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Abstract: In this paper, the differential subordination ﬁ +cp(z)+4d Z(Z:((ZZ)) < s(z),k > 1,z € Eis
studied by using Lowner Chain. The corresponding result for differential superordination is also obtained
to get sandwich type result. Consequently, we obtain sufficient conditions for Starlikeness and Convexity of

analytic function f.
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1. Introduction

L et H denote the class of analytic functions in the open disk E = {z : |z| < 1}. Fora € C (the complex
plane) and n € N (set of natural numbers), let #[a, 11] be the subclass of H consisting of functions of the

form
f(z) =a+anz" +a,q2" 4

Let A denote the class of all analytic functions f which are normalized by the conditions f(0) = f/(0) —1 = 0.
Therefore the functions of the class A are of the form

flz)=z+Y, a2,
k=2
A function f € A is starlike of order a if

zf'(2)
§R<f(z) ) >a,0<a<1,zekE.

The class of starlike functions of order « is denoted by S*(@). We write $*(0) = S*, the class of univalent
starlike functions in E.

A function f € A is said to be convex univalent in E if and only if

R (1 + ZJ{;;?) >0,z € E.

The class of all convex univalent functions in [ is denoted by K.
A special subclass of K is the class of convex functions of order «, where 0 < a < 1. This subclass is

K(a):{feA:%(H—zj{,/;S)) >oc,z€]E}.

analytically defined as:

It is evident that K£(0) = K.
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For further details on these classes, readers may refer to Duren [1]. An analytic function g is said to be
subordinate to an analytic function f in |z| < 1, denoted as g < f, if there exists a function w(z), analytic in
|z] <1, suchthat ¢(z) = f(w(z)) and |w(z)| < 1forallzin |z| < 1.

Let ® : C2 x E — C and let p be an analytic function in E, with (p(z),zp’(z);z) € C2 x E forall z € E.
Let I be a univalent function in E. Then, the function p satisfies a first-order differential subordination if

®(p(2),2p'(2);2) < h(z), @(p(0),0;0) = h(0). )

A univalent function g is called a dominant of the differential subordination (1) if p(0) = g(0) and p < ¢
for all p satisfying (1). A dominant § that satisfies § < g for all dominants g of (1) is termed the best dominant
of the differential subordination (1). The best dominant is unique up to a rotation in IE.

Similarly, let ¥ : C? x E — C be analytic and univalent in C? x [, h be analytic in E, and p be analytic and
univalent in E, with (p(z),zp’(z);z) € C? x E for all z € E. Then, p is a solution of the first-order differential
superordination if

h(z) < ¥(p(2),2p'(z);2), h(0) =¥ (p(0),0;0). @

An analytic function g is called a subordinant of the differential superordination (2) if § < p for all p
satisfying (2). A univalent subordinant 4 that satisfies g < § for all subordinants g of (2) is referred to as the
best subordinant of (2). The best subordinant is unique up to a rotation in E. Comprehensive details on the
theory of differential superordination can be found in the work by Bulboaci [2].

The classical Loewner theory was introduced in 1923 by the Czech-German mathematician K. Lowner
[3]. Subsequent advancements, including the modern parametric representation, were contributed by Kufarev
[4] and Pommerenke [5]. In the field of geometric function theory, numerous subordination results have been
obtained using the Loewner chain. For instance, works by Gupta et al. [6-8], Singh et al. [9], Miller [10], Miller
and Mocanu [11,12], and Singh and Gupta [13,14] have explored applications of the Loewner chain.

In an influential study by Gupta et al. [15], the following subordination involving the Loewner chain was
investigated:

v o, () o #()
1——F=+ 1———+ , v€C R(y) >0,
e e e T e )

where the authors established the following result:

. ) . zq'(z) . .
Theorem 1. Let 7y be a complex number with R(y) > 0, and let q be a univalent function such that 20 is starlike
in E. If an analytic function p satisfies the differential subordination

WA A C) S ERNEZAC)

1——+ <1-—=+ ,
p(z)  P(2) 9(z) ~ 4*(2)

p
with p(0) = q(0) = 1and z € E, then p(z) < q(z), and q(z) is the best dominant.

Theorem 2. Let v, Ry > 0, be a complex number and A and B be real numbers —1 < B < A < 1. Let f € A satisfy
the differential subordination
1—9y+zf"(z)/f(2) 1+Bz (A-B)z

/e T Az (1t Az

ek,

then (2) LA
zf'(z + Az
f) “1+Bz”

e E.

The objective of present paper is to obtain certain sufficient conditions for starlike and convex functions
f € A, given a generalized differential subordination

b /() b 2y/(2)
502 +cp(z)+d (2 =< e +cy(z)+d ) k>1,z€E. (3)
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We also obtain the corresponding results for superordination and consequently get some sandwich type
results.

2. Preliminaries

In order to prove our main result, we require the following definitions and lemmas.
Definition 1 ([16], p. 157). A function L(z,t), where z € E and t > 0, is called a subordination chain if, for each
t > 0, the function L(-,t) is analytic and univalent in E, L(z, ) is continuously differentiable on [0, o) for all

z € E, and
L(z,t1) < L(z,tp) forall0 <t < t,.

Definition 2 ([17]). Let Q denote the set of all functions f(z) that are analytic and injective on E \ E(f), where
E(f) = {§ €dE: lim f(z) = oo},
z—({

and satisfy f'({) # 0 for all { € 9E \ E(f). The subclass of Q consisting of functions with f(0) = a is denoted
by Q(a).

Lemma 1 ([11]). Let F be analytic in I, and let G be analytic and univalent in |E except possibly at points & € E such
that
lim F(z) = oo,

z—¢

with F(0) = G(0). If F < G in E, then there exist zy € E, {o € JE, and an integer m > 1 such that

1. F({z: |z| < |z0|}) C G(E),
2. F(zg) = G(&p), and
3. zoF'(z0) = m oG’ (o)-

Lemma 2 ([16], p. 159). Consider the function
L(z,t): Ex[0,00) - C
of the form
L(z,t) =a (t)z+ - -
where a1 (t) # 0 for all t > 0 and lim,_,; |a;(t)| = oo. Then L(z, t) is a subordination chain if and only if

L

%[Zaiﬂ >0 forallzeEandt > 0.

of

Lemma 3 ([12], Theorem 7). Let q € H|a, 1], and let ¢ : C> — C. Define
hz) = ¢(q(2),24'(2))-
Suppose L(z; t) = ¢(q(z),tzq'(z)) is a subordination chain, and let p € H[a, 1] N Q. If

h(z) < ¢(p(2),2p'(2)),

then q(z) < p(z). Furthermore, if p(q(z),z q'(z)) = h(z) has a univalent solution q € Q, then q is the best subordinant.
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3. Main results

3.1. Subordination theorem

z2y/(z)
¥k (2)

Theorem 3. Let i be univalent in E, with (0) = 1, and suppose is starlike in E. Assume that

R(-30 2@+ @) >0 k21 9@ 20
where b,c € Cwith R(c —b) > 0and d € R. If ¢ € H[1,1] satisfies

W@ i1 LeE @)

b ' b
7+C4>(z)—|—dz¢ (2) < 7+C¢(Z)+d¢k(z)’ >

¢(2) Pz ()
then ¢(z) < (z), where  is the best dominant of (4).

Proof. Define

s(z) = 2 L¢ 29 (2)
@=vat ¢<z>+d¢k<z), k>1, ¢(z) #0.

Since ¢(z) is univalent in E and ¢(0) = 1, we have:

1zs'(z) _ b i c ok w'(z) 2y (2)
e MRS U AR O T
¥k (z)
Given that R (—%1/]"*2(2) + %1/1"(2)) > 0 and Zl;ﬁ!((zz)) is starlike, it follows that
1,28 (2)
E?R @ 0.
¥k (2)

Thus, s(z) is close-to-convex and therefore univalent in E. The subordination in (4) is well-defined.
Next, we prove that ¢ < 1. Assume ¢ is analytic and univalent in E. If ¢ £ 1, by Lemma 1, there exist
zg € E and ¢y € JE such that:

P(z0) = 9(&o), zo¢'(z0) = moy'(&o), m>1.

Substituting into (4), we get:

b Z()(P/(Zo) b ffoll/(‘:o)
d _ d .
e A T TR ©
Define for t > 0: ) (=)
zZ z
L(at) = g +e9(z) +d(1 4+ l;ﬁ(z)' ©)

This can be expressed as:

2y'(2)
L(z,t) =s(z) + td .
¥k (z)
The function L(z, t) is regular in E for all + > 0 and continuously differentiable with respect to t. Since ¢ is
univalent, ' (0) # 0. Evaluating:

a1 (t) = ¢'(0)[=b+c+d(1+1t)].

Ast — oo, |ay(t)| — oo.
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From the hypothesis (—%gbk_z(z) + ﬁlpk(z)) > 0 and

dL
Zi

R (;’;) > 0.
oF

Thus, by Lemma 2, L(z,t) forms a subordination chain. From Definition 1, we have L(z,t;) < L(z,t,) for
0 < t; < tp. Since L(z,0) = s(z), we conclude that L(&g, t) ¢ s(E) for |&g| = 1and t > 0.
From (5) and (6), we find:

116

2y'(z)
¥k (2)

is starlike, we have:

L(Go,m) ¢ s(E)
which contradicts (4). Therefore, ¢ < pinE. O

3.2. Superordination theorem

/
Theorem 4. Let ¢ be a univalent function in E, with (0) = 1 and Zl/;{ ((Z)) being starlike in E. Assume that
z
LI TR
R dt,b (z)—l—di,b(z) >0, k>1
and P(z) # 0, where b, c € C such that ®(c —b) > 0,and d € R.

7

Let ¢ € H[p(0),1] N Q such that ¢(E) C D and the function

20'(2)
o T
is univalent in E. If

ot cp(z) + FAC)

z9'(z)
lpk(Z) —<M+C¢(Z)+d¢k(z), k>1, z€E,
then (z) < ¢(z), where  is the best subordinant.

Proof. Define

@)
(¢(2),29'(2)) =

2 E)
o) T9E TRy

Eq. (7) can be expressed as

ot +ev@ + ) <20,/ (),
where ¢(¢(z),z¢’(z)) is univalent in E. Define

L(zt) =

z2y'(2)
+cp(z) +dt .
g TAE I
Expanding L(z,t) in a power series yields
L(z,t) =by+ b1(H)z+---,
where
bi(t) = ¢'(0)[—b + c + dt].
It follows that
Lim [y ()] = co.
Now, compute
oL
25; b c
o =¥ @+ )+
ot

W) ()
MY e )
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2y’ (2)

o) is starlike and

Since

b2y € ki)
R| -0 ) + gy (z)_
it follows that

oL
ot |

LT
Zi
R [82 > 0.

By Lemma 2, L(z, t) forms a subordination chain. Applying Lemma 3, we conclude that (z) < ¢(z),
with ¢ being the best subordinant of (7). O

On combining Theorem 3 and Theorem 4, we obtain the sandwich theorem as follows:

3.3. Sandwich theorem

Theorem 5. Let 1 and , be univalent functions in the open unit disk E, satisfying 1 (0) = 1 = (0) and ;(z) # 0
forall z € E, wherei = 1,2. Suppose that

z¢j(2)

¥i(2)
is starlike in E for each i = 1,2. Additionally, let d > 0, R(c — b) > 0, and assume

R gk + Sgka)] >0 pri=12

Further, let
¢ € HY0),1]NQ with ¢(E)CD,

and assume that

b z2¢'(z)
p@ TOE TG
is univalent in E. If
b +ciyn(z)+d 245(2) =< b +cp(z)+d 2¢'(2) =< b +cyy(z)+d 241 (2)
P2 (2) ¥k(z) ¢(z) Pk (z) ¥1(2) ¥h(z)

then
¥2(z) < ¢(z) < Pi(z), z€E,

where 1 is the best dominant and 1, is the best subordinant.

3.4. Particular cases

In particular, for k = 1 in Theorems 3, 4, and 5, one obtains Theorems 6, 7, and 8, respectively, as follows.

Theorem 6. Let i be univalent in E with (0) = 1, and suppose

zy/(2)
¥(2)
is starlike in E. Assume further that
b 1
whered > 0, R(c —b) > 0,and q(z) # 0. If
b 29'(2) b z¢/(z)
— d — d , E, 8
e A TN TS R O R ©
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then ¢(z) < (z), and §(z) is the best dominant of (8).

Theorem 7. Let i be univalent in E with ¢(0) = 1, and suppose (z) # 0 for z € E. Assume

1 c

Ul

where d > 0 and RN(c — b) > 0. Let
$ e HY0),1]NQ with ¢$(E)CD,

and suppose

S oo +ah E)
is univalent in E. If
lp(bz)-i-(ilp(z)-i-dzf(i;) =< qj@+c¢(z)+d2$(i§), z € E, 9)

then (z) < ¢(z), and (z) is the best subordinant of (9).

Theorem 8. Let 1 and , be univalent in E with 1(0) = 1 = 1(0). Suppose 1(z) # 0, Po(z) # 0 forallz € E,

and
z;(2)
¥1(z)

is starlike in E. Let d > 0 and assume R(c — b) > 0. Furthermore, suppose

b 1

M)

—I—%l[]i(z) >0 fori=1,2.

Let
¢ e HY0),1]NQ with ¢(E)CD,

and suppose

b z¢'(z)
o) TP
is univalent in E. If
b zyy(z) b z¢'(z) b z ¢ (z)
g TPE TG @ T TG S e TG

then

¥2(z) < P(2) < ¢1(2),
where Y is the best dominant and , is the best subordinant.
3.5. Another special case

By settingk = 2,d = 1,c = 0,and b = —v in Theorem 3, we recover the following result proved by Gupta
etal. [15].

Theorem 9. Let -y be a complex number with R(y) > 0. Let i be univalent in IE such that

2y'(2)
¥2(2)
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is starlike in E. Suppose ¢ is an analytic function satisfying the differential subordination

1 L, z2E zq/(z)/
¥ PED TTYE T Pl

with ¢(0) = (0) = 1and z € E. Then ¢(z) < ¢(z), and (z) is the best dominant.

Further, writing ¢(z) = ZJJ; 25) in Theorem 9, we get the result as follows:
Corollary 1. Let 1 be univalent in E, (0) = 1 and lezl((zz)) be starlike in E such that % v > 0 and (z) # 0.
If

@ @ L e @] L WE | g
OO B O ON TO ROk
then
zf'(2)

fla < YE

where 1 is the best dominant of (11).

Replacing f by zf’ in Corollary 1, we obtain Corollary 2 as given below.

/
Corollary 2. Let ¢ be univalent in E, (0) = 1 and lez ((ZZ)) be starlike in E such that % v > 0 and (z) # 0.
If
— Zf”(Z)) [sz”’(Z) +22f"(z) _zf"(a)] , —v | #¥'(2)
— (1 - ~—T 4 ;z€E
1+ ij,((zj) ( f'(2) z2f"(2) + f'(2) fi2) 1 9z 93(z)
then ()
zf"(z
1+ < UY(z),z € E.
7 Y
4. Applications
By choosing
1+Cz
— == _ <
P(z) 1Dz 1<D<(CX<K],
in Corollary 1, we note that ¢(z) is univalent and that
zy/(z)
¥2(2)

(10)

(11)

is starlike. As a consequence, we recover a result proved by Gupta et al. [15], presented below for completeness.

Corollary 3. Let y be a complex number such that ®(y) > 0. If

f(z) f(2)

B zf"(z) zf'(z) 1+Cz (C—D)z
ORI

1+ - <1

f'(z) f(z) 713 D: T itcar € E,

+

then
zf'(z) - 1+Cz
f(2) 1+ Dz’

where z € E.

(12)
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Corollary 4. Let y be a complex number such that ®(y) > 0. If

—T 2"\ [Af"(2) + 22f"(2) _ 2f"(2) . 14Cz  (C-D)z
g 0 e - Fo < i ®

then
zf"(z) - 1+Cz
f'(z) 1+ Dz’

1+ z € E.

Special Case: For C = 1and D = —1, Corollary 3 yields the following result.

Corollary 5. Let y be a complex number such that ®(y) > 0. If

flz) | f=) zf"(z) _ zf'(z) 14z 2z
"G T G [” @~ f@ ] DS T e O (1)
then ) -
f(z) _< 1721 4 6 ]E
Since

%(%) >0 for z€E,

it follows that f € S*.
Similarly, substituting C = 1 and D = —1 in Corollary 4 reduces it to the following statement.

Corollary 6. Let «y be a complex number such that ®(y) > 0. If

S of "\ [ +2f") _ 2f'@] L, 1tz 2%
1+ 53 - 0 f'(z) )[ zf"(2) + f'(2) | U T T A W
then )
1+ij:’((z7;) = 11—; z € E.
Since

%(%) >0 for z€E,
we conclude that f € K.

5. Conclusion

In summary, we have derived sufficient conditions for the starlikeness and convexity of analytic
functions satisfying the given differential subordination and superordination. These conditions offer a unified
framework for proving that certain normalized analytic functions lie in the well-known classes S* and K.
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