Open Journal of 5 |
Mathematical Analysis p,ess

Article
Multiplicity results for a class of nonlinear singular
differential equation with a parameter

Shaowen Lil*

1 School of Mathematics and Information Science, Henan Polytechnic University, Jiaozuo 454000, China.

*  Correspondence: swli473@163.com

Communicated by: Absar Ul Haq
Received: 24 December 2023; Accepted: 28 December 2023; Published: 29 December 2023.

Abstract: This paper gives sufficient conditions for the existence of positive periodic solutions to general
indefinite singular differential equations. Furthermore, under some assumptions we show the existence of
two positive periodic solutions. The methods used are Krasnoselskii’s-Guo fixed point theorem and the
positivity of the associated Green’s function.
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1. Introduction

ingular differential equations help solve problems in biology, engineering and economics, and it is of
S great relevance. The study of the singularity periodic problem only began to receive more scholarly
attention in 1987 when Lazer and Solimini [1] opened new doors for the singularity problems. In this paper
we study the existence of positive periodic solutions to a class of indefinite singular differential equation with
a parameter

v (1) +a(t)y(t) = ;’p((?)wb(t)y&(t)wc(t), M

where y is a positive parameter, p and J are two positive constants and 0 < § < 1,2 € LPF(R/wZ), gq, ¢ €
LY (R/wZ),b € L' (R/wZ) is positive, here w is a constant and 1 < p < +co.

At present, scholars are more concerned about the periodic problems with singularity of attractive and
repulsive type [2-6]. However, it becomes relatively difficult to study the periodic problems when considering
indefinite singularities, which means that there is still plenty of scope for studying the periodic problems
with indefinite singularities. In 2010, Bravo and Torres [7] first studied the following class of second-order
differential equation with an indefinite singularity

" q(t)

v = 1o @
where g € C(R,R) and p = 3. They gave a sufficient condition for the existence of a positive periodic solution
of equation (2) as fow q(t)dt < 0. Hakl and Zamora [8] in 2017 used Leray-Schauder degree theory to prove
the existence of positive periodic solutions of the equation (2) with strong singularity (o > 1). In the same
year, Zamora and Godoy [9] studied the existence of positive periodic solutions to equation (2) with weak
singularity (0 < p < 1).

In 2021, Cheng and Cui [10] applied the fixed point theorem in cones to prove the existence of positive
periodic solutions to the following indefinite differential equation

t
V() +a(t() = L, ®
ye(t)
where a, ¢ € C(R, (0,+0)) and p is a positive constant. Han and Cheng [11] used the Krasnoselskii’s-Guo
fixed point theorem in 2022 to consider the existence of positive periodic solutions to equation (3).

Open ]. Math. Anal. 2023, 7(2), 38-44; doi:10.30538 / psrp-oma2023.0130 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open J. Math. Anal. 2023, 7(2), 38-44 39

Based on their study, we will discuss the existence of positive periodic solutions to the equation (1) by
the methods of the Krasnoselskii’s-Guo fixed point and the positivity of the associated Green’s function. It is
worth noting that, according to the range of values taken for y;, we can obtain one and two positive periodic
solutions to equation (1), respectively. First, we introduce the Krasnoselskii’s-Guo fixed point.

Lemma 1. ([12, P. 94]) Let Y be a Banach space and K is a cone in Y. Assume that S1 and Sy are open subsets of Y with
0e Sy, §1 C Sy. Let
Y:KN (gz\sl) - K

be a completely continuous operator such that one of the following conditions holds:
(i) [¥y]| = |ly| for y € KNSy and [¥y| < [lyll for y € K.N9S5;

(i) [¥y]l < Iyl for y € K108y and [¥y]| > lyl for y € K 19S5,

Then ¥ has a fixed point in the set N (S2\S1).

Before applying the Krasnoselskii’s-Guo fixed point, we have to write the periodic problem as an
equivalent fixed point problem using the concept of Green’s function. A general construction of the Green'’s
function is described in [13]. Next we give another Lemma to be used.

Lemma 2. (see [14, Corollary 2.3])Define

21 7 \1-2/a T (l) 2
®
Q(n) = W1+2/(2+a> (w) 1<a<oo,

1
2

where T is the Gamma function, i.e., T (t) = f0+°° y'~le~"du. Assume that a(t) > 0 for almost every t € [0,w)] and
a € LP(R/WZ). If

ol o= ( [ |a<t>|Pdt)’17 <o), @

where p* = L if 1 < p < coand p* = 1if p = oo, then the Green’s function H(t,s) > 0 for all (t,s) €
[0, w] x [0, w].

Define
()0 = [ #05) (I b0 0 +elt)) s ©)

Here, a fixed point of the map Y defined by (5) is a positive periodic solution of the equation (1). Besides, from
Lemma 2, we know that #(t,s) > 0 forall (¢,s) € [0,w] x [0, w].

Remark 1. (see [? ]) In the special case a(t) = ¢? with ¢ > 0, the Green’s function has the following form

f—s—w
M, 0<s<t<uw,

2¢sin &7
cosg(t—s+%)

. cw
2¢ sin =5~

H(t,s) =
0<s<t<w.
If ¢ < Z, then the Green’s function #(t,s) > 0 for all (t,s) € [0,w] x [0, w].

For convenience, we have given some symbolic definitions

H.:= min H(ts), H*:= max H(ts), c:= —. (6)

0<s,t<w 0<s,t<w H*

According to (6), it is easy to know that 0 < H, < H*and 0 < ¢ < 1.
Furthermore, we give some information about ¢(t) and b(t)

g (t) := max{q(t),0}, g~ (t):= —min{q(t),0}, 7:= w/ t)dt, b* =t1€r[13§}}g(t), g 1= tén[oi}:)]b(t)-
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Finally, we give our main conclusion.

Theorem 1. Assume that equation (4) holds. Then the following one of conclusions holds.
(i) There exists pg > 0 such that equation (1) has a positive periodic solution for u > uo;
(ii) For all sufficiently small u > 0, equation (1) has two positive periodic solutions.

2. Proof of Theorem 1.1

First, define
K:={yeCy: rtréiﬂgy(t) > oyl },

Sn={y€Cu:llyll <r} and S, :={yeCo:llyll <ra},

where r1 and r; are two positive constants, and C,, := {y € C(R,R), y(t +w) = y(t), for all t € R} with norm
Iyl = max ly(t)]. It is easy to verify that K is cone in C,,.
€

Lemma 3. Assume that (4) holds. Besides, the follows inequality is satisfied

1 1
1 2llg= I\ [ 2]|c7 ][ )?
r2>r1>0max{< ”Z* H) ,< Hb* |) }ZZC.

Then ¥, : KK N (S,,\Sy,) — K is a completely continuous operator.

Proof. First, we prove that ¥,,(K N (S,,\S;,)) C K. Obviously, we have
ory <y(t) <ry, Yy € KN (S,\Sy), VtER.

Because r; > ¢, we obtain

)
”qu + b*((ﬂ’l)é _ ||C7|| (7)

for all t € R. It follows from (6) and (7) that

min(8,) () =pomin [ 94(,5) (254 b 6) 4 ) s

teR

>uo max /Ow H(t,s) < q(s)) +b(s)y°(s) + c(s)) ds
=no ¥yl

which implies ¥, (K N (5:,\S;,)) C K. Besides, applying the Arzela-Ascoli theorem, it is easy to prove that
¥, : KN (5,\S,) = K is a completely continuous operator. [

The proof of Theorem 1
(i) Our proof relies on Lemma 1. First, define

Sp, ={y€Cu:llyl <Ri} and Sg,:={y€Cu: |yl <R2},

where R and R, are two positive constants. Besides, Ry > R;1 > ¢ and (4) is satisfied. We can obtain
Y KN (Sr,\S®r,) — K is a completely continuous operator according to Lemma 3.
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Then we prove that
¥yl = llyll, for y € KNaSg,. ®

Obviously, we can get ||y|| = R1 and
oR4q Sy(t) <Ry, V]/ S ICQBSR], VteR.

According to (7), it follows that

(Yuy)(t y/ (yqp(ss)) +b(s)y°(s) +c(s)) ds
[ M9 (i:(j)) _ ”LP((SS)) +b(s)y(s) + ¢t (s) —c (s)) s
>pt/0w7-t(t,s)‘;:((§))ds
Hiwqg™
>u Rtlj

For y > yy, the existence of g > 7 L— > 0 satisfies (8).

On the other hand, we prove that
¥yl < llyll, for y € £NISg,. ©)
Obviously, we can get ||y|| = Ry and
0Ry <y(t) < Ro, Yy € KNASg,, VEER.

From (7) we get

(F) (t) = w%@@(q“>+mwf@ww@0ds

0 yP(s)
@ q°(s) q7(s) _
ad! H(t,s) (yP(s) ~ ) +b(s)y°(s) +ct(s) — ¢ (s)) ds
H*wqj H*wqj * 1. x P
(sz)p — R’; +H wbRg—i-’H wet — Hywe >

H*wq™ — 5 —
< * * + .
<u (sz)p + H*wbR5 + H wc )

It is obvious that we can choose R; large enough such that

*

+ — _
<wwm3y<ﬁgy+ﬂww@+amﬁ)<n}

Therefore, (9) is satisfied. According to Lemma 1, we get that ¥, has a fixed point and equation (1) has a
positive periodic solution.
(ii) First, define

Sryi={y €Cuw:llyl <Rs} and Sg,:={y€Cu:llyl < R4},

1

p+1
where R3 and R4 are two positive constants and R4 > <H*;)q ) > R3 > ¢, and (4) is satisfied, here 7 > 0

is a constant and pn > 1.
According to Lemma 3, we can know that ¥, : KN (Sg,\Sg,) — K is a completely continuous operator.
Afterward, let us prove that
¥yl = llyll, for y € KN3Sg,. (10)
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Obviously, we can get ||y|| = R3 and
0R3 Sy(t) <R3, Vy S ICﬂBSR3, VtelR.

According to (7), it follows that

(¥yuu)(t) = OwH(t,S) (;P((Ss)) +b(s)y°(s) + c(s)) ds
[ Mt (‘;:((Ss)) - Z;((SS)) Fb(s)y(s) +cH(s) c—(s)) ds
@ q"(s)
>y/0 H(t,s) #(5) ds
>V’H*wq7+
RS
>unRs.

Because pun > 1, (Y,u)(t) > Rs, then (10) holds.
Then we prove that
¥yl < llyll, for y € KNS, 1n

Obviously, we can get ||y|| = R4 and
Ry Sy(t) < Ry, Vy € ICHBSR4, VtelR.

From (7) we get

ye(s)
@ HORN'NCO) -
—u [ (‘;p(:) =R CIUCREUCRY: (s)> ds
'H*a)qiJr ’H*wqj % T « —T —
< ((0R4)P TR + H*wbRS + H*wet — Hywe )

H*UJF Py _
< * * Jr .
<u ((UR4)P + H ' wbRy + H wc )

There exists 1 > 0 such that

1
of RT

Hrwq™ + 0PRS PH wb + 0P REH we T

1 <

For p < p1, (11) holds.

It follows from Lemma 1 that ¥, has a fixed point y; € KN (Sg,\Sg,), which is a positive periodic
solution of equation (1) for p < py and satisfies R3 < ||y1|| < Ra.

On the other hand, define

Sps = {y €Cuw: [lyll <Rs} and Spy:={y € Cu: |yl <R},

1

gt \ PH1
where R5 and R¢ are two positive constants and Rg > (W) > Rs > R4 > ¢, and (4) is satisfied, here

n' > 0isa constant, ' > 1land ' < 1.
Similarly, according to Step 1 of (i), we can know that ¥, (K N (Sg,\Sr,)) C Kand ¥, : KN (Sg,\Srs) =
IC is a completely continuous operator.
Afterward, let us prove that
[¥,y]l > Iyl for y € K NS, (12)
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Obviously, we can get ||y|| = Rs and
0Rs5 Sy(t) < Rs, Vy S ICﬂBSRS, VtelR.

From (7) we get

(F)(0) = [ #0,9) (00 - cls) ) s
[ M9 (‘;:((SS)) - ‘;;((SS)) Fb(s)P(s) + ¢ (5) — c—(s)> s
“ q"(s)
>y/O H(t,s)yp<s)ds
>V7—L*wq7+
RS
>y Rs.

Because pn’ > 1, (Y,y)(t) > Rs, then (12) holds.
Then we prove that
¥yl < llyll, for y € KNSk, (13)

Obviously, we can get ||u|| = Rg and
oReg Sy(t) < R, Vy € ICﬂBSRy VteR.

According to (7), it follows that

(Fn)(0) = [ #00,9) (b0 c(s) )
=i /Ow’H,(t,s) (q+(s) _ ) +b(s)y°(s) +cT(s) — c‘(s)) ds

H*¢ ,q-i- ‘H*( ;q—i- . TS . _
< — +
<u ((0R6)p g + H*wbRg + H wc Hwe

Bwq* ) o
< * * + .
<u ((UR6)P + H wbRg + H wc )

There exists pip > 0 satisfying

Yo < min — — —, U1 -
Hewq™ + oPRYPH* wb + 0P REH*we™

Therefore, for y < pp, we know (13) holds.
It follows from Lemma 1 that ¥, has a fixed point y, € KN (Sg,\Sg;), which is a positive periodic
solution of equation (1) for u < py and satisfying R5 < ||y2|| < Re. Noting that

Rs < |yl < Ra <Rs < [ly2ll < Re,
we can deduce that y; and y, are two desired distinct positive periodic solutions of equation (1) for u < py.

O
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