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An introduction to the construction of subfusion frames
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Abstract: Fusion frames and subfusion frames are generalizations of frames in the Hilbert spaces. In this
paper, we study subfusion frames and the relations between the fusion frames and subfusion frame operators.
Also, we introduce new construction of subfusion frames. In particular, we study atomic resolution of the
identity on the Hilbert spaces and derive new results.
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1. Introduction

T he concept of Frames for Hilbert spaces were initiated around 1952 by Duffin and Schaeffer, who studied
some problems in the nonharmonic Fourier series [1]. Some years later, in [2—4], the authors introduced
a new type of generalized frames as fusion frames, Bessel subfusion sequences and subfusion frames, and so

established some results.

In the present paper, we introduce the new construction of subfusion frames and derive new results. In
the reminder of this section, we briefly review the concept of frames, subfusion frames and their properties. In
Section 2, we introduce the new construction of subfusion frames. In Section 3, we study the atomic resolution
of the identity and obtain some results about them. Finally, Section 4 contains a discussion on alternate dual
subfusion frames. Through this paper, H is used to denote a separable Hilbert space, I and | are countable
index sets, and {V; };¢; is a sequence of closed subspaces of H.

Definition 1. [2] Let {V;};c; be a family of closed subspaces of a Hilbert space H and {a;};c; be a family of
weights, i.e, &; > Oforalli € I.

o v = {(V;,a;)},c; is called a fusion frame, if there exist positive constants C and D (lower and upper fusion
frame bounds, respectively) such that

ClIfIP < Yl ()I* < DIfIP,  forall f € H, (1)
iel
where 71y, is the orthogonal projection onto the subspace V.
o If the right-hand side of the inequality in (1) is satisfied, then v is called a Bessel fusion sequence for H with
Bessel bound D.

e If H =@V, and infic;a; > 0, then v is called an orthogonal basis of subspaces for H.
e The fusion frame operator S, : H —+ H is defined by S,(f) = ¥ a;?my f, for all f € H. The operator S, is
icl

linear, bounded, positive, self-adjoint and invertible.
e The synthesis operator for {(V;, a;) }ic; is the operator T, : &V; — H defined by T\, ({fi}icr) = Licr aifi,
and the adjoint of the synthesis operator is called the analysis operator.

Remark 1. The analysis operator for {(V;, a;)}ics is the operator T : H — @V, defined by Ty (f) =
{a;7ty,(f) }ier- So for every f € H we have

Suf =T, Tpf =Y atnyf and f=)Y a?S, 'myf=) a?myS,'f. @)

iel iel iel
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Here we list, for the readers convenience, several results needed for our proofs.

Proposition 1. [2] Let {(V;, ;) };.; be a Bessel fusion sequence for H, W; be a closed subspace of V; and B; < w; for all
i € I. Then {(W;, B;) }ic1 is a Bessel fusion sequence for H.

Theorem 1. [5] If the operator Sf = Yc a7, f of a collection of weighted subspaces {(Wj, ;) }icj is an invertible
operator on H, then {(Wj, ;) }ic; is a fusion frame for H.

We are now ready to state a definition of subfusion frame and Bessel subfusion sequence as below.

Definition 2. [2] Let v = {(V}, ;) };c1 be a fusion frame for H, W; be a closed subspace of V; and B; < «; for all
i€l If w={(W,pBi)}icr is a fusion frame for H, then w is called a subfusion frame of v. If v and w are Bessel
fusion sequences for H, then w is called a Bessel subfusion sequence of v.

Remark 2. Let v = {(Vj,a;)}ic; and w = {(W,, B;) }ie1 be two Bessel fusion sequences for H, then the
composed or mixed frame operator for them is defined by

Swvf = leiﬁiﬂ'wiﬂfvif, Vf € H.
i

If w = {(W,, Bi) }icr is a subfusion frame of v = {(V},a;)} such that C is the lower bound of w and D is the
upper bound of v, then Cl; < S,y < DIy, and S,y is invertible (see [3, Proposition 3.2]).

Concluding this section, let us recall the following results that will be needed in the sequel.
Definition 3. [4] A family of subspaces {W;};c; is called minimal, if
Wi Nspane; i {W;} = {0}

for each i € J. Also, and a family of subspaces {W;}ic; of H is called complete, if span,. {W;} = H.
Proposition 2. [6] Let F : H — H be invertible on H. Suppose that G : H — H is a bounded operator and |G f —
Ef|| < A|f|, forall f € H, where A € [0, ﬁ] Then G is invertible on H and G=' = Y. ([F~1(F — G)J*F~L.

2. Fusion frames and Subfusion frames

This section will be devoted to the fusion and subfusion frames. First, we remark that the following
theorem was proved in [7, Theorem 4.3], but here we give another proof with extra information about the
bounds.

Theorem 2. Let {(W, «;) }icj be a fusion frame for H with fusion frame bounds C and D. Then the following hold.

(i) If I; — vcjz nWjS;\,l is a bounded and invertible operator on H for some j € J, then {(W;, a;) }ic],ij is a fusion frame

with fusion frame bounds ———C——— and D.
f f H(IrLV,Z?ijSWl)‘IH

(ii) If there is some g € W; such that g = ocjz»nij;vlg, then { (Wi, ;) }iey iz is an incomplete set in H.

Proof. (i) Since Sy is invertible, by (2), f = }Yi¢; a%nWiS;vl fforall f € H. Now, if weputT; = I; — ajz»nij;vl
and Sw,f = Yiejiz a7y, f, then we have Tif = SW].S;\,1 f. Since T; and Sy are bounded and invertible
operators on H, Sy, is a positive and bounded invertible operator on H. So by Theorem 1, {(Wi, &) }icy,izjisa

fusion frame with fusion frame bounds and D.

___c
(g = S") 1

(ii) If there is some ¢ € W; such that ¢ = oc;r nWjS;\,l 8, then Tj and Sy, are not invertible operators on H. So
{(Wj,a;) }icy,ivj is not a fusion frame. Therefore, by [4, Proposition 3.6], { (W, &;) }icj,ixj is an incomplete set in
H. O

Remark 3. Theorem 2 shows that if an element from a fusion frame is removed, the remaining set will be
either a fusion frame or an incomplete set.
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Using Theorem 2, one can easily obtain the following results. For more information see [7, Corollaries 4.4
,4.5].

Corollary 3. Let {(W;, «;) }icj be a fusion frame for H and let j € ]. Ifrsz- < L, then {(W;, &;) tiey,ij is a fusion

IS Il
frame with same fusion frame bounds in Theorem 2.

Corollary 4. Let {(W;, a;)}icy be a fusion frame for H, and ajz < C for some j € ]. If V; is a closed subspace of W,
then for any k > 0, { (Wi, a;) }icj,izj U { (V] k) } is a subfusion frame for {(W;, a;) }ic;.

Lemma 1. Let {(Wj,a;)}ics be a Bessel fusion sequence for H with Bessel fusion bound D. Then for any j € ],
{(Wi, &) }iey U {(W].J-,acj)} is a fusion frame for H with fusion frame bound 0(12 and D + oz]z. Moreover, if we put

SW],f = Yies oc%nwif—ka]z-nm;ffor any j € J, then a]2 > HSlll\'
W
j

Now we study some new constructions of subfusion frames.

Theorem 5. Let w = {(W,,a;) }ic; be a Bessel subfusion frame of v.= {(Vj, ;) }ic1. Suppose that there exist Ay <
0,Ay > —T1suchthat |f — So f|| < M| fll + A2l|Swf|, for all f € H. Then w is a subfusion frame of v.

1— A ,
1+)\2Hf” since

Proof. Given f € H. We have ||S, f| >

I =1 Sef IS 11f = Swfll < Al fIl + A2l[Sw Il ®)

But ||Suf|| < VD(L a%\|7fwl.f|\2)%,where D is the upper bound of w. So
i€l

1/1-A1\?2 2 2
D(l—k)&l) 12 < Ya? w fII” < i v f

iel iel

Therefore w is a subfusion frame of v. O

In the following theorem we give more characterizations of subfusion frame under the application of
operators.

Theorem 6. Let {(W;, B;) }icr be a subfusion frame of v = {(V;,a;) }ics. If T is an invertible operator on H, then
{(TW;, Bi) }ier is a subfusion frame of {(TV;, ;) }ier.

Proof. Since W; C V;, we imply that TW; C TV;. Hence {(TW;, B;)}icr is a subfusion frame of
{(TVi, i) }ier- O

Corollary 7. Let {(W;, Bi) }icr be a subfusion frame of v = {(V;, a;) }icr. Suppose that T is an invertible operator on
H which satisfying T*T(V;) C W; forall i € 1. Then {(TW,, B;) }icr is a subfusion frame of {(TV;, «;) }ic1, TSy T~ 1 is
a fusion frame operator for {(TV;, a;) }icy, and TS, T~V is a fusion frame operator for {(TW;, B;) }ier-

Proof. Since T is invertible operator and TW; C TV, for all i € I, then {(TW;, B;) }ics is a subfusion frame
of {(TV;,a;)}ier. Also, T*T(V;) C W; implies that T*T(W;) C W; and T*T(V;) C V. Now, by [? ,
Proposition 3.11], TS, T~ ! is a fusion frame operator for {(TV;,a;) };c; and TSwT~!is a fusion frame operator
for {(TW;, Bi) }ier. O

Next, we provide the condition under which a fusion frame can be a subfusion frame.
Proposition 3. Let {(W;, a;) }ic| be a fusion frame for H with fusion frame bounds C, D, such that {W;};c| is minimal.

Then C < a? < D. Moreover, for any weights B;, i € I such that C < p? < a?, {(W;, B:) }ie1 is a subfusion frame for
{(Wi, i) }ier-
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Proof. Suppose that {(W;, ;) }c] is a fusion frame for H with fusion frame bounds C, D. So we have

ClIfI? < Y aflmw.fII> < DIfI? f € H.
€]

Since {Wi}ies is minimal, for 0 # f € W;, mw,f = f and my,f = 0 for j # i. Therefore, ClIfII* <
Lieraf | mw fII? = af | f|> < D[|f|>,and soC < af < D. O

The next proposition immediately yield by definitions.

Proposition 4. Let {(W;, a;) }ics be a subfusion frame for {(V, a;) }icr. If Wit is the orthogonal complement of W in
V;, then
Sv=Sw=S., T—T5=T. and T3 <|ITZ].

The next result was established in [2, Theorem 3.2], we provide here a short proof for it.

Proposition 5. Let {(V;, a;) }ic1 be a fusion frame with lower frame bound C, and {(W;, «;) }ic1 be a subfusion frame
for {(V;, a;) Yier. If Wit is the orthogonal complement of W; in V; and C > ||Sw ||, then {(Wit, a;) }ic; is a fusion frame.

Proof. By Proposition 4, we know S, — S, = 5,1, and so

(C = 1SDIA < ASufll = ISwfll < ISvf = Swfll
1S fll < 1ISufll + 11Swfll
< AISullllA+ 1ISw LA

A

O

The following result is a direct consequence of the previous proposition.

Corollary 8. Let {(V;,a;)}ics be a fusion frame, and W; be a closed subspace of V;. Suppose that {(W:,a;)}icy is a
Bessel fusion sequence where W is the orthogonal complement of W in V. If ||S . [|[1S; ]| < 1, then {(W;, a;) }icy is
a fusion frame, and Sg;' = Y5> 1[S; 1S, ]FS; .

Proof. From Proposition 4, we imply that S, — S, = S,,1. So

1
(Bl

1Sy = Sw)fIl = [ISer fIl < IS MLFI < I£1I-

Since S, is an invertible operator, by Proposition 2, S, is invertible on H. Therefore, by Theorem 1, {(W;, a;) }ic1
is a fusion frame and S3;' = Y3 ([S; 'S, . ]¥S; 1. O

3. Atomic resolution of the identity

In this section, we define atomic resolution of the identity on Hilbert space, specially derive some new
results about them.

We recall that a family of bounded operators {T;};c; on H is called an atomic resolution of the identity with
respect to {«; };c; for H if there exist positive real numbers C and D such that forall f € H,

CIAI? < Y afIITi(H)I* < DIfIP and f =} Ti(f).

i€l iel

Lemma 2. Let w = {(W,, B;) }ie1 be a subfusion of v = {(V;, a;) }icy such that C is the lower bound of w and D is the
upper bound of v.

(i) Suppose that T; : H — H is given by T; = a;B;mtw, St (i € I). Then {T;}ie; is an atomic resolution of the

| 1 1
identity with respect to {«;> B,> }icr on H with bounds D and ¢
(i) Suppose that T; - H — H is given by T; = a;B;Syimw, (i € I). Then {T;}ie; is an atomic resolution of the

21 C D
identity with respect to {«;> B;> }ic; on H with bounds o2 and ok
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Proof. (i). We have Cl; < S,,v < DIy, soforall f € H,

SIFIP < {Sahf ) = (Subf, Sen(Salf)) = L aibill e St fIP

iel

= Yo TR < SIAIR

iel

Thus f =}, oc,-ﬁiS(;inwif =Y Tfforall f € H.
i€l i€l
(ii). For any f € H we have

1Seon | ~H 7w £ < IScou 7w, fII < 1S Gw 17w, £,

then
1Saull 2 Y B lmw fIP < 1Seull =2 Y aiBillow, £ 112
iel iel
< Y wiBillSormw, fII?
i€l
< Y aiBill S Pl 7w, £1I?
iel
< Y aFlISou P llmw, £
iel
Thus
1Sou I 2 Y B llaw, fI1? < Y wiBill Sovmw, 112 < Y ad I Seou P [l 72w, £ 112
i€l iel iel
Therefore

SIAP < T a6 ITAIR < SIAR

iel
Also for all f € H we have,

f = Swvs;if = Z“i,BinWiS;I%f = ZTlf
iel iel
O

Corollary 9. Let w = {(W, B;) }ie1 be a subfusion of v = {(V;, a;) }ic; with the lower bound C and the upper bound
D, and {f;};cj be a frame with frame bounds A and B.

(i) If T; = a;iBi7tw, Seor., then {zxi%l [3;71 T (f;) }ieljey is a frame with bounds % and gfor H. In particular, if {ej }<;
is an orthonormal basis for H, then
{uc?l /3;71 T} (ej) }ic1,jej is a frame with frame bounds % and éfor H.

(i) If T; = aifiSeyp 7tw,, then {oc;Tlﬁ;Tl T (fj) Yierjey is a frame with bounds % and i—lz)for H. In particular, if
{e; }e 7 is an orthonormal basis for H, then

-1 D
{uc B;* T; (ej) Yict jej is a frame with frame bounds C and @for H.

Proof. (i). Since {f;};c; is a frame for H with frame bounds A and B, we obtain

AT 6 BT < S Y [ B2 Tf, £ 2 < BY & 'Y Tof |,

icl iclje] iel
for all f € H. Hence
" B
*||f||2<22\f04 BT < c A1
ieljej

(ii). By a similar argument as in part (i), we obtain



Open J. Math. Anal. 2023, 7(2), 31-37 36

AC o BD
DrlfI2 < X C[{f,e7 B2 T )2 < = 1%

ieljej
O

4. Alternate dual

Let v = {(V;,a;)}ics be a fusion frame for a Hilbert space H, with fusion frame operator S, and let
w = {(W,, Bi) }ic1 be a Bessel fusion sequence for H. Then w is called an alternate dual of v if we have the
following reconstruction formula,

f= X apinw,S, try,f,  forall f € H.
icl

Alternate dual frames are important in the literature of frame theory because of their important role in

applications. In this section, we discuss some properties of alternate dual frames. In particular, we will show
that if w is a subfusion frame and an alternate dual of v, such that S, = I, then S, = S,y = L.

Proposition 6. There exists a subfusion frame w = {(W;, a;) }icj of v = {(V;, &;) }icy such that S, = I but S, # 1.

1 1
Proof. We take V; = V, = HW; = (0), W, = Hand a1 = ap = \/; Then S, f = fand S, f = Ef for all
feH O

Lemma 3. Let w = {(W,, a;) }ic1 be a subfusion frame of v = {(V;, a;) }ic1. If w be an alternate dual of vand S, = 1,
then S, = 1.

Proof. Since w is an alternate dual of v and S, = I, then for all f € H we have,

f= ‘Zlalznwisgln‘@f - AZID‘%”WI'”VZ-J( = ,le"%nwif =Suf.
1€ ic ic
O]

Using the argument similar to that above, we deduce the following results.

Proposition 7. There exists a subfusion frame w = {(W;, B;) }ic1 of v = {(V}, a;) }iey such that S, = I but Sy, # 1.

Proof. Take Vi = Vo, =Wy =W = H, a1 = ap = \/z, and 1 = B2 = \/g Then, forall f € H, Sy f = f and

swfzz\/gf. 0

Lemma 4. Let w = {(W;, B;) }ic1 be a subfusion frame of v = {(V;, a;) }ic1. If w is an alternate dual of vand S, = 1,
then S,y = L

Proof. For all f € H we have

f =X aiBinw, S, v f = ¥ aipinw, v, f = ¥ aifirtw,f = Seovf-
0 iel iel iel

5. Conclusion

In this paper, by presenting a much simpler proof for Theorem 4.3 of [7], we have provided conditions
under which, by removing a member from a fusion frame, the remaining sequence is still a fusion frame. Then,
we obtained the other interesting results from this theorem. Also, we have presented some new methods to
get a subfusion frame from a fusion frame. Ultimately, after defining an alternate dual frame which is very
important in practical topics, we have discussed some properties of a fusion frame operator.
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