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Abstract: This paper proposes a new creative modification to the well-known standard Adomian
decomposition method (ADM) in order to investigate various types of initial-value problems (IVPs) involving
distinct kinds of fourth order ordinary differential equations (ODEs). We demonstrate that the singular point
at x = 0, therefore the form factor, could show up in several equations terms. Some non-linear numerical
applications that have been studied and explained this method have confirmed its effectiveness and ability
to find appropriate solutions for such equations. The outcomes we arrive at with this operator are reliable
and converge faster than the exact solution.
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1. Introduction

F ourth-order linear and non-linear initial-value problems (IVPs) serve as mathematical models for
numerous real-life phenomena and are applied in various physical contexts. Some of these problems

specifically address phenomena related to elastic stability, making their solutions highly significant in practical
applications. Consequently, many researchers have developed and employed diverse mathematical techniques
to solve such problems effectively.

Numerical methods for solving differential equations encompass a broad and active area of research.
Techniques such as the Adomian decomposition method (ADM) [1], the differential transform method [2],
the variational iteration method [3], and the homotopy method [4] have been widely explored. The ADM,
introduced by George Adomian in the 1980s, has been extensively studied and applied, with numerous
extensions and adaptations reported in the literature [1,5,6]. Modifications of the ADM to enhance accuracy
and convergence, often termed the Modified Adomian Decomposition Method (MADM), have also been
proposed [7-10] and applied to solving IVPs.

For example, E.U. Agom et al. [11] used the ADM to solve fourth-order linear differential equations,
deriving a convergent series of analytical solutions and demonstrating the method’s high accuracy and
reliability. Similarly, A.N. Kameradin and collaborators proposed a modified version of the ADM, which
they found to converge more efficiently and rapidly to the exact solution compared to the original ADM [12].
Furthermore, A.M. Wazwaz et al. extended the Adomian method to tackle the Emden-Fowler equation of the
fourth order, showcasing its versatility in solving various forms of this equation [13]. Numerous researchers
have also studied singular equations with initial and boundary conditions of different orders [14-20].

The objective of this study is to apply a refined and efficient modification of the Adomian method to
investigate various types of fourth-order ordinary differential equation IVPs. The effectiveness of the proposed
approach is demonstrated through several illustrative examples, highlighting its rapid convergence to exact
solutions and its potential for addressing complex problems.
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2. Structure Equations of the Fourth Order Singular Type

We derive fourth-order ordinary differential equations using the formula

dm dani
—(r+mk 2 vk o—(y+m)bx 27 (y+m)bx,,
* dxmi dxi ¢ y=R(xy), @

where k > 0,b > 0 is a real number, 7,1 € {0,1}, v # 1, and R(x, y) is a given function of x and y.
To obtain these fourth-order equations, we select

mj+nj=4, mmn>1 j=1,2.

This setup yields three distinct cases:

and

21 First Type:m =3,n=1,andj =1
Substitutingm =3,n=1,j =1,y =1, and # = 0 into Eq. (1), we obtain:

3
ek by

d bx,, _
X e y = R(x,y). 2

By computing the derivatives, we derive the first type of fourth-order singular equation as:

d3 2
k—1 y ayk=2 -1\ 4°Y
o +(3kx + )5 (3k(k 1)x*2 4 3bkx ) o

+ (3k(k = 1) (k — 2)2%72 -+ 3bk(k — 1) 2) Zerbk( —1)(k—2)x3y. (3)

d3
—k bx, / bx
* dx3x ( y +be y)

The resulting fourth-order singular equation is:

{ DY (b 2) Sy 4 (3 2O By (WD M) &y S0D), — R(x,y), x>0,

x2 dx? x x

y(0) =4, y'(0) = y"(0) = y"'(0) = 0.

The singular point at x = 0 appears four times with shape factors: 3k, (3bk,3k(k — 1)), (3bk(k — 1), k(k —
1)(k —2)), and bk(k — 1)(k — 2), associated with powers of x, (x,x?), (x2,x®), and x3, respectively. For k = 1,
the fourth and fifth terms vanish. Similarly, for k = 2, the fifth term disappears.
2.1. Second Type: m =1, n=1,and j =2

Settingm =1,n=1,v =1,y =0,and j = 2in Eq. (1), we derive:

x kd—xke b"d—zebx = R(x,y) )
dx? a2t Y Y-

After computing the derivatives, the second type of fourth-order singular equation becomes:

dxZ

{ dx4 n (2b+ 2k> Py 4 (b2+ akb k(e )) 2y n (2b2k 4 Zbk(k 1)) ZZ I b2k(k 1)y R(x,y), x>0, ©)
y(0) = do, ¥'(0) = 01, y"(0) = y”’(O) =0.

Here, &y and §; may be non-zero. The singular point at x = 0 manifests as x, (x, x2), (x2, x%), and x?, with

associated shape factors: 2k, (4bk, k(k — 1)), (2b%k, 2bk(k — 1)), and b%k(k — 1), respectively. For k = 1, the fifth
term vanishes.
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2.2. Third Type: m =1,n =3,and j =1
In this final case, wesetm =1,n =3, =0,y =1,and j = 1in Eq. (1) to obtain:

x‘kixke_bxd—sebx = R(x,y) (7)
dx a3’ Y Y-

Upon simplification, the third type of fourth-order singular equation is:

a* k Py | (3bk 2\ & 3%k | 3 o PPk,

{ S (Eaob) T8+ (L 4a?) SE 4 (k4 6%) 4+ Bhy = R(x,y), x>0, -
y(0) = do, y'(0) = b1, y"(0) = &2, y"(0) = 0.

Here, 6y, 1, and 6, may be non-zero. The singular point at x = 0 appears only once as x, with associated
shape factors: k, 3bk, 3b2k, and b3k.

3. Formulation of Singular and Nonsingular Higher-Order Eq.s

We now generalize singular and nonsingular equations for higher orders based on the derived results.
Starting from:

x4 (r+1)k ,—(v+n)bx d" (r+n)bx
pPT e T y=R(x,y), 9)

we formulate the higher-order generalized singular and nonsingular equations as:

x—(r 1)

px) (—1) k by ()
() (xe1™) ™

mjinjij m] + nj _j 1 (xfykenhx) (mj+nj—j—r) (r+7) + (2- _ 2) (r+j—1) r)
= 7 (xykelybx) y / evbx y xTkgvbx y
= R(x,y) (10)
with boundary conditions:
y(0) = 80,5/ (0) = 61,y (0) = b1,y (0) = - - - = y" "V (0) = 0. (11)

The singular point x = 0 appears mj times as x, (x,x2), (x?,x3), ..., (x™~1,x™), with corresponding shape

factors.
We now prove Eq. (11) by mathematical induction under the specified conditions.

Theorem 1. Let n, m, and j be positive integers. The following identity holds:

y g i
Otk A" <x(7+17)ke('y+i7)bxd] (e(“err])bxy)) _ JZ{ ]<m]+n]—]) 1

dx™ dx™ =0 r xvkenbx
o (mjnj—j=r) | , ety G-1 xke1bx) ()

Proof. by Mathematical induction, prove that the equation in (12) is correct under the conditions
e y=1landy =0,
e y=0andy =1.
If
e y=1landy =0,

then
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gmi dni T i 4o — 1 1
ok k,—bx @7 bx, TR =T\ Lk (mj+nj—j—r)
(i:xj'77] —Xe (inf’lj Yy ,;E;ES (: r :) :X'k ( )
, o) (i-1) ) bx (7)
% [y(rﬂ) +(2j _2)( e)bx yrHi=1 4 (eebz y(r)] i (13)

Whenm =3,j=1,in Eq. (13) get

K Pk e d

xk ebx

n n+2 bx\'
- - bx,, _ n+2 l ky(n4+2—r) |, (r+1) (e ) (r)
Y ogate  gmt y=) ( p > (x") y + AN

bx\(n—2) 1 bx\(n—3) 11
o) Y gy @)

n! _
<(ebX)(n)y_|_ (n_l)!(ebX)(n 1)y/

n! n!

A _ nn—1) ,_
— kK k 1./ 2.1
=X (x <b”y +nb" "y + bty

2!

2) b3y 4 n(n— 1)(714!* 2)(n—-3) Y >>

-1
3—r) (bny+ nb"— 1yl (nz! )bnfzy//

4!

n— )bn—ay///+”(n1)(712)(”3)]////_‘_”')(}’)

x3 x2

_ bk(k—-1) (k- 2)y N <nb”1k(k -1)(k—2) N 3b"k(k — 1)>y,

n n—1
)+3bk y//_|_ 3nb k—i—b" y///+.“
X X

r=0
Lift hand side is,
x_kddxi“ chobx dd . k%xke—bx
n!
nn—1)(n—
+ 3!
3
3
K
(o)
n(n—1)(
+ 3!
3
<3nb”1k(k —1
+ 2
X
Right hand side is,
N2 m+2\ 1 e | 1), @) 0
L, ) Ty
r=

n+2\1 n n
= ( 0 )xk(xk)(2+ [y +by] +(
n—+ 2 1 k
+( 2 )xk(x )Ty +by"] +<

bk(k—1)--(k—2—n+1)
= x2+n Yy

+2\ 1 "
) ) @)Y+ by
n+2

3 >xk( )(n 1) []/NN +by///]

x2+n

xn+1

+(k(k—1) (k—2-n+1) b(2+n)k(k—1)---(k—n)>y,

i+l

PARRL

+((2+n)k(k—1)---(k—n) +b(n+2)(n+1)k(k—1)-~(k—n+1)> ;

N ((n+2)(n+1)k(k—1)~~~(k—n+1) n bn(n+2)(n+1)k(k

2l

then the statement holds form =3,j =1,n

3lxn—1

—1)---(k—n+2)>y,,,

=1

4l(n —4)! ()

4)

+...

"1

yo+.

(14)

)
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Consider that Eq. (13) is hold for mj = p, that is
dr dn] ptnj—j +nji—17\ 1 .
-k % _k,—bx bx, p T =7\ L ke (pnj—j—r)
oat g€ E) < r )xk(x)
, ) et (1) . ebx) ()
" [yw) +(2]f2)%y(r+] 1>+%y<r> _ (1)

Assume that the statement holds for mj = p + 1, we use direct proof as

4(p+1) Ani PR iy 1 — 7\ 1 (p+14nj—j—7)
—k k,—bx &7 bx p J=J\ L (&
PN R T A A ,;0 ( r )xk (x )

(ebx)(j—l)

. . bx)(j)
% ly(r+’)+(2j—2) = y(r+]—1) +(e ) y(r)‘|'

Let

then

14 d(nj+1) dani
—k k ,—bx bx k—1,-bx _ .k, —bx bx
X [x e (dx(”f“)e y) + (kx e bx"e >dx”fe y}

dr 4(n) ar A
_ ok "* k,—bx bx,/ —k % _k,—bx bx
=x dxpx e dx("f)e Yy +bx dxpx e dx(”f)e y
_i_xfkﬂkxkflefhx d" obxy, bxfkﬂ i

bx
dx? dxni dxp ™ € dx(nj)e Y
pt+nj—j P k\(p+nj—j-r)
p+nj—j\(x)
-x (V)

r xk

| YG-D) (b))
[y(r+1+]>+(2]~_2) (DT ) +(6’)y<r+1>}
r=0

ebx ebx
ptnj—j PN (k) (pmj—j—r+1) , bx\(j—1) , bx\(j)
+n X ) e i e
L Zo (P " ]>()xk{y”+’) +(2]_2)%y< 1) 4 ()ym]
(ebx)(j—l)

p+nj—j PN\ (k) (pmj—j—r+1)
p+mnj—j\(x")
(i)

(" : [yw) +(2j-2) (1)

et PR i — i\ (K)o ()
4! eb;)c ym} oy (P ' ]>()ﬂ<{y(’+])+(2f—2)(e)bx (r+j-1)
r=1

0 x ebx

p+14nj—j L k\(p+14nj—j—r) . bx) (j—1) ) bx\(j)
+14n X ’ ) e i e r
2 <p r ] ]> ( ) xk {]/( 7 (2] 2)( e)bx ]/( ey ( eh’)( y( )]’

ebx (1) , +nj—7\ 1 nii . . ebx (j-1) . ebx (1)
n ( Eb})c y )} + (P ] ])k(xk)(p+ j—j+1) [y(]) +(2j ,2)%y<; D4 (@9)V ]
r=0

therefore

' ptnj—j i i
x—kﬂxke—bxﬂebx Z <P +nj— ]) l(xk)(p—&-nj—j—r)

dxP dx"i y= r

k
r=0 X

ebx ebx

. bry(-1) by ()
" [yw) + -2 ey (€>y<r)] '
If

e y=0andy =1

(16)
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then

d j dn] Jtni=i m'—i—n'— ] 1 (’”j nj—j ")
k k ,—bx bx ) : ] ] =] bx
x dxmj (x ¢ dxl’lj (e y)) ( 4 ) ebx (e )

r=0
. . k()
" [yw) + (2 — 2)yriD 4 (xxl)cyv)] ‘ 17)

We prove a relationship in Eq. (17) is true for n = 3, j = 1, that is
dn & N (m42) 1 (xk)’
—k k ,—bx by, ebxy(m+2—r) | (r+1) (r)
gt gy = L (")) gl |y B0 .

Left hand side is,

am a3 an
—k k bx ebx —k k (,m 1" 2./ 3
X mX e e y=x dm{x (y + 3by +3by+by)},

m
—k Z ( ) (m—r) y”’+3by”—|—3b2y’+b3y)()
=0
[ k (y’”+3by”+3b2y’+b3y) (xk)(m—l) (y””+3by”’+3b2y”+b3y’)
( 2 )( ) m— 2) (y/////+3by////+3b2y///+b3y//) _'_'..:|,
=x7k [k(k —1) - (k—m+1)xkm (y”’ + 3by” + 3%y + b3y)

Fmk(k—1) - (k— m +2)xk-m+1 <y//// +3by" + 362y + bay/)

n m(T’;— 1)k(k 1) (k—m +3)xk7m+2 (y///// + 3by" —|—3b2]/" + b3y”) 4. “}’
Brk(k—1)--- (k—m+1) 3?k(k—1)---(k—m+1) mbk(k—1)---(k—m+2)\ ,
— xm ]/"’ xm + xm—l y
3bk(k—1)---(k—m+1)  3b%k(k—1)---(k—m+2)
+ ( xm + xm—1 ]/”

+(k(k—l)-~~(k—m+1)+3bk(k—1)~-~(k—m+2)>ym+_m

xMm xm—1

Right hand side is,

g m+2 1 X\ (m —r r xk, r m k

+ (m+2)b(m+l) <y//+ iy/> + (m+2)(m+1) p(m) <y///+ ky//)

2! X
+ (m +2)(m + 1)mb(m71) < m ko )

3! vy
:b(m+2) gy—i_ (b(m+2) + (T}’Z +2)b(m+1)l;> y/

+ ((m +2)plmth) 4 (m+2)(m+1) b(’”)k) y'

2! X
(m+2)(m+1), ¢y  (m+2)(m+1)m o, 1)k
+< 2! bt )+ 30 Bl ); y///
n (m—FZ)g!ﬂ-l-l)mb(mﬂ)y////_i_“” (18)

We note that Left hand side=Right hand side forn =3, m =1,j = 1.
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Now we must prove the following formula

X

H i 1—7 . . . .
_p dm hombr 4(p+1) e _m]+p2+ ] (m]—|— p+1 —]) 1 (ebx>(m]+r7+l*]fr)
e

] PRSI A r bx

4 . k()
" [}/“W +(j -2y 4 y“)] |

X
Suppose that
dmi av M (mj4p—j\ 1 (mj+p—j—r)
—k k,—bx 4 bx JTP =7\ L ( bx
YoaemtC aw® Y r:ZO ( r >ebx (e )
o (i
% [y(ﬂ-]') +(2j - 2)y(7+j—1) + (xx?{(])y(r)] .
Then
dami d(r+1) dmj dr
—k k ,—bx bx,, _ .—k k ,—bx bx, /1 (bx)y\/
X e e V=X e g (@Y @) Y),
e d™ e dP edm o dP
— kd mjxke b dxr’eb Y+ x kdxmkae b dxl"( )y,
P i — i\ 1 L . ‘ L ()0
- r;) < j rp >ebx (ebx) (mi+p=i=7) [y(r+]+1>+(2]—2)y(r+f>+( x?{ )
T i+ p— . Ky()
Jtp—1] i bx (mj+p—j—r+1) |, (r+)) (r+]fl) (x ) (r)
+§)<r>ebx( y 2)y s A
MR (mj+p - | 0)
_ jtp—j\ 1 hx (mj+p—j—r+1) |, (r+j) (r+]71) (x ) (r)
—;(,_1 )eb( y 2)y iy
P i — 1\ 1 . xk) ()
+ Z ( ] P ]) be( bx (mj+p—j—r+1) [}/ r+])+ y(r-i-] 1)+%y(r) ,
—N\ 1 _ , . ky (/)
n (m] +OP ])em(ebx>(m]+p]+l) y(]) + (2]'_2)}/(]71) + (xx?<y‘| ,
_ m]'g*]' mj+p—j N mj+p—j (ebx)(mj+p—j—r+1)
= r—1 r ebx
r+j : r+j— xk ) r
y ly< ) 4 (2] — 2)ytri 1)+%y<>
Mi+p=1\ 1 posimitn i ‘ . a ¥k ()
+< / OP ])ebx(eh Ymip=i+1) |y () 4 (2j — 2)y 0 l)+(x2<y] )
mitptl=j /i _ N\ (obx\(mjp+1—j—r) ) ) K\ ()
_ ]+P+1 ] (e ) r . r+j—1 (x ) r
- L ( ) ) - ) 4 (2~ 2)yr 0 L Ty0 |
Therefore
dmi dr MR i+ p -\ 1 (mj+p—j—r) : : (k) ()
—k k,—bx A bx, JTP—J7\ L ([ bx (r+) C Ay (rj—1) (r)
ToaemitC aw® Y E) ( r )ebx <e ) Y +(2-2)y I A

O
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4. Method Analysis and Numerical Examples

We will analyze the singular-type equations using the Adomian Decomposition Method (ADM) [21,22], as
previously mentioned. This approach is now well-established and widely used in the literature, as evidenced
by works such as [23,24].

The ADM allows for the use of an infinite decomposition series, given by:

y(x) = io y(x), 19)

where the solution y(x) is expressed as an infinite series. The function R(x, y) is similarly expanded as:
R(x,y) =) An, (20)
n=0

where the components v, (x) of the solution y(x) are determined recursively. The terms A, are the Adomian
polynomials, defined by:

1 4"

An = i TAm

R(ZN@)] , n=0,1,2,.... (21)
=0 A=0

Practical algorithms for computing the Adomian polynomials are given by the following expressions:

Ap = R(yo),
A1 = y1R (vo),

1
Ay = yaR' (yo) + Ey%R”(yo),

1
As = y3R'(yo) + y12R" (vo) + Z1iR" (o),

4.1. The Fourth-Order Singular Equation of the First Kind

Consider the fourth-order singular equation of the first kind:

d*y 3k Py 3bk , 3k(k—1)\ Py 3bk(k—1) | k(k—1)(k—=2)\ dy | bk(k—-1)(k=2), __
W—F(b—i_?)ﬁ—"_(T—’_ 2 )F+( %) + 3 )E—F#y—R(x,y), X>O, (22)
y(0) =4, y'(0) = y"(0) = y"(0) = 0.
This can be expressed in operator form as:
Ly = R(x,y), (23)
where L is the differential operator defined by:
Ly = x‘kd—3 xke_h"ieb"y (24)
dx3 dx ’
and its inverse is given by:
X X X X
L71() = e*bx/ ebxx*k/ / / XK () dx dx dx dx. (25)
0 0o Jo Jo

If y'(0) = y”(0) = y""(0) = 0and k > 0, b > 0, we have the following expression for the inverse operator
applied to Ly:
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LY (Ly) = / eb"x*k/O /0 / ( FNa (xkebx <jxeb"y)>> dxdxdxdx,
d? d
_ bx .. —k o - -
= / e x /0 /0 I ( (dx y))dxdxdx
= / et xk "4 (xkebx ( ))dxdx
0 dx

= y(x) —y(0)e ",

By applying L~! to Eq. (23), we obtain:

y(x) = ¢(x) + L7 (R(x,y)), (26)

where ¢(x) is the solution of the homogeneous equation, i.e., L(¢(x)) = 0. The series solution for y(x) is then
given by:

Yo = ¢(x),
yn(x) = =L ' (R(x,y)), n>0.

From this formulation, we obtain the new fourth-order singular and nonsingular differential equation.
Putb = 1,k =4inEq. (22) to get,

Y+ (F+2)yO+ (24+%) @+ (B+2) v + Sy =R(xy),
3 (8-80x+16x2+60x>+15 x4 +9 x04+2 x8) 1
R(x,y) =

1+x2 yzl x>0, (27)

4x3(1+x2)9
y(0) =1,¥'(0) = 0,y"(0) = —1,4""(0) = 0.

Using the exact solution of Eq. (27) is y(x) = \/117 Formula (27) can be rewrite as

3 (8—80x+16x%+60x>+15x* +9x0+2x8) 1

1
L :e_Zx - 2, 28
Y 4x3(1+x2)% 1+x2 / )
such that X
d xd x
_ 4 4 =X x
L(.)=x vt EM()'
and

Now, applying L~! on Eq. (28) we find

3 (8—80x+16x2+60x%+15x%+9x6 +2x8) 1 ) L1,

1
x)=e ¥4 L1
v < 4x3(l+x2)% 1+ a2

We use the recursive relation

Ciy o1 (3 (8—80x4+16x% 4+ 60x> +15x* +9x° +2x8) 1
Yo=e " +1L 5 5
4x3(1+x2)2 L+x
Yn+1 = L_lAn,n >0,

where the non-linear term y? is Adomian polynomials as the following

Ao =13,
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A1 = 2yoy1,

so the solution components are

yo = 1. — 0.5x% 4 0.37619 x* — 0.0000595238 x° — 0.312828 x® + 0.0000117217 x”
+0.273563 x8 — 3.49712 x 107% x° — 0.246152 x'°,

y; = —0.00119048 x* + 0.0000595238 x° 4 0.000328208 x® — 0.0000117217 x”
—0.000126197 x® + 3.51549 x 10~° x” + 0.0000582948 x'°,

Yo = 3.00625 x 1077 x® — 1.83715 x 1078 x” — 1.07168 x 107 x1°.

Consequently, the series solution is obtained.

y=1.-05x>+0375x* — 0.3125x° +0.273438 x® — 0.246094 x1* + ..,

1

that leads to the exact solution y(x) = Naret

Putb = k = 1in Eq. (22) to get,
X 2
P+ (14 2y + 3y = R y), Riy) = (1 - S s o
y(0) =1,4'(0) =0,y"(0) = =1,y (0) = —2.

The exact solution of Eq. (29) has the form y(x) = ¢* (1 — x) . We can rewrite Eq. (29) as below

X (94+11x+2x2
Ly=e%(1-2P7-°¢ O+ xx+ x)—yS, (30)

such that L(.) = x‘lﬁxe_xd%ex(.), and L71(.) = e [y e*x71 [ [o [y x(.)dxdxdxdx, by applying inverse

dax3
differential operator to (30) get

e* X
1—¢* (2—x) 1 3 3 € (9+11x+2x%)
y0:_<6x )+L ¥ (1—x)” — . ,
Yn+1 = —LilAn.

After the little of the operation we obtain the first few components of the solution

yo = 1. — 0.5x% —0.333333 x> — 0.125 x* — 0.0333333 x> — 0.00694444 x°
—0.00119048 x” — 0.000173611 x® — 0.0000220459 x° — 2.48016 10~° x'°,

y; = —0.0104167 x* 4 0.00208333 x° 4 0.00173611 x® + 0.000432256 x”
—0.000193541 x® — 0.000176908 x° — 0.0000604342 x'°,

yo = 0.0000116257 x® — 2.66962107° x? — 2.62656 10 ° x1°,

y(x) =yo+y1+y2
=1.—0.5x% —0.333333 x> — 0.135417 x* — 0.03125 x°
— 0.00520833 x® — 0.00075822 x” — 0.000355526 x®
—0.000201624 x° — 0.0000655409 x1° + - - -
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Table 1. Comparison of MADM's absolute error to the exact solution after three iterations with k = B = 1 and
k=2,B=0.5.
k=B=1 k=2,B=05
X Exact MADM Error Exact MADM Error
0.0 1.00000 1.00000 0.000000 1.00000 1.00000 0.00000
0.1 | 0.9946538 | 0.9946538 | 1.11 x 1071° | 0.9946538 | 0.9946538 | 1.11 x 101°
0.2 | 09771222 | 0.9771222 | 5.11 x 107> | 0.9771222 | 0.9771222 | 1.71 x 1013
0.3 | 0.9449011 | 0.9449011 | 4.56 x 10713 | 0.9449011 | 0.9449011 | 1.00 x 10~
0.4 | 0.8950948 | 0.8950948 | 1.09 x 10~'! | 0.8950948 | 0.8950948 | 1.81 x 10~1°
0.5 | 0.8243606 | 0.8243606 | 1.28 x 10719 | 0.8243606 | 0.8243606 | 1.71 x 10~?
0.6 | 0.7288475 | 0.7288475 | 9.62 x 10710 | 0.7288475 | 0.7288475 1.08 x 108
0.7 | 0.6041258 | 0.6041258 5.29 x 10~° 0.6041258 | 0.6041258 5.11 x 1078
0.8 | 0.4451081 | 0.4451082 2.32x10°8 0.4451081 | 0.4451083 1.98 x 1077
0.9 | 0.2459603 | 0.2459603 8.56 x 1078 0.2459603 | 0.2459603 6.52 x 1077
k=b=1 k=2, b=05
.a""’#tv"m i"j-e.“;
- 1‘ ,9' %
1’.1:"'“" 05 [~ 1‘ ‘a""” ‘!l
il |} - 0.5 \
— A ' - \
-4 -3 =2 -1 f‘ 2 __‘__..-—"'h E
! 1 i i i ' 1 i i i ' 1 i 1 i I 1
-0.5¢ \ -4 -3 -2 -1 1 2
\ \
-1.0¢ E -0.5 \
' \
-1.5}¢ | (]
: 1.0} \
-2.0f ' ' '
Figure 3. The numerical results we arrived at in this figure using the MADM series by finding only three
iterations (22:0 Yn = Yo + Y1 + y2) with the Exact solution.
Putb =1K = 0in Eq. (22) to get,
y(4) + ]/(3) = R(x,y),
R(x,y) = 1y 9+9x+72x2—3x3+z4x4—6x5> —2, >0, 31
(x y) -2 (1_x2)% Yy X (31)
y(0) =1,y'(0) =0,y"(0) = —1,y"'(0) =0,
with exact solution .
X) = ——.
)=
1 94+9x+72x> —3x3 +24x* —64°
Ly-( 4 +9x+72x x9+ X X 3 (32)
1—x (1—2x2)2

Lo v Le¥(),and L1(.) = e ¥ [§e* [ [5 Jo ()dxdxdxdx. By taking L~! on Eq. (32) obtain

2
y(x)=2+x +L‘1< !

-1,2
v,

9+9x+72x23x3+24x46x5> .
1— x? B

(1-2x2)
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where

C2+x2 1 9+9x+72x2 —3x% +24x% —6x°
y()— 2 +L 1_x2+ 9 7
(1-22)2
yn+1 = _L_lAi’l/

therefore the first few components of the solution

yo = 1+0.5x% +0.416667 x* — 0.00833333 x° + 0.316667 x° — 0.000595238 x” + 0.274107 x®
—0.0000744048 x” 4+ 0.2463 x0 + . . .,

y; = —0.0416667 x* 4 0.00833333 x° — 0.00416667 x° + 0.000595238 x” — 0.000719246 x°
+0.0000854277 x? — 0.000216876 x'° + - - -,

y2 = 0.0000496032 x® — 0.0000110229 x° + 0.0000110229 x'° + - - -,

The series solution give exactly the exact solution as

4.2. The Fourth Order Singular Eq. of Second Type

The second kind of singular equation of fourth order

d* k(k—1 2bk(k—1)\ dy P2k (k—1
{ (%) E (2 e NG Sy (0 B By (P )y = Ry, x>0, gy
y(0) = do,y'(0) = 41, y"(0) = y"(0) = 0.
Ly = R(xy), (34)
where L is differential operator defined by
d? d?
_ k"™ k,—bx ®*  bx
Ly=x Ryl T aat Y (35)

and

//e X~ // Jdxdxdxdx. (36)

Ify’(0) = y"'(0) = 0,and k > 0, b > 0 we have

107 ) — p—br x/x bx 7k/x/x ko k @ kb (B
(Ly) =e /0 e (x e 20 Ydxdxdxdx,
d ot [(E
/ / et x A x(dxze Yy ) dxdxdx,

after a simple operation we arrive to

Take L~! on Eq. (35) obtain
y(x) = 6(x) + L7 (R(x,y)), (37)

therefore



Open J. Math. Anal. 2024, 8(2), 36-54 48

such that L(6(x)) = 0. Form this equation we get on the new fourth order singular and nonsingular differential
equation.
Putb = %, k =2in Eq. (33) to get,

v+ (1+8)yO + (J+4+3)y@ + (1+3) v+ By =Rxy)
R(x,y) = 2.x +25.ezx(0.2928293+x) (L707114x) _ 2 x>0, (38)

x ny=,
y(0) =1,y(0) =2,y"(0) = 4,y (0) = 8.

The exact solution is,

y(x)=e

Formula (38) can be rewrite as

—X —X . 3 . Zx . .
Ly = (1+ E)gT’ foxe 4 2.x° +25.¢7* (0.292893 4 x) (1.70711 + x) B lnyz. (39)
2 12
Taking L~! of Eq. (39) we have
. x . 3 . 2 x . .
y=(1+ f)e? Loxe 4 L,12 x> +25.¢% (0.292893 + x) (1.70711 + x) B L’llnyz,
2 12
hence s )
X, —x —x _12.x° +25.¢°* (0.292893 + x) (1.70711 + x
yo:(1+§)ez +2xe? +L71 ( 2 ) ( ),
Ynt1 = —L 7 Ang,n 20, (40)

where A; are Adomian polynomials given as

Ap = Iny?o,
A= zﬂ,
Yo
therefore
yi=—-L1Ag=—L""Iny?,
=LA = 12
Yo
hence

yo = 1.4+ 2. x4+ 2.x* +1.33333 x> 4 0.666667 x* + 0.271667 x° + 0.0880556 x°® + 0.0254861 x”

+0.00634177 x® +0.00141145 x° + 0.000282156 x'* + . . .,
yp = 4.768371077 4+-1.9371510 7 x + 7.81962 1077 x2 4+ 1.91328 107 x> 4 4.20188 107 x*

—0.01 x° + 0.00166667 x® — 0.000178572 x” + 0.000014881 x8 — 2.96241 107 % x° +2.9298 10 ¢ 10 + .. .,
Yo = 3.8147107° — 1.6689310° x + 4.53981 107 x> — 6.07684 108 x> — 1.9462510 7 x*

+6.05071077 x° —2.48714107% x® + 6.6283510 10 x” — 1.28373107 10 »®

+3.8580410 %% — 5735610 x10 + .. ..

This means that the solution in a series form given by

y(x) =yo+y1 +y2+..
=1.4+2.x +2.x% + 133333 x> + 0.666667 x* + 0.261667 x> + 0.0897222 x°
+0.0253075 x7 + 0.00635665 x® 4 0.00141235 x° + 0.00027935 x10 + ...,
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and in the closed form
y(x) = e

Putb =k = 1in Eq. (33) to get,

y@+ @2+ 3y + 1+ Dy + 2y = R(x,y),
R(x,y) _ (—x2 +COS(x>)3 _ 846x+4 cos(x)—2x sin(x) _y3/ x>0, (41)

X

y(0) = 1,¥'(0) = 0,y"(0) = —=3,y""(0) = 0.

Exact solution of Eq. (41) is
y(x) = —x* + cos(x).

Using the differential operator L in Eq. (35) and L~1lin Eq. (36) of Eq. (41) we get

yo = 1. — 1.5 x% 4 0.0555556 x* — 0.00555556 x° — 0.0075 x°® + 0.00187831 x” + 0.0025874 x®
—0.000595553 x” — 0.000488985 x10 + ... .,

y1 = —0.0138889 x* 4 0.00555556 x° 4 0.00611111 x® — 0.00187831 x”
—0.00258031 x® 4 0.000603623 x” 4 0.000509411 x'° + ...,

Yy, = 0.0000177154 x8 — 8.07036 x 107° x* — 0.0000207021 x'° + . . ..

This means that the solution in a series form given by

y(x) =yo+y1 +y2+ ..
=1. — 1.5x% + 0.0416667 x* — 0.00138889 x° + 0.0000248016 x® — 2.7557310 7 x10 + ...,

and in the closed form y(x) = —x? + cos(x).
Putb =1,k = 0in Eq. (33) to get,

y@ +2y®) 4y = R(x,y)R(x,y) =In(e ™+ %) —Iny, x>0,
! /! 1 (42)
y(0) =1,y'(0) = 0,y"(0) = =1,y (0) = 2,
with exact solution y(x) = (1;" ) .
Ly = In(e™* + %) ~Iny, 43)
where ) )
_E
L(.) = 2 g2t (L),
and

L7l)=e~ /Ox ./O‘x e* /Ox /Ox(.)dxdxdxdx.

By taking L~! on Eq. (43) we obtain

where

11—
yo = — ( = x) + L7 (In(e™ +

]/n+1 = _L_lAn/

where A; polynomials of Adomian taken form

AQ = lﬂyo,
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A=
Yo
therefore
yl = —LilAQ = —Lillnyo,
y1=—L1A; = L1/
Yo

therefore the first few components of the solution

yo = 1. — 0.5x2 4 0.333333x° — 0.125 x* + 0.0333333 x° — 0.00833333 x° + 0.00198413 x”
— 0.000496032 x® + 0.00014881 x° — 0.0000573192 10 + - - . ,

y1 = 0.00138889 x® — 0.000793651 x” + 0.000322421 x® — 0.000126764 x° + 0.0000551146 x'* + - - .,

Yy = —2.75573 x 1077 x10 +

y(x)=vo+yi+y2+---,
=1.—0.5x% 4+ 0.333333 x% — 0.125 x* 4 0.0333333 x° — 0.00694444 x® + 0.00119048 x”
—0.000173611 x® + 0.0000220459 x” — 2.48016 x 107 x10 + - ..

This leads us the exact solution y(x) = (1;" ) .

4.3. The Fourth-Order Singular Equation of the Third Kind

The fourth-order singular equation of the third kind is given by:

{dx4+( £yap) Th 4 (B 4307) Y+ (Lh49°) X4 (B2 y = R(xy), x>0,
y()—5o/y()=51,y()—5z,y”’()—0.

The equation can be expressed compactly as:

Ly = R(x,y),

where L is the differential operator defined as:

d a3
_ k" k,—bx “ ([ bx
=t (e g (4).

and its inverse is given by:

X X X X
*bx/ / / eb"x*k/ XK () dx dx dx dx.
0o Jo Jo 0

Assuming i’ (0) = 0,k > 0,and b > 0, applying L~! to both sides yields:

107y — pbx "/x/x bx —k/xk k(b @ (e
(Ly) =e /0 A A S E e d3(€ y) dxdxdxdx.

Simplifying further, we have:

xd3
HLy) = e ///dx3 dxdxdx

After computation,

2
y(x) = |y(0)(1 + bx + 12X >+y< 0)(x + bx2) + ' (0) (2)] o,

(44)

(45)

(46)

(47)
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Applying L~! to Eq. (45) gives:
y(x) =R(x) + L (R(x,y)), (48)
where
Yo =R(x), yn=-L""(R(x,y)), n>0,
and L(X(x)) = 0.
From this formulation, we derive a new fourth-order singular and nonsingular differential equation.
Putb =1,k = 1in Eq. (44) to get,

d° d?
D (L3) D+ ) B+ ) 2+ (L) y=Rxy),
R(x,y) = 442x +24x3+jzcl:iZZ)J;/JZr7x6+3x7+2x lny ) x>0, (49)

y(0) =1,y'(0) = 0,y"(0) = 1,y""(0) = 0.

The exact solution is

y(x) = V1422,
Which can be rewrite as

4 4 2x2 4+ 24x3 4 3x* + 1245 4+ 740 4 3x7 4+ 248

Ly=(1+x+x2)e ™+ NREROE —1Iny?, (50)
such that s
d d
-1 —x*Y x
L(.)=x ke s (L),
and

/ / / efx ! / dxdxdxdx,

Now, applying L~! on Eq. (50) we find

y(x) = (14 x4 ) + L,1(4 + 2x2 +24x3 + 3x* +12x° + 7x6 4 3x7 + 248
x (14 x2)7/2

+In(1+x2)) — L Iny?,

we use the recursive relation

yo = 14 0.5x% — 0.125x* 4 0.0645833x° — 0.000892857x” — 0.0390873x°
+0.000041336x° + 0.0273913x10 + ..,

y; = —0.0208333x* + 0.0125x° — 0.00625x° + 0.00188492x” — 0.000409226x°
+0.0000702712x” — 0.0000107818x'0 + ...,

y2 = 0.000020668x% — 0.0000139755x° + 2.0569504283194747 x 10 6x10 4. ...

The series solution is

y(x) =yo+y1 +y2+ ...
=1+ 0.5x% — 0.145833x* + 0.0125x° + 0.0583333x° + 0.000992063x” — 0.0394758x8 + ....

Putb =1,k = 0in Eq. (44) to get,

y® 43y 43y +/ = R(x,y),
R(x,y) = =24+ ¢ ¥ 4 48x 4 14422 4 56x3 + 524 — ¥, x >0, (51)
y(0) =y'(0) = y"(0) = y"'(0) = 0.
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Table 2. Comparison of MADM'’s absolute error to the exact solution after three iterations with k = B = 1 and

k=3b=1.
k=B=1 k=3b=3
x Exact MADM Error Exact MADM Error
0.0 | 1.0000 1.0000 0.0000 1.0000 1.0000 0.0000
0.1 | 1.00499 | 1.00499 | 1.96 x 10=° | 1.00499 | 1.00499 | 1.02 x 10~°
0.2 | 1.01980 | 1.01977 | 296 x 10> | 1.01980 | 1.01979 | 1.60 x 107>
0.3 | 1.04403 | 1.04389 | 1.41x 10~% | 1.04403 | 1.04395 | 7.95 x 107>
04 | 1.07703 | 1.07661 | 421 x 104 | 1.07703 | 1.07679 | 2.46 x 10~*
0.5 | 1.11803 | 1.11707 | 9.66 x 10~* | 1.11803 | 1.11745 | 593 x 10~*
0.6 | 1.16619 | 1.16432 | 1.87x 1073 | 1.16619 | 1.16502 | 1.17 x 1073
0.7 | 1.22066 | 1.21753 | 3.12x 1073 | 1.22066 | 1.21868 | 1.98 x 1073
0.8 | 1.28062 | 127619 | 443 x 1073 | 1.28062 | 1.27790 | 2.72 x 1073
0.9 | 134536 | 1.34077 | 459 x 1073 | 1.34536 | 1.34314 | 2.22x 1073
1
k=3, b=- k=b=1
3
i 2_5 L
2'5f
| Z_D L
2.0 [
L 1.6} ,/
15+ /
f o
e e ™
... S N -15 -10 -05 0.5 1.0 15
-1.5 -1.0 -0.5 0.5 1.0 1.5

Figure 6. The approximate results we obtained in these figuers utilizing the MADM series by finding just three
iterations (22:0 Yn = Yo + Y1 + y2) with the Exact solution.

5

The exact solution to this equation is y(x) = x> — x*. By applying the operator L from (47) and its inverse

L~! from Eq. (48) to Eq. (51), we obtain:
y(x) = LY (=24 + e 4 48x + 1442 + 5633 + 5x4) — L 1e¥,
where
4
yo = L1 (=24 4 T 4 48x + 14422 + 561> + 5x%),

and

Ynt1 = —L7'A,, n>o0.

The terms A, are Adomian polynomials corresponding to the nonlinear part e/, defined as follows:
A() = eyo, A1 = yleyo,

For example:

—0.958333x* + 0.975x° + 0.00833333x° — 0.00198413x” — 0.000223214x® + 0.00047123x°,
—0.0416667x* + 0.025x° — 0.00833333x° + 0.00198413x” + 0.000198413x® — 0.000454696x°,
0.0000248016x% — 0.0000165344x°,

Yo
n
Y2
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and so on.
The series solution takes the form:

y(x)=vo+yi+y2+...,

which simplifies to:
y(x) = —x* +2°,

leading to the exact solution y(x) = x° — x*.

5. Conclusion

In this study, we investigated three singular fourth-order differential equations with initial conditions
using a novel modification of the Adomian decomposition method. This approach allowed us to derive a
general formula that encompasses all three equations. From these foundational equations, we formulated
various types of singular and nonsingular fourth-order differential equations. Through illustrative examples,
we demonstrated the efficiency of this new modification and obtained results that are both highly accurate and
closely aligned with the exact solutions.
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