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1. Introduction

T he study of limit cycles, which are isolated periodic orbits in the set of solutions of differential equations,
is one of the main problems in the theory of differential equations. It is done by checking their existence,

number, and stability. Many mathematicians, physicists, chemists, biologists, and others were interested in
knowing and discovering those properties related to the limit cycles. The origin or the motivation of limit
cycles emerged from the second part of the 16/ Hilbert problem [1], which involves finding the maximum
number of limit cycles of polynomial vector fields with fixed degrees.

There are several methods exist to study the number of limit cycles that bifurcate from the periodic
orbits such as the abelian integral method [2], the integrating factor [3], the Poincaré return map [4],
Poincaré-Melnikov integral method [5] and averaging theory [6,7]. The study of limit cycles for differential
equations or planar differential systems by applying the averaging method has been considered by several
authors see, for instance, [8-11].

Here we consider a particular case of the 16! Hilbert problem to study the upper bound of the generalized

polynomial Kukles system,
{x _ a6 (1)
y=Qxy)

where Q(x,y) is a polynomial with real coefficients of degree n. In [12], Kukles introduced the following
differential system

x=—
y / 2 2 3 2 2 3 )
Yy =X+ a1x®+axxy + asy” + agx” + asxy + agxy- + ayy°,

and he gave the necessary and sufficient conditions under which the system (2) has a center at the origin. In
[13], it was solved the center problem for system (2) when a, = 0 and it was proved that at most six limit cycles
bifurcate from the origin. In [14], Sadovskii solved the center-focus problem for system (2) with apay # 0 and
proved that systems (2) can have seven limit cycles bifurcate from the origin.
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In [8], Llibre and Mereu used the averaging theory to study the maximum number of limit cycles of a
class of generalized polynomial Kukles differential system of the form

r*=Y
g=—x— T (fk () +8h )y + 1, ()7 +afy), ©
K1 1 2 3 0

where for every k the polynomials f,’fl, g’,ﬁz and h’,‘l3 have degree 11,1, and n3 respectively, df real number
different from zero and ¢ is a small parameter.

In [9], Boulfoul et al., used the averaging theory to study the maximum number of limit cycles of a class
of generalized polynomial Kukles differential system of the form

X=-y
{ y=x—f(x) —g(x)y —h(x)y* —1(x)y, 4)

where f(x) = ef1(x) + €2 fo(x),g(x) = eg1(x) + e2g2(x), h(x) = ehy(x) + 2ha(x) and I(x) = ely(x) + €2l (x)
have degree 11,13, 13 and ny4 respectively, and ¢ is a small parameter.

In this paper, by using the averaging theory, we study the maximum number of limit cycles which can
bifurcate from the periodic orbits of the linear center ¥ = y,y = —x perturbed inside the class of generalized
polynomial Kukles differential system of the form

oY (5)
y=—x—fO)y? — g(x)y* — h(x)y? T2 — 1(x)y> 3,

where f(x) = ef'(x) + 2 f2(x), g(x) = eg' (x) + €2¢%(x), h(x) = eh'(x) + e2h?(x), and I(x) = el'(x) + €21?(x),
where f¥(x), ¢%(x), h*(x) and I¥(x) have degree ny,ny, 13, n4 respectively for k = 1,2. p is a positive integer
and ¢ is a small parameter. The main results of this paper is the following theorem:

Theorem 1. For |e| sufficiently small, the maximum number of limit cycles of the polynomial Kukles differential system
(5) which can bifurcate from the periodic orbits of the linear center x =y, = —x,

(a) is max {[2], [%] +1} by using averaging theory of first order,

(b)andmax{[” 5]+ [—]—0—[”2 1}4—;7,[ ]-i—{n‘* 1}+P+1{n1 1}+H+P/[n2 1}"‘[”73]"‘17"‘
{ S } +p+2 ["3 1} +ut+p+ 1} , by using averaging theory of second order, where y =
mm{[ 5]+ 11

| ;_.

Our paper is organized as; in §2, we introduce the averaging theory of first and second order. Then in §3,
we prove our main theorem using the tools mentioned in §2. And finally, we concluded our study by giving
some applications.

2. The averaging theory of first and second order

The averaging theory of first and second order, for studying periodic orbits, was developed in [6,15]. The
following result is Theorem 4.2 of [6].

Theorem 2. Consider the differential system
x(t) = eFy(t, x) + e Fo(t, x) + €R(t, x,€), (6)

where F, F, : R x D — R",R: R x D x (—¢f,er) — R" are continuous functions, T-periodic in the first variable,
and D is an open subset of R". Assume that



Open J. Math. Anal. 2022, 6(2), 74-92 76

(i) Fi(t,.) € CY(D) forallt € R, F5, R and DxF, are locally Lipschitz with respect to x, and R is differentiable with
respect to €. Define f1, fo: D — R by

A= 7 [ Rz

L S )
A= = / [DZFl (s,2) / Fi(t,2)dt + Fa(s,2) | ds.
0 0
(ii) For V C D an open and bounded set and for e € (—eg,e5) \ {0}, there exists a. € V such that f1(ae) +efa(az) =
Oand dp(fi1 +¢f2, V,a) # 0.

Then for |€| > 0 sufficiently small there exists a T-periodic solution ¢(-, €) of the system (6) such that ¢(0,€) — a when
e— 0.

If f1 is not identically zero, then the zeros of fi + efo are mainly the zeros of fi for € sufficiently small. In this case
the previous result provides the averaging theory of first order.

If f1 is identically zero and f, is not identically zero, then the zeros of f1 + efy are mainly the zeros of f, for
e sufficiently small. In this case the previous result provides the averaging theory of second order. For additional
information on the averaging theory see the books [7,16].

3. Proof of statement (4) and (b) of Theorem 1

In this proof, we use the first order averaging theory. So, we write the system (5) in polar coordinates
(r,0) where x = rcosf, y = rsinf, r > 0. We write the polynomials f!(x), g'(x),h!(x) and I' (x) which appear
in (5) as,

Zax,g be n(x Zcx and I'(x de (8)

i=0
Therefore system (5) becomes
1 . . 12 . .
Fo= —e| Y arcos'Osin® 1O+ Y bir' 2P cos' fsin? 126
i=0 i=0

ns . . Ny . .
+)° ;' T2 cos! sin?P 13 0 + ) dir' TP 3 cosl § sin?P T4 9) ,

i=0 i=0
n 12
6 = —1-— - (Z a;r' 2P cos' T 0sin® 0 + Y byr' 2P cos't 1 0sin? 1 0
i=0 i=0

13 . . 14 . .
+ Y o 2 cos 0sin? 20+ Y dir T2 cos't 0 sin?P 6) )
i=0 i=0

Taking 6 as the new independent variable, we get

dr noo — no .
i Z a;r' 2P cos' Osin?P 1 9 + Z b 2P+ cos! 0 sin?P 12 9
i=0 i=0

13 . . 14 . .
+ Y cir 2 cos' 0sin?? T3 0+ Y dir T3 cos’ 0 sin?P 9) +0(¢),
i=0 i=0

= ¢F(r,0) +O(¢).

Let Fyg be the averaging equation of first order associated with system (5).
Using the notation introduced in Theorem 2, we compute Fjg by integrating F; with respect to 6,

1 27t
Flo(i’) = ﬂ/() Fl(l’, G)dg
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Lemma 1. Let A;; () = cos 0sin/ 6 and 6;; (0) = foe A j(s)ds, where

2 0, if iisodd or jis odd,
/0 Aij(0)df = { 2ng;; (2m), if iand jare even,

and

2j+3

Gaipj+a(27) mézi,zjﬂ@” )-

Using Lemma (1), we obtain the integral of the function Fyo(r)

LI K S M it
Fo(r) = 5/0 ) bir Aiopi2(0) + Z dir Aiopra (0) | dO
il;gn il;gn
1o (B 2N
- E/o Y b T Ay 0 (0) + ) dor® T Ay g () | A0
i=0 =

n [
2 . 2 .
i=0 i=0
% 5,03
p+

(2]
= 2 Y iy, ’
r 2iT §21,2p+2 (2m) + ;
<i=0 = 2i+2p+4

Ao 2850012 (27'5)) : 9

Then the polynomial Fyo(r) has at most max { [%2], [%3t] + 1} positive roots. Hence statement (a) of Theorem
(1) is proved.

For proving statement (b) of Theorem 1, we will use the second-order averaging theory. We take
f(x),g" (x),h(x) and I'(x) as defined in (8), and let

moo mo_ noo no_
) =Y ax', ¢2(x) = Y _bix', i3 (x) = Y x' and P(x) = ) dix'. (10)
i=0 i=0 i=0 i=0

In polar coordinates (r,0) where x = rcos, y = rsinf, r > 0, the differential system (5) becomes

i = —&Gy (r,0) — €2 H (1,0), 1)
6= —1—=2Gy(r,0) — SHy (r,6).
d
aking 6 as new independent variable, we fin a_ eF; (r,0) + €2F(r,0) + O(&3), where
Taking 6 depend ble, we find 2
1
Fl (1’, 9) = G] and FQ(T’,G) = H1 - ;Gle. (12)
And
mn ) 1np ) 1 ng ) ) 14 ) 3
G = ,ZOWZJ“ PAizp1(0) + 'Zo bir TP A 5,10(0) + 'Zo it P2 A 5y 13(0) + ‘ZodirH_ P Ai0p14(6),
1= 1= 1= 1=
nq . ny _ . ng . ngo _ .
Hl = 'ZO L_liTl+2pAi,2p+1 (9) -+ 'ZO bi1’1+2p+1A1"2p+2(9) -+ ‘20 C_irl+2p+2Ai,2p+3(9) + 'ZO dir’+2P+3Ai,2p+4 (9),
1= 1= 1= 1=
ny . ny . n3 . 14 .
Gy = 'Zo a;r" 2P Ajy1.2,(6) + 'Zo bir 2P A 0p 11 () + Zo cir P2 A1 10p42(6) + 'Eo dir 2P A 0p13(0),
1= 1= 1= 1=
ny . ny _ . ns3 . ng  _
H; = 'Zo Tt Ay 0p(6) + 'Eo bir' PP A1 0p41(6) + 'Eo Gt A 2p42(6) + ‘Zo dir 2P A 0p15(8).
1= 1= 1= 1=

(13)
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In order to apply averaging theory of second order, Fjgp must be identically equal to zero. Therefore from (9),

we take

by = —%dzi—z 1<i<y, (14)
bop=Dby=dp_ =0 pu+1<i<A,

where A = max {[%], [5] +1}.
Let F» be the averaging equation of second order associated with system (5). Now, we determine Fpy by

integrating with respect to 0
Fx(r) = Fy(r)+Fy(r),

where

1

1 2 4
Fi(r,0)y(r,0)d0 and Fzzo(r):g

27
1y - L [rd
Bo) = 52| & /0 Fo(r, 0)d6.

By substituting (14) in (13) and (12), we get

ny—1 n np—1
L 2

2 . 2 . .
F(r,0) = ¥ agii1Aniv10ps1 (0) 1220 4 Y a5, Agin, 1 (0) 220+ Y bpi1Agiippia (0) rHT2PT2 4
i=0 P i=0 P i=0 4

nz3—1 n ng—1
] 3 "

2 . 7 . ‘
(0) 124203 4 Y 03 Aginp s (0) PP T2 4 Y dyi1Agi1pya (0) PP 4

1= 1=

C2i+1A2i+1,2p+3
0

i=
5 2p+3 .
)3 (A2i72,2p+4 (0) — F5 Aiopia (9)) ;221

i=1

To compute leo, we must derive F;, so

np—1 n np—1
N (] 7
hird — r (21 +2p + 1)agiy1 Azit1,2p41 (0) 272 + 'Zo (2i +2p)azi Agip i1 (6) r# 2771 4 'Zo (2i+2p+
1= 1= 1=
%]
2)byig1Anis12p+2 (0) PP 4 Y (204 2p + 3) o1 Anig1,2p3 (0) P4 Y (204 2p +
: i=0 i=0

n471]

2
2)caiAnippra () PP ‘Zo
1=l

2p+3 ,
Dz (A2i*2,2p+4 (6) — 37 Azipea (9)) 22,

. M
(21 + 2p + 4)d2i+1A21‘+1,2p+4 (9) 1’21+2p+3 + Z (21 + Zp +
i=1

And we have
ny -1
2

) i+p+1
y(r,0) = f(f Fi(r,0)do = 420 iy q 12 T2PF1 <5i,,,,0+ El Bip, cos (21)9) +

i=

-1

nm

e . B i+p+1 nzz . i+p+1
. agr® 2P | Bipo+ 121 Bipicos(2l—1)60 | + 'ZO byipqr ¥ T2 H2 zzo Bipisin(21+1)6 +
= = i= =

1

[”32_1 249943 i+p+2 (7] vivopin [ ~ i+p+2
'Zo Coip1 TP i po + 121 Yipicos(2D)6 | +  caif AP i p0 + 121 Yipicos(2l—1)0 | +
1= = 1= =

nyg—1
2

) i+p+2 u . i+p+1
d2i+11’21+2p+4 ) Yipl sm(21 + 1)9 + ) dzi_27’21+2p+1 Y. 51', i sm(Zl)H,
I=0 P i =1 P

i=0 i=1

where B; 1, Bip,1, Bip1s Vips Yipis Vip) and d; , | are constants.
Now, we define as

Elo(r) = Y1(r) + Ya(r) + Y3(r) + Ya(r) + Ys5(r) 4+ Ye(r) 4+ Y7 (1),
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such that

Yao(r) =

Ys3(r) =

Yy(r) =

Ys5(r) =

Yo(r) =

Y7(1’) =

1 21
37 )
1 27
37 )
1 27T
3
1 27T
37 )
1 27
37 )
1 27
37 )
1 27T
37 )

(

]
2
Y (2i42p 4+ Dagi1Asiprop1 (0) 712 | y(r,0)d6,

i=0

]

NS

[

i

I
o

(2 +2p)aziAzip+1 (0) 72i+2p_1) y(r,0)do,
-

]

Y (2i42p+2)boit1Asip10pr2 (0) PP | y(r,0)d6,
i=0

]
Z (21 +2p + 3)caiv1 Asia,2p+3 (0) P22 | y(r,0)do,

=0

}

3
—_

N

5

[

[

M

(2i +2p +2)coi Azippi3 (0) 72i+2p+1) y(r,0)do,

d

Z (20 +2p + 4)dai 11 A2 11,0p 14 (0) P23 | y(r, 0)d6,

Il
S

. 2p+3
Y (2i42p+1)dyip | Asizpa (6) — 57 Azizp+2 (0)
i=1

In the following Lemmas, we will compute the integrals Y1 (r) — Y7 (7).

Lemma 2. The integral Y1(r) is given by the following

Y1(r)

2 s+p+1

Proof. By using the integrals in Appendix, we get

(a1)

25

27 Jo i=0

s+p+1

=
E ‘125+1725+2p+1 (ﬁ Z ;Bsplcos (206
s=0

I=

2]

) r2i+2p> y(r,0)do.

"] &
Z Z (2i + ZP +1) GE2pt ) o s Z 5s,p,lDi,p,lr2i+zs+4p+l'
i—0 s=1 =

1 27 ) X
*/ Z (2i +2p + 1)agit1A2i1,2p+1 (0) VZIHP) X

de =0,

1 27 . .
27 /0 Y. (2i+2p+1)agi142i41,2p11 (6) VZIHP) X

i=0

[nTI] 5 s+p+1 _
Y ap </zs,,,,0 + Y PBspicos(20—1) 9) de =0,
s=0 =1

=2

1 27 . X
*/0 Z (2i +2p + 1)agi1 Agiy1,2p41 (6) P2 | %

(15)
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{% s+p+1 ~
ZO b25+11’23+2p+2 IZO .Bs,p,l sin (21 + 1) 0|do= 0,
s= =

nq—1
1 27 ] . 2i+2
(d1) ﬂ/o Y (2i+2p +1)agiy1Asig1p (0) 177 | x
i=0

[7/13—1

2 s+p+2
Z Cogpq TP T3 (’Ys,p,o + Z Ys,p,1 o8 (21) 9> dg =0,
s=0 =1

np—1
2

1 ron [ ) 2i42
(e1) E/o Z (2 +2p + 1)agi 1Az 1,2p41 (0) 7777 | %
i=0

[%3] s+p+2
Y Cogr 2P H2 (’75/,,/0 + ) Ys,pacos (20 — 1) 9) de =0,
1=1

5=0
22!

1 27 ) ,
(f1) ﬂ/o Y (2i42p 4 1)az1Asisippsr (0) PP | x
i=0

[114271 s+p+2
Z d25+17‘25+2p+4 Z 7s,p,l Sil‘l(Zl + 1)9 do =0,
5=0 I=0

ny—1
2

1 sor [ , 2i42
(81) E/O Y. (204 2p + 1) a1 Asigrpps1 (0) 1772 | X
i=0

i s+p+1
(Z dosor™ T N 5 sin(21)9> 49 =

s=1 1=1
{nl—l}
2 (2i+2p+1 stpil ,
Z Z( ZP )a2i+1d25_2 Z 5s,p,lDi,p,l”21+zs+4pH-
i=0 s=1 I=1

We observe that the sum of the integrals (a;) — (1) is the polynomial (15). This ends the proof of Lemma

). O
Lemma 3. The integral Y,(r) is given by the following,

ENES stp+l ‘
Yo(r) = Y, Y (i+panbasin Y, PBopiCipir® T
' )

s+p+2

, _ 2i+25+4p+3

+ (i4 plagidasir Y, VspiCipyr? T4,
‘ i=0

Proof. By using the integrals in Appendix, we get

X

1 2 [71] ) S
(ﬂZ) E/O (21 + 2P>a2iA2i,2p+1 (9) p2i+2p— %

i=0

(16)
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{ngl} s+p+1
Y aggqr AT <ﬁs,,,,o+ Y /ss,p,lcos(zz)9> d6 =0,
5=0 I=1

1 2@ (7] 2it2p1
(b2) b / Z (20 + 2p)an; Ay 2p+1 (0)r X

i=0

W

71} s+p+1
(s 2512P <[$5 po + Z ,Bsplcos (21-1) ) do
s=0

2

”1
1 27 2 . _
(c2) %/o (Z 2i+2p) a2 Azipp 11 (0) p2t2p=1 ]

np—1
2

s+p+1
Z bZS 25+2P+2 Z IBS P sin (21 + 1) 01 do =
s=0

131
)y

i=0 s=0

s+p+1

2i+25+4 +1
(i + p)azibas 1 2 ,Bsplczplrl TP
1=

1 (1 2i+2p—1
(d2) E/o (2i +2p)azAginp i1 (0) 7 X

i=0
=]

s+p+2
Z 02s+17’2§+2’g+3 (%,p,o + Z Ys,p,1 COS (21) 6) do =0,
s=0 =1

1 27m [”71] ) o
(2) E/ 2 (2i +2p)az Aziopi1 (0) 1 i+2p—1 1
0 i=0

(3 s+p+2
Y oAt (')75,,,,0—|— Y s cos (21—1)9) do =0,
5=0 I=1

1 27 {nl] ‘
(f2) 7 /O Z (2i + 2p)a2iA2i/2p+1 (0) P2it2p-1 | o
i=0

ng—1
2

s+p+2
Z{) dos i1 p2t2pta Z ')/Splsm(21+1)9 do =
s=

s+p+2

: . 2i+25+4p+3

(i+p)agidasir Y, Vo piCipar™ 2T,
)

0
(%2 ;n/oz”(

u s+p+1
dos o™ 2PHL N5, sin(2[)9> d6 = 0.

(21 + 2P)“21A21 2p+1 (0) 72i+2p1) X

=1
We observe that the sum of the integrals (a;)

— (g2) is the polynomial (16). This ends the proof of Lemma
3. O
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Lemma 4. The integral Y3(r) is given by the following,

=] %) s+p+1 e
(i+p+1)byi1a2s Z Bs,p Eijpr* T2

{112{ } %3] s+p+2

+ (i+p+Dboiricas Y. FopiEipr? P41, (17)
' i=1

Proof. By using the integrals in Appendix, we get

]

1 27 ) '
(a3) E/o Y (2i42p+2)boi1 Asiprppra () PP [ x
i—0

[m;l s+p+1
2 fpg 17 T2PH </35,p,0 + Z Bs,p,i cos (21) 9) do =0,
=1

s=0

]

1 27 ) ‘
(b3) E/o Z(:) (2i 4+ 2p +2)b2i+1A2i+1’2p+2 () P2H2p+1 |
1=
[”71] B st+p+1 .
Y ap ot (,Bs,p,o + ) Bspicos(2l—1) 6) ae =
=0 =1

%] [”71] stptl ‘
(i+p+Dbyii1azs Y, PspyEipr™ 2440,
i=0 s=0 =1

]

2
Y. (2i+2p+2)bsit1Azi41,2p42 (6) PP

o

[nzz_l] s+p+1
Y boepar® TR N B, sin(2041)6 | d6 =0,
s=0 1=0

1 g2m [ 2 . 2i+2p+1
(d3) 7/0 Z (2i +2p + 2)bpi11Azit1,2p12 () r™ 7T | X

[ﬂ32*1 s+p+2
) Cos 11T <’Ys,p,0 + ) Ys,p,1 €os (21) 9) e =0,
s= I=1

]

2
Y (204 2p+2)boi 1 Asigaopra (0) PP x
i—0

@) [

({

s+p+2
cosr2S 2P +2 (75,,,,0 + Y Fepicos(20—1) 9)) do =
1=1

w
gl
o —
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—1
) cpi o
(i4+p+1)boi100s Z FopiEipit i+25+4p+3
I=1

1 271 ’ 4
(f3) E/o Yo (20 +2p+2)bai1 Agigropea (6) PP x

i=0
[n4 - s+p+2
20 Ao qr2sH2P T4 2 Vs pisin(2l +1)0 | d6 =0,
S=

]

1 27 ) '
(83) ﬂ/o Y (204 2p+2)boi1Asiapra (0) PP x
i=0

I=1

M s+p+1
<Z d25_21’25+2p+1 Z (Ss,p,l sin(21)9> de = 0.
s=1

We observe that the sum of the integrals (a3) — (g3) is the polynomial (17). This ends the proof of Lemma
4. O

Lemma 5. The integral Y(r) is given by the following

2]

2 U 21+2 +3 s+p+1 . )

Yi(r) = ), Z p )62i+1d2572 Y " Dy TETES, (18)
i=0 s=1 =1

Proof. By using the integrals in Appendix, we get

na—1
1 27 [32 ] ' vi oo
(ag) E/o Y (2i+2p +3)coip1 Asiprpprs (0) 17T x
i—0

np—1
2

s+p+1
I=1

s=0
ny—1
1o ] - 2i+2p+2
(by) E/o ;} (2i +2p + 3)coi11A2i41,2p43 (0) 1777 X
i=
(2] i stp+l
Apsr?S 2P (ﬁs,p,w Y Bspicos (21—1)9) de =0,
s=0 =1

ny—1
1 g2 %] . 2i2p+2
(ca) E/o Y. (2i+2p+3)caip1Aniiapya () 1T | x
i=0

S stp+l
Y bogar® T2 N B, sin(2041)6 | d6 =0,
s=0 =0

)

1 27T ) ‘
(ds) 27T /0 Z (2 +2p + 3)coi 114211 1,2p43 (0) p2T2p+2 |
i=0




Open J. Math. Anal. 2022, 6(2), 74-92 84

n3—1
2

s+p+2
Z T A <”Ys,p,0 + Z Vs,p,1 c0s (21) 9) d6 =0,
=0 =1

ng—1
1 27 [32 ] ) it
() E/o Y. (2042p+3)coir1Azi10p43 (0) PR x
i=0

[B] s+p+2
Y o2 (')75,,,,0+ Y s cos (211)9> do =0,
I=1

s=0
[113;1]

1 27 ) ‘
(f) E/o Yo (2i+2p +3)cai1 Asisroprs (0) P2 x
i=0

[m;;l s+p+2
Yo TS Z Fopysin(2l +1)6 | d6 =0,
=0

n3

-1
r]
Y (2i+2p+3)cois1Anis1op43 (0) PP x
=0

i

-
@) )

M s+p+1
(2 d25721’25+2p+1 Z (55,7,,1 Sil"l(Zl)Q) do =
s=1

i=1
] p
Lo(2i+2p+3 1P 3 .
Z Z p )02i+1d2s72 I
i=0 s=1 i=1

We observe that the sum of the integrals (a4) — (g4) is the polynomial (18). This ends the proof of Lemma
5. 0

Lemma 6. The integral Y5(r) is given by the following

3 [ spt |
Y5(r) = Z Z i+ P+ 1 C21b25+1 Z .Bsplc 21+25+4p+3
i=0 s=0
[%3] [” ] s+p+2 2' petdnts
+ Z 2 i+ p+ l C21d25+1 Z ')’splc rashapEs, (19)
i=0 s=0

I=

Proof. By using the integrals in Appendix, we get

2

n3
1 27 [*} ) '
@) 2m /o ( ) (2i+2p +2)criAninp 3 (6) 721””“) X

i=0

n—1
2

s+p+1
Y apeqr® At (ﬁs,p,0+ Y. Bspicos (2l)6> do =0,
-1

s=0

27 Jo

1 27 [%] ’ 4
(bs) 5= / ( Y (2i+2p+2)c2iAzinpis (6) r21+2p+1) «
i=0
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(7] stp+l
Z 25 t2p ( 20+ Y. PBspicos(2—1) 9) dg =0,
s=0 I=1

2]

1 27 2 .
/(; ( Z 21 + 2}7 + 2 C21A21 2p+3 (9) 721+2P+1) X

(cs) o=
2 =0
[;1271] s+p+1
2 by 1r2s+2p+2 2 5splsm(21+1)9 do =
=0
%] ["2 1] s+p+1
Z (i+p+1)caibasia Z 5sprlculr21+2s+4p+3
i=0 s=0
(7]
1 gem (2] 2i4+2p+1
(ds) E/o Z(Zz+2p+2)CziAzi,2p+3 (6) = x
i=0

[”3{ 1} s+p+2
Z c25+11’25+2p+3 ('75,;7,0 + Z Ys,p,1 COS (21) 9) de =0,
=1

2]

1 21 . .
) 5 f (2<zz+zp+z>cZiA2i,zp+3<9>r21+2p+1) x
i=0

s+p+2

(7]
(Z Cosr?S T2 <%,p,0 + Y Fsppcos(20—1) 9) do =0,
=1

5=0

N

2]

1 271 ) '
(fs) 27 /0 ( Y (2i+2p +2)coiAzip 13 (6) r21+2f’+1> X
i=0

[n42_1} s+p+2
Y dagr® T Y g sin(21+1)6 | d6 =
=0

2] %] S+p+2
Z i+ p+1)coidasiq Z Fop, lC 21+2s+4p+5
i=0 s=0
1 pen (2 2i+2p+1
(85) %/0 Z (2 +2p +2)coiAzippi3 (0) 7 X

s+p+1
(Z dos_pr*s T2 Z 8 p,sm(Zl)B) df = 0.

1
(g5) is the polynomial (19). This ends the proof of Lemma

We observe that the sum of the integrals (a5) —
6. O
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Lemma 7. The integral Y¢(r) is given by the following,
P13 capi
Yo (1’) - Z Z (l t+p+ 2)d21+1a25 Z ABs,p,lE ,;9,17’214_2S-i_4r7-~_3
i=0 s=0

n"zﬂ 2] s+p+2 i ‘

+ Y Y (i+p+2daiicas Y, VspiEiprt T, (20)
i=0 s=0 I=1

Proof. By using the integrals in Appendix, we get

< (%]
w6

Yo (2i+2p +4)daii1 Agiaopra (0) PP x
]

i=0
s+p+1
Z fps 17 TP HL (ﬁs,p,o =+ Z Bs,p,1 COS (21)9> do =0,
1=1

5s=0

1 27 . 2i4+-2p+3

(be) E/o Y (20 +2p+4)daip1 Agit1ppia (0) TP ]
i=0

[%1] 5 s+p+1 .
Y ap ot (,Bs,p,o + Y Bspicos(2l—1) 6> ae =
s=0 =1

nllEl
3 s+p+1 _ _ )
Z Z i+ p+ 2)d2i+1a25 Z ,Bs,p,lEi,p,l7’21+zs+4p+3/
i=0 I=1

]

Y (2i+2p+4)dais1Avis1ppra (0) P <
i—0

)

COR

{nzfl

s+p+1

Z bys 4112522 Z Bspysin (20 +1)6 | do =0,
=0

=]

Y (2i42p+4)dai1Avis1ppra (0) P x

2 s+p+2
Z N A <’Ys,p,0 + Z Ys,p,1 €08 (21) 9) dg =0,
s=0 =1

2

Y (2i42p +4)dai1 Agiy1ppa () P x
i=0

n471}

1 27T {
() 5= /0

;

N‘j

] s+p+2
C257’25+2p+2 ('7’5,;7,0 + Z Ys,p,1 COS (21-1) 9) d6 =
0 1=1
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(%] s+p+2 ) ‘
(i+p+2)daisicas Y, YspEipr™ T2,

=1
=]

1 . .
(fo) E/o Y (2i+2p+4)dyip1 Anit1pp4a (6) PP x
i=0

[n4 1 S+ +2

Y dpg g 2 Vs pisin(2l +1)60 | d6 =0,
s=0

[

2
2 (Zi + ZP + 4)d2i+1A21‘+1,2p+4 (9) 1’21+2p+3 X
=0

59 5|

27 Jo

=1

M s+p+1
<Z d25_21’25+2p+1 Z 554]/1 sin(21)9> de = 0.
s=1

We observe that the sum of the integrals (a¢) — (g¢) is the polynomial (20). This ends the proof of Lemma
7. O

Lemma 8. The integral Y7 (r) is given by the following,

7] . s+p+1
Ya(r) = i 3 (2i +2p+1) 4 (p 2p+3

2i+2s+4p+1
dyi 202511 Z ﬁs pl i,pl PR
i=1 s=0 2 2i—1

2p+3p

doi_»C -
= = 2 2i—202s+1 Z 'Ys,p,l 1 2i—1 ipl

2i+2p+1) STt (
Pr
1=0

) 72i+25+4p+3. (21)

Proof. By using the integrals in Appendix, we get

@ [ (

1=

] I
Y apgqr® Al <ﬁs,p,o+ Y Bspicos (21)9> do =
s=0 1=1

L 2p+3 ,
(2i +2p+1)dai <A2i—2,2p+4 (6) — %AZi,Zp-&-Z (9)> 72’+2p> X
1

np—1
H [ 2 ] 2l+2 +1 s+p+1 _ ) +3 ‘
Y %dzl»_ﬂzs“ Y Bop < oy — Zpil 1p,l> p2it2sH4p+1
i=1 s=0 1=0
1 21 [ K ) 2943 ‘
(b7) E/o <2(21 2P+ a2 <A2i2f2P+4 (0) - ZrijjAZi,ZerZ (9)> r21+2p> X
i=1

(%] stp+l
Za2r25+p<ﬁ p0+ Z Bspicos (21 —1) ) g =0,
5=0

(e 217T/02<

=

i

{nzgl} s+p+1

bogy 1125 T2P T2 Z Bspisin (20 +1)6 | d6 =0,
s=0 1=0

I
—

2p+3 .
(2i4+2p+1)dyi_» (A2i2,2p+4 (0) — %Azz 2912 (9>) r21+2p> «
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1 27 M ) 2p L3 ‘
@) oz /o (2(21 +2p+1)dyi <A2i—2,2p+4 (6) — %AZLZP-&-Z (9)> r21+2”> X
i=1

s+p+2
2 C2s+17’2er2er3 (’Ys,p,o + Z Vs,p,l COS (21) 9) do =
s=0 1=1

n3—1
s
L
1=

) (2i+2p+1) sipr2 ( _2p+3
1 5=0 P

2i+2s+4p+3
d2i72c25+1 Z ’)’s,p,l 2% 1 z,p,)rl STEP ’
I=0

12 (& 2p+3 2i42
(e7) E/o Y (2i+2p +1)dyi o | Az 22p14 (6) — 577 Aziap2 (8) | 17T )

i=1 2

[HTS] s+p+2
Z Cos 125 2P T2 (%,p,o + Y Fopicos(20—1) 9) do =0,

I=1

1 - 2p+3 .
(f7) 77_( (Z 21 +2p + 1 le <A2i2,2p+4 (9) %AZ 22 (9)) rZH»Zp) «

= 2i
2 s+p+2
d (BTN g, sin(20+1)60 | d6 =0,
s=0 1=0
1 2 ! ZP +3 2i4+2p
(87) 7/ Y (204 2p+1)dyis | Asimzpta (0) — S Azizp2(0) | 7 x
T Jo = 2i—1

I=1

u s+p+1
(Z dg_or?T2p+1 Z Osp,] sin(Zl)G) de = 0.
s=1

We observe that the sum of the integrals (ay)

— (g7) is the polynomial (21). This ends the proof of Lemma
8. [

By Lemmas 2-8, we obtain E}, (r) = r! TPy (r?), where P; (r?) is a polynomial of degree
n 7’[2*1 ni 1’14*1 1’11*1
max{[z}—i-{ 5 ],{2}4-[ > }4—1,{ 5 }+V,

[”22_1] +["23}+1 [2}+ ["42_1} +2,[n32_1} +y+1}.

Again by substituting (14) in (13) and (12), we obtain

ny . np _ . 13 . ng _ .
F(r,0) = 'Zo air 2P Ajp i (6) + ‘Zo bir TP A 5,00 (6) + ‘Zo Grit2P 2 Aip13 (0) + 'Eo dir ™23 A 44 (0) —
1= 1= 1= 1=
1 {nlfl} ny n2;l

. 2 . .
Y i1 Asiv1pp1 (0) TP 4 Y 051 A0 5041 (0) PP+ ¥ b1 Agip1pin (0) r2TEPT2 4
i=0 ' '

i=0 =0

nz3—1 n nyg—1
] 3

. 3 , 2 ‘
Y coir1Anigropra (0) PP 4N T e0iAginps (0) PP 4 Y dyi1 Agiga0pya (0) PP 4
i=0 i= i=0

. 2p+3 ;
L (AZFMPH (0) — 37 Azigpe2 (9)) d2i27’21+27’+1> x

i=1
ny—1 n np—1
2 2

2
2k42p+1 242 2k42p+2
kZ 2k 1 Ankiapp (0) 12 H2PF +k2 gk Agk1,2p (0) 1P+ kZ bok1Aok42.0p41 (8) rF2PH2
-0 -0 -0
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nz—1 n
=5 3

ng—1
(7] z

2%k42 2k+2p+2 2k+2p+4

Y Cokp1Ankiops2 (0) 17T p+3+k20 CokAnk12p42 (0) P2+ Y dop 1 Ak yopys () 17T 4

" 2p+3
k21 (A2k71,2p+3 (0) — S5 Agks1,2p41 (9)) doy_or?K TP H) :
. - . 1
To find the explicit expression of F5,(r) = o 02” F>(r,0)d6, we use the Lemma 1. So, we get
? 7
FZZO (r) = 420 b2i721§2i,2r)+2 (27‘[) + ‘Z() d2i7’2l+2§2i,2p+4 (271') P2+l _
1= 1=
]
S 2p+3 2i+2k+4p+1
r kzl i 102k—2 (Czi+2k,4p+4(2”) = Czi+2k+2,4p+2(27f)) r =
1= =
ot -1
(211> 2i+2k-+4p+1 31[%] 2i42k-+4p+3
Y X mibyi18oitokia4ap2(27)r PR — ¥ L axdoy18aiyokr24p4(270)7 P —
i=0 k=0 i i=0 k=0 :
2] 1] (] 3]
. kZO bi 10k Cais 2k 2,4p+a (27) PPHHHHAPHL ‘Zo kZO Dip1CokGait 2k +2ap-4 (270) rPHFARTAPES
1= = 1= =
=]
2 1K 2p+3 2i4+-2k+4p+3
'ZO k21 Coit1dok—2 (Czi+2k,4p+6 (271) — 31 Coit2k+24p+4 (2”)) r -
1= =
1% 2%
'Zo kZO Coibok1182i 4 2k 2,4p 4 (277) P2 HHFAPES 420 kZO Caiflok 1182i 2k +2,4p 6 (270) PPHHAETAPES —
= — 1= —
EalEy kY
Y doi100i8ai ok apa (270) PHTHEATS —  CN Y iy opCoi ok 2,ap6 (27T) PHTARTAPTS
i=0 k=0 i=0 k=0
ny—1
w [ 2p+3 2i42k-+4p+1
r kZO dyi—200k+1 (§2i+2k,4p+4 (27) — 31 Coit2k+2,4p+2 (27'[)) r -
1= —
w o]
2p+3 ;
121 kZO dai—2Cok+1 (€2i+2k,4p+6 (271) — F=1 Caiv ok 24p 44 (2”)) pHTARTAPES — 120 (Py(r?) + 12V P3(12)) .
i= —

Where P;(7?) is a polynomial of degree

ma{ 3] [3]+1)

and P5(r?) is a polynomial of degree

max {[21] + [”22—1],{";} + [”42—1} 1, [”12—1} +a

[”22_1] + [%} +1, [%} + ["42_1} +2, ["32_1} +y+1}.

Therefore Fyo(r) is a polynomial in the variable % of the form

Foo (r) = B}y (r) 4+ E3 (r) = r1 12 (r2PP1 (r2) +P (rz) + 2P Py (r2)) )

Thus, Fyo(r) has at most

mo{(3) (3]0 (3] = [ e (3 [ o [

1w+, {”22_1} n [@} Fp+l, [@} n {”4_1} tp+2, {”3_1} +y+p+1},

2 2 2 2

positive roots. Hence statement (b) of Theorem 1 is proved.
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4. Applications

In this section we shall give examples to illustrate statements (a) and (b) of Theorem 1. We consider the
first example corresponds to statement (a)

Example 1.

Y 22)
]] =y — S(nylo 4 (% o %XZ)]/H 4 x3y12 4 (BZZSsz)yB)/
where f1(x),g'(x), ' (x),I'(x) have degree n; = 1,1 = 2,n3 = 3 and ny = 2 respectively.

The function of averaging theory of first order is

5 1
L 15 v 13, 111
) =r? =gty

which has exactly [5] + 1 = two positive zeros r; = %,1’2 = 1. Which satisfy

dFyg (r)
dr

o 3 dFlO (1’) - 3
Ir=n = ~gig5 7 O ar I =370

so we conclude that the system (22) has an unstable limit cycle for r; = 1, and a stable limit cycle for r; = %

Example 2. We consider an example that corresponds to statement (b) of Theorem 1

x=y
{ y=—x—f)y' =)y’ = 1(x)y° — h(x)y’, ®3)

where
B 341 R
flx) = 8(321888+6x)+£( 1—3x),
420184 182773472 5, 1 R
8(x) = el xt =g X ) H (550 +2)
hix) = e(x*)+€*(5x —3x?),
B 155357728 ) 2
Hx) = el=—7pg ¥ He =2+ 55)

and f(x),g(x),h(x),l(x) have degree ny = 1,n; = 3,n3 = 2 and ny = 1 respectively. Since we have Fy
identical to zero, then we must solve the equation Fg = 0 that is

5269 1529 341 1 1
15 13 1 9 7 5_
36000 880"  4800" ' 28807 ~ 14400"

Which has exactly [”2771} + [%} + p+ 1 = five positive zeros r| = %, T = %, r3 = %, ry = % and r5 = 1. These
last roots satisfy

dFy _ 252 dFy _ 63
ar = = Giosses 7 dr " T 71088640 7
dFy | _ 28 2 dFy | _ 21 ”
dr "7 23914845 7 77 dr T T 163840
dFy 6
ar s = 570
Therefore we conclude that system (23) has three unstable limit cycles for r; = %, r3 = % and r5 = 1. In

1

addition to two others stable limit cycles for r, =  and r4 = 3.
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Appendix
We recall some formulas used during this article.

21

Ajjsin(2 +1)0d0  # if ieven and jodd,

0if ioddorjeven,
nCipy, i =2k, j =2p+1landl >0,
nC; i =2k,j =2p+3andl >0,

27

Ai,j sin(Zl + 1)9d9 =
il

if ioddandjodd,

0,
0,
{ 0if ieven or jeven,
0,
0,

27
/ Aijsin(21)0d0  #
0

27
/ Aj;sin(21)0d6 =  mD;,;, i =2k+1,j =2p+1landl >0,
’ ”Di,p,l/i=2k+1,j:2p+3und120,

27
Ajjcos(2l —1)0d0  # if ioddand jeven,
0if ieven orjodd,

i =2k+1,j =2p+2andl >0,

27

Ajjcos(2l —1)0d0 = nE;

Pl
7'L'EZ'

ol s =2k+1,j =2p+4andl >0,
27
Ajjcos(21)0do  # if ieven and jeven,
0
. 0if ioddorjodd,
Ajj cos(21)0de = nFpy, i =2k, j =2p+2andl >0,
0 7wy, i =2k, j =2p+4and] >0,
where C; .1, Ci 1, Dip i, Dip i Ei s Ei 1, Fip and F; , ; are non-zero constants.
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