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Abstract: The primary objective of this paper is to introduce a novel integral transform, referred to as the
Hartley-Bessel-Stockwell transform, and to establish several fundamental results associated with it. Specifically,
we derive generalized versions of Parseval’s identity, Plancherel’s theorem, the inversion formula, and
Calderon’s reproducing formula for this transform. Furthermore, we investigate the concentration properties
of the Hartley-Bessel-Stockwell transform on sets of finite measure and present an uncertainty principle
for orthonormal sequences. Finally, leveraging the theory of reproducing kernels and best approximation
methods, we examine the extremal functions associated with this transform. We provide their integral
representations and derive optimal estimates for these functions within weighted Sobolev spaces.
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1. Introduction

ime-frequency analysis plays a fundamental role in mathematics and physics, appearing prominently

T in harmonic analysis and signal theory. This field encompasses various methods that involve not only
the signal and its Fourier transform f but also every representation of a signal in the time-frequency domain.

One of the primary objectives of Fourier analysis is the study of time-frequency analysis. This theory,

significantly advanced by Grochenig [1], introduced innovative ways to examine the local frequency spectrum

of signals. Through representations such as the short-time Fourier transform, the wavelet transform, and the

Wigner distribution, this approach enables the simultaneous representation of spatial and frequency variables

in a unified framework called the time-frequency plane. However, the short-time Fourier transform has a
notable limitation: the fixed width of its analyzing window. In many practical applications, the high-frequency
components of a signal are more time-localized than the low-frequency ones. This rigidity in the window
function motivated the development of the wavelet transform [2].

The Stockwell transform, often referred to as the S-transform in the literature, was first introduced by
geophysicist Stockwell [3]. It provides a solution to the limitations of fixed window width, offering an
adaptable representation for analyzing signals.

The Hartley transform is a linear operator defined for a suitable function ¢(x) as:

H(P)A) = \/1271 [ () cas(axya, 1)

where cas(x), the cas function, is given by:
cas(x) = Z 723(”, )

with (3) = w denoting the binomial coefficient.
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The cas function, as defined in (2), can be interpreted as a generalization of the exponential function
exp. A straightforward computation reveals that cas(x) is the unique C* solution of the following
differential-reflection problem [4]:

RO u(x) = Au(x),
{ u(0) =0, ©)
where 9, denotes the first-order derivative, and R is the reflection operator acting on functions f(x) as:
R(f)(x) = f(=x). )
The cas function is multiplicative on R, satisfying:
1
cas(x) cas(y) = 5 (cas(x +y) — cas(—x —y) + cas(x — y) + cas(y — x)). (5)

Inspired by the relation (4), the author in [4] generalized it for the Hartley-Bessel function and introduced
a generalized convolution product. This paper focuses on the generalized Hartley transform, referred to as the
Hartley-Bessel transform, introduced in [4-6]. Specifically, we consider the differential-reflection operator A,
defined by:

B=R(0:+5)+%, azo, 6)

where R is the reflection operator given in (3).

The operator A, is closely linked to Dunkl’s theory [4,7]. Moreover, its eigenfunctions are related to Bessel
functions and satisfy a product formula, enabling the development of a novel harmonic analysis associated
with this operator [4].

The Stockwell transform has been successfully employed in diverse applications, such as seismic
recording, ground vibration analysis, geophysics, medical imaging, hydrology, gravitational wave detection,
and power system analysis [8-11]. Given its significance, the mathematical theory of this transform is evolving
in multiple directions, with numerous extensions proposed recently, see [1,7,12,13].

Since harmonic analysis associated with the Hartley-Bessel operator (5) has seen remarkable
development, it is natural to explore whether a time-frequency analysis equivalent for the Stockwell transform
exists in the Hartley-Bessel setting.

The primary aim of this paper is twofold. First, we introduce the Stockwell transform in the Hartley-Bessel
setting and present new results related to this transform. Second, we analyze the concentration of this
transform on sets of finite measure and establish uncertainty principles for orthonormal sequences. Finally,
using best approximations and reproducing kernel theory, we investigate extremal functions related to this
transform, deriving their integral representation and optimal estimates on weighted Sobolev spaces. The
remainder of this paper is structured as follows. Section 2 reviews the main results related to harmonic
analysis associated with the Hartley-Bessel operator (5). In Section 3, we define the Stockwell transform in
the Hartley-Bessel setting and present new findings related to this transform. Section 4 focuses on uncertainty
principles associated with the Hartley-Bessel-Stockwell transform. Finally, Section 5 examines extremal
functions linked to this transform in weighted Sobolev spaces.

2. Harmonic Analysis Associated with the Hartley-Bessel Transform

In this section, we recall key results in harmonic analysis related to the Hartley-Bessel transform. For
further details, we refer the reader to [4].

2.1. Weighted Lebesgue Measure and Function Spaces
For & > 0, the weighted Lebesgue measure y, on R is defined as:
|21x

dpy(x) := [x

= —2a+%r (,X N %> dx, ()

where I' denotes the Gamma function.
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The weighted Lebesgue space L (R), 1 < p < oo, consists of measurable functions f satisfying:

1/
_ JURIF @I dpa(2)) 77 <00, 1<p <o,
1A llp e = ®)
esssup, . | f(x)] < o, p = oo.
In particular, for p = 2, the space L2(R) is a Hilbert space with the inner product:
we= [ F0ZC) dpa). ©)
2.2. Eigenfunctions of the Differential-Reflection Operator A,
For A € C, consider the Cauchy problem:
A = Au(x),
(S) . Déu(x) u(x) (10)
u(0) =1.
As shown in [4], this problem admits a unique solution B, (A-) given by:
Ax) = i A Ax . A
By(Ax) —],x_%( x)+m],x+%( X), (11)

where j, denotes the normalized Bessel function of order a (see [4]). The function B,(A-) is infinitely
differentiable on R, and it satisfies the following bound:

VA, x €R, |Bu(Ax)| < V2. (12)

Furthermore, from [4], the Hartley-Bessel kernel exhibits the multiplicative property:
YAER, x,y € R, Bu(Ax)By(Ay) = /R Ba(A2)Ka(x, y,2) dita(2), (13)
where K, is the Bessel kernel explicitly provided in [4]. The product formula (9) generalizes classical relations

and facilitates the definition of a translation operator, convolution product, and the development of harmonic
analysis associated with A,.

2.3. The Hartley-Bessel Transform
Definition 1 ([4]). The Hartley-Bessel transform .7 is defined on LI (R) as

A )W) = [ BuAn)f(x) dpu(x), A€ R. (14
The Hartley-Bessel transform satisfies the following key properties (see [4] for proofs):

Proposition 2. 1. Boundedness: For every f € LL(R),

17 (F)lleo e < V211 f 11 (15)

2. Inversion Formula: For f € (LY N L2)(R) such that #;(f) € LL(R), we have:
x) = /R Ba(AX)H(f) (M) dita(A), ae. x € R. (16)

3. Plancherel Theorem: The Hartley-Bessel transform J; extends to an isometric isomorphism on L2(R):

||f||2,ﬂa = Hjﬁx(f)HZ,y,x- (17)
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2.4. Translation Operator and Generalized Convolution

The product formula (9) enables the definition of the translation operator.

Definition 3. Let f be a measurable function on R. For x,y € R, the translation operator 7. is defined as:

TEFW) = [ F@Kal,y,2) dpa(2).
The translation operator satisfies the following properties ([4]):

Proposition 4. Forall x,y € R:

1. Symmetry:

2. Preservation of Integrals:

LT @) ana(y) = [ £) dpuy).

3. Norm Preservation: For f € LE(R), p € [1,00], the translation operator preserves norms:
1T fllppec < WF i

Using the translation operator, the generalized convolution product of f, g is defined as:

(Fra@)t) = [ TEFW)S() dpa(y).

(18)

(19)

(20)

21)

(22)

The generalized convolution satisfies properties such as Young’s inequality, Plancherel’s theorem, and the

convolution theorem. For further details, see [4].

3. Stockwell Transform Associated with The Hartley-Bessel operator

The main purpose of this section is to introduce the Hartley-Bessel-Stockwell transform and to give some

new results related to this transform.
Notation : we denote by
o L} (R?),1 < p < oo the space of measurable functions on R x R satisfying

(Ji Ji |F (2 9) P dpia () @ dpia(y)) 7, if p € [1,+00]
1 llpeona == 4 esssup [f(x,y)| if p = +co0.
(x,y) eRxR

Let ¢ in L2 (R) and y € R, we recall that the modulation operator of ¢ is given by

M) = i (V1A
By using Plancherel’s formula (12) and the relation (15) we find that MY (y) € L2 (R) and

MY ()20 = [9ll2-

Definition 5. Let y € R. We define the dilation operator %, of a measurable function ¢ by

VxeR, Zy(y)(x) =y y(xy).

Forall y € L3 (R) we have Z,(¢) € L3 (R) and

1Za(@) 20 = [$ll2a-

(23)

(24)
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Now, for every non-zero window function ¢ in L2 (R), we consider the family y*¥ defined by
(25)

T (MY (2y(9))) (2), VY(xy) e RxR.

) =
Definition 6. For every f and ¢ in L2 (R) we define the Hartley-Bessel-Stockwell transform by
Sy(NGy) = [ FEPTE (), (26)
Remark 1. 1- The Hartley-Bessel-Stockwell transform (26) can be also expressed in the form
SH((xY) = (MY(Gy(F)) # f) (3). @7)
By using Holder’s inequality and the relations (23),(24)and (25) we find that S (f) € LY (]RZ) and we have
15, < 12l (28)

Definition 7. Let ¢1, 1, be non-zero functions in L2 (R), we say that the pair (11, ;) is admissible if for almost

(29)

all A € R we have
0<Cyry, :/%(My(%(ﬁ))) (A)Fu (MY(Zy(¢2))) (M) dpa(y) < oo

In the following we have generalized Parseval’s formula for S

Theorem 8. Let ({1, ) be an admissible pair then for all f, ¢ € L2 (R) we have
(30)

/R /IRSi1 () = Cyryp, / flx dP‘a( )

Proof. By using Fubini’s theorem and the relations (12), (18), and (27) we find that

N EAGE

= / / My -@y (1)) *a f) (x)(My(-@y(%» *u 8) (x)dya(x)] dpa(y)

-/ [ [ (MY(9(51))) (W) (MY (2, (2))) D)6 (D) Za () M dpa (1) | dpa(v)

S5.(9) (x,y)dpta(x) @ dpta(y)

S, (8)(x,y)dpa (x) @ dpia(y)

_ClPlllﬂz/f d]/‘zx( )-

The proof is complete. [J
= Yy and f = g we find that

Corollary 9 (Plancherel’s formula for S3). If ¢ = 4
1)

[50],.0. = Vol

Cp=Cpy = [ 1% (MY(2,()) (V) Pela(y)

(32)

where

We have the following result.
Theorem 10. Let ¢ be an admissible function in L2 (R), for every f € L2(R) the function S%(f) belongs to

Ly (R?)), p € [2, +c0] and we have
Iss] < vl Iflaa 33

Prba®pa
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Proof. By using the relations (28) and (31), the relation (33) follows from the Riesz-Thorin interpolation
theorem see [2]. [

In the following, we establish a generalized inversion formula for the Hartley-Bessel-Stockwell transform

Si.

Theorem 11. Let (y1,7) be an admissible pair in L2 (R), then for all f € L2 (Rﬂ) we have
_ 1 14 X,y
£ = g fo L Sh N e () @ dpa (),
weakly in L2 (R).
Proof. By using the relations (26),(30) and Fubini’s theorem we find that

[ PR ) = [ [ 55 (xy)STEICE 1) (2) @ ay)

Clﬁllﬁz/ (// 1/’1 y(Z)dﬂa(x)®dﬂa(y)> (z)dpa(z),

which gives the result. [

The reproducing kernels for Hilbert space play an important role in harmonic analysis [14]. In this context,
we have the following result.

Theorem 12. The space S, (L2 (R)) is a reproducing kernel Hilbert space in L2 (Rﬁ‘i) with kernel function Ky defined
by
Ko (9)i o)) = & = (MY (2 ) 5 ) (),

where Cy is given by the relation (32).
Furthermore, the kernel is pointwise bounded

2
Ky (¥ 9'): ()] < Hlﬂi'“, V(x,y); (¥,y) € R%

Proof. By using the relations (27) and (30) we find that

) clp//sa v') Sy @) (e (x') @ dpa (')
= (s <f>|fc¢<<><x,y>>>

HaRUa !
where

Ko (493 ) = @ (MY (@ () v (),

Finally by the Cauchy-Schwarz inequality, we get

K (€90 m)| < & [ @19 )] duete) <

O

The rest of this section is devoted to give Calderén’s type reproducing formula for the
Hartley-Bessel-Stockwell transform, to do this we need the help of the following result.
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Proposition 13. Let 0 < v < & < oo and (1,4,) be an admissible pair such that H; (MY(Zy($1))) and
Hy (MY(Dy(2))) belongs to LY (R) forall y € R . We put

Gral) = o [ (MU(G(F0) =0 (M 24(F2)) ()e) o9
and
KoV = o [ A (MA@ 0) () 7 (V24 52)) (Ve ) ©9)
where

D(y,0) ={xeR:qy <x <4}.

Then we have G., 5 belongs to L2 (Ri) and
Ha(Gy5)(A) = Ky 5(A). (36)

Proof. By using Holder’s inequality and the relations (23) and (24) we find that

C2

Gyi(x)* < ”((w‘s” ooy M2 G0)) w2 24 20 )] )
Y142 ) ¢

So

[Gralfa =BG [ (1 (MU F) (DP1A (M) (D )] )
Y12

Va( ( 5
§< o ) |0 (MY (24 ())) | 10213, < 0.

Which proves that G, s belongs to L2 (R), furthermore by using Parseval’s relation (14) and (20) we find that

(M9 (1)) 0 (MI(Z,(§20)) (x) = [ o (5 (MY (9 (§1)) (1) e (MY (2, (F2))) (D elpa (1)
= [ BulAx) e (M (2 (§2))) (V) o (MY (2, (2))) (D elia ().

Now, by using Fubini’s theorem we find that

G'y,é (x )

L [ B ( o e M) () (M, ) (A)dua(y))dua(?\)
1P1 103
= [ Bu(Ax) K7,§<A>dya<A>.

Inversion formula (11) gives the relation (36). O

In the following we establish generalized reproducing inversion formula of Calderén’s type for the
Hartley-Bessel-Stockwell transform S;, which is more general than that which is proved in [13].

Theorem 14. Let 0 < v < & < +oco and (1,¢2) be an admissible pair such that 7 (MY(Zy(1))) and
Ay (MY(2y(2))) belongs to LY (R) forally € R, the function f., 5 defined for all z € R by:

f75 Clp g / 75 / ‘/’1 x y (Z)dl’lﬂ‘(x> ®d%x(]/), (37)

belongs to L2 (R) and satisfies

(w)gr%Jr e = fHZF‘“ 0 (38)
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Proof. It is easy to see that for all f € L2 (R) we have f, s = f %4 G, 5, where G, 4 is the function given by the
relation (34), by using the relations (12),(36) we find that

2 2 2
[fra = Fla = [ IAAEY AP (1= K1) dita(A):
By using the relations (29),(35), the relation (38) follows from the dominated convergence theorem. [

4. Uncertainty Principles Associated with the Hartley-Bessel-Stockwell Transform

In this section, we estimate the concentration of Sy, (f) on subset of R x R of finite measure, similar results
have been checked in [15] and we establish the uncertainty principle for orthonormal sequences associated
with the Hartley-Bessel-Stockwell transform, first we consider the following orthogonal projections

(1) Let Py be the orthogonal projection from L (R?)onto Sj (L7 (R)) and Im Py denotes the range of Py.

(2) Let Pg be the orthogonal projection on L2 (R?) defined by

PeF = xgF, Fe L2 (R2) ) (39)
where E C R x R and Im P is the range of Pr. Also, we define

|PePyl| = sup {|[PePy ()l o, < F € L3 (B7), IIF

2/Va®,uzx = 1} .

We first need the following result.

Theorem 15. Let { be an admissible function in L2 (R). Then for any E C R x R of finite measure 1y @ py(E) < o0,
the operator Pg Py is a Hilbert-Schmidt operator. Moreover, we have the following estimation

| PEPy|| < —==1/pa @ pa(E).

Proof. Since Py is a projection onto a reproducing karnel Hilbert space, for any function F € L3(R?), the
orthogonal projection P can be expressed as

(08) = [[,F (.8 K (¥,8)5(60) dua (')  diia(),
where ICy ((x/,¢"); (x,&)) is same as already defined, using the relation (39), we find that
PePy(F)(x,¢) = /RZ xe(x, OF (7, &) Ky (¢, )5 (x,8)) dpta(x) @ dua(&).

This shows that the operator PgPy is an integral operator with kernel K((x',&');(x,¢)) =
Xe(x, &)y ((x',¢"); (x,&)). Using the relation (28) and Fubini’s theorem, we find that

[Pl = [, [ st @)R 1K (4,8 (0 00) [ dpa () @ i (€ () @ a0

o @ pa(E) < oco. (40)

Thus, the operator PrP, is a Hilbert-Schmidt operator. Now, the proof follows from the fact that HPEP¢ H <
PPy | -

In the following, we obtain the uncertainty principle for orthonormal sequences associated with the
Hartley-Bessel-Stockwell transform.
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Theorem 16. Let 1 be an admissible function in L2 (R) and {¢, },,c be an orthonormal sequence in L2 (R). Then for
any subset E C R x R of finite measure po & po(E) < 00, we have

1915
> < H Ha ®,1/lpc(E)/
Mo @

N
)y (1 ~ [xesss o] .,

forevery N € N.

Proof. Proof. Let {e,},cy be an orthonormal basis for L2 (Rid ) Since PgPy is a Hilbert-Schmidt operator,
and satisfied the relation (40) and we have

i3
%<P¢PEP¢6”'6">;4 O HPEPl/JHHs < ¢C¢2“ o @ pa(E) < o0
ne

According to the paper [16], the positive operator Py Pg Py is a trace class operator and we have

2
tr (PI,UPEPL,[J) = ||PEP¢HHS < Ho & ]la(E) < 00,
where tr (PyPgPy) denotes the trace of the operator PyPrPy. Since {¢,}, .y be an orthonormal sequence in

L2(R%), from the orthogonality relation (31), we obtain that {Sfl‘, (¢pn) }nGN is also an orthonormal sequence in
L2 (Rid) thus

N

< .
Ha®pa n; <P¢PZP¢S¢ (¢n) . Sy (an)>%®#“ < tr (PyPePy)

£ (255 00,53 00)

Hence, we find that

N
3PS (955 () e @ ialE) < co.

mape — Cy

Moreover, for any n with 1 < n < N, using the Cauchy-Schwarz inequality, we get

(PeSy (0n), S} (@) = 1= (PesSy (@), S5 (@) = 1= |[xeeS (9n)

Ha @y Ha U ‘2,;4a®;4a ’

Thus, we obtain

N

3 (1= st (o)

Ha @ pa(E) < 0.

N
‘2%@%) ; <PESIIJ Pn), Sy (%)>W®M <G,

This completes the proof of the theorem. O

5. Extremal Functions Associated with the Hartley-Bessel-Stockwell Transform

By using the theory of reproducing kernels [3,14], the main purpose of this section is to study the extremal
functions associated with the Hartley-Bessel-Stockwell transform and to give an integral representation and
best estimate of these functions on weighted Sobolev spaces.

5.1. Sobolev type spaces Associated with the Hartley-Bessel Transform

Definition 17. Lets € R, we define the Hartley-Bessel-Sobolev space of order s that will be denoted by

HiR) = {7 < B®Y/ (14 102) a0 < 2wy ).
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We provide H3(R%1) with the inner product given by

foghng = [ (14 1AP) A (DN AR g (), (41)

and the norm

£ = (£ ms = [ (1 1AR) 14D dia(A). 2)

Definition 18. Let ¢ be a admissible function in L2(R), we introduce the inner product in the Hilbert space
H; (R) for any fixed p > 0 by

. X o o
(f )y, = B + (S S3@), - (43)
The norm associated to this inner product is defined by
£ = B +|spn ] (a4)
By « k4 2!”‘[\’@]’[&

We have the following result.
Proposition 19. For s > a + 1 and ¢ be a admissible function in L2(R) and B > 0 then we have
feH;,(R) = Jlf) € Ly(R). (45)
Proof. By using the relations (12),(31),(41) and (43) we find that
£, = [ [B(1+1AR) +Cy] 1GNP dua(A), (46)

by using Holder’s inequality and the fact that s > a + 1 we find that

dpa (A %
12l < 1S N, (/R [ﬁ<1+|HA|(2>2+CwJ> -

which gives the result. O

Theorem 20. Let s > a + 1 ¢ be an admissible function in L2(R) and B > 0 then the space (HE w(R)' (, )H;w) isa
reproducing kernel Hilbert space with kernel given by

By (Ax)B, ()\y)

REHNR) +Cp

Hpy(x,y) =

that is for every y € R;
(i) The function x — g, (x,y) € H,Sg,q;(R)'
(ii) For every f € Hg ,(R) and y € R we have

fly) = <f~/"i”ﬁ,¢(-/y)>HE¢

Proof. Lety € R, by using the fact that s > a + 1 and the relation (2.4), the function

By (Ay)
BO+IARN +Cy
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belongs to L} (R) N L2(R), by using Plancherel’s theorem for the Hartley-Bessel transform, there exist a unique
function in L2(R), which we denote by (-, y) such that

B (Ay)
B(1+[AA)+C

Hi (A (1)) (A) = (47)

by using inversion formula (11) we find that

_ [ _Bu(A0)By(Ay)
A o) = [ 5et s g e

Furthermore, by using the relations (10),(45)and (47) we find that

dpa (A
R B (14 |A]2)° + Cy

[

7

which proves that 73 (-, y) € Hfg,lp(R), now let f € Hy  (R) by using the relations (46) and (50) we find that

<f l/ﬁq, /% A)Bu(Ay)dpa(A).

Inversion formula (11) gives the desired result. [

In the following we give the main result of this section.

Theorem 21. Let s > a + 1, ¢ be an admissible function in L2 (R) and g € L2 (R?), B > 0 then the infimum

it {80+ Js =530, | s

feHi (R

is attained by a unique function fg*l# 8 given by
Fanp®) = [[,800 20505, 2)dps(x) & dpn(2), (49)

where ¢y, g is given by

_ [ BalA)B () (ME( () (V)
Puplx,.2) = [ R Qo (A): (50)

Proof. The existence and unicity of the extremal function f, g*,lp, B satistfying the relation (48) is given in [3] and
this function is given by the following relation

SowpY) = <g, Si(%,¢<-,y))>ﬂa®ﬂu , (51)

where .} ; is the kernel function given the relation (47), on the other hand, by using the relations (12),(25) and
(26) we find that

Sy (g 1)(,2) = [ Ha( Ay (1) W HGZ) N dpa (1)
Using the relations (25), (47) and (51) we find the result. [
We have the following results.

Theorem 22. Let s > a + 1, y be an admissible function in L2 (R) and g € L2 (R?), B > 0 then we have

// Bu(Ay)#a (8(- 2)) (A) Ao (M*(Z:(¥))) (A)
R2 (1—|—|)\|2) +Cy

() foppW) dug(A) @ dpa(z). (52)
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y Ha (8(+,2)) (M)A (ME(Z:(9))) (M)
Ho(fr o p)(A) = / u dite (2). 53
(i) Halfgup)N) = [, AR TC e 63)
e 18112, e 191124,
(i) | frppllmg < —F g ke, (54)
Proof. (i) Is a consequence of (49), (50) and Fubini’s theorem.
(ii) Is a consquence of Fubini’s theorem and the relation (52).
(iii)By using the relation (42) we find that
s 2
gl = [ (14 1A8) |7 £y ) )] diia(A).
By using Holder’s inequality, we find that
2 HIPHZa
A, )W) < / d
AN < G ey Je S @)

so we find that oo ) ) ) )
e < A VB8 By o, _ Islcn, 191Bs
WA ST AR G S B

which gives the desired result. [J

Corollary 23. Lets > a + 1, ¢ be an admissible function in L2 (R) and B > 0, forall f € H3(R) and ¢ = Sy (f), the
extremal function fg, (F.p satisfies the following properties
(p 7Y

. \ _ HG(f)(A)Cy
Q) Halfsy(p)p8) (V) = BA+IAR +Cp (55)
g 112,50, [1¥1l2,0, v/C
i) Ny pplli < —2 ﬁf’* ver (56)
Proof. (i) By using the relations (25) and (26) we find that
Ha(Sy(f)(2))(A) = A (f) (M) A (MA(Z=())) (A). (57)

Using the relations (53) and (57) we find the relation (55).
(ii) Is a consequence of (31) and (54). O

Theorem 24 (Second Calderén Reproducing Formula). Let s > a + 1, ¢ be an admissible function in L2 (R), and

B > 0. Forall f € Hy(R), the extremal function f¢, (), Satisfies:
¢7 7Y

lim
B—0F

Moreover, %, converges uniformly to f as § — 0T,
sy 8 Y

(f)yp

Proof. Using the relation (55), we obtain:

] —B(L+IAP) A (f)(A)
ﬁf?x(fsﬁ b f)() B+ AR +Cp (58)
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Consequently, the H; -norm of the difference is:

By applying the dominated convergence theorem and noting that:

/Rd B ( 1+|A| D7 IADNE o

BO+[AR) +Cy)°

fss (.

B2 (1+ AP | A (V)
(B(1+ AR +Cy)°

< (1+1AP) 14D P,

we conclude that:

lim
B—0+

fsa

Next, using the inversion formula (11) and relation (58), we find:

f;m(f),q;,;;(y) - f(]/) = /R% <f§f/‘)(f),lll,ﬁ - f> ()\)Ba(/\]/) d‘u“(/\)_
Substituting (58), we get:

—B (1+AP)° H4(f)(A)Bu(Ay)
B(1+|A12)° +Cy

fss(5) .8 fly) = dpa(A).

Applying the dominated convergence theorem again and observing that:

| —B (1+|A1?)" A (f)(A)Ba(Ay)

B(1+|AR)Y +Cy |§ | (f)(M)],

we deduce that:

lim
B—0F

fss ()

This establishes that fZ, ()0, CONVETZES uniformly to f as B — 07, completing the proof. [
lp 7Y
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