—qb/d;q],

(—4;9) 2541 (b; )2k

(d%; 4%k (q%b% / d%;

7k

we get the following balanced series identity.

LZ = (—1)q

-2
2nkfk2+k(q

" q*)k(q

[—d,qb/d;q],

2, 4 )k+1

(9% 9%)2k+1

[9/d,~d/b;q )11 } _
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Theorem 3 (Balanced series identity).

—2n 2+2n n
g ",q ", b,qb | ;. b
4¢3 [ g3, d2, 202 2 ‘ 7 ’121 =5 {An(b,d) +Au(b,—4d)},

where

An(b,d) = (1-q)(1+q/d)(1—4d/b) l_qZ/dlqd/b ’ 1

(- q/0)(1—q@71) | d,—qb/d
Analogously, applying the linear relation (4), we can reformulate the 5¢4-series
" q—2n’ q2+2n, qul b, qb ‘ 2 qz
5¥4 P, x,d%, q*b? / d> ’

(1-b)(b*g* — d*x) [q—Zn,qZ-ﬂn,qb’ q%b ’ 2. 21 (1 — g°b?/d?)(bd” — dzx)4 . [Q_qu%znrbr qb ‘qz.qzl

(1—x)(b%q% — bd2)4¢3 7%, d%, q*v? / d? (1 —x)(bd? — b2g?) 7%, d%, q*v* / d?
By means of Theorem 3, we establish another balanced series identity with an extra parameter x.

Proposition 2 (Balanced series identity).

24+2n 2 ni1 — _
- q x,b,qb‘ 2. 2‘| — b (1 q)(l x/b) {An(b,d)+An<b,—d)},

—2n
504 71 ;
7%, x,d%, ¢*b? / 4> 2(1—x)(1—q/b)

where
An(bd) = (L+q/d)(1—gb/d) { ,d(1—x/q)(1—g*b/d*)\ [ —¢*/d,d/b
o (1= gb/) T/ — ) [ | d,—qb/d
Letting x = g*"*2 in Proposition 2, we obtain another balanced 4¢3-series identity.

Corollary 4 (Balanced series identity).

—2n 4+2n n+1
q 9 bgb | 5 5| b"Td(1—gq)
44)3 [ q3/ d2, q4b2/d2 ’ q:9 ] - 2[](1 — q2n+2) {A”(b'd) - A”<b/ _d)}/

where

An(b,d) =

(1—¢*/d*) (1 —g*V*/d*) | —¢*/d,d/b
(q—b)(1—q%/d?) d/q,—qb/d :

3. Polynomial argument and limiting series

Let P(y) and Q(y) be the two polynomials of degrees at most m. If they agree at more than m + 1 distinct
values of y, then P(y) and Q(y) are identical.
For b = q7" with m € N and m < 2n, the identity in Theorem 1 becomes

—2n 2n ,—m ,l—m —mn m m
a9 a " 2. 2| _ 1 —q/d,q"d q/d,—q"d
4¢3 [ q,d2,q2—2m/d2 ‘q fq] ) {[d,ql_m/d q]n+ [d,ql_m/d q ) :

Multiplying across the last equation by 4" and then making use of the equality

_q/dlqmd B qnd,_qlJrnfrn/d’
A L N I A B v -
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we can reformulate the resulting equality as

+

\_"ilj qmn [q—2n1q2n;q2]k (q—m;q)2k qZk _ 1 qnd, _q1+n7m/d ‘
5 (@9)x (4% g>2m ) d2; 2] 2 d,—q""/d

_qnd, q1+n7m/d

—d,q'~"/d 9 N
which is valid for infinitely many n € N with 2n > m. Moreover, both sides of the last equation are polynomials
of degree at most 2m in g". Hence, this is a polynomial identity in the variable q". Renaming 4" by b,

we highlight the resulting identity in the following proposition, where the other three balanced 4¢3-series
identities can analogously be deduced.

Proposition 3 (Four balanced series identities).

a. The counterpart formula from Theorem 1:

7m’ 17m’ b2, 1/b2 1
493 |f1 q, dZ, q2—2m/d2 ‘ q2; q2‘| = E {Am(b/ d) + Am(b' _d)} ’

where

bd,—d/b
Am<b,d>=[ / \q]

d,—d
b. The counterpart formula from Corollary 2:

7m/ 17m/b2, 2/b2 1
aps |1 . ;z q472mjd2 ’5122‘12] = E{Am(b,d)+Am(b,—d)},

where

_ d-m _
An(b,d) = LTV DA—g'="/d) [bd/q, d/b’]

(1—g>m/a?) d,—d/q
c. The counterpart formula from Theorem 3:

7m, 17m,b2, 2/b2 1
4¢3 1 e Zz quZmZdZ ’qz;qzl =3 {Am(b,d) + Aw(b,—d)},

where

Am(b,d) =

(1—q)(1+b/d)(1—bdg™ ) |bd/q, —qd/b
(1—qitm) (1 - b2/q) d,~d "’m'

d. The counterpart formula from Corollary 4:

q—m’ ql—m, q2b2, qZ/bZ ' 1— q
4¢3 P2, g2 ) 2 ‘ 77| = 29 {Am(b,d) + Am(b,—d)},

where

Ap(b,d) =

bd(1—q?/d?) (1 — 2" /d%) [bd/q,—d/bq
(=g A =0)(1—g2™m/d?) | d/q,—d/q 17|~

Letting m — oo in the last proposition, we derive the following four interesting nonterminating ¢,-series
identities, that resemble somewhat the g-analogue of Bailey’s  F; (—1)-sum (cf. [1]II-10):
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| _|acqc/ay ,
SREAR
Corollary 5 (Four nonterminating »¢»-series identities).

[52,1/1? 2. | 1) |bd —d/b —bd,d/b
(a) 24)2 q,dZ ’q ’qd _E d,—d ‘q oo+ —d,d ‘q N .

(02,2/0% | 5 5, | 1 [[bd/g —dsb —bd/q,d/b
q, 4 ‘q'd/q 2 d,—d ‘ —d,d “700'

a,q/a
242 l ¢

(b) 202

q| +

© a0 'bz,qZ/z#’ 2. | b(1—g) bd/q,—d/b’ _ b(1-g) —bd/q,d/b’
20203 g |17 200—-02/q) | d,—d 200-02/q) | —dd |7
[ 212 2 /12
q°be,q* /0% | 5 o, | _ gb(1—q) |bd/q,—d/bq _ qb(1—9q) | —bd/q,d/bg
@ a2 * s 775 /’71 2d(1-10) | d,—d 2d(1-12) | —dd 17| -

These identities do not seem to have appeared previously. We offer a classical proof for the first one.
Others can be done similarly. Recall the transformation due to Jackson (cf. Gasper-Rahman [? , III-4]):

b [a,lz ;Zl _ (az;9)eo [a, c/b

T @)e 2P| az, c
The first y¢>-series in the above corollary can be reformulated as follows:

b2/1/b2 d2/b2; 2 o bz, b2
2 l ‘qZ;qu] _ ( q°) 21 Qq ‘qZ;dZ/bz )

q, d* (@ 9%)eo
q;,—d/ b} }

q; bz

Evaluating the last ;¢ -series by the g-binomial series
b2

b2,qb? 1 b?
qull qq ’qz;dz/b2] == {1470 l 3

1 (bdq)e | (—bd; )
2 {(d/b;fwoo " (—d/b;q)oo}

q;d/b

+1¢0

and making some simplifications, we confirm the identity. O
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