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Abstract: In quantum-plank calculus, g-derivatives and h-derivatives are fundamental factors. Recently, a
composite form of both derivatives is introduced and called g — h-derivative. This paper aims to present a
further generalized notion of derivatives will be called (g, p — h)-derivatives. This will produce g-derivative,
h-derivative, g — h-derivative and (p, q)-derivative. Theory based on all aforementioned derivatives can be
generalized via this new notion. It is expected, this paper will be useful and beneficial for researchers working
in diverse fields of sciences and engineering.
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1. Introduction

T he h-derivative, g-derivative, g — h-derivative and (p, q)-derivative are given by the following notions
and quotients:

dpg(t) _ glt+h)—g(t)

e the h-derivative of g: D;g(t) = h = 5 ,

* the g-derivative of g: Dyg(t) = d‘fi‘g; (tt) = g(‘g{;):gt(t),

* the g — h-derivative of g: C;, D, f(t) = hi’gq (tt) =£ (‘%E]tj{;)tz%m,
. dig(t) _ glgt)=g(pt)

the (p, q)-derivative of g: D g(t) =

dft (g-pt 7

respectively.

The equations; d,g(t) = g(t +h) — g(t), dag(t) = g(qt) — g(t), ndeg(t) = g(q(t +h)) — g(t) and djjg(t) =
<(qt) — g(pt) provide h-differential, g-differential, g — h-differential and (p, q)-differential for the function g
respectively.

As an example h-derivative, g-derivative, 4 — h-derivative and (p, q)-derivative of t" can be computed

(tHm)"—t" -1 nn=1) ;-2 -1 9"=1p—1 _ -1 -1 g+ —p"t"
? — I’ltn + Ttn h++hn ’ qjtn —_— (qn ++1)t}’1 ’ W

("1 + ...+ p" )"~ respectively. For the sake of simplicity the notations [n]; and [n], , are used

in the forms and

(q"—p")t" _
(=pt o

instead of qq%ll and % Then Dgt" = [n],t" ! and Dft" = [n], ,#" 1. Since %gnl Dyg(t) = ilzlircl) Dyg(t) = dé;l—(tt),

h-derivative, g-derivative, § — h-derivative and (g, p)-derivative are generalized notions of ordinary derivative

provided that g is differentiable function, therefore, these notions of derivatives are used to generalize the

theory based on ordinary derivatives. Especially, the g-derivative leads to the subject of g-calculus, for detailed

study one can see [8]. In the following we give rules of the g-derivative and the h-derivative as follows:

The formulae of g-derivative of sum and product of two functions g1 and g, are given by;

Dg{g1(t) + g2(t)} = Dyg1(t) + Dyga(t), ¢))

and

Dg{g1(t)82(t)} = g1(qt)Dgg2(t) + g2(t) Dgga (1), )
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respectively.
Since g1(t)g2(t) = g2(t)g1(t), the above formula is equivalent to the following one

Dg{g1(t)g2(t)} = g1(t)Dgga(t) + g2(qt) Dgga (t). 3)

Using (2), the g-derivative of quotient of two functions g; and g; is given by the formula

g1(1)\ _ 82(t)Dy81(t) — g1(#)Dyga(t)
D, = . @)
8a(t) 82(t)g2(qt)
While, by using (3), the g-derivative of quotient of two functions g1 and g is given by the formula
81(t)\ _ 82(q1)Dqg1(t) — g1(qt)Dyga(t)
D, _ . ©)
82(t) 82(1)22(qt)
The formulae of h-derivative of sum and product of two functions g; and g are given by;
Difgi(t) +82(t)} = Dyga(t) + Diga(t), (6)
and
Dp{g1(£)82(t)} = g1(t) Dnga(t) + g2(t + 1) Dpg1(t), @)
respectively.
The h-derivative of quotient of two functions g; and g7 is given by the formula
D, (81(t)) _ &2()Dugi(t) — g1(t) Duga(t) ®)
82(t) §2(t)g2(t +h)

The above h-derivative and g-derivative formulas are unified in the following g — h-derivative formulas:
The g — h-derivative is linear, i.e., the following equation holds:

ChDq(af (t) + Bg(t)) = a CuDgf(t) + B CuDyg (t).
The g — h-derivative of product of two functions is given by the following equation:

IAGORG)

hdqx

CuDy(f(£)8(t)) = f(q(t+1))CpDqgg(t) + g(£)ChDy f (1) ©)

The g — h-derivative of quotient of two functions is given by the following equation:

oD (f(t)> _ CuDy(f(1))g(q(t +h)) — F(q(t + ) CuDy (1))
"I\ g () g(q(t+n))g(t) '

One can note, the g — h-derivative formulas generate both g-derivative and h-derivative formulas.

(10)

Next, we give the definitions of g-derivative, (p, g)-derivative and g — h-derivative on a finite interval.

Definition 1. [2] Let 0 < g < 1. For a continuous function f : I = [4,b] — R the g-derivative on I denoted by
2Dy f is defined by

flgx+ (1 —q)a) — f(x)
(g —1)(x—a)

Definition 2. [3,4] Let 0 < g < p < 1. For a continuous function f : I = [a,b] — R the (p, q)-derivative on I
denoted by ,Dy 4 f is defined by

aDyf (x) := , X #a, ;Dyf(a) = chigr}?aqu(x). (11)

_ flax+ (1 —q)a) = f(px+ (1 —p)a)
Dpaf (3} = 4P —a)

aDpgqf(a) = chlg}z aDpqf(x).

, X #a,
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Definition 3. [5] Let 0 < g < 1,h € R and x € I. For a continuous function f : I — R the left and right
q — h—derivatives on I denoted by Cy, Df;+ fand G, DS’ f are defined with the following equations respectively;

ot ey . S((A—qlatqlx+h)) — f(x) gh+(1—q)a _
CuDyg f(x) = A= a)(a—x) +qh ; x#?.—u, (12)
D fx) = 10 zlq)xq;r(z(b Z)?q; Jb), oy mah (=0 T(lq_ Db o, (13)

provided that (1—q)a+q(x+h) € [a,x] and (1 —q)x +q(b+h) € [x,b]. Also, C,DZ f(u) = lim CyDI f(x)
and C, Dy f(v) = lim C,Dy™ f(x).

The definitions of g-integral, (p, q)-integral and q — h-integral of function f on interval [a, b] are given as
follows:

Definition 4. [2] Let 0 < g < 1 and function f : I = [a,b] — R. The g-definite integral on I is defined by the
following formula:

[ st = =)= ) L7 (1= g7)a) x € o) (1)

Definition 5. [3] Let 0 < g < p < 1and function f : I = [a,b] — R. The (p, q)-definite integral on I is defined
by the following formula:

/axf(t) udf;t = (p—q)(x—a)g Zilf (pzzlb—i- (1 — pZil) a>, x € [a,b]. (15)

p

Definition 6. [5]Let0 < g < 1and f : [ = [a,b] — R be a continuous function. Then the left and right
g — h-integrals on I denoted by I;fh fand I 57 ,f are defined as follows:

[ f(x) = /axf(t) ndgt = ((1—q)(x —a) + qh) ioq”f(q”a + (1 —q")x+nqg"h), x> a, (16)
b 00
I f(x) = / f(t) ndgt = (1 = q)(b—x) +qh) Zoq”f(q”x +(1—4")b+nq"h), x <b. 17)

In (15), if a = 0, then the Jackson g-definite integral on [0, x] is obtained as follows [8]:

[ rroge = [ fagt = 1= a)x ¥ q" (a0, x € la,b]. s
n=0

The aim in this paper is to define a generalize notion of derivative that includes g-derivative (quantum
derivative), h-derivative (plank derivative), (p, q)-derivative and g — h-derivative (quantum-plank-derivative).
This will be called (g, p — h)-derivative. We derive formulas for g — h-derivative of sum/difference, product
and quotient of two functions. We will give the definition of (g, p — h)-integral, moreover the definitions of
(g, p — h)-derivative as well as (g, p — h)-integral are given on a finite interval of the real line.

2. (g,p — h)-Derivatives

Let we define the (g, p — h)-differential of a real valued function f as follows:

ndy f(x) = f(q(x +h)) = f(px). (19)



Open ]. Math. Anal. 2022, 6(2), 130-138 133

Then for “h = 0”7, “p = 17,“h = 0,p = 1” and “p = 1, ¢ — 1”7 in (19), we get (g, p)-differential, (g,p —
h)-differential, g-differential and h-differential respectively as follows:

odq f(x) = f(qx) — f(px) = dy f(x),
ndaf(x) = f(a(x +h)) = f(x) = pdgf(x),
odéf(x) = flgx) = f(x) = dygf (x)

and

ndif(x) = fx +h) = f(x) = pdgf(x).

In particular,
ndf (x) = gx + qgh — px = (9 — p)x + qh. (20)
Then for “h =0",“p =1","h =0, p=1"and “p = 1, g — 1”7 in (20), we have

ody (x) = (9 = p)x = dy(x),
4b(x) = (g~ 1) +gh = 1ay(x) o1
ol (x) = (9 1)x = dy(x),
ndi(x) = h = dy(x),
respectively.
For S(x) = f(x) + g(x) the (g, p — h)-differential of S is given by;
ndy (S(x)) = wd (f(x) +8(x)) = (f + ) (q(x + ) = (f +8)(px) = ndg f(x) + ndyg(x). (22)
For B € R, the (g, p — h)-differential of Bf is given by;
ndy (Bf) (x) = (Bf)(q(x + h)) — (Bf) (px) = B nddy f(x). (23)

From (22) and (23), it can be concluded that (g, p — h)-differential is linear. For the product function P of
fand gie. P(x) = f(x)g(x), the (g, p — h)-differential is calculated as follows:

ndy (P(x)) = 1di ((fg)(x)) = (f8)(q(x +

f(q(X+h

flq(x+

(x+h
(

=

(q
+8(p)[f(q(x + 1)) = fpx)].
Hence we have the following formula for (g, p — h)-differential of product of two functions:

ndy (P(x)) = g (f(x)g(x)) = f(g(x + )ndgg(x) + g(px)ndy f (x). (24)

For “h = 07, “p = 17, “h = 0,p = 1" and “p = 1,94 — 1”7 in (24), we get (g, p)-differential,
(g, p — h)-differential, g-differential and h-differential of product P of functions f and g, respectively as follows:

odq (P(x)) = odg (f(x)g(x)) = dj (f(x)g(x))
4

—f(QX)od g(x) + g(px) odj f ()
= flax)djg(x) + g(px)dy f(x)
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ndi(P(x)) = 4y (f(x)g(x)) = dy(f(x)g(x))
= f(x + h)udig(x) + g(x)pdi f (x)
= f(x +h)dng(x) + g(x)dnf(x),

respectively.
Now, we define composite derivative as follows:

Definition 7. Let0 < g < p <1,h € Rand f : I — R be a continuous function. Then the (g, p — h)-derivative
of f is defined by

_ wDIf(x) _ fla(x+h)—F(px) ho._
CuDyf(x) = * hiz;;c =1 q(qu)xﬁ;hp X F g =

(25)
Cpdl f(x0) = Jim CyDl f(x).
For h = 0 and g — 1in (25), we have
d —
CoDff(x) = Dff(x) = 700 SIS, 26)
and
CD1f(x) = Dyf(x) = 2 [t W= ) @)
respectively.

If f is differentiable and 1 = 0, g — 1 in (25), we get the ordinary derivative of f.

Remark 1. It is notable that if we putp = 1, h = % where w > 0, the Wolfgang Hahn difference operator
given in [6] is obtained.

Example 1. The (g, p — h)-derivative of x”, n € N is calculated as follows:

n h)n_pnxn (qn _pn)xn q”(nx”’lh—i—...—i—h”)
CyDF (x1) = X+ - . 28
WDy () = T kT q—pxtdh T @ p)xtah @8)

For“p =17,h =0",“h =0,p = 1" and “p = 1, ¢ — 1”7 in (28), we get quantum-plank derivative,
(p, q)-derivative, quantum-derivative and plank-derivative of function x" respectively as follows:

R T el v R e e @

CODg(x”) = q”(x;—lr;’;x” = q; : Zn = [n]p,qx”*l = D,’;(x”), (30)

CoDl (x") = 11(”;";)3;” _ qq"—ll 1 = ()" = Dy(x), (31)

" CyDi(x") = (x”’)# nx"1 4 @xnﬂh F o+ AL (32)
n—1

In particular, we have }liirr(l) CyD}(x") = nx
—
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2.1. Linearity of (g, p — h-derivative

The (g, p — h)-derivative is linear, for real valued functions f, g and «, B € R one can have linearity from
the linearity of (g, p — h)-differentials as follows:

CDy (af (x) + g (x)) = a CuDy f(x) + B CpDy g (x).
2.2. Product formula for (g, p — h)-derivatives
By using the g — h-differential of product of functions from (24), the product formula is stated as follows:
ndq (f (x)g(x))
nelfx

F(q(x 4 1))pdhg(x) +p, di f (x)g (%)
ndhx

= fq(x+h))CpDg(x) + g(x)CpDf f (x). (33)

CuDf (f(x)g(x)) =

It generates both g-derivative product formula and h-derivative product formula simultaneously as
follows:
For h = 0 we have g-derivative formula for products of functions is obtained as follows:

oDy (x)g(x)) = 1S
= Dy(f(x)g(x))
= f(qx)CoDqgg(x ) §(x)CoDf f(x)
= f(qx)Dag(x) + g(x)Dyf (x).
For g — 1 we have h-derivative formula for products of functions is obtained as follows:
GiD1 (f(x)g(x)) = L)
= Dy(f(x)g(x))
= flx+1)CyD1g(x) + g(x)CuD1 £ (x)
= flx+1)Dyg(x) + g(x) Dpf(x)-

By using symmetry we can have from (33):

Cudg (8(x)f(x)) = g(q(x +h))C,Df f (x) + f(x)Crdgg (). (34)
Both (33) and (34) are equivalent.

Remark 2. Itis notable thatif weputp =1, h = % for w > 0, equation (33) provides the product formula for
(9, w)-derivatives given in [6].

2.3. Quotient formula for (g, p — h)-derivatives

The quotient formula of (g, p — h)-derivatives for quotient of two functions by using (33) and (34) are
given as follows: We have for g(x) # 0

f(x) _
g(x)ﬁ = f(x). (35)
By taking g — h-derivative on both sides, we have
6} (5022} ) = cudf 7). 36)



Open ]. Math. Anal. 2022, 6(2), 130-138 136

By using (33), one can get

Now

- . (37)

mcm‘; (g(x)) +8(x)Cid} (ﬁ;ﬁi) = Cidg (f <x>)f

that is:

c dp(ﬂx)) _ Cudh (£(x))g(g(x + 1) — F(g(x + ) Cuelf (3(x))
"\ g(x) g(q(x +1))g(x) '

Remark 3. It is notable thatif weputp =1, h = % for w > 0, equation (37) provides the quotient formula for
(9, w)-derivatives given in [6].

If f is the (gq,p — h)-derivative of F that is f(x) = Chdf;F(x), then F will be called the (gq,p —
h)-anti-derivative of . The (g, p — h)-anti-derivative will be denoted by [ f(x) ,d}x.
3. (q,p — h)-derivative on a finite interval

In this section we consider a finite interval I := [a, D] for a, b real numbers. We define (g, p — h)-derivative

on this interval in the following definition.

Definition 8. Let0 < g < p < 1,h € Rand x € I. For a continuous function f : I — R the left and right
q — h—derivatives on I denoted by Cj, Dﬁ,}+ fand Cj, Ds‘ f are defined with the following equations respectively;

provided that (p — q)a +q(x +h) € [a,x] and (p — q)x +q(b +h) € [x,b]. Also, C, D, f (u) = lim C,Dj, f(x)
and Cth;hf(v) = )1613111] ChD;’?},f(X)

The function f will be called left (g, p — h)-differentiable on (a, x + h), if ChD% f(x) exists for each of its
points, on the other hand f will be called right (g, p — h)-differentiable on (x + h, b), if Cth,,’q f(x) exists at
each of its points. It is noted that ChD?:q f(b) = ChD,b,jq f(a). In (38), the value I = 0 gives the (p, q)-derivative
on interval I stated in Definition 2, i.e., COD;{;7 f(x) = aDpqf(x); the setting h = 0, p = 1 gives the g-derivative
on interval I stated in Definition 1, i.e., COD{{; f(x) = 4Dgf(x); the value p = 1 gives the g — h-derivative on
interval I stated in Definition 3, i.e., ChDﬂ’f(x) = ChDngf(x). Also for a = 0 one can have ChDg;f(x) =
ChDgf(x), i.e., the (g, p — h)-derivative given in (25) is recovered; for h = 0 = a one can have Cngqu(x) =
Dsf(x), i.e., the (p,q)-derivative is recovered; fora = 0, ¢ = p = 1 one can have ChDg)jf(x) = Dyf(x) ie.,
the h-derivative is recovered; for a = 0, p = 1 one can have C;,D(l):7 f(x) = C,D;f(x) i.e., the g — h-derivative
is recovered; for h = 0 = a = p and taking limit § — 1 one can get the usual derivative for a differentiable

function f i.e., lirr} COD?; f(x) = % (x). The similar consequences can be found from the equation (39). We
q— ’

give the definition of left and right g—derivatives on I as follows:
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Definition 9. Let 0 < ¢ < p < 1, h € R and x € I. For a continuous function f : I — R the left and
right composite (p, q)-derivatives on I denoted by D;‘,t] f and Df{q f are defined with the following equations
respectively;

flgx+ (1 —q)a) — f(px + (1 —p)a)

Dhaf )= (a2 e 40
flgb+ (A —q)x) —flpb+ (1 —p)x)
Dpaf(x) = == ; x < b. (A1)

f From (40) we have D% f(x) = Dp,qf(x). Next, we give the definition of left and right (g, p — h)-integrals
as follows:

Definition 10. Let0 < g < p < land f : I = [a,b] — R be a continuous function. Then the left and right
g, p — h-integrals on I denoted by I;H;;—h fand I{?,p—h f are defined as follows:

Lo nf(x) /f ) gt

o n n n n 'rlh
=((p—q)(x—a)+qh) ) Z+1f(pz+1a+ (1— pZ+1>x+ pZ+1),x > a, (42)

0o n n n n Vlh
=((p—q)b—x)+qh) Y T f (pZHer (1 - p‘jﬂ) b+ pZH) x <b. 43)
Example 2. Let f(t) =t —aand g(t) = b — t. Then we have
x —q)(x—a)+qh
79+ hf(x) :/a (t—a)hdpt: (r—a)( )+4q

qapP—
y ((P+q—1)(Px—a) NLIGET)E <q)2”> )

and

b—x _hp—q) ¢ (1) i
X<p+q p? n;]”(p> ) @
Example 3. Let f(t) = x —t and g(t) = t — x. Then we have
I ) / (x — £) it
_ (p—q)(x—a)+qh <x—a_h(P—q> in<‘1>2n> (46)

P4 P+q pz n=0 P
and
b
p hg t_x hdp
(P q)( —x)+ah ((pra-Db-x) o 2n
1 ( pta ; (> ) (47)

By considering h = 0 the corresponding left and right (p, q)-integrals are defined as follows:
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Definition 11. Let0 < g < p < land f : I = [a,b] — R be a continuous function. Then the left and right
(p, q)-integrals on I denoted by If,*,; fand Iﬁ,q f are defined as follows:

Iip-of (0 = 1) = [ f(o
— (P—Q)(x—a)ngo pZ+1f (pz+1a+ (1 - pZ+1> x), x> a, (48)
Lo (x) 1 = 14 f(x)

= /xbf(t)dgt =(p—q)(b—x) i Zilf (pZilx—i— (1 — pZil) b), x <b. (49)

n=0 p

The left (p,q)-integral is equivalent to the (p,q)-definite integral defined in [3]. For p = 1; the left
(p, q)-integral is equivalent to the g,-definite integral defined in [2], while the right (p, q)-integral is defined in
[1] which is called qb—deﬁnite integral.

Example 4. Let f(t) =t —aand g(t) = b — t. Then from Example 2 for h = 0 we have I;;:_Of(x) =Iphf(x) =

— x—a)(x—a - — —x)
S = a)dft = GRG0 g oo o) = 18 £(x) = [0 - Dt = 22,

By considering p = 1, g — 1 the corresponding left and right h-integrals are defined as follows:

Definition 12. Let f : I = [a,b] — R be a continuous function. Then the left and right h-integrals on I denoted
by I f and I} f are defined as follows:

L f(x) = ling I} f(x), x> a, (50)
I f(x) = %13} Iy f(x), x <b. (51)

. s b— b
It is noted from Definition 10 that Ig,thf(b) = Iq,pfhf(u) = [ f(t) hdgt.
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