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Abstract: Fusion frames and subfusion frames are generalizations of frames in the Hilbert spaces. In this
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1. Introduction

T he concept of Frames for Hilbert spaces were initiated around 1952 by Duffin and Schaeffer, who studied
some problems in the nonharmonic Fourier series [1]. Some years later, in [2–4], the authors introduced

a new type of generalized frames as fusion frames, Bessel subfusion sequences and subfusion frames, and so
established some results.

In the present paper, we introduce the new construction of subfusion frames and derive new results. In
the reminder of this section, we briefly review the concept of frames, subfusion frames and their properties. In
Section 2, we introduce the new construction of subfusion frames. In Section 3, we study the atomic resolution
of the identity and obtain some results about them. Finally, Section 4 contains a discussion on alternate dual
subfusion frames. Through this paper, H is used to denote a separable Hilbert space, I and J are countable
index sets, and {Vi}i∈I is a sequence of closed subspaces of H.

Definition 1. [2] Let {Vi}i∈I be a family of closed subspaces of a Hilbert space H and {αi}i∈I be a family of
weights, i.e., αi > 0 for all i ∈ I.

• ν = {(Vi, αi)}i∈I is called a fusion frame, if there exist positive constants C and D (lower and upper fusion
frame bounds, respectively) such that

C∥ f ∥2 ≤ ∑
i∈I

α2
i ∥πVi ( f )∥2 ≤ D∥ f ∥2, f or all f ∈ H, (1)

where πVi is the orthogonal projection onto the subspace Vi.
• If the right-hand side of the inequality in (1) is satisfied, then ν is called a Bessel fusion sequence for H with

Bessel bound D.
• If H = ⊕Vi and infi∈I αi > 0, then ν is called an orthogonal basis of subspaces for H.
• The fusion frame operator Sν : H −→ H is defined by Sν( f ) = ∑

i∈I
αi

2πVi f , for all f ∈ H. The operator Sν is

linear, bounded, positive, self-adjoint and invertible.
• The synthesis operator for {(Vi, αi)}i∈I is the operator Tν : ⊕Vi −→ H defined by Tν({ fi}i∈I) = ∑i∈I αi fi,

and the adjoint of the synthesis operator is called the analysis operator.

Remark 1. The analysis operator for {(Vi, αi)}i∈I is the operator T⋆
ν : H −→ ⊕Vi defined by T⋆

ν ( f ) =

{αiπVi ( f )}i∈I . So for every f ∈ H we have

Sν f = TνT⋆
ν f = ∑

i∈I
α2

i πVi f and f = ∑
i∈I

α2
i S−1

ν πVi f = ∑
i∈I

α2
i πVi S

−1
ν f . (2)
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Here we list, for the readers convenience, several results needed for our proofs.

Proposition 1. [2] Let {(Vi, αi)}i∈I be a Bessel fusion sequence for H, Wi be a closed subspace of Vi and βi ≤ αi for all
i ∈ I. Then {(Wi, βi)}i∈I is a Bessel fusion sequence for H.

Theorem 1. [5] If the operator S f = ∑i∈J α2
i πWi f of a collection of weighted subspaces {(Wi, αi)}i∈J is an invertible

operator on H, then {(Wi, αi)}i∈J is a fusion frame for H.

We are now ready to state a definition of subfusion frame and Bessel subfusion sequence as below.

Definition 2. [2] Let ν = {(Vi, αi)}i∈I be a fusion frame for H, Wi be a closed subspace of Vi and βi ≤ αi for all
i ∈ I. If ω = {(Wi, βi)}i∈I is a fusion frame for H, then ω is called a subfusion frame of ν. If ν and ω are Bessel
fusion sequences for H, then ω is called a Bessel subfusion sequence of ν.

Remark 2. Let ν = {(Vi, αi)}i∈I and ω = {(Wi, βi)}i∈I be two Bessel fusion sequences for H, then the
composed or mixed frame operator for them is defined by

Sωυ f = ∑
i

αiβiπWi πVi f , ∀ f ∈ H.

If ω = {(Wi, βi)}i∈I is a subfusion frame of ν = {(Vi, αi)} such that C is the lower bound of ω and D is the
upper bound of ν, then CId ≤ Sων ≤ DId, and Sων is invertible (see [3, Proposition 3.2]).

Concluding this section, let us recall the following results that will be needed in the sequel.

Definition 3. [4] A family of subspaces {Wi}i∈J is called minimal, if

Wi ∩ spanj∈J,j ̸=i{Wj} = {0}

for each i ∈ J. Also, and a family of subspaces {Wi}i∈J of H is called complete, if spani∈J{Wi} = H.

Proposition 2. [6] Let F : H → H be invertible on H. Suppose that G : H → H is a bounded operator and ∥G f −
F f ∥ ≤ λ∥ f ∥, for all f ∈ H, where λ ∈ [0, 1

∥F−1∥ ]. Then G is invertible on H and G−1 = ∑∞
k=0[F

−1(F − G)]kF−1.

2. Fusion frames and Subfusion frames

This section will be devoted to the fusion and subfusion frames. First, we remark that the following
theorem was proved in [7, Theorem 4.3], but here we give another proof with extra information about the
bounds.

Theorem 2. Let {(Wi, αi)}i∈J be a fusion frame for H with fusion frame bounds C and D. Then the following hold.

(i) If Id − α2
j πWj S

−1
W is a bounded and invertible operator on H for some j ∈ J, then {(Wi, αi)}i∈J,i ̸=j is a fusion frame

with fusion frame bounds C
∥(Id−α2

j πWj
S−1

W )−1∥
and D.

(ii) If there is some g ∈ Wj such that g = α2
j πWj S

−1
W g, then {(Wi, αi)}i∈J,i ̸=j is an incomplete set in H.

Proof. (i) Since SW is invertible, by (2), f = ∑i∈J α2
i πWi S

−1
W f for all f ∈ H. Now, if we put Tj = Id − α2

j πWj S
−1
W

and SWj f = ∑i∈J,i ̸=j α2
i πWi f , then we have Tj f = SWj S

−1
W f . Since Tj and SW are bounded and invertible

operators on H, SWj is a positive and bounded invertible operator on H. So by Theorem 1, {(Wi, αi)}i∈J,i ̸=j is a

fusion frame with fusion frame bounds C
∥(Id−α2

j πWj
S−1

W )−1∥
and D.

(ii) If there is some g ∈ Wj such that g = α2
j πWj S

−1
W g, then Tj and SWj are not invertible operators on H. So

{(Wi, αi)}i∈J,i ̸=j is not a fusion frame. Therefore, by [4, Proposition 3.6], {(Wi, αi)}i∈J,i ̸=j is an incomplete set in
H.

Remark 3. Theorem 2 shows that if an element from a fusion frame is removed, the remaining set will be
either a fusion frame or an incomplete set.
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Using Theorem 2, one can easily obtain the following results. For more information see [7, Corollaries 4.4
, 4.5].

Corollary 3. Let {(Wi, αi)}i∈J be a fusion frame for H and let j ∈ J. If α2
j < 1

∥S−1
W ∥

, then {(Wi, αi)}i∈J,i ̸=j is a fusion

frame with same fusion frame bounds in Theorem 2.

Corollary 4. Let {(Wi, αi)}i∈J be a fusion frame for H, and α2
j < C for some j ∈ J. If Vj is a closed subspace of Wj,

then for any k > 0, {(Wi, αi)}i∈J,i ̸=j ∪ {(Vj, k)} is a subfusion frame for {(Wi, αi)}i∈J .

Lemma 1. Let {(Wi, αi)}i∈J be a Bessel fusion sequence for H with Bessel fusion bound D. Then for any j ∈ J,
{(Wi, αi)}i∈J ∪ {(W⊥

j , αj)} is a fusion frame for H with fusion frame bound α2
j and D + α2

j . Moreover, if we put

SWj f = ∑i∈J α2
i πWi f + α2

j πW⊥
j

f for any j ∈ J, then α2
j ≥

1
∥S−1

Wj
∥

.

Now we study some new constructions of subfusion frames.

Theorem 5. Let ω = {(Wi, αi)}i∈I be a Bessel subfusion frame of ν = {(Vi, αi)}i∈I . Suppose that there exist λ1 <

0, λ2 > −1 such that ∥ f − Sω f ∥ ≤ λ1∥ f ∥+ λ2∥Sω f ∥, for all f ∈ H. Then ω is a subfusion frame of ν.

Proof. Given f ∈ H. We have ∥Sω f ∥ ≥ 1 − λ1

1 + λ2
∥ f ∥ since

∥ f ∥ − ∥ Sω f ∥≤ ∥ f − Sω f ∥ ≤ λ1∥ f ∥+ λ2∥Sω f ∥. (3)

But ∥Sω f ∥ ≤
√

D(∑
i∈I

α2
i ∥πWi f ∥2)

1
2 , where D is the upper bound of ω. So

1
D

(
1 − λ1

1 + λ2

)2

∥ f ∥2 ≤ ∑
i∈I

αi
2 ∥∥πWi f

∥∥2 ≤ ∑
i∈I

αi
2 ∥∥πVi f

∥∥2
.

Therefore ω is a subfusion frame of ν.

In the following theorem we give more characterizations of subfusion frame under the application of
operators.

Theorem 6. Let {(Wi, βi)}i∈I be a subfusion frame of ν = {(Vi, αi)}i∈I . If T is an invertible operator on H, then
{(TWi, βi)}i∈I is a subfusion frame of {(TVi, αi)}i∈I .

Proof. Since Wi ⊂ Vi, we imply that TWi ⊂ TVi. Hence {(TWi, βi)}i∈I is a subfusion frame of
{(TVi, αi)}i∈I .

Corollary 7. Let {(Wi, βi)}i∈I be a subfusion frame of ν = {(Vi, αi)}i∈I . Suppose that T is an invertible operator on
H which satisfying T∗T(Vi) ⊂ Wi for all i ∈ I. Then {(TWi, βi)}i∈I is a subfusion frame of {(TVi, αi)}i∈I , TSνT−1 is
a fusion frame operator for {(TVi, αi)}i∈I , and TSωT−1 is a fusion frame operator for {(TWi, βi)}i∈I .

Proof. Since T is invertible operator and TWi ⊂ TVi for all i ∈ I, then {(TWi, βi)}i∈I is a subfusion frame
of {(TVi, αi)}i∈I . Also, T∗T(Vi) ⊂ Wi implies that T∗T(Wi) ⊂ Wi and T∗T(Vi) ⊂ Vi. Now, by [? ,
Proposition 3.11], TSνT−1 is a fusion frame operator for {(TVi, αi)}i∈I and TSωT−1 is a fusion frame operator
for {(TWi, βi)}i∈I .

Next, we provide the condition under which a fusion frame can be a subfusion frame.

Proposition 3. Let {(Wi, αi)}i∈I be a fusion frame for H with fusion frame bounds C, D, such that {Wi}i∈I is minimal.
Then C ≤ α2

i ≤ D. Moreover, for any weights βi, i ∈ I such that C < β2
i < α2

i , {(Wi, βi)}i∈I is a subfusion frame for
{(Wi, αi)}i∈I .
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Proof. Suppose that {(Wi, αi)}i∈I is a fusion frame for H with fusion frame bounds C, D. So we have

C∥ f ∥2 ≤ ∑
i∈J

α2
i ∥πWi f ∥2 ≤ D∥ f ∥2, f ∈ H.

Since {Wi}i∈I is minimal, for 0 ̸= f ∈ Wi, πWi f = f and πWj f = 0 for j ̸= i. Therefore, C∥ f ∥2 ≤
∑i∈I α2

i ∥πWi f ∥2 = α2
i ∥ f ∥2 ≤ D∥ f ∥2, and so C ≤ α2

i ≤ D.

The next proposition immediately yield by definitions.

Proposition 4. Let {(Wi, αi)}i∈I be a subfusion frame for {(Vi, αi)}i∈I . If W⊥
i is the orthogonal complement of Wi in

Vi, then
Sν − Sω = Sω⊥ , T⋆

ν − T⋆
ω = T⋆

ω⊥ and ∥T⋆
ω∥ ≤ ∥T⋆

ν ∥.

The next result was established in [2, Theorem 3.2], we provide here a short proof for it.

Proposition 5. Let {(Vi, αi)}i∈I be a fusion frame with lower frame bound C, and {(Wi, αi)}i∈I be a subfusion frame
for {(Vi, αi)}i∈I . If W⊥

i is the orthogonal complement of Wi in Vi and C > ∥Sω∥, then {(W⊥
i , αi)}i∈I is a fusion frame.

Proof. By Proposition 4, we know Sν − Sω = Sν⊥ , and so

(C − ∥Sω∥)∥ f ∥ ≤ ∥Sν f ∥ − ∥SW f ∥ ≤ ∥Sν f − Sω f ∥
= ∥Sω⊥ f ∥ ≤ ∥Sν f ∥+ ∥Sω f ∥
≤ ∥Sν∥∥ f ∥+ ∥Sω∥∥ f ∥.

The following result is a direct consequence of the previous proposition.

Corollary 8. Let {(Vi, αi)}i∈I be a fusion frame, and Wi be a closed subspace of Vi. Suppose that {(W⊥
i , αi)}i∈I is a

Bessel fusion sequence where W⊥
i is the orthogonal complement of Wi in Vi. If ∥Sω⊥∥∥S−1

ν ∥ < 1, then {(Wi, αi)}i∈I is
a fusion frame, and S−1

ω = ∑∞
k=0[S

−1
ν Sω⊥ ]kS−1

ν .

Proof. From Proposition 4, we imply that Sν − Sω = Sν⊥ . So

∥(Sν − Sω) f ∥ = ∥Sω⊥ f ∥ ≤ ∥Sω⊥∥∥ f ∥ <
1

∥S−1
ν ∥

∥ f ∥.

Since Sν is an invertible operator, by Proposition 2, Sω is invertible on H. Therefore, by Theorem 1, {(Wi, αi)}i∈I
is a fusion frame and S−1

ω = ∑∞
k=0[S

−1
ν Sω⊥ ]kS−1

ν .

3. Atomic resolution of the identity

In this section, we define atomic resolution of the identity on Hilbert space, specially derive some new
results about them.

We recall that a family of bounded operators {Ti}i∈I on H is called an atomic resolution of the identity with
respect to {αi}i∈I for H if there exist positive real numbers C and D such that for all f ∈ H,

C∥ f ∥2 ≤ ∑
i∈I

α2
i ∥Ti( f )∥2 ≤ D∥ f ∥2 and f = ∑

i∈I
Ti( f ).

Lemma 2. Let ω = {(Wi, βi)}i∈I be a subfusion of ν = {(Vi, αi)}i∈I such that C is the lower bound of ω and D is the
upper bound of ν.

(i) Suppose that Ti : H → H is given by Ti = αiβiπWi S
−1
ων (i ∈ I). Then {Ti}i∈I is an atomic resolution of the

identity with respect to {α
−1
2

i β
−1
2

i }i∈I on H with bounds
1
D

and
1
C

.

(ii) Suppose that Ti : H → H is given by Ti = αiβiS−1
ωνπWi (i ∈ I). Then {Ti}i∈I is an atomic resolution of the

identity with respect to {α
−1
2

i β
−1
2

i }i∈I on H with bounds
C

D2 and
D
C2 .
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Proof. (i). We have CId ≤ Sων ≤ DId, so for all f ∈ H,

1
D
∥ f ∥2 ≤ ⟨S−1

ων f , f ⟩ = ⟨S−1
ων f , Sων(S−1

ων f )⟩ = ∑
i∈I

αiβi∥πWi S
−1
ων f ∥2

= ∑
i∈I

α−1
i β−1

i ∥Ti f ∥2 ≤ 1
C
∥ f ∥2.

Thus f = ∑
i∈I

αiβiS−1
ωνπWi f = ∑

i∈I
Ti f for all f ∈ H.

(ii). For any f ∈ H we have

∥Sων∥−1∥πWi f ∥ ≤ ∥S−1
ωνπWi f ∥ ≤ ∥S−1

ων∥∥πWi f ∥,

then

∥S−1
ων∥−2 ∑

i∈I
β2

i ∥πWi f ∥2 ≤ ∥S−1
ων∥−2 ∑

i∈I
αiβi∥πWi f ∥2

≤ ∑
i∈I

αiβi∥S−1
ωνπWi f ∥2

≤ ∑
i∈I

αiβi∥S−1
ων∥2∥πWi f ∥2

≤ ∑
i∈I

α2
i ∥S−1

ων∥2∥πWi f ∥2.

Thus
∥S−1

ων∥−2 ∑
i∈I

β2
i ∥πWi f ∥2 ≤ ∑

i∈I
αiβi∥S−1

ωνπWi f ∥2 ≤ ∑
i∈I

α2
i ∥S−1

ων∥2∥πWi f ∥2.

Therefore
C

D2 ∥ f ∥2 ≤ ∑
i∈I

α−1
i β−1

i ∥Ti f ∥2 ≤ D
C2 ∥ f ∥2.

Also for all f ∈ H we have,

f = SωνS−1
ων f = ∑

i∈I
αiβiπWi S

−1
ων f = ∑

i∈I
Ti f .

Corollary 9. Let ω = {(Wi, βi)}i∈I be a subfusion of ν = {(Vi, αi)}i∈I with the lower bound C and the upper bound
D, and { f j}j∈J be a frame with frame bounds A and B.

(i) If Ti = αiβiπWi S
−1
ων , then {α

−1
2

i β
−1
2

i T∗
i ( f j)}i∈I,j∈J is a frame with bounds

A
D

and
B
C

for H. In particular, if {ej}∈J

is an orthonormal basis for H, then

{α
−1
2

i β
−1
2

i T∗
i (ej)}i∈I,j∈J is a frame with frame bounds

1
D

and
1
C

for H.

(ii) If Ti = αiβiS−1
ωνπWi , then {α

−1
2

i β
−1
2

i T∗
i ( f j)}i∈I,j∈J is a frame with bounds

AC
D2 and

BD
C2 for H. In particular, if

{ej}∈J is an orthonormal basis for H, then

{α
−1
2

i β
−1
2

i T∗
i (ej)}i∈I,j∈J is a frame with frame bounds

C
D2 and

D
C2 for H.

Proof. (i). Since { f j}j∈J is a frame for H with frame bounds A and B, we obtain

A ∑
i∈I

α−1
i β−1

i ∥Ti f ∥2 ≤ ∑
i∈I

∑
j∈J

|⟨α
−1
2

i β
−1
2

i Ti f , f j⟩|2 ≤ B ∑
i∈I

α−1
i β−1

i ∥Ti f ∥2,

for all f ∈ H. Hence
A
D
∥ f ∥2 ≤ ∑

i∈I
∑
j∈J

|⟨ f , α
−1
2

i β
−1
2

i T∗
i f j⟩|2 ≤ B

C
∥ f ∥2.

(ii). By a similar argument as in part (i), we obtain
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AC
D2 ∥ f ∥2 ≤ ∑

i∈I
∑
j∈J

|⟨ f , α
−1
2

i β
−1
2

i T∗
i f j⟩|2 ≤ BD

C2 ∥ f ∥2.

4. Alternate dual

Let ν = {(Vi, αi)}i∈I be a fusion frame for a Hilbert space H, with fusion frame operator Sν and let
ω = {(Wi, βi)}i∈I be a Bessel fusion sequence for H. Then ω is called an alternate dual of ν if we have the
following reconstruction formula,

f = ∑
i∈I

αiβiπWi S
−1
ν πVi f , f or all f ∈ H.

Alternate dual frames are important in the literature of frame theory because of their important role in
applications. In this section, we discuss some properties of alternate dual frames. In particular, we will show
that if ω is a subfusion frame and an alternate dual of ν, such that Sν = I, then Sω = Sων = I.

Proposition 6. There exists a subfusion frame ω = {(Wi, αi)}i∈I of ν = {(Vi, αi)}i∈I such that Sν = I but Sω ̸= I.

Proof. We take V1 = V2 = H, W1 = ⟨0⟩, W2 = H and α1 = α2 =

√
1
2

. Then Sν f = f and Sω f =
1
2

f for all

f ∈ H.

Lemma 3. Let ω = {(Wi, αi)}i∈I be a subfusion frame of ν = {(Vi, αi)}i∈I . If ω be an alternate dual of ν and Sν = I,
then Sω = I.

Proof. Since ω is an alternate dual of ν and Sν = I, then for all f ∈ H we have,

f = ∑
i∈I

α2
i πWi S

−1
ν πVi f = ∑

i∈I
α2

i πWi πVi f = ∑
i∈I

α2
i πWi f = Sω f .

Using the argument similar to that above, we deduce the following results.

Proposition 7. There exists a subfusion frame ω = {(Wi, βi)}i∈I of ν = {(Vi, αi)}i∈I such that Sν = I but Sων ̸= I.

Proof. Take V1 = V2 = W1 = W2 = H, α1 = α2 =

√
1
2

, and β1 = β2 =

√
1
3

. Then, for all f ∈ H, Sν f = f and

Sων f = 2

√
1
6

f .

Lemma 4. Let ω = {(Wi, βi)}i∈I be a subfusion frame of ν = {(Vi, αi)}i∈I . If ω is an alternate dual of ν and Sν = I,
then Sων = I.

Proof. For all f ∈ H we have

f = ∑
i∈I

αiβiπWi S
−1
ν πVi f = ∑

i∈I
αiβiπWi πVi f = ∑

i∈I
αiβiπWi f = Sων f .

5. Conclusion

In this paper, by presenting a much simpler proof for Theorem 4.3 of [7], we have provided conditions
under which, by removing a member from a fusion frame, the remaining sequence is still a fusion frame. Then,
we obtained the other interesting results from this theorem. Also, we have presented some new methods to
get a subfusion frame from a fusion frame. Ultimately, after defining an alternate dual frame which is very
important in practical topics, we have discussed some properties of a fusion frame operator.
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