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1. Introduction

M athematical inequalities constitute a highly versatile field with widespread applications in
Mathematics, Statistics, and various other scientific domains. Notably, numerous specialized

inequalities, such as the Cauchy-Schwartz inequality, Minkowski’s inequality, Hermite-Hadamard inequality,
and the Heisenberg Uncertainty Principle, have significantly influenced the trajectory of science. Owing to
their extensive utility, various categories of inequalities have emerged, including integral, differential, and
fractional inequalities.

One noteworthy subclass of integral inequalities is the Ostrowski type inequality, which finds broad
and remarkable applications across multiple branches of mathematics, encompassing evaluation and analysis
(for detailed references, see, for example, [1]-[9]). Ostrowski type inequalities play a pivotal role in diverse
mathematical fields, such as error estimation in Numerical Integration and Probability Theory. In the realm of
approximation theory, these inequalities serve to gauge the precision of polynomial or spline approximations
to a given function within a specified interval.

With this context established, we now proceed to present our primary findings.

2. MAIN RESULTS

We develop a special 4-step quadratic kernel to produce new inequalities of Ostrowski type:

Lemma 1. Let f : [a, b] → R be such that f ′ is absolutely continuous on [a, b] for all x∈
[

a, a+b
2

]
. Then the following

identity holds.

1
♭− ă

♭∫
ă

P(x, ť)ğ ′′ (ť
)

dť (1)

= 2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

1
♭− ă

♭∫
ă

ğ
(
ť
)

dť.
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Proof. Define P(x,t’) as:

P(x, ť) =



1
2
(
ť − ă

)2 , ť ∈
(
ă, ă+x

2
]

,

1
2

(
ť − 3ă+♭

4

)2
, ť ∈

( ă+x
2 , x

]
,

1
2

(
ť − ă+♭

2

)2
, ť ∈ (x, ă + ♭− x] ,

1
2
(
ť − ♭

)2 , ť ∈ (ă + ♭− x, ♭]

(2)

for all x ∈
[

ă, ă+♭
2

]
.

Consider

1
♭− ă

♭∫
ă

P
(

x, ť
)

ğ ′′ (ť
)

dť =
1

♭− ă


ă+x

2∫
ă

1
2
(
ť − ă

)2 ğ ′′ (ť
)

dť +
x∫

ă+x
2

1
2

(
ť − 3ă + ♭

4

)2

ğ ′′ (ť
)

dť

+

ă+♭−x∫
x

1
2

(
ť − ă + ♭

2

)2

ğ ′′ (ť
)

dť +
♭∫

ă+♭−x

1
2
(
ť − ♭

)2 ğ ′′ (ť
)

dť

 .

Integrating by parts we get the required result (1) which completes the proof.

Let’s produce new results by applying three different constraints on ğ ′′ and ğ ′′′.

2.1. Case-I

Theorem 1. Let ğ : [ă, ♭] → R is differentiable on (ă, ♭), ğ ′ be absolutely continuous on [ă, ♭] and γ ≤ ğ ′′(t’) ≤ Γ, ∀
t’∈ [ă, ♭] , then ∀ x ∈

[
ă, ă+♭

2

]
:

∣∣∣∣2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x) (3)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)

×
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

ğ ′(♭)− ğ ′(ă)

(♭− ă)2 × 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]

− 1
♭− ă

♭∫
ă

ğ
(
ť
)

dť

∣∣∣∣∣∣ ≤ υ (x) (♭− ă) (S − γ)

and ∣∣∣∣2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x) (4)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

ğ ′(♭)− ğ ′(ă)

(♭− ă)2 × 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]

− 1
♭− ă

♭∫
ă

ğ
(
ť
)

dť

∣∣∣∣∣∣ ≤ υ (x) (♭− ă) (Γ − S) ,
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where

S =
ğ ′(♭)− ğ ′(ă)

♭− ă
(5)

and

υ (x) =
1

48
max

{∣∣∣22ă3 + 16x3 + 63ăx2 − 81ă2x + 21ă2♭− 3ă♭2 + 21♭x2 (6)

+9♭2x − 60ă♭x
∣∣∣ ,

∣∣∣−26ă3 − 16x3 + 6♭3 + 45ăx2 − 57ă2x + 33ă2♭− 33ă♭2 + 39♭x2

+24ă♭x| ,
∣∣∣25ă3 + 16x3 + 57ăx2 − 81ă2x + 24ă2♭− 6ă♭2 + 27♭x2 + 3♭2x

−60ă♭x| ,
∣∣∣−28ă3 + 16x3 − 69ăx2 − 93ă2x − 15ă2♭− 3ă♭2 − 15♭x2 + 9♭2x +48ă♭x|} .

Proof. We know that

1
♭− ă

♭∫
ă

ğ ′′ (ť
)

dť =
ğ ′(♭)− ğ ′(ă)

♭− ă
.

Now consider

1
♭− ă

♭∫
ă

P
(

x, ť
)

dť =
1

♭− ă


ă+x

2∫
ă

1
2
(
ť − ă

)2 dť +
x∫

ă+x
2

1
2

(
ť − 3ă + ♭

4

)2

dť

+

ă+♭−x∫
x

1
2

(
ť − ă + ♭

2

)2

dť +
♭∫

ă+♭−x

1
2
(
ť − ♭

)2 dť


By integrating , we get

1
♭− ă

♭∫
ă

P
(

x, ť
)

dť (7)

=
1

6 (♭− ă)

[(
ă + x

2
− ă

)3
+

(
x − 3ă + ♭

2

)3

+

(
x + 2ă + ♭

2

)3

{(
ă + ♭− x − ă + ♭

2

)3

−
(

x − ă + ♭

2

)3
}
− (ă − x)3

=
1

6 (♭− ă)

[(
x − ă

2

)3
+

(
2x − 3ă − ♭

2

)3

−
(

x − 2ă − ♭

2

)3

+

(
ă + ♭− 2x

2

)3

−
(

2x − ă − ♭

2

)3

− (ă − x)3

]

=
1

48 (♭− ă)

[
(x − ă)3 + (2x − 3ă − ♭)3 − (x − 2ă − ♭)3

− (2x − ă − ♭)3 − 8 (ă − x)3
]

=
1

48 (♭− ă)

[
9 (x − ă)3 + 8

(
x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]
.

Now we proceed by considering

1
♭− ă

♭∫
ă

P(x, ť)ğ ′′(ť)dť − 1

(♭− ă)2

♭∫
ă

P(x, ť)dť
♭∫

ă

ğ ′′(ť)dť

= 2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
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ğ ′
(

ă + x
2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

1
♭− ă

♭∫
ă

ğ
(
ť
)
− ğ ′(♭)− ğ ′(ă)

♭− ă

× 1
48 (♭− ă)

[
9 (x − ă)3 + 8

(
x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]
.

Define

Rn (x) =
1

♭− ă

♭∫
ă

P(x, ť)ğ ′′(ť)dť − 1

(♭− ă)2

♭∫
ă

P(x, ť)dť
♭∫

ă

ğ ′′ (ť
)

dť.

Let C ∈ R be a constant of arbitrary nature, then we have

Rn (x) (8)

=
1

♭− ă

♭∫
ă

(
ğ ′′(ť)− C

) P(x, ť)− 1
♭− ă

♭∫
ă

P(x, s)ds

 dť

which leads to the following relation:

|Rn (x)| (9)

≤ 1
♭− ă

max
ť∈[ă,♭]

∣∣∣∣∣∣P(x, ť)− 1
♭− ă

♭∫
ă

P(x, s)ds

∣∣∣∣∣∣
×

♭∫
ă

∣∣ğ ′′(ť)− C
∣∣ dť.

We also have

max

∣∣∣∣∣∣P(x, ť)− 1
♭− ă

♭∫
ă

P(x, s)ds

∣∣∣∣∣∣
= max

{∣∣∣∣∣1
2

(
x − ă

2

)2
− λ(x)

♭− ă

∣∣∣∣∣ ,

∣∣∣∣∣1
2

(
x − 3ă + ♭

2

)2

− λ(x)
♭− ă

∣∣∣∣∣ ,∣∣∣∣∣1
2

(
x − ă − ♭

2

)2

− λ (x)
♭− ă

∣∣∣∣∣ ,
∣∣∣∣ λ(x)
♭− ă

∣∣∣∣
}

where

λ (x)

=
1

48 (♭− ă)

[
9 (x − ă)3 + 8

(
x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]
.
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Consider ∣∣∣∣∣1
2

(
x − ă

2

)2
− λ(x)

♭− ă

∣∣∣∣∣ (10)

=

∣∣∣∣ x2 + ă2 − 2ăx
8

− 1
48 (♭− ă)[

9 (x − ă)3 + 8
(

x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
=

1
48 (♭− ă)

∣∣∣22ă3 + 16x3 + 63ăx2 − 81ă2x + 21ă2♭− 3ă♭2

+21♭x2 + 9♭2x − 60ă♭x
∣∣∣ ,

similarly, we obtain ∣∣∣∣∣1
2

(
x − 3ă + ♭

2

)2

− λ(x)
♭− ă

∣∣∣∣∣
=

∣∣∣∣4x2 + ă2 + ♭2 − 4ăx + 4♭x − 2ă♭
8

− 1
48 (♭− ă)

(11)

[
9 (x − ă)3 + 8

(
x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
=

1
48 (♭− ă)

∣∣∣−26ă3 − 16x3 + 6♭3 + 45ăx2 − 57ă2x + 33ă2♭

−33ă♭2 + 39♭x2 + 24ă♭x
∣∣∣

and ∣∣∣∣∣1
2

(
x − ă − ♭

2

)2

− λ (x)
♭− ă

∣∣∣∣∣ (12)

=

∣∣∣∣4x2 + ă2 + ♭2 − 4ăx + 4♭x − 2ă♭
8

− 1
48 (♭− ă)[

9 (x − ă)3 + 8
(

x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
=

1
48 (♭− ă)

∣∣∣25ă3 + 16x3 + 57ăx2 − 81ă2x + 24ă2♭− 6ă♭2

+27♭x2 + 3♭2x − 60ă♭x
∣∣∣ .

We can also conclude: ∣∣∣∣ λ(x)
♭− ă

∣∣∣∣ (13)

=
1

48 (♭− ă)

∣∣∣−28ă3 + 16x3 − 69ăx2 − 93ă2x − 15ă2♭

−3ă♭2 − 15♭x2 + 9♭2x + 48ă♭x
∣∣∣ .

With the combination of (10) till (13) we get (6).
Furthermore,

♭∫
ă

∣∣ğ ′′ (ť
)
− γ

∣∣ dť = (S − γ) (♭− ă) (14)

♭∫
ă

∣∣ğ ′′ (ť
)
− Γ

∣∣ dť = (Γ − S) (♭− ă) . (15)
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We have obtained (3) and (4) by combining(7) till (15).

2.2. Case-II

Theorem 2. Let ğ : [ă, ♭] → R be a three times differentiable function on (ă, ♭) . If ğ ′′′ ∈ L2 [ă, ♭] , then∀ x ∈
[

ă, ă+♭
2

]
:

∣∣∣∣2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x) (16)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −(

ă2 + 2ăx + 2♭x
)]

× ğ ′
(

ă + x
2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2 − 4ă (ă − x)

4♭x +
ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3
]
− 1
♭− ă

♭∫
ă

ğ
(
ť
)

dť

∣∣∣∣∣∣

≤ 1
π

∥∥ğ ′′′∥∥
2

{
33
160

(x − ă)5 + 32
(

x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5 + 64
(

x − ă + ♭

2

)5
}
× 1

♭− ă

{
9 (x − ă)3

+

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}] 1
2

.

Proof. Let Rn (x) be given as

Rn (x) =
1

♭− ă

♭∫
ă

P(x, ť)ğ ′′(ť)dť − 1

(♭− ă)2

♭∫
ă

P(x, ť)dť
♭∫

ă

ğ ′′ (ť
)

dť

=

[
2ăğ (x)− (ă + ♭) ğ

(
ă + x

2

)
+ (ă − ♭)

ğ (ă + ♭− x) +
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2

−
(

ă2 + 2ăx + 2♭x
)]

ğ ′
(

ă + x
2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2

−4ă (ă − x)− 4♭x] +
ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3
]
− 1

♭− ă

♭∫
ă

ğ
(
ť
)

dť.

− (x − (2ă + ♭))3
]
− 1

♭− ă

♭∫
ă

ğ
(
ť
)

dť.
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By choosing C = ğ ′′
(

ă+♭
2

)
and using Cauchy’s Inequality, we get

|Rn (x)|

≤ 1
♭− ă

♭∫
ă

∣∣∣∣ğ ′′ (ť
)
− ğ ′′

(
ă + ♭

2

)∣∣∣∣ ∣∣p (
x, ť

)

− 1
♭− ă

♭∫
ă

p(x, s)ds

∣∣∣∣∣∣ dť

≤ 1
♭− ă

 ♭∫
ă

(
ğ ′′ (ť

)
− ğ ′′

(
ă + ♭

2

))2

dť


1
2

×

 ♭∫
ă

P(x, ť)− 1
♭− ă

♭∫
ă

P(x, s)ds

2

dť


1
2

.

In the same way, using Diaz-Metcālf inequality, we obtain

♭∫
ă

(
ğ ′′ (ť

)
− ğ ′′

(
ă + ♭

2

))2

dť ≤ (♭− ă)2

π2

∥∥ğ ′′′∥∥2
2 (17)

and

♭∫
ă

p(x, ť)− 1
♭− ă

♭∫
ă

p(x, s)ds

2

dť (18)

=

♭∫
ă

P(x, ť)2dť − 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}

=
1

160

[{
33 (x − ă)5 + 32

(
x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5

−64
(

x − ă + ♭

2

)}5

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}

Therefore, using the above relations (??)-(18), we obtain (16) which completes proof.
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2.3. Case-III

Theorem 3. Let ğ : [ă; ♭] → R be a function which is absolutely continuous on (ă, ♭) such that ğ ′′ ∈ L2[ă, ♭]. Then ∀
x ∈

[
ă, ă+♭

2

]
:

∣∣∣∣2ăğ (x)− (ă + ♭) ğ
(

ă + x
2

)
+ (ă − ♭) ğ (ă + ♭− x)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

ğ ′(♭)− ğ ′(ă)

(♭− ă)2 × 1
48 (♭− ă)

×
[

9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]
− 1

♭− ă

♭∫
ă

ğ
(
ť
)

dť

∣∣∣∣∣∣
≤

√
σ (ğ ′′)

♭− ă

×
[{

33
160

(x − ă)5 + 32
(

x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5 (19)

64
(

x − ă + ♭

2

)5
}
× 1

♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))}3

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}] 1
2

where

σ
(

ğ ′′) = ∥∥ğ ′′∥∥2
2 −

(ğ ′ (♭)− ğ ′ (ă))2

♭− ă

=
∥∥ğ ′′∥∥2

2 − S2 (♭− ă) ,

where

S =
ğ ′(♭)− ğ ′(ă)

♭− ă
.

Proof. Let Rn (x) be given as in (??), By choosing C = 1
♭−ă

♭∫̆
a

ğ ′′ (s) ds in (8) and using Cauchy’s inequality

and (18), we get

|Rn (x)|

≤ 1
♭− ă

♭∫
ă

∣∣∣∣ğ ′′ (ť
)
− ğ ′′

(
ă + ♭

2

)∣∣∣∣
∣∣∣∣∣∣P(x, ť)− 1

♭− ă

♭∫
ă

P(x, s)ds

∣∣∣∣∣∣ dť

≤ 1
♭− ă

 ♭∫
ă

(
ğ ′′ (ť

)
− ğ ′′

(
ă + ♭

2

))2

dť


1
2

×

 ♭∫
ă

P(x, ť)− 1
♭− ă

♭∫
ă

P(x, s)ds

2

dť


1
2

.
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=

√
σ (ğ ′′)

♭− ă

[{
33

160
(x − ă)5 + 32

(
x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5 64
(

x − ă + ♭

2

)5
}
× 1

♭− ă

{
9 (x − ă)3

+

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))

}3

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}] 1
2

.

which completes the proof.

3. An application to Composite Quadrature Rules

Let In : = ă= x0 < x1 < x2 < .... < xn−1 < xn = ♭ be a distribution of the interval [ă, ♭] and ¸ =

(ξ0, ξ1, ....ξn−1) a sequence of intermediate points ξi ∈ [xi, xi+1] and h = xi+1 − xi (i = 0, 1, .....n − 1).
Then:

ăn
(

ğ, ğ ′, ¸, In
)

(20)

=

∣∣∣∣2xi ğ (ξi)− (xi + xi+1) ğ
(

xi + ξi
2

)
+ hi ğ (xi + xi+1 − ξi)

+
1
4

(
8x2

i − 8xiξi + 4xixi+1

)
ğ ′ (ξi)−

1
4

[
(2xi + xi+1)

2

−
(

x2
i + 2xiξi + 2xi+1ξi

)]
ğ ′

(
xi + ξi

2

)
+

1
4

ğ ′ (xi + xi+1 − ξi)
[
(xi + xi+1)

2 − 4xi (xi − ξi)

−4xi+1ξi] +
ğ ′(xi+1)− ğ ′(xi)

h2
i

× 1
48hi

[
9 (ξi − xi)

3 +

(
8ξi −

3xi + xi+1

2

)3

− (ξi − (2xi + xi+1))
3
]

for all ξi ∈
[

xi,
xi+xi+1

2

]
.

Theorem 4. Let ğ : [ă; ♭] → R be such that ğ ′ is absolutely continuous function. If ğ ′′ ∈ L1 [ă, ♭] and γ ≤ ğ ′′(x) ≤ Γ
, then :

♭∫
ă

ğ(ť)dť = ăn
(

ğ, ğ ′, ¸, In
)
+ R1

n
(

ğ, ğ ′, ¸, In
)

,

♭∫
ă

ğ(ť)dť = ăn
(

ğ, ğ ′, ¸, In
)
+ R2

n
(

ğ, ğ ′, ¸, In
)

.

Where ăn (ğ, ğ ′, ¸, In) is given in (20) and remainder satisfies:

∣∣∣R1
n
(

ğ, ğ ′, ¸, In
)∣∣∣ ≤ (S − γ)

n−1

∑
i=0

h2
i υ (ξi) (21)

and ∣∣∣R2
n
(

ğ, ğ ′, ¸, In
)∣∣∣ ≤ (Γ − S)

n−1

∑
i=0

h2
i υ (ξi) . (22)
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Theorem 5. Let ğ : [ă; ♭] → Rbe a mapping which is three times differentiable on (ă, ♭) with ğ ′′′ ∈ L2[ă, ♭]. Then:

♭∫
ă

ğ(ť)dť = ăn
(

ğ, ğ ′, ¸, In
)
+ R3

n
(

ğ, ğ ′, ¸, In
)

where ăn (ğ, ğ ′, ¸, In) is defined by formula (20) and the remainder R3
n (ğ, ğ ′, ¸, In) satisfies the estimation∣∣∣R3

n
(

ğ, ğ ′, ¸, In
)∣∣∣ (23)

≤ 1
π

∥∥ğ ′′′∥∥
2

{[
33
160

(¸i − xi)
5 + 32

(
¸i −

3xi + xi+1

2

)5

− (¸i − (2xi + xi+1))
5 −64

(
¸i −

xi + xi+1

2

)5
}

× 1
hi

{
9 (¸i − xi)

3 +

(
8¸i −

3xi + xi+1

2

)3
− (¸i − (2xi + xi+1))

3
}

[
− 1

hi
9 (¸i − xi)

3 +

(
8¸i −

3xi + xi+1

2

)3

− (¸i − (2xi + xi+1))]
1
2 .

4. An Application to Cumulative Distribution Function

As we know that " If X is a random variable which has values in the interval [ă, ♭] with the probability
density function ğ : [ă, ♭] → [0, 1] and cumulative distribution function

ğ (x) = Pr (X ≤ x) =
∫ x

ă
ğ
(
ť
)

dť, (24)

ğ (♭) = Pr (X ≤ ♭) =

♭∫
ă

ğ (u) du = 1”. (25)

Theorem 6. Using the conditions of Theorem 2, we obtain following inequality which holds∣∣∣∣ ♭− E (X)

♭− ă
− 2ăğ (x)− (ă + ♭) ğ

(
ă + x

2

)
+ (ă − ♭) ğ (ă + ♭− x) (26)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)

×
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
≤ υ (x) (♭− ă) (S − γ)
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∣∣∣∣ ♭− E (X)

♭− ă
− 2ăğ (x)− (ă + ♭) ğ

(
ă + x

2

)
+ (ă − ♭) ğ (ă + ♭− x) (27)

+
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2 −

(
ă2 + 2ăx + 2♭x

)]
ğ ′

(
ă + x

2

)
+

1
4

ğ ′ (ă + ♭− x)

×
[
(ă + ♭)2 − 4ă (ă − x)− 4♭x

]
+

ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
≤ υ (x) (♭− ă) (Γ − S)

for all x. Where E (X) is the expectation of X.

Theorem 7. With the conditions of Theorem 5, we have the following inequality which holds∣∣∣∣ ♭− E (X)

♭− ă
− 2ăğ (x)− (ă + ♭) ğ

(
ă + x

2

)
+ (ă − ♭) ğ (ă + ♭− x) +

1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2

−
(

ă2 + 2ăx + 2♭x
)]

ğ ′
(

ă + x
2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2

− 4ă (ă − x)− 4♭x +
ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
≤ 1

π

∥∥ğ ′′′∥∥
2

[{
33

160
(x − ă)5 + 32

(
x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5

64
(

x − ă + ♭

2

)5
}
× 1

♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3
}

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}] 1
2

.

for all x ∈
[

ă, ă+♭
2

]
, where E (X) is the expectation of X.

Theorem 8. By using same conditions as of Theorem 9, we obtain the inequality:∣∣∣∣ ♭− E (X)

♭− ă
− 2ăğ (x)− (ă + ♭) ğ

(
ă + x

2

)
+ (ă − ♭) (28)

ğ (ă + ♭− x) +
1
4

(
8ă2 − 8ăx + 4ă♭

)
ğ ′ (x)− 1

4

[
(2ă + ♭)2

−
(

ă2 + 2ăx + 2♭x
)]

ğ ′
(

ă + x
2

)
+

1
4

ğ ′ (ă + ♭− x)
[
(ă + ♭)2

−4ă (ă − x)− 4♭x] +
ğ ′(♭)− ğ ′(ă)

(♭− ă)2

× 1
48 (♭− ă)

[
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

]∣∣∣∣∣
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≤
√

σ (ğ ′′)

♭− ă

[{
33

160
(x − ă)5 + 32

(
x − 3ă + ♭

2

)5

− (x − (2ă + ♭))5 64
(

x − ă + ♭

2

)5
}
× 1

♭− ă

{
9 (x − ă)3

+

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))

}3

− 1
♭− ă

{
9 (x − ă)3 +

(
8x − 3ă + ♭

2

)3

− (x − (2ă + ♭))3

}] 1
2

.

Proof. Keeping in mind, the conditions of Theorem 19, if we put x = 3ă+♭
4 in (16), then:∣∣∣∣ ♭− E (X)

♭− ă
− 2ăğ

(
3ă + ♭

4

)
− (ă + ♭) ğ

(
7ă + ♭

4

)
+ (ă − ♭)

ğ
(

ă + 3♭
4

)
+

1
2

ă (ă + ♭) ğ ′
(

3ă + ♭

4

)
− 1

8

[
(2ă + ♭)2 − ă2

]
ğ ′

(
7ă + ♭

8

)
− 1

2
♭ (♭− ă) +

ğ ′(♭)− ğ ′(ă)

(♭− ă)2

∣∣∣∣∣
× 1

3072 (♭− ă)

[
9 (♭− ă)3 + 216 (3ă + ♭)3 − (5ă + 3♭)3

]
≤

√
σ (ğ ′′)

♭− ă

[
33

160

(
♭− ă

4

)5

− (3ă + ♭)5 − (5ă + 3♭)5

]

× 1
♭− ă

[
9 (♭− ă)3 + 216 (3ă + ♭)3 − (5ă + 3♭)3

] 1
2 .

Hence the required inequality .

5. Conclusion

This work explored the Ostrwoski-type Inequalities by using the innovative 4-step Quadratic kernel
has yielded profound insights into the realm of Mathematics, precisely to Statistics and Numerical Analysis.
Through a tedious journey of theoretical development and analysis, this work has successfully established the
effectiveness and versatility of 4-step Quadratic kernel. Some more developments have been done by several
authors, [8]-[16].
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