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1. Introduction

T here have been so many studies of the sequences of numbers in the literature which are defined
recursively. Two of these types of sequences are the sequences of Tetranacci and Tetranacci-Lucas which
are special cases of generalized Tetranacci numbers. A generalized Tetranacci sequence

{Witns0 = {Wn(Wo, W1, Wa, W3; 7,5, £, 1) 0
is defined by the fourth-order recurrence relations
Wy =rWy,_1+sW, o+ tW,_3+uW,,_4, 1)

with the initial values Wy, Wy, W5, W3 are arbitrary complex (or real) numbers not all being zero and 7, s, t, u are
complex numbers.

This sequence has been studied by many authors and more detail can be found in the extensive literature
dedicated to these sequences, see for example [1-6].

The sequence {Wj, } .0 can be extended to negative subscripts by defining

t S r 1
Wy = _;W—(n—l) - EW—(M—Z) - ;W—(n—3) + ;W—(n—él) ,

forn =1,2,3,.... Therefore, recurrence (1) holds for all integer n.

For some specific values of Wy, Wi, Wp, W3 and 7,s,t,u, it is worth presenting these special Tetranacci
numbers in a table as a specific name. In literature, for example, the following names and notations (see Table
1) are used for the special cases of 7, s, t, u and initial values.

In literature, for example, the following names and notations (see Table 1) are used for the special case of
r,s,t,u and initial values.
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Table 1. A few special cases of generalized Tetranacci sequences

No Sequences (Numbers) Notation OEIS [7] | Ref.
1 Tetranacci {M,}={W,(0,1,1,2;1,1,1,1)} | A000078 | [8]
2 Tetranacci-Lucas {Ry} ={W,(4,1,3,7;1,1,1,1)} AQ073817 | [8]
3 fourth order Pell (P} = (W,(0,1,2,5;2,1,1,1)} | A103142 | [9]
4 fourth order Pell-Lucas (OW) = (W,(4,2,6,17;2,1,1,1)} | A331413 | [9]
5 modified fourth order Pell (EDY = (W,(0,1,1,3;2,1,1,1)} | A190139 | [9]
6 fourth order Jacobsthal DY = (W,(0,1,1,1;1,1,1,2)} | A007909 | [10]
7 fourth order Jacobsthal-Lucas (G973 = {(We(2,1,5,10;1,1,1,2)} | A226309 | [10]
8 modified fourth order Jacobsthal (KM} = (W,(3,1,3,10;1,1,1,2)} [10]
9 fourth-order Jacobsthal Perrin {Q,(f)} ={W,(3,0,2,8;1,1,1,2)} [10]
10 adjusted fourth-order Jacobsthal {5514)} ={W,(0,1,1,2,1,1,1,2)} [10]
11 | modified fourth-order Jacobsthal-Lucas {R,(f)} ={W,(4,1,3,7;1,1,1,2)} [10]
12 4-primes {Gn} ={Wy(0,0,1,2;2,3,5,7)} [11]
13 Lucas 4-primes {H,}={W,(4,2,10,41;2,3,5,7)} [11]
14 modified 4-primes {E,} ={Wy,(0,0,1,1,2,3,5,7)} [11]

Here OEIS stands for On-line Encyclopedia of Integer Sequences. For easy writing, from now on, we drop

(4)

the superscripts from the sequences, for example we write J, for [, .
We present some works on sum formulas of the numbers in the following Table 2.

The following theorem present some linea sum formulas of generalized Tetranacci numbers with positive

subscripts.

Table 2. A few special studies of sum formulas

Name of sequence

Papers which deal with sum formulas

Pell and Pell-Lucas [12-16]
Generalized Fibonacci [17-23]
Generalized Tribonacci [24-27]
Generalized Tetranacci [6,24,28,29]
Generalized Pentanacci [24,30,31]
Generalized Hexanacci [32,33]

Theorem 1. [34, Theorem 1] For n > 0 we have the following formulas:

@) Ifrx+sx®+tx® +ux*—1%0, then

(b) If r’x + 2ux? — s?x% + t2x° -

n
Z kak =

k=0

n

O1(x)

rx+sx2+tx3+uxt-1

u?x* + 2sx + 2rtx? — 2sux3 -1 # 0 then

O (x)

k=0

(© IfrPx +2ux? — s?x? + 12x% — u?x* + 2sx + 2rtx?® — 25ux® -1 # 0 then

where ©1(x) = x" W, 3 — x"2 (rx = 1) Wyyo — x™*1 (sx2 +TX— 1) Wit + ux™ W, — x3W3 + x2(rx - )W, +
~ D)Wy + (B3 +sx? +rx - 1D W,

x(sx? +rx

O3(x)

k
X W2 = .
2 2y 4 2ux? — 5222 + 1223 — u2x* + 25x + 2rtx2 — 25ux3 — 1

n

k
> X Wayyq =
k=0

r2x + 2ux? — s2x2 + 2x3 — u2x* + 2sx + 2rtx2 — 2sux3 - 1
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@ (x) = x"(cux? —sx+1) Wapao + X"2(t + 15 + rux)Wayyy + X"2(u + 22 — u?x® + rt — sux)Way +

ux™? (r +tx) Woy_1 = x2(r + tx)Wa + x(r2x + ux? + sx + rtx? = 1)Wy — x%(t + rux — stx)Wy + (r?x + ux? — s?x +
£2x3 + 25x + 2rtx? — sux® — 1) Wy,

O3(x) = " (r + tx)Wappo + X1 (s — s2x + 1222 — u?x® + ux — 25ux® + rtx)Woyq + XLt + rux — stx)Wa,
—ux™(ux? + sx = 1) Way_1 + x(ux? + sx — 1) W3 — x%(t + 15 + rux) Wo + (r2x + ux? — s2x% + 2sx + rtx> — sux> - 1) W,
—ux?(r + tx) Wp.

The following theorem present some linear sum formulas of generalized Tetranacci numbers with
negative subscripts.

Theorem 2. [34, Theorem 8] Let x be a real or complex numbers. For n > 1 we have the following formulas:

@) Ifrad +sx® +tx +u—x*+0, then

Zn: FW, 04(x) .
= o sl +tx+u—xt

(b) If2sx3 + 12x + 2ux? + r2x% — s2x% — u? — x* + 2rtx® — 2sux # O then

i Wy = xOs5(x)
& 2K 253+ 12 + 2ux? + 12x3 — 222 — 12 — x* + 2rtx? — 25ux’
() If2sx3 + t2x + 2ux? + 223 — s%x2 — u? — x* + 2rtx® — 2sux # 0 then
i KW = X0 (%)
P TH T o3 4 £2x + 2ux? + 1248 — 52x2 — u2 — x4 + 2rtx2 - 2sux

where Og4(x) = —X" T TW_ 3+ X" 1 (r = x)W_ps0 + X" (s + 70 = X2)W_ g + XL+ 722 + 53— x3) Wy + X W3 — x(r —
X)Wy + x(=s — rx + X2 )Wy + x (=t —rx? —sx + x3) Wy,

Os5(x) = x™ (1t + 5% — x*)W_npsn — X (ru + tx + 1sX) W_nyyq + X" (25x2 — s2x +12x% — st + ux — x3 + rtx ) W_p,, — ux™(t +
X)W op_q + (E+ 1) Wa + (—tt — r2x — 1t —sx + x> )W + (ru — st + tx) Wy — (25x% — s2x + r2x2 — su + ux + t2 — x5 + 2rtx)
Wo,

Og(x) = X"t + rx)Wegpen + X" (u + 12x + 7t + 5x — X2)Wppyq — X" (ru — st + tx)W_o, + ux™(u + sx —

XYW_py_q + (1t —sx + X2)W3 + (ru + tx + 75X ) Wo + (—25x% + 52 — X2 + 51— ux + x> — rtx) Wy + u(t + rx) Wy.

In this work, we investigate linear summation formulas of generalized Tetranacci numbers.

2. Linear sum formulas of generalized Tetranacci numbers with positive subscripts

The following theorem present some linear sum formulas of generalized Tetranacci numbers with positive
subscripts.

Theorem 3. Let x be a real or complex non-zero numbers. For n > 0 we have the following formulas:

(@) Ifsx?+tx® +ux* +rx—1#0then
! Q
kKW = !
,(Z:E) KT 2+t v uxt v rx—1)2
4 4

where Qg = x"3(n(sx? + tx3 + ux* + rx = 1) + sx% + 2rx — ux* - 3) W13 + ¥ 2(n(1 - rx) (sx® + tx® + ux* +

rx—1) =2+ 4rx — tx® = 2ux* - 2r%x2% — rsxd + rux®)Wyao + X (—n(sx® + rx = 1) (sx® + tx® + ux* + rx = 1) -

1+ 25x2 = 2tx% = Bux® — r?x? — s2x* + 2rx = 2rsx® + rtxt + 2rux® + sux®) W1 + ux™*(n(sx? + tx3 + ux* + rx -

1) —4+25x% + £ + 3rx) Wy, + 3 (—sx2 + ux* — 2rx + 3) W3 + x2(tx% + 2ux* + 2r2x% — drx + rsx® —rux® + 2)W, +

x(—25x% + 2t + 3uxt + r2x? + 2% — 2rx + 2rsx® — rtxt - 2rux® — sux® + )Wy — ux*(2sx? + ta® + 3rx — 4)Wj.
(b) If rx +2ux? — s2x? + 1223 — u?x* + 25 + 2rtx? — 2sux® — 1 # 0 then

Zn: kW, = 0
& (r2x + 2ux? — s2x2 + #2x3 — u2x* + 2sx + 2rtx2 - 2sux3 - 1)2
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where O = X1 (—n(ux? +sx = 1) (r?x + 2ux? - s2x% + 12x3 — 1x* + 2sx + 2rtx® - 25ux® - 1) -1 - s2x2 - 2£2x3 +
w?x* — 1Bx0 + 25 — 2rtx? — 2sx? = 2r2ux® + st2x* — sPux* — 25u%x® - 2rtux*t + ux®)Waypo + X2 (n(t + rs +
rux) (r2x +2ux? — s2x% + 1203 — u?x* + 2sx + 2rtx? = 25ux3 — 1) + 2rs?x — 3x3 = 2rs — 2t + r3sx + r2tx + 2ru’x> +
2r3ux? + rudx® + 2tulx* — 3rux + 2stx + drsux? + 2stux® — rst?x3 + rs2ux® + 2rsu’x* + 2r2tux3)W2n+1 +u
X2 (n(r + tx) (rPx + 2ux? — $2x% + 203 — uPx* + 2sx + 2rtx? — 2sux® — 1) + r3x - 2r — Btx + dstx® + 2tux> +
2r2tx? + 112x3 = $24x3 + 2ru®x* + tuPx® + 2rsx + 2rsux®) Woy,_q + X2 (n(u + 2x — u?x? + rt — sux) (r’x + 2ux? -
§2x2 + 1243 — 12 + 25x + 2rtx? = 25ux3 — 1) + 4uPx? - 3t%x — 2u — 2uBx* - 2rt + 2r212x% - 3r2uPx3 - 21243 +
2522 x* + r3tx + r2ux + ri3x® + 4s2x% — 4s2ux? — 6512 x> + s3ux® + Pux3 + suBx® + 5sux — 2r2sux? - 2rtu®x* +
2rstx)Way, + x2(2r — r3x + 3tx — dstx? — 2tux® — 2r2tx® — ri?x> + s2tx3 = 2ru?x* — tu?x® — 2rsx — 2rsux®)Ws +
x(=212x — ux? + r*x% + 222 + 20223 — 1 x* + 1B x0 = 25 + 12 12x* + 27U x0 — rix® + 3r2sx% + 233 + 2r%ux® -
st?x* + s2uxt + 25u?x® + drstx® + drtux* — rs?txt + 2r%sux* + rtux® + 1)Wy + x2(2t + 353 — r2tx + 4s%tx%
2r1?x® - 2r3ux? — s3tx3 — rudx® - 2tulx* + 3rux — 5stx — drsux® + 2r2stx® + 2rst?x3 + rs?ux® - 2r’tux® + stux)
Wi + ux?(=r?x — 4ux? + 4sx% — 3x3 + 1223 + 2u?x* — 5sx + 65ux> + 2r2sx* + 3r2ux> — 252 ux* — sux® + Pux® +
2rstx® + drtux* + 2)Wy.
(© IfrPx +2ux? — s?x? + 12x% — u?x* + 2sx + 2rtx® — 25ux>® —1 # 0 then

w QO
3
>k Wy =
P 2T (2 4 2ux? — $2x2 + 123 — u2x% + 25x + 2rtx? — 25ux® — 1)2

where Oz = +x" L (n(r + tx) (rPx + 2ux? — s2x% + 1223 —u?x* + 2sx + 2rtx? - 2sux® - 1) — Px* = 2x —r = 2rux® +
2stx? +rs2x% — r2tx? = 2rt2x% + 3rulx® + 2tu?x® + drsux® + Zstux4)W2n+2 + 1 (n(s- s2x+ 2x% —u?x3 v ux -
25ux? +rtx) (r2x + 2ux® — 2% + 1223 —u?x* + 25 + 2rta® - 2s5ux> — 1) +25%x — s — s3x% - 3t2x% + 4u?x3 - 2usx® -
1252x% + 212 12x3 = 3r2u?x* + 6sux? + r3tx? + r2ux? + ridx* + 2512 x> — 4s2ux® — 5sulx* + trux* - 2rtx — 4r’sux® -
2rtu?x® — 2ux — 2rstux*)Woy i + X (n(t + rux — stx) (r2x + 2ux? — s2x2 + 223 — uPx* + 2sx + 2rtx® — 2sux> -
1) - 263x% — 2tux? — t - 2r2x% — s2tx% + rPux? + st3x* + 2rudx® + 3tu’x* - 2rux + 2stx + 2rsux? + 4stux® -

r2stx? + 2rsu’x® — rt?ux® — 25 tux* — 2stu?x0) Woy, + ux™ 1 (—n(ux? + sx - 1) (r?x + 2ux? — s2x2 + 23 —12x* +

2sx + 2rtx? = 2sux® — 1) = 1 — s2x% = 26223 + ux* — 1Bx0 + 2sx — r?sx? — 2r%ux® + st?x* — sux* - 25u%x° -
2rtux* + ux? - Zrtxz)WZn,l + x(—ux2 +52x% + 2203 — 1Px* + uBx® — 2sx + 2rtx? + r2sx? + 2r7ux® — st?x* +
s2ux* + 2su2x® + 2rtux* + 1)Wa + x2(2t + £3x3 + 2rs — 2rs?x — r3sx — r?tx — 2rux® = 2r3ux?® — rulx® — 2tux* +
3rux — 2stx — 4rsux® — 2stux® + rst?x® — rs2ux® — 2rsu?x* — 2r2tux®YWo + x%(2u + 3t%x — du?x* + 2udx* + 2rt -
2r22x2% + 3r2u%x3 + 52 12x3 — 252U x* — 3t — rPux — rt3x3 — 4st?x? + 4sux? + 6su’x® - sPux® — trux® - sudx® -
Ssux + 2r?sux® + 2rtu?x* — 2rstx) Wy + ux?(2r — r3x + 3tx — dstx® — 2tux® — 2r2tx? — rt?x3 + $2tx% - 2rux* -
tu?x® - 2rsx — 2rsux>)W.

Proof. (a) Using the recurrence relation

Wy =1rWy,_1+sWy_o +tW,,_3+uW,,_4,

ie.,
UWy g =Wy —1Wy1 —sWy2 - tWy_3,
we obtain
u><0><x0W0 = OxxOW4—r><O><xOW3—sx0xx0W2—txOxx0W1,
ux1xxWy = Ixx'Ws—rx1xx!Wy-sx1xx!Ws—tx1xx'W,,
u><2><x2W7_ = 2><x2W6—r><2><x2W5—s><2><x2W4—t><2><x2W3,
u><3><x3W3 = 3><x3W7—r><3><x3W6—sx3xx3W5—t><3><x3W4,

(n=4)x" Wy, —r(n - 4)x" "4 W,_1 —s(n = 4)x" W, o — t(n - 4)x"*W,,_3,
u(n-3)x"3W,_s (1 =3)x"3 W1 —r(n=3)x" W, —s(n = 3)x" W, _1 — t(n - 3)x" > W,,_o,
u(n-2)x""2W,_, (n=2)x"" W0 —1(n = 2)x" 2 W11 — s(n = 2)x" 2 W, — t(n - 2)x"2W,,_1,
un-Dx" W,y = (n=-Dx" Wz —r(n=1)x"" Wy —s(n - 1)x" TW,q = t(n - 1)x" W,

u(n—-4)x""4W,_4
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uxnxx"W, = uxnxx"Wyg—ruxnxx"W,3—suxnxx"Wy,o—tuxnxx"W,,1.
If we add the equations side by side we get
n
u kZO kkak = (nxn n+4 t (” - 1)xn—l Wn+3 + (” - 2)xn_ZVVJHZ + (n - B)xn_swnﬂ - (_1)x_1 W3 - (_2)x_2W2 -
N n k n
(=3)x73W; — (~4)x W + 3 kxXF AW —4 Y x4 — r(nd" Wias + (= )X TWppp + (1= 2) X" 2 Wi —
k= k=
0 -0 ) -
(-Dx "Wy = (-2)x72W; = (=3)x3Wy + X kxX* 3w - 3 % xF W) — s(nx™Wan + (1 — D)X Wi —
k=0 k=0
n n n n
(-1)x7 "Wy = (=2)x2Wo+ 3 kxF2We =2 3 XK 2W) — t(nx Wpp1 — (-1)x "Wy + T kxXFTW - 3 2K Tw).
k=0 k=0 k=0 k=0

n n
Then if we denote 3 ¥*W, and 3. kx*W, as
k=0 k=0

n
A = Z kak/
k=0
n
a = > kdw,
k=0
and use
Wira = Wiz + Wy + Wy 1 + ulWy,
we obtain
ua = (X" (rWias + sWyao + tWiaq + uWy) + (n = DX W3 + (1 = 2)X" 2 Wyin + (1 = 3)x" 3 W41 —

(-1)x ' W3 = (=2)x W5 — (=3)x3W; — (-4)x Wy + x 22 —4x*A) = r(nx" Wiz + (n = 1)x" ' W0 + (n -
X" 2 W1 — (-D)x "MW, = (=2)x72Wy — (=3)x Wy + x3a - 3x73A) — s(nx"Wiyo + (1 — D)X TW,4q —
(-1 "Wy = (-2)x2Wo + x 22 - 2x72A) — t(nx" Wy — (-D)x "Wy + x 7 la - x71A).
Using Theorem 1 (a) and solving the last equation for a, we get (a).

(b) and (c) Using the recurrence relation

Wy =rW,_1+sWy o +tW,,_3+ulW,,_4

ie.,
W1 =Wy =sWyp - tWy_3 - uW,_4,
we obtain
rx1xx!Ws = Ixx!Wi—sx1xx!Wo—tx1xx'Wj—ux1xx'W,
r><2><x2W5 = 2><x2W6—s><2><x2W4—t><2><x2W3—u><2><x2W2,
r><3><x3W7 = 3><x3W8—s><3><x3W6—t><3><x3W5—u><3><x3W4,
r><4><rx4W9 = 4><rx4W10—s><4><rx4W8—t><4><rx4W7—u><4><rx4W6,

r(n=1)x"""Wau_1 = (n=1)x"""Way —s(n = 1)x" " Wayp — H(n = 1)x" " Way_z - u(n - 1)x" "Wy,

nx"Woy40 — snx" W, — tnx" Wo,_1 — unx" Wy, 5.

rnx" W1

Now, if we add the above equations side by side, we get
n n
r(=0x XOWp + S kxfWois1) = (mX"Wayan — 0% XOWa — (=1)x "W + 3 (k- 1) 2 TWy) — s(-0 x x"W
k=0 k=0

n n n
+ S kW) — H(=(n+ 1) W1 + 3 (k+ DX T W) — (= (n+ 1) Wa, + 3 (k+ 1) Wy,
k=0 k=0 k=0



Open ]. Math. Anal. 2022, 6(2), 1-28 6

and so
n n n
r(=0x XOWy + Yk Wops1) = (nx" Wapan = 0 x x%Wo — (= 1)x T Wo + 171 3 k¥ Wog — 271 3" xF Wiy
k=0 k=0 k=0

n n n
-s(-0xx"Wp + 3 kK Woi) = t(= (1 + 1) X" T Whyq + 11 > kxK Wiy ,q + x1 3 X Woi1)
k=0 k=0 k=0

n n
—u(=(n+1D)x"  Wa, + ! kaszkwcl ZkaZk). )
k=0 k=0

Similarly, using the recurrence relation

Wy =vWy,_1 +sWyo +tW,, 3+ uW,,_4,

ie.,
TWi_1 =Wy —sWy o —tWy 3 -uW,_4,

we write the following obvious equations;

1’><1><x1W2 = l><x1W3—s><1xxlwl—txlxxlwo—uxl><x1W_1,
1’><2><x2W4 = 2><x2W5—S><2><x2W3—t><2><x2W2—u><2><x2W1,
1’><3><x3W6 = 3><x3W7—s><3><x3W5—t><3><x3W4—u><3><x3W3,
r><8><x4Wg = 4><x4W9—s><8><x4W7—t><8><x4W6—u><8><x4W5,

r(n-1x""Wyy = (n=1)x"""Way_1 = s(n—1)x" " Way_3 - t(n - 1)x" " Wyy,_g —u(n - 1)x" Wy, 5,
mx" W, = nx"Wa,1 —snx"Wh,_1 — thx"Wh,,_o — unx"Ws,,_3,

r(n+ )" Wapgn = (n+ D)X Wy = s(n+ 1)x™  Woypq — (0 + 1) 2" Wy — u(n + 1) T W,y

Now, if we add the above equations side by side, we obtain

n n n
(=0 x XOWo + > kaxF W) = (<0 x xOWy + S k" Wop 1) = s(=(n + DX TWo g + 3 (k+ 1) Wy 1)
k=0 k=0 k=0

n
—H(=(n+ DX Way, + 0 (k+ 1) W) — (= (1 + 2) X2 Waypiq — (1 + D)X Woy g + 1x xIW 4
k=0

n
+ Z (k + 2)xk+2W2k+1).
k=0

Since ; ,
W_1 = —*Wo - Ewl - le + *Wg,
u u u u

we have
n n n
(=0 x xOWy + > kx* W) = (=0 x x"Wy + > kX" Woi1) = s(= (1 + 1) 1 Whyaq + x > kx Wiy iq
k=0 k=0 k=0

n n n
+ 28 S W 1) = H(=(n+ D T W, + 8 S R Wi + 8 ST 2K Wop) — (= (11 +2) "2 Way i
k=0 k=0 k=0

t s r 1 n n
—(n+ 1) X" Wy,q +1x xl(—;Wo - =Wy =Wy —WW) + 22 S ko Wop g +202 3 Wop ). (3)
k=0 k=0

Then, solving the system (2)-(3) (using Theorem 1 (b) and (c)), the required result of (b) and (c) follow.

In fact, if we denote

n
a = Y kdwy,
k=0
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n
b= Yk Wae,

k=0
Nk

f = Zx WZk/
k=0
Nk

g = D X Wy,
k=0

(2) and (3) can be written as follows:
(=0 x "Wy + b) = (nx" Waps0 - 0 x X'Wy — (=1)x Wy + xLa—x71f) = s(-0 x x' Wy + a)
— (= + D) X" Wopq + 20+ x1Q) — u(~(n+ )" Wy, + xla+ x1f),
r(=0x x"Wy +a) = (=0 x x"Wy +b) —=s(=(n+ 1)x" 1 W1 + x1b+ x1g) — t(=(n + 1)x" 1 Wy, + xta + x1f)
t 1
—u(=(n+2)x" P Way 1 — (n+ 1) X" Wh,_1 +1 x xl(—aWO - %Wl - %Wz + an,) +x%b +2x%g).
Using Theorem 1 (b) and (c) and solving the last two simultaneous equations with respect to a and b, we

get (b) and (c).
O

Remark 1. Note that the proof of Theorem 3 can be done by taking the derivative of the formulas in Theorem
1. In fact, since

AW - 01 (x)
DX W = 2 3t 1
=0 rX +sxc+tx° +ux*-1
& - 0,(x)
4
pars r2x +2ux? — 52x2 + 12x3 — u2x* + 2sx + 2rtx? — 2sux3 -1
Z”: FWopr O3(x)
par * 12 + 2ux? — s2x2 + t2x3 — u2x* + 2sx + 2rtx? — 2sux3 -1’

by taking the derivative of the both sides of the above formulas with respect to x, we get

k1 (rx+sx2 + 13 + uxt = 1)@, (x) - (4ux® +3tx2 + 25x +7)O1 (x)
2 kWi - (rx +sx2 +tx3 + uxt - 1)2 ’
k=0
(r2x + 2ux? — s?x? + 203 — u?x* + 2sx + 2rtx? - 25ux> - 1)@;(x)
Z”: P —(r? +4rtx - 28%x — 65ux? + 25 + 3t2x2 — 4ux® + 4ux) @, (x)
x = )
0 2 (r2x +2ux? — s2x2 + 12x3 — u2x* + 2sx + 2rtx2 — 25ux3 - 1)2

(rx +2ux? — s?x% + 12x3 — u?x* + 2500 + 2rtx® - 25ux’ - 1)@;(x)
—(1? + 4rtx — 25%x — 65ux® + 25 + 3t2x% — 4u?x> + 4ux) O3 (x)
(r2x +2ux? — s2x2 + 12x3 — u2x* + 2sx + 2rtx? — 25ux3 - 1)2

n
S kT W

7

k=0
ie.,
i oW = x(rx+sx2 +tad + ux? —1)@;(x) — (4ux® + 3tx% + 25x +1)O1 (x)
pars k (rx +sx2 +tx3 +uxt -1)2 ’
(r2x + 2ux? — s%x2 + 223 — uPx* + 25x + 2rtx® - 25ux> - 1)@;(9()
n . —(r? + 4rtx - 25%x — 65ux® + 25 + 3t2x% — 4u?x> + 4ux) @, (x)
X = 7
,Z%) 2k (r2x + 2ux? — s2x2 + 123 — u2x* + 25x + 2rtx? - 25ux3 - 1)2
(r2x +2ux? — s2x% + 12x3 — u?x* + 25 + 2rtx? - 25ux - 1)@13(x)
n . —(1? + 4rtx - 25%x — 65ux® + 25 + 3t2x% — 4u?x> + 4ux)@3(x)
X ,
2 2 (r2x +2ux? — $2x2 + £2x3 — u2x* + 2sx + 2rtx% — 2sux3 - 1)2

k=0
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where @ll(x), @lz(x) and ®;(x) denotes the derivatives of ®1(x), ®,(x) and ©1(x) respectively.

3. Special Cases

In this section, for the special cases of x, we present the closed form solutions (identities) of the sums

Z kx* W, Z kx*Way and Z kxKWoy.,1 for the specific case of sequence {W,,}.
k=0

3.1. Thecasex =1

In this subsection we consider the special case x = 1.

The case x = 1 of Theorem 3 is given in Soykan [34].

We only consider the case x = 1,7 =1,5 =1,f =1, u = 2 (which is not considered in [34]).

Observe that setting x = 1,r = 1,s = 1,f = 1,u = 2 (i.e., for the generalized fourth order Jacobsthal
sequence case) in Theorem 3 (b), (c) makes the right hand side of the sum formulas to be an indeterminate
form. Application of L'Hospital rule (twice) however provides the evaluation of the sum formulas.

Theorem 4. Ifr=1,5=1,t = 1,u = 2 then for n > 0 we have the following formulas:

(a) z kWi = 2 (411 = 2) Wiy — 4Wopsn — (414 2) Wiiq +2(47 -+ 2) Wi, +2W3 + 4W, + 2W; — 4I,).

(b) z KWax = 555 (4(6n% + 81 — 169) Waysn + 8 (—61* +4n +159) Wayq +4(6n* + 44n — 151) Woy, + 8(—6n2 +4n +

159)W2n - 636W3 +1312W, — 636W; + 1240W).
(c) Z Woki1 = 288 (4(~612 + 161 +149) W, 10 + 16(31% + 1311 — 80) Wayy 41 + 4(—61° + 161 + 149) Wo,, + 8(61° + 811 —

169)W2n 1 +676W5 + 604W; — 1272W, — 1272Wp).

Proof. (a) We use Theorem 3 (a). If wesetx=1,r=1,5s=1,t =1,u = 2 in Theorem 3 (a) we get (a).
(b) We use Theorem 3 (b). If wesetr=1,s=1,f =1,u = 2 in Theorem 3 (b) then we have

n
oKW = g1(x) )
IZE) Tk (4x* +3x3 -5x2 - 3x +1)?2

where g1(x) = —x"*1(2x2 - 2x + 6x% + x* + 8x° + 8x° — n(2x% + x — 1) (4x* +3x> =5x2 ~3x + 1) + 1)Way4p +
XM2(12x% + 162 + 16x* +8x° — 1 (2x +2) (4x* +3x3 —5x% = 3x +1) —4) Woypq + X2 (12x + 10x% - 32x3 — 16x* +
8x° + n(4x? + x - 3)(4x* +3x3 —=5x2 —3x + 1) — 6)Wa,, + 2x"*2(6x% + 8x% + 8x* + 4x° — n(x + 1) (4x* + 323 -
5x2 = 3x +1) = 2)Wa,_q1 — x2(4x° + 8x* + 8x3 + 6x% — 2)W3 + x(12x° + 16x° + 9x* + 12x3 + 2x% —4x + 1) W, —
X2 (4x0 + 8x* + 8x3 + 6x2 - 2) Wy — 2x%(2x° — 12x* — 20x% + 2x2 + 6x — 2) W). For x = 1, the right hand side of
the above sum formula is an indeterminate form. Now, we can use L'Hospital rule (twice). Then we get
(b) using
£ (51(2)

((4x4+3x3 5x2-3x+1)2) e

44n 151)W2n +8(=6n? + 41 +159) Wo,,_1 — 636W3 + 1312W, — 636W; + 1240W;) .
(c) We use Theorem 3 (c). If wesetr=1,s=1,t=1,u =2 in Theorem 3 (c) then we have

n
z kW = = 555 (4(6n% + 81 — 169) Wayyi0 + 8 (—617 + 41 +159) Wi +4(6n% +

n
K Won o = §2(x) )
,Z;) 2k (4x* +3x3 -5x2 - 3x +1)?

where g5(x) = —x"1(2x + 2x? - 6x% — 15x* - 8x° + n(x + 1) (4x* +3x3 —5x% = 3x + 1) + 1)Way,p — X1 (4x -
10x% - 4x3 +33x* +24x° — n(4x3 +3x% - 2x — 1) (4x* + 3x3 = 5x2 = 3x + 1) + 1) Woy, 1 — X" 1 Wy, (2x +2x2 — 633 -
15x% = 8x% +n(x+1)(4x* +3x3 —5x% - 3x+1) +1) = 20" 1 (20 = 2x +6x° + x* + 8x° +8x0 —n(2x% + x - 1) (4x* +
3x3 —5x2 = 3x+1) + 1)Wy,_1 +x(8x0 +8x° + x* + 633 +2x% - 2x + 1) W3 — x2(8x° + 16x* + 16x° + 1232 - 4)W, -
x2(8x° — 16x* — 3223 + 10x% + 12x - 6) Wy — 222 (4x” + 8x* + 8% + 6x% — 2)Wy. For x = 1, the right hand side
of the above sum formula is an indeterminate form. Now, we can use L'Hospital rule (twice). Then we
get (c) using
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n £ (62(x))
kKWop1 = dt
k§0 2+l %((4x4+3x3—5x2—3x+1)2) -1
4(—612 + 167 + 149) Wy, + 8(612 + 81 — 169) Wa,,_1 + 676W5 + 604W; — 1272W, — 1272W;).
O

= oag (4(~=61% + 161 + 149) Way 1o + 16(3n% + 131 — 80) Wayyiq +

Taking Wy, = J, with Jo =0, ;1 =1, > = 1, J3 = 1 in the last theorem, we have the following corollary which
presents linear sum formulas of the fourth-order Jacobsthal numbers.

Corollary 1. For n > 0, fourth order Jacobsthal numbers have the following property:

@) Z kJk = 16 (41 =2) Juss = 4Jns2 = (4114 2) i1 +2(41 +2) ] +8).

(b) z Kok = o5 (4(6n% + 8n — 169) Jansn + 8 (—6n* +4n+159) o1 + 4(6n + 44n — 151) o, + 8(—6n> + 4n +

159)]2,1 1+ 40)
(c) Z kloks1 = 288 (4(-612 + 161 + 149) o402 + 16(3n% + 131 — 80) Jops1 + 4(—61° + 161 + 149) [, + 8(61* + 81 —

169)]211 1+8).

From the last theorem, we have the following corollary which gives linear sum formula of the fourth order
Jacobsthal-Lucas numbers (take W, = j, with jo = 2,j; =1,j2 = 5, j3 = 10).

Corollary 2. For n > 0, fourth order Jacobsthal-Lucas numbers have the following property:

n
(a) z kjk = 15 (41 = 2)jns3 = 4jnsn — (410 +2) i +2(4n +2)j, +34).

(b) z kiok = 5 (4(6n% + 81 — 169)j2psn + 8 (612 +4n+159) joue1 + 4(6n% + 44n — 151)ja, + 8(-6n> + 4n +
159)]2,1 1+2044)

(c) Z kjoki1 = 288 (4(=6n2 + 161 + 149) jos0 + 16(312 + 131 — 80) jops + 4(=61% + 161 + 149)jo,, + 8(61° + 81 —
169)]2n 1 -1540).

Taking W, = K;, with Ky = 3,K; = 1,K; = 3,K3 = 10 in the last theorem, we have the following corollary
which presents linear sums formula of the modified fourth order Jacobsthal numbers.

Corollary 3. For n > 0,modified fourth order Jacobsthal numbers have the following property:
(@) i KKy = 2= ((4n = 2)Kyi3 — 4Kpp — (411 + 2)Kyy1q +2(4n +2) K, +22).

(b) z kKo = 5ag(4(6n% + 81 — 169)Kopyp + 8 (612 + 41 +159) Koyy1 + 4(6n% + 44n — 151)Kyy, + 8(—6n° + 4n +

159)1<2n i+ 660)
() Z kKspyq = 288 (4(-6n% + 161 + 149) Ko, 40 + 16(3n% + 131 — 80) Koy pq + 4(—61% + 161 + 149) Ko, + 8(61° + 811 —

169)K2n 1 —268).

From the last theorem, we have the following corollary which gives linear sums formula of the
fourth-order Jacobsthal Perrin numbers (take W,, = Q,, with Qp =3,01=0,Q> =2,Q3 = 8).

Corollary 4. For n > 0, fourth-order Jacobsthal Perrin numbers have the following property:

@ 5 KQy = f5((4n ~2)Ques ~4Qusz ~ (41 +2) Qs +2(4n +2)Qy +12).

(b) z kQok = g (4(61% + 81— 169)Qops + 8 (—61% + 41 +159) Qpyyq +4(6n + 441 — 151) Qo + 8(-6n% + 4n +

159)Q2n 1+ 1256)
() Z kQoki1 = 288 (4(-612 + 161 +149) Qo0 + 16(31% + 131 — 80) Qoyy i1 + 4(—-61% + 161 +149)Qy,, + 8(61% + 81 —

169)an 1-952).
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Taking W, = S, with Sp = 0,51 = 1,52 = 1,53 = 2 in the theorem, we have the following corollary which
presents linear sum formula of the adjusted fourth-order Jacobsthal numbers.

Corollary 5. For n > 0, adjusted fourth-order Jacobsthal numbers have the following property:

@ ikskz%((zm 2)Spss—4Snia — (411 +2)Sps1 +2(41 +2)Sy +10).

(b) z kSor = 5 (4(6n% + 81 — 169)Snpsp + 8 (~6n% + 41 +159) Sppsq + 4(6n* + 44n — 151)Sy,, + 8(-6n> + 4n +
159)52,, 1 —596)
(c) Z kSpri1 = 288 (4(-612 + 161 + 149) S50 + 16(3n2 + 131 — 80) Sppi1 + 4(—61% + 161 + 149)S,,, + 8(6n> + 8n —

169)52n 1+ 684)

From the last theorem, we have the following corollary which gives linear sum formulas of the modified
fourth-order Jacobsthal-Lucas numbers (take W), = R,, with Ry =4,R; =1,R, =3,R3 =7).

Corollary 6. For n >0, modified fourth-order Jacobsthal-Lucas numbers have the following property:

n
@ 2 kR - (41 = 2)Ryp3 — 4R 42 — (4114 2) Ry +2(41 + 2)Ryy +12).

(b) z kRok = 85 (4(6n% +8n — 169)Ropsp + 8 (—6n* +4n +159) Royyq + 4(6n° + 44n — 151) Ry, + 8(—6n2 + 4n +

159)R2n 1 +3808)
() Z kRopi1 = 288 (4(-6n% + 161 + 149)Roy40 + 16(31% + 131 — 80) Ropypq + 4(—61 + 161 + 149) Ry, + 8(61° + 81 —

169)R2n 1 —3568).

3.2. The case x = -1

In this subsection we consider the special case x = —1 and we present the closed form solutions (identities)
of the sums Z k(-1)k kW, Z k(-1)kW,; and Z k(=1)¥Way1 for the specific case of the sequence {W, }.

Takmg x=-1,r=s= t = u =1in Theorem 3 (a), (b) and (c), we obtain the following proposition.
Proposition 1. If x = -1,r =s =t = u = 1 then for n > 0 we have the following formulas:
(@) éok(_l)kwk =(-D)"((n+5) W3- 2n+9)Wyin + (n+2)W,p1 — (1 +6)W,,) —5W3 + 9W, — 2W; + 6W.
(b) éok(—l)szk = (=1)" ((n+2)Wansz = (n+3)Ways1 = (1 + 2)Way + Wap_1) = Wy — Wa + 4W; + 3Wj.

n
(© X k(-1)Wapyq = (=1)" (~Wapso + (1 +3)Way + (1 +2) Way_1 ) — 2W5 + 3W, + 2W; — W,
k=0

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M, with My =0, M1 =1, M =1, M3 = 2).

Corollary 7. For n > 0, Tetranacci numbers have the following properties.
n
@ Y k(-1)XM; = (-1)" ((n+5)My43 - 21+ 9)Myso + (n+2) M1 — (n+6)M,,) - 3.
k=0
n
®) 3 K1) M = (-1)" ((1+2) Moz = (1 3)Mayer = (1+2)May + Mgy 1.

() k% k(~1)*Mpgsq = (-1)" (~-Mapsa + (n+3)May + (n+2)May_1) + 1.
0

Taking W, = R, with Rg = 4,R; = 1,Ry = 3,R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 8. For n > 0, Tetranacci-Lucas numbers have the following properties.
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(a) kiok(—l)kRk =(-1)"((n+5)Rys3 - (20 +NR,40 + (1 +2)R,s1 — (n+6)Ry,) + 14.
® 3 k(1) Ro = (-1)" ((1+2)Rara2 = (1+3)Ras1 = (14 2)Ray + Ryor) +6.
© 5 k(-1 Ratar = (-1)" (-Rasz + (1+3)Ray + (14 2)Rpo1) -7
Taking x = -1,r =2,5 =t = u = 1 in Theorem 3 (a), (b) and (c), we obtain the following proposition.
Proposition 2. If x = -1,r =2,s =t = u = 1 then for n > 0 we have the following formulas:

(@) Z k(-1)kw = 4(( D" (21 +7)Wyaz — (611 + 19) W0 + (41 + 6) W — (21 + 9)W,,) — 7W3 + 19W, — 6W; +

9w0)

(b) z k(-1 Wy = 1((=1)" (211 + 3)Waysp = (211 + 3)Ways1 — (411 + 10)Way, — (211 + 5)Wayy_1) + 5W3 — 13W, —
2W1 +5Wp).

(c) Z k(1) Wars1 = 3((=1)" (27 + 3)Waps — (21 + 7) Wapaq = 2Way + (202 + 3)Way_1) — 3W3 + 3W, + 10W; +
5W0)

From the last proposition, we have the following corollary which gives linear sum formulas of the
fourth-order Pell numbers (take W), = P, with Pp =0,P; =1,P, =2,P; =5).

Corollary 9. For n > 0, fourth-order Pell numbers have the following properties:

@ 5 K1) Be= {((1)" (@20 47)Pass = (61 +19)Brea + (41 +6) Py = (20 +9)Py) =3).
(b) Zk( 1) Po = 3((=1)" (211 +3) P2 = (211 +3) Pyt — (41 +10) Pay — (2014 5) Pay_1) = 3).

(©) kz k(—l)kP2k+1 = 2((-1)" (21 +3) Paysp = (211 +7) Payy1 — 2Py + (20 +3) Pyyq) + 1).
=0

Taking Wy, = Q, with Qp =4, Q1 =2, Q2 = 6, Q3 = 17 in the last proposition, we have the following corollary
which presents linear sum formulas of the fourth-order Pell-Lucas numbers.

Corollary 10. For n > 0, fourth-order Pell-Lucas numbers have the following properties:

(a) é@k(—l)ka = 1((-1)" (21 +7)Qua = (61 +19)Quiz + (41 +6)Quat = (21+9)Qu) +19).
(b) kiok(—l)kQZk = 1((-1)" (21 +3)Qans2 = (2124 3)Qaner = (41 +10)Qan = (214 5) Q1) +23).

(c) éok(—l)szm = 1((-1)" (21 +3)Qaps2 — (21 + 7) Qops1 = 2Qan + (21 +3)Qap1) +7).

Observe that setting x = -1,7 = 1,5 = 1,t = 1,u = 2 (i.e., for the generalized fourth order Jacobsthal case)
in Theorem 3 (a), (b) and (c), makes the right hand side of the sum formulas to be an indeterminate form.
Application of L'Hospital rule however provides the evaluation of the sum formulas.

Theorem 5. Ifr=1,5s =1,t = 1,u = 2 then for n > 0 we have the following formulas:

(a) Zk( 1)ka—36(( 1)" (=(3n2 + 51— 53) W43 +2(31n% + 21 — 54) W, 40 — (31% — 131 = 53) W1 +2(3n% + 111 -
45)wn) 53W3 + 108W, — 53W; + 90W)).

(b) z k(-1 Wy = 155((=1)" (=(151% - 4n — 159)Wayy4n + 2(5n% + 211 — 54)Way, i1 + (3512 + 54n — 350) Way, +
2(5n +21 — 54)Wh,,_1 ) + 54 W3 — 213W, + 54 W) + 296 W)).

(c) Zk( 1) Wapyq = 100(( 1)" (=(5n% =81 —51)Wa, 40 + (2012 + 581 — 191) Why,,1 — (51> — 81— 51) Wy, — 2(15n> -
- 159)Wa,_1) — 159W3 + 108 W, + 350W; + 108Wp).
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Proof. (a) We use Theorem 3 (a). If wesetr=1,5s=1,f=1,u =2 in Theorem 3 (a) then we have

n

kv, - 83(x)
&' Wi 2x-1)2 (x+1)2 (x2+1)*’

where g3(x) = x"*3(2x + n(2x* + 33+ x% + x — 1) + 22 - 2x* —3)W,,,3 — "2 (222 — 4 + 203 +dx* - 2% + n(x -
DRx*+ 23 +x% +x-1) +2) W0 — 21 (4x3 - x? - 2x +6x* —4x® - 2x0 4+ n(x? +x - 1) (2x* + B3+ x%2 +x-1) +1)
Wyt + 20" 4 Bx+n(2x* + 23 + 22+ x - 1) + 22 + 23 — )W, + 23 (2% — x% = 200 + 3) Wi + 2 (—2x° + 4ot + 223 +
2x2 — 4x +2) Wy — x(2x0 + 4x% — 6x* — 4x% + % + 2x - 1)W; - 2x* (3 + 242 + Bx — 4) W),
For x = -1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule (twice). Then we get (b) using
" £ (8()

k(-1)*Wy = i = L ((-1)" (~(3n? + 51 = 53) W43 + 2(3n% + 211 — 54) W, 40 —
k§0 (=1)* W %((Zx—l)z(xﬂ)z(xzﬂf) L 36(( ) (=(3n” +5n YWiiis +2(3n +2n YWii2

(3n% - 131 - 53)W,,,1 +2(3n% + 111 — 45)W,,) — 53W3 + 108W, — 53W; + 90W)).
(b) We use Theorem 3 (b). If wesetr=1,s =1, =1,u =2 in Theorem 3 (b) then we have

N kg ga(x)
,;Ox Mok = s 12 (x - 1) 1

where g4(x) = —x"1(2x2 - 2x + 6x% + x* + 8x° +8x0 — n(2x% + x — 1) (4x* +3x% —5x% —3x + 1) + 1)Wayn +
X2 (12x% + 1623 + 16x* +8x° — n(2x +2) (4x* +3x3 =532 = 3x + 1) —4) Wy, g + X2 (122 + 10x% - 3243 — 16x* +
8x” + n(4x? +x - 3) ((4x* +3x> = 5x% = Bx + 1) — 6) Woy, +2x"*2(6x% +8x> + 8x* +4x° — n(x + 1) (4x* +3x° -
5x2 = 3x +1) = 2)Wa,_q — x2(4x° + 8x* + 8x3 + 6x% — 2) W3 + x(12x% + 16x° + 9x* + 12x3 + 2x% —4x + 1) W, -
X2 (4x5 + 8x* + 8x% + 632 — 2)W — 2x2(2x° — 12x* - 20x3 + 2x2 + 6x — 2) W).

For x = -1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’Hospital rule (four times). Then we get (b) using

. £ (51(0)
K(-1)FW S
R ey Ter eser | N

54)Wh,,41 + (3512 + 541 — 350) Wy, + 2(5n% + 211 — 54) Why,_1 ) + 54 W3 — 213Ws + 54W; +296Wp).
(c) We use Theorem 3 (c). If wesetr=1,s=1,t=1,u = 2 in Theorem 3 (c) then we have

= 15 ((-1)" (-(15n* - 4n - 159)Waysp + 2(5n* + 21 -

"k B g5(x)
kZ::Ox Mokt = e T (- 12 (e 7 1)

where g5(x) = —x™*1(2x + 2x? - 6x% — 15x* - 8x% + n(x + 1) (4x* +3x% = 5x% = 3x + 1) + 1) Waypp — ¥ 1 (4x -

10x2 — 4x3 + 33x* + 24x% — n(4x3 + 3x% = 2x - 1) (4x* +3x3 = 5x% = 3x + 1) + 1) Wayq — ¥ 1 (2 +2x2 — 6x° -

15x% = 8x° + m(x + 1) (4x* +3x3 = 5x% = Bx + 1) + 1) Wy, — 261 (2x% — 200 + 63 + x* + 8x° + 820 — n(2x% + x -

1)(4x* +3x3 = 5x% = 3x + 1) + 1)W1 + x(8x°% + 8x% + x* + 613 + 262 — 2x + 1) W3 — x%(8x° + 16x* + 161> +

12x% = 4)Wy — x2(8x° — 16x* = 32x% + 10x% + 12x — 6) Wy — 2x% (4x° + 8x* + 823 + 6x2 - 2) W,

For x = -1, the right hand side of the above sum formula is an indeterminate form. Now, we can use

L’Hospital rule (four times). Then we get (c) using
" £ (g5()

> k(-1)*w. art

o (-1)"Waks1 %((4x—1)2(x—1)2(x+1)4) 1

191)Waps1 — (512 — 81— 51)Way, — 2(1512 — 41 — 159) Way_1 ) — 159W5 + 108 W, + 350W; + 108Wp).
O

= 155 ((-1)" (~(5n% - 8n — 51)Waysp + (20n? + 58n -

Taking Wy, = J, with Jo =0, ;1 =1, J» = 1, J3 = 1 in the last theorem, we have the following corollary which
presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 11. For n > 0, fourth order Jacobsthal numbers have the following property:
@ 3 k(-1)F Tk = 2 ((-1)" (—(3n® + 51 = 53) J43 + 2(3n° + 21 = 54) 2 — (31% — 131 = 53) Jys1 +2(3n% + 11n -
k=0
45)],) +2).
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(b) ik(—1)k]2k = 155 ((-1)" (=(15n2 - 4n = 159) Jopsp + 2(51% + 21 = 54) [ + (3512 + 54n — 350) Jo,, +2(5n* +
k=3n 54) Jou_1) ~ 105).
(c) zk( Dfosr = 155 ((-1)" (=(5n2 =81 = 51) oy + (20n% + 581 = 191) o041 — (51* — 81 —51) o, —2(15n% — 4n -
159)]2,1 1) +299).

From the last theorem, we have the following corollary which gives linear sum formula of the fourth order
Jacobsthal-Lucas numbers (take W), = j, with jo =2,j1 =1,j, =5, j3 = 10).

Corollary 12. For n > 0, fourth order Jacobsthal-Lucas numbers have the following property:

() z k(-1)5jk = 3= ((-1)" (~(3n% + 51 = 53) a3 + 2(31n% + 21 — 54)jy4n — (31 — 131 — 53) 41 +2(3n* + 11n -
45)]n) +137).

(b) z k(=1)Kjox = 15 ((-1)" (~(151% =41 = 159) jop42 +2(5n% + 21— 54) joyus1 + (3512 + 541 — 350) oy, +2(5n% + 21 -
54)]2n 1) +121).

(c) z k(-1)¥jaks1 = 155 ((-1)" (=(5n2 = 81 = 51) joys + (201% + 581 — 191) jo41 — (5n% =81 = 51) o, — 2(15n% - 4n -
159)]2;1 1) —484).

Taking W), = K, with Ko = 3,K; = 1,K; = 3,K3 = 10 in the last theorem, we have the following corollary
which presents linear sum formula of the modified fourth order Jacobsthal numbers.

Corollary 13. For n > 0,modified fourth order Jacobsthal numbers have the following property:

(a) Zk( 1)FKy = 32 ((-1)" (=(3n + 51 = 53)Kyps3 + 2(3n° + 21 — 54)Ky1p — (312 — 131 = 53)Kyy 41 +2(3n% + 110 -
45)1<n)+11)

(b) Zk( 1)F Koy = 100(( 1)" (=(1512 = 4n - 159) Koy 42 +2(5n2 + 21 — 54) Koy, 1 + (3512 + 541 — 350) Ky, +2(5n2 +
2n 54)Kp,_1) + 843).

(c) zk( 1) Koks1 = 705 ((-1)" (—(5n2 = 8n = 51) Koy + (2002 + 581 — 191) Koy 41 — (51 — 81 - 51) Koy, — 2(15n% -
4n 159)Ko,_1) — 592).

From the last theorem, we have the following corollary which gives linear sum formula of the fourth-order
Jacobsthal Perrin numbers (take W), = Q,, with Qp=3,0Q1=0,0Q> =2,Q3 = 8).

Corollary 14. For n > 0, fourth-order Jacobsthal Perrin numbers have the following property:

(a) z k(-1)% Qg = 2 ((-1)" (—(3n2 + 51 = 53) Qyua3 +2(3n2 + 21 — 54) Qyuyp — (312 = 131 = 53) Q41 +2(3n2 + 11n -
45)Qn)+62)

(b) Zk( 1) Qox = 100(( 1)" (=(15n% - 41— 159) Qop12 +2(512 + 211 — 54) Qoyyiq + (351% + 541 - 350) Qo,, + 2(51% +
2n 54)Qo,_1) +894).

(© Zk( 1 Qater = 105 ((-1)" (=(5n% =81 =51)Qapaz + (201 + 581 = 191) Qa1 — (51 — 81 - 51)Qyy, —2(151% —
4n 159) Q1) - 732).

Taking W,, = S, with Sg = 0,51 = 1,52 = 1,53 = 2 in the theorem, we have the following corollary which
presents linear sum formula of the adjusted fourth-order Jacobsthal numbers.

Corollary 15. For n > 0, adjusted fourth-order Jacobsthal numbers have the following property:

@ zk( 1ESy = 2 ((-1)" (~(3n2 + 51 = 53)S,143 + 2(3n% + 21— 54) S0 — (312 — 131 — 53)S41 +2(3n2 + 11n -
45)sn) 51).
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(b) zk( 1)¥So; = 15 ((<1)" (~(1512 — 411 = 159)Spps2 + 2(51% + 211 — 54)Sp41 + (3512 + 541 — 350) S, +2(5n2 +

2n 54)Sy,_1) - 51).
(©) zk( 1)¥Ske1 = 705 ((=1)" (=(51% = 81— 51)Sps2 + (2012 + 581 — 191)Sp,41 — (512 — 81— 51) S5y, — 2(1502 —
41’1 159)5211 1)+140)

From the last theorem, we have the following corollary which gives linear sum formula of the modified
fourth-order Jacobsthal-Lucas numbers (take W, = R,, with Ry =4,R; =1,R, =3,R3 =7).

Corollary 16. For n > 0, modified fourth-order Jacobsthal-Lucas numbers have the following property:

(@) Zk( 1) Ry = 36(( 1)" (=(3n2 + 51 - 53)R,43 + 2(31n% + 211 = 54) R, » — (3n% = 1311 — 53)R,y4q +2(3n% + 11n -

45)R,1)+260)
(b) zk( 1) Roy = 15 ((=1)" (~(15n% = 41— 159) Ray 2 +2(5n2 + 211 — 54) Ryyy 41 + (3517 + 541 - 350) Ry, +2(5n2 +

2n 54)Ry,_1) +977).
(c) Zk( 1) Rojsq = 100(( 1)" (=(5n2 = 81— 51)Ryy0 + (2012 + 581 — 191) Ry, 41 — (512 — 81— 51) Ry, — 2(15n% -
4n 159)Ry,-1) = 7).

Taking x =-1,r =2,5 =3, =5,u = 7 in Theorem 3 (a), (b) and (c), we obtain the following proposition.

Proposition 3. Ifr=2,5=3,t =5,u =7 then for n > 0 we have the following formulas:

(a) Z k(-1)kw, = 4((—1)” (-(2n = 11)Wy 3 + (61 — 35)W, 10 + 8W, 11 + 7(2n - 9)W,,) — 11W3 + 35W, — 8W +
63Wo)

(b) Z k(1) Wy = %((—1)” (=(61n = 7)Wayp0 + (611 + 5)Woyyq + 72(n — 1) Wy, + 7(6n — 13)Wh,,_1) + 13W;3 —
33W2 44W1 + 7W())

(© Zk( D Wari1 = 36 ((=1)" (=(61 = 19)Wayysp +3(181 = 17) Way 1 +4(3n — 14) Wa, = 7(61 = 7) Wy, 1) = 7W3 —
5W2 + 72W1 + 91W0)

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G, with Gy =0,G; =0,G, =1,G3 = 2).

Corollary 17. For n > 0, 4-primes numbers have the following properties:
@ ¥ k(-1)¥Gy = ((-1)" (=(21 = 11)Gppy3 + (61 = 35)Gprs2 + 8Gys1 +7(2n - 9)Gy) +13).
k=0
n
(b) ¥ k(-1)¥Gyx = 55 ((-1)" (=(61 = 7)Gapaz + (61 +5) Gopy1 +72(1 = 1) Goy +7(61 = 13)Gy_1) = 7).
k=0

(© kz k(=1)¥Goxy1 = 52 ((-1)" (=(61 = 19)Gaypyn +3(181 = 17) Gy +4(31 — 14) Gy — 7(61 = 7) Ggyq) — 19).
=0

Taking W, = H, with Hy = 4,Hy = 2,H; = 10,H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 18. For n > 0, Lucas 4-primes numbers have the following properties:
n
@ ¥ k(-1)FHg = 2((-1)" (~(2n - 11)Hy43 + (61~ 35) Hypsp + 8Hyyyq +7(2n - 9) Hy, ) + 135).
k=0
n
(b) > k(—l)kHZk = 3176((_1);1 (—(61’1 - 7)H2n+2 + (67’[ + 5)H2n+1 + 72(n - 1)H2n + 7(61’1 - 13)H2n—1) + 143)
k=0

n
© ¥ k(-1)FHaps1 = 5 ((-1)" (=(61 = 19)Hopyn +3(18n = 17) Hpysq +4(3n — 14) Hopy = 7(6n = 7) Hpyq) + 171).
k=0
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From the last proposition, we have the following corollary which gives linear sum formulas of modified
4-primes numbers (take W, = E,, with Eg =0,E; =0,Ep =1,E3 = 1).

Corollary 19. For n > 0, modified 4-primes numbers have the following properties:
() f k(-1)FEy = 1((-1)" (=(2n = 11)E;;15 + (61 = 35)Eyyy2 + 8E 41 + 7(2n = 9)Eyy) +24).
k=0
n
(b) Z k(—l)kEZk = 3176((_1)11 (—(61’1 - 7)E2n+2 + (611 + 5)E2n+l + 72(1’1 - 1)E2n + 7(61’1 - 13)E2n—1) - 20)
k=0

n
© ¥ k(~1)"Eggy1 = % ((-1)" (~(6n - 19) Egaz + 3(18n — 17) Egyen + 4(3n — 14)Egy ~ 7(61~7)Eny_1) ~ 12).
k=0

3.3. Thecase x =1

In this subsection we consider the special case x = i. Taking x =i,7 =s =t = u = 1 in Theorem 3 (a), (b) and
(c), we obtain the following proposition.

Proposition 4. If x =i,r =s =t = u =1 then for n > 0 we have the following formulas:

(@) Zkszk—z”(l(nJr(S 21))Wn+3+(1—1)(n+( i))Wn+2+(—1—2i)(n+(4—2i))Wn+1—(n+(6—2i))Wn)—
(2+51)W3—(2 71)W2+(8+61)W1+(6 21)Wp.

(b) Z ki* Wy, = 9= 401(( 13 - 6i)i" (n+( z))W2n+2+ (14 -3i)i"(n + (28015 2051))W2n+1 + (15 -12i)i"(n +
% — HO)Wan + (9 +0)i"(n+ (3 z‘))wz,1 1-(6+3i) W3 + (10+i)W2 +2iw1 - (4-17))Wp).
() Z kiszm = g (1= 90)i" (n - (@ B0 Wansz + (2= 180)i" (1 + (] + §51)) Wansr + (-4 = 50)i" (n— (33 +

))W2n+( 13 - 6i)i" (n+(41 i))W2n_1+(4—2i)W3—(6+i)W2—(10—14i)W1—(6+3i)W0).

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M, with My =0, M1 =1, M =1, M3 = 2).

Corollary 20. For n > 0, Tetranacci numbers have the following properties.

(a) Z KMy = i"(i(n + (5-20))Mpuya + (1= i)(n + (3 = 30))Myag + (=1 = 20) (n + (4 = 20)) M1 - (n+ (6 -
21))Mn) +(2+3i).
(b) kgokz My = 5= 401(( 13 - 6i)i"(n + (% 411))M2n+2+ (14 - 3i)i" (n+(205 2051))M2n+1 + (15 -120)i"(n +
(335~ 11 1)Man + 9+ D)i" (n + (35 + 1)) Mana + (=2 -31)).
(c) ]Eokikzwz,ﬂl = g (1= 90)i" (n = (B - 340)) Moo + (2 - 180)i" (n + (35 + 351) ) Mas1 + (-4 -51)i"(n - (33 +
D1)) Moy + (-13 - 60)i" (n+ (& - 121)) M1 + (-8 +9i)).

Taking M, = R, with Ry = 4,R; = 1,Ry = 3,R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 21. For n > 0, Tetranacci-Lucas numbers have the following properties.

(a) Z ki*Ry = i" (i(n + (5 -2i))Rypz + (1 1) (n + (2 i))R,Hz +(-1-2i)(n+(4-2{))Ry;1 —(n+(6-2i))R,) +
(12 161).

(b) k§0klkR2k: g (-13=60)i" (n + (& = 299))Ropan + (14 - 30)i" (n+ (B + 3%1))Rops1 + (15— 121)i" (n + (196 -
D1))Roy + (9 +1)i" (n + (35 + 331))Rayq + (-28 +52i)).

(o) éokikRZkﬂ = 5= 401((1 91)i" (n - (— - —z))RZ,HZ +(2-180)i"(n + ( i))Rz,Hl +(-4-50)i"(n- (% +
Di))Ray + (-13-61)i" (n+ (& - 199))Roy1 + (-24 - 150)).

Corresponding sums of the other fourth order generalized Tetranacci numbers can be calculated similarly.
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4. Linear sum formulas of generalized Tetranacci numbers with negative subscripts

The following Theorem present some linear sum formulas of generalized Tetranacci numbers with

negative subscripts.

Theorem 6. Let x be a real or complex non-zero numbers. For n > 1 we have the following formulas:

@) Ifu+rx>+sx?+tx—x* #0, then

zn: kxkW_, = 02y
] K B v sa?+ tx— 427

3 3

—sx? —tx +x*) —u+ 23 +5x% = 3x)YW_ppz + X" (n(r — x) (u + 723 + sx% + tx -

Shsx?4tx—xt) 4 2ra® +

where Qy = x" 1 (n(-u - rx
xh) +drat - tx% = 2728 4 ru - 2ux — 2x° — rsx?)W_ppo + X" (n(s + rx — x2) (u + rx

2sxt = 2tx3 = Bux? — r2x* = 2x% + su— x0 = 2rsx> + rtx? + 2rux)W_p o1 + XL (n(t+rx® +sx - x3) (u+rx3 +sx% +

tax — x*) —dux® + tu + 3rux? + 2sux)W_y, + x (1 = 2rx> — sx% + 3x*) W + x(—4rx* + tx2 + 2r%x3 — ru + 2ux +2x° +
rsx?) Wy + x(=2rx® — 2sx* + 2tx3 + 3ux? + r>x* + 52x% — su + x° + 2rsx® — rtx? - 2rux) Wy + ux(—t — 3rx® = 2sx +

4x3)W0.

(b) If r?x3 + 2rtx? — s2x - 2sux +25x° + t2x — u? + 2ux? — x* # 0 then

i kka 2% = 05
= - (r2x3 + 2rtx? — s2x2 — 2sux + 2sx3 + t2x — u? + 2ux? — x*)2”’

where Q5 = x™ 1 (n(u +sx — x)(25x% + 2x + 2ux? + r’x3 - x> — u? — x* + 2rtx® - 2sux) + 25x° + ux* -
s2x4 = 20223 + uPx? — uB — x® - 2rtx* — 25u%x — st + s2x% — 2%ux® — s2ux? - 2rtux®)Weopo + X" (n(ru +
tx + rsx)(=25x% — 2x — 2ux? — r2x% + 242 + u? + x* = 2rtx® + 2sux) + rud — 2tx° — £3x% - 2rsx® - 3rux* +
2stxt + 2tulx + 2rs?xt + st + 2ru®x? + r2txt + 2r3ux® + 2rsux + drsux® + 2stux? — rst?x? + rsux? + 2r’t
Ux?)W_ i1 + X" (1(25x% - s%x + 12x% — su + ux — x3 + rtx) (25x3 + 12x + 2ux® + r?x3 - s2x% — u? — x* + 2rtx® -
2sux) + sud = 2u8x — 2ux® - 32x* + 412 x3 + 212253 - 3r2Ux? — §242x2 = 2rtx® + Bsux* + r13x2 + dst?x3 + 3tat -
6512 x? + r2ux* + 25%u%x — 4s2ux® + sPux? + trux? + 2rstx* — 2rtulx — 2r2sux®)W_p,, + ux™ 1 (n(t+rx)(-2sx3 -
t2x = 2ux? — 23 + 2x% + u? + x* = 2rtx? + 2sux) + tu® - 2rx® — tx* + r3x* + 2rsxt + 2ruPx + 4sta® + 2tux® +
ri2x? + 2123 — s a2 + 2rsux2)W_2n_1 - x(tu2 —2rx® = 3tx* + r3x* + 2rsxt + 2ruPx + 4sta® + 2tux? + ri2x? +
2r2tx3 — $2tx% + 2rsux?)Ws + x(=2s5x° — ux* — 2r2x° + rx* + 2% + 20203 — uPx? + 1P + x8 + 21247 + rtu® -
rex® + 2su?x + 3r2sx* — st2x% + 2r2u?x + 2r3tx% + 2r2ux® + sPux? + drstx® + drtux? — rs>tx? + 2r2sux*)W, -
x(rud = 2tx° — 3x% — stu? - Brux* + 5sta + 2tux + 2ru’x® + r2tx* — 452 tx3 + $3tx% + 2r3ux® + drsux® - 2rst?x? -
2r2stx3 - rs?ux? + 2r2tux® )Wy + ux (—su® + t2u — 5sx* + 2u?x — 4ux® — r?x* + 4523 - $3x? + 242 + 2x° + 6sux? -
252ux + 2r2sx® + 3r2ux? + 2rstx? + drtux)Wy.

(© Ifr?x3 + 2rtx® — s2x? — 2sux + 25x° + t2x — u? + 2ux® — x* + 0 then

Qg

n
kxkW_ =
2. 2l T (253 1 2rtx? — $2x2 — 2sux + 25x3 + 2x — u + 2ux? — x4)2’

k=1

where Qg = x™ 2 (n(t +rx)(=25x% — 2x = 2ux? - 263 + 522 + u? + x* - 2rtx® + 2sux) + 2tu —rx® — 3x - 2tx* +
3ru’x = 2rux® + 2sta® + rs?x3 = 2rt2x? — r2tx3 + drsux® + 2stux) Weopo + X2 (n(u + r?x + rt + sx — x2) (2sx> +
2x + 2ux? + 12x3 — 2% — u? — x* + 2rtx® — 2sux) + 25%x* — $3x3 = 32x3 + 4uPx? - 2uB — r25%x3 + 2171247 -
2rtu? + ridx = 2rtx* — 5su?x + 6sux® + Pux — sx® - 2ux* + 2st?x2 = 3r2u?x + r3tx® + r2ux® — 4s%ux? - 2rstux — 4
r2sux?)W_ops1 + X" 2(n(ru — st + tx) (=25x% — 2x = 2ux? — r2x3 + s2x2 + u? + x* - 2rtx® + 2sux) + 2ru® — tx° -
213x2 —2stu® + st3x — 2rux* + 2stxt + 3tux — 2tux® - 2rt?x3 — s2tx3 + r3ux® + 2rsux + 2rsux® — rt?ux + dstux® -
252 tux — r2stx® ) W_py, + ux™ 1 (n(u +sx — x2) (25x3 + t2x + 2ux? + r?x% — 2% — u? — x* + 2rtx? — 25ux) + 25x° +
ux® = s2x* = 26223 + 12 % —uB — x0 - 2rtx* — 2512 x — r2sx* + st2x% - 2r2ux® — s2ux? - 2rtux?)W_pp_1 +x(-25x° —
ux* +52x4 + 20203 —uPx? + uB + x0 + 2rtat + 2512 x + r2sxt — st2x% + 2r2ux® + s2ux? + 2rtux?)Ws — x (ru® - 2tx° -
£3x% = 2rsx® = Brux* + 2stx* + 2tu’x + 2rs?x* + r3sx* + 2ru?x? + r2tx* + 2r3ux® + 2rsuPx + drsux® + 2stux? -
rst?x? + rs?ux?® + 2rtux® )Wy — x(su® - 2ulx — 2ux® - 3t2x* + 4u?x3 + 2r212x3 - 3r2u?x? - 212x% — 2rtx0 +
Ssuxt + rt3x% + 4st?x3 + r3tat — 6512 x? + rPux* + 252u”x — 4s2ux® + sPux? + tPux? + 2rstx* - 2rtutx - 2r’sux®)
Wi — ux(tu? = 2rx® = 3ta* + r3x* + 2rsx* + 2ru”x + 4stx® + 2tux? + rt2x? + 2r2tx% — s2tx? + 2rsux?) Wy.
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Proof. (a) Using the recurrence relation
Wonia =rx Wiz +sx Woppp +Ex Wy +ux Wy,

ie.,
UW_y = Wepia =" Wopi3 = SWoppio = tW_py1 .

we obtain

unxW_, = nx"W_,4-rnx"W_, 3 —snx"W_,.o — tnx"W_, .1,
u(n=Dx""W_pr = (n=DX"TWos—r(n=1)x" W
—s(n—1)x" T W_yez — H(n - 1)x" T W_pp0,
w(n=2)x"2Weppa = (n-2)2"Wepig—r(n=2)x"Wepss
—5(1 = 2)X" P W_yppq — t(n = 2)x" P W_p 3,

ux5xW_g = S5xW_1—-rx5xW_p—-sx5xW_3-tx5xW_y4,

u><4><x4W_4 = 4><x4W0—r><4><x4W_1—s><4><x4W_2—tx4xx4W_3,
u><3><x3W,3 = 3><x3W1—r><3><x3W0—s><3><x3W_1—t><3><x3W,2,
u><2><x2W_2 = 2><x2W2—r><2><x2W1—s><2><x2W0—t><2><x2W_1,
u><1><x1W,1 = 1><le3—7’><1><x1W2—s><1><x1W1—t><1><x1W0.

If we add the above equations side by side (and using Theorem 2 (a)), we get (a)
(b) and (c) Using the recurrence relation

W_onsa =tW_y 3 +SW_ o +tW_ 01 + ulW_y,

ie.,
tW_y1 = Woyya =t Wopig = sWopio —uW_y,
we obtain
tx" Wy = nx"Wiopyuq —1nx"W_pyiz —snx"W_p, o —unx"W_y,,
Hn-1)x" " Weoanes = (n-1)x" "Wy —r(n—1)x"" W5
—s(n = 1)x" " W_gpa —u(n - 1)x" " Wogpio,
Hn=2)x"2W_oops = (n=2)x"2W_ppg—r(n—2)x"*W_pyy7

—5(1 = 2)X" P W_pye — (1~ 2)x" 2 W_ppsa,

Ex3xx3Wos = 3xx°W_p—rx3xx°W_z—sx3xx3W_g—1ux3xx>W_g,
t><2><x2W_3 = 2><x2W0—r><2><x2W_1—s><2><x2W_2—u><2><x2W_4,
tx1xxW_q = 1><x1W2—r><1xxlwl—sxlxxlwo—uxlxxlw,z.

If we add the equations side by side, we get

n n
£y kXKW _ogerq =(=(n+ D)X W_gyp0 — (1 + 2) X" 2 Wy, +2 x X2 W + 1 x X' Wy + x2 > kx"W_p
k=1 k=1

n n n
+2x2 > XKW_or) = r(=(n+ D)X W_gpiq + 1 x X1 Wy + x1 > kx"W_opiq + x1 > K W_pii1)

k=1 k=1 k=1

n n n
—s(=(n+ 1) MW_g + 1T x 2 Wo + 61 YA Wogp + 28 S X W) —u (D kW), (@)

k=1 k=1 k=1
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Similarly, using the recurrence relation
W_onra =Wz +SWoyp + W 0 + uW_yy,
ie.,
tW_n = W3 =t Wopo =Wy —uW_y g,
we obtain
tx"W_o, = nx"W_oui3—1nx"W_o,0 —snx"W_s,.1 —unx"W_s,_1,
tm=-1)x"W_ppo = (n=1)xx" TW_opss—r(n-1)x""W_pp4
—s(n=1D)x"""W_ppz3 —u(n—-1)x"""W_p,,1,
Hn=2)x"2Wognry = (1-2) x X" Woamy —1(1n=2)x" 2 W_zuse
—s(1 = 2)x"*W_gps5 — u(n = 2)x" *W_py.3,
Ex3xxOW_g = 3xx°W_3-rx3xx°W_g—sx3xxW_g—-1ux3xx’W_y,
t><2><x2W_4 = 2><x2W_1—r><2><x2W_2—s><2><x2W_3—u><2><x2W_5,
tx1xxW_, = 1><x1W1—r><lxxlwo—sxl><x1W_1—u><1><x1W,3.
If we add the equations side by side, we get
n n n
£y kXK Woo = (m(n+ D)X T Wogiq + 1 x X' Wy + 2! > kXKW _ppiq + 21 > KW _oe1)
k=1 k=1 k=1
n n
(= (n+ D)X Wy + 1 x X Wy + 28 ST kaF W + 21 YT X W)
k=1 k=1
ok 1%0 ok 1%~ ok
=s( D kX" Wogpi) —u(nx"Wooy 1 + X7 3 kX Wogpp1 =x7 3 X Wopgppr).  (5)

k=1 k=1 k=1

Then, solving system (4)-(5) (using Theorem 2 (b) and (c)), the required result of (b) and (c) follow.

O

Remark 2. Note that the proof of Theorem 6 can be done by taking the derivative of the formulas in Theorem

2. In fact, since

z": FW, - O4(x)
Pt - rad +sx2 + tx +u—x*’
i Wy = xOs5(x)
& -2 25x3 + 12x + 2ux? + r2x3 — §2x2 — 2 — x* + 2rtx? - 2sux’
& s - X0 (x)
= 2k 25x3 + 12x + 2ux? + r2x3 — 2x2 — u? — x4 + 2rtx? — 2sux’

by taking the derivative of the both sides of the above formulas with respect to x, we get

(ra® +sx> + tx + 1 - x4)®;(x) — (—4x3 +3rx? + 250 + 1)@y (x)
(rx3 +sx2 +tx +u —x*)?2

7

n
Z kxk_l W,k =
k=1

(25x3 + 12x + 2ux? + r2x% — s%x% — u? — x* + 2rtx® - 25ux)(Os(x) + x®’5(x))

—(3r%x? + 4rtx — 25%x + 65x% — 2us + 2 — 4x> + 4ux ) xOs(x)

M=
o
=

L
AN
=

S
1l

] (25x3 + t2x + 2ux? + r2x3 — 82x2 — u2 — x* + 2rtx? - 2sux)?

(2523 + £2x + 2ux? + r2x% — s2x2% — u? — x* + 2rtx? - 25ux) (O (x) + x@é(x))

—(3r2x2 + 4rtx — 25%x + 65x% — 2us + 2 — 4x3 + 4ux ) xOg (x)

(25x3 + t2x + 2ux? + r2x3 — s2x2 — u2 — x* + 2rtx? - 2sux)?
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ie.,
LA (ra® +sx® +tx +u - x4)®;(x) — (—4x3 +3rx? + 25x + 1) Oy (x)
D kW = x 31 oy2 12 ’
1 (rxd +sx2 +tx +u—x*)
(253 + 2x + 2ux? + r?x3 = s2x% —u? — x* + 2rtx® — 2sux) (@s(x) + x®/5(x))
L kW ~(3r2x2 + drtx — 252x + 65x2 — 2us + 12 — 4x3 + 4ux) xOs(x) ’
XYW = x
k:Zl % (25x3 + £2x + 2ux? + r2x3 — s2x2 — u? — x* + 2rtx2 — 25ux)?

(25x3 + £2x + 2ux? + r2x% — s2x% — u? — x* + 2rtx? - 25ux) (O (x) + x@lé(x))
i W —(3r2x? + 4rtx — 25%x + 65x% — 2us + 12 — 4x> + dux) xOg (x)
xW_ = x
] 2l (25x3 + t2x + 2ux? + r2x3 — s2x2 — u2 — x* + 2rtx2 - 2sux)?

where @;(x), @;(x) and ®’6(x) denotes the derivatives of @4(x), O5(x) and O4(x) respectively.

5. Specific cases

In this section, for the specific cases of x, we present the closed form solutions (identities) of the sums

n n n
Y kx*W_y, 3 kxkW_or and ¥ kx*W_o;, 1 for the specific case of sequence {W;, }.
k=1 k=1 k=1

5.1. The case x = 1

In this subsection we consider the special case x = 1.

The case x = 1 of Theorem 6 is given in Soykan [34].

We only consider the cases x = 1,7 =1,5 = 1,t = 1,u = 2 (which is not considered in [34]).

Observe that setting x = 1,7 =1,5 =1, = 1,u = 2 (i.e., for the generalized fourth order Jacobsthal case) in
Theorem 6 (a),(b),(c) makes the right hand side of the sum formulas to be an indeterminate form. Application
of L'Hospital rule however provides the evaluation of the sum formulas.

Taking r =1,5s =1,t = 1,u = 2 in Theorem 6, we obtain the following theorem.

Theorem 7. Ifr=1,5=1,t = 1,u = 2 then for n > 1 we have the following formulas:

n
@ X kW_p = 2 (~(4n+2)W_py3 — AW i + (411 = 2)W_ i + (81 + 4)W_yy + 2W3 + AW, + 2W — 4Wp).
k=1

(b) i KW_or = 25 ((6n* = 8n = 29)W_ppp — 2(6n% + 4n — 19)W_pysq + (612 + 281 — 11)W_y, — 2(6n° + 4n —
k=i9)w_2n_1 — 19W; + 48W, — 19W; + 30W)).

© 3 KW_ggi1 = 25 (=(6n2 + 161 = 9)W_pysp + 4(3n2 + 51 = 10) W1 — (612 + 161 — 9)W_o,, + 2(6n2 — 81 -
00 Wy + 29W5 — 38, + 11, - 38Wo).

Proof. (a) We use Theorem 6 (a). If wesetr =1,5s=1,t =1,u = 2 in Theorem 6 (a) we get (a).
(b) We use Theorem 6 (b). If wesetr=1,s=1,¢=1,u =2 in Theorem 6 (b) then we have

S T 86(x)
k;kx N T 1)

where g6(x) = —x™1(8x + x% + 633 + 2x* - 2x° + x® + n(—x? + x +2)(x* —3x> —5x% +3x +4) + 8)W 0,40 +
X" (16x +16x2 +12x% — 4x® + n(2x +2) (x* = 3x3 —5x2 + 3x +4) + 8)W_np,,1 — ™1 (16x +32x2 - 10x% - 12x* +
6x° +n(-x3+3x2 +2x - 2) (x* - 3x3 = 5x% +3x +4) - 8)W_p,, + 21 (8x + 8x% + 6x° — 2x° + n(x +1) (x* - 3x> -
5x2 +3x +4) + 4)W_n,_1 — x(=2x° + 6x3 + 8x% + 8x + 4)W3 + x(x® — 4x> + 2x* + 1243 + 9x2 + 16x + 12)W, —
x(—2x5 + 6x3 + 8x2 + 8x + 4)W; — 2x(-2x° + 6x* +2x3 —20x - 12x + 2) W] .

For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L’'Hospital rule (twice). Then we get (b) using
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" £ (35(0)

Z kW_ — dx?

a0 T B (e enienh)|
11)W_g, — 2(61% + 41— 19)W_,1_1 — 19W; + 48 W, — 19W; + 30W)).

(c) We use Theorem 6 (c). If wesetr=1,s=1,t =1,u = 2 in Theorem 6 (c) then we have

= 5 ((6n% =81 —29)W_p40 — 2(61% + 41 — 19)W_p41 + (612 + 281 -

L Ik e = g7(x) )
& e = T )

where g7(x) = x™2(15x + 6x% — 2x3 - 2x* — x% + n(x + 1) (x* - 3x% — 5x% + 3x +4) + 8)W_p,12 — x"2(33x -
4x? - 1023 + 4x* + 2% + (=22 + 2x +3) (x* = 323 = 522 + 3x +4) + 24)W_p, 41 + X2 (15x + 6x% — 243 - 2x* -
X2 +n(x+1)(x* - 3x3 = 5x% + 3x +4) + 8)W_p, — 2x1(8x + x% + 6x3 + 2x* = 2x° + x® + n(—x% + x +2) (x* -
3x3 —5x2 +3x +4) +8)W_p,_1 + x(x® —2x° +2x* + 6x3 + x% + 8x + 8) W3 — x(—4x> + 12x3 + 16x2% + 16x + 8) W, +
x(6x° —12x* — 10 +32x2 + 16x — 8) W — 2x(—2x° + 6x° + 8x2 + 8x +4)W).
For x = 1, the right hand side of the above sum formula is an indeterminate form. Now, we can use
L'Hospital rule (twice). Then we get (c) using
" £ (g7(x))
Z kW_ — dx?
e 4 (O IR |
161 —9)W_n, +2(61n2 — 81— 29)W_n,,_1 +29W5 — 38W, + 11W; — 38WWp).
U

= 5 (~(6n% + 161 — 9)W_y40 + 4(3n2 + 51 = 10)W_,,41 — (61 +

Taking W, = J, with Jo =0, 1 =1, J» = 1, J3 = 1 in the last theorem, we have the following corollary which
presents linear sum formula of fourth-order Jacobsthal numbers.

Corollary 22. For n > 1, fourth order Jacobsthal numbers have the following property

(@) ki KTk = 2o (~(411+ 2) 3 — 4] s + (411 2) i1 + (811 +4) [y +8).
=1

(B) 3 kJ ok = 5 (612 =81 —29)] 2 = 2612 + 411 =19)] g1 + (612 + 281 = 11)]_p, =261 + 411 = 19)] 5, 1 +
k=1
10).
n
(© X k] gps1 = 75 (—(6n +161—9) [_pys0 +4(3n2 + 51~ 10) [_gy41 — (612 + 161 = 9) oy +2(61n — 81~ 29) ] 5,1 +
k=1
2).

From the last theorem, we have the following corollary which gives linear sum formulas of the fourth
order Jacobsthal-Lucas numbers (take W, = j, with jo =2,j; =1,j2 = 5,3 = 10).

Corollary 23. For n > 1, fourth order Jacobsthal-Lucas numbers have the following property
n
(a) kzl ki = 12 (—(4n +2)j_ps3 — 4j_pso + (41 = 2)j_ps1 + (81 +4)j_y +34).
(b) f kj ok = 95 (61 =81 =29)j_ops2 —2(61* + 41~ 19)j_n41 + (612 + 281~ 11)j_p, —2(6n° +4n —19)j_p,_1 +91).
k=1

() § kj_gks1 = 75 (— (612 + 161 = 9)j_ons0 +4(31% + 51— 10)j_gy11 — (61* + 161 = 9)j_oy + 2(6n* = 81— 29)j_p_1 +
k=1
35).

Taking W,, = K;, with Ko = 3,K; = 1,K3 = 3,K3 = 10 in the last theorem, we have the following corollary
which presents linear sum formula of the modified fourth order Jacobsthal numbers.

Corollary 24. For n > 1,modified fourth order Jacobsthal numbers have the following property:
n
@ Y kK = %(—(471 +2)K_p43 —4K_ 40+ (4n—2)K_ ;11 + (81 +4)K_,, +22).
k=1

n
(b) Y kK o = 5((6n> - 8n = 29)K_pp4p — 2(6n% + 41 — 19)K_p4q + (612 + 281 — 11)K_p, — 2(6n° + 4n -
k=1
19)K—2n—1 + 25)
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(c) z kK gpp1 = 55(—(6n% + 161 — 9)K_pysn + 4(3n% + 51 — 10)K_p41 — (612 + 161 — 9)K_p,, + 2(6n* — 81 -
29)K 2n-1 +73)

From the last theorem, we have the following corollary which gives linear sum formula of the fourth-order
Jacobsthal Perrin numbers (take W, = Q,, with Qy=3,01=0,0, =2,Q3 =8).

Corollary 25. For n > 1, fourth-order Jacobsthal Perrin numbers have the following property:

() Z kQ_ = *( (4n+2)Q 143 —4Q_pi2+ (41 =2)Q i1 + (8n +4)Q—y +12).
(b) z kQ o = 25 ((6n% - 81 —29)Q op42 — 2(6n% +4n — 19)Q_p41 + (612 + 281 — 11)Q_o,, — 2(6n% + 4n —

19)Q -1 +34).
() Z kQ_ski1 = 72( (6n% + 161 — 9)Q_ppi0 + 4(31 + 51 = 10)Q_0y41 — (61> + 161 — 9)Q_o,, + 2(6n% — 81 —

29)Q 2n-1+42).

Taking Wy, = S;, with S =0, 51 =1, S, = 1, S3 = 2 in the last theorem, we have the following corollary which
presents linear sum formula of the adjusted fourth-order Jacobsthal numbers.

Corollary 26. For n > 1, adjusted fourth-order Jacobsthal numbers have the following property:

n
@ X kS_g=2(—(4n+2)S 13— 4S i+ (41— 2)S_yuq + (81 +4)S_,, +10).
k=1

(b) i kS ok = 75 (61 — 81 =29)S_p10 — 2(61% + 41 ~19)S 3,141 + (6n% +28n —11)S_, —2(6n% +4n-19)S 5,1 -
kzé).
(c) z kS gps1 = 25(=(6n2 + 161 = 9)S_gy40 + 4(3n% + 51 — 10)S_py41 — (612 + 161 — 9)S_p,, + 2(6n> — 8n -
29)5 on_1+31).

From the last theorem, we have the following corollary which gives linear sum formula of the modified
fourth-order Jacobsthal-Lucas numbers (take W), = R,, with Ry =4,R; =1,R, =3,R3 =7).

Corollary 27. For n > 1, modified fourth-order Jacobsthal-Lucas numbers have the following property:

n
@ 2 kR - L (~(4n+2)R_43 — 4R _pyp + (41 = 2)R 41 + (811 + 4)R_yy +12).

(b) Z kR gx = 55((6n% = 81— 29)R_pysp — 2(6n% + 4n — 19)R g1 + (6n% + 28n — 11)R_y, — 2(6n* + 4n -
19)R on—1 +112)
(c) Z kR_5k1 = ( (6n* + 161 — 9)R_s,49 + 4(3n% + 51 — 10)R_p,41 — (612 + 161 — 9)R_y,, + 2(61n% — 81 —

29)R on-1—52).

5.2. The case x = -1

In this subsection we consider the special case x = -1.
Taking x = -1, =s =t = u = 1 in Theorem 6 (a) and (b) (or (c)), we obtain the following proposition.

Proposition 5. Ifr =5 =t = u = 1 then for n > 1 we have the following formulas:

@ 3 k(DW= (=1)" (=(11 = 5)Wopaz + (201 = D Wonsz — (11 = 2)W i1 + (201 — 6)W_ry) — 5W5 + I, — 2W; +
k=1
6.
(b) Z k(1) W_gp = (=1)" (=(11 = 2)W_ppsz + (1= 3)W_gypi1 + (21 = 2)W_py + W_p_1) = W3 = Wy + 4 Wy + 3.

(c) gl k(—l)kW—zk+1 = (-1)" (~Wepps2 + nW_gyi1 — (1 = 3)W_py — (1 = 2)W_p,,_1) — 2W3 + 3W, + 2W; — W,
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From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M,, with My =0, M1 =1, M =1, M3 = 2).

Corollary 28. For n > 1, Tetranacci numbers have the following properties.
n
@ 3 k(-1)"M_i = (-1)" (=(n=5)M_3+ (21 =9) M2 = (1= 2)M_ps1 + (21 - 6)M-) = 3.
k=1
n
b) ¥ k(-1)"Moge = (-1)" (~(1=2)M-gusz + (1 =3)Moua + (2 =)Mo + Mogaa) + 1

n
(c) kgl k(~1)¥M_pps1 = (-1)" (-M_gps2 + tM_gp41 = (n=3)M_gy = (1 =2)M_,,_1) + 1.

Taking W, = R, with Ry = 4,R; = 1,Ry = 3,R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 29. For n > 1, Tetranacci-Lucas numbers have the following properties.
n
@ ¥ k(_l)kR—k = (_1)n (=(m=5)R_ps3+ (21 =9)R_ys2 = (n=2)R_41 + (21 -6)R_) + 14.
k=1
n
(b) El K(=1)*R g = (=1)" (=(1 = 2)Rognsz + (1 = 3)R 41 + (211 = 2)R_25 + R 2,-1) +6.

(c) gl k(=1)FR g1 = (-1)" (-R_gps2 + nR 9541 = (1 =3)R_gy — (n=2)R 5, 1) - 7.

Taking x = -1,7 =2,s =t = u = 1 in Theorem 6 (a) and (b) (or (c)), we obtain the following proposition.
Proposition 6. Ifr =2,5 =t = u =1 then for n > 1 we have the following formulas:
n
@ Y k(-1)w_ = }1((—1)” (-2n-7YW_,.3+ (6n=19)W_,40 — (dn —6)W_,. 11 + (6n - 9)W_;,) = 7W3 + 19W, —
k=1
6W; +9Wp).
n
®) k(-1 Wop = 3((-1)" (~(21 = 3)W_pus2 + (211 = 3)Wopps1 + (811~ 10)Wopy + (211 = 5)W_p_1) + 5 W5 -
k=1
13W, — 2W; +5Wp).
n
(© kzlk(_l)kw—izkﬂ = (1) (=(2n = 3)W_apsa + (61 = 7)W_py41 = 2W_3 — (211 = 3)W_3,-1) = 3W3 + 3, +
10W; +5Wp).

From the last proposition, we have the following corollary which gives linear sum formulas of the
fourth-order Pell numbers (take W), = P, with Pp =0,P; =1,P, =2,P; =5).

Corollary 30. For n > 1, fourth-order Pell numbers have the following properties:
n
@ Y k(-1)FP_g = 2((-1)" (-=(2n=7)P_ys3 + (61 = 19)P_y11p — (41— 6)P_yy1q + (61 —9)P_,,) - 3).
k=1
n
®) 3 k(1P = 3 ((-1)" (=21 =3)Pznsz + (21 =3)P-s1 + (81 = 10) Py + (21 = 5)P_201) - 3).

(©) ki k(1) P_is1 = 1 ((-1)" (=(211=3)Pgsz + (61 = 7)P_ps1 = 2P_3 — (21 = 3)P_g_1) +1).
=1

Taking Wy, = Q, with Qp =4, Q1 =2, Q2 = 6, Q3 = 17 in the last proposition, we have the following corollary
which presents linear sum formulas of the fourth-order Pell-Lucas numbers.

Corollary 31. For n > 1, fourth-order Pell-Lucas numbers have the following properties:
@ 3 k(1) Qi = 5((-1)" (-(21=7)Quns + (61 ~19)Quns2 = (41 = 6)Qunsr + (61 -9)Q-n) +19).
n
(b) ]Z:l k(-1)*Q_pk = $((-1)" (=(2n-3)Q_pys2 + (21 =3)Q 41 + (81 = 10)Q 2, + (21 = 5)Q_2-1) +23).

(c) é:l k(-1)¥Q_ a1 = 1((-1)" (-(21 = 3) Q242 + (61 = 7) Q241 —2Q 2 = (21 = 3)Q_24-1) + 7).
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Observe that setting x = -1, = 1,5 = 1,t = 1,u = 2 (i.e. for the generalized fourth order Jacobsthal case) in
Theorem 6 (a),(b),(c) makes the right hand side of the sum formulas to be an indeterminate form. Application
of L’'Hospital rule however provides the evaluation of the sum formulas.

Taking r =1,s =1,t = 1,u = 2 in Theorem 6, we obtain the following theorem.

Theorem 8. Ifr=1,5=1,t =1,u =2 then for n > 1 we have the following formulas:

(a) z k(-1)fW_ = (= (-1)" (3n® = 51 = 39)W_yu5 + 2(-1)" (3n + 10)(n — 4)W_y.0 — (-1)" (3n% + 13n -

39)W_n+1+2( 1)" (312 + 7n - 31)W_,, — 39W3 + 80W, — 39W; + 62Wp).
(b) zk( DfW_g = 155 ((-1)" (~(15n2 + 41 — 69)W_nypp + 2 (51 — 211 — 24) W_pyy41 + (35n% + 46m — 140)W_s,, +

(5n2 —2n—24) W_p,,_1) +24W; — 93W, + 24W; + 116W)).
() kzlk(—l) Wooir1 = 15 ((1)" (=(n +3) (51 = 7)W_ppsp + (2002 + 421 — 71)W_ppps1 — (1 +3) (51 = 7) W, —
2(151% + 41— 69)W_n,_1) — 69W5 + 48W> + 140W; + 48W,).

Proof. (a) We use Theorem 6 (a). If wesetr=1,s=1,f =1,u =2 in Theorem 6 (a) then we have

Lok B gs(x)
,§x Wk = o+ 12021 172

x4 x+2) - a2 —2x3 +3x* 4 2)W_ 5 — 1" (4 + 207 +2x3 — 4wt + 24 +

where gg(x) " (n(-x*+x

n(x-1)(-x*+x3+x%+x+2) - 2)W_n+2+x”+1(4x 6x2 — 4x3 +x4+2x5—x6+n(—x2+x+1)(—x4+x3+xz+

X +2)+2)W_yq + 2™ (dx + 6x2 - 823 + n(-x +x2+x+1)( -X +x3+x2+x+2)+2)W_ —x(-3x*+ 223 +
~2)W3 + x(2x5 — 4x* + 203 + 202 + dx - 2) Wy — x(—x® + 2% + x* — 4x% — 6x% + dx + 2) Wy — 2x(—4x3 + 3x2 +

2x +1)Wy. For x = -1, the right hand side of the above sum formula is an indeterminate form. Now, we

can use L'Hospital rule (twice). Then we get (a) using

£ (85(1)
((x 2)2(x+1)2(x2+1)2) 4
HW_0 - (-1)" (3n +13n-39)W_,41 + 2 ( 1)" (312 + 7n = 31)W_,, — 39W5 + 80W, — 39W; + 62Wp).
(b) We use Theorem 6 (b). If wesetr=1,5s=1,f=1,u =2 in Theorem 6 (b) then we have

é:l K1) Wo = - %(_ (-1)" (3n? = 51 = 39)W_p43 + 2(-1)" (3n + 10) (n -

Nk ~ g9(x)
,;x Woak = 120k - )2 (x4 )7

where g9(x) = —x"1(8x + x% + 6x% + 2x* — 22 + x® + n(—x? + x +2)(x* —3x3 —5x2 +3x +4) + 8)W_p,40 +
X" (16x +16x2 +12x% — 4x® + n(2x +2) (x* = 3x3 = 5x2 +3x +4) + 8)W_p,, 1 — ¥ 1 (16x +32x2 - 10x% - 12x* +
6x° + 1 (—x3 +3x2 +2x - 2) (x* - 323 — 5x2 + 3x +4) — 8) W_p,, + 221 (8x +8x2% + 6x% - 22 +m(x +1) (x* - 3x% -
5x2 +3x +4) + 4)W_p,_1 — x(=2x° + 6x3 + 8x% + 8x + 4) W3 + x(x® — 4x° + 2x* + 124 + 9x% + 16x + 12)W, — x
(=227 +6x3 + 8x2 + 8x + 4) Wy — 2x(-2x° + 6x* + 243 — 20x% — 12x + 2) Wp. For x = —1, the right hand side of
the above sum formula is an indeterminate form. Now, we can use L’'Hospital rule (four times). Then we

get (b) using
D W - i) S (1) (~(15 + 4 - 69)Wogmia +
k=1 2k %((x—l)z(x—4)2(x+l)4) 1 100 —2n+2

2(5n% —2n - 24) W_gy41 + (3512 + 46n — 140)W_p,, + 2(5n% - 21— 24) W_,,_1) + 24W5 — 93W, + 24W; +
116Wp).
(c) We use Theorem 6 (c). If wesetr=1,s=1,t =1,u =2 in Theorem 6 (c) then we have

Nk _ g10(x)
kzzlx Woaks = (x-1)2(x-4)2(x+1)*

where g10(x) = x™2(15x + 6x% - 2x3 = 2x* — x® + n(x + 1) (x* = 3x% = 5x2 + 3x +4) + 8)W_p,40 — x"2(33x -
4x? - 1023 + 4x* + 2% + (=22 + 2x +3) (x* = 3x3 - 5x% + 3x +4) + 24)W_p,,1 + X2 (15x + 6x% — 2x% - 2x* -
x®+n(x+1)(x* = 3x3 —5x% +3x +4) + 8)W_p, — 201 (8x + x% + 613 + 2x* —2x° + x® + n(—x? + x +2)(x* -
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3x3 - 5x2 +3x +4) + 8)W_p,_1 +x(x0 = 2x% + 2x* + 633 + x% + 8x + 8) W3 — x(—4x° + 124 + 16x% + 16x + 8) W, +
x(6x° —12x* — 10x% + 3242 + 16x — 8) Wy — 2x(~2x° + 6x° + 8x% + 8x + 4)W). For x = -1, the right hand side
of the above sum formula is an indeterminate form. Now, we can use L'Hospital rule (four times). Then
we get (c) using
n K £ (810(0))
kgl KD Wozen %((x—1)2(x—4)2(x+1)4) .
TDW_gna1 — (11 +3) (51 = 7)W_py, — 2(1512 + 41 — 69)W_p,_1) — 69W5 + 48W, + 140W; + 48Wj).
L

5 ()" (=(n + 3)(51 = 7)W_gyyn + (20n% + 421 -

Taking Wy, = J, with Jo =0,J1 =1,J> = 1,J3 = 1 in the last proposition, we have the following corollary
which presents linear sum formula of the fourth-order Jacobsthal numbers.

Corollary 32. For n > 1, fourth order Jacobsthal numbers have the following property

() Zk( D= 55(= (-1)" (31 =51 =39) 3 + 2 (-1)" (31 +10) (1 = 4) sz = (-1)" (312 + 131 = 39) ]_yp41 +
2( 1)" (3n%+7n-31)]_, +2).
(b) z k(-1 o = 15((-1)" (=(15n% + 41 = 69)_ops2 + 2 (5012 =21 = 24) [_p41 + (3512 + 46m — 140)]_p, +

(5n2—2n 24) J_gp-1) - 45).

(© Zk( 1)k] 2k+1 = 100(( )" (-(n+3)(5n-7)]- 2n+2+(20n +42n=71)] op41 - (n+3)(5n-7)]- 2n_2(15n +
4n 69)]_2n-1) +119).

From the last proposition, we have the following corollary which gives linear sum formulas of the fourth
order Jacobsthal-Lucas numbers (take W;, = j,, with jo = 2,j; =1,/ = 5,j3 = 10).

Corollary 33. For n > 1, fourth order Jacobsthal-Lucas numbers have the following property

@ k1) k = A (- (-1)" (312 =51~ 39)j_a3+ 2 (~1)" (31 +10) (1 - 4)j_psz — (-1)" (312 + 131 ~39) ]y +
k=1

n2(—1)”(3n2+7n—31)j_,1+95).
b) > k(-1 = 15((-1)" (~(15n% + 4n = 69)j_ops2 + 2 (5n% =21 —24) j_gyiq + (35n% + 46n — 140)j_o, +
k:;(Snz—Zn 24)j_gy-1) +31).
(© Z k(=1)%j_ake1 = 185 ((=1)" (=(1n+3) (51 = 7)j_ans2 + (20n? + 421 = 71)j 1 — (1 +3) (51 = 7)j_zn — 2(150% +
4n 69)j-21-1) —214).

Taking W, = K, with Ky = 3,K; =1, K, = 3,K3 = 10 in the last proposition, we have the following corollary
which presents linear sum formula of the modified fourth order Jacobsthal numbers.

Corollary 34. For n > 1,modified fourth order Jacobsthal numbers have the following property:

() i k(-1)FK_ = (= (-1)" (3n% = 51 = 39)K_y43 + 2(-1)" (3n + 10)(n - 4)K_42 — (-1)" (3n? + 13n -
k=1

39)K_ 1 +2(-1)" (3% +7n -31)K_,, - 3).
n
(b) ¥ k(-1)"K_p = 15((-1)" (=(15n% + 4n — 69)K_py12 + 2 (512 — 21— 24) Ky, 11 + (35n* + 461 — 140)K_o,, +
k=1

2(5n% - 2n-24) K_p,1) +333).
(0) Z k(-1)"K g1 = 100(( 1)" (=(n +3)(5n = 7)K_ap42 + (20n* + 421 = 71)K 9541 ~ (1 +3) (51 = 7)K 2 -
2(15n +4n—-69)K_p,_1) —262).

From the last proposition, we have the following corollary which gives linear sum formula of the
fourth-order Jacobsthal Perrin numbers (take W,, = Q;,, with Qp =3,01=0,0Q> =2,Q3 = 8).
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Corollary 35. For n > 1, fourth-order Jacobsthal Perrin numbers have the following property:

(a) z k(-1)FQk = (= (-1)" (3n* = 51 - 39)Q_ps3 + 2(-1)" (3n + 10)(n - 4)Q_ps2 — (-1)" (3n* + 13n -
39)Q we1 +2(-1)" (31?2 +7n-31)Q_,, + 34).
(b) z k(-1)FQ ok = 755 ((-1)" (~(15n2 + 41 — 69)Q_py42 + 2 (5n% = 211 = 24) Q_py41 + (350> + 46n — 140)Q_py, +

(5n2 —2n-24) Q_p,-1) +354).
(c) glk(—l) Qooks1 = g ((-1)" (=(n+3)(5n = 7)Qgusz + (20n% + 421 = 71)Q_py41 — (1 +3)(5n = 7) Qg -
2(15n° +4n - 69)Q_p,_1) - 312).

Taking Wy, = S, with Sp = 0,51 = 1,5, = 1,53 = 2 in the last proposition, we have the following corollary
which presents linear sum formula of adjusted fourth-order Jacobsthal numbers.

Corollary 36. For n > 1, adjusted fourth-order Jacobsthal numbers have the following property:

@ ¥ k(-1)%S_g = 2 (= (-1)" (3n>=51n-39)S_y13+2 (-1)" (3n+10) (n—4)S_y2 — (-1)" (312 +131-39)S_1 +
kzé (-1)" (3n% +7n-31)S_, - 37).
® ¥ k(-1)FS_gr = 15((-1)" (~(15n% + 4n = 69)S_py12 + 2 (5n* =21 - 24) S_py,1q + (3512 + 46m — 140)S_5,, +
“ 2(5n% -2n-24)S_p,1) - 21).
(0 Zk( ~1)%S_ppyq = 100(( 1)" (=(n+3)(51n=7)S_pps2 + (2012 +421n-71)S 5,01 — (1 +3)(5n—-7)S_p, —2(15n> +
4n 69)S_5,_1) +50).

From the last proposition, we have the following corollary which gives linear sum formula of the modified
fourth-order Jacobsthal-Lucas numbers (take W), = R,, with Ry =4,R; =1,R, =3,R3 =7).

Corollary 37. For n > 1, modified fourth-order Jacobsthal-Lucas numbers have the following property:

(a z k(-1)*R_g = (= (-1)" (3n* = 51 = 39)R_y43 + 2(-1)" (3n + 10)(n — 4)R_y12 — (-1)" (3n® + 13n -
39)R ne1 +2(-1)" (31?2 +7n-31)R_, + 176).
(b) z k(-1)¥R_y; = W((—1) (~(15n2 + 4n — 69)R_py42 + 2 (51 —2n — 24) R_y,,41 + (35n% + 461 — 140)R_, +
kzé (5n% —2n - 24) R_p,_1) +377).
© 3 k(-1 Rogr = (1) (=1 +3)(5n = 7)R -2 + (201 + 420 — 71)R 41 ~ (1 + 3)(5n - 7)R 2y -
k=12(15n2 +41n-69)R_p,_1) - 7).

Taking x =-1,r=2,5=3,t =5,u = 7 in Theorem 6 (a), (b) and (c), we obtain the following proposition.
Proposition 7. Ifr=2,5 =3,t =5,u =7 then for n > 1 we have the following formulas:

(@) Z k(-1)kW_; = i L))" ((2n+11)W_y43 = (61 +35)W_y 0 + 8W_ 41 — (101 + 63)W_,) = 11 W3 +35W, — 8W; +
63W0)

(b) z k(-1 Wi = 55 ((=1)" (61 +7)W-as2 = (611 = 5) W41 = 36(11 + 2)Wop = 7(61 + 13)W_3,,1) + 13W; -
33w2 44W; +7Wp).

(© Z K(-1)Woagrar = 56((=1)" (61 + 19)W_s2 = 3(61 + 17) W01 — 4(3n + 14) W, + 7(61 + 7)W_, 1) ~
7W3 5W, + 72W; + 91IA).

From the last proposition, we have the following corollary which gives linear sum formulas of 4-primes
numbers (take W,, = G, with Gg =0,G; =0,Gy =1,G3 = 2).
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Corollary 38. For n > 1, 4-primes numbers have the following properties:

(a) kil k(-1)*G_; = %((—1)” ((2n+11)G_y33 — (61 +35)G_p42 +8G_y41 — (101 +63)G_;,) +13).

(b) é:lk(—l)kc—zk = 56 ((=1)" ((61+7)G 2142 = (611 = 5)G 241 = 36(11 +2) G2 = 7(61 +13)G_2,-1) = 7).

(c) é k(-1)KG 41 = 35 ((-1)" (61 +19)G_gys2 = 3(61 +17)G_gy11 — 4(31 +14)G_py + 7(61+7)G_9y1) - 19).

Taking G, = H, with Hy = 4,Hy = 2,Hp = 10,H3 = 41 in the last proposition, we have the following
corollary which presents linear sum formulas of Lucas 4-primes numbers.

Corollary 39. For n > 1, Lucas 4-primes numbers have the following properties:
n
@ ¥ k(-1)FH ;= 1((-1)" ((2n+11)H_;;13 - (61 +35)H_yp42 + 8H_,41 — (101 + 63) H_,) + 135).
k=1
n
(b) ¥ k(-1)FH_y = 31—6((—1)'1 ((6n+7)H_py4p — (6n=5)H_p,41 —36(n+2)H_p, —7(6n +13)H_p,_1) + 143).
k=1

n
(© X k(-1)"H g1 = 5 ((-1)" ((6n+19)H_py42 —3(6n +17)H_py 11 —4(3n + 14)H_p, + 7(6n+7)H_p,_1) + 171).
k=1

From the last proposition, we have the following corollary which gives linear sum formulas of modified
4-primes numbers (take H, = E;, with Ey =0,E; =0,E; =1,E3 =1).

Corollary 40. For n > 1, modified 4-primes numbers have the following properties:
@ ¥ k(-1)*E_ = 1((-1)" ((2n + 11)E_y+3 - (61 +35)E_y12 + 8E_,11 — (10n + 63)E_y,) +24).
k=1
n
(b) ¥ k(-1)*E_ = 55((-1)" (61 +7)E_gns2 = (61 = 5)E_p41 = 36(n +2)E_, = 7(61+ 13)E_3,, 1) - 20).
k=1

n
(© > k(—l)kE_2k+1 = 31—6((—1)n ((6n+19)E_5y120 - 3(6n+17)E_p,41 —4(Bn+14)E_», +7(6n+7)E_5,_1) — 12).
k=1

5.3. The case x = i
In this subsection, we consider the special case x = i. Taking r = s = t = u = 1 in Theorem 6, we obtain the
following proposition.

Proposition 8. Ifr =s =t =u =1 then for n > 1 we have the following formulas:

(@) Zkszk =i"(i(n-(5+20)W_p3+(-1-i)(n- ( z))W_n+2+(1 20)(n— (4+2i))W_y;1 +2(n—(3+
z))W_n) (2-51)W3 - (2+7i)W, + (8 - 61)W1+(6+21)W0

(b) Zkl Woak = gy (" (13 = 60) (1 = (5 + 11)) Weansz + (14 = 30) (1 = (355 — 551))Wozus1 + (=6 +280) (1 +
) 28035 i) ) Wooy + (=9 +1) (1 = (35 — 221))W_py-1) — (6 = 3)) W3 + (10 — i) W, — 2iW5 — (4 + 17i) Wp).

(0 k§1kikw—2k+1:m(l ((—1—91)(n+(8—2 8—21))W,2n+2+(7+221)W_2n+1(n+(%—%1))+(4 51)(n+(
DWWy + (13- 6i)(n— (& + 221)W_ap1) + (4 +20) W3 — (6 — i)W, — (10 + 14i) W — (6 - 3i) W)).

From the above proposition, we have the following corollary which gives linear sum formulas of
Tetranacci numbers (take W,, = M,, with My =0, M1 =1, My =1, M3 = 2).

Corollary 41. For n > 1, Tetranacci numbers have the following properties.

() z kiFM_y = i"(i(n = (5+2i))M_yps3 + (-1 = i) (n = (3 + 31))M_ysp + (1 = 20) (n = (4 + 20) )M_y 41 +2(n - (3 +

1)) -n) +(2-30).
(b) Z ki*M_py = 9+401(1 ((13-6i)(n - (41 1))M o2+ (-14 - 3i)(n - (205 205 1)) M_pp41 + (=6 +28i)(n +

28035 2051))M o+ (Z9+i)(n- ( 82 L) M _on 1) + (=2 +30)).
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n
(0 kZl kikM_2k+1 = ﬁ(i”((—l -9 (n+ (% + %i))M_z,Hz +(7+220))M_p, 1 (n+ (% - %i)) +(4-5i)(n+ (% -

®0))Mogy + (13- 60) (1 = (5 + 1) M_s-1) + (-8 -90)).

Taking W, = R, with Rg = 4,R; = 1,Ry = 3,R3 = 7 in the above proposition, we have the following
corollary which presents linear sum formulas of Tetranacci-Lucas numbers.

Corollary 42. For n > 1, Tetranacci-Lucas numbers have the following properties.

@ ¥ k'R = i"(i(n - (5+20))Ropsz + (-1 =i)(n = (3 + 3i))Roya + (1 = 2i)(n = (4 + 20))R_ppyq +2(n — (3 +
k=1
i))R_y) + (12 + 16i).
(b) kz Ki"R o = g2 ("(13 = 61) (n — (5 + 21))Rogpsn + (-14 = 3i) (n - (5 - 3%1))R_gps1 + (-6 +28i)(n +
=1

(o5~ 2051 Roan + (29+ ) (n = (35 = )R 20-1) + (-28 - 520)).
© % Ki*R g1 = gy (" ((=1=90) (n + (B + 351))Rognez + (7 + 220)R 1 (n + (5 - 251)) + (4-5i) (n+ (3 -

D1))Ropy + (13 -60) (1 — (5 + 21))R_py1) + (-24 + 150)).

Corresponding sums of the other fourth order generalized Tetranacci numbers can be calculated similarly.
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