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1. Introduction

L et A, denote the class of all p-valent functions f(z) of the form

flz)=2"+ Y. aZf, peN 1)
k=p+1

which are analytic in the open unit disk U = {z € C: |z| < I}

Definition 1. Salagean [1] introduced the operator D*f, called the Salagean operator. Later on, Shenan et al.
[2] extended the definition of the Salagean operator D* f for p-valent functions f € T, defined as follows:

DUf(z) = flr) =2 + ¥ @

k=p+1
1 _
D*f(z)—pf —zp+k%1(p)ak2
) 2
= = — P a
Dif(2) = D(DS@) = 5f () == + ; 1 (5) me
and s
Df(z) = D(D°"Yf(z)) = zF + Z () az¥,p € N,6 € NU{0} )
k=p+1

Remark 1. For p = 1, D{f(z) = D’ f(z) by Salagean [1]

Definition 2. Let () denote the class of functions w(z) which are analytic in U with w(0) = 0 and |w(z)| < 1.
Let f" and f} be analytic in U. We say that f; is a subordinate to f; written as f;"(z) < f;(z) if there exists a
function w(z) € O in U such that f;(z) = f5 (w(z)), see [3].

Definition 3. Let ¢ be an analytic function with positive real part in U with ¢(0) = 1, ¢’(0) > 0 and¢ maps
the disk U unto a region starlike with respect to 1 and symmetric with respect to the real axis. The Taylor’s
series expansion of such function is of the form ¢(z) = 1+ Byz + Bpz?> + B3z> + ... withB; >0,i € N
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Definition 4. A function f(z) given by (2) is said to be in the class Hs(p, t, ¢) if

DI f(z)
Dif(z)

Remark 2. When t = 0 and § = 0, we obtain the class S*(¢) and when t = 1 and § = 0 we obtain the class
C(¢). The two classes were studied by Ma and Minda [4]

5+2
D:"f(z) <¢(2),t>20,0eNy, zelU 3)

4= DY f(z)

+t

Definition 5. A function f(z) given by (2) is said to be in the class Hs(p, t, B) if:

Dif(z)  ,Di**f(z)

055G o)

>Bzeltel01,0<p<1 )

Remark 3. Putting t = 0, and p = 1, we have the class studied by Kadioglu [5]. For p = 1 and § = 0, the class
reduces to the class M* of alpha-convex functions by Moccanu [6].

Several authors, for example [7-9] have obtained the Fekete-Szego inequalities for functions in various
subclasses of analytic,p-valent functions.
Here we state the necessary lemmas to support our work.

Lemma 1. [10] If p(z) = 1+ c1z + 222 + c32° + ...is an analytic function in U with positive real part, Re p(z) > 0,
and p(0) = 1,then

| <2,(ie N=1{1,23.})

and (1.2) ,
2
! |c1]
_ A1)« 1111
Co H = 2 5

Lemma 2. [11] If p(z) = 1+ c1z + 22 + c32% + ...is an analytic function in U with positive real part and
p(0) = 1,then for any complex number v we have

‘cz —vcﬂ <2max{|1,2v — 1|}

The result is sharp for the function p(z) given by p(z) = +2= and p(z) = %Z;
2. Coefficient bounds
Theorem 1. Let f(z) be given by (1) be in the class Hs(p, A, ¢). Then
By
a <
S D@ Ao B
and )
By [(E—1)(51)7 + (1 - 26)(EE )5+ 4 4(BxL)5+2]
|alﬂ+2| S R*
i 1 1 1 1
B% [t(%)wﬁ% + (t _ 1)(%)25 + (1 _ t)(%)ZzHl _ t(%)zﬂz}
R*
where
) +2 2. +2
R = =02 @R g 2y
p p p
2
[ e N e R
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Proof. Let f(z) € Hs(p,t, ), then there exists the analytic functions w(z), w(z) : U — U with |w(z)| < 1
satisfying the following subordination:

DI2f(2)
DI f(2)

DI f(z)
D! f(z)

Using the operator D f(z) defined in (2) in (5),we have

(1—t{<1+k%l<k)5+lakz )(Hk;ﬂ( >§akz P)l}
{(14—](%1( )Makz ><1+k§+1(p)5ﬂakzkP>_1}=¢(w(z)) (6)

Using binomial expansion and rearrangement, the left hand side of (6) gives

(t—1) <p;1)5 +(1-21) (’T)M +t (p‘;l)ml ap 417+
[(t _1) <P;2>o +(1-28) (’T)M bt (p:1>5+2] Bpia + .. %

Now express the right hand side of (6) in the series form.
Let p(z) = 1+ c1z + 2% + ¢32% + ... be a Caratheodory function and the function w(z) be a Schwartz
function. Then

+t

(1-1) = ¢(w(2)) ®)

1+

14+ w(z) ’ 3 1+z
=—-F =1
p(z) —e +c1z+cpz" +c3z” + . < 1=

3
c3 + Z — 162
c? 1
B <C2 — El + EBZC%

Bicq
2 {(t—l) (%—1)54’(1—21‘,) (1%1)5+1+t (T)MZ}

Taking modulus on both sides of (10) and applying |¢c;| < 2,Vi > 1, we get

®)

Since w(z) is a Schwartz function, then from (8)

1 1 c? 1
w(z) = 50z + 5 (cz - 21> 2+ 5

Substituting w(z) into ¢(z), it follows that

24

pw(z)) =1+ 1Blclz + E 224 .. )

2 2

Comparing the coefficients of z and z2 in (7) and (9)
we have

By
(£ = D)(B)2 + (1= 26) (B)ot 4 p(B)042

|“p+l| <

Also from (7) and (9), we have

2l () s a2 () e ()] [ (e ) 4]

ap+2 = AR*

1 1 1 1
B%c% [t(%)2(5+3+(t_l)(%)2(5+(1_t)(%)2(5+1 _t(&)z(su}

P
iR (11)
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Taking modulus on both sides of(11) and applying Lemma 1, we get

By [(t = 1)(EE)P + (1 - 20)(EEl)i g y(zityene)”
R*

|‘1p+2| <

B% [t<}%‘1)25+3 + (t _ 1)(}%‘1)25 + (1 _ t)(l%-l>25+1 _ t(PTTl)ZrSJrZ}
R*

Where

¢y P2 (P26 P+2540
R—[(t D2 - a2 E2) }

2
x [(t— 1)(’7;1)‘5+ (1 —2t)(’7;;1)‘5+1 +t(’7;1)‘5+2 (12)

Taking 6 = 0 and p = 1in Theorem [J

Corollary 2. is obtained

=1
and
By(t+1)*+ B3(3t+1)

(4t +2)(t +1)2

|laz| <

Remark 4. Taking t = 0 and By = B, = 2 in Corollary 2, we have |a;| < 2, and |a3| < 3 which are known
bounds for the class of starlike functions are obtained.

Taking t = 1 and B; = B, = 2 in Corollary 2, we have |a;| < 1, and |a3| < 1 which are known bounds for the
class of convex functions are obtained.

Theorem 3. Let f(z) be given by (1) be in the class H,(p, t, B). Then

’”p+1‘ < 2(1-B)
(t—l)(prl)5+(1—2t)(PTf1)5+1+t(p%1)5+2
and |
1 Lo :
poal < 2(1— B) {(t—l)(%)‘s—% (1R: 2t)(%)o+1 _H(%)Mz}
+

41— B [0 4 (1= () + (1= ) ()2 — (P22
R*

where R*as stated in (12)

Proof. Expressing p(z) = B+ (1 — B) (1+ g1z + q22% + q32°..) in series form,where p(z) is a Caratheodory
functions with condition Rep(z) > 0and p(0) = 1,then we have

p(z) =B+ (1=p)+ (1~ B)mz+ (1 - )3z’ + (1 - B)qsz° + ... (13)

Equating the coefficients of z and z? in (7) and (13), we have

(1-B)m (14)

(£ = D50+ (L= 20) ()t + 42702

Ap+1 =
Taking modulus on both sides of(14) and applying Lemma 1, we get

] < 2(1—p)
(£ = DB + (1= 20) (B)orT - a(B7)0+2




Open J. Math. Anal. 2023, 7(1), 83-90 87

Also from (7) and (13)we get

2
12— (1-B)g2 [(t — 1)(%)‘5 + (;* 2t)(PTf1)5+1 i t(pTTl)Mz}

(1— )23 [H(EE1)2503 4 (1= 1) (1) 4 (1 — ) (BpE )20+ — (A1 )26+2]
R*

(15)

where R* ia as stated above
Taking modulus on both sides 0f(15) and applying Lemma 1

2(1- ) [ - DD + (1 20(B) 4 22’
R*

‘ap+2| <

400 B2 [0 4 (0= (P 4 (1= () — o)+
R

where R* is as stated in (12) O

Taking p = 1 and 6 = 0 in Theorem ??,we have

2 _
Corollary 4. |a| <? /3 and |az| < Al (ft)+(13)((ttill))2 %

Remark 5. When 6 = 0,f = 0,p = 1 and = 0 in Theorem ??, we have |a3| < 2 and |a3| < 6 which are the
coefficient bounds for |a;| and |a3| for the classes of starlike functions. Also When d = 0,t = 1,p = 1 and
B = 0in Theorem ??, we have |a3| < 1and |as| < 1 which are the coefficient bounds for |a;| and |a3| for all the
classes of convex functions.

3. Fekete-Szego Inequalities
Theorem 5. If f(z) € Hys(p, t, ¢) and p is any complex number, then

(o F) 1)

1
2
’”HZ —papﬂ‘ < 54 % Max{l,

Where
Q:%OU?W”+0—DN#W+0—&@#W“—ﬂﬁ%mﬁ
[ = 1)1+ (1= 20) (2o 4 (i yo42]
.
Bl [ (- 1)(52)° + (1 —26) (57 V“+NPV“]
(= 1)(Ey uemx*wﬂ+wi>}
1Pty o Pt P+l
M= =D a2 | (16)
and A = R*

Proof. From (10) and (11), we get

2Bico {(t—l) (;%1)54_(1_%) (17;1)15—’_1—"_1'(;7:;1)5-’-2}2

_ g2 . —
ap+2 pap+1 - AR*
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+
B2c2 { {t(r%l)zﬂe) ot — 1)(10%1)25 (- t)(ri%l)wﬂ _ t(p%l)zéu} —pK}
4R*
" 1 1 1
(By— B1) [ (= 1)(51) 4 (1= 28) (B 541 4 121y
4R*
Thus
1 BX(T+pK) (By—By)
2 2 1 2
pt2 =PIy S {CZ_ [ “or o amp, |9
where T* )
+1 +1 +1
= (=D a2 e

p
£= [(t D(EE2) 4 (1 -2y (EE 2y +t<*’+2>‘”ﬂ
p p
M= [0 -2 g ]
which implies that
1
Ap+2 — paf,+1 = [cz — Ucﬂ 17)
Taking modulus on (17), we have
1
‘“P+2 —P”%:H’ = ‘A ‘CZ - Ucﬂ

Using Lemma 2, we have

2
2
‘a,ﬁ_z —papH’ < S max {1,]2v - 1]}

(o F) 1)

which gives

1
2
’“;HZ —papﬂ‘ < 74 % Max{l,

where v = (Q — (B]%/;B?l)) , Qand M as stated in (16) [
Theorem 6. If f(z) € Hy(p, A, B) and p is any complex number, then
2
fMax {1, 12K - 1]}

where

o B (R 4 (- DR 4 (1= P - (272 + pM

14
2
(=121 + (1= 2) (B 421042
M= (t—1)(ET2) 1oy E 2 P2y
p p p
and T = R*as stated above

Proof. From (14) and (15),we obtain a,,, — pa?J M=

(1= B2 [t = DL + (- 2B 4 )’
R*

1= B2 {(F5)P 2 4 (= D + (= ()P = o572 — pM ]

+ R

(18)
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Which gives
1] A= {(HE 4 () (B 4 (- (B (BE)2542) 4o g2
! (=1 + (1= 2 (B2 4 (2]
Which implies that
1
Apy2 — pa%H =7 [cz — vcﬂ (19)

Taking modulus on (17), and by applying Lemma 2,we get

1
e < o]
Which gives
2
‘aerz — pa?]H’ < TMax {1,120 - 1]}

where
(1-p) {(t(”%l)zaw +(t— 1)(”%1)25 +(1- t)(PTfl)z(sH - t(L;'l)25+2) +pM}

- [(t_l)(prl)‘s-l-(1—2t)(pTT1)5+1+t(PTT1)6+2}2

+2 +2 +2
M:(t—l)(p )5-{-(1—21’)(;7 )(5+1+t(p )(5+2
p p p
and T = R* as stated above [
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