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1. Introduction

L et A denote the class of functions that are analytic within the unit disk, defined as

U={zeC:|z] <1}.

Furthermore, let S be a subclass of A, comprising functions that are univalent in U and adhere to the
normalization

flz)=z+ i aizr. 1)
k=2

The Koebe one-quarter theorem [1] assures that for every univalent function f € S, its image in U
encompasses a disk with a minimum radius of 411' Consequently, every univalent function f possesses an
inverse f~! satisfying

. @)

=~ =

@)=z (zeu), f(fw)=w (lw]<r(f), rnlf)=>

Definition 1. A function f € S is termed bi-univalent in U if f is univalent in U and its inverse f ! extends
univalently to U.

The class of bi-univalent functions in U is denoted by X. Since each function f € X can be expressed by
the Maclaurin series (1), it follows that its inverse ¢ = f~! can be expanded as

g(UJ) :wfa2w2+(2a%fa3)w3+.... )

Recent studies have focused on several classes of bi-univalent functions (see, for instance, references [2—

4]).

Definition 2. For functions f and g in the class A, f is said to be subordinate to g if there exists a Schwarz
function w(z) with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)).

Open ]. Math. Anal. 2023, 7(2), 21-30; d0i:10.30538 / psrp-oma2023.0128 https:/ /pisrt.org/psr-press/journals/oma


https://pisrt.org/psr-press/journals/oma
https://pisrt.org/psr-press
https://pisrt.org/psr-press/journals/oma

Open J. Math. Anal. 2023, 7(2), 21-30 22

In particular, if g is univalent in U, subordination implies

f(0) =¢(0) and f(U) C g(U).

We denote by

S*_{feszé}h<zj((;;)> >0,ze U}

and

1"
K={fe 5:§R(1+Z}C,(S)) >0,z€ U}
The classes S* and K are referred to as the classes of starlike and convex functions, respectively.
A noteworthy concept in the theory of univalent functions, recently revisited in the context of singularity
theory[5] and power series with integral coefficients, is the Hankel determinant Hs(n) for functions f(z) € A
with the form (1). For§ > land m > 1,

Am Am+1 Am+6-1
Am+1 Omy2 Am4-6
Hs(n)=| . . . : @)
An+6—1 Amts  ° Am42(5-1)

This determinant has been extensively investigated in the literature [6-8]. The Hankel determinant
Hy(1) = a3 — a3 is well known as the Fekete-Szego functional. Identifying the upper bound for Aq(f) =
laz — oa3| over the class S, a generalization of Hy(1), is recognized as the Fekete-Szegd problem, where ¢ is a
real or complex number.

Using the Loewner method, Fekete and Szeg6 demonstrated in [9] that

1+ 2exp (%), ce€l0,1],

fes 1, c=1.

maxAq(f) = {

In 1969, the Fekete-Szegd problem for the classes of starlike functions $* and convex functions K was
investigated by Koegh and Merkes [10].

Recently, Horcum and Gokcen [11] considered the Horadam polynomials J,; (x), defined by the recurrence
relation

]m(x) = px]m—l(x) + q]m72(x)/ @)

where m € N\ {1,2}, N ={1,2,3,...},and a, I, p, q are specific real constants.
For particular cases:

1. Fora = h = p = q = 1, we obtain the Fibonacci polynomial F,(x).
2. Fora=1,h = p =2and q = —1, we acquire the Chebyshev polynomial U, (x) of the second kind.

Definition 3. [12] Let f € A. Define the operator D" (i, B,t)f(z) as follows:

D"(u,Bt)f(z) : A= A, n€No=NU{0},
D°(u, B, 1)f(2) = f(2),
D'(u, B,t)f(2) = tzf'(z) = z(B — )t + (1 + (B—p = D) f(2),
D"(u,B,t)f(z) = zDe[D" (1, B, 1) f (2)],

where Dif(z) = 1+ Y52 ,[1 + (k+ B — u — 1)t]axz". If f(z) is expressed as in equation (1), then

D"(u,B,t)f(z) =2+ Y [1+ (k+ B —pu— D" a2,
k=2
with0 <py < Bandt > 0.

Remark1l. * Whenp =pandt=1 Dy f (z) reduces to the D" f(z) differential operator as defined by
Salagean [13].
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 For B =, D"(B, u,t)f(z) corresponds to the differential operator D f(z) as defined by Al-boudi [14].

Definition 4. A function f(z) € A belongs to the class Iﬁ:}\(x, z) if

trlf(z) | (DEf(2)
Dnn,f()+<an( ) <sz +1—a, 6)

rﬂl

and similarly for g(w),

)"
2 | Disw) *  Dista >) ]<H("’w)““' ?

wheren € Ng = NU{0}, Ty, =1+ (m+B—ut,me N, uyec[0,p,t>0,0<A< 1,andf(z),g(w) are as
previously defined. Here, Df' f(z) denotes the Opoola differential operator, [1(x,z) = Y3/ jm(x)z" ", and
z,w € U.

1 D sw) (D?,Ilg w

Remark 2. * For n = 0, we obtain the class Wy, (y; x) of functions satisfying:
1
1|zf'(2) <Zf’(2))A
= + = x,z)+1—a, (8)
2 [f(Z) i ) | <12

and similarly for g(w). When n = 0 and A = 1, this class reduces to Wy (x), comprising functions f € A
satisfying certain criteria, as studied by Srivastava et al. [15].

e For n = 0, a = 1, and other specific parameters, the class Sy (y;t), as studied by Altinkaya and Yakin
[16], is obtained.

Let P denote the class of functions with positive real part. A function p € P implies that

p(Z):1+b12+b222+b323+..., ze U, )
with Rp(z) > 0. It is known that
_w(z) -1

where w(z) is a Schwarz function.
Lemma 1. [17]If p(z) = 1+ byz + byz? + b3z® + ... isin P, then |b,| < 2.
Lemma 1 [17]:

Lemma 2. [17]If p(z) = 1+ byz + byz* + b3z® + ... is in P, then

by o] < {2 olb|?,

<3
- 11
(1—0)|b1)?, 02%. ()

2. Main results

Theorem 1. . Let f(z) € Iﬁj}\(x,z), then

2A+/ |hx||hx| (12)

= VIRA(L + A)TE(Ty — 1) + 21 (4AT; — 1 — 3A)] (hx)2 + (hx — (pha? + qa)) (1 + A)2(T; — 1)2T2"|

|az|

2M|hx|(1+2A) 472 (hx)?
TR -1)A4A) (14 A)2( - 1)?

las| < (13)
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Proof. Let f(z) € I”Jrl 1(x,2).By definition of Subordination, there exists functions @(z) and ®(z),

©(0) = ®(0) =0and |®( )| < land |®(w)| < 1Vz,w € U such that

1 [DEE) | DEE
bt 7 T\ Df f2)

=[[(x06(:)+1-a

2
and
Dn+1g( ) Dn+1g( ) i
Dy ¢(w) D g(w) 1‘““"(“’”“‘”
From 15, . .
1[DEYE) DR L] e ——
2 | DEfe) T D)) 1 = L n@E)T e
1[DEFf(z)  DEFf(z) o] . . .
|70+ e )A] — 1) + p(VOE) + OGP + js(X) O + . +1-a
Also, from 16
1 [DEllg(w)  Diffg(w) 1] . . .
5 5?,ng(w> +( D?mg( ) )A] = j1(x) + jo ()P (w) + j3(x)[®(w)]* + ja(x)[®(W)]P + .. +1—a

From equations 11 and 12

_plz) -1
MO

= (blz + b222 + 17323 + b4Z4 + )(2 + bz + b222 + b323 + 17424 + ...)_1

1 v, N
@(Z) = E[blz‘l' (bZ - 3)2 + (b3 —biby + Z)Z + ]

3 4

b3 2b?
O(2))* = [b%z2+2(b bz—i)z + (byby — b2by + =1L 1 L b3by + b303)2* + ..

1 bt
[©(2)]® = g[bi’z% +3(b2by — 31)z4 +.]

p(w)—1
O(w) =2
= )+
(d1w+d2w +d3w +b4Z + .. )
% 3

1 d d
P(w) = ldw + (d2 — 5 Yw? + (d3 — didy + Zl)w3 +..]

1 3 4
[®(w))? = Z[d%wz +2(dqdy — 2L

1 a4
[@(w)]® = gldfw’ +3(didy — S)w* +.]

Substituting 19, 20 and 21 into RHS of 17, we have

1[Dprf(z)  Dirf(z) o by 1, B B2
AR CRASTRE )| 1R+ W5 +R@E - )2

3

1. ¥ . b .
+§[I4(x)zl+]3(x)(b1b2*31)+]2(x)(173*51b2+f1

Substituting 22, 23 and 24 into RHS of 18, we have

(2 + dyw + dyw? + dzw® + byw* +...) 7!

d 2d
)W+ (didy — iy + L — didy + did)wt + .

(14)

(15)

(16)

17)

(18)

(19)

(20)

21)

(22)

(23)

(24)
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D”“g(w) D”Hg(w) N i d2 dz
Df 5@ * (D gt >”11+Jz<> 24 20 2L + ja(x) (e — )2

1. & 3o &
+§[]4(x)z+]3(x)(d1d2—7)+J2(x)(d3—d1d2+4)] + ... (25)

1
2

Considering the LHS of 17

1 1
1[D1,'f() | DE/()4] 1| DR, () (DR, f()* + (D, /()1 DE, f(2) 6
2| D} f(z) ' D f(2) 2 (Dp f(z)) '+
[e)
Dt f(z) =z+ Y (14 (k+p—p— D" Mg = 2+ T M apz? + T as2® + T gzt +.. (27)
k=2
[DpFF(2)]F = [z + T3 a2 + T ag2® + T Hagz? + )3 (28)
Df f(z)=z+ ) M+ (k+p—pu— D] 2" = z + Tayz? + Thazz® + Thagz* + ... (29)
k=2
[ I’fmf(z)]% =[z+ Fﬁ’azzz + F§a3z3 + 1"’3151424 + }% (30)
[Df, f(2)] o [z+TI7 ayz% + F2a3z + F3a4z + .. }%A (31)

Equation 28 multiplied by 31, gives

14+2A
Tas + F;’Haz)zT

e
P

1
+(5

1"5‘113 +

[DrH f(2)][DF, f(2))

=z

1 1 1—-A
+ (X Xr%nﬁ-la% + iz 1"2"11 + Fn+1u3)2#
1 1-A (1—A)(1— 2019343

1 1-2
+ 1T e + o 1 a3
1440

1
+ /\T”F”+1a2a3+r3n+la4) 4L (32)

Equation 29 multiplied by 30, gives

1+A

DF (I DR ()] = 2'F 4 (T 0+ T2

1 1 1—-A 1437
(XFZHIJ_% + Xl"%”“ uyva 120203 + Thaz)z A
1 1—-A
+ (qul—i—laél + 7)@ TT+1FS+1a2a3
1-A)(1-2A 1 -2 .
+ %rinﬁag + Xrg“r?azas + e F3”+2 5+ XF;’Hl"Zazag, + F§a4)z# 4+ (33)
144 2(14+A 1421
2Dpmf () =224 4 2N gy

1+A 14+A
+2< * ISas + * F%”a%) z

A 272

+2(1+/\F§a4+1+/\

A A2

I"T%a
20203+ 613

Substituting 33, 34 and 35 into 25 and simplifying further, we have

AN )
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1+ A 1+A 2 1-A
1+ [ r"(r1+1)]a2z+2[( 5 rZ(r2+1))a3+Ar§"+1a§+ T¥ Ty +1)a3)z% + .. =1
1+A jz(x)
+[ 3 Iap + > by]z
1+A_, T4+A 5,0 14+A, b2 () v,
+ 3 Thas + 1 I{"a5 + R j2(x)by +]3(x)4 + 5 (by 2)]2 + ..
Also, 18 becomes,
1+ A 1. 1+A 2 1-A
1= [T (T + D]aaz + 5 [(— rg(r2+1))(2a§—a3)+Xr§"+la§+ S 11 T+ ag]z + .
1+A
1+[ 5 a ]2( )dl]
1+A L+A o0 2 1‘*‘)" o px) a5
+ 3 TSas + e ri"a5 + o jz(x)d1+]3(x)z+ 5 <d2_7)]z +
Comparing the coefficients of z in 36, we have
1+)\ 1+)\ jz(x)
1+A " . b]
R —TI (T - l)uzsz(x)?
Aja(x)by
ap =
14+ AT —1)
1+ A —-A 1+A
[———T3(T2 + 1)]as + AFZ”“ i+ oz 11 (1 + 1)a3 = [——Thas+
1+A 2n 2 1+A. - ﬁ j2(x) _bi
sz L1 0 T 5 a(0)b 4 ja(x) 4+ = (02 = )]
(T, = 1)(1+A) , 4AT] —1-3A 5, (jz(x)—jg,(x)) b3 1+A
Ajp(x) 23 2A2j,(x) 172 2 ja(x) 2 AT
Comparing the coefficient of z in 37
1+A _ 142 o (x)
[T +1)]a = —"Tje, + 22204
1+A dq
[T (T = Da = ()
= Aja(x)dy
14+ AT —1)
1+A 2 1—-A 14+A
(SO + 1))(203 — a) + T2 + 2T (T + 1)a} = [ TH (263 — a3)+
T+A 0y 0 14A, A ja(x) d?
)2 rl”a2+7]2(x)d1+]3(x)—+ > (dz_i)]
(T —=1)(1+A) om0 4AT1 —1-3A 5, p(x) —j(x)\ 42 14+A
—= = T%(2a5 — _— = dy — |00 = —d
Tt 2(m = as) + e e 2 j2(x) 2 T

Substituting 39 into 43, gives

A z(x) A z(x)
TA+A(T—1)  (I+ AT —1)

(35)

(36)

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)
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Square and add 38 and 42, we have
1+A)2 .
2! a2 L r3n(ry — 1726 = B [br + a2 (47)

Adding 66 and 45 with further simplification

2Ty — 1)(1+A)
Aja(x)

4AT; —1-3A

rZYl 2 —
Apx) 17

Tha3 +

. . 2 2
(r ) — (B PED) (B Ty ey )

2T, —1)(14+A) ,, 4AT;—1-3A 2n:| 5
; I; + - I7" | a
[ Aja(x) z Ap(x) 1P

(ba ) - (2200 G A Ly )

j2(x) 2 2 A
Using 47 in 50, gives
2A(T2 — 1)(1+ A)T% + (4ATy — 1 =3A)T%" | , (jz(x) — j3(x)> d?
, ay = (by+dy) — | ——F—7 ) (= 50
[ )\2]2(95) 2 ( 2 2) ]2(x) (2 ) ( )
Using 47 to simplify 48, gives
1+1)2
2= UM panr gy 51
P e o
substituting 52 in 51 with further simplification, we obtain
A?j3(x)(by +d
2 = j(x) (b2 + d2) (52)

2A13(x) (T — 1) (1 + A)T% + j3(x) (4AT1 — 1 = BA)I2" + (jp(x) — ja(x)) (1 4 A)2T21(Ty — 1)2

A2j3(x) (by + d)

2B (Ts— D1+ M+ B EATT — 1— 302 1 () — ja(0)) (1 + AT, 12 &)

lap]* =

Using Lemma 1 and 2, we have

222 = 4A2|hx||hx +(hx)*(4ATy — 1 = 3T 4 (hx — (phx® 4 qa)) (1 + A)?T3" (T — 1)2]
12A(hx)?(T2 —1)(1 4 A)T% ! ! '
(54)
Therefore,
as] < 2A v/ x|l (55)
VAL + T3 (T2 = 1) + (4AT1 — 1= 3A)] ()2 + (hx — (pha® +a)) (1+ A)2(Ty — 1)213"
Subtracting 45 from 46 and using 47 for further simplification, we have
2(T, = 1)1+ A)T5 2 2(1+A)
Ao (%) (a3 —a3) = (bp —dp) — ———d (56)
o5 AMby —da)ja(x)  ja(x)dy + a2 57)

T -D(1+A) (T2 13
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Obtain a% from 52 and substitute it into 58, gives

g M2=d)p(x)  p)d 3 (x)dA?
TN +A) (D (1A (T - 1)2
AMby—d)p(x)  p(x)dy HEILU

93l = T, DA T A DI A AT — 1)
AA(by — dp)ja(x)) j2(x)dy j3(x)d3A?

< _
las| < |2r£l(1"2 —-1)(1+A) (T, —1)I% |+ (1+ A)2I2(T; —1)2

p 2A | hx| 2|hx| 4A? (hx)?
FETCL-DA+A) (D (14 A2 - 1)
03] < 2A|hx|(142A) 472 (hx)?
3

T IE(T = 1)(14+A) (14 A)2T2(Ty —1)2
From 56 and 63, we have the desired result. [0 O

(58)

(59)

(60)

(61)

(62)

Remark 3. It has been observed that when n = 0, t = 1 and § = p,the result obtained gives an improved

estimate of the second coefficient of Wy (x;z) studied by Srivastava, et al(2018).

Theorem 2. . Let f(z) € IF’:i(x,z), also let o € R then

T3 (Ta—1)(1+A) [/ 22 [hxP[T3 (T2 =1) (1+A)]

| > { 4420 |hx| for [1— o] < (14+2A) |hx| [ Y+ ¥
az —oa;| <

8|1—0|A?|hx|3 . 142A hx| | Y+¥|
ey for [T—ol > 22[lx Pl (T —1(1+ 1))
Where
Y = 2A(1 4+ A)TH(Ty — 1) + (4AT — 1 —3A)] (hx)?
and

¥ = (hx — (phx® 4 qa))(1 + A)%(I; — 1)°T%"

Proof. From 53 and 58,

A(by — do)jo(x) j2(x)dy
2 _ 2 2
B T T, 1) (14 A) (T Drg 2"
Let

Y = 2A(1+ A)TE(Ty — 1) + (4AT; — 1 —3A)](hx)?
and

¥ = (hx — (phx® +qa)) (1 + A)*(T — 1)°T?"
2 A —d)jp(x)  p(x)ds *“><M@@+@§

a3 —oa; = -

AEC,—1)(1+A) (T —1)I% Y+ ¥
A(by — da)ja(x) j2(x)dy A?j3 (b2 + do)
2| = _ _ o dMalatdy)
a3 — 0| WA, - 1)(1+A)  (T,— )8 ML R
2(1 4 2A)|hx| 472 |hx|3
—oa?| < 1-—
e (P [ Y I ]

(63)

(64)

(65)

(66)

(67)

(68)

(69)



Open J. Math. Anal. 2023, 7(2), 21-30 29

If
4A?|hx|3 2(1+42A)|hx|
1-0 < , 70
L O S V() (Y| 70)
then
4(1 +27)|hx|
2
as — oa;| < 71
300 < T 1) (1 ) 7
Also, if
402 hx)? 2(1 +2A) |hx|
1-¢ > , 72
=T T 2 - DA 72
then
8|1 — o|A?|hx|?
_og?| < 21T A 7
|a3 ‘mz\ = |Y—|—‘I’| ( 3)

From 71,72,73 and 74, we have the desired result. O O
Corollary 1: If f(z) € Sand I} (x,z), then

4(1+2A) x|
IT3(F2 —1)(1+A)|

lag — 5| <

3. Concclusion

The investigation in this work was driven from Geometric Function Theory(GFT) where several
interesting and various special functions and polynomials can be studied. Horadam polynomials j,(x) and a
generalized differential operator were used to define a new class Il’f;}\ (x,z) of bi-univalent functions by means
of subordination. We obtained upper estimates for initial coefficient and Fekete-szego functional of the newly
defined class of bi-univalent function.

The results obtained have important roles in complex and potential theory, with application in real life
like: error analysis in numerical method, controlled growth of analytic function, design of approximation
algorithms, electrical engineering, physics and materials science, statistics and probability theory.In essence,
these mathematical concepts provide tools and insights that transcend pure mathematics, finding applications
in diverse fields where analytical and computational methods are employed for modeling, analysis and
design.

The geometric properties of the function class Iﬁ:’}\(x, z) vary when the parameters in the class are changed:
whenn =0,t =1, § = p, then we have

LG, 2 @)
2 T Cp < e

Also,whenn =0,t=1,=u,a=p =x,A =1and g =0, then we have

zf'(z) 14z
@ "1z
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